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Abstract

Adaptive moment estimation (Adam) is a corner-
stone optimization algorithm in deep learning,
widely recognized for its flexibility with adaptive
learning rates and efficiency in handling large-
scale data. However, despite its practical success,
the theoretical understanding of Adam’s conver-
gence has been constrained by stringent assump-
tions, such as almost surely bounded stochastic
gradients or uniformly bounded gradients, which
are more restrictive than those typically required
for analyzing stochastic gradient descent (SGD).

In this paper, we introduce a novel and compre-
hensive framework for analyzing the convergence
properties of Adam. This framework offers a
versatile approach to establishing Adam’s conver-
gence. Specifically, we prove that Adam achieves
asymptotic (last iterate sense) convergence in
both the almost sure sense and the L, sense un-
der the relaxed assumptions typically used for
SGD, namely L-smoothness and the ABC inequal-
ity. Meanwhile, under the same assumptions, we
show that Adam attains non-asymptotic sample
complexity bounds similar to those of SGD.

1. Introduction

Adaptive Moment Estimation (Adam) is one of the most
widely used optimization algorithms in deep learning due
to its adaptive learning rate properties and efficiency in han-
dling large-scale data (Kingma & Ba, 2014). Despite its
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widespread use, the theoretical understanding of Adam’s
convergence is not as advanced as its practical success. Pre-
vious studies have often imposed stringent assumptions on
the loss function and stochastic gradients, such as uniformly
bounded loss functions and almost surely bounded gradi-
ents (Reddi et al., 2018; Zou & Shen, 2019), which are
more restrictive than those required for analyzing classical
stochastic gradient descent (SGD).

In this paper, we introduce a novel and comprehensive
framework for analyzing the convergence properties of
Adam. Our framework unifies various aspects of conver-
gence analysis, including non-asymptotic (average iterate
sense) sample complexity, asymptotic (last iterate sense)
almost sure convergence, and asymptotic L; convergence.
Crucially, we demonstrate that under this framework, Adam
can achieve convergence under the same assumptions typi-
cally used for SGD—namely, the L-smooth condition and
the ABC inequality (Lo sense) (Khaled & Richtarik, 2023;
Bottou, 2010; Ghadimi & Lan, 2013).

Several recent works have attempted to relax the stringent
conditions required for Adam’s convergence, each focusing
on different aspects of the stochastic gradient assumptions
and convergence guarantees. However, limitations still exist
in terms of assumptions and the types of convergence results
obtained. Table 1 provides the references and a summary
of the works and compares the assumptions on stochastic
gradients, the resulting complexities, and the convergence
properties achieved.

Our approach builds upon these prior works and seeks to
offer a more comprehensive and general framework for
analysis. In contrast to these previous works, we study
Adam under the ABC inequality, which is more general
and less restrictive compared to the assumptions made in
the previous studies. Our analysis successfully establishes
non-asymptotic sample complexity and achieves asymptotic
almost sure convergence and L; convergence under condi-
tions that align with those required for SGD. This makes our
framework theoretically sound and versatile for analyzing
multiple convergence properties of Adam. Our framework
might also be of independent interest in analyzing different
variants of Adam. In summary, our work presents a novel
and general theoretical framework for Adam, unifying vari-
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ous convergence properties. This framework demonstrates
that Adam’s convergence guarantees can be aligned with
those of SGD, which justifies the applicability of Adam
across a wide range of machine learning problems.

1.1. Related Works

In recent years, the convergence properties of Adam have
been extensively studied, with various works focusing on
different assumptions about stochastic gradients and the
types of convergence guarantees provided. In the follow-
ing discussion, we categorize and review key contributions
based on the different types of stochastic gradient assump-
tions they employ, as summarized in Table 1.

Bounded Variance and Coordinate Affine Noise Vari-
ance: Wang et al. (2024a) considered Adam’s conver-
gence under the assumption of bounded variance or co-
ordinate affine noise variance. The coordinate affine noise
variance condition (Eq. (10)) is particularly stringent as it
requires that each component of the stochastic gradient sat-
isfies an affine noise variance inequality, which is stronger
than the traditional affine noise variance condition (Eq. (9))
applied to the entire gradient. Under these assumptions,
Wang et al. successfully achieved a complexity free of
O(1/p). However, their work did not focus on analyzing
almost sure convergence or L convergence, as the primary
emphasis was on the sample complexity of the algorithm’s
behavior.

Exponential-Tailed Affine Variance Noise Condition
Hong & Lin (2024) explored the assumption of affine vari-
ance noise with an exponential tail distribution (Eq. (11)),
which closely approximates the almost-sure form of affine
variance noise. The exponential-tailed affine variance noise
condition is stronger than the traditional affine variance
noise assumption, which is based on the second moment
of the stochastic gradient. Under these assumptions, they
successfully derived a complexity that eliminates O(1/ ).
However, their work did not focus on analyzing almost sure
convergence or L; convergence, as their primary emphasis
was on the sample complexity of the algorithm’s perfor-
mance.

Almost Surely Bounded Stochastic Gradients: Several
works, including He et al. (2023) and Xiao et al. (2024), have
explored Adam’s convergence under the assumption that the
stochastic gradients are almost surely bounded. This is a
particularly strong assumption, as it implies several other
commonly made assumptions about stochastic gradients,
such as bounded variance, affine noise variance, coordinate
affine noise variance, and sub-Gaussian properties. The as-
sumption is often impractical in non-convex settings where
gradients can become unbounded. Moreover, studies in

Wang et al. (2023) have highlighted that this assumption is
unrealistic in many common machine learning frameworks,
failing to hold even for simple quadratic functions, let alone
for deep neural networks. While these works achieved al-
most sure convergence and, in some cases, L convergence,
the complexity result they obtained includes O(1/p).

L5 Bounded Stochastic Gradients: Zou et al. (2019) ana-
lyzed Adam under the assumption of Ly bounded stochastic
gradients. Although this condition is milder than the almost
surely bounded gradients assumption, it is still stronger than
the traditional affine noise variance condition and the ABC
inequality. In the standard analytical framework, this as-
sumption can at best be weakened to the coordinate affine
noise variance condition, which remains more restrictive
than the assumptions typically considered for SGD. At the
same time, this work focused on complexity analysis with-
out addressing asymptotic convergence.

Randomly Reshuffled Stochastic Gradients: In other
works, such as those by Zhang et al. (2022) and Wang et al.
(2024b), the authors considered the case where the stochas-
tic gradients are randomly reshuffled. Randomly reshuffled
stochastic gradients represent a special case where the gra-
dients are typically assumed to satisfy certain inequalities
almost surely. This reliance on almost sure properties forms
a much stronger and more restrictive analytical framework
compared to those based on traditional affine noise variance
conditions or the ABC inequality. Meanwhile, they did not
focus on analyzing the asymptotic convergence property.

2. Preliminaries

In this section, we introduce the necessary preliminaries
and establish the foundational framework for our conver-
gence analysis of Adam. We begin by recalling the Adam
optimization algorithm. We then state the assumptions that
will be used throughout our analysis. These assumptions
are standard in stochastic optimization and are crucial for
deriving our main results. By laying out these assumptions
explicitly, we also facilitate a clear comparison with the
conditions used in previous works, highlighting the less
restrictive nature of our approach.

2.1. Adam

Adam is an extension of SGD that computes adaptive learn-
ing rates for each parameter by utilizing estimates of the
first and second moments of the gradients.

It combines the advantages of two other extensions of SGD:
AdaGrad, which works well with sparse gradients, and RM-
SProp, which works well in online and non-stationary set-
tings.
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Table 1. Comparison of Assumptions and Convergence Results. (<) The smoothing term s is often set to small values like 10™% in
practice. It is difficult and relevant to avoid the O(poly(-)) dependence (Wang et al., 2024a), which our analysis achieves. (#) The work

1
m

focuses on learning rates and hyperparameters dependent on the total number of epochs 7', leading to results without a O(In T) term. As
our asymptotic analysis uses T-independent parameters, terms regarding O(In T") inevitably appear, though our method can be easily
extended to T-dependent settings. (<{><>) These works have weakened the classical L-smooth condition, which is different from the focus

of this paper.
Reference Assumptions on Stochastic Gradient Sample Complexity | A.S. Convergence | L; Convergence
(Wang et al., 2024a)é Bounded Variance (or Coordinate Affine Noise Variance) O (%) No No
(Hong & Lin, 2024) Exponential-tailed Affine Variance Noise O (%) No No
(He et al., 2023)<$ Almost Surely Bounded Stochastic Gradient O <poly (;%) . m%) Yes Yes
(Zou et al., 2019) Lo Bounded Stochastic Gradient O (%) No No
(Zhang et al., 2022) Randomly Reshuffled Stochastic Gradient O (1“\/%) No No
a2 Go | ARSI BRSO | (1).5) | o v
(Wang et al., 2024b)$ O Randomly Reshuffled Stochastic Gradient 9] (%) No No
(Xiao et al., 2024)HO Almost Surely Bounded Stochastic Gradient No Result Yes No
Our Work ABC Inequality o <l’“f;) Yes Yes

Algorithm 1 Adam

Input: Stochastic oracle O, initial learning rate 77; > 0,

initial iterate w; € R<, initial exponential moving averages

mo = 0,v9 = v-1" withv > 0, hyperparameters 3; €

[0,1), B21 € (0,1], smoothing term x > 0, number of

epochs T'

Output: Final iterate wr
t = 1 to T Generate learning rate 7;; Generate condi-
tioner parameter 35 ;; Sample a random data point 2;
and compute the stochastic gradient g; = Of(wy, 2¢);
Update the estimate: v; = B2 401+ (1— B2.)g5%; Up-
date the estimate: m; = B1my_1+(1—B1)g:; Compute
the adaptive learning rate: 1,, = 7; - ﬁ; Update
the iterate: wyy1 = W — Ny, © My;

In Adam, the random variables {z;};>1 are mutually inde-
pendent. The stochastic gradient at epoch ¢ is denoted by g;.
The quantities m, and v, represent the exponential moving
averages of the first and second moments of the gradients,
respectively. The hyperparameters /3, and (5 ; control the
exponential decay rates for the moment estimates. A small
smoothing term g is introduced to prevent division by zero,
and 7),,, represents the adaptive learning rate for each param-
eter.

Notations: The Hadamard product (element-wise multi-
plication) is represented by (3 o v, and the element-wise
square root of a vector v € R¢ is written as /7~ Operations
such as 3 + vg, %, and 3°2 are performed element-wise.
Additionally, for a vector with subscripts, such as 3;, we
use f;; to denote its i-th coordinate. However, for a scalar
with subscripts, such as ®,, the double subscript ®; ; carries
a specific meaning, which will be explicitly defined when it

appears.

When analyzing Adam, V f (w; ) refers to the true gradient of
the loss function at epoch ¢. We define %#; = o (g1, ..., gt)
as the o-algebra generated by the stochastic gradients up

to epoch ¢, with %, = {Q,0} and o, = o (Ut21 ﬁ}).
Throughout this paper, unless explicitly stated otherwise,
the norm || - || denotes the Euclidean norm.

2.2. Assumptions

To establish our convergence results, we make the following
standard assumptions. The assumption regarding smooth-
ness is the classical L-smooth assumption. The assumption
about stochastic gradient are less restrictive than those im-
posed in some prior works, as highlighted in Table 1.

Assumption 2.1. (Bounded from Below Loss Function)
Let f : RY — R be a loss function defined on R%. We
assume that there exists a constant f* € R such that for all
w € R, the following inequality holds: f(w) > f*.

This assumption ensures that the loss function f is bounded
from below, preventing it from decreasing indefinitely dur-
ing the optimization process.

Assumption 2.2. (L-Smoothness) Let f : RY — R be a
differentiable loss function. We assume that the gradient V f
is Lipschitz continuous. That is, there exists a constant Ly >
0 such that for all w,w' € RY, the following inequality
holds: |V f(w) — V f(w')|| < Ly||w — w'||. The constant
Ly is known as the Lipschitz constant of the gradient.

Assumption 2.3. (ABC Inequality) We assume that the
stochastic gradient g, is an unbiased estimate of the true
gradient, i.e., Elg; | F#_1] = Vf(w:), and there exist
constants A, B, C > 0 such that for all epochs t, we have:
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Elllgell* | Fi-1] < A(f(we) = £*) + BIIV f(w)|* + C.

The ABC inequality provides a bound on the second mo-
ment of the stochastic gradients, which is crucial for an-
alyzing the convergence of stochastic optimization algo-
rithms.  Notice identity E [[lg: — Vf(wy)|? | Fi1] =
E[llgell® | Ze-1] — [IVf(we)]|*>. We can conclude that
the above ABC inequality has the following equivalent
form based on the variance of the stochastic gradients, i.e.,
there exist constants A > 0, B > 0, and C > 0 such
that: E [[lg — V()2 | Fima] < A(f(we) — f*) +
B||V f(we)|? + C.

2.3. Comparison with Prior Works on Stochastic
Gradient Assumptions

Due to space limitations in the main text, these compar-
isons have been moved to Appendix A.

Next, we introduce a property. We know that when the loss
function is L-smooth, the true gradient of the loss function
can be controlled by the loss function value f(w;) — f* (as
shown in Lemma C.2). Therefore, we can simplify the ABC
inequality as follows.

Property 1. Under Assumptions 2.2 and 2.3, for all epochs
t, we have: E[||g¢||* | Fi—1] < (A+2L;B)(f(we)— f*)+
C

This property demonstrates that the variance of the stochas-
tic gradients can be bounded by the function value differ-
ence, which is a key component in our convergence analysis.

2.4. Hyperparameter Settings

In this paper, to keep the proofs concise, we focus on a spe-
cific set of representative parameter configurations, defined
as follows:

1 — ap,
52,:&1 {10

tv

ift=1 1
' € 0717 = 1.5
fr>2, O EOD M=

where ag € [0,1),7 € [1,26 + 1], and 6 € [0, 3).

It is essential to impose certain constraints on Adam’s pa-
rameters, particularly on s ¢, to ensure the algorithm con-
verges. Early studies (Reddi et al., 2018) have shown that
without proper restrictions on 3z ¢, counterexamples exist
where the algorithm fails to converge. Furthermore, for the
gradient norm to converge to zero, it is necessary that (s ;
approaches 1, as noted in earlier works (Zou et al., 2019;
He et al., 2023).

Some studies on complexity allow 33 + to be constant. How-
ever, these studies typically focus on the algorithm’s com-
plexity over a finite number of epochs 7. In such cases, the
constant value of 1— 3, ; is inversely related to 7', effectively
causing /35 ; to approach 1 as 7" increases. This is another

means of ensuring that 35 ; asymptotically approaches 1,
which is crucial for convergence.

