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A Technical Tools
In this section we avail ourselves of some technical tools that shall be used in all of the proofs below.

A.1 Reduction to lower bounds over a finite class

The lower bound on the minimax excess risk will be established via the usual route of first identifying
a “hard” finite set of problem instances and then establishing the lower bound over this finite class.
One difference from the usual setup in proving such lower bounds [see 22, Chapter 15] is that the
training samples are drawn from an imbalanced distribution, whereas the test samples are drawn from
a balanced one.

Let P be a class of pairs of distributions, where each element (Ppaj, Pmin) € P is a pair of dis-
tributions over [0,1] x {—1,1}. As before, we let Piest denote the uniform mixture over Ppy;
and P.,i,. We let V denote a finite index set. Corresponding to each element v € V there is a
Py = (Py,majs Pu,min) € P With Py, test = (Py,maj + Pu,min)/2. Finally, also define a pair of random
variables (V, 5) as follows:

1. V is a uniform random variable over the set V.
2. (S| V=uv)~ PZ,’“;jaj X Pgiﬂniwnin’ is an independent draw of nym,j samples from Py, maj and
Nmin samples from P, min.

We shall let Q denote the joint distribution of the random variables (V,.S), and let Qg denote the
marginal distribution of S.

With this notation in place, we now present a lemma that lower bounds the minimax excess risk in
terms of quantities defined over the finite class of “hard” instances P,,.

Lemma A.1. Let the random variables (V, S) be as defined above. The minimax excess risk is lower
bounded as follows:

Minimax Excess RiSk(P) - iﬁf Sup Eswp"maj X P tmin [R(AS; Ptest) - R(f*(Ptest); Ptest)}
(Pmaj,Pmin)€P maj min

> Ry — By,
where Ry, and Bayes-error By, are defined as
Ry = Esnas [0 Ploy)ns, o, Q(01S)Py e (R(E) # Y)];

By, = EV[R(f*(PV,test)E PV,test))]'

Proof. By the definition of Minimax Excess Risk,

Minimax Excess Risk = inf  sup =~ Eg_mmi, pimin [R(AS: Prect)] = R(F* (Prest): Prest)
A (PMajvpmin)E'P maj min

> lgf Sug Eslva"majjxp"mip [R(-Asa P’u,test)] - R(f*(Pv,test); Pv,test)
ve v,ma v, min
> iT}‘f Ey Es‘va?/'maj_Xp""/'mir_\ [R(AS§ PV,test)] - R(f*(PV,test); PV,test))
,maj ,min
= lﬂf Ey [ES\VNP;mSi‘XPQ?mnTn [R(Asy PV,test)]] —Ey [R(f*(PV,test)§ PV,test))] :
=B,

We continue lower bounding the first term as follows
f By [Egpy prmi prmn [RA% Pyies)l] = f B, 5)~[P(r. )P, (A7 (@) # 1))
= fEs~qsEvaar(s) [Pley)mPy.e (A%(z) # y)]
Q .
2 Es~as[f Evq(is) [Py ~pye (1) # y)]]
= Esnas I Ploy)ns, o, Q(ol8)Py e (R(2) # )]
=Ry,

where (i) follows since A® is a fixed classifier given the sample set S. This, combined with the
previous equation block completes the proof. O
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A.2 The Hat Function and its Properties

In this section, we define the hat function and establish some of its properties. This function will be
useful in defining “hard” problem instances to prove our lower bounds. Given a positive integer K
the hat function is defined as

o+ el — e forwe [—ge.0],
or(x) =1 1% ‘x 1| forz €0, 5], (6)
0 otherwise.

When K is clear from context, we omit the subscript.

Hat Function (1)

0.05 1

0.00 1

—0.05 1

—0.2 —0.1 0.0 0.1 02

Figure 3: The hat function with K = 4.

We first notice that this function is 1-Lipschitz and odd, so
5%

oK (x) dx =0.

1
2K
We also compute some other key quantities for ¢.

Lemma A.2. For any positive integer K,

B 1
/_211( |pr ()] dz = ek

Proof. We suppress K in the notation. We have that,

e 0 1 e
/_2i(<b(35)|dyc:/_21 M—x—l—de—i—/O x—4K‘— dx.
The integrand | |x + &H over r € [ 5 K,O] defines a triangle with base K and height - I
thus it has area T K2 Therefore,
0
/_21 1K I+H 16K2

The same holds for the second term. Thus, by adding them up we get that ffi |p(z)] dz =
2K
7z O

Lemma A.3. For any positive integer K,
® 1+ ¢k (- 5) 1 1
log (2K ) (1 + oK (x — >) der < —
/0 l—gbK(x—ﬁ) 2K 3K3

13



434 and
1

[ () (1o (- ) < i

435 Proof. Let us suppress K in the notation. We prove the first bound below and the second bound
436 follows by an identical argument. We have that

[ (=) (1+¢(x2;>) .

[ (i 0o

=/f1°g(i+;’iii§)l+¢ dw+/_i;g(1*;’iii§)<l+«><w>>dx
:/02%( o (L) (14 o dx_/;bg(m><l+¢(_x)) "
[ e () o s [ o (1242) 1ot

437 where the last equality follows since ¢ is an odd function. Now, we may collect the integrands to get

438 that,
(1) (o)
/0 log(1_¢(x_21l{> 1+¢ | ¥e dz

439 where the last inequality follows since log(l + ) < z for all . Now we observe that ¢(z) < z <
a0 forz € [0 and in particular, ¢( ) < 2. Thus,

1
2
1
3R )

1

[ () (e (o)) o

441 This proves the first bound. The second bound follows analogously. [

w2 B Proofs in the Label Shift Setting

443 Throughout this section we operate in the label shift setting (Section [3.2.T).

444 First, in Appendix [B.T|through a sequence of lemmas we prove the minimax lower bound Theorem4.1]
445 Next, in Appendix [B.2] we prove Theorem [5.1] which is an upper bound on the excess risk of the
ass  undersampled binning estimator (see Eq. () with [nmin ]!/ bins by invoking previous results on
447 nonparametric density estimation [9, 8]].
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B.1 Proof of Theorem 4.1

In this section, we provide a proof of the minimax lower bound in the label shift setting.

