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A APPENDIX

A.l

Let Sy represent a sequence of N tokens, denoted as w; Y, where w; corresponds to the ith element
in the sequence. The word embeddings for Sy are represented as Ey, given by x;.¥ |, where each
x; is a d-dimensional word embedding vector for token w;, devoid of location information. Self-
attention initially incorporates location information into the word embeddings, transforming them
into queries, keys, and value representations.

Qm = fq(xmam)
K, = fx(xn,n) (15)
Vn = fv(xrun)

where Q,,, K,,, and V,, are combined at positions m and n using functions f,, fx, and f,, respec-
tively. Typically, queries and keys are employed to calculate attentional weights, which are then used
as coefficients for computing the weighted sum of VALUE representations to generate the output.
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Current position encoding methods for transformers primarily revolve around selecting the suitable
function to formulate the equation[I5] Let 7P represent the position coding operator introduced into

the equation

Qmm =

(16)

Jrte(a, kv (X 1) := Wyyero. kv (P(xi)) (17)
Now bringing the HeterPos method into Equation[T7] we can get
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fk (Xn> n) =W, [Xn7 Sin(cxne—m111(10000/(1))’ cos(cx"e_" 111(10000/d))]wgg (18)
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fo(Xn,n) = Wy [x",sin(ex"e ,cos(ex"e

We decompose Qm " Kn in Equation |18| using the analysis of Dai et al.[(2019). To simplify the
analysis, we do not consider the weight matrix and have:
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[x",sin(ex"e ,cos(cx"e

In this way, we can obtain Equation

A.2 PROOF OF THEOREM 1

To better illustrate the derivation of our theorem, we first give the idea of the proof of Lemma[l] We
give the following assumption:

* The activation function is L-Lipschitz,i.e., for any z1, 7o € R* L,||o(z1) — o(x2)| <
21 — z2]].

s Forany z € R and W € R"*4 we have |[Wz|| < B, | z||

* softmax is continuously differentiable and its Jacobian satisfies for vectors 61,6, € RP?,
|lsoftmax(6;) — softmax(62)|| < 2|61 — 02|

Since the core part of the Transformer is the Attention mechanism, for this reason we need to first
give an upper bound on the covering number of the Attention head.
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Lemma 2 (Edelman et al.|(2022)) Vo € [0,1], the coverage number of the Attention head
Fif—head Satisfies

IOgNoo (ftffhead; € {(X(Z)a Z(z)) i:l)

. . ac . i) G
<inf ael0,1] [logNOO(fQK’ 9L, By By ) {(If ) Z( ))}ie[m],tE[T]) (20)
(1—a)e i
HogNoo (Fvi 7 {21 Yietm eeri; | - I12)

where ¢ is any real number greater than 0, z is the additonal context of x, and By and Bx are upper
bounds on the weights Wy, and X, respectively.

Then, in order to further derive an optimization upper bound on the above covering number upper
bound, we make use of the conclusions on covering number upper bounds for the class of linear
functions given by Edelman et al.[(2022).

Lemma3 Let W : {W € R4*42 . |WT |1 < By}, for the function class F : {x — Wz :
W € W}. ForVe > 0and 2V, ...,a™N) € R% satisfying Vi € [N], ||=@|| < By,

- (BxBw)?

logNoo (Fie; 2 @™ |- ||2) log(d,N) 1)

For ease of arithmetic, we consider W W, used in the computation of self-attention scores as
a matrix with an upper bound of Bx (@, and for this purpose, using the Lemma [2] we can easily
obtain upper bounds on the number of coverings for the class of linear transformation functions of
the linear transformations Wx X and Wy X.

N (BE ) Bx )?log(dmT)
logNoo (Forci eqres {8, 2 Vicpmpieir)) S—2 2
- Z?K (22)
0 G (By Bx)?log(dmT)
logNoo (Fv; ev; {(:c§ ), 2N Yieimleeir) S—% 2
1%

Then we get by our assumptions that when we want to choose e and ey such that the sum of the
above two terms is minimized, subject to

QLUB\/BX{EV S € (23)

the solution (without position encoding) to this optimization leads to an optimal bound of:

((BY)S + (B BvBx)?)°
62

10gN oo (Frp; 6 XM XM < (L, Bx)?- Jlog(dmT)  (24)

With Lemma |1| proof ideas laid out, we now proceed to prove the relevant properties of the model
after we introduce the positional encoding we devised. According to Equation 21, we have

I1Z] = ||[[Xo, sin(Xo), cos(Xo), X1, ...]W]| (25)

From ||X|| < Bx, we can easily obtain ||Z|| < Bx + d based on the triangular inequality. There-
fore, according to Lemma [I] we can get the upper bound on the number of model coverings after
introducing the positional encoding after HeterPos

2,17,\2/3 2BQ K2,1B (B + d))2/3)3
e |y < BZV)TE + (2B, VoX :
logNoo(F(X;e; XMW, .., X" ) S 2 (26)

(Lo(Bx + d))?log(nd)

In order to obtain a further derivation of the relationship between the covering number and the
Rademacher Complex, we give the following theorem.
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Lemma 4 Consider a real-valued function class F such that |f| < A forall f € F. Then,

. (1) (n)
R<c- 1nf(5—|—/ \/logj\/ (F; 6% X )daz) 27

6>0

We may assume that log NV (F; €; xM . x(")) < /\%{ Based on Lemma we have...

R (n)
R(F;xV . x™) < ¢ inf( 5+/ \/10g]~' ki )dx

6>0

- inf 5+/ 5 de
5>0 Ve
=c-inf(d + / / —de) (28)
5>0 V
:c~1nf((5—|—\/ log(é))
Nx
=c-/—= (1+log(A+,/NF))

The N5 is ((By)?/? + (2Bpe By i By (Bx + d))?/?)? - (Lo Bpe(Bx + d))log(nd), |f] < A
forall f € F.

IN
o

B APPENDIX

B.1 DETAILED EXPERIMENTAL SETUP

We employed feature vectors, class labels, and 10 random splits (48%/32%/20% for train-
ing/validation/testing) from the work of|Yan et al.|(2022) for all baseline models. And we conducted
experiments over 2000 epochs and implemented early stopping if the validation loss decreased con-
sistently for 200 consecutive epochs.

The parameters used for MPformer experiments on each dataset are shown in Table[3]

Table 3: Parameters used in each data set.

Hyperparameter Cora  Citeseer Cornell Texas Wisconsin  Actor ~ Chameleon  Squirrel
Layer 1 1 1 1 1 1 1 1
Heads 2 2 2 2 2 2 2 2
Hidden dim 64 256 16 16 16 128 16 16
Epoch 2000 2000 2000 2000 2000 2000 2000 2000
Learning rate 0.001 0.001 0.01 0.01 0.01 0.0001 0.01 0.01
Weight decay Se-4 le-4 Se-4 Se-4 Se-4 Se-5 Se-4 Se-4
Transformer dropout 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
Feature dropout 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

The environment in which we run experiments is:

¢ CPU information:24 vCPU AMD EPYC 7642 48-Core Processor
¢ GPU information:RTX 3090(24GB)
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