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ABSTRACT

In this paper, we study the learned iterative shrinkage thresholding algorithm
(LISTA) for solving sparse coding problems. Following assumptions made by
prior works, we first discover that the code components in its estimations may
be lower than expected, i.e., require gains, and to address this problem, a gated
mechanism amenable to theoretical analysis is then introduced. Specific design
of the gates is inspired by convergence analyses of the mechanism and hence its
effectiveness can be formally guaranteed. In addition to the gain gates, we further
introduce overshoot gates for compensating insufficient step size in LISTA. Exten-
sive empirical results confirm our theoretical findings and verify the effectiveness
of our method.

1 INTRODUCTION

Sparse coding serves as the foundation of many machine learning applications, e.g., the direction-
of-arrival estimation, signal denoising (Flad-& Aharon, P006), and super resolution imaging ([Yang
ef-all, ZOT0). In general, it aims to recover an inherently sparse vector s € R™ from an observation
y € R™ corrupted by a noise vector ¢ € R™. That is,

y = Azs te, (1)

in which A € R™*" is an over-complete basis matrix. The problem of recovering x, however, is a
challenging task, in which the main difficulties are to incorporate the sparse constraint which is non-
convex and to further determine the indices of its non-zero elements, i.e., the support of the vector.
A reasonable solution to the problem is to use smooth and convex functions as surrogates to relax
the constraint of sparsity, among which the most classical one probably is the /;-norm penalty. Such
a problem is carefully studied in Lasso (ibshirani, T996), and it can be solved via least angle re-
gression (Efronef all, 2004), the iterative shrinkage and thresholding algorithm (ISTA) (Daubechies
5f all, 2004), etc.

Despite the simplicity, these conventional solvers suffer from critical shortcomings. Taking ISTA as
an example, we know that 1) it converges very slowly with only a sublinear rate (Beck & Tehoulld,
2009), 2) the correlation between each of the two columns of A should be relatively low. In recent
years, deep learning (CeCun’efall, P0T5) methods have achieved remarkable successes. Deep neural
networks (DNNs) have been proven both effective and efficient in dealing with many tasks, including
image classification (He_ef all, D(ITH), object detection (Garshick, Z0T9), speech recognition (Hinfor
ef-all, D017), and also sparse coding (Gregor & LeCun, 2010; Wang et all, Z016; Borgerding et all,
20177, He_ef all, 2O17; Zhang & Ghanem, POTR; Chenefall, POTR; Cinefall, POTR; Sulam ef all, 2019).
The core idea behind deep learning-based sparse coding is to train DNNs to approximate the optimal
sparse code. For instance, an initial work of Gregor and LeCun’s (Z010) takes the inspiration from
ISTA and develops an approximator named learned ISTA (LISTA), which is structurally similar to
a recurrent neural network (RNN).

It has been demonstrated both empirically and theoretically that LISTA is superior to ISTA (Wang
ef all, POT6A; Morean & Briuna, Giryes et all, ZOIX; Chen ef all, POTX). Nevertheless, it is also uncon-
troversial that there exists much room for further enhancing it. In this paper, we delve deeply into
the foundation of (L)ISTA and discover possible weaknesses of LISTA. First and foremost, we know
from prior arts (Chen_ef-all, 2OTS; Ciref-all, POTR) that LISTA tends to learn large enough biases to
achieve no “false positive” in the support of generated codes and further ensure linear convergence,
and we prove that this tendency, however, also makes the magnitude of the code components being
lower than that of the ground-truth. That said, there probably exists a requirement of gains in the
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code estimations. Second, regarding the optimization procedure of ISTA as to minimize an upper
bound of its objective function at each step, we conjecture that the element-wise update of (L)ISTA
normally “lags behind” the optimal solution, which suggests that it requires overshoots to reach the
optimum, just like what has been suggested in fast ISTA (FISTA) (Beck & Teboulld, 2009) and
learned FISTA (LFISTA) (Moreau & Brunad).

In this paper, our main contributions are summarized as follows:

o We discover weaknesses of LISTA by theoretically analyzing its optimization procedure,
for mitigating which we introduce gain gates and overshoot gates, akin to update gate and
reset gate mechanisms in the gated recurrent unit (GRU) Cho’ef-all (2014).

e We provide convergence analyses for LISTA (with or without gates), which further give rise
to conditions on which the performance of our method with gain gates can be guaranteed.
A practical case is considered, where the assumption of no “false positive” is relaxed.

o Insightful expressions for the gates are presented. In comparison with state-of-the-art
sparse coding networks (not limited to previous extensions to LISTA), our method achieves
superior performance. It also applies to variants of LISTA, e.g., LFSITA (Morean & Brina)
and ALISTA (Cinefall, POTS).

Notations: In this paper, unless otherwise clarified, vectors and matrices are denoted by lowercase
and uppercase characters, respectively. For vectors/matrices originally introduced without any sub-
script, adding a subscript (e.g., %) indicates its element/column at the corresponding position. For
instance, for x € R™, x; represents the i-th element of the vector, and W, ; denotes the i-th column
of a matrix W € R"*™, While for vectors introduced with subscripts already, e.g., x5, we use
(z4); to denote its i-th element. The operator ® is used to indicate element-wise multiplication of
two vectors. The support of a vector is denoted as supp(x) := {i|z; # 0}. We use sup,_ as the
simplified form of sup, ¢ x(p,s,0) see Assumption [l for the definition of X'(B, 5,0).

2 BACKGROUND

In general, sparse coding solves the problem that can be formulated as

ma;ln f(z,y) + Mr(z), 2)

in which f(x,y) calculates the residual of approximating y using a linear combination of column-
wise features in A. The function f(z,y) is convex with respect to  in general. In particular, if ¢ is a
Gaussian vector, then it should be f(x,y) = ||Az — y||3. The term Ar(z) serves as a regularizer for
sparsity and we have r(x) = ||z||; in Lasso. As mentioned, a variety of algorithms can be applied to
solve the problem and our focus in the paper is (L)ISTA. We first revisit the optimization procedure
of ISTA, which is the foundation of LISTA as well. Given y, let us introduce a scalar v > 0 that
fulfills v1 — V2 f(x,y) = 0,Vx, then it can be considered as optimizing an upper bound of the
objective function obtained via Taylor expansion. To be more specific, for any presumed z®), we
have

Foy) +xr(@) < F@, ) + (@ =2V f@®) + o =202 + @) ()

By substituting () with ||z||; and optimizing the bound in an element-wise manner, we can easily
get the one-step update that zeros the gradient based on z®. Tt is, (?) = 0 and

2D — S}\/W(x(t) _ wa(x(t))/y), vt >0, 4

in which s () := sign(x)(]z| —b) is a shrinking function and (-); is a rectified linear unit (ReLU)
calculating max{0, - }. For Gaussian noises, the formulation reduces to

T T
2t =5y ((I - AWA) z® 4 iy) . (5)

The update as shown in Eq. (#) and (8) can be performed iteratively until convergence. However, the
convergence of ISTA (along with some other conventional solvers) is known to be slow, and it has
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been shown that DNNs can be utilized to accelerate the procedure. Many researchers have explored
the idea since the initial work of Gregor and LeCun’s (i.e., LISTA). For LISTA, they design deep
architectures following the main procedure of ISTA yet to learn parameters in an end-to-end manner

from data (Gregor & LeCur, 2010; Hershey et all, 2014). The inference process of LISTA is similar
to that of a RNN and can be formulated as 2(®) = 0 and
2D = 5, (WO2® 1 UWy) t=0,---,d -1, (6)

where © = {U® W® b®},_o 1 4 1,is learnable parameters set. Some works (Xin ef all, PU1T6;
Chen ef all, Z0TR) have proved that W) and U® should satisfy the constraint W®*) =T —U® 4,
such that

20 = g0 (2D + UD (Az® —y)), t=0,---,d—1. (7)
The parameters in © are normally learned from a set of training samples by minimizing the differ-
ence between the final code estimations and ground-truth. In this paper, our main assumption for
theoretical analyses follows those of prior works (Chen“ef-all, POTS; Cin_ef all, Z0TX) in a noiseless
case, and noisy cases will be considered in the experiments.

Assumption 1. The sparse vector x5 and noise vector ¢ are sampled from a set X (B, s, 0) fulfilling:

X(B,5,0) = {a]alloc < B, |zl < 0, allo < s}.

