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Abstract

We consider decentralized machine learning over a network where the training data
is distributed across n agents, each of which can compute stochastic model updates
on their local data. The agent’s common goal is to find a model that minimizes the
average of all local loss functions. While gradient tracking (GT) algorithms can
overcome a key challenge, namely accounting for differences between workers’
local data distributions, the known convergence rates for GT algorithms are not
optimal with respect to their dependence on the mixing parameter p (related to the
spectral gap of the connectivity matrix).

We provide a tighter analysis of the GT method in the stochastic strongly convex,
convex and non-convex settings. We improve the dependency on p from O(p~?)
to O(p~'c¢™1) in the noiseless case and from O(p~3/2) to O(p~/2¢~1) in the
general stochastic case, where ¢ > p is related to the negative eigenvalues of the
connectivity matrix (and is a constant in most practical applications). This improve-
ment was possible due to a new proof technique which could be of independent
interest.

1 Introduction

Methods that train machine learning models on decentralized data offer many advantages over
traditional centralized approaches in core aspects such as data ownership, privacy, fault tolerance
and scalability [12} 33]]. Many current efforts in this direction come under the banner of federated
learning [17, 29, [28| [12]], where a central entity orchestrates the training and collects aggregate
updates from the participating devices. Fully decentralized methods, that do not rely on a central
coordinator and that communicate only with neighbors in an arbitrary communication topology, are
still in their infancy [24} [18]].

The work of Lian et al. [24] on decentralized stochastic gradient descent (D-SGD) has spurred the
research on decentralized training methods for machine learning models. This lead to improved
theoretical analyses [16] and to improved practical schemes, such as support for time-varying
topologies [32, 3, [16] and methods with communication compression [43} 51} 115, 147]. One of the
most challenging aspect when training over decentralized data is data-heterogeneity, i.e. training
data that is in a non-IID fashion distributed over the devices (for instance in data-center training) or
generated in non-IID fashion on client devices [21} [13} 22| 23]]. For example, the D-SGD method has
been shown to be affected by the heterogenity [16].

In contrast, certain methods can mitigate the impact of heterogeneous data in decentralized optimiza-
tion. For instance the gradient tracking (GT) methods developed by Lorenzo and Scutari [26] and
Nedié et al. [34], or the later D? method by Tang et al. [46] which is designed for communication
typologies that remain fixed and do not change over time.
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Table 1: Important advances for Gradient Tracking in the strongly convex case. Our analysis improves upon all
prior rates for both with and without the stochastic noise in terms of the graph parameter p.
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It is well known that GT methods do not depend on the heterogeneity of the data and that they
converge linearly on distributed strongly convex problem instances without stochastic noise [26} 34].
However, when we apply these methods in the context of machine learning, we need to understand
how they are affected by stochastic noise and how they behave on non-convex tasks.

In this paper, we develop a new, and improved, analysis of the gradient tracking algorithm with a
novel proof technique. Along with the parallel contribution [55]] that developed a tighter analysis of
the D? algorithm, we now have a more accurate understanding of in which setting GT works well and
in which ones it does not, and our results allow for a more detailed comparison between the D-SGD,
GT and D? methods (see Section [5|below).

Our analysis improves over all existing results that analyze the GT algorithm. Specifically, we prove a
weaker dependence on the connectivity of the network (spectral gap) which is commonly incorporated
into the convergence rates via the standard parameter p. For example, in the strongly convex setting
. . . - 2 .
with stochastic noise we prove that GT converges at the rate O (- + 1 - (ﬁ + Z% log 1)) where 2 is
an upper bound on the variance of the stochastic noise, and ¢ > p a new parameter (often a constant).
. . . . Pt 2
By comparing this result with the previously best known upper bound, O (2 + - - (\ZTE +5log 1)),

by Pu and Nedi¢ [39]], we see that our upper bound improves the last two terms by a factor of £ > 1
and that the first term matches with known lower bounds [37]. The D? algorithm [46] only converges
under the assumption that c is a constan and the recent upper bound from [55]] coincides with our
worst case complexity for GT on all topologies where D? can be applied. We provide additional
comparison of GT convergence rates in the Tables [T|and 2]

Contributions. Our main contributions can be summarized as:

e We prove better complexity estimates for the GT algorithm than known before with a new proof
technique (which might be of independent interest).