The hyperparameter settings adopted in this paper are rep-
resentative and have been considered in previous studies
(Zou et al., 2019; He et al., 2023). Our configuration in-
cludes settings that can achieve near-optimal complexity of
O(InT/V/T). The logarithmic factor In T arises because
B2+ is chosen independent of the total number of epochs
T, which is an unavoidable consequence with this class of
parameters.

Our choice of hyperparameters simplifies the analysis while
capturing the essential behavior of the Adam. Although
the proof techniques can be extended to a broader range
of parameter settings, this paper focuses primarily on the
assumptions related to the convergence of the algorithm
rather than an exhaustive exploration of hyperparameter
configurations.

3. Theoretical Results

In this section, we establish both non-asymptotic and asymp-
totic convergence guarantees for Adam within our smooth
non-convex framework, as defined by Assumptions 2.1-2.3.
For the non-asymptotic analysis, we derive a sample com-
plexity bound that is independent of O(1/u), providing an
explicit bound on the number of epochs required to achieve
a specified accuracy. In the asymptotic analysis, we consider
two forms of convergence: almost sure convergence and
convergence in the L1 norm. The almost sure convergence
result demonstrates that, the gradient norm of almost every
trajectory converges to zero. Meanwhile, the L; conver-
gence result reveals that the convergence across different
trajectories is uniform with respect to the L; norm of the
gradient, where the L; norm is taken in the sense of the
underlying random variable, meaning the expectation of the
gradient norm.

3.1. Non-Asymptotic Sample Complexity

Theorem 3.1 (Non-Asymptotic Sample Complexity). Con-
sider the Adam algorithm as specified in Algorithm 2.1, and
assume that Assumptions 2.1-2.3 are satisfied. Then, for any
initial point, any T > 1, and any s € (0, 1), the following
bound holds with probability at least 1 — s:

; O(L—15), i#ie(0,1/2)
levfwt||2< O(&=%), ifv>1,6=0
= O%\F> ify=1, 6=0.

The constant implied by the O notation depends on the ini-
tial point, the constants in Assumptions 2.1-2.3 (excluding
1/u), and the parameters § and o.
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This theorem provides a non-asymptotic rate of convergence
for the square of the gradient norm, highlighting how the
choice of hyperparameters affects the convergence rate.

3.2. Asymptotic Convergence

We now present our main asymptotic convergence results,
demonstrating that the gradients of the Adam converge to
zero both almost surely and in the L sense under appropri-
ate conditions.

Theorem 3.2 (Asymptotic Almost Sure Convergence).
Under Assumptions 2.1-2.3, consider the Adam with hy-
perparameters specified in Subsection 2.4 with v > 1 and
0 > 0. Then, the gradients of the Adam converge to zero
almost surely, i.e., lim;_,o ||V f(w)|| =0  a.s.

This theorem shows that the gradients evaluated at the it-
erates converge to zero almost surely, indicating that the
algorithm approaches a critical point of the loss function
along almost every trajectory.

Remark 1. (Almost sure vs L, convergence) As stated in
the introduction, it is important to note that the almost sure
convergence does not imply L1 convergence. To illustrate
this concept, let us consider a sequence of random variables
{Cn}n>1, where P(¢, = 0) = 1—1/n? and P(¢,, = n?) =
1/n?. According to the Borel-Cantelli lemma, it follows that
limy, 4 o ¢ = 0 almost surely. However, it can be shown
that B [|¢,|] = 1 for all n > 0 by simple calculations.

Theorem 3.3 (Asymptotic L;-Convergence). Under As-
sumptions 2.1-2.3, consider the Adam with hyperparame-
ters specified in Subsection 2.4 with v > 1 and § > 0. Then,
the gradients of the Adam converge to zero in the L1 sense,
ie, lim; o E[||Vf(w)|] = 0.

This result establishes convergence in the mean sense, show-
ing that the expected gradient norm approaches zero as
the number of epochs increases. It indicates that the con-
vergence of gradient norms across different trajectories is
uniform in the L; norm of the random variables.

In previous works (He et al., 2023; Xiao et al., 2024),
the assumption that the stochastic gradients are uniformly
bounded, i.e., ||g:|| < M as. (V¢ > 1), or that the gradi-
ents themselves are uniformly bounded, i.e., ||V f(w;)]| <
M (¥t > 1), allows almost sure convergence to directly
imply L; convergence via the Lebesgue’s Dominated Con-
vergence theorem. However, in our framework, which deals
with potentially unbounded stochastic gradients or gradients,
proving L; convergence is much more challenging. We will
elaborate on this in the next section.

4. Framework for Analyzing Adam

In this section, we present the analytical framework that
underpins our convergence analysis for the Adam. Our

approach is built upon the insights provided by existing
methods, while introducing new techniques to address the
limitations of previous analyses and provide a more com-
prehensive understanding of Adam’s behavior under weaker
assumptions. Our core innovations are detailed in Section
4.3.1, Section 4.4, and Section 4.5.

4.1. Key Properties of Adaptive Learning Rates

We begin by characterizing the fundamental properties of
the adaptive learning rate sequence 7,,, in Section 2.4. These
properties are critical as they directly influence the behavior
of the algorithm and are foundational to our subsequent
analysis. By understanding how these properties interact
with the algorithm’s dynamics, we obtain more insights on
the conditions under which Adam converges.

Property 2. Each element 1, ; of the sequence {n, }1>1 =
{[M0e.15Mog.25 + + s Toy.d) | Fe>1 is monotonically decreasing
with respect to t.

This property ensures that the learning rate becomes pro-
gressively smaller as the algorithm progresses, which is a
crucial factor in the stability and convergence of Adam.

Property 3. Each element m,,; of the sequence
{00, i1 = {0y 15 0.2, - -+ Mop.d] | Ji>1 Satisfies the in-
equality t"vy ; > 01 Sy ;, where we define a = min{l —
g, 00}, St i= v—i—ZZ:l g,%,iforallt >1,and Sy; = v.

This property highlights the relationship between the accu-
mulated gradient information S; ; and the adaptive learning
rate, ensuring that the latter appropriately scales with the
former as epochs proceed.

Remark 4.1. For the purpose of simplifying the proofs of
subsequent theorems, we define two auxiliary parameters:
Yy, = Zf-l:l vy and Sy = Zle Sti. Additionally, for
convenience in the subsequent proofs, we define a new initial
parameter based on Sy ; as ny,,; = So.i/o1 = v/a.

These definitions of auxiliary parameters help streamline
the analysis, making the mathematical expressions more
manageable and the proofs more concise.

With the key properties of the adaptive learning rates estab-
lished, we now turn our attention to analyzing the momen-
tum term, which plays a crucial role in the Adam.

4.2. Handling the Momentum Term

To effectively analyze the momentum term in the Adam, we
adopt a classical method introduced by Liu et al. (2020).
The momentum term introduces additional complexity in
the analysis due to its recursive nature, which can compli-
cate the convergence proofs. To address this, we construct
an auxiliary variable u, that simplifies the analysis by de-
coupling the momentum term from the update process. This
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auxiliary variable is defined as follows:

wy — Prwg_ I}
B
=Wt 7 —lﬁl Tveeq © 1. (D

The introduction of u; allows us to handle the momentum
term more effectively by transforming the recursive nature
of the updates into a more tractable form. Specifically, we
can express the relationship between successive epochs of
uy as follows:

Ut41 — Ut = — T, O Gt
p1

_|_
1-5

(77111,—1 - nvt) OMmg—1. (2)
A

This recursive relation is instrumental in breaking down the
complex dependencies introduced by the momentum term,
which will facilitate the convergence analysis.

Then we establish two key properties that connect the origi-
nal variable w; and the auxiliary variable u;. These proper-
ties are crucial for bounding the changes in the momentum
term and connecting the function values at different points
in the epoch process.

Property 4. For any epoch t, the following inequality holds:

mi; —mi ;< —(1—B)mi;+ (1= B1)gis

This property establishes a bound on the change in the mo-
mentum term, which is critical for ensuring that the momen-
tum does not increase indefinitely during the optimization
process. Controlling the momentum in this manner is an
important step in proving the convergence.

Property 5. For any epoch t, the following inequality holds:
(Lf + 1)/312
— B1)? I

fwe) < (Lg+1) f(ue) + 2(1

2
Vi1 [e] mt,1H .

This property connects the function values at w; and u,
which provides a foundation for analyzing the convergence
of f(w;). By establishing this relationship, we can relate
the behavior of the original variable w, to the more manage-
able auxiliary variable wu, thereby simplifying the overall
convergence analysis.

4.3. Establishing the Approximate Descent Inequality

In the convergence analysis of stochastic gradient descent
(SGD), a fundamental tool is the approximate descent in-
equality, which quantifies the expected decrease in the ob-
jective function at each epoch. Specifically, for SGD, the
approximate descent inequality is given by:

2
Fluen) = Fluw) < —nl| 97+ "EE g
—_——

Descent Term g
Quadratic Error

+ eV f(we) T (Vf(w) —ge), 3)

Martingale Difference Term

where 7, is the learning rate, L is the Lipschitz constant,
and g; is the stochastic gradient.

Motivated by the success of this approach in analyzing SGD,
we aim to establish a similar approximate descent inequality
for the Adam. The goal is to develop a descent inequality
that captures the adaptive nature of Adam’s learning rates
while maintaining the essential structure seen in the analysis
of SGD.

To this end, we present the following key result, which forms
the cornerstone of our convergence analysis for Adam.

Lemma 4.1 (Approximate Descent Inequality). Consider
the sequences {w }4>1, {v¢ }e>1, and {us }1>1 generated by
Algorithm 2.1 and Eq. (2). Under Assumptions 2.1-2.3, the
following sufficient decrease inequality holds:

HA,tf(Ut+1) - HAgtflf(Ut)
1 d
< —5Tas Y G(0) + Callmuy o mea?
i=1
d

+ Z At,i|vz‘f(ut)mt—1,i|
i=1
d

+(Ly+1) ant,igt%i + U M. 4)
i1

Here,

d
Flue) = fus) = f*+CD nueyis

i=1

Q(t) = 777)t—17i(vif(wt))27
¢ D, B ~1
Oae= ] (1 - (1—\/67 - 1> A\/ﬁ—hk> (t>1),

k=1
HA,O = 17
. d ~+o00o
A gk = Z]E Z(\/E)tikﬁt,i 5@1] )
i=1  Lt=k
where, A ; denotes the i-th component of /A (defined in
Eq 2) Mt = Mt}1 + Mt}g + Mt$3. (5)

Constants Co, D1 is defined in Eq. (26) and Lemma E.2;
M, 1 is defined in Eq. (20); M, 2 and M, 3 are defined in
Eq. (21).

This lemma introduces IIa ;1 f (ut) as a new Lyapunov
function for Adam, which plays a crucial role in our analysis.
In Eq. (4), the term — 11T Z?zl ¢i(t) can be interpreted
as the descent term, representing the expected decrease in
the Lyapunov function. We collectively refer to the 2nd,
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3rd, and 4th terms on the right side of the inequality as
the quadratic error terms. According to subsequent results
(Lemma D.2), we can show that the expectation of the sum-
mation from 1 to 7" over ¢ of these terms is of the same order
as O (Zthl Z?Zl E [ngﬂgfl]) . The 5th term, IIa (M,
is a martingale difference sequence with respect to the fil-
tration {.%; };>1, which, due to its zero expectation, can
be considered to have no overall impact on the algorithm’s
epoch process.

This structure closely resembles the approximate descent
inequality commonly used in the analysis of SGD. For com-
parison, the approximate descent inequality for SGD is
given by Eq. (3).

We now proceed to provide the main idea of proving Lemma
4.1 and highlight the key steps and challenges involved in
establishing this result for Adam.

To begin with, we calculate the difference in the loss func-
tion values between two consecutive auxiliary variables
{ut}¢>1 that we introduced. We obtain the following ex-
pression (informal):

flurr) = fue)
d d
<= E,iVif (we)geil Fia] + O (Z 773,,,,'9?@)

i=1 i=1

Termy 1 Termy o

d
+ Z E [00,,:Vif(wi)ge.q

i=1

i=1

d
Fi_1] — Z Noe,i Vi f (We)ge,

S

Termy 3

+ R,. (6)

It can be observed that the above equation is simply a
second-order Taylor expansion of f(u;41) — f(u¢) (since
an L-smooth function is almost everywhere twice differ-
entiable). Term; ; represents the first-order term, which in
general serves as the descent term. Term; » is the quadratic
error, and Term;, 3 is a martingale difference sequence. The
remaining term R; is negligible and can be ignored. In
the informal explanation provided in the sketch, these were
collectively referred to as remainder terms. For the exact
formulation, refer to the detailed proof in Appendix D.3.2.

While handling the quadratic error term Termy » is relatively
straightforward using standard scaling techniques, address-
ing the first-order term Zerm;, ; is more challenging due to
the adaptive nature of Adam’s learning rates. Specifically,
Ny,,; and g ; are both .#;-measurable, which necessitates
the introduction of an auxiliary random variable 7),, ; which
is .%;_1—measurable to facilitate the extraction of the learn-
ing rate from the conditional expectation. In this paper, we
choose the auxiliary random variable 7,, , ; to approximate
7v,,i- There are also other forms of this approximation, as

discussed by (Wang et al., 2023; 2024a). This allows us to
rewrite the first-order term as:
d

- Z E [10,,: Vi f (we)ge,i|-F-1]

i=1

d
- Z E [Uut,l,ivif(wt)gt,i|yt71}
i=1

—Termy; =

Descent-Termy

d
+ ZE [(%t_l,z‘ - ﬂvt,i)vif(wt)gtﬂa%—l] .

i=1

Termy 4

The presence of Term; 4 introduces an additional layer of
complexity in the analysis, as it reflects the difference be-
tween successive adaptive learning rates. Addressing this
extra error term is crucial for establishing robust conver-
gence guarantees under the ABC inequality or affine noise
variance conditions. Existing approaches to handling such
terms, which often rely on the cancellation of errors through
preceding descent terms, fall short in this context. This
necessitates a more innovative strategy, which we present in
the following section.

4.3.1. ADDRESSING THE EXTRA ERROR TERM: OUR
INNOVATIVE APPROACH

The term Term, 4, introduced by the difference between
N, ,; and 7y, ;, presents a significant challenge in the con-
vergence analysis of Adam under the ABC inequality or
affine noise variance conditions. In existing methods, it is
common to attempt to cancel out such error terms by lever-
aging the preceding descent term Descent-Term,. However,
this approach might not work within the ABC framework.
Recent works such as Wang et al. (2023; 2024a) have shown
that, under existing techniques, the best one can achieve
is a weakened form of the stochastic gradient assumption,
namely the coordinate affine noise variance condition. To
overcome these limitations, we introduce a novel approach
to handle Term; 4. We scale it as follows:

d
1
Termy 4 S§ ;E [Moe_riVif (W) gei | Fia]
d ~
+Cif(u) - Y E[Ay | Foa] + R
=1

d d
+CY Au+Cy (E[Am | Fia] — Am),
=1 =1

Terms

vi/here At,i = Nog_1,i — Ny io Cy = A+22LfB (Lf + 1)7 and
R; represents a negligible remainder term, primarily stem-
ming from the difference between f(w;) and f(u;). The
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critical term in this inequality is Cy f(u;) Z?Zl E[A:; |
Z:—1], which cannot be effectively canceled out using ex-
isting methods.