3 SPARSE CODING WITH GAIN GATES AND OVERSHOOT GATES

In this section, we will introduce the advocated gain gates and overshoot gates. Along with thorough
discussions for the motivations, their formulations are provided in Section Bl and B, respectively.
Figure [ summarizes the inference process of the standard LISTA and two evolved versions with our
gates incorporated.

I(t+1) I(t)

' i

AR D!

Ilf(t+1>

LISTA LISTA with the overshoot gates LISTA with the gain gates

Figure 1: The inference process of the standard LISTA and evolved versions with our gates

3.1 SPARSE CODING WITH GAIN GATES

Recent works have shown linear convergence of LISTA (Chen"ef all, POTR; Cmef all, POTX). In
order to guarantee the convergence, it is also demonstrated that the value of bias terms should be
large enough to eliminate all “false positive” in the support of the generated codes. However, this
may lead to an issue that the magnitude of the generated code components in LISTA must be smaller
than those of the ground-truth. Our result in Proposition [ makes this formal. For clarity of the result,
we would like to introduce the following definition first.

Definition 1. (Liuefall, 2OI8) Given a matrix A € R™*", its generalized mutual coherence is:
A) = inf { max  W;.A. } 8
ulA) WeRrnxm W A =1vi Ligjl<ij<n 0 ®)
We let W(A) denote a set of all matrices that can achieve the generalized mutual coherence ji(A),

which means:

W(A) = {W| max WL;A:J’ = [L(A),WzAZ = 17VZ} 9)

i#§,1<i,j<n
Proposition 1. (Requirement of gains). With U®) € W(A) and W® = T — UMD A, if b® =
1(A) sup, ||[z® — a1 is achieved in LISTA to guarantee no “false positive” (i.e., supp(z!) C
supp(xs)) and further linear convergence (i.e., ||t — || < sBexp(ct), in which ¢ = log((2s —
1)u(A))), then we have for the estimation |x§t)| < |(zo)i| and 27 (4); > 0,Vi € supp(zs).

i
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Figure 2: The generated code estimation can be more accurate if we enforce gains on its components.

Provided Proposition [l as the evidence of a potential weakness of LISTA, we believe that if the code
components can be enlarged appropriately, then the estimation at each step would be closer to x5,
and the convergence of LISTA will be further improved, which inspires us to design a gate to enlarge
the generated code components. Such a gate is named as a gain gate and it acts on the input to the
current estimation, akin to a reset gate in GRU (Cha’efall, 200T4), which is

2D — Spt) (W(t)(gt(x(t)7 y|A,§;t)) © x(t)) + U(t)y)y (10)

in which the gate function g.(-, o|A§t)) outputs an n-dimensions vector. In the original implemen-
tation of LISTA, the output of each layer is obtained by calculating Eq. (#) iteratively. It has been
proven that the estimation z(*) ultimately converges to the ground-truth z, (as t — 00), only if the
condition of (W® — (I — U®A)) — 0 holds. That said, the learnable matrices U(*) and W *)
are suggested to be entangled to the end. Yet, with our gated mechanism, the update rule has been
modified into Eq. (), making it unclear whether the convergence is guaranteed similarly or not.
To figure it out, we perform theoretical analyses in depth, which will further provide guidance for
the gate design. We are going to explore: whether the learnable matrices are still entangled as in
LISTA, and to encourage fast convergence, what properties should the gate function satisfy? Theo-
rem [ and @ give some answers to these questions and they are based on the same assumptions as
for Proposition [

Theorem 1. If the s-th order principal subformula of W ") have full rank, then for the gate function
bounded from both above and below, we have x ¢ as the fixed point of Eq. (I[l) only if

diag(gt(x(t),ym(gt))) —D and WOD—(I-UDA) -0, ast— oo, (11)

in which D is an n X n constant matrix and the function diag(-) creates a diagonal matrix with the
elements of its input on the main diagonal.

From Theorem [ we can equivalently have (W ®) — (I — U® A)) — 0 by defining W® := W® D,
which means the learnable matrices are similarly entangled as in the standard LISTA. Besides, we
know that as the number of layers increases, each introduced gain gate should ultimately converge
to a constant (diagonal) matrix D to guarantee performance. This result may hint us to more specific
gain gate functions. As we also know from Proposition [ that gains greater than one are perhaps
more appropriate, we advocate, for each index ¢ of the vector,

gt(x(t),y\/\f;))i =1+ /-@t(x(t),y\/\f;))i and /@t(m‘(t),y\/\f;))i > 0, (12)

in which £, (z(®), y|Aét) ) is the i-th element of r, (x(*), y|A§t)) and it should decrease as t increases,
in order to guarantee convergence in Eq. (). We further study convergence rate of “LISTA”
equipped with such gain gates. For clarity, let us introduce another condition for the function before
moving to more details:

k(2@ g AD); < 2687 /129 (13)

We present theoretical results as follows on the basis of Proposition [, i.e., we still have U*) &
W(A), W® =T —U® A and Assumption [, but the requirement for b(*) is different.
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Theorem 2. Ifb®) = ji(A)sup,_ ||z, — 2 ® g, (2®, YA is achieved, following the update
rule in Eq. (L0), if the conditions in Eq. (IL2) and (I3) hold for the gate function, there will be

t—1
lz® — 4]l < sBexp(d_ ¢ + ), (14)

i=1
inwhich ¢ =log((2s—1)p(A)), ¢; = cifi < [log(ﬁ)/ log(mﬂ, and c; < c otherwise.

Theorem @ presents an upper bound of ||z(*) — x|, for LISTA with gain gates, and it shows that so
long as the gates satisfying conditions in Eq. (I2) and (3) are introduced, the “convergence factor”
¢+ ¢; of our gated LISTA would be smaller in comparison with that of the standard LISTA (which
is ct, see Proposition [ and Chen et al.’s work Z0TR).

By consolidating all these theoretical cues, we further give principled expressions for the gate func-
tion. One may expect to endow the gates some learning capacities, thus we let

gr(@ D yIAL) = 14 e,y AL) = 14+ pb Y £ (2), (15)
in which y; € R is a parameter to be learned, b(*~1) is threshold of the (¢ — 1)-th layer, and f;(z(*)
is a newly introduced function constrained not to be greater than 1/|z(*)|. We are going to evaluate
different choices for the function ft(as(t)) in the supplementary material, e.g.,
the piece-wise linear function: f;(z")) = ReLU(1 — ReLU (v |zV|)),
the inverse proportional function: f;(z(")) = 1/(v|a®| + ¢), (16)

the exponential function: f(z®) = exp(—u4|z®),
in which v; € R is a parameter to be learned, and ¢ is a tiny positive scalar introduced to avoid zero
being divided. All the learnable parameters are thus collected as Agt) = {ug, Ve )

3.1.1 NoO FALSE POSITIVE?

Our previous theoretical results show that the performance of LISTA can be improved by using
a gain gate, as long as the gate function satisfies conditions in Eq. () and (I3), and no “false
positive” is encountered. However, it is not always true in practice. Our experimental results also
show that when the inverse proportional function is adopted as gain gates in lower layer for LISTA,
the performance of our gated LISTA may even degrade. We conjecture that such contradiction to
the theoretical results may be owing to impractical assumptions. In this subsection, we try to relax
the assumption about no “false positive”, and we further found that a tighter bound can be achieved
with a more reasonable assumption instead. Through theoretical analysis as follows, we show that
the inverse proportional gain function should better be only adopted in higher layers. For clarity of
the result, we would like to introduce the following definition first.

Definition 2. Given a model with ©, in which b\) = T'u(A) sup,_ ||z © g (z®, yAP) — 2,
we introduce w11 (k|©) to characterize its relationship with the false positive rate, which is

1

wit1(ke+1|0) = sup L,
Vas,|supp(&(t+1) ) Usupp(a )| <[supp (2 s) | +ki+1
in which #+1) .= 5,0, (WO (2 © g, (2, y\Agt)) — ), and k1 > 0 is the desired maximal
number of “false positive” of (1.