¢ In the non-asymptotic regime (of importance in practice), the convergence rate depends on the
network topology. By defining new graph parameters, we can give a tighter description of this
dependency, explaining why the worst case behavior is rarely observed in practice (see Section[5.1).
We verify this dependence in numerical experiments.

e We show that in the presence of stochastic noise, the leading term in the convergence rate of GT is
optimal—we are the first to derive this in the non-convex setting—and matching the unimprovable
rate of all-reduce mini-batch SGD.

2 Related Work

Decentralized Optimization. Decentralized optimization methods have been studied for decades
in the optimization and control community [48 30} 52} |6]. Many decentralized optimization methods

’In D? the smallest eigenvalue of the mixing matrix W must bounded from below: min; \; (W) > —%.



Table 2: Important advances for Gradient Tracking in the non-convex case. Our result improves upon all existing
rates in terms of the graph parameter p.

Reference rate of convergence to e-accuracy considered stochastic noise
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[30, [11] are based on gossip averaging [14}[53] 4]. Such methods usually also work well on non-
convex problems and can be used used for training deep neural networks [3} 24, 46]. There exists
other methods, such as based on alternating direction method of multipliers (ADMM) [52,110], dual
averaging [6} 31, 4 1]], primal-dual methods [2}19]], block-coordinate methods for generalized linear
models [8] or using new gradient propagation mechanisms [50].

Decentralized Optimization with Heterogeneous Objective Functions. There exists several al-
gorithms that are agnostic to data-heterogeneity. Notably, EXTRA [42] and decentralized primal-dual
gradient methods [2]] do not depend on the data heterogeneity and achieve linear convergence in
the strongly convex noiseless setting. However, these algorithms are not designed to be used for
non-convex tasks.

D? [46}[55] (also known as exact diffusion [56} [57]]) and Gradient Tracking (GT) [26]] (also known as
NEXT [26] or DIGing [34]]) are both algorithms that are agnostic to the data heterogeneity level, can
tolerate the stochastic noise, and that can be applied to non-convex objectives such as the training
of deep neural networks in machine learning. A limitation of the D? algorithm is that it is not clear
how it can be applied to time-varying topologies, and that it can only be used on constant mixing
topologies with negative eigenvalue bounded from below by — % Other authors proposed algorithms
that perform well on heterogeneous DL tasks [25}159], but theoretical proofs that these algorithms are
independent of the degree of heterogeneity are still pending.

Gradient Tracking. There is a vast literature on the Gradient Tracking method itself. A tracking
mechanism was used by Zhu and Martinez [[61] as a way to track the average of a distributed
continuous process. Lorenzo and Scutari [26]] applied this technique to track the gradients, and
analyzed its asymptotic behavior in the non-convex setting with a time-varying topologies. Nedié
et al. [34]] analyze GT (named as DIGing) in the strongly convex noiseless case with a time-varying
network. Qu and Li [40] extend the GT analysis to the non-convex, weakly-convex and strongly
convex case without stochastic noise. Nedi¢ et al. [35] allow the different stepsizes on different
workers. Yuan et al. [58] analyze asymptotic behavior of GT for dynamic optimization. Pu and Nedié
[39] studied the GT method on stochastic problems and strongly convex objectives. Further, Xin et al.
[54] analyze asymptotic behavior of GT with stochastic noise. For non-convex stochastic functions
GT was analyzed by Zhang and You [[60] and Lu et al. [27]. Li et al. [20] combine GT with variance
reduction to achieve linear convergence in the stochastic case. Tziotis et al. [49] obtain second order
guarantees for GT.

3 Setup
We consider optimization problems where the objective function is distributed across n nodes,
1 n
i = - i =E ~D. Fz 5 N 1
min | f(x) nz [fi(x) = Eep, Fi(x,€)] (1)

i=1
where f;: R? — R denotes the local function available to the node i, i € [n] := {1,...n}. Each f;
is a stochastic function f;(x) = E¢p, F;(x, §) with access only to stochastic gradients V F;(x, £).

This setting covers empirical risk minimization problems with D; being a uniform distribution over
the local training dataset. It also covers deterministic optimization when F;(x, &) = f;(x), V&.