To handle this issue, we assign A; := Zle E[A:; |
Z;_1], and move the term C; A, f (u;) to the left-hand side
of inequality 6 and combine it with the existing f (u;) term.
This leads to a new epoch inequality of the form:

fugr) = (1 + C1A) f(ue)
1
< —§Descent-Termt + M-Term; + Term; o

+ R-Term;. 7)

In the inequality M-Term, = Term, 3 + Term, 5 is a martin-
gale difference sequence and R-Term, is the (neglectable)
remainder term by combining all other terms from the in-
equalities. To express this inequality in a form resembling a
Lyapunov function, we introduce an auxiliary product vari-
able: ITa 4 := [[_, (1+C1A) " (Vt>2), Ta,:=
1 (Informal). Note that ITa ; here is merely a simplified ver-
sion of the actual ITx ; used in the formal lemma; it is not
the version we employ in practice. Multiplying both sides
of the inequality by Il ;, we obtain the following reformu-
lated inequality:

HA,tf(utJrl) - HA,tflf(ut)
1
< 75HA¢ - Descent-Term; + I1a 4 - M-Term,

+ A - Termy o + A p41 - R-Termy. (8)

This reformulation introduces IIa ¢ as a scaling factor,
which, along with the original Lyapunov function, captures
the impact of Term; 4. The resulting inequality closely par-
allels the approximate descent inequality for SGD, with
additional terms accounting for Adam’s adaptive nature.

The handling of Term; 4 in our analysis framework is a
significant advancement over existing methods. It allows
us to establish stronger convergence guarantees under more
general conditions.

4.4. Deriving Sample Complexity and Almost Sure
Convergence

After establishing the Approximate Descent Inequality, the
next step is to derive the sample complexity and almost sure
convergence results for Adam. The methodology for obtain-
ing these results largely mirrors the approaches traditionally
used in the analysis of SGD. Specifically, the inequality
provides a foundation for bounding the expected decrease in
the loss function, which can then be used to establish both
sample complexity and almost sure convergence.

However, a key difference in our analysis lies in the intro-
duction of the term Il ; within the Approximate Descent

Inequality. This term introduces a new layer of complexity
not present in the standard SGD analysis. In particular, we
are required to bound the p-th moment of the reciprocal of
this term, i.e., E[HZ’;], (p > 1). Due to the unique struc-
ture of IIA 441, determining a bound for this p-th moment
is a non-trivial task.

To address this challenge, we leverage tools from discrete
martingale theory, particularly the Burkholder’s inequality.
It allows us to establish a recursive relationship between
the p-th moment E[IT,",] and the p/2-th moment E[IT ", t/ ).
This recursive structure is crucial as it enables us to itera-

tively bound the higher moments of HZ,It-

Once the recursive relationship is established, we ap-
ply fundamental theorems from measure theory, such as
the Lebesgue’s Monotone Convergence theorem or the
Lebesgue’s Dominated Convergence theorem, to obtain the
final bound on the p-th moment. The detailed process for
bounding E[IT,"] can be found in Lemma C.3, Lemma C.5
and Lemma D.1.

4.5. Establishing Asymptotic L; Convergence

Since we have already proved almost sure convergence in
Theorem 3.2, it is natural to attempt to prove L; conver-
gence via the Lebesgue’s Dominated Convergence theorem.
To achieve this, we need to find a function A that is % -
measurable and satisfies E|h| < 400, and such that for all
t > 1, we have ||V f(w;)|| < |h|. Since for all ¢ we natu-
rally have ||V f(w,)]| < sup>q ||V f(wg)]||, we only need
to prove that E[supys, ||V f(wg)||] < +oc.

This task presents a significant challenge because, within
our analytical framework, we cannot assume that the gra-
dients are uniformly bounded, which means we cannot di-
rectly apply the Lebesgue’s Dominated Convergence theo-
rem. Instead, we need to utilize advanced techniques from
discrete martingale theory, specifically the first hitting time
decomposition method, to obtain a bound on this maximal
expectation. The detailed process can be found in Appendix
D.3.13.

5. Conclusion

We have introduced a novel and comprehensive framework
for analyzing the convergence properties of Adam. Our
frame starts with weak assumptions such as the ABC in-
equality. By identifying the key properties of the learning
rate, handling the momentum term, and establishing the ap-
proximate descent inequality, the frame concludes the sam-
ple complexity, almost surely convergence, and asymptotic
L convergence results of Adam. Our techniques overcome
existing limitations, aligning Adam’s convergence guaran-
tees with those of SGD, thereby justifying Adam’s broad
applicability in machine learning.
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A. Comparison with Prior Works on Stochastic Gradient Assumptions

Our assumption on the stochastic gradient (Assumption 2.3) is relatively mild compared to those in prior works. Here, we
focus on comparing with the traditional affine noise variance condition, coordinate affine noise variance assumption, and the
almost surely bounded stochastic gradient assumption.

Traditional Affine Noise Variance Condition The traditional affine noise variance condition (Affine noise variance) (e.g.,
(Bottou et al., 2018; Nguyen et al., 2018)) assumes that there exist constants B > 0 and C' > 0 such that:

Elllgel? | Zio1] < B|V f(wy)]* + C. ©)

This condition bounds the expected squared norm of the stochastic gradient by a linear function of the squared norm of
the true gradient plus a constant. It is stronger than our ABC inequality because it does not include the term involving the
function value difference f(w;) — f*.

Some works adopt the following form of affine variance noise:
E [llgr — Vf(wy)||? | Fio1] < BI|Vf(wy)||* + C.
It is important to note that, due to the identity
E [llge = VF(w)l* | Feoa] = E [llgell® | Feen] = IV f(wi)]?,

it is straightforward to see that these two forms are equivalent.

Even under this condition, current methods for analyzing Adam encounter significant difficulties. We will explain these
challenges in the proof sketch of Lemma 4.1. Besides, both (Huang et al., 2021) and (Guo et al., 2021) provided convergence
bounds under traditional affine noise variance condition. However, they relied on the assumption for step-size where

<C,VtelT].

1
S H VUL

o0

Coordinate Affine Noise Variance Assumption Wang et al. (2024a) introduce the coordinate affine noise variance
assumption, which requires that each component of the stochastic gradient satisfies an affine noise variance inequality.
Specifically, for each coordinate ¢, there exist constants B, C' > 0 such that:

Elgi; | Fi-1] < B||Vif(wy)|* + C, (10)

where g; ; and V,; f (w;) are the i-th components of g; and V f(w;), respectively.
This assumption is stronger than the traditional affine noise variance condition because it imposes the inequality on each
coordinate individually, rather than on the overall gradient.

Exponential-tailed Affine Variance Noise Condition Certain works, such as (Hong & Lin, 2024), examine the assumption
of affine variance noise with an exponential tail distribution, i.e.,

2
£ [ exp { lge — V £ (wy)] }‘ ?1 <. an

B[V f(wy)|[* +C

This assumption is close to the almost sure form of affine variance noise, specifically ||g;||? < B||V f(w)||? + C as. It
is important to emphasize that this assumption (exponential-tailed affine variance noise condition) is stronger than the
traditional affine variance noise assumption based on the second moment of the stochastic gradient. Furthermore, the
methods developed under this stronger assumption are not applicable to affine variance noise models that rely on the second
moment.

Almost Surely Bounded Stochastic Gradient Assumption Some prior works, such as (He et al., 2023; Xiao et al.,
2024), assume that the stochastic gradients are almost surely bounded. That is, there exists a constant M/ > 0 such that
for all epochs t: ||g¢|| < M almost surely. This is a strong assumption, as it requires that the stochastic gradient norm is
uniformly bounded almost surely at all epochs. In practice, especially in non-convex optimization problems, this assumption

13



A Comprehensive Framework for Analyzing the Convergence of Adam: Bridging the Gap with SGD

is often violated (see Wang et al. 2023). For instance, when optimizing deep neural networks, gradient norms can become
unbounded due to the complexity and non-linearity of the models. Moreover, this assumption implies that the true gradient
is also bounded by M, because ||V f(w;)|> < E[||g¢||* | Ft—1] < M?. Our assumption is clearly weaker than the almost
surely bounded stochastic gradient assumption, as we only require a bound on the expected squared norm of the stochastic
gradient, which can depend on the current function value and gradient norm, rather than a uniform almost sure bound.

Moreover, assuming almost surely bounded stochastic gradients is hard to satisfy in practice and may not reflect realistic
scenarios. As discussed in (Wang et al., 2023; Khaled & Richtarik, 2023), such assumptions can be unrealistic and limit the
applicability of theoretical results.

B. Proofs of the Properties of Adaptive Learning Rates and Momentum Term
B.1. Proof of Property 2

Proof. Due to Algorithm 2.1, we observe that

Vep1 = Bor1ve + (1 — Bois1)grty = (1 - Vit>1).

) =+ 1 o2 (
v
t+ 1)) T I
which means

(t+ 1) 01 = ((E+1)7 = Vvga + 71, > o 12)

This implies that t7v; ; is monotonically non-decreasing. Subsequently, we have

1
Nt Vi, -7

a VUit p B VUL VD a \/ﬂvt,iJr\/ﬁ,u.

Because the numerator is monotonically decreasing and greater than 0, while the denominator is monotonically non-
increasing and greater than 0, we deduce the monotonic non-increasing property of 7,, . O

Ny i

B.2. Proof of Property 3

Proof. For vy ;, we derive the following estimate

01 = Paavoi + (1= B21)gi; = (1 — a)v + aogh ;-

It is immediate to find that 1 S1; < v1,; < S1,. ForV k > 2, by Eq. (12), we have k7vy ; > (k — 1)Yvp_1,; + g%z Then,
by summing up the above iterative equations, we obtain V ¢ > 2,

t

2
v > v1; + E Iki-
=2

Combining the estimate for v; ;, we have V¢ > 2:

t

v > (1 —ap)v+ aogii + Z 91%1
k=2

Then ¢t7v; ; > a1 S;,;, which completes the proof. O
B.3. Proof of Property 4
Proof. According to Algorithm 2.1, we have the following iterative equations

my; = Bimy—1; + (1 — B1)ge,i-

We take the square of the 2-norm on both sides, which yields
mi; = (Bimi—1i + (1= B1)gei)’

14
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= Bimi 1 +281(1 = Br)my—1ige: + (1 — B1)%g7
(a) 5 5
< Bimi_y;+ (1= B1)ge,

In step (a), we used the AM-GM inequality, i.e.,

261 (1 = B)me—1agei < Br(1 = Br)mi_y ; + Bi(1 = B1)gis
that is,
m?,i - m?ﬂ,i <-(1- ﬁl)mgfl,i + (1 — 51)9?@

which completes the proof. O

B.4. Proof of Property 5
Proof. Due to

() = Fue)| = |9 u) (e =) + L o = well?] < 19w = el + L = el

1 Le+1
< SIV @I + =L oy — ]
_ (Ly+1)57
= Lf(us) + 2(1_751)2”\%_1 omy—1|?,
we have
2
F(we) < Fug) + 1 Fw) — Fu)| < (Ly +1)F(ur) + MHM o ma . O

C. Lemmas in Probability Theory and Real Analysis
Lemma C.1. If0 < u < land0 < o < 1 (0 < ) are two constants, then for any positive sequence {1, }, there is

n

n n k
ST < DT i <1/ (1= wo) D e,
i=1 k=1 =1

i=1
where wy := o /p.
Lemma C.2. Suppose that f(x) is differentiable and lower bounded, i.e. f* = inf ¢ pa f(z) > —o00, and V f(x) is
Lipschitz continuous with parameter L > 0, then ¥V x € RY, we have

[Vf@)|)* < 2£(f(x) - ).

Lemma C.3. Let {(X,,, %,)}n>1 be a non-negative adapted process such that :iol X, = M < +00 almost surely,

where M is a finite constant. Define the partial sum of conditional expectations as A = 22:1 E[X,, | #n—1]. Then the
following properties hold.

(i) The sequence {Ar}r>1 converges almost surely, i.e., Ap L350 A, where A =S E[X, | #n-1].

n=1

(ii) Foranyp > 1, the sequence {Ar}r>1 converges in Ly, i.e., limp_, E [|[Ar — A|P] = 0. Meanwhile, the p-th moment
of the limit A is bounded by a constant Cx (p) > 0, where C(p) = o((2M)PpVP).

Lemma C4. Let! € (0,1). Then, for sufficiently large n € N, we have

& T
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Lemma C.5. Let {(X,,, %)} n>1 be a non-negative adapted process such that Z:ﬁ X, = M < +oo almost surely, where

M is a finite constant. For any k > 1, define the partial sum of conditional expectations as Ay, 1 := E::k E[ X, | Fn—k]
Then the following properties hold.

(i) The sequence { Ay v}7>1 converges almost surely, i.e., Ay 225 A®) ywhere A = ::,; E[X, | Zn—k]

(ii) For any p > 1, the sequence { Ay 1} 1>1 converges in Ly, i.e., limp_ o E [|Ak,T — A(k)|p] = 0. Meanwhile, the p-th
moment of the limit A®) is bounded by a constant Cy) (p) > 0, where Cy (p) = o((2M )P (kp)VP).

A(l)

(iii) For any 0 <l < 1, the arbitrary p-th moment of the random variable e™\") exists, where

-5l

The upper bound of this p-th moment depends only on p, I, and M. We denote this upper bound by C.aq) (p, M).