The above definition applies to both the standard LISTA and LISTA with gain gates (we can let the
gate function be an identity function to achieve a standard LISTA). We first analyze the convergence
of LISTA without gates. We present theoretical results as follows on the basis of similar assumptions
(including Assumption I, U®) ¢ W(A), and W® =1 —U® A), but with a different requirement
for b® from Proposition .

Theorem 3. Ifb() = w; 1 (ki11|O)pu(A) sup,_ ||z — z|1 is achieved, and 30 < k(()t) < s such

that wt(k(()t)|®) <1-1/(s— két)), then there exists “false positive” with 0 < k; < s and
¢
l2®) — 52 < sBexp(Y_ <),

i=1

in which ¢ <log((2s — 1)u(A)).
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It can be seen that when we relax the assumption about no “false positive” and further reduce the
value of the threshold b("), the error bound of LISTA becomes even lower. Obviously, the previous
bound of LISTA with gain gates in Theorem @ is not necessarily lower than the tighter bound of
a standard LISTA in Theorem B, which well explains the contradiction of theoretical and empiri-
cal results. Here we re-deduce the error bound of our gated LISTA with the inverse proportional
function in the following theorem. Note that we still have U®) € W(A), W) = T — U® A and
Assumption [

Theorem 4. Suppoes that min; ez |(s)i] > o > 0, ifb® = w1 (ki1 |©)u(A) sup,,_ |zD o
gi(x®), y|A,(f)) —xs||1 is achieved and 30 < két) < s such that wt(k(()t) ©)<1-1/(s— k(()t)), then
t—1
Iz — a4l < sBexp(d_ ¢ +¢"),

i=1

in which ¢} < log((2s — 1)u(A)). Tty = Dog(%)/log(mﬂ if the scaling factor p; of
the gate have p; = 0 fori < tg, 0 < k; < s, then ¢, = ¢, and if 1 — w;(s|0) < p; < 1fori > to,
ki =0, then ¢, < cf.

We can conclude from Theorem H that, a) a gain gate expressed by the inverse proportional function
should be applied to deeper layers in LISTA, rather than lower layers, b) when using the function,
there indeed exists no “false positive” (i.e., k; = 0) in deeper layer. We follow such guidelines
in the implementation of our gated LISTA. In addition, we observe that unlike the inverse propor-
tional function, other considered functions show consistent performance gains on both lower and
higher layers, hence we attempt to utilize them on lower layers in combination with the inverse
proportional function powered gain gates on the other layers. In the experiments, we choose the
ReLU-based piece-wise linear function, and it is uniformly applied to the first 10 layers. Apparently,
there are different combinations for the gain gate functions. We will experimentally compare their
performance in the Appendix.

3.2 SPARSE CODING WITH OVERSHOOT GATES

Unlike the gain gates that are incorporated before performing the estimation at each step, the over-
shoot gates act more like on the output, which can be viewed as learnable boosts to the estimations:

D = 5,0 (WO 1 Uy),

- 17)
L) — Ot(x(t), y|A(()t)) ® 7+ 4 (1— Ot(z(t),y|A(()t))) ®z®,

The gate function oy (-, -|A((,t)) : {R™",R™} — R™ outputs an n-dimensional vector and AP collects
all the trainable parameters in the function, akin to a dedicated update GRU gate (Choef-all, D(T4).

Our motivation comes from analyses of ISTA, whose update can be viewed as z(*) +n(:c(t+1) —z® ),
in which 7 = 1 is a constant step size. We argue that 7 = 1 may not be the most suitable choice and
the following theorem makes this formal. We have the proposition which analyzes the update rule
of ISTA and n* := arg min,, f(n(z+Y) — 2®) + 20 y) + A||n(ztFT) — 2®)) 4 2|,
Proposition 2. (Requirement of overshoots) For min,, f(x,y) + A||x||1, in which f(x,y) is convex
with respect to x and yI — V2 f(z) = 0 holds for all x, if the update rule in Eq. () is adopted, then
we have n* > 1. In addition, if supp(x®) C supp(x*+t1)), then we further have n* > 1.

See also Figure B for an illustration for the issue with 7 = 1 as concerned. Since the optimization
procedure of ISTA inspires the network architecture in LISTA, the theoretical result in Proposition DI
that requires a boost in 1 for superior performance also inspires us to design specific overshoot gates
for LISTA. Having noticed that an essential principle we have obtained is to let n > 1 (or > 1),
we may expect the output of the gate function to be greater than or at least equal to 1. To achieve
the goal, we can try different expressions for it, e.g.,

0t<x(t)7 y|A((7t)> =1 + aoU(Wox(t) + on) (18)

7

with AY) = {6, W,,U,} and o(-) being the sigmoid function. The principle of our overshoot
gate is similar to that of some momentum-based methods, e.g., FISTA (Beck & Tebhoulld, 200Y) and
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Figure 3: The derivative function (illustrated in blue) of f(z,y) + Ar(x), in which r(z) = ||z||1,
is monotonic owing to the convexity of f(z,y) and r(x), and its output should be consistently
smaller than the derivative (illustrated in orange) of the upper bound in absolute value. Let =* be the
optimal solution to the problem, then we know from the figure that the estimation with a standard
ISTA update (i.e., 7 = 1) normally “lags behind”.

LFISTA (Morean & Bruna). However, the fundamental difference between these methods and ours
is that, (L)FISTA considers that the momentum term should be independent of the current input, i.e.,
being time invariant, while the output of the overshoot gate is a function of the ¢-th estimation and
vy, hence being time-varying. The design of our overshoot gate endows the network higher capacity
to learn. Experimental results in the Appendix confirm the superiority of our method.

4 EXPERIMENTS

In this section, we perform experiments to confirm our theoretical results and evaluate the perfor-
mance of our gated sparse coding networks. The validation of our theoretical results are performed
on synthetic data. We set m = 250, n = 500, and we sample the elements of the dictionary matrix
A randomly from a standard Gaussian distribution. The position of non-zero elements of the sparse
vector x4 is determined by a Bernoulli sampling with a probability of 0.1 (which means nearly 90%
of the elements are set to be zero). Different noise levels and condition numbers are considered in
the sparse coding experiments, and we synthesize 1000 samples to constitute the test set for each
combination of them. Our training settings mostly follows those of Chen et al.’s (2Z0IX). For the
proposed gated LISTA, we set d = 16 and let the parameters {b(*)} not be shared between differ-
ent layers under all circumstances. We are going to compare with strong LISTA baselines. For all
deep learning-based methods, the parameter matrices { w® U (t)} are not shared between different
layers and the coupled constraints W) = I — U A, Vt are satisfied.

Our evaluation metric for sparse coding is the normalized MSE (NMSE) (Chenefall, POTR):
NMSE(z, ;) = 101og, ||z — s[5/ [ls13)- (19)

4.1 SIMULATION EXPERIMENTS
4.1.1 VALIDATION OF THEORETICAL RESULTS

Validation of Proposition M: We first confirm Proposition [. In order to ensure that LISTA fulfills
the assumption about no “false positive”, we introduce an auxiliary loss into the learning object as:

AT @D, (20)

t j#supp(ws)
We formally introduce the false positive rate (FPR) as FPR = s p(z(t))f‘su"p ()| =lsupp(za)] gpq gry
supp(z (V)]
to approach no “false positive” (i.e., LISTA-nfp) by setting A = 5.0 in the experiment. T Check Fig-
ure B for an illustrative comparison between different models, we see LISTA-nfp achieves almost
no “false positive” in practice in Figure f(a], but its convergence is slower as demonstrated in Fig-
ure A(c), which is consistent with our result in Theorem B. In addition, we also see in Figure B{D)

'The FPR here is slightly different from the general false positive rate by calculating only in the obtained
positive code components.
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Figure 4: Experimental results confirming our Proposition [l and Theorem D.
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Figure 5: Experimental results confirming our Theorem [. It can be observed that: (a) the gate
output converges to 1, and (b) LISTA with our gain gates converges as expected.

that without “false positive”, the code components in LISTA estimations are almost always less than
those of the ground-truth, which confirms our Proposition [I.

Validation of Theorem [l: We aim to calculate |[W®) D — (I — U® A)||, using a gated LISTA with
the introduced ReLLU-based piece-wise linear gain gate function “. To accomplish this task, we need
to first evaluate the output of our gate function. In fact, as demonstrated in our proof, the bias term
converges to zero when ¢ — oo, thus we may expect the output of the gates to converge to 1. We
also show such a trend in Figure p(a). Consequently, the matrix D is supposed to be an identity
matrix in the end and we can calculate [|[W®) — (I — U® A)||, as a surrogate. In Figure B(bJ, it
indeed converges to zero in the end and the results confirm the theorem.

