A Completing the Proof of Theorem 3.1

In Section 4 we give the proof of Theorem 3.1 based on several technical propositions and lemmas.
Here we present the complete proof of these propositions and lemmas.

A.1 Proof of Proposition 4.1

Here we present the proof of Proposition 4.1. We begin with the following lemma, which is studied
by [19, 12].

Lemma A.1 ([12]). Osyy = By if and only if y T (XX )~Le;y; > 0 forall i € [n].

According to Lemma A.1, to study the equivalence between the maximum margin classifier and the
minimum norm interpolator, it suffices to derive sufficient conditions such that y—r (XXT)*leiyi,
i € [n] are strictly positive with high probability. We have the following lemma which summarizes
some calculations regarding the quantity y " (XX )~ le;y;.

Lemma A.2. Suppose that tr(X) > C max{n>/2||3||s, n|| ||, n||u| s} for some absolute con-
stant C.. Then with probability at least 1 — O(n=2),

yT(XXT)_leiyi > G|:1 _ Cln|NTQT(QQT)—1ei‘:|

for all i € [n], where G = G(p, Q,y,X) > 0 is a strictly positive factor and C’ > 0 is an absolute
constant.

By Lemma A.2, we can see that in order to ensure yT(XXT)_leiyi > 0, it suffices to establish
an upper bound for | " QT (QQ ")~ le;|. However, deriving tight upper bounds for this term turns
out to be challenging, as a simple application of the Cauchy-Schwarz inequality can lead to a loose
bound with an additional /n factor. In the following, we establish a refined bound on the term
'QT(QQT) ey

Lemma A.3. Suppose that tr(X) > Cmax{n3/?||2|s,n|/|/r} for some absolute constant C.
Then with probability at least 1 — O(n~2),

C'lplls - 1og(n)
tr(X)

1TQT(QQT) e <
for all i € [n], where C” > 0 is an absolute constant.

We are now ready to present the proof of Proposition 4.1

Proof of Proposition 4.1. By the union bound, we have that with probability at least 1 — 2n 2, the
results in Lemma A.2 and Lemma A.3 both hold. Therefore, for any ¢ € [n], we have

| cony/log() - sl

tr(33)

yT(XXT) ey = G[1 - cinn"QT(QQT) e = G

x (%) — canv/log(n) - 1l
By the assumption tr(X) > Cny/log(n) - ||| for some large enough absolute constant C, we
have y T (XX ")~ 'e;y; > 0. Finally, applying Lemma A.1, we conclude that Osyy = 6ys. O
A.2  Proof of Lemmas in Section 4

We denote v = Qu and A = QQ . Based on these notations, in the following we present several
basic lemmas that are used in our proof. We have the following lemma which gives concentration
inequalities for the the eigenvalues of A.

Lemma A.4. With probability at least 1 — n =2,
|A - tr(X) -I||2 <en:=Col(n-|Z]2+vn|Z]r).

where C is an absolute constant.
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The following lemma presents some calculations on the quantity y ' (XX T)~!. Tt utilizes a result
introduced in [25], which is based on the application of the Sherman—Morrison—Woodbury formula.

Lemma A.5. The following calculation of y ' (XX T)~! holds:
y (XX =D +y AT ) yTAT —yTAT y v TATY,
where D =y "A~ly - (Juli —-v A ")+ (1+y A )2 > 0.
Motivated by Lemma A.5, we estimate the orders of the terms y "A~'y, v T A v, and y TA~ 1w,

The results are given in the following lemma.

Lemma A.6. Let ¢, be defined in Lemma A .4, and suppose that tr(3%) > €. Then with probability
at least 1 — O(n™?), the following inequalities hold:

n TA-1 n
—_ < A <
tr(3) + ex =Y y= tr(2) — ey’
-C I C 1
o Cynlosln) e <y Taty < BECYRIB) e
tr(X) + ex tr(X) — ex
Cn
TA-1
A A
|y V| = tI‘(E) — e ||H||Ev

where C is an absolute constant.
A.2.1 Proof of Lemma 4.2

Here we give the detailed proof of Lemma 4.2, which is based on the one-side sub-Gaussian tail
bound.

Proof of Lemma 4.2. By definition, we have
RO)=P(y-0"x<0)=Ply-0"(y-p+aq) <0 =P u<y-07q =P0 p<y 6" VA/u],
where in the second and last equations we plug in the definitions of x and q according to our data

generation procedure described in Section 2. Note that u has independent, o,,-sub-Gaussian entries.
Therefore we have

10T VAY2u|ly, < c1]|0TVAY?|y = e, VOTVAVTE = ¢,VOT30.
Applying the one-side sub-Gaussian tail bound (e.g., Theorem A.2 in [6]) completes the proof. [

A.2.2 Proof of Lemma 4.3

The proof of Lemma 4.3 is given as follows, where we utilize Proposition 4.1 and Lemma 4.2 to
derive the desired bound.