We construct the “hard” set of distributions as follows. Fix K to be an integer that will be specified
in the sequel. Let the index set be V = {—1,0,1}" x {=1,0,1}*. For v € V, we will let
vy € {—1,0,1}" be the first K coordinates and v_; € {—1,0,1}" be the last K coordinates. That
is, v = (v1,v_1).

For every v € P we shall define pair of class-conditional distributions P, ; and P, _; as follows: for
rel; = [@ L]’

K K
i1 1/2
Pv,l(x) = 1+’U1,j¢ (.Z‘—']_K_/>
i 1/2
Po—1(z) =1+0v_1;¢ (m - jK/) ’

where ¢ is defined in Eq. @ Notice that P,, ; only depends on v; while P, _; only depends on v_j.
‘We continue to define We continue to define

Pv,maj(x7y) = Pv,l(x)l(y = 1)
Pv,min(xay) = Pv,fl(x)l(y _1)7

and

Py maj (%, y) + Poy min(7, y) Poi(@)l(y=1)+Py_1(2)l(y=—1)
Pv,test(-ry y) = = .
2 2
Observe that in the test distribution it is equally likely for the label to be +1 or —1.
Recall that as described in Section V shall be a uniform random variable over V and S | V ~
PI'm . x P We shall let Q denote the joint distribution of (V,.S) and let Qg denote the marginal

v,maj v,min*
over S.

With this construction in place, we first show that the minimax excess risk is lower bounded by

Lemma B.1. For any positive integers K, Nmaj, imin, the minimax excess risk is lower bounded as
Sfollows:

Minimax Excess Risk(Ps)
= inf sup ]Eswp"maj « P min [R(Asv Ptest) - R(f*a Ptest)]

A (Pmajvpmin)epLs maj
1 1
> —— — —Eg~ T Po1, P, .
= 36K 2 % V(;Q(UIS) 1 %Q(vIS) , 1)1 (7)

Proof. By invoking Lemmal[A.T|we get that

Minimax Excess Risk(Ps)
2 Esnas [P y)ns, o, Q0lS)Pu e (1(2) # 9)] = EVIR(F" (Pyitest); Pyisest))] -

=By

=Ry

We proceed by calculating alternate expressions for fRy, and By, to get our desired lower bound on
the minimax excess risk.

Calculation of R): Immediately by Le Cam’s lemma [22] Eq. 15.13], we get that

Ry =Es~qs [i%fp(r,y)NZ“Ev QIS)Py e (P(T) # y)}

1-TV <Z Q(U | S)P’u,la Z Q(U | S)Pv,—1>] . (8)

veV veV

1
iESNQs
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Calculation of °5y,: Again by invoking Le Cam’s lemma [22, Eq. 15.13], we get that for any class
conditional distributions P, P _q,

1 1
R(f"; Prest) = 5" iTV(Pl» P_1).
So by taking expectations, we get that
N 1 1
By = By (R Py Priee)] = By |5 = STV (Pya, Py ©)

We now compute Ey [TV(Py, 1, Py, _1)] as follows:

1
Ev[TV(PVJ, PV,fl)] = %]EV |:/ |PV71(LL‘) — PV,,1($)| dx:|

=0
K FA .
1 K Jj+1/2
= §]EV |:Z /g |V17j — V_17j| (;5 <l’ — K )‘ dI
7=1 K
K g .
1 K j+1/2
:5‘ V[/j_lﬂfl,j—Vlgd)(x— K >’d$1
J=1 K
O 1 &
= 16K 2 ;EV[WLJ V—11”7

where (7) follows by Lemma Observe that V7 ;, V_1 ; are independent uniform random variables
on {—1,0,1}, it is therefore straightforward to compute that

8

EvVij = Voisll =5

This yields that
1
]EV [TV(PV&, PV,_l)] — ﬁ

Plugging this into Eq. (9) allows us to conclude that

N 1 1

By = EV[R(f (PV7test)§ PV,test)] = 5 1- ].87 . (10)

Combining Egs. (8) and (I0) establishes the claimed result.

In light of this previous lemma we now aim to upper bound the expected total variation distance in
Eq. ().

Lemma B.2. Suppose that v is drawn uniformly from the set {—1,1}X, and that S | v is drawn from

Mmaj Tmin
Pv7maj X Pwnin then,

Es

1 1 Mmin
™V (Z Qv | S)Py 1, Z Qv | S)Pv,—1>] < BE wexp (_3K3> .

veV veEVY
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484 Proof. Letp :=Eg [TV (X ,cy, Qv | S)Pu1, > ey Q | S)Py,—1)]. Then,

485

486
487

488
489

490

Y =Eg

TV (Z QW[ S)Pu1, > Q| S)Pv,_lﬂ

veY veV
dm]

1 1
2 x=0

> Q] 8) (Poa(z) =Py i1(x))

veVy

L [E
= Es Z/J,I 3°Q(0 ] 8) (Pui () — Py _1(2))] da
Li=172="% |vev
[k i .
=58 |3 [ [Sewisien v (s 2 ) .

where the last equality is by the definition of P,, ; and P, _;. Continuing we get that,

L[ [* j+1/2 K
¢:2[L_“¢<x—jf/>‘dx Es ZZQ(U\S)(ULj_U_Lj)
" j=1lvey
@ 1 K
= TeR2 s S oQ8) (v —vo1y)
j=1lvey
| X
T 16K2 Z/ D Q| 8)(v1; —vo1)| dQs(S)
j=1 veEV
| X
~ 16K2 Z Z Q(v, 8)(v1,; —v_14)| dS
j=1 VeV

D> QS | v) (01 —vo1,)

veY

ds,

W1 &
:16K2|Vj§_:1/

where (i) follows by the calculation in Lemma and (47) follows since v is a uniform random
variable over the set V.

The distributions P, ; and P, _; are symmetrically defined over all intervals I; = [%, %], and
hence all of the summands in the RHS above are equal. Thus,

1
Y= 6KV / ‘;Q(S | v)(v11 —v_11)| dS. an

Before we continue further, let us define

yt = {U eV | v1,1 > 1),1)1}.
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491

492

493

For every v € V', let © € V be such that is the same as v on all coordinates, except V1,1 = —V1,1
and _1 1 = —v_1,1. Then continuing from Eq. (TT) we find that,

'Ul,l - U—1,1)(Q(S | v) — Q(S | 5)) ds

ve V+

(“)
< 16K\V|/Z vis = v-11) [Q(S [0) ~ Q(S )] dS

16K|V|

= Wvg};(vm —v_1,1) / IQ(S | v) — Q(S | 9)| dS

1
T R’KY > (w11 = v ) TV(Q(S [ ), Q(S | 9)), (12)
veVT

where (i) we use the definition of V* and v, (i7) follows since v1 1 > v_1 1 forv € V.