Validation of Theorem 2: We apply three kinds of gated LISTA with a combination of gain gate
function (i.e., what has been introduced in Section BTTl), the exponential function, and the inverse
proportional function respectively to verify our theoretical results. They were named as GLISTA
(which is the abbreviation of gated LISTA), GLISTA-exp, GLISTA-inv, respectively. From Fig-
ure A(C], we see that when the models with gain gates has no “false positive”, all of them are superior
to the standard LISTA without “false positive” as well, which is consistent with the conclusion of
Theorem . In addition, from Figure B(a), we can also see that there actually exists “false positive”
in the lower layers of GLISTA*, but even without the auxiliary loss term, the FPR of our GLISTA
and it variants approaches zero in the higher layers, which is in good agreement with the conclusion
of Theorem .

4.1.2 COMPARISON WITH COMPETITORS

Compared with other state-of-the-art methods: We consider four state-of-the-arts: LISTA
with support selections (namely LISTA-C-S and LISTA-S, with and without the coupled con-
straint) (Chen_ef-all, POTR), analytic LISTA with support selections (ALISTA-S) (Ciu“ef-all, POTX),
and learned AMP (LAMP) (Borgerding et all, P(IT"]) for comparison, and their official implementa-
tions are directly used. The hyper-parameters are set following the papers (Borgerding et all, 2017,
Chen_ef all, Z0TR). We compare our GLISTA with these competitive methods under different levels
of noises (including the signal-to-noise ratios (SNRs) being equal to 40dB, 20dB, and 10dB) and
different condition numbers (including 3, 30, and 100, with SNR=40dB). See Figure B for com-
parisons between LISTA, LAMP, LISTA-S, LISTA-C-S, ALISTA-S, and our GLISTA under some
of the settings. Obviously, the introduced gates facilitate LISTA significantly, and the concerned
NMSE diminishes the fastest using GLISTA. See our Appendix for comparisons of final perfor-

2Other functions can be adopted and the same results can be obtained.
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Figure 6: Comparison of sparse coding methods under different settings. Our GLISTA consistently
outperforms the competitors in almost all test cases with different numbers of layers.

mance after multiple runs and the results in other settings (i.e., SNR: 20dB, 40dB, and condition
number: 3). We know from these results that using the gain gates solely can already outperforms
existing state-of-the-arts, while incorporating the overshoot gates additionally may further boost the
performance, as testified in the Appendix.

Applying our method to variants of LISTA: We also try adopting the introduced gates into some
variants of LISTA to verify their “generalization ability”. Specifically, we incorporate the overshoot
gates to LFISTA (Moreau & Bruna) and ALISA (Linefall, P0TR) to obtain GFLISTA and AGLISTA,
respectively. Since ALISTA is suggested to be implemented with support set selection in the paper,
i.e. ALISTA-S, we also compare with it. The experiment is performed under different levels of
noises (40dB, 20dB, 10dB). As can be seen from Table [, the performance of models with our
gates is significantly better, which verifies that our method generalizes well. The same result can be
obtained using our gain gates.

Table 1: Comparison of LISTA and its variants (with and without gates) under different noise levels.
SNR LISTA GLISTA LFISTA GLFISTA ALISTA AGLISTA ALISTA-S

40  -38.72  -45.22 -37.84 -38.30 -37.86 -42.30 -41.86
20 -18.65  -23.08 -20.90 -22.00 -17.38 -20.13 -20.00
10 -9.42 -11.41 -10.67 -11.20 -8.39 -9.13 -9.04

4.2 PHOTOMETRIC STEREO ANALYSIS

‘We now test on a more practical task, i.e., photometric stereo analysis, using sparse coding. For a 3D
object with Lambertian surface, if there are ¢ different light conditions, a camera or some other kinds
of sensors can obtain ¢ different observations, all with noises caused by shadows and specularities.
The observations can be represented as a vector o € R? for estimating the norm vector n € R3
at any position on the surface. In general, it is formulated as 0 = pLn + e, in which L € R3*4
represents the normalized light directions, e € R? is a noise which is often sparse, p € R representes
the albedo reflectivity. Our task is to obtain n from o. More detailed descrptions of the task can be
found in Xin et al.’s paper (Z016). We mostly follow the settings in Xin et al.’s paper, except that we
test with ¢ = 15, 25, 35, and let 40% of the elements of e be zero. We use GLISTA here to estimate
e and the final result for 7 is calculated as Lf(o — e). Our method is compared with LISTA and
two traditional methods, i.e. the original least square (LS) and least L1, in Table B. Our evaluation
metric is the mean error in degree and it is calculated using the bunny picture (Xin“ef-all, DOTH).

Table 2: Mean error in degree with different number of observations (¢ = 15, 25, 35).
q LS L1 LISTA GLISTA
35 537 139 0.0266 0.00198

25 560 2.03 0.0313 0.00498
15 6.09 425 0384  0.0359

5 CONCLUSION

In this paper, we study LISTA for solving sparse coding problems. We discover its potential weak-
nesses and introduce gated mechanisms to address them accordingly. In particular, we theoretically
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prove that LISTA with gain gates can achieve faster convergence than the standard LISTA. We also
discover that LISTA (with or without gates) can obtain lower reconstruction errors under a weaker
assumption of “false positive” in its code estimations. It helps us improve the convergence analyses
to achieve more solid theoretical results, which have been perfectly confirmed in simulation experi-
ments. The effectiveness of our introduced gates is verified in a variety of sparse coding experiments
and the state-of-the-art performance is achieved. In the future, we aim to extend the method to con-
volutional neural networks to deal with more complex tasks.
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APPENDIX

A PROOF OF THEOREMS AND PROPOSITIONS

Before we delve deeply into the proof, we first give some importance notations. We define S as the
support of the vector x4, i.e. S = supp(zs), and let |S| denote the number of elements in the set S.
For a vector that shares the same size with z, say z, we denote by zs € RIS! a vector that keeps
the elements with indices of z in S and removes the others. If the vectors have been introduced with
subscripts already, e.g. x5, we use (x5)s to denote vectors obtained in such a manner. For a square
matrix with the same number of row and column as the size of x, say M, M (S,S) is its principal
minor with the index set formed by removing rows and columns whose indices are in S. Assume a
vector z with no zero elements, sign(-) is defined as (sign(z)); = z;/|z;], i.e. (sign(x)); = 1 when
x; > 0, and (sign(z)); = —1 when x; < 0.

A.1 PROOF OF PROPOSITION 1
Recall that the update rule of LISTA is 2(®) = 0 and
2D = Spet) (W(t)x(t) + U(t)y), t=0,---,d—1. 21

Proof. Recall the definition of S is & = supp(xs). For the shrinking function s, (z) =
sign(z)(|x|—b®), = x—bh(x), where h(x) = Lifz > 0, h(x) = —1ifz < 0,and h(z) € [~1,1]
ifz=0.

We use Mathematical Induction to prove supp(z®) c S,Vt = 0,1,...,d — 1. We assume
supp(z®) C S. From the calculation of xEtH), as W =T — U® A there is
xEtH) = sbm((W(t)xt + U(t)y)i)
= 530 (WO + UD Az,),)
= sy (1 — U(t)A)( ®_g s))i + (5):)
= (I = U A)@ — ) + (xs); = b h({™D).

(22)

When the i ¢ S, (z,); = 0. Let’s assume xl(-tﬂ) # 0, then h(m§t+1)) = Sign(l‘l(-t+1)). Multiply the
two sides of the Eq. (Z2) by sign(z{" "), as the b() = u(A) sup,_ ||z} — 2|1, there will be

2] = (1 - UD A)(@® — z,))isign(z{T) - bD)|

|
— (1 - UDA) @ — 2,))sign(@V) = u(A) sup 2@ — .|

Ts

p A2 =gl = p(A) sup |2 — ] <0,

Ts

(23)

IN
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which is in conflict with xEtH) # 0. Therefore, the xEHl) =0,wheni ¢ S, i.e., supp(x(t“)) CS.
Asz®) =0 C S, the supp(a:(t)) C 8, Vt. The no “false positive” property has been proved.