Proof of Lemma 4.3. By Proposition 4.1, we have
Osvm = Ois = X (XX )y

Plugging it into the risk bound in Lemma 4.2, we obtain

- Cly T (XX T)~1X p?
R(Osvm) < exp{ O IXT(XXT)-1y[% }

Note that based on our model, we have X =y + Q, and
IXTXX)yllz = lys" +QT (XX yllx
< 2|y T(XXT)yll% +21QT (XXT) Myl
=2y "(XXT)7'y)? - ulE +20QT (XXT) Ty [%-

Therefore we have

R(§SVM) < exp {

—(C/2) - [y "(XXT) ' Xp)? }
(yT(XXT)~y)? - [lplls + 1QT(XXT) "yl
This completes the proof. O
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A.2.3 Proof of Lemma 4.4
In this subsection we present the proof of Lemma 4.4. We first give the following lemma, which
follows by exactly the same proof as Lemma A .4.
Lemma A.7. Suppose that Z € R"*? is a random matrix with i.i.d. sub-Gaussian entries with
sub-Gaussian norm o,,. Then with probability at least 1 — O(n~2),

|ZA?ZT — =] -1, < €\ = Caop(n-IZ]5 + Va- [Z2]|r),

where C is an absolute constant.

Based on Lemma A.7, we can give the proof of Lemma 4.4 as follows.

Proof of Lemma 4.4. We first derive the lower bound for I;. By Lemma A.5 and the model definition
X =yu' + Q, we have

y (XXT)~ 1Xu DMA+y Ay AT —yTA y v TA | (yu T + Q)pe
HA+y AT )y TAT -y TAT y v TAT Y (y - |3+ Qu)
=D (1+y ATy ATy —y ATy v T ATy || plf3
+ D Hi+y A w)yTA Tl —yTA ly v TAT )
=D [(Jpl; —v AT )y ATy + Ly TAT )y TATIY], (AD
where the third equality follows by the notation ¥ = Qu. By Lemma A.6 and the assumption that

tr(X) > Cmax{ey, n||X||2, n||pt||s} for some large enough constant C, when n is large enough
we have

Ta_1 cin 2cin
A < -
YA < s Il < s lls <1
_ n + cgy/nlog(n) 2n 2n|| 2|2
0<v A ly<—— =V "o T y|l& < Ml < , < 2 Ll2
<vTATY < Tl < gy el < T Il < g el

n > n
() +ex — 2tx(X)’

y ATly >
tr
where c1, co are absolute constants. Plugging the bounds above into (A.1), we obtain

_ _ 1 _ _
vy (XX 'Xp|>D"- (2-Ilu|§'yTA 'y—2-ly"A 1VI)

—1

> D [4() I~ )nunz}

t
> Dt (|| - 16| )
4tr(X%)
n
> Dt I

where the last inequality follows by the assumption that ||u3 > C|/p||s for some large enough
absolute constant C'. Therefore we have

n2 4 H(H7Q7Y7 E) )

[y (XXT)"'Xp> > D2 I lells = o

n?||pl,

where we define
H(p,Q,y.5) = [D- tx(S)] 2 > 0.

This completes the proof of the lower bound of ;.
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For I, by Lemma A.5 we have
y XXy =D'(1+y ATy Ay -y ATy - vTA Y]
=D '(1+y A vy Ay —yTA ly - v TA Y]
— D l.yTA ly
n
tI‘(E) — €\

n
<2D7'. ——
- tr(X)’

where the first inequality follows by Lemma A.6, and the second inequality follows by the assumption
that tr(3) > Ce, for some large enough constant C. Therefore we have

<D'.

n’ - || pll3:
[tr(X)]?

where we use the definition H(p, Q,y,X) = [D - tr(X)]~2. This proves the upper bound of I5.

L=y " (XX")'y)? ||pl} <4D72- =4H(p, Q. y, %) - n* - ||pu|%,

For I3, by our calculation in Lemma A.5, we have

y (XX =D M(1+y A )y -y Ay -v]TATL
Denotea=D"'[(1+y A 'v) -y —y"A~ly.v|. Then
y (XXT)7'QEQ T (XXT)y
a’(QQ")'QEQ'(QQ")'a
a' (ZAZ") 'ZA’ZT(ZAZT) a, (A2)

I3

where we plugin £ = VAV and Q = ZA'/2VT for Z with independent sub-Gaussian entries.
By Lemma A.4, Lemma A.7 and (A.2), when tr(X) > ey we have

Is=a' (ZAZ") 'ZA*ZT(ZAZ ) 'a
<a'(ZAZ")?a- [|Z|F + €]

B||Z + ¢
iz, ISRt
_HaHZ [tf(z)—ﬁ)\]z

Here the first inequality follows by Lemma A.7, and the second inequality follows by Lemma A .4.
By definition, we have

(A3)

lall3 =D ' 1+y A w)y—y Ay |3
<2D*(1+y A W) |yl3 +2D2(y "A"y)? - [|Qull3-

Then with the same proof as in Lemma A.6, when n is sufficiently large, with probability at least
1 — O(n~2) we have