C.1. Proofs of These Lemmas
C.1.1. PROOF OF LEMMA C.1

Proof. The proof of this lemma is through identities. We assume p > o (the case u < o is the similar), and let
wo = log,, o > 1. Then we derive

n k n n n n n k—1
Z‘unfk ngﬂ-wi _ Z Zunfkakfid}i _ Z Z'unfko_k:fi%/}i _ Z (Z <Z> ) i,
k=1 i=1 k=11

1i=1 i=1 k=i i=1 \k=i
k—i
where wy = /. Then combining 1 < Y _7'_, (%) L O
C.1.2. PROOF OF LEMMA C.2
Proof. For Va € RY, define the function
/
o) =1 (41557
where 2’ is a constant point such that z’ — x is parallel to V f(z). By taking the derivative, we obtain
—z \' 2 -z
)=V __, v (x—i—t ) . (13)
IO = Vs T =) o —al
Through the Lipschitz condition of V f(z), we get Vt;, to
.
’ (=) Ve (o)) s
t)—g' ()| = ||V, ., o flz+t Voo flz+t
94 ¢ ) ‘( ez e | g o —2l) ) la’ =]
/ _ / _ _
S V z’fw $+t V z/ —x .T;+t <£t
= e Gl = )l e B
This indicates that ¢'(t) satisfies the Lipschitz condition as well. Then inf;eg g(t) > inf,cga f(x) > —o0. Let g* =
inf,er g(x). Subsequently, V ¢5 € R,
9(0) — g" = g(0) — g(to). (14)

By using the Newton-Leibniz’s formula,

0

0 0
9(0) — glto) = / ¢ (@)da = / (¢/(0) — ¢'(0))dar + / ¢ (0)da

to to to
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Through the Lipschitz condition of ¢/, we get that

0

0
o0) = (t0) > [ —Llo=0lda+ [ 4/ (0)do = 5:(5/0))"

Then we take a special value of ¢y. Let tg = —g¢’(0)/L. We obtain

0 0
90) = g(t0) = = [ Llalda+ [ g0)dt = =50~ t0)* +9/(0)(~to)

1 1 tol (1)
R SNt R PRS- B SV PAY:
= 52 (6 0) + 2 () = 5 (40)°,
Substituting Eq. (15) into Eq. (14), we have
1, 2
9(0) = g" = 5:(4'(0))".
Due to g* > f* and (g’(O))2 = ||V f(x)]?, it follows that
IV £(@)|* < 2L(f(x) - F7). O

C.1.3. PROOF OF LEMMA C.3

Proof. (i) Consider the non-negative adapted process {X,,, %, }n>1 and define the partial sum of conditional expectations
as Ap =" E[X, | Zn 1.

First, we compute the expectation of Ap

=K [Z E[X, | ffnl]] =Y E[X,] <M.

Since X, are non-negative, we know that Ay is a non-decreasing sequence. Because E(Ar) (VT > 1) is also bounded by
M, we apply the Lebesgue’s Monotone Convergence theorem. Thus, Ap converges almost surely to a limit A:

A= lim AT—ZE n | Fn_1] as.

T—o0

This concludes that the sequence of conditional expectation sums converges almost surely.

(i) We begin by normalizing X,, by considering the expression Y,, = g(]\} According to the Lebesgue’s Monotone
Convergence theorem, we only need to prove that

Vp>1, E

iE[YnLgnl]] = M(p) < +oo.

n=1

Next, we proceed with the calculation, and we obtain that V p > 2, there is (Strictly speaking, we should first consider a
. N .. . s

finite N and compute ) _,’_,, and only then take the limit as N — +o00, applying the Lebesgue’s monotone convergence

theorem to obtain the result for Z;l’o:r However, for the sake of simplicity in the proof, we have directly computed Zzo:l D

o) p ) ) p
=E lZE[Yn%_ﬂ =E|> Yo+ > (EYulFn] - Yn)
= n=1 n=1
[e’e) p (b) 1 o) P
Z Y'”|‘g" 1 )/’ﬂ) < 217*1 <2P +E X:I(E[)/nngn—l] - Yn) )

p/2 D1

( p/2
<5+ 27710,

(01
<2+2P gen

Z | ]E[Yn‘y’ﬂfl] - Yn|2 Z Y |yn 1 Yn‘

17
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0 p/2
(1 _ 3,
§§+2p 2Cp_|_2§17 2cp Z Y|ﬁ.n 1]
1 _ 3,
=5+2 20, +22P72C, M (p/2). (16)

In the above derivation, Inequality (a) requires noting that > = 1. Inequality (b) uses the AM-GM inequality,

specifically,

77,1

a+b\? < a? + bP '
2 - 2
Inequality (c) involves using Burkholder’s inequality,' where C,, is a constant depending only on p, and its order with
respect to p is O(p) (see Theorem 5.27 in KHOSHNEVISAN (2006)). Inequality (d) requires noting that

| E[Ya|Fna] - Yn|2 < |EYa|Fnaa] = Yal.

By repeatedly using Equation (16) and using the fact that C}, = O(p), we obtain the following estimate

that is,
E[AP] = o((2M)? - p¥P) O
C.1.4. PROOF OF LEMMA C.4
Proof. Consider the function
f(z) =1V,

with its derivative

f'(x) =1"2V" YInl -z + v/n).

We observe that f is decreasing for z > f . Therefore, we have the following estimate

NS NG NG
1
o< 2, lk’“ﬁ<<fﬁ“> S (i) =0 ()
l k=0 l 1

0<k< Y +1
nT

On the other hand, we can bound the remainder as follows:

k+1
Z Fpvn > Z / P2V dz

k
k> 41 k> 41
nT

In T

k+1 k+1
= Z/ FaVn dy — Z / ZaV™ Ay
k=0"k

k
0<k< Yo +1
nT

00 Vn oo k+1
2/ "2V d — (*/?H) Z/ 1 da
0 1117 k

k=0
:rwml)w(ﬁ)@

()7t

' Burkholder’s inequality: For any martingale {(M,, %) }n>1 with My = 0 almost surely, and for any 1 < p < oo, there exist
constants ¢, > 0 and C}, > 0 depending only on p such that:

o E[(S(M))?] < E[(M™)"] < C, E[(S(M))"],
where M™ = sup,,~, |[My|and S(M) = (ZiZI(Mi — Mi_1)2) 1/2.

18
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Similarly, we have the upper bound

k
Z FEvm < Z / 2V dg
k—1

N

k>1ﬁ+1 k>1nl+1
i i
o Lk
= Z/ P2V dg — Z / P2V da
o k-1 1<he 2241 k—1
nT
o0
</ PVt de = F(\/ﬁ\/—’%ﬂ
0 (ln

Combining the estimates above, we have

k=0

(InHyv™

C.1.5. PROOF OF LEMMA C.5

Proof. (i) Consider the non-negative adapted process { X,,, %, } n>1 and define the partial sum of conditional expectations
as A =0, BIX, | Fn .

Since X, are non-negative, we know that A, 7 is a non-decreasing sequence, and considering that E(Ag ) (VT > 1) is

also bounded by M, we apply the Lebesgue’s Monotone Convergence theorem. Thus, A  converges almost surely to a
limit A%

First, we compute the expectation of Ay 1

T

STEIX, | Zuci]

n=~k

EAyr] =E

o0
A® = lim Apr =) E[X, | Fni] as.
Toso0 k,T Z [ n | n k]
n==k
This concludes that the sequence of conditional expectation sums converges almost surely.

(i) We begin by normalizing X,, by considering the expression Y,, = fM According to the Lebesgue’s Monotone
Convergence theorem, we only need to prove that
oo P
Vp>1, E [Z E[Yn|ﬂn_k]1 := My(p) < +oo0.
n==k

Next, we proceed with the calculation, and we obtain V p > 2, there is:

k—1 e’}
M(p) =E >
_1:0 n==k,n mod k=1
(a) -1 k—1 oo
LI
L 1=0 n=k,n mod k=1
© 1 k-1 [
<5+ 2P C, ) R
=0
@1
< S+, ;]E

p
E[Y,|Zn_i]| =E

oo
n=~k
p

(E[Yn‘ﬂn—k] - Yn)

oo

>

n=k,n mod k=1

n=k,n mod k=1

k—1
Y, + Z

oo

>

1=0 n==k,n mod k=1

(E[Yn|ynfk] - Yn)

(E[Yn|Fnk] = Ya)

o] p
(®) 1
p—1 [ Z —
<2 <2p+E ;(]E[Ynun_l] Y,.) )
p
p/2
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p/2
@1 ok -
<5+ 'TIC, Y R S BNl Fnk] - Yol
1=0 n=k,n mod k=1
N1 = o
SSHPTRTICE | D Bl Fok] - Vel
n=~k
. 0o p/2
_ _ 3 _
< 54_21? 2pp 1Cp_|_2210 2pp 10pE ZE[Y”|§"_1]‘|
n=1

1

=5 +2RTIC+ 227 2P~ 1C, M (p/2). (17

In the above derivation, Inequality (a) is by noting that Z::} Y,, = 3. Inequality (b) uses the AM-GM inequality,
specifically,

a+0b\" < aP + bP .
2 - 2
Inequality (c) involves using the AM-GM inequality for k variables, specifically,

<a1—+—a2—|—...+ak)p - (a’f—!—aé’—!—...—ka’;)
k - k '

Inequality (e) involves using Burkholder’s inequality, where C), is a constant depending only on p, and its order with respect
to p is O(p). Inequality (d) is by noting that

|]E[Yn‘ﬁn—k] - )/n|2 < ‘E[YrJg\n—k} - Ynl
By repeatedly using Equation (17) and using the fact that C), = O(p), we obtain the following estimate
M(p) = o((kp)¥?),

that is,
E[(A®)P] = o((2M)P - (kp)V?).

(iii) For any 0 < [ < 1, we obtain:

+oo +oo 400 400
A(l) = ZE [(Z lt_kXt) ’91@1] = ZE l(Z lth+t> ‘ykl‘|
k=1 t=k k=1 t=0
400 400 400
=> Y E [tiW %_1] => 1'AW.
t=0 k=1 t=0

Next, we apply Holder’s inequality, we obtain V n > 2

+o00 n 1 n—1 +oo
A" = EA® | < () IHAOY™,
0 (z ) < ()" Srao

Then we have:
400 n +o0 n +00 1t A ()0 400 +00 n
AT _ p"E[A(1)"] p to L'(A)" toamyn (P ) L
Ele? ]_7;) n! SZ 1-1 n! _ZZZ(A ) 1-1/) nl!

n=0 t=0
(idi) 400 400 A D noq
e t n n .
Do <§ ST 2M)" - (tp) (1_1) m)

n=0 t=0

X (=, - QM. (p)VR
:(9(2( OW> (12) Qi )

n=0 \t=
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+oo n
Lemma C.4 1 p (2M)n ) (p)ﬁ
Gl DI 1\ Vit (1-1) n!
n=0 (n7)

By substituting the factorial in the denominator with Stirling’s approximation, it is evident that the series inside the O
notation converges and depends only on p, [ and M. The lemma follows. O

D. Supporting Lemmas

This section introduces key lemmas that are essential for the proofs. We start with a diagram illustrating their relationships
with the theorems. Rigorous proofs for all lemmas and theorems follow in the subsequent subsections. Due to its isolated,
lengthy proof, Lemma D.2 is addressed separately at the end of the paper (see Section E for details).

D.1. Dependency Graph of Lemmas and Theorems

Due to the large number of lemmas, we have combined these lemmas with those in the main text and theorems to create a
lemma-theorem dependency graph. We refer the audience to this graph for a whole picture of our proofs, while the reader
may also find the lemmas needed for a specific statement.
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Lemma 4.1 Lemma C.3
Y
Lemma D.2 Lemma D.1 > Theorem 3.3

Lemma D.3 Lemma D.6

Lebesgue’s Dominated Convergence theorem

Lemma D.4 Theorem 3.1
7 A
Y
Lemma D.5 > Lemma D.8 Theorem 3.2
V
Lemma D.7 Lemma D.10 [« Lemma D.9

D.2. Statements of the Lemmas

Lemma D.1. For IIa 7 defined in Equation (5), for any T' > 0 and any p > 1, the p-th moment of its reciprocal is bounded,
ie.,

E 2% | < Coap < +oo,

where Cy, q.p, is a constant that depends only on v, d, and p.

Moreover, we have that H:OO = limy 400 H:t <+ a.s., and for any p > 1, the p-th moment ofl’[&lOo exists, with

B 157, = Gy < 43¢
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Lemma D.2. Consider the Adam algorithm in Algorithm 2.1 and suppose that Assumption 2.1 - 2.3 hold. Then for any
initial point, and T' > 1, the following results hold

T
E[La r(f(wr) — )] = O (ZE 0, o gtn?) +oq),
. t;l
> E =0 (ZE |9, © 9t||2> +0(1),

T
> E[a Al Vif (ug)my 1] = O (ZE 170, 09t||2> +0(1).
3 t=1

1:=1 =

d
Mae Y Gi(t)
i=1

[M]=

t

The specific form of the constants hidden behind the O() notation can be found in Equation (55) and Equation (56). All
constants depend on the initial point and the constants in our required assumptions (excluding 1/ ).

Lemma D.3. Consider the Adam algorithm defined in Algorithm 2.1 and suppose that Assumption 2.1—2.3 hold. Then for
any initial point and ¥ ¢ > 0, we have for any T' > 1, the following inequality holds

A 7V ST d
it S S RV E
(T T 1)¢ S d’U + 2 HA,tA¢,ta (18)

where )
el

¢,t . (t + l)d) St_l )
and St is defined in Remark 4.1.

Lemma D.4. Consider the Adam algorithm defined in Algorithm 2.1 and suppose that Assumptions 2.1 - 2.3 hold. Then for
any initial point and for all T' > 1, there exists a random variable ( such that the following results hold

(a) 0 < ¢ < 400 almost surely, and E(C) is uniformly bounded above by a constant C¢, which depends on the initial point
and the constants in the required assumptions (excluding 1/u). The explicit form of this upper bound is provided in
Equation (29).

(b) /St < (T + 1)4H£’100C, and In (STT) <In(T + 1), where ¢’ <4 (1 + 3In (max {e, HZIOOC}>> .

Lemma D.5. Consider the Adam algorithm defined in Algorithm 2.1 and suppose that Assumption 2.1 - 2.3 hold. Then for
any initial point and T' > 1, the following results hold

T d
, Cuy.s, ifé €(0,1/2),
;IE [HA,t ;Cz(t)} < {05 B (S 50,

where C5 and Cy are constants that depend on the initial point and the constants in our required assumptions (excluding
1/p), and Cy s is a constant that depends on the initial point, 3, and the constants in our required assumptions (excluding

1/p).

Lemma D.6 (Subsequence Convergence). Under Assumptions 2.1 - 2.3, consider the Adam algorithm (Algorithm 2.1)
with hyperparameters as specified in Subsection 2.4, where 6 > 0. Then, there exists a subsequence {w., }+>1 such that its
gradients converge to zero almost surely, i.e., lim;_, |V f(we,)|| =0 a.s.

Lemma D.7. Consider the Adam algorithm defined in Algorithm 2.1 and assume that Assumptions 2.1 - 2.3 hold. Then, for
any initial point and for all T' > 1, the following results hold

- When 6 = 0, we have

HA,t(f(wt) *f*) HA,t(f(wt) *f*)
tzg) In?(t +1) < oo s ;15 e In?(t + 1)

< My < +o0.
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- When § > 0, we have

ig?HA’t(f(wt) — ) < 40 as, s}gE[HA,t(f(wt) — )] < M5 < 4o0.

In the above equations, My and M are two constants that depend on the initial point and the constants in our assumptions
(excluding 1/ ).

Lemma D.8. Consider the Adam algorithm defined in Algorithm 2.1 and suppose that Assumption 2.1 - 2.3 hold. Then for
any initial point, for all T > 1, i € [1,d], there is

E(S3/4) _ O(T3/4)7 lf5 € (07 1/2)a
T O(T3¥*m*?T), ifé =0,

where constants hidden in O() depend on the initial point and the constants in our required assumptions (excluding 1/ ).