404 Now we further partition VT into 3 sets V(1.0 p(0.:=1) P(L.=1) a5 follows

495

496
497

498

499

500

501
502
503

V(l’o) = {'U ey | v1,1 = 17’071’1 = 0},
V(O’il) = {'U cy | V1,1 = 0,1)_111 = 71},
V(l’il) = {U IS% | V1,1 = 1,1)_1,1 = 71}.

Note that Q(S | v) = P! . x P"n  and therefore

v,maj v,min’®
== § _ Tmaj Tmin Tmaj Tmin
— (Ul,l U*Ll)TV (Pv,maJ Pv min? Pﬂ,maj Pv mm)
vev+t
§ Tmaj Mmin Tmaj TMmin
TV (Pv,maJ X Pv min? P'E,maJ X Pv mln)
veV(1,0)
Mmaj Nmin Mmaj Tmin
+ § : v (Pv,maj Pv min? Pf),maj Pv mln)
vey(©.—1
Timaj Mmin Ttmaj Mmin
+2 E : TV (Pv,maj X Pv min? Pf),maj X Pv m|n> ’ (13)
vey,—1)

where (i) follows since v, v_1 € {—1,0,1}¥ and by the definition of the sets V19 V(01 and
-1,

Now by the Bretagnolle-Huber inequality [see 4, Corollary 4],
TV (Pn""al anln P”}maj anm ) — TV( "}maj anln anaj . X anin_ )

v,maj v,min’ ' ¥,maj 0, min 0,maj v,min’ " v,maj v,min

‘anaj x P7min
v,maj v,min ?

¥,maj ,min

1 o
<1-Zexp (—KL ( R
where we flip the arguments in the first step for simplicity later.
Next, by the chain rule for KL-divergence, we have that

KL( e X PZmin ||anaj X Phmin ) = nmajI{L(Pﬁ,maj||Pv,maj) + nminI{L(PT),minHP’u,min)~

,maj 2,minll" v,maj v,min

Using these, let us upper bound the first term in Eq. (T3) corresponding to v € VO:=1) " For
v € VO~ notice that KL(P5 maj||Pv,maj) = 0 since vy ; = @ ; forall j € {1,..., K}. For the
second term, KL(P3 min||Pv,min), only vy 1 and @4 ¢ differ, so

Pv’,l(l‘)

),
KL(P3 min[|Pv,min) / v,—1(x)log (Pu_1(56)) dx
o
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where the last inequality is a result of the calculation in Lemmal[A.3]

Therefore, we get

' . 1 i
Tlmaj M min Timaj M min K—-1 min
E : TV (Pv,maj X Pv,min’ Pﬁ,maj X P'D,min) < 9 (1 - 5 €xp (_ 3K3)> :
vep(0,—1)

For the terms in Eq. (T13) corresponding to YO=1 P=1) "we simply take the trivial bound to get

Mmaj Tmin Tmaj Mmin K-1
§ : TV (Pv,maj X Pv,min’ Pf),maj x P3 ) § 9 ’

U, min
vep(0,—1)
Timaj Mmin Tmaj Mmin K-1
2 : Vv (Pv,maj x Pv,min’ Pfj,maj x Pﬂ,min) < 9 .
,Uev(l,—l)

Plugging these bounds into Eq. (I3) we get that,

gK-1 Nmin
5 P (_3K3> '

Now using this bound on = in Eq. (T2) and observing that |V| = 9%, we get that,

TV (Z Q| S8)P1,> Q| S)PU,-1>

veVY veEV

1 gi—1 i
<« - (4.9Kk1_ 7 (_ m|n>
=8 0FK ( ) 2 P\ 3ks

1 1 ( Nmin >
= — — — € —_
18K 144k P\ 3K3)
completing the proof. O

(1]

§4.9K—1_

Y =Eg

Finally, we combine Lemma [B.T]and Lemma [B.2]to establish the minimax lower bound in this label
shift setting. We recall the statement of the theorem here.

Theorem 4.1. Consider the label shift setting described in Section Recall that Pis is the class
of pairs of distributions (Pumaj, Pmin) that satisfy the assumptions in that section. The minimax excess
risk over this class is lower bounded as follows:

Minimax Excess Risk(P.s) = inf sup Excess Risk[A; (Pmaj, Pmin)] > 701 s
(Pmaj,Pmin) €PLs Mmin /

Proof. By Lemma[B.T|we know that,

1
— sEs~qs

1
Mini E Risk > —
inimax Excess Risk(PLs) > %K 2

TV (Z Qv Pus, Y Q| S>Pv,_1>] .

veY veY

Next by the calculation in Lemma[B.2] we have that

1 1 1 1 min
Minimax Excess Risk(Prs) > %K 3 (18[( ~ TiaR &P (f ;K3)>
o 1 (_ nmin)
~ 288K “P\T3K3)"
Setting K = [nmin'/?] yields the result. O

B.2 Proof of Theorem [5.1]
In this section, we derive an upper bound on the excess risk of the undersampled binning estimator

Auysg (Eq. (B)) in the label shift setting. Recall that given a dataset S this estimator first calculates
the undersampled dataset Sys, where the number of points from the minority group (nmin) is equal to
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the number of points from the majority group (7min), and the size of the dataset is 2nm;,. Throughout
this section, (Pmaj, Pmin) shall be an arbitrary element of Pys.

To bound the excess risk of the undersampling algorithm, we will relate it to density estimation.

Recall that n; ; denotes the number of points in Sys with label +1 that lie in I}, and n_, ; is defined
analogously.

Given a positive integer K, forx € I; = [%, %], by the definition of the undersampled binning
estimator (Eq. (3))

1 ifny; >n_q;,
—1 otherwise.

Apsa(e) = {

Recall that since we have undersampled, > My = > jM—1,j = Nmin- Therefore, define the simple

histogram estimators for P (z) = P(x | y = 1) and P_1(z) = P(x | y = —1) as follows: for
S Ij,
N ni i ~ n_q
PS — »J d PS — »J
! (x) Knmin o 71(.%‘) Knmln

With this histogram estimator in place, we may define an estimator for 7(x) := Piest(y = 1|z) as
follows,

Observe that, for x € I;

PS(x)>1/2 &= ny;>n_1,; <= Ajsg(r) = 1.