1Qul3 < 2n|p%-
Therefore we have
lall3 <2D?(1+y A 'w)’|lyll3 +2D*(y "A"y)? - [|Qull3
<2D(1+y A7)’ n+4D2(y "AT )" 0 |z (A4)

Moreover, by Lemma A.6 and the assumption that tr(X) > C max{ey,n, n||p|/x} for some large
enough constant C, we have

|yTA71U| < c3n
tr

m”#”z <V2 -1,

T a1 n 2n
Aly < <
Y2 Y2 uE® —a - u®)
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where c3 is an absolute constant. Plugging the above bounds into (A.4), we obtain
lall3 <2D72 1 +y ATw)? 0+ 4D (y AT YY) 0 |l

2
'||M|z:]

<4D"2. 8D 2.pn. |
= nreE T [tr@)
<5D72.p,

where the last inequality utilizes the assumption tr(X) > Cn/||p||s for some large enough constant
C again. Further plugging this bound into (A.3), we obtain

|3 + ¢ I
I < 2 B+ <5D2p. IR TN
3 < lal: [tr(2) — e " (E) - el
2 2. |I02 3/2 . |2
< ep-2 . AZlE £ 07 25 + 27 X7 (A5)

[tr(32)]? ’
where ¢4 is an absolute constant. Note that we have

n*2 22 e <n-|B)e - (Vi lIZl2) < - (IZ1F +n - [12]5)/2.
Plugging this bound into (A.5), we have

IZ[1F +n* - %3

n .
I.<cD 2.
1= [tr(3)]2

=csH(p, Q,y, ) - (n-[|Z]F + 02 - | Z]3),

where we use the definition H(p, Q,y, %) = [D - tr(2)] 2, and ¢, is an absolute constant. This
finishes the proof of the upper bound of I5. O

A.3 Proof of Lemmas in Appendix A.1
We present the proofs of Lemmas A.2 and A.3.

A.3.1 Proof of Lemma A.2

Here we present the proof of Lemma A.2. The proof utilizes Lemma A.5 and an argument based on
the polarization identity.

Proof of Lemma A.2. By Lemma A.5, we have
y (XX leyi =D Hl+y A Ww)yTA teiyi —y Ay - v T A ey (A.6)
Moreover, by definition we have

1

1
y A ey = m(y +Vnewy:) T AT (y + Vneiy;) — m(y —Vneiy;) T AT y — vney;)
L [y +vnewild  lly — vnewlls
T 4yn | tr(X) + e tr(X) — ex

1 [2n+2\/ﬁ - 2712\/5}
4y/n [tr(XB) +ex  tr(X) —ex
1L (n+yn)(tr(E) —en) — (n— V) (tx(2) + )
2y/n tr(X)? — &
_ 1 2y/ntr(E) — 2ney
- 2vn tr(X)? — &
tr(X) — /ney

S -4 "

where we use the polarization identity a' Mb = 1/4(a+b)"TM(a+b) — 1/4(a—b) "M(a — b)
in the first equality and use Lemma A .4 to derive the inequality.
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Plugging (A.7) and the inequalities in Lemmas A.6 into (A.6), we have that as long as tr(%) >
c1 max{n||p||s, €x} for some large enough constant ¢;, y ' A~1v < 1/2 and therefore

y (XX ey =D M(1+y A )y A ey —y ATy v T A ey
Con

tr(3)

1
>D7h | Sy A ey — v A el (A8)

where c; is an absolute constant. By (A.7), we can see that as long as tr(X) > c¢3+/ne, for some
large enough absolute constant c3, we have

tI‘(Z) — \/56)\ > 1
tr(X)2 —e3 ~ 2tr(X)

y A ey >
Plugging the bound above into (A.8), we obtain
1
T Ty—1
XX iYi 2 ey
y XX )7 ew: 2 150w
Since D > 0, we see that G(p, Q,y, X) := [4D tr(X)]~! > 0. This completes the proof. O

L= eqn - T A ey).

A.3.2 Proof of Lemma A.3

Here we give the detailed proof of Lemma A.3 to backup the proof sketch presented in Section 4.
The proof is based on the polarization identity.

Proof of Lemma A.3. We have the following calculation,

1
"QTA ey, = - TA?T ey
nQ Y = 1quls (Qu) (1Quellz - eivi)
! T A1
~4Qul, “eiyi) A “eY;
4Qul (Qu + [Qull2 - eiyi) (Qu+ 1Qull2 - eiys)
1 TA-1
e YR - ce;y;) A - - e;y;
TQu], (Qx~ 1Qulz - ew:) Qe — 1Que2 - eiyi)
L {Qu+ 1Qullz - eiwil3  [Qu— ||QH||2'eiyi%:|
~AQpll: tr(X) — ex tr(2) + €x
_ 1 {2||QH||% +24i|Qull2 - e/ Qu 2/|Qull3 — 2l Qull - eZTQN}
41Qul[2 tr(X) — ex tr(%) + €
1 2|Qufl3- e+ 2y Qulz - ef Qu - t1(X)
2[Qp: tr(2)2 — &
_1Qul2 - ex + yie] Qu - tr(X)
B tr(X)? — 2 v (A.9)