We consider optimization over a decentralized network, i.e. when there is an underlying communica-
tion graph G = (V, E), |V'| = n, each of the nodes (e.g. a connected device) can communicate only
along the edges E. In decentralized optimization it is convenient to parameterize communication
by a mixing matrix W € R™*", where w;; = 0 if and only if nodes ¢ and j are not communicating,
(i,4) ¢ E.

Definition 1 (Mixing Matrix). A matrix with non-negative entries W € [0, 1]"*™ that is symmetric
(W=WT) and doubly stochastic(W1=1, 1T W =17), where 1 denotes the all-one vector in R™.

3.1 Notation

() ¢ RY to denote the iterates and the tracking sequence respectively,

on node ¢ at time step ¢t. For vectors z; € R? (z; could for instance be xl(- ) ory, )) defined for i € [n]

wedenote by z = =37 | 7.

We use the notation x!” € R, y!

We use both vector and matrix notation whenever it is more convenient. For vectors z; € R? defined
for i € [n] we denote by a capital letter the matrix with columns z;, formally

Z = [21,...,2,) € R*" Z:=[z,....2)=Z+117, ANZ:=Z—-Z. (2
We extend this definition to gradients of (T)), with VF(X®) ¢®) v f(X®)) € Rdxn:
VE(XO,0) = [VA D, €7), .. VE D, 60)]
VAHXD) = VI VD)

3.2 Algorithm
The Gradient Tracking algorithm (or NEXT, DIGing) can be written as

xtONT A xONT w0 0 !
Ay (t+1) = Y ®) -W W +7 VF(X(t+1),€(t+1))_VF(X(t)7§(t)) (GT)

in matrix notation. Here and X & R9%" denotes the iterates, Y ) € RI*" with Y(© =
VF(X ® ¢ (t)) the sequence of tracking variables, and v > 0 denotes the stepsize. This update is
summarized in Algorithm [I]

Algorithm 1 GRADIENT TRACKING
(0)

input Initial values x; ’ € R on each node i € [n], communication graph G = ([n], E') and mixing
(0)

matrix W, stepsize -, initialize yz =VFi(x;,¢ (o )) gs ) = ( )in parallel for i € [n].

1: in parallel on all workers 7 e [n],fort=0,...,7 —1do

2:  each node 7 sends (xg )y Y, ) to is neighbors

xz(.tﬂ) = {ijreE Wij ( & _ 'yy§t)) > update model parameters

4;  Sample £ compute gradient gV = VF, ( t+1)7§(t+1))
t+1 1 .

> y’( )= =2 ji(iren w”y§ '+ (gz( )~ gz(' ))

6: end parallel for

w

> update tracking variable

(®)

Each node 7 stores and updates two variables, the model parameter x, (t)

and the tracking variable y,"’.

The model parameters are updated on line 3 with a decentralized SGD update but using y@

a gradient. Variable ygt)

instead of

tracks the average of all local gradients on line 5. Intuitively, the algorithm

is agnostic to the functions heterogeneity because ygt)

is ‘close’ to the full gradient of f(x) (suppose

(t+1) _ 1 Z t+1
1= 1

we would replace line 5 with exact averaging in every timestep, then y, . For

further discussion of the tracking mechanism refer to [26} 34, |39].



graph/topology  1/p c
ring O(n?) 8/9
2d-torus O(n) >4/5
fully connected O(1) 1

Table 3: Parameters p and c for some common network topologies on n nodes for uniformly averaging W, i.e.

Wi = ﬁ(i) = ﬁ(i) for {i,j} € E, see e.g. [36].

3.3 Assumptions

We first state an assumption on the mixing matrix.

Assumption 1 (Mixing Matrix). Let \;(W), i € [n], denote the eigenvalues of the mixing matrix
Wwithl = M (W) > Xo(W) > -+ > N\, (W) > —1. With this, we can define the spectral gap
§ =1 —max{|A2(W)], [\ (W)

1, and the mixing parameters
p=1—max{|Aa(W)|, X\ (W)[}?, c=1—min{\,(W),0}?. 3)
We assume that p > 0 (and consequently ¢ > 0).

The assumption p > 0 ensures that the network topology is connected, and that the consensus distance
decreases linearly after each averaging step, i.e. | XW — )_(HjJ <(1-p)||X - )_(HfJ VX € RIX,
The parameter p is closely related to the spectral gap § as it holds p = 26 — §2. From this we can
conclude that § < p < 2§ and, asymptotically for § — 0, p — 2. Assuming a lower bound on p (or
equivalently ) is a standard assumption in the literature.