Defining an estimator 77° for the Piegt(y = 1 | ) in this way will allow us to relate the excess risk of
Ausg to the estimation error in P§ and PS ;.

Before proving the theorem we restate it here.
Theorem 5.1. Consider the label shift setting described in Section|3.2.1} For any (Pmaj7 Pmin) € PLs

the expected excess risk of the Undersampling Binning Estimator (Eq. (B)) with number of bins with
K = c[nmin'/?] is upper bounded by

Excess RiSk[AUSB; (Pmaja Pmin)] = ]ESNP:::J?G‘J' XP::inl:in [R(ASSB; Ptest) - R(f*§ Ptest)} < /3

Proof. By the definition of the excess risk
Excess Risk[Ausg; (Pmaj; Pmin)] := E S~plT P [R(AJsg; Prest)) — R(f*; Prest)] -

By invoking [25, Theorem 1] we may upper bound the excess risk given a draw of S by
R(ASSB§ Prest)) — R(f™; Prest) < 2/ ’7/7\8(35) - 77(37)‘ Prest(7) d.
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Continuing using the definition of 77 above and because 7 = P;/(P; + P_;) we have that,
(AUSBa Ptest)) - R(]“; Ptest)

PS(z) + 2
[ (zg)mo-se
@/Ol‘Af(z)—Pl(x)‘ da:+/01 m—l PY(x) dz
:/O P () — P ()| d:c—i—/o P (2) + PS, (@) = Pr(2) = Pa(a)] ﬁf(;i(ggl(x) dz

W #to)-puo) ao [ [ (o)) an

where (i) follows by the triangle inequality, (i¢) is by the Cauchy—Schwarz inequality.
Taking expectation over the samples S and by invoking Jensen’s inequality we find that,
Excess Risk(AS; (Pmaj, Pmin))
=Es [R(-ASSBQ Prest)) — R(f™; Ptest)]

< 2\/1@3 U (Bs (@) () dx} + \/Es [/ (BS, (@)~ Poa@) dx}

We note that ﬁf only depends on n;, i.i.d. draws from class j. Thus by [9, Theorem 1.7], if

K = ¢[Nimin|'/? then
Es [/ (B3 (@)~ Py(a)) dx} <

nmlﬂ

Plugging this into the previous inequality yields the desired result. O

C Proof in the Group-Covariate Shift Setting

Throughout this section we operate in the group-covariate shift setting (Section [3.2.2).

First in Appendix [C.I] we prove Theorem {.2] the minimax lower bound through a sequence of
lemmas. Second in Appendix [C.2] we prove Theorem [5.2] that upper bound on the excess risk of the
undersampled binning estimator with [7;, ]/ bins.

C.1 Proof of Theorem[4.2]

In this section, we provide a proof of the minimax lower bound in the group shift setting.

We construct the “hard” set of distributions as follows. Let the index set be V = {1, 1}%. For every
v € V define a distribution as follows: for z € I; = [}, &,

Po(y=1]z) ::;[1+Uj¢(z_j+]{1/2>}’

where ¢ is defined in Eq. @ Given a 7 € [0, 1] we also construct the group distributions as follows:

2—7 ifz €10,0.5)
T if 2 € [0.5,1],
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and let

We can verify that

1
Overlap(P,,Py) =1 —TV(P,,Pp) =1 — %/ |Po(z) — Py(x)] de = 7.

We continue to define

and

Observe that (P, (x) + Py(x))/2 = 1, the uniform distribution over [0, 1].

Recall that as described in Section[A.1] V' shall be a uniform random variable over V and S | V' ~
PZ’";JBJ- x Pyme - We shall let Q denote the joint distribution of (V; S) and let Qg denote the marginal

over S.

With this construction in place, we present the following lemma that lower bounds the minimax
excess risk by a sum of exp(—KL(Q(S | v; = 1)||Q(S | v; = —1)) over the intervals. Intuitively,
KL(Q(S | v; = 1)||Q(S | v; = —1) is a measure of how difficult it is to identify whether v; = 1 or
v; = —1 from the samples.

Lemma C.1. For any positive integers K, Nimaj, Nmin and T € [0, 1], the minimax excess risk is lower
bounded as follows:

Minimax Excess Risk(Pgs (7)) = igf sup Eg_prmai o prmin [R(AS; Piest) — R(f*; Prest)]
(Prmaj;Pmin) €Pas () may min

>

K
sarce 2 OP(KLQUS |y = DIQUS 1= ~1))

Proof. By invoking Lemma[A.T] we know that the minimax excess risk is lower bounded by
Minimax Excess Risk(Pgs (7))
2 Bsnqs MEP )5, o, QiS)Py e (1(Z) # Y)] = Ev [R(f* (Pyitest); Pvest)];

=B,

=Ry
where V' is a uniform random variable over the set V, S | V = v is a draw from PZ_mnfaj x Pymn | and
Q denotes the joint distribution over (V, .5).

We shall lower bound this minimax risk in parts. First, we shall establish a lower bound on R, and
then an upper bound on the Bayes risk ‘By.

Lower bound on Ry,. Unpacking Ry using its definition we get that,
Ry = Esnas 0 Pl y)ns, o Q0IS)Py e (A(2) 7 Y)]

1

= Es~qs {i%f/o Piest(2)Pyns o), Q(ulS)P, (o) [(7) # 4] dﬂ?}

. 1

g q. [/ Piest(2) min {Z Qv | S)Py(1]2),> Qv | S)Py(—1| g;)} dx]

0 veY veEY
ii) 1 !
(i) ; ~Esea, [ / Preet (1) dx]
0

(iii) 1 1
= 5 - Ptest(x)ESNQs dxa (14)

0

5= Y Q)P 2)

veV

S QISP )

veEV
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where (i) follows by taking h to be the pointwise minimizer over z, (i) follows since P, (—1 | ) =
1—Py(1|z)and min{s,1 — s} = (1 —|1 — 2s|)/2 forall s € [0, 1], and (4ii) follows by Fubini’s
theorem which allows us to switch the order of the integrals.