Lemma D.9. Under Assumptions 2.1 - 2.3, consider the Adam algorithm (Algorithm 2.1) with the hyperparameters specified
in Subsection 2.4. Then, for any t > 1, the following inequality holds

sup E[HA,tva <
t>1

E[lla2X0,] + (A + 2Ly B)Ms + C, if6 € (0,1/2),
E[lla 28] + (A+2LB)MoIn®t +C, if§=0.

Furthermore, if A > 1, then

sup E[IIa 1 %,,] <
>1

{<<A+2LfB>Ma+C> = e 0 €(0,1/2)

((A+2LsB)My + C) S5 s, if6=0

Additionally,

sup X, < +00  a.s.
t>1

Lemma D.10. Under Assumption 2.1 - 2.3, consider the Adam algorithm (Algorithm 2.1) with hyperparameters in
Subsection 2.4 with v > 1, § > 0. Then for any initial point, the following results hold

+oo +oo +oo
ZntHVf(wt)HQ < +o0 as., ZntHVf(ut)HQ < +o0 a.s., and Z 110, © my]|* < 400 as.
t=1 t=1 t=1

D.3. Proofs of the Lemmas and the Theorems
D.3.1. PROOF OF LEMMA D.1

Proof. Consider the case where T is finite. For any T' € (0, +00), the exponential-logarithmic transformation can be
applied to TT ", resulting in
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It can be readily verified that Z?Zl A ; in the inequality above satisfies all the properties of X; outlined in Lemma C.5.
Consequently, by Lemma C.5, we deduce that for any 0 < 7' < 400 and any p > 1, the p-th moment of its reciprocal is
bounded, i.e.,

E {H;{’T} < Chap < +00,
where C, 4, is a constant depending only on v, d, and p. Letting ' — +o00 and applying the Lebesgue’s Monotone
Convergence Theorem, we obtain

8 [152.] < Cuay < 1o

O

D.3.2. PROOFS OF LEMMA 4.1

Proof. By the L-smoothness in Assumption 2.2, we have:

L
Flupr) = fug) < VFu) " (wpr —ue) + 7f||ut+1 — |
Then, by substituting the iterative formula for u; from Equation (2) into the above inequality, we obtain
d
Fuern) = Fue) <= 0o, i Vif (ue)gr.i +1 g Z A Vif(ue)me—yi + Ly th,zgt i
i=1 i=1
5 d
+ Lf( ) Z mt 1,2
d
== e Vif(w) g+ Z(nvt,i(vif(wt) = Vif(w))ge)
i=1 i=1
@t,l @t,Z
B
Z At zv f(ut)mt 1,2 +Lf Z nvf,zgt %
i=1
O¢3
B\ v
+ L (75 ) Do Abmi,. (19)
1=6/ =
O¢,a

Step (a) employs the identity V; f(u;) = V;f(we) + Vif(ur) — Vi f(w). Next, we handle O 1, ©; 2, O3 and Oy 4
separately. First, for ©, 1, we use the following identity.

@tl— vat vawt gt = — an 1,0 wt gtz+ZAt1v f(wt)gfz

=1

:—Zm, Li(Vif (wr) +2Amw wy 9m+2% ViVl (W) (Vi f (wi) = ges), (20)

=1 i) 1=1 =1

O¢1,1 My 1

where A, ; in the above equality represents the i-th component of the vector A, which is defined in Equation (2). In this

way, we decompose ©; into a descent term — Zle Ci(t), an error term Oy 1 1, and a martingale difference term M, ;. We
will further scale and control the error term ©y ; ;. Specifically, we have

d
Oi11 = ZE Ay Vif(we)gei | Fi-i)

i=1
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d
+ Z (At,ivif(wt)gt,i -E [At,ivif(wt)gt,i | 5‘}71} )

i=1

My 2

(a)
va Fw)E [V Bragei | Foor] + My

vaz Li(Vaf (we))? + 3 ZEQ (VAL | Froa] + M
i=1
) 1 1
=2 Z Gt + 2 ZE[QE,i | Zi1] -E[Av; | Fooi] + Mo
i=1 i—1

d d
1 1
=3 ; “0%3 ;E[g?’i | Fea] - E[Ari | Froa] + My

d d d
= %Zg(t) T % (ZE[gfl | ft—ﬂ) ) <ZE[AM | jt—l]) + Mo
i=1 i=1 i=1

@ 1 & 1 d
<3 ; Gt) +5 ((A +2LsB) f(we) + c) : <;E[At,i | f/‘t_l]> + M,s
1 1 d
9 ;Q(t) + §(A +2LsB) f(we) - <;E[Am | 5%—1])
d
+C<ZE[AM \ ft—1]> + M,
1 - 1 d d
D) ;Cl(t) + 5(‘4 +2L¢B)f(wy) - (;E[Atz | ﬁtﬂ) + C;Am—
A,
d
<Z ( Atz | Fi_ 1} At,i)) +M; 5. Q21
=1

M3

In the above derivation, in step (a), we utilized the property of conditional expectation, which states that for random variables
X € #,_1andY € #,, we have E[XY|%#,_1]| = XE[Y|.#,_1]. Additionally, note that A, ; = \/TH Ay <
Vo1 \/TH (due to Property 2, we know A, ; > 0, so taking the square root is well-defined). In step (b), we employed
the AM-GM inequality, which states ab < #. In step (¢), we used the Cauchy-Schwarz inequality for conditional
expectations, namely E[XY|.Z,,_1] < \/E[X2|.%,,_1] E[Y2|.%,,_1]. For step (d), we used Property 1. Specifically, we
have

d
> Elg7 | Fi-1] = Ellg:l*[Fe1] < (A+2LsB)f(w:) + C.
i=1
Substituting the estimate of ©; ; ; into Equation (21), we obtain

A+2L:B d
Or1=-3 ZG 7fﬁt Flw) +CY  Api+ My + Mo+ M.

i=1

M,
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Then, we use Property 5 to replace f(w;) with f(u;) to obtain

d d
1 (A+2LyB)(Ly+1)—
@t1=—*z_:@(t)+ 5 At-f(ut)—FC;Am
(Ly +1)B¢ 2
— = ||n, _ M;. 22
+ T o mual 4+ M, @)
Next, we handle the term O, o through the following derivation.
1
O = 3 Z Noei(Vif(we) — Vif(ue))gei)
1
< Zﬁgt,ig?,i t3 Z(Vif(wt) — Vif(ur))?
i=1 i=1
d 1
= ant,igt%i + gHVf(wt) — Vf(u)|?
i=1
d L?c
< ant,ig?,i + 7““’1& — uy)?
BiLY
= th,zgm S oy e ol (23)
Next, we handle the term ©, 3. We have
d d
O3 = ZAt,ivif(ut)mtfl,i < ZAt,i|vif(ut)mt71,i . (24)
i=1 i=1
For ©, 4, because A;; < 1, _, i, we obtain that
d
675 4 = ZAt zmt 1,i < ant,l,imgfl,i = Hn’l)t—l © mt*1||2' (25)

Finally, substituting the estimates of ©; ; from Equation (22), ©; 5 from Equation (23), ©, 3 from Equation (24), and ©; 4
from Equation (25) back into Equation (19), we obtain

d d
(f(ut+1)—f*+cz77m,z‘>—(f(ut)—f*+cz77vt1,i>§ %ZQ t) + C1l - f(ue)
=1 =1

f(ut+1) f(ut)

d d
+ Colln,_, o mua >+ Al Vif (we)yma—vil + (Lp +1) Y 02, 97, + My,

i=1 i=1

where

Cl =

212
(A+2L;B)(L; +1) By (51 )2_ (26)

2 » Coi= 21— f1)2 1— 5

To the second term on the right side of the above inequality, we apply the inequality $[f(u:) < f(uy) — f* +
C Z?Zl Mo, 1.« = f(u;) and then move the expanded term to the left side of the inequality. This obtains

d
Flurs) = (1 B flw) <= 3 3760 + CBy - f(w)
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d

+ Callny,_, omea|* + ZAt,i|Vif(Ut)mt—1,z‘|
i=1
d

+(Ly+1) ant,ig?,i + M;.
i=1

Next, we define

d 00
Amn: Z [Z VB AT

Observe that D
1+CiA, <1+ <11+1>AW—1¢,

where D is defined in Lemma E.2. Thus, we have

flurgr) — <1 + <1_D\1/ﬂ—1 + 1) A\/,(Tl,t) Flue) < - %ZQ(@ + CrA - f(uy)

+ Callny,_, © mt—1||2 + Z Ag | Vif(ug)me—14
i=1
d

+(Ly+1) Z 773,,,1‘9?,1‘ + M;.

i=1
Next, we construct an auxiliary variable

t

D o -1
HA,t = H (1 + <1_\1/B>1 + 1) Am,k) (t 2 1), HA7O = 1.

k=1
Multiplying both sides of the above inequality by II ;, we obtain

d d
A A 1
O f(uegr) = A -1 fug) < — §HA,t ; Gi(t) + Callno,_, © ma—z” + ZAt,i|vif(ut)mt—l,i

i=1
d

+ (Lf +1) ant,igtz,i + 1A e M.
i=1

With the inequality, we complete the proof. O

D.3.3. PROOF OF LEMMA D.3

Proof. For any ¢ € R, we consider (7\”/4;¢ We have

T

VSt St _ So+ 3 llgll? So 3 gt
(T+1)¢  (T+1)°/Sy  (T+1)°/Sr (T +1)*V/Sr (T +1)%/Sr

So D el? 9]/
+ < V/So+
(T+1)¢\ﬁsT ; T+1)?/Sr ~ Z (t+1)¢/S;_4

2
Va4 loel®
Y ;(H—l)¢ Si_1

By multiplying both sides of the above inequality by IIa 7 and noting the monotonicity of {IIa ¢ }:>1 as well as the fact
that IIn 7 < 1 forall T" > 1, the lemma follows. O
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D.3.4. PROOF OF LEMMA D.4
Proof. We take ¢ = 4 in Lemma D.3 and bound the expectation of the partial sum Zthl Ay . We have

Tl g2 i
t—l—l) St 1

T

T T
ZHA,tA4,t‘| = ZE[HA?&AM] = ZE
t=1

t=1 t=1

t+1)4 S

mmMMMA]

Propertyl A + 2LfB)HA,t(f(wt) - f*) +C

(t+1)*/8,_

T T
Z E[a(fw) = F+Ca ) gy @7
t=1 t=1
Where A+20:B c
Cy = 22207 , Oy = —.
’ NET TS

Based on the results in Lemma D.2, we can compute:

B [Ma e (f(we) = f5)] = (ZEH% ng|2> +0(1) = 0(1).

k=1

Substitute the above result into Equation (27), and combine ¥V p > 2

K| G X1 ox?
< <D E=%
sl Ch b e S G M= L
We get
T
> Tashae| =O(1).
t=1

It can be observed that the right-hand side of the above inequality is independent of 7. Thus, according to the Lebesgue’s
Monotone Convergence theorem, we have

T “+o00
ZHA,tA4,t — ZHA¢A4¢ a.s.,

and
“+oo
ZHA tA4t = hm E ZHA tA4t == hrn ZE HA fA4 f] == O(l)
t=1 t=1
By setting
“+o0
Ci=Vdvo+) TasAay,
t=1
and combining Lemma D.3, we have
VS STILIA(T 4+ 1)%¢ < L (T +1)%¢. (28)

Meanwhile,

E[] = Vdv +E = 0(1). (29)

+oo
> A
t=1

Then through Equation (28), we have
1
21(&><4MT+D+m@hwo
v
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<4In(T+1)+1In (maX {67 H;}OOC})

< (142 (min{(; E{)OOC})

In(T+1)>1/2

< 4T+ 1) <1 + %m (max {e,ng}wg}» .

The lemma follows O

D.3.5. PROOF OF LEMMA D.5

Proof. According to the second conclusion of Lemma D.2, we have

T d ] T
STE|Maed G| =0 (ZElmt ogt||2> +o).
t=1 =1 |

t=1
To prove the conclusion of this lemma, we only need to bound Zthl E ||1,, © g¢||. Specifically,

d

d T d 2
1t 9% 1 gi,
Eln, ogl® =B | > nb, 00| =B |) 5| <E|) 552
; e | ; (VVr,i + )2 ; 29 tug
Property 3 (t + 1)25 d 1 thZ
< — K _ 30
< ; SR (30)
226 152

< —g‘zH;’oo Z i

In step (a) of the above derivation, we apply Lemma D.4 to (t +1)%9. Specifically, according to Lemma D.4, we have
VS < T3l (¢ + 1)

Next, with the estimate for E ||, o g;||?, we can estimate Zthl E ||7,, © g¢||*. To achieve this, note that

T s St,i
;Emtogtw:E[C HZOOZZ 1+6 *<2HA Z/ ]

zltl

3D

s
+1

226

by {g T, Oo} . ifde(0,1/2)

26 .
E[n(5F)], if6=0
® [0(), ifd € (0,1/2)
< . 32
—{dfjéﬂa[ln(i‘g)], if5 =0 G2
In step (b), we used the following inequality, i.e. the Holder’s inequality, to obtain the O(1) result
5.8 4-5 _ 25 | LemmaD.1 and D.4 5/4
E[@HA;O} <E*4[(]-E' [HA;O] < cl c 3 _=o).
This completes the proof. O

D.3.6. PROOF OF LEMMA D.7

Proof. We only present the case where § = 0. The case where § > 0 can be treated using exactly the same approach. Recall
the approximate descent inequality (Lemma 4.1)

d d
A " 1
Oaef(uerr) — a1 f(ur) < — A E Gi(t) + Callmo,_, o my—a|* + E ApilVif(ug)me—1,
=1

i=1
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d

+(Ly+1) ant,igtz,i + A M.
i=1

We divide both sides of the above inequality by In*(¢ + 1). Noticing that In*(t + 1) < In*(t + 2), we obtain

i (Ut)mt—l,i|

5 " d
Iaef(uer)  Hae—1f(ue) <0 170, © me—1||? L Z Ay

33
In?(t + 2) In?(t4+1) ~ In?(t+1) pot In?(t + 1) 53
d 2 9
Mo, ,i9%i M,
F(Lp+1)Y ety : 34
(Ls );m?(tﬂ) St + 1) GY
Assign
d d 2 9
70,1 © M1 ? A Vif(ug)me—1,| Mo, ,i9%i
O =Co———F— + : — 4+ (Lf+1 —
(A S ; n2(t + 1) Ly >; n2(t + 1)
For the term 3,7 E[(2,], we can estimate it as
+oo 2 +oo d
E ||77'ut O Mmy— 1|| At ’L|v f ut)mt 1 2”
> _El]:= Z e ) S e+ 1
t=1 t=1 i=1 +1)
d +<>o
771) ’Lgt %
L + 1 —Uvg,edted
E[n3, i9%:]
h+30 (ZE [ st
= et In“(t+1)
(b ! = Eln,.i9%.4]
peyof 3 u|eilh
i=1 t=1,5;;>2v In® (Sy./v)
In step (a), we use Property 4 and Lemma D.2. In step (b), we use the last result from Lemma D.4, which states
In (S“) <In (é) < ¢'In(T + 1).
v v
Then, using the series-integral inequality, we bound Zt 1 E[€2] and obtain
+00 d oo (CIQ)gtz,‘i
S el <o +o (3 e ]
= P 1s“>2v1 (%557
d “+oo </2
<0O(1)+0 / dz
Zz: zln? 2z
= 0(1) + O(E[¢")).
Next, we use the explicit expression for ¢’ given in Lemma D.4 to bound E[¢"?]. We have:
1
]Ek/?] =FE [16 (1 + §1n (max {&HA}MC})H < +o0.
As a result, we have
ZIE ] < +o0. (35)
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According to the Lebesgue’s Monotone Convergence theorem, we know that the above result implies