The parameter c is related to the most negative eigenvalue. From the definition (3) it follows that the
auxiliary mixing parameter ¢ > p for all mixing matrices W. The parameters p and c are only equal
when |[A, (W)| > |A2(W)] and A, (W) < 0. Moreover, if the diagonal entries w;; (self-weights) of
the mixing matrix are all strictly positive, then c has to be strictly positive.

Remark 1 (Lower bound on c.). Let W be a mixing matrix with diagonal entries (self-weights)
w;; > p > 0, for a parameter p. Then A\,,(W) > 2p — 1 and ¢ > min{2p, 1}.

This follows from Gershgorin’s circle theorem [7] that guarantees A, (W) > 2p — 1, and hence
c¢>1—min{2p —1,0}? > min{2p, 1}.

For many choices of W considered in practice, most notably when the graph G has constant node-
degree and the weights w;; are chosen by the popular Metropolis-Hastings rule, i.e. w;; = w;; =
min{ T derner ) or (69) € Bowis = 1= 300wy > ooy, see also (53 E]. In
this case, the parameter c can be bounded by a constant depending on the maximal degree. Moreover,
for any given W, considering %(W + I,,) instead (i.e. increasing the self-weights), ensures that ¢ = 1.
However, in contrast to e.g. the analysis in [55] we do not need to pose an explicit bound on ¢ as an
assumption. In practice, for many graphs, the parameter ¢ is bounded by a constant (see Table [3).

We further use the following standard assumptions:
Assumption 2 (L-smoothness). Each function f;: RY — R, i € [n] is differentiable and there exists
a constant L > 0 such that for each x,y € R%:

IVfily) = Vi)l < Lix -yl . “)

Sometimes we will in addition assume that the functions are (strongly) convex.
Assumption 3 (y-strong convexity). Each function f;: R? — R, i € [n] is u-strongly convex for
constant ;1 > 0, i.e. for all x,y € R%:

Fix) = fily) + 5 Ix = ylls < (Vfi(x),x—y). (5)
Assumption 4 (Bounded noise). We assume that there exists constant o s.t. VX1, ...X, € R¢
LSt Ee, IVFi(xi,&) — Vii(xi)ll5 < 0. (6)

We discuss possible relaxations of these assumptions in Section[4.1] below.



4 Convergence results

We now present our novel convergence results for GT in Section .1]and Section 4.2 below. We
provide a proof sketch to explain the key difficulties and technical novelty compared to prior results
later in the next Section[6l

4.1 Main theorem—GT convergence in the general case

Theorem 2. Let XZ@, i€n,T> % log (%(1 + log %)) denote the iterates of the GTAlgorithm
with a mixing matrix as in Definition[l] If Assumptions[I| 2land [ hold, then there exists a stepsize ~y

such that the optimization error is bounded as follows:
Non-convex: Let Fy = f(X(©) — f* for f* < mingcga f(x). Then it holds

o L LRI,
(v/pe + pyn)e’/? pee

o2
%H ZtT=0 va(i(t))n < e, after @, < ) -LFy iterations.

Strongly-convex: Under the additional Assumption |3|with > 0 and weights wy > 0, Wp =
ZtT:o wy, specified in the proof, it holds for R3. | = H)_((TH) — X*HQ.‘

2 L
U+fo'

Lot 060~ s o ar 0 (s

L 1). .
log iterations.

General convex: Under the additional Assumptionwith p > 0, it holds for R = ||x(® — X*HQ:

02 VLo N L(1+ R3Ry?)
fcs pce

B 0 - 0 _
where RZ = 13577 | HXZ(' ) %012 4+ Ly HY( ) 7O 2.

From these results we see that the leading term in the convergence rate (assuming ¢ > 0) is not
affected by the graph parameters. Moreover, in this term we see a linear speedup in n, the number of
workers. The leading terms of all three results match with the convergence estimates for all-reduce
mini-batch SGD [5, 43]] and is optimal [37]]. This means, that after a sufficiently long transient time,
GT achieves a linear speedup in n. This transient time depends on the graph parameters p and c, but
not on the data-dissimilarity. We will discuss the dependency of the convergence rate on the graph
parameters ¢, p more carefully below in Sections[5]and[7] and compare the convergence rate to the
convergence rates of D-SGD and D?.