According to Eq. (Z2), as support set of x, and z(*) are the subsets of S, there is
LD _ (zs)i = (I — U(t)A)(:C(t) — ) — O, h(a t+1))

= Z(I - U(t)A)ij(Ig*t) —(2s)5) — bt )h(x§t+1))
JjES (24)

1
i = (@il < 1200 = U = (@) )]+ 60
JjES

As supp(z(#+1)) C S, accumulate all \x(tH) (Ts)i | (¢ € §) in Eq. (Z4), there is

2@~z < SN -UOA) () — (2);) + SO
€S jeS
<N 3 1T -UOA)2 — ()] + SO (25)
i€ES JES,i#]

< (IS = Dp(A) |2 — 2]l +|S[p

The second equation is because of U) € W(A), so that [W; A. ;| < p(A) when i # j and
|Wi.A. ;| = 1 when i = j. Substitute b = p(A)sup, |z — 2|1 into Eq. (Z3), and take the
supremum of Eq. (£3), there is

s 1)~ < (18] = V(A sup e = s + St ) 2 .1,
< (218] = D)p(A) sup |2 — 2]y (26)

< ((218] = 1)p(A))* sup @ — 1.

Let ¢ = log((2|S| — 1)u(A)), the I3 error bound of ¢-th layer in LISTA should be calculated as

l2® — zllz < [|l2® — 2l < sup e — ]

Ts

< ((2I8] = Dp(A)) sup |2 — 2,1
Ts 27
= exp(ct) sup ||x(0) — 251

< sBexp(ct),

where the last equation is deduced for (z5); < B, and ||zs||o < s. The linear convergence has been
proved.
Refer to the Eq. (24), we concentrate on i € S

2 (@) = (T = UDA)Y (2@ — 2,); — b (2T, (28)
Ifsc§t+1) = 0, there must be |x(t+1)| 0 < (zs);, and x(t+1)( s)i = 0.
If xEtH) > 0, the according to Eq. (IR), x(tH) —(zs); = (I =UDA)(z® —z,); — b =
(I -UDA) (@O —z,); —sup,_ ||z — )1 < 0.ie. 0 < 2™ < (20)i 2{"V] < |(2)i. and
x(,t"'l)(x ); > 0.

If x(tH) < 0, the according to Eq. (EX), x(tH) (z5); = (I —UDA)(a® — z4); + b =

(I-U®A)(z® — ), +sup,_ [|z® — 4|1 > 0,ie. 0> 25 > (), |2 < |(xs)i], and
xEtH)(:vs)i > 0.
In conclusion, we can obtain |x(t+1)| < |(xy);] for all the situations.

O

12
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A.2 PROOF OF THEOREM 1

Recall that the update rule of LISTA with gain gates is (°) = 0 and
2D = 5, (W® (gt(x(t)7y|A§t)) © W)+ UWy). (29)

Proof. According to definition of the shrinking function sy (-) and y = Az, Eq. (I0) is

2D = 50 (WO (g, (2, y|AY)) © 20) + U V)
= W(t)gt(x(t),ymgt)) ©z® + Uy —p® @ h(xtD)
= WOdiag(g; (=, y|A§t)))x(t) + U Az, — b © h(ztHD)
= W®diag(g.(z®, y|AD))2® + U Azy — b © h(a).

(30)

Define g;(zs) = (g¢(ws, y|A§t))) when ¢ — oco. In the main part of the Theorem [Il, Vz, satisfying
|zs|lo < s is the fixed point of Eq.(I0) when ¢t — oo. Eq. (B0) is

z, = WOdiag(g. () zs + UD Az, — 0 © h(x,). (31)
The equation group of the indices in S in Eq. (B1) is
(25)s = (WO diag(ge(z,)) + UM A)z,)s = b§ © h((25)s)
= (WO(S,8)diag(gx((z:)s)) + (UDA)(S,8))(ws)s — by © h((s)s).
Let (z,)s — 0but (z5)s # 0 so that h((z,)s) = sign((z,)s). As W, UM, A and g, (z,) =
gi(zs, y|A£(,t)) are bounded, the right hand side of Eq. (B2) is also tend to 0, which is

(32)

bY 0, as t— o (33)
As the S can be selected arbitrarily as long as |S| < s, b®) also satisfies
b 50, as t— oo (34)
Substitute the b{ of Eq. (B3) into Eq. (B2), (z,)s is
(20)s = (WO (S, S)diag(gu((z5)s))s + (U A)(S,))(xs)s, (35)
where the W()(S, S) is defined at start of this section. Eq. (B3) is
(I = UWA)(S,8)(x:)s = WO (S, S)diag(gx((2:)s)) (),
(I = UDA)(S,8)(ws)s = WO(S, S)diag((w:)s)gx((25)s)
diag(((2,)s) ") (W (S,8)) (I = UD A)(S,8) ()5 = gu((@2)s),
diag(((zs)s) ™ )M (z5)s = gu((2s)s),

(36)
where M = (W®(S,8))"1(I — UM A)(S,S). The i-th row and j-th column element in M is
denoted as m;;. From Eq. (BA), (g.(zs))s is

((zs)s)7" mir o Mmiz .. Mys)

(g,{(azs))s = ((xs)s)z_l ma1 Moo N (T

((zs)s)i) misi s Miss)
((2s)s)1
((zs5)s)2

((z5)s))s]
((13)5)1

= ((zs)s)2

((zs)s))s]

13
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Assume (z5)s — 0, for g,.(z,) is bounded, we can conclude that m;; = 0, if ¢ # j. From Eq. (B2),
the final form of g, ((xs)s) is formulated as

mi1

ma2

9x((z5)s) = 37

m|s||s|
From Eq. (B2), we can conclude that g, (x); is a constant if ¢ € S, as the S could be arbitrary subset

of {1,--- ,n} as long as |S| < s. We could deduce that g, (z); is constant Vi € {1,...,n} and
g (xs) must be constant vector, i.e.

diag(gx(zs)) = D, (38)
where D is an n X n constant matrix. The first part of conclusion of Theorem [ has been proved.
Substitute b(*) in Eq. (B3) and diag(g, (zs)) in Eq. (B8) into Eq. (BT), Eq. (BI) is.

s =WHD+UDA)z,,

Ty = LTy,

(39)

where Z = WM D 4+ UMNA = [Z,,Z,,...,Z,]and the Z; is the i-th column of Z.

Give a x4 satisfying only the i-th element of x, is non-zero and all the other elements are equal to
zero, i.e., s = [0,0,...,w,...,0]T = we;, in which e; is basis vector with only the i-th element
being 1 and w # 0. Substitute the x, = we; into Eq. (39),

Ts = LTy,
L= T
we; =21, Za, ..., Z,][0,0,...,w,...,0]", 40)
we; = w2,
w(ei — Zz) =0.

As the Eq. (E0) should hold for Vw # 0, we can deduce that Z; = e;. As the i is selected arbitrarily,
Z=WWD4+UWA = [Z1,Z2,...,2Z,] = [e1,€2,...,e,] = I. Thus we have completed the
proof and get

WOD=(I-UMA) as t— . (41)

O

A.3 PROOF OF THEOREM 2
Recall that the update rule of LISTA with gain gates is () = 0 and
2D = 50 (WO (g, (2, y|AY) © 1) + UDy). (42)

Proof. We simplify the g, (z®), y|A§t)) as g.(z"), and /-@t(a:(t),y|A£f)) as r¢(z®). According to
the definition of gain gate in Eq.(82), we have

24D = 5,0 (WO © gy(a) + UOY)
= 5,0 WP (2 @ g, (D) + UD Az,)
sy (I = UV A) (@0 © g(2W) - 25) - zy)
= (I -UDA) (2 @ g(z®) — z,) — xy — bOn(zHD),

(43)

Simplify the 2 © g(z®)) — x4 as A z(*). For the i-th equation in Eq. (@3), and i ¢ S, give the
value of b*) = p(A)sup, [z ® g(2®) — x|y, there is
2TV = (I = U A) (A2 ®)); — bOn(a{TY)
44
= (T~ UOA) (B, ®)); — p(A) sup | Aga D). “