—+oo
Z]E[Qﬂyt,l] < 400 a.s. (36)

t=1

Next, we take the conditional expectation with respect to .%;_1 on both sides of Equation (33), which obtains

T f(uerr) P T f(u)
—_— < 2 + E[Q|%# 1] + 0. 37
n2( + 2) n2(t + 1) ul Fe] G7
Based on the result from Equation (36) and the Supermartingale Convergence theorem, we deduce that %fﬁ’)) converges

almost surely. Then, according to Property 5, we bound f(w;) — f* using f (uy). This concludes our first result. Next, we
take the expectation on both sides of Equation (33), which yields

HA,tf(ut)
In?(t 4 1)

T i1 f (uen)

1+ 2) + E[Q] + 0. (38)

Based on the convergence result of the expectation summation in Equation (35) and a summation formula for a recursive
sequence, we conclude our second result. Thus, the analysis for the case 6 = 0 has been completed. The case § > 0 could
be analyzed using the same method, which concludes the lemma. O

D.3.7. PROOF OF LEMMA D.8

Proof. Since the case of § > 0 is relatively straightforward, we first analyze the scenario where § > 0. According to the
second conclusion for 6 > 0 in Lemma D.7, we obtain

; _ P p Holder’s inequality _
B[Sy = B ISy < BV LY B A St

Then according to Lemma D.1, we have E[HK?T] < Cy,a,3. For the other term, E[ITx 7S7], we can handle the term as
follows.

E[IarS7] < So+ E

T
ZHA,THth]

t=1

T
NG Z ||9t|21 <dv+E
t=1
T

=dv+ Y E[TarE[|g)?Fi1]]

t=1
Property 1 T
dv+ ) E[Tar((A+2LsB)(f(w) — ) +C)]
t=1
Lemma D.7
< dv+ ((A+2LsB)M;s+ C)T.
This implies
E[\/S1] < O (dv + (A + 2Ly B)M;s + C)T*/* = O(T%/4).

For the case where § = 0, we use the same approach as in the case of § > 0 and apply the corresponding conclusion for

6 = 0 from Lemma D.7. Thus, we obtain
E[S3/*] = O(T***/? T). O

D.3.8. PROOF OF LEMMA D.9

Proof. We discuss two cases based on the value of A. In the first case, when A = 1, we have
1 1
—(1- —) gt (V>
V41 ( P 'Ut+t+19t (Vt>1),
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that is
(t + 1)Ut+1 = t’l)t + 952.

Summing over all the coordinates, we obtain
(t+ 1)y, = 50, + gl
Multiplying both sides of the above equation by IIA ¢, and noting that ITx ; > IIA ;1, we have
(t + I)HAﬂf-‘rlEUHl = tHA,tZUt + HA,t”gtH2'
Taking the expectation on both sides, we obtain
(t+ 1) E[a 14130,,,] < tE[A S0, ] + E[IIA¢llg:]°]
= tE[lla,¢%,] + E[a ¢ E[l|g: [ F1-1]]
Property 1 N
< tE[MasS, ]+ (A4 2Ly B)E[a(f(wi) — f5)]+C
< 1E[lIaE0] + (4 + 2Ly B) (sup Ellla o(f(w) — )]) +C
t>1

tE[Ma +X,,] + (A+ 2L B)MyIn®t +C, if§=0

By iterating the above inequality, we finally have

(t + 1) E[HA7t+1EUt+1] <

E[lla 250, ] 4+ ((A+2LyB)M; + C)t, if § € (0,1/2)
E[lla 2%, ] + ((A+2L;B)Myln*t+ C)t, if5=0 '

This implies that for any ¢t > 1,

E[lla 2%, ] + (A + 2L B)M;s + C, if § € (0,1/2)
E[a 2%y, ] + (A+ 2L B)MyIn®t 4+ C, if§ =0

EIA 4120, < { ;
that is

supE[a 1X,,] <
t>1

E[a 25, ] + (A + 2L B)Ms + C, if 6 € (0,1/2)
E[a 250, ] + (A+ 2L B)MyIn®t + C, if§ =0

Next, we discuss the scenario when A > 1. In this case, we have the following inequality.

1
Yo <50+ ————lg: %
t+1 — t + (t—l—l))‘HgtH

‘We multiply both sides of the above inequality by Il ; and, noting its monotonicity, we have

A 9
II b <IIa 42, : .
At+1 < Ha 2, + (+ 12 llg:ll

V41

Taking the conditional expectation with respect to .%;_1 on both sides of the inequality, we have

ITA ¢

EIA 14120, [ Fi-1] < a2y, + m

E[IA +]|ge]|?-Fe-1]-

According to Property 1 and Lemma D.7, we obtain

g | N
2 RO 2 Z,
2 1 EMa 12

33
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((A+ 2L B)sup,>y (Ma(f(we) — f*)) +C) - /5% (t+11)m if § € (0,1/2)
((A+2LfB) Sup;>1q (% ) Zt 1 (211?*7 if6 =0
<400 as.

By the Supermartingale Convergence theorem, we obtain that IIa X, converges almost surely, which implies that
sup;sq A +2,, < 400 a.s. According to Lemma D.1, where sup,- Hglt < +o0 a.s., we can immediately deduce that
SUpys; Xy, < 400 a.s. Next, we prove that the expected supremum is finite. Taking the expectation on both sides of
Equation (40), we obtain

E [Ma 4150, ] <E[MasZ,] + E[Ia ¢llg:]%).

1
(t+1)*
By summing the above recursive inequalities and using the results from Property 1 and Lemma D.7, we can easily prove that

{((A+2LfB)M5+C) S (M)A, if § € (0,1/2) g

((A+2L;B)My + C) 12 (tljlrl;“ if6=0

supE[lIa +X,,] <
t>1

With this inequality we complete the proof. O

D.3.9. PROOF OF LEMMA D.10

Proof. According to the result from Lemma D.5, it is straightforward to see that when ¢ > 0,
- ||V f ()|
IE{H “t} ]E{HAt Vif(wy)) ]
2 ST E: ﬁ;j——EZ
<YE s S ]
t=1 i=1

< Cy5 < +00.

Next, we apply the Lebesgue’s Monotone Convergence theorem

” < 400 a.s.

gy e[ V(w2
Sy, eV Gl
Evt—l + 1%

Then, by combining the almost surely boundedness of sup, - HZ.,lt and sup,>; ¥, from Lemma D.1 and Lemma D.9, it
follows

+00 too
Yol V)P < IV )P+ -tV f (wo)?

t=1 t=2
- 77t 1||Vf(wt)||2
< ||V f(w 2+<suH3/2>'< sup IT E”t+) Ha
V£ (o)l + (supTa3ss) - ( fsupTlasSe, + 4 EZ Y
< +00 a.s.

According to the L-smoothness assumption (Assumption 2.2), it is immediate that

Ly B

19wl = IV 5 )l < Eslws = el = 22

||77vf,_1 o mt—1||7

that is,

2
HVfwawszVfwwn+ f%nmwlmm_m)

RSk

< 2||vf(wt)||2 (1 6 )2 ant 1 OMg— 1||
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This implies

267 &2
Zmlw up) \\2<2Znt|Vf w2+ 2 1QZ||nvt , omy_1*.

t=1 t=1

According to Property 5, for any 6 > 0,

<1Li5511> ZE”TIW 1 O Myg— 1H2 <0 <ZE77U,: Ogt||2> +O( )

t=1

Eq. (32)
< 0O().

Applying the Lebesgue’s Monotone Convergence theorem, we obtain

L3 2T
(”) S 0y 0 muca|)? < 400 as., 41)
1-p1) &=
that is
2 2 fﬁl = 2
ZmHVf u)| <2277t||Vf we) |7+ =5 QZH% Lom_1||” < +oo as.. O
t=1 t=1 t=1

D.3.10. PROOF OF THEOREM 3.1

Proof. According to Lemma D.5, we have:

a Cus, if 5 € (0,1/2)
ZE[HMZ@ } {c5+06 E[In(Sr)], ifd=0 '

According to the monotonicity of 7,, ; in Property 2 and the monotonicity of IIx ; itself, we obtain the following inequality.

IVfwll} { } Cus, itd € (0,1/2)
TTES(for + ) ;;E HATZQ Cs + CsEIn(Sr)], if6=0 ’

T

ZE Ia,

t=1

For the leftmost part of the above inequality, we apply the Cauchy-Schwarz inequality and obtain

E [T (Vor + )] (ZE[ W])zﬂi

T
TTE(Jor 1 1) 2 Ivs@IlE |

which means

T -1 lis .
) Cas E[IL T4 (\for + )], ifd €(0,1/2)
2 IVitwol?) < {05 E [0 T3 (or + p)] + Co B [T T3 (or + p)] E [In(Sp)], if6=0 '

Combining the results from Lemma D.8, Lemma D.9 and Lemma D.1, we obtain

E (I35 7440 (yor + )] < 27448\ [ERY ] Ela(or + 122)
CL2OTHH0),  ify > 1
1/2 .
<QCVToMEt), ity =1,48€(0,1]
C)/1:0(WTIT), ity=1,05=0.

~
= N

S
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and

O(InT), if § € (0,1/2)

E[In(Sy)] = gEunw%“n < > W(E[SYY) = { OnT) + Ol T), 50

Combining the two estimates above, we finally obtain

O(T=+9), if§ € (0,1/2)
ZHW w)|2| <{OGWTIT), ify>1, §=0 (42)
OWTI?T), ify=1, §=0.

This implies that for any s € (0, 1), the inequality

=
S

iy o
72 V@)l < 0(;
t=1 )

L ) if 5 € (0,1/2)
. ify>1, 0=0 O
)7 ify=1, 6=0

53

mm"‘ J)m"—‘ mw"—'
S5

n2

VT

S

holds with probability at least 1 — s.

D.3.11. PROOF OF LEMMA D.6

Proof. From Eq. (42), we have V ¢ty > 0,

T
SV Fw)]2] =0.

t=to

i B[, it 197w <

T+4oo |to<t<T —>+oo T—ty+1

Since, for a fixed to, the sequence {inf,<;<7 | f(w¢)|}7,, is monotonically decreasing and non-negative, by the
Lebesgue’s Monotone Convergence theorem, we readily obtain:

E | f 197l 2| w19 50l] = tim E[ g 197000] <0

TS 400 to<t<T

The second equality follows from the Lebesgue’s Monotone Convergence theorem, which allows the interchange of the
limit and expectation. Since inf;~, ||V f(w;)|| > 0, we can directly deduce that inf,~., ||V f(w:)|| = 0 a.s., from the fact
that E [inf;~, |V f(w:)||]] = 0. Furthermore, given the arbitrariness of ¢y, we can obtain that there exists a subsequence
{wct}t21 of {wt}t21 such that
lim ||V f(we,)]| =0 as.
t—+4o00

This completes the proof. O

D.3.12. PROOF OF THEOREM 3.2

Proof. According to Lemma D.10, we have

Lfﬁ1
-5

This implies that we only need to prove lim;_, ; ||V f(ut)]] = 0 a.s. To achieve this objective, we proceed as follows.

IV F )l = IV fu)ll] < Lyllwe — | = 170,y 0 M1 = 0 as.

For any [ > 0, we construct the following stopping time> sequence {Tintn>1:
pr=min{t > 1: ||V f(u)l] > 1}, me :=min{t > 71 |VF(w)| <},
*In this paper, we adopt the following definition of stopping time: Let 7 be a random variable defined on the filtered probability space

(2, Z,(Fn)nen, P) with values in N U {4o00}. Then 7 is called a stopping time (with respect to the filtration (%, )nen) if the condition
{r = n} € %, holds for all n.
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ceey

Tiok—1 = min{t > Tiok—2 - ||Vf(ut)|| > l}, Tiok 1= min{t > Tiok—1: HVf(ut)H < l}

According to the subsequence convergence result in Lemma D.6, we know that when 7951 < +o00o (V k > 1), it must hold
that 79, < +00 a.s. We now discuss two cases.

1. When there exists some ko > 1 such that 9,1 = 00, this implies that eventually {||V f ()| }+>1 will remain below
l,ie.,

limsup ||V f(u)]] < L. (43)
t——+o0

2. Next, we focus on the second case, where for all 7o _1, we have 79 _1 < +o0. In this situation, we examine the behavior
of sup,,, | <j<rp, [IV.f(u)||. We have

sup  [[Vf(u)| <l+  sup  [[VF(ud)ll = [IVF(ury_ 1)

Top—1 <t<Tok Tok—1<t<Tok

Tor—1
§l+< > |Vf(Ut)||—||Vf(ut_1)ll\>

t=Top_1—1

1-smooth T2k 1
S (L Y M-l

t=7op_1—1

Eq. (2) a1
Ciin (5 e

t=Top-1—1

Tk,1

ﬂ1L2 Tor—1
+1_51 S llAvome] |-

t=Top—1—1

Ti,2

Our next goal is to prove separately that limsup,_, , . Tx,1 = 0 a.s. and limsupy,_,, ., T2 = 0 a.s. For Ty, 1, we have

Tor—1 Tor—1
rm:( $ umtom) =( S S |gm)
t=Top_1—1 t=Tor_1—11=1

( oy ) ( 5yl )
— )2 < 'L
thkllzl\/a_‘_'u t=7or_1—11i=1
_ 1
1

( 2&: Zﬁtﬂ‘:\gtz”/t 1])

tTlelll

( zi Znt |91, — Ellgel .7 ]))

t=Torp_1—11i=1

1 Torp—1 d
( ntIE[Igtllﬁtﬂ) + ( >0 > mlgel = Ellgeall Fia)) | -
t=7or_1—1

t=Top_1—1i=1

‘:M—‘

“:\H

Tr,1,1 Tk,1,2

For T, 1,1, we have
Property 1 Tar 1
Tri1 < Z e ((A+ 2L B)(f(we) — f*) + C)

t=7op_1—1

37



A Comprehensive Framework for Analyzing the Convergence of Adam: Bridging the Gap with SGD

S((A+2LfB)Sup(f(wt)f*)+0)’< Zki m)

t21 t=7or_1—1

t>1 t=Top_1—1

Top—1
(S) l2((A4—2LfB)bup(f( )=+ C): (nml " ( Z mHVf(Ut)2>>.