Ifv € I; = [, £] for some j € {1,..., K} we let j, denote the value of this index j. With this
notatlon in place let us continue to upper bound integrand in the second term in the RHS above as
follows:
ESNQS[ ZQ’UlS 1.’L‘)‘|

veVY

(—lEs~osH¢< jx+1/2>‘Q . =118 -Qv;, =-1|9)]

_ ‘(p ( _ J*Kl/z) \ Es~qs [IQ(;, =11 8) = Q(uy, = 1] 9]

p (x et 1/2) ‘ Eg H QS [vj, =DQv(vy, =1)  Q(S|v;, = -1)Qv(v;, = —1) H
K ~Qs Qs(9) Qs(9)
iii) 1 e +1/2
e <x - 7K/> ‘ TV(Q(S | v, =1),Q(S | vy, = ~1)), (15)
where (4) follows since P, (1 | ) = (1+v;,¢(z — (j»+1/2)/K))/2 and by marginalizing Q(v | S)
over the indices j # j, (i7) follows by using Bayes’ rule and (ziz) follows since the total-variation

distance is half the ¢; distance. Now by the Bretagnolle-Huber inequality [see |4, Corollary 4] we get
that,

(i1)

VIQES [ vj, = 1),Q(S | vj, = —1))
exp(—KL(Q(S | v;, = 1IIQ(S [ v), = ~1)))

<1- 5 (16)
Combining Eqs. (T4)-(T6) we get that
Ry
I Ju +1/2
> _ = _Je /e
2575 /0 Prest (1) (az e )’ dx
1 [t e+ 1/2
+ 1/ Piest () ¢ (x — jK/> ’ exp(—KL(Q(S | vj, = D|Q(S | vj, = —1))) dz. (17)
0

Upper bound on By,: The Bayes error is
By =Ev[R(f*(Pv); Pv)]

= EV inf E(I,y)NPv,testl(f(x) 75 y):|

_Ey lnf/" S Prest(®)Pysene(y | 2)1(f(2) = —)

Oye{-1.1}

rrl
= ]E P . P
14 /x:O test(l') ye?l—l?,l} V,test(y | $):|

. 1 1
Doy 5 (1= [ PesollPrien(1] 2) ~ Prin(~1 [ )] d )

@, [; (1 - /:0 Prest() (x - W)’ dxﬂ

1 1/t i+ 1/2
=35/ P @‘jje/>

where (¢) follows since P, (1 | ) =1 — P,(—1 | ) and min{s,1 — s} = (1 — |1 — 2s])/2 for all
s € [0,1], and (%) follows by our construction of P, above along with the fact that P, (1 | z) =
1—Py(—1]x).

dz, (18)
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se4 Putting things together: Combining Eqgs. and (I8) allows us to conclude that
Minimax Excess Risk(Pgs (7))

1 .
> i/o Prest() | <1’ — W) exp(—KL(Q(S | v;, = D||Q(S | v;, = —-1))) dx
1 (¥ j+1/2 - -
=1 32—:1/’} Prest(z) |¢ <x — K) ‘ exp(—KL(Q(S | v; = 1)||Q(S | v; = —1))) dz

J

1 K
= Zexp(—KL(Q(S lv; = DQ(S [ v; = 1)) U Presi()

K

NS

K

i 1

= 2 ep(—KLQ(S | vy = 1Q(S | v; = ~1).
j=1

ses  where (i) follows by using LemmalA.2]along with the fact that Piest(2) = 1 in our construction to
s96 show that the integral in the square brackets is equal to 1/8K2. This proves the result. O

597 The next lemma upper bounds the KL divergence between Q(S | v; = 1) and Q(S | v; = —1) for
see each j € {1,..., K}. It shows that the KL divergence between these two posteriors is larger when

599 the expected number of samples in that bin is larger.

soo Lemma C.2. Suppose that v is drawn uniformly from the set {—1,1}*, and that S | v is drawn
601 from PZ":;JaJ- x Pymn . Then forany j € {1,...,K/2} and any T € [0,1],

Nmaj 2—71)+ NminT

KL(QS | v, = DIQUS |, = 1)) < "D E tminT,

e02 andforanyj e {K/2+1,...,K}

NmajT + nm;n(2 — T)
3K3

A

KL(Q(S [ v; = D[Q(S | v; = —1)) <

603 Proof. Let us consider the case when j = 1. The bound for all other j € {2,..., K} shall follow
604 analogously.

e0s Given samples S, let S = (51, S 1) be a partition where S; are the samples that fall in the interval I,
sos and Sy be the other samples. Similarly, given a vector v € {—1,1}, let v = (v1, 1), where vy is the
607 first component and v; denotes the other components (2, ..., K) of v.

s08 First, we will show that
Q(S | v1) = Q(S1 [ v1)Q(S1).
609 To see this, observe that
Q(S [ v1) = Q((S1,51) [ v1) = Q(S1 [ v1)Q(S1 | v1,81).

o Further, if v is chosen uniformly over the hypercube {—1, 1}, then

Q(Sy | v1,81) = ZQ(SH,TM | v1,51)

6

= ZQ(51 | v1,01,51)Q(v1 | v1,51)

1

@ ZQ(Sl | v, 51, 81)Q(1)
@) ZQ(S1 | w1, 71)Q(71)
(i) > Q(S: | 2)Q(@)

= Q(g_l),

24



611

612
613
614

616

617
618
619

620

621
622
623

where (4) follows since by Bayes’ rule

Q(v1 | v1)Q(S1 | v1,71)

Q(@l | 1)1,51) = Q(S1 | Ul)
— Q(vlc))(?éfl |1:)1’ v1) (since 1 is independent of v1)
_ W — Q) (the samples in S; depend only on v;).

Inequality (73) follows since the samples are drawn independently given v = (v, ¥1). Finally, (¢4)
follows since S (the samples that lie outside the interval ;) only depend on v; since the marginal
distribution of « is independent of v and the distribution of y |  depends only on the value of v
corresponding to the interval in which z lies.