14
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With almost the same proof process in Theorem 1, we could deduce that
supp(zt+Y) C z,, 45)
which is the no “false poistive” property.
Recall the Eq. (B3) and substitute the 1 + ;1 (D) = g, g (zF):
2D = (1 - U(t)A)(A M) = bOp (D) 4 2,
e (1 4 ke () = (T = UD A)(A,z®) — bO (D) 4z, + 2D g, (2HD)
Agx(t“) (r—ut A)(A M) = pOp (D) 4 2D g, (2 (+D)),

(46)
Fori € Sbuti ¢ supp(z(*1)), 2(+1) = 0. Select the i-th equation in Eq. (E8), there is
Ayl = (1 = U0 A) (A2 ™)) = 6O h(a)
<u(4) D7 18gw |+ ) “n

JES,j#i
Fori € S and i € supp(z(*t1), select the i-th equation in Eq. (&8), there is
|A t+1)| ((I U(t)A)(A Sﬁ'(t))) b(t)h( (t+1)) +.’L'(t+1) ( (t+1))
<uA) Y 8|~ bOsign(a{" ") + sign(a ) D )

JES i
< u(A) Z 1A,2] + (2 ki (D) — 5O)sign (D).
JES,j#i
(48)
According to the condition in Eq. (I2) and (I3), the 0 < ky(z)|z| < 2601, Then, |k (x)|x| —

b= | < b1 there must Iy < 1, so that |r;(z)]z| — b~ D] < b= < p(t=1), Substituting it
to Eq. (BR), there is

1A,z < p(A) Z 18,28] + (|28 kg (D) — 5®)sign(2D)
JESj#i

) 49)
<ud) X 18yl + b,
JES,jF#i
Accumulate all the |Agm§t+1)\ with all i € S, and define s} = |supp(z®)| as the number of
non-zeros elements in z(*) there is
18z D <Y " u(A) >0 A, 2]+ (s 4 (S| — st D))p®
ics jes.j=i
<> oA Y 1A+ (U 4 (IS] — st )p0
€S jes, j=i
< (I8] = Du(A) [ Agz D[ + (s + (|S] — ) u(A) sup [ Agz D 1.
‘ (50)

Take the supremum of Eq. (80), let ¢, = log((2|S| — 1 — s®*+D (1 — 5))u(A)) there is
Sup 122D 1 < (18] = Dp(A) sup [ Agz® |y + (s“FVn + (IS] = s ) u(A) sup | Agz ]y

< (]~ 1+ 5D () sup Ay
Ts

< exp(cry) sup [ Az |y

Ts
41 41
< exp(z ci) sup A,z < exp(z 1)SB.
i=1 i=1

&1y
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For the last layer (¢-th layer), from Eq. (E3), we have

i

2 = (I = UDA) (A2 D)); — p(A)sup | Aga® 1Az ) + (24):,
2 = (25)i = (I = UDA) (A gz ®)); = (A ) sup | Az, (52)
2D — ()i < (T = UDA) Az ®))i| + u(A) sup [[Agz D],

Using almost the same process in Eq. () and Eq. (28), we could deduce Eq. (82) that
120 =zl < (2I8] = Dpu(A) sup | Agz" |y

< (28] - Du(A) exp(Y_ e:)sB

i=1

(53)

t—1

< exp(z ¢i +¢)sB,
i=1

where ¢ = log((2s — 1)u(A)).
Set tg = [log(ﬁ)/log(m)]. As ¢; < c, there will be ||2") — z,; < exp(ct)sB.

When i > tg, exp(ci)sB < ||zg||1, |#® — 24]|1 < ||2s||1, then the s©) = |supp(z®)| > 0,
¢; = 1og(2[S] = 1+ s (1 —n)u(A) < log((2s — 1)u(A)).

In conclusion, from Eq. (B3), there is

t—1
2 = 2|2 < [l2 — 4]y <exp(d>_ i +¢)sB, (54)

i=1
where ¢ = log((2s — 1)u(A)), ¢; = ¢ when i < tg, and ¢; < ¢ when i > . O

A.4 PROOF OF THEOREM 3

Proof. For the t-th layer of the LISTA, according to the Eq. (I2), we have

20D = (1= UDA) (2D = 2,)); + (2); — bDh(TH). (55)
As we have remove the no false positive assumption, supp(xl(-t)) ¢ S. Define S® as Vi € S®
satisfies ¢ € supp(acl(-t)) buti ¢ S.
If i € S, from Eq. (R9), we can deduce the same formulation as Eq. (24):

2 — @il < D (I =AY — (2,);) + 5. (56)

je€supp(z(®)
If i € S¢+1) then the (x,); = 0. From Eq. (89), there is

25 = (1= UDA)(2® = 2,)); — bOn(2T),

K

x§t+1) =((I - U(t)A)(x(t) — )i — b(t)sign<x(_t+1)).

2

(57)
Multiply Sign(xz(.tﬂ)) on Eq. (B2), we have
2D = (1= UDA)(2® — z,))isign (=) — b0,
|x§t+1)| +0® = (I -UDA)(=® — xs))isign(xgtﬂ)), (58)
(2 + 6 )sign(ef") = (1 - UDA) (@ —2.)s,
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which means (I —U® A)(2® — z,)); have the same sign with b(sign(z{""™)). From the Eq.(82),
there is
P =@ = e =sien(@ ) 30 (1= U - (@) - b0)

Ly i i

j€supp(z(®))

(59
o @i =2V < 3T (T =T A — () - 0.

j€supp(z®))

U (z4)s| with i € supp(z(*t1D) = SEHD 1 S, there is

le Dzl Y Y = UDAE - @)+ (1S - 1S
i€SE+D +S jesupp(z()
< STV 4 |S|u(A) |2 = z]lr + (|S] =[SV

Accumulate all the |x£

(60)
Substitute the b)) = wy 41 (ks11|0)pa sup,_||z® — 2|1 into Eq. (A1), and take its supremum:

sup [z — a1 < (IS + S u(A) sup || — ]|y
+ (IS = [8" Nwii1 (kes1|©) pa sup 2 — 211
Ts (61)
< (IS + 18]+ (8] =[S w1 (ke+10))
p(A)sup [z — 1.

Let ¢j, = log((|SU V| + S|+ (IS| — STV )wit1 (ke11]©))(A)), and substitute it to Eq. (BT,

sup [l — a1 < exp(efyy) sup |2 — ax

t+1
<exp(Yy_ i) supla® — ©2)
i=1 s
t+1
< exp(z c;)sB.
i=1

According to the definition of w;(-), b®) = w; 1 (ki11]©)ua sup,. |2®) — 4|1, so that the number
of false positive is less or equal than k., i.e. |[SUTY| < Ky 1. As Assumption of w; (1,0 <
kT < s, w1 (BGTHO) <1 —1/(s — k5TH)B. Let by = k5T,
cipr = 1og (IS 4 IS + (IS] = 18V w1 (ke 1|©))u(A))
= 10g((|SF V(1 = w1 (ker1]©)) + S|(1 + w1 (ke1]0)) ) u(A))
< log(ke41(1 — wig1(ke41]0)) + 5(1 + wiga (ke41(0)) u(A)
(

1
<log((ke+1(;— kt+1> +5(2- m))ﬂ(z‘l)) (63)
kii1 + s(2s — 2k — 1
—tog((Fee 2 2 1 )

— log((2s — 1)u(A)).

In conclusion, the l5 error bound of the ¢-th layer of LISTA is

|2® — 242 < |2 — 4|l1 < sup ||z — 241 < sB exp(§ :c;), (64)
Ts i=1
where ¢f < log((2s — 1)u(A)).
O

3 According to the definition of w;, w; must be a monotonic decreasing function and w;(k|©) < 1 when
k> 0.
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A.5 PROOF OF THEOREM 4

Proof. For the t-th layer given in Eq. (), according to Eq. (E8),
2 = (1 - UDA)(Ayz®)) — bOh(z ) 4z, (65)

and
AgrtY = (I —UDA)(A,z®) = bO (D)) 4 20D g, (D), (66)

As the no false positive is not fit for z(*), 2(*) ¢ S. We still define S® as Vi € SO satisfies
i€ supp(xl(t)) buti ¢ S and define S(*) as Vi € S(*) satisfies i € S and i € supp(a:l(t)).
Fori € S(t+1), xEtH) # 0, and (z4); # 0. Substitute the form of k; into i-th equation of Eq. (Bf):
Az = (1= UD A)(Ag2™)); — bWsign(z+D) + iy 1bDsign(z{)
= (I =UDA)(Agz™)); — (1 = pry1)dPsign(zD), (67)
Ayl V] < (1= UDA)(Ag2D))i] + (1= pra1)b.