where the first equality holds due to the polarization identity a' Mb = 1/4(a +b) "M(a + b) —
1/4(a — b)TM(a — b), and the first inequality follows by Lemma A.4. Based on our model
assumption, we can denote Q = ZAY2V T where the entries of Z are independent sub-Gaussian
random variables with ||Z;; ||, < o, foralli € [n] and j € [p]. Denote it = AY/2V T 1. Then with

the same proof as in Lemma A.6, we have

1Qull3 = 1Z&l3 < 2n[Rl3 = 20wl

when n is large enough. Moreover, we also have

p

> Zijii;
j=1

Therefore by Hoeffding’s inequality, with probability at least 1 — n~!, we have

lyie] Qul < ci|lfll2 - iog(n) = ciflpllx - log(n),

lyie] Qully, = <z ou.

P2
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where ¢; is an absolute constant. Therefore we have

< V2nllplls - ex + oo pls Vlog(n) - (%)

TA—
tr(X)? — €3

With the exact same proof, we also have

< V2n|lplls - ex + oo ps Vlog(n) - (%)

TA—
() - e

Therefore by the assumption that tr(X) > C'y/ney for some large enough absolute constant C', we
have

csllplls - \/log(n)

TA-1
A le| <
v A el < tr()

for some absolute constant c3. This completes the proof. O

A4 Proof of Lemmas in Appendix A.2

Here we present the proofs of lemmas we used in Appendix A.2.
A4.1 Proof of Lemma A.4

The proof of Lemma A.4 is motivated by the analysis given in [2]. However here in Lemma A.4 we
give a slightly tighter bound. The proof is as follows.

Proof of Lemma A.4. Let N be a 1/4-net on the unit sphere s"~'. Then by Lemma 5.2 in [24], we
have [N| < 9”. Denote z; = )\71/2ij € R™. Then by definition, for any fixed unit vector a € N/

wehavea'Aa=QQ" =a' Y"_ N\jzjzja=>"_ \;(a'z;)>. By Lemma 5.9 in [24], there

exists an absolute constant c; such that |a"z;||y, < c104. Therefore by Lemma 21 and Corollary
23 in [2], for any ¢ > 0, with probability at least 1 — 2 exp(—t) we have
[a"Ad — tr(2)| < ce0p max (¢ |22, VE- |2 p).
Applying an union bound over all a € N, we have that with probability at least 1 — 2 - 9™ exp(—t),
|a" Ad — tr(2)| < e max (¢ [|Z|2, V- [|Z]|F)
for all a € V. Therefore by Lemma 25 in [2], with probability at least 1 — 2 - 9" exp(—t), we have
A — (D)), < a0 (t- [ Sl + VE-[S]r),

where c3 is an absolute constant. Setting ¢ = c4n for some large enough constant ¢4, we have that

with probability at least 1 — n =2,

1A — tx(D)T]|, < 502 (n- 1l + v/ - [Z]]),
where c5 is an absolute constant. This completes the proof. O
A.4.2 Proof of Lemma A.5

Here we present the proof of Lemma A.5. Our proof utilizes a key lemma by [25], and gives further
simplifications of the result.

Proof of Lemma A.5. Denote s =y A~ly,t = v T A~'v, h = y" A~'v. Then we have D =
|pell3s — st + (h + 1)%. By Lemma 3 in [25], we have

y (XX L =yTA - D' [|ul2s+h2+h—st]-y A =D ls.vTATL
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Rearranging terms, we obtain

|pell3s + h% + h — st
lpllgs — st + (h+1)2 ]
B h+1
lpl3s = st + (A +1)2
=D Yh+1y At —s-vTAT.
At last, by the definition of D, we have

D=y Ay (Jul3 - #'QT(QQ")'Qu) + (1 +y A 'v)?
>(14+y A )2,

yT(XXT)71 — 1= yTA71 o D*ls . I/TA71

'yTA71 *DilS'VTAil

where we utilize the fact thaty ' A~'y > Oand |[u]|3 > " QT(QQT)'Qu. Sincey "A~ v # 1
with probability 1, we see that D > 0 almost surely. This completes the proof. O

A.4.3 Proof of Lemma A.6

The proof of Lemma A.6 is based on the application of eigenvalue concentration results in Lemma A 4.
We present the details as follows.

Proof of Lemma A.6. The bounds ony " A~ 'y are directly derived from Lemma A.4 and the fact
that ||y |2 = n. To derive the bounds for A ~!v, we note that by definition, » = Qu and

vIAT v =p"QT(QQT) ' Qu.
Denote z; = A, /’Qv; € R", Z = [z1,...,2,] € R™P, and i = A2V . Then Q =
ZAV2VT, Qu = Zp, and
1 QNQQN)'Qu=p VAPZ(ZAZT) T ZAVPV T
=p'Z(ZAZ") "2

1Z5l|3
- tr(E) — 6)\.
Similarly, we have
- Zp|3
TAT Ty\—1 > |Zpl|3 )
v Q (QQ) Qu_itr(ﬁ)—i—e)\

We now proceed to give upper and lower bounds for the term [|Zga||3 = Y70, (328, Zijfij)*.