Thus since, Q(S | v1) = Q(S1 | v1)Q(S;) we have that
KL(Q(S | v = DIIQ(S [ v1 = 1)) = KL(Q(S1 [ v1 = D[Q(S1 [ 01 = =1)).  (19)
To bound this KL divergence, let us condition of the number of samples in S; from group a, (the

majority group) ni,, and the number of samples from group b (the minority group), n1 ;. Now since
n1,q and ny ; are independent of v; (which only affects the labels) we have that,

Q(Sl |’01) = Z Q(nl,a,m,b \ Ul)Q(Sl |U1,n1,a,n1,b)

N1,a,M1,b

Z Q(n1,4,m16)Q(S1 | v1,M1,4,M1 )

MN1,a,M1,b
= Em.a,nl,b [Q(Sl | V1, N1,a; nl,b)] .
Therefore, by the joint convexity of the KL-divergence and by Jensen’s inequality we have that,
KL(Q(S1 [v1 = 1)[Q(S1 [v1 = —1))
< Eny oy, [KL(Q(ST | v1 = 1,11,4,m10)[|Q(S1 [ v1 = —1,n1,4,m18))] - (20)
Now conditioned on v1, n , and nq 3, samples in Sy are composed of 2 groups of samples (51,4, 51,5)-

The samples in each group (51 4, 51,5) are drawn independently from the distributions P,(z | « €
)P, (y | ) and Py(z | = € I1)P,(y | x) respectively. Therefore,

KL(Q(S1 | vi = 1,n1,4,71)|Q(S1 | v1 = —1,11,4,715))

Y 1 oKL(Po( | 2 € [)Pyy—1(y | 2)|[Pal | 2 € [)Puy——_1(y | 2))
+ 11 KL(Po(z | 2 € I1)Py=1(y | 2)||Po(z | 2 € I1)Py——1(y | z))

(@)
= (na +110)Eeunif(n) [KL(Po,=1(y | 2)[[Po,=—1(y | )]

it o+ N1, 1 1+yo (e K
(i) %EINUnif(h) Z (1+y¢ (m—M>)1og<El+z¢E 2{()%)

ye{-1,1} 2K
Nia+Nip Z 1 (1+y¢ _i
=—F>= Eounif(ry) (1 +yo (CU - )> log ( 1
2 ye{—1,1} 2K (1 +yqb ﬁ
n —|—n 1 +y¢
_ Mt Z / <1+y¢<x—>)log<gl+ quf— )]
ye{—1,1} =0 Y
(i) N1,a +N1p
< m, ,
S S 2D

24 where in (i) we let P, denote the conditional distribution of y for = € I; given vy, (i) follows since

625

both P, and Py, are constant in the interval, (i) follows by our construction of P,, above, and finally

626 (iv) follows by invoking Lemmathat ensures that the integral is bounded by 1/3K?2.
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Using this bound in Eq. (20), along with Eq. (I9) we get that

E [n1,q + n2p)
3K?2 '

Now there are nm,; samples from group a in S and nmi, samples from group b. Therefore,

KL(Q(S | v1 = 1||Q(S |v1 =-1)) <

Tmaj 2—171
E [n1 4] = noP[Pa(e € 1)) = P22 T),
NminT
E [n1p] = nminP[Py(z € )] = ——

Plugging this bound into Eq. (ZT)) completes the proof by the first interval. An identical argument
holds for j € {2,..., K/2}. Forj € {K/2+1,..., K} the only change is that

NmajT
E 0] = nmaiP[Pa (s € I;)] = "7,
Mmin 2—7
E [njvb] = nminP[Pb(IE S I])} — #

O

Next, we combine the previous two lemmas to establish our stated lower bound. We first restate it
here.

Theorem 4.2. Consider the group shift setting described in Section [3.2.2] Given any overlap
7 € [0,1] recall that Pgs(T) is the class of distributions such that Overlap(Pmaj, Pmin) > 7. The
minimax excess risk in this setting is lower bounded as follows:

Minimax Excess Risk(Pgs(7)) = inf sup Excess Risk[A; (Pmaj; Pmin)]
A (Pmaj7Pmin)€PGS(T)
c c

> >
o (nmin : (2 - 7_) +nmaj : T)1/3 o nminl/s(p' 7—+2)1/37

“4)
where p = Nimaj/Nmin > 1.

Proof. First, by Lemma|C.T| we know that

Minimax Excess Risk(Pgs(7)) >

K
sz O OXP(=KL(Q(S | v; = DIIQS | v; = ~1)).

Next, by invoking the bound on the KL divergences in the equation above by Lemma [C.2| we get that
Minimax Excess Risk(Pgs (7))

Nmaj(2 — 7) + NminT Nmin(2 — T) + Nomaj T
> — J _ j
= 64K [eXp < 3K ) +exp < 353

1 . _nm;n(2 —T) + NmajT
6ar |7P 3K3

Setting K = [(nmin(2 — 7) + nimaj7)/?] and recalling that 7 < 1 we get that
Minimax Excess Risk(Pgs(7))

= G (2 — :) T Ty ) 7] [eXp (‘ 3[(71::%”2(2_—7;)&:?;/ Wﬂ

>

T 64 (nmin(2 —T) + nmajT)l/:q
c

T (Mmin(2 = T) + Nmagy7) /3’

which completes the proof. O

26



642

643
644
645
646
647
648

649
650

651
652

653
654
655
656

657
658

659

660

661

662

C.2 Proof of Theorem

In this section, we derive an upper bound on the excess risk of the undersampled binning estimator
Auyss (Eq. (3). Recall that given a dataset S this estimator first calculates the undersampled dataset
Sus, where the number of points from the minority group (nmin) is equal to the number of points from
the majority group (nmin), and the size of the dataset is 2n,i,. Throughout this section, (Pmaj, Pmin)
shall be an arbitrary element of Pgs(7) for any 7 € [0, 1]. In this section, whenever we shall often
denote Excess Risk(\A; (Pmaj, Pmin)) by simply Excess Risk(A).

Before we proceed, we introduce some additional notation. For any j € {1,...,K} and I; =
1% % let
61 =Pualy=115€L) = [ Ply=1|oPulc|sel)ds @
z€el;
¢j1 = Prest(y =1 |:17€Ij):/ Ply=1|2)Piest(z | z € I;) dz. 22b)
z€l;

For the undersampled binning estimator Aysg (defined above in Eq. (3), define the excess risk in an
interval I; as follows:

RJ(ASSB) ::p(y = —»A;S ‘ HAS IJ) - min{Ptest(y =1 ‘ T € Ij), Ptest(y =-1 | A IJ)}
= qj_as — min{q;1,qj,—1}-

The proof of the upper bound shall proceed in steps. First, in Lemma [C.3] we will show that the
excess risk is equal to sum the excess risk over the intervals up to a factor of 2/ K on account of the
distribution being 1-Lipschitz. Next, in Lemma we upper bound the risk over each interval. We
put these two together and to upper bound the risk.