?

Fori ¢ StV buti € S, 2" = 0, and (x,); # 0. The i-th equation of Eq. (B8) is
Az = (1 = UD A) (A2 ™)), — bDsign(z(HD)
A2 < (1= UD A)(Agz )| + 0.
Fori € S+, (z,); = 0.
Ay = 2 gy (@) = (1= UM A) (A ™)); = (1= prs1)bWsign(a D), (69)
Multiply sign(xl(-t+1)) on Eq. (B9)

[ el = (1 = U0 A) (A2 ®))isign(@HD) = (1= pes)o,

(68)

(70)
2 g, (@) 4+ (1= p)b® = (T = UD A) (A gz ) isign(z+D),
which means the (I — U® A)(A,z®)); should have the same sign with sign(z(**1)), i.e.
Ayl = sign(@ V) (|((I - UDA)(Agz®))i] — (1 = pu41)b?)) an

B2V < (= UDA) (D2 D))l = (1= )b,
Accumulate all the |A 2" | with i € supp(z®+D), there is
||Agx(t+1)||1 = Z |Agngt+1)|

i€St+D) jeSt+) je{S—St+1)}

> T =UDA) Azl + (ST = ST (1 = paga)
i€supp(z(t+1)) (72)
+(8 - [8CHI))p0
< (181 + 18TV u(A) |4z Dy + (ST = [STIN(L = pr41)
(8~ 8D,

Substitute the b® = wyy1(kes1/0)pu(A)sup,, [[Agz®||; into Eq. (Z2). Take the supremum
of Eq. (2):

sup [ Aga V|1 < (IS]+ [STHD)u(A) [ sup Agz® 1 + (S| =[SV — pre4a)

Ts

IN

+ (8 = STV wip1 (ki1 |©)u(A) sup | Agz ™ 4

< (8] + 1SV 4 (ST = |SEFD) (1 = prgq1)
+ (S = [SUTI w1 (kes1]©)) u(A) sup [[ A gz D).
5 (73)
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Let ciyy = log((IS| + [SUHV] + ((ISV] — SN — paa) + (S~
ISEFD])) w1 (e41]©))p(A)). The sup, [[AgztFD]|; satisfies
sup [ gz V1 < exp(cl ) sup || Aga Py
. t+1 l
< exp()_ ) sup | A2 )
i=1 *e
t+1
< exp(z c;)sB.
i=1

Consider about the relationship between (1) — ., and A,z ®):

Ifi € StV (2,); = 0, and xgtH) # (. The i-th equation in Eq. (B3) is
oY — (2,); = (1 = UV A)(AyzD)); — 8Wsign(z{""). (75)
According to the similar analyses in previous, the sign of ((I — U® A)(A,2")); is the same as

t+1 t+1
(), 2

sign(x — (zs); satisfies

2D (), = (((T = UDA)(A,20)),] = b )sign (D),

(t+1) _ (t) (t) (76)
;) = (@o)il = (I = UPA)(Agz™));] — b
i €S, the x(tﬂ) (x4); satisfies
ot — ()il < (1= UDA)(Agz®))] + b0 (77)

Accumulate all the |2 — (2,);| with i € supp(z(t*+1), there is

D —zflh < Y (I =UDAAD))i] + (IS] = D) p?)]
icsupp(z(t+1)) (78)
< (I8 + 8 D) u(A) | A gDy + (18] = SO
Substitute the b = wyi1(key1|O©)p(A) sup,, [|[Agz® || into Eq. (I8), take the supremum of
2 — 2|1 and [|Agz®];:

sup [z — 1 < (18] + 8T u(A) sup | A4z

2

+ (18] = 8wy (K 41]0) sup | Agaz ]|y (79)
< (|S]+ 8 + (18| = ST wyy1 (ke 41]©))p(A) sup HAgi’f(t)Hl-

Let ¢* = log((|S| + 8® + (|S| — S®)w, (k|©))1u(A)). Substitute Eq. (Zd) into Eq. (Z9) The I,
error bound of LISTA with gain gate should be

129 = 2l2 < [|l2® = 2]l1 < sup [l — ]

i (80)
< exp(z ¢+ c*)sB
i=1
Let to = [log(*2)/1og((gz=tyay) |- When i < to, as p; = 0, ¢ = log((|S| + [SP| + (S —

Sw;1(k ZJr1|9))/;( )). According to the prove mean process of Theorem 4, let k; = ki, 0 <
1

ki < s,and ¢, = ¢} <10g(m'

When i > tg, ||z — x,]|; < sBexp(ci) < o. As the minimal absolute value of z is less or equal
than o, S) = S. When k; = |SW| = 0, ¢, = |S| + |S|(1 — ps). As 1 —w;(s]©) < p; <1,
1 — p; < wi(s]©). Recall the form the ¢ < log((|S| 4 |S®| + (S — S®)w; (k; |®) (4)). A
[S[+]S](1 = i) < IS]+[S|wi(s]©) < [S] +[Slwi(ki|©) < [S]+ S|+ (IS| - |8 )I)wl(kzl@)-
The ¢} < ¢f.

O
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A.6 PROOF OF PROPOSITION 2

Recall that the update rule of ISTA is 2(®) = 0 and

() = s,\/,y(:c(t) — Vo f (D) /7). 81)
We have the following theorem which analyzes the update rule of ISTA and
n* = argmin f(n(z® — 2®) 4 2@ y) 4 Nn@tD — 2O) 2O, (82)
n

Proof. According to the analysis in Section 2 in the main paper, z(**1) is the solution of minimizing
the upper bound U (z),

U) = f@,y) + (@ =2V f@®) + Lo =202 + wr(a). (83)
The sub-gradient of U(x) is
U () = Vo f (20) + v(z — 2®) + A, (z). (84)
As the z(**1) is the optimal solution to minimizing Eq. (B3), 0,U (z**1) satisfies
0 € ,U(a"V) = Vo f(2) + 4@ = ) 4 Agpr (21, (85)

where 7(z) = ||z||;. According to the definition of the sub-gradient, (9,7(z)); € [—1,1] when
x; =0, (0y7(x)); = —1 when z; < 0, and (9,7 (x)); = 1 when x; > 0.

From the Eq. (§3), there must exists 7y € r(x) such that
VIf(x(t)) + 'y(x(H'l) — x(t)) + Ary =0, (86)
where (r1); = 1 if x§t+1) >0, (r1); = —1if xEtH) <0,and —1 < (r1); < 1if xEtH) < 0.
According to the definition of n* in Eq. (§2), we define a new function 6(n) as
0(n) = fn("" —20) + 20, y) + A+ - 20) + 20, (87)
Notice that §(n) is the line search function of f(z,y) + A||z||;1. According to the law of convex

optimization, as f(z,y) + Aljz|1 is a convex function, the 6(n) must be also a convex function
about 7). The sub-gradient of 8(n) is

0,0(n) = (&) — O, fln(att) — 20) 4+ 20)+
Mzt — 2T r(n(ztHD) — 20 4+ 20,
The n* actually is the value to minimize 6(7) in Eq. (84). There must be
0 € 0,0(n"). (89)

(88)

From Eq. (BB), the sub-gradient function of 6(7) when n = 1 is

9p0(1)

( (t+1) T

)T (Vo f @0FD) + 20,7 (D)) 90
O ) T ey
(V24
)

=(@ ) — 2T (VEF(O @Y = 2) + Vo (@) + Apr (a1)),
where ¢ € R™. Substitute V. f(x(*)) in Eq. (88) into Eq. (81), the 9,,0(1) is
0,0(1)
=@ — 2 OY (T2 — 2) - e (EF) — 20) Ay 4 2,r(al D)
=@ — 2 T(VIF(Q) =AD" = 2®) + A@r (@) =)
=l - <t>>T<v2f<<> D )

AZ D _ 2O (@r(@ D)), — (1))

()~ O (V) At — )
AZ D — 2O (1)i = (r)a),

oD

20



Under review as a conference paper at ICLR 2020

0 —e— ISTA with overshoot (A = 0.01)
—e— ISTA(A=0.01)

—<— ISTA with overshoot (A = 0.025)
-10 —« ISTA (A = 0.025)

NMSE (dB)
N
o

-30

—40, 200 400 600 800

Number of iterations

Figure 7: Experimental results validating our Proposition Q. It can be observed that the update of
ISTA “lags behind”.

where (r); € (Or(z(®*+1));. According to the properties of convex function and the sub-gradient,
assume n* < 1,s.t. 0 € 8,0(n*), Vre € 9,0(1), there will be ry > 0. However, as r; € or(x(t+1),
substitute r = r; € 87"(:1:(”1)) into Eq. (21). The corresponding element in sub-gradient when
r=rpisrg = (20D — aYT(V2£(() — AI)(zHD) — 2®) € 9,0(1). According to given
condition vI — V2 f(z) = 0, rg < 0, which is in contrast to n* < 1. Therefore, the conclusion

nt>1 92)
is obtained.
Moreover, consider about the last term of Eq. @, i.e.