Note that by definition, Z;; for ¢ € [n] and j € [p] are independent sub-Gaussian vectors with
|Z;j]|p, < 0o. By Lemma 5.9 in [24], we have
<clalz - ou,

P
> Ly
J=1 P2
where c; is an absolute constant. Therefore by Lemma 5.14 in [24], we have
p 2
Y ozih | — BB < el )3,
J=1 Y1

where we merge o, into the absolute constant co. By Bernstein’s inequality, with probability at least
1-n"2,

IZ&3 — ElIZAl3| < esllal3 - /nlog(n),

where c3 is an absolute constant. Therefore we have

|l = esl|Bl3 - vnlog(n) < 1Qull3 = 1213 < nllfl3 + csl|All3 - v/nlog(n),  (A.10)
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and

n — cgy/nlog(n) il < vTA1p < n + cg/nlog(n)
tr(X) + e - - tr(X) —en

Similarly for y " A~'v, by Cauchy-Schwarz inequality, for large enough n we have

y A = yT(QQT) ' Qul < llyll2 - 1QQT) ' Qull = Vit - /T QT(QQT)2Qu.
Applying Lemma A.4 and the inequality (A.10), we have

Ml

— vn Vn-y/n+csy/nlog(n) can B
A < — < < =7
‘y I/| — tr(z) — €y ||Ql’l’||2 — tr(z) — €y ||l'l’H2 — tr(z) — €y ||IJ’||2’
where ¢4 is an absolute constant. Note that || |2 = ||p||s. This completes the proof. O

B Proof of Theorem 3.2

Here we present the proof of Theorem 3.2.

Proof of Theorem 3.2. By the lower bound of the Gaussian cumulative distribution function [7], we
have that for any 8 € R¢,

R(0) > cyexp < -
1015
where c1, co > 0 are absolute constants. By Proposition 4.1, we have
Osvm = Ois = XT(xx")y.
Plugging it into (B.1), we obtain

T Ty—1 2
by OO X | ®2)

IXT(XXT)yll%
Note that based on our model, we have X = yu ' + Q, and
IXTXXT)yls = lye" +QTXX") y|s
> |lpy (XX ") lylls — 1QT(XXT) yg|
= |yTXX)ty - ulls - 1QT(XXT) y|s] (B.3)
Plugging the above bound into (B.2), we obtain
eoly T(XXT)~ X p)?
R(0) > ¢ exp{ — .
) XX Ty - s - Q7 (XXT) Ty [)?

Denote v = Qu and A = QQ . Then by Lemma A.5 and the model definition X = yu " 4+ Q, we
have

y (XXT) "' Xp

R(§SVM) > exp{ -

(B.4)

=D 'M1+y A w)yTAT —yTA ly v TA (ypu" + Q)pe
=D 'M1+y A )y"AT —yTATly v TAT (v - [1ll3 + Q)
=D 'M(1+y A w)yTA ly —yTA ly v TAT Y] |3

+ D71+ yTA_lu)yTA_lu —y A ly. VTA_lu])
=D [(lpl3 —v AT )y AT ly + (1+y TAT )y TATY], (BS)

where the third equality follows by the notation v = Qu. By Lemma A.6 and the assumption that
tr(X) > Cmax{ey, n||X||2, n||pt||s} for some large enough constant C, when n is large enough
we have

c3n 2c4n

T A—1
A < — < — <1
ly v| < "E) — o [nlls < () [nlls <1,
_ n + cs+/nlog(n) 9 2n 9 2n||X]|2 5 1 9
O<v A lp<— 2V "ov Y. < . < A2 <.
<wTATy < Tl < sl < s -l < 5l
2n

0<y A ly< i <
=Y A YEhaE) —a - u®)
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where c3, c4 are absolute constants. Plugging the bounds above into (A.1), we obtain
YT OXT) Xl < D (il -y Ay 42y A )

2n 4n

<DV | R —=
2n

<D '. . 242

< ) (el + 2 pl =)
4n

<D7'. N pel|?

— tI‘(E) H“HZ?

where the last inequality follows by the assumption that |3 > C|/p||s for some large enough
absolute constant C'. Therefore we have

n? H(p,Q,y,X)

[y (XXT)"'Xp]* <D IS s = ol

0”2, (B.6)
where
H(p,Q.y, =) = [D- ()] > 0.

We now proceed to study the two terms in the denominator of the exponent in (B.4). We denote

Ji=y (XXT) 7ty - [uls,

Jo=QT (XX ") yll=)*
Then for J;, with the same derivation as the proof of Lemma 4.4 for I, we have

Ji =1 <2/H(p,Q,y,X) - n-|ps.