Lemma C.3. The expected excess risk of undersampled binning estimator Aysg can be decomposed
as follows

K-1
2
Excess Risk AUSB E - ]ESNP"m_aj XPr:iTi" I:RJ (‘AS‘SB)] . Ptest(Ij) + ?,
j=

maj

where Piest (1) := ferj Piest () da.

Proof. Recall that by definition, the expected excess risk is
ESNP""_‘aj « P"min [R(AS7 Prest) — R(f™; Ptest)] .
Let us first decompose the Bayes risk R(f*),

R(f*) = 1nf E(m,y)wptest [1(f(l') 7é y)]

Hlf/ Z 7é y)Ptest(y | I)Ptest( ) dI

Oyef-1,1}

N / inf 1,1 Z (f(m) 7& y)Ptest(y | x)Ptest(l') dx
z=0 f(z)e{-1,1} veli)
1
) inf | 4y Prestly = - Prese() d
/z of(z)gg 1,1} test(y f(@) | 2)Prest(z) dz

1

= min {Piest (¥ = 1| ), Prest(y = —1 | )} Prest () dz. (23)
=0

The risk of the undersampled binning algorithm 4ysg is given by

R(A USB / Z AUSB( ) # Y)Prest(y | 7)Prest(z) da

0ye{—1,1}

1
=/ Prest (4 = —ASsp(2) | 2)Prese(z) dlr.
=0
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Next, recall that the undersampled binning estimator is constant over the intervals I; for j €

{1,..., K} where it takes the value A}-S (to ease notation let us simply denote it by A; below), and
therefore

Afss) Z / Prest(y = —Ay[0)Prest(z) dar.

This combined with Eq. (23) tells us that
(Ausa) R(f7)

_ Z / (Prest(y = —A;]2) — min {Prese(y = 1 | ), Prest(y = —1 | 2)} ) Prene(x) . (24)
. EI‘

Recall the definition of g;,1 and g; —1 from Eqs. 22h)-(22b) above. For any z € I; = [%, L],
|Piest (¥ | ©) — ¢4 < 1/K, since the distribution Pyes (y | «) 18 1-Lipschitz and g, , is its conditional

mean. Therefore,

R(Afse) — R(f*)
K-1
< / QJ —4; — min {QJ,DQJ,fl})Ptest( dr + — Z / Ptest d
7=0
K-1 9
= - / AUSB Ptest( ) dx —+ }
‘7:

Taking expectation over the training samples S (where nmin samples are drawn independently from
Pmin and 1ma; samples are drawn independently from Pr,j) concludes the proof. O

Next we provide an upper bound on the expected excess risk is an interval 2, (A‘SSB).

) . i1
Lemma C4. Forany j € {1,..., K} with I; = [1=, %],

C C
Eo s onmn | Ri(AS = 7
S~P 2¥xP [ ]( USB)] nmmPtest(I ) K

where c is an absolute constant, and Piest (1) 1= fm el Piest () da.
J

Proof. Consider an arbitrary bucket j € {1,...,K}.

Let us introduce some notation that shall be useful in the remainder of the proof. Analogous to g; 1
and ¢;, 1 defined above (see Eqs. (22h)-(22h)). define ¢, and ¢? , as follows:

45y = Pa(y:1|xelj):/ Ply=1|z)Pq(z |z € I;) du, 23h)
xre

I;
@ =Pyly=1|zel;)= / Ply=1]2)Py(z |z € I,) du. @)
z€l;
Essentially, ¢ ; is the probability that a sample is from group a and has label 1, conditioned on the
event that the sample falls in the interval I;. Since

1
Prest(z | z € ;) = 3 [Po(z |z € 1)+ Py(x | z € I;)],
therefore
450 — ¢8| = / Ply=1|2)Pusa | 2 € I;) da —/ Ply=1]2)Pu(z |z € I) da
IGI]‘ Ielj
1
< —. 26
<% (26)
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This follows since P(y | «) is 1-Lipschitz and therefore can fluctuate by at most 1/K in the interval
I;. Of course the same bound also holds for |¢; 1 — qﬁl |

With this notation in place let us present a bound on the expected value of R; (.A‘SSB). By definition
R;(Afsg) = Qj,—a5 — min{g;1, ¢j -1}

First, note that ¢j,1 := Piest(y =1 | 2 € I;) = 1 — ¢;,—1. Suppose that ¢; 1 < 1/2 and therefore
¢j,—1 > 1/2 (the same bound shall hold in the other case). In this case, risk is incurred only when
.Af = 1. That is,

ESNP:;aij:i’:i" [R]'(ASSB)] = |gj,—1 — qj.,1|IP’s[Af =1]
= |1 —2g;1|Ps[AS = 1]. (27)

Now by the definition of the undersampled binning estimator (see Eq. (3)), .Af = 1 only when there
are more samples in the interval I; with label 1 than —1. However, we can bound the probability of
this happening since ¢; 1 is smaller than g; _;.

Let n; be the number of samples in the undersampled sample set Sys in the interval ;. Let n; ; be
the number of these samples with label 1, and n_; ; = n; — n ; be the number of samples with
label —1. Further, let n,,_; be the number of samples in from group a such that they fall in the interval
I;, and define my ; analogously.

The probability of incurring risk is given by

2N min
PlA; =1= ) PlA; =1|n; = s]Pln; = o], (28)

s=1

where the sum is up to 2ny;, since the size of the undersample dataset |Sys| is equal to 2nmin.