21 t=Tagp—1
In step (a), this is due to the fact that, over the interval [ra5_1, Tox ), we always have ||V f(u;)||? > [2. Based on Lemma

D.10, we know that
+oo

Z”t”Vf(ut)H2 < 400 as.

t=1

By applying the Cauchy’s convergence principle, we can prove that

Tgkfl
li 2=0 as.
9 > V()| as
(=T2k—1

On the other hand, it is evident that limy_, o 9r,, , = 0. Meanwhile, based on Lemma D.7 and Lemma D.1, we have

sup(f(we) — f*) < (supl'[A t) . <§1§1) (Ta 41 (f(wy) — f*))) < 400 as.

t>1 t>1
Therefore,

limsupYr 11 = lim Yg;71=0.
k——+oc0 k—+oo

For T, 1,2, we consider the following martingale difference sequence

T d
Xr =3 mellgeil — Ellgel | Fi-a)).

t=1 i=1

We can compute
—+oo
> E (Zm 9.l — Ellgeal | Fia ) ‘5@ 1] <dZmZE (lge.i| — Ellgel | Fi-1])?]
t=1
+oo
gdZUEZE[Hgt\P | Fi-1]

Property 1 o
SO 33 (2L, B)sup(f(we) = £) +C)
P t>1
d 400
<dz ( (A+ 2LfB)(bupHA t) (sup(f(wt) -+ C)) : an
i=1 =1 t=1
Lemma D.1 and D.7
< + 00 as.
By the Martingale Convergence theorem, we obtain
+oo d
Pl Xr =323 mlloesl - Ellas] | Fioa]) < 00 a5
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Using the Cauchy’s Convergence principle, we prove that
T2k — 1 d

li T = 1l il — E[|lgs.il|Fi-1]) =0 as.
s Tio = lm 0 Y mllgwil ~Ellguill Fia)) =0 as

k—+o0 Foo t=Tor_1—11=1

Combining the above two limit proofs for T; ; ; and Ty ; 2, we conclude that

limsup Y1 =0 as.
k— 400

Similarly, it can be shown that lim;_, y . T 2 = 0 a.s. Combining the limit results for Y, ; and YT}, », we conclude that

limsup  sup ||V f(u)|| <I+0=1.

k—+4o00 Top—1<t<Toi
Moreover, combining sup,,, <;<r,, ., ||V f(u¢)|| <, we can deduce that

limsup ||V f(u)| <1 as.
t—4o0

Then, due to the arbitrariness of [, we conclude that

limsup [[Vf(u)|| =0 as.
t——+oo

This implies that
tl}gloo IVf(us)]] =0 as. O

D.3.13. PROOF OF THEOREM 3.3

Proof. Since we have already proved the almost sure convergence in Theorem 3.2, it is natural to attempt to prove L;
convergence via the Lebesgue’s Dominated Convergence theorem. To achieve this, we need to find a function h that is
Foo-measurable and satisfies E |h| < 400, and such that for all ¢ > 1, we have ||V f(w;)|| < |h|. Since for all ¢, we
naturally have ||V f(w;)|| < supys>q ||V f(wk)||, we only need to prove that E[sup;,~ ||V f(wyi)||]] < +00. We proceed to
achieve this goal in the rest of the proof. B

Recall the Approximate Descent Inequality (Lemma 4.1). We have

d d
; . 1
Haef(uerr) = Hag-1f(u) < = Slay DG+ Collne, s omua|? + ) Al Vif (ug)mi—1l
=1 =1
d
+(Ly+1)> m5, 900+ a M. (44)

i=1
For any A > 0, define the stopping time 7 as the first time the sequence {ITa ; f (ue) }i>1 exceeds A, ie.,
7y = min{t > 2 : Ta, fug) > A}

It can be rigorously verified that 7 is a stopping time with respect to the filtration {.%; },>1, and satisfies a special property
[T = n] € #,_1 forall n > 1. This implies that the preceding time 7, — 1 is also a stopping time. Next, for any
deterministic time 7' > 3, we define 7, 7 := 7x A T. We then sum the indices of Equation (44) from 1 to 7 — 1.
Specifically, we have

T, 7—1 ™71 d
a1 f(try ) <Haof(wa) +Co D e omal®+ Y Y AGlVif(w)mii
t=1 t=1 =1
a,r—1 d Tx,7—1

F(Lp+1) Y0 > magii+ Y, TadM,.
t=1 i=1 t=1
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Taking the expectation on both sides, we obtain

T)\YTfl
E [HA,n,Tflf(Un,T)} <E [HA,of(Ul)} +CE | > e, omua?
t=1
T)\T 1 d TA,Tfl d
+E | Y S AV f(u)me il | + (Ly + D E D it
t=1 =1 t=1 =1

+E Z A, M,

Since {IIa ¢ My, % }1>1 is a martingale difference sequence and 7, < T < 400, by Doob’s Stopped theorem, we know
that

T, 7—1

E| Y Ta:M | =0.

This implies
R ~ T)\,T_l
B o r1f ()| S B [Maof(w)] + CE | 3 i, omes?
t=1

™71 d 17— 1

d
+E Z ZAt,i|Vz‘f(ut)mt—1,i| +(Ly+1E Zﬁﬂgm

t=1 =1 t=1 =1

Using Property 5 and Lemma D.2, we obtain

Ta,7—1 ™\, 7—1 d
CoB | D oy ome|*| +E DAV f(ue)mel
t=1 t=1 i=1

T)\,Tfl

d
+(Lr+DE| D Z USe
t=1 =1

T T d
§C2E Z ant—l Omt71||2 E ZZAt Z|V f Ut me—1 Z|
t=1 t=1 i=1
T d
t=1 1=1
T
=0 <Z]E [ant Ogt||2]> +O(1)
t=1
Eqé}Z)O(l)
This means A -
E [HA,U,T—M(uU,T)} <M < 400,
where
. too +oo d
M= CoB | i, omal®| +E (D> AuilVif(u)
t=1 t=1 i=1
+oo d
t=1 i=1

40



A Comprehensive Framework for Analyzing the Convergence of Adam: Bridging the Gap with SGD

Meanwhile, we observe the following event decomposition

T—1 T—1
sup Ta1f >>\}: = k] = — k.
|2 Maaif () U=t =Unr=H
Moreover, since for any j # k, we have [T+ = j] N [Tar = k] = (0, it follows that
A r-1 Markov’ smequaht 1 T—
P |: sup HA,t—lf(Ut) > /\:| = Z P[T)\7T = ]{1] < X Z HA kf Uk H[T; = k]]
25t<T k=2 =2
1 5 M
< X]E |:HA,T/\,T*1f(uT)\,T)i| < B (45)

3/4

Next, for any K > 1, we compute E [( supy<por Ha—1f(ur))” " A K} . We have

E {( sup HA,t_lf(Ut))3/4 /\K} = —/O+Oox d <]P’ l( sup HA¢_1f(ut))3/4 NK > x])

2<t<T 2<t<T
R 3/4
( sup HA7t_1f(ut)> ANK > m])

+o0 x
_ / ( / 1d)\>d P
0 0 2<t<T
Fubini’s th oo e F u
ubini’s 4 eorem_/ / 1dl P ( sup HA,tlf(ut)) ANK >z dA
0 A 2<t<T

too X 3/4
:/ P l( sup HA’tlf(ut)> NK > )\] dA
0

2<t<T

+o0 ~ 3/4
<1 +/ P < sup HA,tlf(ut)) ANK > )\] dA
1 | \2<t<T

+oo r
=1 +/ P < sup HA,tlf(ut)) ANKY3 > )\4/3] dA
1

| \2<t<T

+o00o r R
< 1+/ P ( sup HA,tlf(ut)) > x*/ﬂ d\
1

L \2<t<T

Eq. (45) too M
< 1+/1 Wd/\

=1+ 3M.

Next, we take K — +oo and apply the Lebesgue’s Monotone Convergence theorem, which yield

E[( sup HA,tflf(u»)SM] <1+ 3.

2<t<T

By taking T' — 400 and applying the Lebesgue’s Monotone Convergence theorem once again, we obtain

E [(Sup HA,t—lf(Ut))3/4] <1+3M.

t>2
Note that for any finite ¢, we have IIa ;41 > IIa o (Where IIa o is defined in Lemma D.1). Thus, we have
3/4 R 3/4 R 3/4 _
E [HAm(supf(ut)) ] <E [(supHAJ_lf(ut)) } <1+ 3M.
t>2 t>2
Next, by applying Holder’s inequality, we obtain

= (s ftun) ] < B (22w (WX (smp )] TE 0y 4 0T
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Then, according to Property 5, we can bound f(w;) — f* using f(uf) ie.,

2
Fw) — F* < (g + D)) — ) + wnm” ome |+ Lyf*
. Ly 2
< (Ly+ 1) fu) + m + Ly f".

That means

1z 1/3 T2/ (Ly +1)BY ]
E[(gg(f(wt) )) ] < VELp+1C, 451 +3M)? 3Jr\/Qal(l_Bll)zﬂLLflf B

Finally, according to Lemma C.2, we obtain

B [sup 19 w01] < VAESE [ (sup (w0 - 1))

1/3 12/ (Ly +1)B}
<\/Lf+ 1C d3/21+3M)23+\/2a1(1 53 + Ly| f*|

Adding the first term concludes

& [sup IV woll| < V7o)l + v2Iy (W O3 (14303 + \/ m + Lylf |>

< +00.

By combining the almost sure convergence result from Theorem 3.2 with the Lebesgue’s Dominated Convergence theorem,
we obtain the L; convergence result, namely

lim [V ()] = 0. .

E. The Proof of Lemma D.2

E.1. Auxiliary Lemmas for Proving Lemma D.2

Lemma E.1. For any epoch step t > 1, the following inequality holds

lme]l* < (1 = B1) Zﬁi “llgrll®, and |[no, o me|® < (1= B1) Zﬁl 90, © g1 1.

k=1 k=1

Proof. Due to Property 4, we have

Imell* < Brllme1* + (1 = B1)llgell*.

We multiply 1/3% on the both sides of above inequality and obtain

B lmel® < BV llmecal® + 57 (L Bo)llgell.
Iterating the above inequality, we acquire

t

Bt lmell? < llmol® + (1 = B81) Y B *llgwll?,

k=1

that is

t
llml|* < B llmoll* + (1 = B1) D B " lgull?

k=1
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t
= (1 =81 B llgell*.

k=1

Similarly, applying the same approach and noting the monotonicity of 7,, ;, we obtain

||7]Ut0mt||2 1_ﬂ1 Zﬁi kH?’]Utng” ]
k=1

Lemma E.2. For anyt > 1 and any positive, monotonically decreasing, adapted process {Z(t), F1_1} with Z(t) < 1, the
following inequality holds

d n d n
S S VB 2OV | < 51)(81 O ) S IV LA TS
=11

=t i=1 k=1
+ Dy Z Z(k) (VB B,k (f (wr) = 1)
+DQZ )y kZ (K)|Mwp_s Omk—1||2
+ D3 Z Z(k )= kAF i

+ Z Nn,kv
k=1

where
d +oo
Aym = ZE lZ(\/BT)t_’“Am 9}—11 ;
=1 t=k
d
Mo = (A ymr i VB Z(0) Vif (wi)gial =B [A (VB 2RIV (wi)gnl | Fiea])
=1
L
Dy := 1%/@(14 +2LgB)(Ly +1), D2 := ﬁ Dy := 1_#\/57 (A+2LsB)|f*| +O). (46)

Proof. Note that

IVif(we)my | = |Vif (we)(Bimi—1,i + (1= B1)ges)| < Bl Vif(wy) + (1= B)|Vif(we)gel
< BV f(we—1)me—15| + Bi|(Vif(we) — Vif(we—1))me—1,i| + (1 — B1)| Vi f(we)ge,il

L-smooth

< BiIVif(we—r)me—14| + (1 = B1)|Vif(we)gei| + Lgl|nw,_, © me—1|[|me—1].

By iterating the above recursive inequality, we obtain
t t
IVif (wo)mea] < (1= 81) D B FIVif(wr) gl + Ly Y BT o,y 0 ma—alllmp—14]-
k=1 k=1
Then we get that

t
A ZW)|Vif(wi)mea| < (1= B1)Aw Y BT Z(K)|Vif (wi) gl
k=1

t
+ LAY BT Z(k) 0w,y 0 m—alllme—1.il.
k=1
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Next, we proceed with the calculation.

n

D VB T ALZ )|V f (wimy | < (1= Br)

t=1

M=

(VB tAtzZﬁi "Z(k) |V f (w) g
k=1

~~
Il

1

+LfZ( ) fA“Zﬂi 2 (k)| 0 1 [[mi—1,s]

M:
Mﬁ

=(1-p1) 2 k_l(\/5;1)”_%@@»3?’“3(/?)|Vz’f(wk)gk7z‘|
+szzt: )" ALBTE Z(R) 00y © M- [[[mn-1,4]
1 k=1
=(1-p) é nk(\/E)”_tﬁt,iﬁf_kz(k)|Vif(wk)gk,i|
iz
+ Ly é zn:k(\/a)"_tﬁt,iﬁfkZ(k‘)an“ o my—1l|[mr—1,
— =

3

=(1-p1) ( (x/ﬁT)tkAm) (VB Z(R)| Vi f (wi) g
1 \t=k

+sz

k=1

k=
< l (\/BT)”At,i> (VB *Z(k)nw, ., © ms—1 ]| [my—1.4]
k

t=

n +oo
<(1-5) S WVBY)TEAL | (VB TFZ (R f (wr) g
k=1 t=k
A\/ﬂ,k,i
Lf . n—k
+ Z(k ve_1 © — Vg—1,% —1,%
= (/3 I;(\/Fl) ()| mp_1/|n Mp—1
=(1=B)) A g (VB FZ(ER) |V f (wi) gl
k=1
Wi
Z )" Z () 10y © Mkl i1l (47)
k‘:l
Next, we estimate ¥, ; and obtain
Upi=> E {A\/[Tl,k,i(\/E)nikz(k)|vif(wk)gk,i||yk*1}
=1
3 (A (VB 2V (wi)gid] — B Ay (VBT ZR) Vi f (i) g al| P )
k=1

Nn,k,i

AM_GMl*fZ How s (VB Z(0)(Vf (1))

n

S B <P N v

L =1

n
VZRIGNTa] + Y Nuk
k=1
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< S o 2B s )

1_\/>ZZ )" kE[Ame%f 1| E [Qi,i|fk—1]+ZNn7k,i. (48)

k=1

Summing Equation (47) over the coordinate components ¢, we obtain

d n d -
D Y (VB B Z OIS (el £ (0= 1) 3 Wi LV (VB Z Ry o e
=1 t=1 =1 k=1
_— B d n
T B VB S 20BN (T )
1=1 k=1
d n
T 1_2¢EZ 2B EIA 7 il i) E [971] Fi]
=1 k=1
L n
+1_QE;<f>" EZ (k) ey © mia I +ZkZNk
2 =1 Nn.k
d n
< PO VB) S S, 2B (Vi ()?
1=1 k=1

1—Bi &
A B1.k
Lf - n—k 2
+ Z(k) ||y, © mp—
1—\//37;(@) (B0, © e |
+  Nog. (49)
k=1

Noting that

E g1 Zi] " (A + 2Ly B)(flwr) - ) + C.