Moreover we also have

yT(XxT)—ly _ D—l . yTA—ly Z D—l . n n

— > (@2D)t ——

tr(3) +ex — (2D) tr(X)’

where the first inequality follows by Lemma A.6, and the second inequality follows by the assumption
that tr(3X) > Ce) for some large enough constant C. Then we have

_ _ n -
5=y XXyl = @0yt IR ey G @y ) s

tr(X%)
where we use the definition H(u, Q,y,X) = [D - tr(X)]~2. Therefore in summary we have
(1/2) VH(p,Q,y. %) - n-[lpls < /1 <2VH(p, Q,y, %) - n - [|p|=, (B.7)

where c5 is an absolute constant. Similarly, for J5, with the same derivation as the proof of Lemma 4.4
for I35, we have

Jy =1z < esH(p, Q,y, 2) - (n-[|B]F +n* - [|Z]3). (B.8)

Moreover, we denote a = D™1[(1 +y T A~1v) -y — y " A~y - v]. Then with the same derivation,
J3=y (XX7)7'QEQ ' (XX ")y
a’(QQ")'Q=Q"(QQ") 'a

=a' (ZAZ")'ZA*Z7 (ZAZ ") 'a, (B.9)

where we plugin ¥ = VAV and Q = ZA'/2V T for Z with independent sub-Gaussian entries.
We have

J=a'(ZAZ")'ZA*ZT (ZAZ") 'a
>a'(ZAZT)2a- [|Z]|F — €]

3|2 — €

e IEE -4

= ||a||2 [tr(E) ¥ 6)\]2
o IZ[E — €
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Here the first inequality follows by Lemma A.7, the second inequality follows by Lemma A.4, and
the third inequality follows by the assumption that tr(X) > Ce, for some large enough absolute
constant C'. By the definition of €} in Lemma A.7 and Cauchy-Schwarz inequality, we have

& = co(n- B3+ v [12%)]F)
<co(n- B3+ va- =]z 1Z]lr)
< co(n - 123 + 2cqn - [SI3 + [1Z]3/(2¢5))
< e IZ3 + [SI% /2.
where cg, c7 are absolute constants. Plugging the above bound into (B.10) gives
1215~ csn - 213
A ()2
for some absolute constant cg. Moreover, by the definition a and the triangle inequality, we have
lall3 =ID7 (1 +y A )y —y ATy v}
> [0 1 +y AWyl - DTNy TATY) - lQul]”
=D2[(1+y A W) v — (y Aly) - [Qul)”. (B.12)

By Lemma A.6 and the assumption that tr(X) > C max{ey,n,n| p||x} for some large enough
constant C, we have

J3 > |lall3 -

(B.11)

TA-1 Con
Ay < "
y ATV s I T

ulls <1/2,
n 2n
< )
() —ex ~ tr(X)
where cg is an absolute constant. Moreover, with the same proof as in Lemma A.6, when n is
sufficiently large, with probability at least 1 — O(n~2) we have
1Qull3 < 20kl

Utilizing these inequalities above, we have

(1+y Aw) Vi = Va/2,

_ 2n
(v "ATy) - IQullz < % - V2nlpls < Vn/4,
tr(3)

where the second line above follows the assumption that tr(X) > Cn|/u||s for some large enough
constant C'. Combining these bounds with (B.12), we have

_ _ _ 2 _

lal3 > D72 [(1+y A~ w) -V~ (yTA™y) - |Qull2]” = D™*n/16.
Further plugging this bound into (B.11), we have
oo 1 IZB[F —csn- |23
J2 Z *
16D2 4[tr(X)]?

y ATy <
tr

=H(p,Q,y.X) - (cion - | B]|% — cun® - |Z]3),  (B.13)

where ¢, ¢11 are absolute constants, and we use the definition H(u, Q,y,X) = [D - tr(X)] 72

Combining (B.8) and (B.13), we obtain
H(p, Q.y, 2) - (c1on[|Z[f — ctin®||B]3) < J5 < esH(p, Q,y, B) - (0| B[ F +n®|[Z]3)-
(B.14)
In the rest of the proof, we consider the two cases in Theorem 3.2 separately based on (B.7) and
(B.14).

Case 1. Suppose that n|u||% > C(||2]|% + n||X|3) for some large enough constant C. Then by
(B.7) and (B.14), we have

Ji>(1/2) VH(p,Qy,Z) n-||uls
Jo < 2yes\/H(p, Qy, X) - \/ﬂ 2% +n2- 125 < (1/4) - VH(pr, Q,y, 2) -1 - [[p]s
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Plugging the above inequalities and (B.6) into (B.4), we obtain Therefore by

can?||pll3/64 ) _ cizl 13
5 ( =C1expq — 5 (s
(n-llplls/4) iy

where c12 is an absolute constant. This completes the proof of the first case in Theorem 3.2.