Conditioned on the event that n; = s the probability of incurring risk is

P[Aj=1|nj=s]:]P’[m1,j >n_1,j|nj=s]:IP’[n17j >nj/2|nj=5]
=P[n,; >s/2|n; =s]. (29)

Now, note that n; = n4_; + np ;. Thus continuing, we have that

Plni; >s/2|nj=s]=> Pl >s/2|n;=sm;=5]Ph; =5
s'<s

= Z Plni,; >s/2|ngj=5—35,ny; =5|Pny; =5

s'<s

In light of this previous equation, we want to control the probability that the number of samples with
label 1 in the interval I; conditioned on the event that the number of samples from group a in this
interval is s — s’ and the number of samples from group b in this interval is s’. Recall that g5, and

qé?’l the probabilities of the label of the sample being 1 conditioned the event that sample is in the
interval I; when it is group a and b respectively. So we define the random variables:

Za[s — 8'] ~ Bin(s — s',q5 1), z[s] ~ Bin(s’,q;l), z[s] ~ Bin(s,max{qﬁl,qj?,l}).
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Then,
Plny; > s/2 | n; = s
= Z Plni; > s/2|nja=s—5,nj=5|Pnjp =5

s'<s
=Y Pleals — )+ 2[s']) > /2 | nay =5 — &',y = | Blng; = o]
s'<s

< Z Plz[s] > s/2 | ng; =s— 8 ,np; =& Plny,; = $

= Z Plz[s] > s/2]P[ng,; = &

=P[z[s] > s/2]
(4)
< exp (—2(1 - 2max {gf,.4}, })?) . (30)

where (i) follows by invoking Hoeffding’s inequality[22] Proposition 2.5]. Combining this with
Egs. (Z8) and (29) we get that

2Nmin

PlA; =1] < Z exp (-%(1 — 2max {Q?,1,q§,1})2) P[n; = s].

s=1

Now 7, which is the number of samples that lands in the interval I; is equal to n, ; +ny ;. Now each
of ng ; and ny ; (the number of samples in this interval from each of the groups) are random variables
with distributions Bin(nmin, Po(Z;)) and Bin(nmin, Py(I;)), where Po(I;) = [ _, Po(z) dz and

zel; @
Py(I;) = [.c;. Pa(x) dz. Therefore, n; is distributed as a sum of two binomial distribution and is
z€l;

therefore Poisson binomially distributed [[26]. Using the formula for the moment generating function
(MGEF) of a Poisson binomially distributed random variable we infer that,

(1 — 2max {Q?,1a q?,l})2)>nmi" «

2

(1 — Py(Z;) + Py(I;) exp <(1 — Qmaxiq?’l’q?’l}V)) h .

PlA; =1] < <1 —Pa(;) + Po(I;) exp (—

Plugging this into Eq. (28)) we get that,

ESNPzamjaj % p:ir:in [R] (AﬁSB):I

1 —2max {q?,,¢%,})? e
< |1 —2g;.1] ll — Pu(I}) + Pa(Ij) exp <( iqj’l %)) >] X

—2max{q%;,¢", 2\ ]"™
[1—Pb(1j)+Pb(Ij)eXP<_(l & iq“’q”l}) )]

1—2max {q%,,¢",})2 e
= [1—2q;,| [1 — Pu(I)) <l—exp (—( - Xiqj’l %)) >>1 X

[1 — Py(Ij) (1 — exp <(1 — 2max ;q§71,q?71})2>>] h )

Since |1 —2max {q¢,,¢5,}| <1,

1-2 a gt 12 1-2 o gt 12
1 — exp (_( max{qu qj,l}) ) > ( max {Q_],l q_],l})

2 - 4 ’
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and therefore

(1 - 2max {qj,, q?,1}>21 "

ESNP;;_‘BJ x P min [Rj (ASSBH < |1 - 2qj71| [1 - Pa(lj) 9

1_9 a a ’ b 2 7] Temin
[1 - Pb(Ij)( max {4745, 1

2

(1) 1—2¢;1 —2v)27""
S |1_2qj’1‘ |:1_ Pa(Ij)( q.].,21 7) :| %

{1 —py (1) L2 2w)2]"“"

2
(1—2gj1 — 27)2)

2

where (7) follows since | max{q] 1,451} —qj1| < 1/K by Eq. (26) and  is such that || < 1/K, and
(i) follows since (1 + 2)® < exp(bz). Now the RHS above is maximized when (1 — 2g; 1 — 27)? =

(i1)
< |1 —2¢gj1]exp <nmin(Pa(Ij) + Pu(1;))

m for some constant c. Plugging this into the equation above we get that
c' ,
B prmiypron |1 (AJ +<l
SNPmajJXPmin [ USB ] \/nm,n —|— Pb( ))
c’ d
+ —.
\/nmln + Pb( )) K
Finally, noting that Piest (I;) = (Po(Z;) + Po(Z;))/2 completes the proof. O

By combining the previous two lemmas we can now prove our upper bound on the risk of the
undersampled binning estimator. We begin by restating it.
Theorem 5.2. Consider the group shift setting described in Section For any overlap T € [0, 1]
and for any (Pmaj, Pmin) € Pas(T) the expected excess risk of the Undersampling Binning Estimator
(Eq. () with number of bins with K = [nminl/‘?’] is
. C
Excess R|5k[AUSB§ (Pmaj7 Pmin)] = ESNp:;}aj x P!min [R(-ASSB§ Ptest)) - R(f*§ Ptest)] < 13"

Proof. First by Lemma|C.3|we know that

2

Excess Risk[Aysg] < Z Es.prmiypri o [R 1(ASse)] - Prest(I;) + %

Next by using the bound on E .AUSB ] established in Lemma we get that,

S~ anaJXP m|n [
K- C
Excess Risk(Aysg) < ¢ —————Pret(lj) + —
=0 Nmin Ptest(Ij) ° ! K

H

+ £
nmln K
where (i) follows since for any vector z € RE, ||z||; < VK||z||2. Maximizing over K yields the

choice K = [nmin'/?], completing the proof.
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D Experimental Details for Figure 2]

We construct our label shift dataset from the original CIFAR10 dataset. We create a binary classi-
fication task using the “cat” and “dog” classes. We use the official test examples as the balanced
test set with 1000 cats and 1000 dogs. To form the initial train and validation sets, we use 2500 cat
examples (half of the training set) and 500 dog examples, corresponding to a 5:1 label imbalance. We
use 80% of those examples for training and the rest for validation. We are left with 2500 additional
cat examples and 4500 dog examples from the original train set which we add into our training set to
generate Figure 2]

We use the same convolutional neural network architecture as [3l24] with random initializations for
this dataset. We train this model using SGD for 400 epochs with batchsize 64, a constant learning
rate 0.001 and momentum 0.9.

For the VS loss [13]] we set 7 = 3 and v = 0.3, the best hyperparameters identified by Wang et al.
[24] on this dataset for this neural network architecture. The importance weights used upweight the

minority class samples in the training loss and validation loss is calculated to be Z-<a.Train Examples
#Dog Train Examples

We note that all of the experiments were performed on an internal cluster on 8 GPUs.
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