3 @Y — 2y (@@ D)) — (1)), 93)

i

If supp(2(!)) C supp(z(**1)), there are two situations about index i. 1) i € supp(x(*+1)), there will
be 2" £ 0 and (Or(z®+D)); = (r1); = sign(z!"™). 2) i ¢ supp(xt+D ) andi ¢ supp(z®),

there will be x(tH) Et) 0. Both conditions will make the term (z; (t+1) _ )((8r( (t+1))), —
(r1);) in Eq. (93) 0. Therefore, Eq. (23) is

3 @ — ) ((@r(a D)) — (r);) = 0. (94)

i

According to the given condition v/ — V2 f(z) > 0, 8,,0(1) should be a number but not a set and
O0(1) = (xt+D) —zT (V2 £(¢) —4I)(x*+D) — M) < 0. As the 6(n) is convex function, there
must be n* > 1 because of 0 € 0,,6(n*). The conclusion n* > 1 is derived. O

B MORE SIMULATION EXPERIMENTS

B.1 SPARSE CODING WITH GAIN GATES

Validation of Proposition 2: Some more experimental results are given here due to the length
limit of the main body of our paper. One might also be interested in our Proposition B, hence we
first conduct an experiment to confirm it. We adopt ISTA with an adaptive overshoot and compare it
with the standard ISTA for sparse coding. The adaptation is obtained via enlarging the step size from
1.0 through backtracking line search (see section [ for more details). Figure [ demonstrates that our
overshoot mechanism facilitates ISTA optimization, and such a result confirms Proposition D.

Discussions about the overshoot and gain gates: It should be interesting to compare the perfor-
mance of our gates with different expressions. We test LISTA with two different overshoot gate
functions in Figure B(a). The first one is a sigmoid-based function which has been shown in the
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Figure 8: Comparison of different (a) overshoot gate functions and (b) gain gate functions. The
experiment is performed with SNR=40dB.
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Figure 9: Comparison of overshoot and gain gate with similar method.

main body of our paper, i.e.,

0z, yAD) = 1 + g0 (Wor™ + Uoy) | wil, 95)

(2

in which a, is a learnable parameter constrained to be non-negative and o (+) is the sigmoid function,

and the second one is a
o

ZED — 0] 4 ¢’

on(z?, ylA) =1+ (96)
in which e is a tiny positive constant introduced to avoid zero being divided. Both of the functions
are incorporated into LISTA with their learnable parameters being shared among layers. It can be
seen from Figure that the acceleration in convergence and gain in final performance are obvious,
just as expected.

For LISTA with our gain gates, one can check the results in Figure B(B). It can be seen that if
either the bias term or the y; term is removed, the performance of our gated LISTA degrades a lot.
We also try different f;(-) functions as mentioned, including a ReLU-based one and some possibly
more nonlinear ones. See Figure for a comparison. We confirm that gate functions whose
outputs are relatively closer to the boundary condition may perform better. However, it is worth
noting that when the outputs reach that boundary condition, the performance also degrades (see the
LISTA-inv-¢ results in Figure B(b)), which confirms the necessity of the u; term in designing our
gain gate functions. The results further suggest to adopt a combination of gate functions in practice.
Specifically, we use the RelLU-based function for the first 10 layers and the inverse proportional
function for deeper layers in our experiments comparing with the state-of-the-arts, and we directly
call it GLISTA for convenience.

As mentioned in the main body of the paper, the overshoot gates is proposed do address insufficient
step size, which is similar to the motivation of (L)FISTA. LIHT and support select can also be
considered as special cases of our gain gates (by letting 1y = 1 in the inverse proportional function).
We compare these similar methods with our overshoot and gain gates in Figure B. It can be seen
that when compared with LISTA, LFISTA converges faster in lower layers, and our overshoot gates
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Figure 10: Comparison of the gain, overshoot, and their combinations.
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Figure 11: Comparison of sparse coding methods under different settings. Our GLISTA consistently
outperforms the competitors in almost all test cases with different numbers of layers.

(¢) condition number=3

also show such advantage. When applying to deeper layers, LFISTA converges quite slow while
the overshoot gates still perform well, which indicates that the time-varying property is beneficial
in practice. LISTA with our gain gates is obviously better than LIHT as shown in Figure B(b], and
sufficient experimental results in the paper also prove that the gain gate outperforms support select
(e.g., in LISTA-C-S and LISTA-S). We also test the combination of gain gates and overshoot gates,
despite the fact that the mechanism with only gain gates is already good enough. See Figure [0
for an illustrative comparison. Apparently, when the overshoot gates are further incorporated, the
convergence on lower layers become faster while the overall convergence is not affected much,
leading to similar final performance when the model is very deep and superior performance when
the model is relatively shallow.

Now we also give some sparse coding results under the less challenging settings on the noise level
and the condition number in Figure . Compared with LISTA-CP, LAMP, LISTA-SS, and LISTA-
CP-SS, our gated LISTA (GLISTA) performs remarkably better with ill-posed dictionary matrices
and less noises. Table B and Bl report the statistical means of five runs using different methods. It can
be seen that the improvement achieved by our GLISTA is significant.

Algorithm 1 ISTA with adaptive overshoot.

Input: The dictionary matrix A, an observation y, an initial step size ny = 1.0 for sparse coding, a
step size 7 = 1.05 for line search, and a maximal number of iteration.
Output: output result
1: 20 =0
cfort=0,--- , K—1do
p B = sy (= ATA/y)27) + ATy/y)

z, =30, n=nr

while fo(zp,y) > fo(zc,y) do
.Tp =T, N =1TN
ze = (" —2®) —2®

10:

2
3
4:
5: T, = T(j(t) — x(t)) —z®
6.
7
8
9

r® =g,

return z %1
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C ADAPTIVE OVERSHOOT

We perform an adaptive overshoot in the experiment to confirm Proposition 2. The algorithm is
summarized in Algorithm 0. Most of input variables are introduced in the main body of our paper
and 7 is given as the step size for performing line search. The whole algorithm procedure is very
similar to the famous backtracking line search. The step size 1 for sparse coding is updated by 7
until the objective function f(x,y) + Ar(x) does not decrease any more.

Table 3: Comparison of the final NMSEs under different noise levels with d = 16. The condition
number of the dictionary is not specifically constrained.

SNR LISTA LAMP LISTA-S LISTA-C-S ALISTA-S GLISTA (ours)

40  -38.72  -36.77 -41.99 -44.85 -41.86 -45.22
20 -18.65 -18.66 -20.64 -22.84 -20.00 -23.08
10 -9.42 -9.46 -9.84 -11.06 -9.04 -11.41

Table 4: Comparison of the final NMSEs under different condition numbers with d = 16. The noise
level is chosen as SNR=40dB for all the tested condition numbers.

Con. num. LISTA LAMP LISTA-S LISTA-C-S ALISTA-S GLISTA (ours)

3 -39.03  -37.26 -43.12 -44.90 -43.88 -45.33

30 -29.65  -28.44 -32.30 -38.36 31.50 -39.61

100 -21.39  -22.23 -27.08 -27.94 27.10 -34.07
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