R(6) 2 crexp { -

Case 2. Suppose that |22 > Cn(||p||% + || X||3) for some large enough constant C. Then by
(B.7) we have

Jl <2 H(HaQ,yvz)n”IJ’”ES \/H(/J’anyvz)‘ \/CIOHE||F/4' (BlS)
Moreover for Jo, by (B.14) we have
J3 > H(p, Q,y, %) - (coonl|B|F — cun®||23) > H(i, Q,y, B) - cron|| Z[7 /4,
and therefore

J2 > V H(/l'a QaY72) TV Clon”zHF/Q' (B16)

Plugging (B.6), (B.15) and (B.16) into (B.4), we obtain

con®||ul|3/64 } = exp{ _ 013n|ﬂ||%}
(Vewnl[ =] r/4)? 1=l )

where c13 is an absolute constant. This completes the proof of the second case in Theorem 3.2. [

R(8) > ¢y exp { -

C Proof of Corollaries

Here we provide the proof of the Corollaries 3.3, 3.5 and 3.7 in Section 3.
C.1 Proof of Corollary 3.3
The proof of Corollary 3.3 is a direct application of Theorem 3.1. The detailed proof is as follows.

Proof of Corollary 3.3. When & = I, we have tr(Z) = d, | Z2 = 1, |Z|r = Vd and ||u|s =
[| £]|2. Under the condition in Corollary 3.3 that d > C max {n?, ny/log(n) - ||p||2} and ||u[2 > C
for some large enough absolute constant C, it is easy to check that the conditions of Theorem 3.1

tr(2) = Q(max {n*?|| 22, nl|B| p,n\/log(n) - luls}), el > ClIZ]2
hold. Therefore by Theorem 3.1, we have

- —c1n||p3 —con||pll3
R(Osvm) < exp <exp | —2 1212 )
nllpl3g + IIZ1F + /23 nllpl3 +d

where ¢y, co are absolute constants. This completes the proof. ]

C.2 Proof of Corollary 3.5

Here we present the proof of Corollary 3.5, which is mostly based on the estimation of the order of

the summations Zzzl k= and ZZ:1 k2. We first present the full version of the corollary with
detailed dependency in the sample size n as follows.

Corollary C.1. [Full version of Corollary 3.5] Suppose that A\, = £~%, and one of the following
conditions hold:

. «€]0,1/2),d= ﬁ(nﬁ +n?+ (n||u||g)ﬁ) and |2 = w(l + n= /4@ /4=a/2),

2 a=1/2.d=Q(n* + n?|ul%). and s = w(l +n="/4(log(d)) /).

3 o€ (1/2,0).d = AnT + (nflul|2) =), and [z = w(1).

Then with probability at least 1 — n !, the population risk of the maximum margin classifier satisfies

R(§SVM) = 0(1)
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Proof of Corollary C.1. We first consider the case when « € [0,1/2). We have

d d d dl—a 1 dl—oc
tr(X) = A = ke > t=dt = —
x(%) kz::l’“ kz_:l */ I—a 1-a 201-a)

t=1

when d is sufficiently large. Similarly, we have

2 2 2 a 2 a1 2 (d—1)!—2 1 =2
S|F = A =1 kT <1 tTdt =1 - <1 .
117 =3 =142 - +~/t:1 R —2a = "1 2a
k=1 k=2
Therefore, a sufficient condition for the assumptions in Theorem 3.1 to hold is that ||g||2 = w(1) and
dl—a
> (p3/?
2(1—a) = "
dl—a dl—2a
——>Cn-4/1
T e =
dlfa
L s ] : .
st = Cn/loa(n) - [l

After simplifying the result, we derive the condition that d = (Nl(nﬂlg—cﬁ +n2 + (n|p|s) = ). We
further check the conditions on ||| that lead to o(1) population risk. Note that when || |2 = w(1),
lleell3 /]l e]|% = w(1). We also check the condition that n|| /|3 /|| 2|2 = w(1). A sufficient condition

is that
d172a
el = (14 15 ):

Simplifying the condition completes the proof for the case « € [0,1/2).

For the case o = 1/2, we have

d d s d o d1-1/2 1
w(E) = A=k z/ t dt:171/2—171/2>\/ﬁ
k=1 k=1 t=1

when d is sufficiently large. Moreover,

d d d—1
IZIF =D A =1+) k'<1 +/ t71dt =1+ log(d — 1) < 1+ log(d).
k=1 k=2 t=1
Verifying the conditions
Vd > Cn®/?,

Vd>Cn- w,
Vd > Cny/log(n) - ||plls

then gives a sufficient condition d = Q(n?® + n?||u||%), ||plla = w(1) for the assumptions in
Theorem 3.1 to hold. It is also easy to verify that when |||z = w(1 + n~'/*(log(d))'/*) we have

R(Bsvm) = o(1).
Finally for the case « € (1/2, 1), we have
d d d - 1
tr(X) = Ak = k™% > t~dt = — .
H(Z) ; b kZ:l - /t l-a 1-a«

=1

Moreover, in this setting we have || 2|2 < ¢; for some absolute constant c; . It is therefore easy to
check that ||u||2 = w(1) and

~ 3 _1
d=Qn> + (n|ulg) ™)

are sufficient for the assumptions in Theorem 3.1 to hold, and we also have R(§SVM) =o(1). O
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C.3 Proof of Corollary 3.7

The proof of Corollary 3.7 for the rare/weak feature model is rather straightforward.