Using the above inequality to estimate the first term on the right-hand side of Equation (49) yields

d n d n
S S BT ALZOIV i f (wome ] < 1‘85 DD e aZ) (VBT (Vi ()
1=1 t=1

=1 k=1
+DlZZ )" B g (f (wre) = £7)
+ Dy Z(\/E)n_kz(k)”n'vk—l ° mk—lHQ
k=1
+D32Z Aﬁ,k

+ Z Nn,ka
k=1
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where
2 Ly 2
D= ——+—(A+2L/B)(Lf+1), Dy := ———, D3 := ————
1 1—71( B)(Ly+1), D v T I UE

Lemma E.3. Foranyt > 1, ¢ > 0 and any positive, monotonically decreasing, adapted process {Z(t), #;_1} with
Z(t) <1, Z(t—1) = Z(t) < pA s5;,Z(t) (Yt > 1), the following inequality holds.

((A+2LsB)|f*| +C). O

—Z\fn tZZ ()0, i Vif (w)my; < — Y 1_& Zznvk 2R (VB R (Vi f (wi))?

i=1 k=1
+( +1>ZZ VR F R e (Flwe) — £9)
D2+F1 n
1 1= VB 4 Z H10p_y 0 mg—1 )2
ZZ N
1—f VBT,

n t
+Y (B BTEM (50)
k=1

where
My ;= (1= B1)Z (k)i Vif (we)(Vif (wi) = gr,i),
and N, i, is defined in Lemma E.2.

Proof. According to the update rule of the Adam algorithm (Equation (2.1)), we derive the following recursive formula

—Z ()0, i Vif(wi)me; = =1 Z ()N, i Vif (we)mi—1: + Z(E)N, i Vif(we) (Bimi—1: — my ;)
= —B1Z ()N, i Vif(we)me—1; — (1 = B1)Z(t)00,,iVif(we)ge,i
= —B1(M0, i Z(t) = Mo,y Z(t = 1)) f(we)mi—1,
—B1Z(t = 1)ny,_, i Vif(we)mi—15 — (1 = B1) Z(t)0w, i Vi f(wi)ge,i
(a)

< =B1(Nogsi = Moe_r,i) Z(E) Vi f(we)me 14
+(Z(t—1) = Z(&)1w, 1 il Vif (we)me—14]
= B1Z(t = Vo, Vif(we—1)me—1; — (1= B1) Z()10,,i Vi f (we)ge,q
+B1Z(t = Vo, il Vif(we) = Vif(wi—1)|mi—1,

(%) B1A i Z(t)Vif (we)me—1,i + (1 — Bi) A i Z(E) Vi f (we)gei
=0+ i Z(t) Vi f(we)me;

+0Z()A 7 Moer il Vil (we)me 1

= BZ(t = Do,y i Vif(w—)me—1i — (1= B1) Z(6)nw,_, i Vi f (wi)gu,i

+ Lglno,y o me—1lllmw, yime—1.

2 A2V (wiyme]
2L
+ ﬁZ( )A\/ﬁi,t(vif(wt)) + 7 gt L mi_ 1,
= B1Z(t = Vi, iVif (wem1)me—ri — (1= B1) 2800, i(Vif (wr))
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+ Lf||77vr,—1
+ (1= B1)Z(E)M0,_1,iVif(we)(Vif(we) — gei) -

’
Mt,l,i

In step (a), we apply the following substitution
Mo Z () = Mo,y i Z(E = 1) = (Mo = Moy ) Z(8) = Moy i (Z(2) — Z(E = 1)).
In step (b), we first apply a transformation to the fourth term from the previous step, denoted by
—(1=B1)Z(t)Nw,,iVif(we)ges = —(1 = B1) Z(t)Nw,_, i Vif(we)gei + (1 = B1) A i Z(£)Vi f(we) gy, i-
Next, we combine the second term of this transformation with the first term from the prior step of Step (b) in order to obtain
Bl Z () Vi f (wi)my ;.

We then use the inequality Z(t — 1) — Z(t) < pA /5, Z(t).

Finally, in step (c), we begin by applying an absolute value bound to the first term from the previous step:
Bl i Z()Vif (wi)me i < B¢ Z ()| Vi f (wi)my ).

Next, for the second term in the previous step, we use the following application of the AM-GM inequality

2
_ _ Ly
Z(O)A a7 M0, 1,il Vi f (wr) Z(t)A g (Vif(we))? + 2\[ g2 i

Summing both sides of the above inequality over the coordinate components ¢ and applying the arithmetic mean inequality,
we obtain

d d
1 _
=Y Z(O)m, i Vif (wi)me; < B Z D1,y i Vif (w—1)me—1 + EZ(rf)Am,tlle%ww\\2
=1 i=1
d d
ZAtz )|v f(wt)mt 1|+F1H,'7Ut 1 O My— 1H ZMt/,l,z
=1

d
—(1-=p1) Z )0, i(Vif (wi))?

Lemma C.2 d — N
< B Y =20t — e Vif (we)me 1 + ZOA s, (f(wr) — £7)
i=1
d
+2Am OIVif (wo)me| + Pl o me |+ My
=1
d
— (1= B0 Z(O)n0 i (Vi (we))?,
i=1
where )
kE*Ly
Fy :=VdL .
1 Vd Ft NG
By iterating the above inequality, we obtain
d d
— > 20 Vi f (wi)ms < Zﬁi szm IVaf (wiymi il + 3 Z0OB 5, (F(we) — )
i=1 k=1 =1 =1
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t t
+ £ Zﬁiik“nkal © mk*1||2 + Zﬁgilelc,l,i
k=1

k=1

— (1= ) Y B 2R, (Vi f ().

We further obtain

WA ’”ZZ nmvjcwtmmzf"’fzﬂ@mz DIV f (.

t=1 =

+ I Z vV 51n7t Z B vy 0 mi—1|)?
t=1 k=1
n t
+ (VBT BTEM
t=1

k=1

n d
+ Z(ﬂl)”-t S ZOA sz, (f(we) — £7)

i—1
n t
(=803 VB S B2k, i (Vif (wi))?
=1 k=1
Lemr&aC.l 1 n \/» "_kA T _
< 1_\/5—1;( B1) ki Z (k)| Vi f (wi)my ;]

D1

F1 = n—k 2
+ 1— \/E ;(\/ﬁi) ||"7'Uk:71 o mk—lH
n t
+ (VBT BT M
t=1

k=1

n d
+ Z(\/ﬂil)nft Z Z(t)zm,t(f(wt) - f)

— (1= B0 Y (VB Z(k)nu ., (Vif (wr)). (D

k=1

Now, we focus on estimating the term ®,, ;. By applying Lemma E.2, we obtain

1_ \/> Z Z n tAt,iZ(t)‘Vif(wt)mt,i‘ < 61 Z vak 1, iz \/E)n_k(vlf(wk))Q

- i=1 k=1
+ 1 —D\I/BT éz(k)(m)”_“m,k(ﬂwk) s
1 fD\z/gj i(\/ﬁl)"kz(k)llmkl o mg_1)?
o 209(/B)" B
1 —i/ﬁT;Nn,kz
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where D1, Do, D3, A Bk are defined in Equation (46). Substituting the above estimate for ®,, ; back into Equation (51),
we obtain

d n
—Zf” tZZ ()00,,s Vi f (weymy; < — 1*61 ZZnvk,l,iz<k><Jﬁi)”*’“(viﬂwwf

(2 )ZZ "B ) — )
Dy + F
12_\/*12 n k||nvk—1omk*1“2
Zz N
17\/* VBi,k

b Nui
L

+ D (VBT ATIM O

t=1 k=1

E.2. Proof of Lemma D.2

Proof. First, we compute f(w;y1) — f(w;). Based on the L-smoothness condition, we make the following estimate
L
Flwien) = Fwe) < VI (w) " (wepn —w) + 5w = wl?

d
L
= - vat,ivif(wt)mt,i + 7f||77vt o my|?. (52)

i=1
Next, we construct ITx 4, which is defined as follows

t

D, —~ -
Ma ;= <1+<+1)A > t=21), ao:=1,
R kl;[l 1— \/E VBi,k ( ) 0
where Dy, A W i are defined in Equation (46). Note that the I1a ; here is a specific Z(¢) used in Lemma E.2 and Lemma
E.3 with p = \ﬁ + 1. We can subsequently apply the results from Lemma E.2 and Lemma E.3. We multiply both sides
of Equation (52) by this specific IIa ; and, noting its monotonically decreasing property, we obtain

d
L
a1 (f(wegn) = %) = Ta s (f(we) = ) < =Y T, i Vi (w)my i + 7f||77vt o my .

i=1

Next, we compute
S B T (Maa (f(weg) = £5) = Tae(F(we) = £7)).

We have

Z(\/ﬁi)n_t (Ha 1 (f(wegr) — f7) = Ha e (f(we) — 7))

d n

n d
= (VB Ta s, Vi (wo)mes + % DB e, o malf?
t=1 i—1

i=1 t=1

Lemma E.3

d n
< B w Z Z nvtfl,iHA,t(\/Bil)nit(vif(wt))2
i=1 t=1
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(2 +1)ZHN "B a(F ) ~ 1)

Dy + Fy ) - ynt 2
+ | == Ny, ©M
(ot ) S0 o
—tA
1 ﬁZHA "B gt ﬁZNm

+Y (VB! Zﬂi*kMé,l,i. (53)

t=1 k=1

We then observe that the left side of the above inequality can be rewritten as

Z HA t+1(f(wt+1)_f*) _HA,t(f(wt)_f*))

=3 (VB A (fwigr) = 7)) = > (VB Tau(f(wy) = f7)

=Y (VB TEII L  (f(wisn) = 1) = D (VB Tau(f(wi) = f7)
t=1 t=1
n+1

= (VBT A (f(we) = £*) =D (VB A (f (we) — f7)
t=1

t=2

—(v/B1)"(f(w1) — £7)

n+1 n
+Z (n+1) tHAt ) tHAt (f(we) = 7).

t:l

Frg1 F!

n

Substituting the above transformation back to Equation (53), we obtain

Fn+1—<F’ (1 +1>ZHAt " A (f(w )—f*))
d

< (WA (T — ) = S SIS (B (T )’

8 i=1 t=1

n

Dy + Fy ﬂ n—t om 2
e 2);%’1) I el

n N 1 =
1_\/}2 At tAm>k+1_\/Elen’t
t=
+> (VB Z BITMY

t=1 k=1

Observe that

R )ZHM VB () — 1)
= S (1 (2 1) B ) M) - 1)
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= Z(\/ﬂil)nftHA,t—l(f(wt) — f*) =F,.

t=1
We get
FnJrl - Fn
d n
< (VB ) — 1) = 2SS s (VB (V)
i=1 t=1

Dy + Fy ) - —t 2
= )" 10w, 0 M|
(w (1— VP ; '
_ 1 n
n t
T o Byt —r=3 Nu
1_ Z t 51>k 1_ 61; t

WAy A
k=1

Next, we take the expectation on both sides of the above inequality and note that E[N,, ;] = E[M] , ;] = 0. We then obtain

E[F7L+1] - E[Fn}

d n
< (W () — 1) 2P S S B B s (Vi )]

DR Ly T,
+<\/E(1—\/E)+2);(\/E) E [[ln, o mi]

1—\ﬁz VB)"'E[A g k] +0+0.

Summing both sides of the above inequality over the index n from 1 to T', we obtain

E[FTJrl] - ]E[Fl]
< b (fln) -y - =P if (/B E [y Tl o( fwn))?]
_1_\/E 8 n=1i=1 t:l o
Dy + Fy Lf) B U [ o
(i *3) 2 e, o ml?]
D3 T n
+1_ﬁ;;(\/ﬁi E[Z\/[Tl,k]

Lemma C.1 1

o 30=B) N~y
< ?m(f(wl)—f )_TZ E [Mo, 1 illan(Vif (wn))?]

n=111=1
! Do+ 14 Lf) E o 2 L
VA (ma—\/m +5 ) LBl omall] + 2=

To maintain consistency with the notation in the subsequent proofs, we replace the index n with ¢ in the summation ZTTL:1
on the right side of the above inequality as follows.

E[Fri1] — E[F1]

Lemma C.1 1 . 3(1 — 51 T d ,
< 1_7\//8—100(101) - - % ;;E [Mo_r i Tla (Vi f(we))?]
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+

1 ( Dy + Fy D 54)

L)y —
VA \VB VA Q)EE['”“ I v

Using Lemma E.1, we can transform the third term on the right side of the above inequality as follows

T T t
D E [, omu] < (1=51)> > BITFE |, 0 gill? ZEllnmogtll
t=1

t=1 k=1
Substituting this back into Equation (54) and rearranging the terms, we obtain the following two inequalities.

1 . D3
?m(f(wﬂ -+ o= V)2

Lemma

Ba . (f(we) = f9)] <E[F] +

1 Dy + Fy Lf)TE - .
+1—\/BT(\/BT(1—¢E)+ 5 ; 190, © 9¢11%, (55)

and

T d
_ P 8 8 1
;;E[nm_LzHA,t(vzf( t)) ] S 3(71—[31) E[F1]+ 3(1—61) ]_—\/E

Ds 8 Dy + Fy L\ o

Next, we proceed to estimate

(f(w1) = f7)

T d
Z Z E [HA,tAt,i|vif(ut)mt71,i

t=1 =1

].

‘We have

T d
Z Z E A tAr i Vi f (ur)mi—1,l]

Cauchy-Schwarz inequality

d T
S S VE AT )] - B Mo
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In the final step (a), we first apply Property 1 to bound E[IIa ¢||g:||?] for all ¢ < T, by E[Ila ¢(f(ws) — f*)] for t < T

Then, using Equation (55), we further bound E[IIa +(f(w:) — f*)] as O (Zthl 170, © gt H2> Finally, we apply Equation
(56) to the previous summation. This completes the proof. [
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