Proof of Corollary 3.7. Note that in the rare/weak feature model we have ||pt||2 = +/s. Therefore
the conditions of Corollary 3.3 are satisfied and we have

~ cln||u||‘2L ) ( cln'y4s2>
R(6 <ex — 5 5 | = €X -,
( SVM) b < n||p,|\§ +d P anS—t—d

where ¢, is an absolute constant. This completes the proof. O

D Experiments

In this section we present simulation results to backup our population risk bound in Theorem 3.1. We
generate u as a standard Gaussian vector, and set ¥ = diag{\1,..., Aq} with A\, = &k~ for some
parameter « € [0, 1), which matches the setting studied in Section 3. The mean vector p is generated
uniformly from the sphere centered at the origin with radius r. All population risks are calculated by
taking the average of 100 1ndependent experiments. Note that under our settmg, OSVM = OLS can
be easily calculated. Moreover, since we are considering Gaussian mixtures in our experiments, the
population risk can be directly calculated with the Gaussian cumulative distribution function:

R(§SVM) =P p<y- é\sTVMAl/Qu]-
The derivation of the above result is in the proof of Lemma 4.2 in Appendix A.2.1.

Population risk versus the norm of the mean vector ||u2. We first present experimental results
on the relation between the population risk and the norm of the mean vector || pt||2. Note that in our
setting, the risk bound in Theorem 3.1 reduces to the following bound:

—C'n|p)}
(BSVM) exp < .
g + Y k2

Based on this bound, we can first see that the population risk should be smaller when « is larger.

Moreover, the dependency of R(§SVM) depends on the comparison between the scaling of the two
terms in the denominator. When

d
D> kT > n|ul3, (D.1)

we can expect that — 1og(R(§SVM)) should be roughly of order ||x|[3. On the other hand, if (D.1)

does not hold, then — log(R(8sywm)) should be roughly of order ||||3. It is also clear that whether
(D.1) holds heavily depends on the values of the sample size n and «: when n is large, then (D.1)
is less likely to be satisfied. Moreover, when o > 1/2, (D.1) cannot hold because in this case

22:1 k2% is upper bounded by a constant.

In Figure 2, we verify the above argument by verifying the dependency of the population risk R(§SVM)
on the norm of the mean vector ||pt||2 with different values of « and sample size n. From Figures 2(a)
and 2(c), we can see that R(syy) decreases with le|l2 and . From 2(b), we verify that when
n = 10 (which is rather small) and when o = 0,0.2,0.4, — 10g(R(§SVM)) is linear in ||p/|3. This
verifies our discussion for the setting when (D.1) holds. On the other hand, when o« = 0.6, 0.8,
—log(R(Bsym)) has a higher order dependency in [|s||2, which is because Zizl k=2 is upper
bounded by a constant and (D.1) cannot hold. In Figure 2(d), we further verify that when n = 100,

(D.1) never hold and — log(R(§SVM)) is of order || |3 for all choices of c. This set of experiments
verifies our risk bound in Theorem 3.1.

Verification of the dimension-dependent and dimension-free settings. In Corollary 3.5, we have
discussed that when o < 1/2, achieving a small population risk requires a larger ||u||2 when d is
larger. On the other hand, when o > 1/2, the requirement on ||z¢||2 to achieve small population error
is dimension-free. Here we present experimental results to verify our claim. The results are given
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Figure 2: Experiments on the dependency of the population risk R(éSVM) on the norm of the mean
vector || p||2 with different values of o and sample size n. (a) and (b) gives the curves with n = 10,
while (c) and (d) are for the case n = 100. Moreover, (a) and (c) gives the curves of R(@sym) versus
||£e]|2, and to further test the tightness of our risk bound, in (c) and (d) we also study the relation
between — log(R(fsvm)) and ||p]|3. The dimension d is set to 2000 in all these figures. In (d) we
omit the last point |||z = 16 in the curve for & = 0.8 because the population risk in this case is too
small and is dominated by the numerical accuracy.

in Figure 3. We can see very clearly that when oo = 0.2, the risk curves for different d are different,
and larger d results in worse population risk. However, when o = 0.8, all the risk curves are almost
exactly the same, which indicates that the population risk is dimension-free. This verifies our claim
in Corollary 3.5.
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(a) R(§SVM) versus |[pe]l2, @ = 0.2,n =10 (b) R(§SVM) versus ||pl2, @« = 0.8, n =10

Figure 3: The population risk curve with respect to ||p||2 with different values of o and dimension d.
(a) shows the result for « = 0.2, while (b) is for the case o = 0.8. The sample size n is set to 10 in
both experiments.
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