%ﬂ Z?:o [EfxW) - f*] <e, after 0 ( >~R8 iterations,

Possible Relaxations of the Assumptions. Before moving on to the proofs, we mention briefly
a few possible relaxations of the assumptions that are possible with only slight adaptions of the
proof framework. These extensions can be addressed with known techniques and are omitted for
conciseness. We give here the necessary references for completeness.

¢ Bounded Gradient Assumption I. The uniform bound on the stochastic noise in Assumption [4]
could be relaxed by allowing the noise to grow with the gradient norm [16, Assumption 3b].
e Bounded Gradient Assumption II. In the convex setting it has been observed that o2 can be

replaced with 02 := L 5" Ee, || VEF;(x*, &) — V fi(x*)|| 5, the noise at the optimum. However,
this requires smoothness of each F;(x, ), £ € D;, which is stronger than our Assumptlonl 2| For
the technique see e.g. [38]].

e Different mixing for X and Y. In Algorithm[I] both the x and y iterates are averaged on the
same communication topology (the same mixing matrix). This can be relaxed by allowing for two
separate matrices. This follows from inspecting our proof below.

e Local Steps. It is possible to extend Algorithm[T]and our analysis in Theorem [2]to allow for local
computation steps. Mixing matrix would alternate between identity matrix I (no communication,
local steps) and W (communication steps).

However, it is non trivial to extend our analysis to the general time-varying graphs, as the product
of two arbitrary mixing matrices W; W5 might be non symmetric.



4.2 Faster convergence on consensus functions

We now state an additional result, which improves Theorem 2] on the consensus problem, defined as

min | f(x) =

ST =4 x -l )

i=1

S|

for vectors p; € R%, i € [n] and optimal solution x* = % >, i Note that this is a special case
of the general problem (1) without stochastic noise (¢ = 0). For this function, we can improve the
complexity estimate that would follow from Theorem [2|by proving a convergence rate that does not
depend on c.

Theorem 3. Let f be as in (7) let Assumption[I|hold. Then there exists a stepsize v < p such that it

holds L ™" | ||xz(-T) — X*H2 < ¢, for the iterates GT and any € > 0, after atmost T = O (plog 1)
iterations.

5 Discussion

We now provide a discussion of these results.

5.1 Parameter c

The convergence rate in Theorem 2] depends on the parameter c, that in the worst case could be as
small as p. In this case our theoretical result does not improve over existing results for the strongly
convex case. However, for many graphs in practice parameter c is bounded by a constant (see Table
and discussion below Assumption [T).

While we show in Theorem [3] that it is possible to remove the dependency on c entirely from the
convergence rate in special cases, it is still an open question if the parameter ¢ in Theorem [2]is tight
in general.

5.2 Comparison to prior GT literature

Tables|[I]and 2] compare our theoretical convergence rates in strongly convex and non convex settings.
Our result tightens all existing prior work.

5.3 Comparison to other methods.

We now compare our complexity estimate of GT to D-SGD and D? in the strongly convex case.
Analogous observations hold for the other cases too.

Comparison to D-SGD. A popular algorithm for decentralized optimization is D-SGD [24] that

converges as [16]:

N 2 L L 1

O U——FM—i——logf ) (D-SGD)
pine NG pp €

While GT is agnostic to data-heterogenity, here the convergence estimate depends on the data-
heterogenity, measured by a constant (? that satisfies:

LS IVAi(x*) = V9| < ¢ ®)

Comparing with Theorem |2} GT completely removes dependence on data heterogeneity level (.
Moreover, even in the homogeneous case when ¢ = 0, GT enjoys the same rate as D-SGD for many
practical graphs when c is bounded by a constant.

Comparison to D2. Similarly to GT, D? also removes the dependence on functions heterogeneity.
The convergence rate of D? holds under assumption that Ay, (W) > —% and it is equal to [55]:

2 L L 1
o LJFQJrflOg* . (D?)
pne  puy/pvE  pp e
Under the assumption A, (W) > —% the parameter c is a constant, and the GT rate estimated in
Theorem [2] matches (D).



6 Proof sketch of the main theorem

Here we give a proof sketch for Theorem[2] for the special case of strongly convex objectives. We give
all proof details in the appendix and highlight the main technical difficulties and novel techniques.

Key Lemma. It is very common—and useful—to write the iterates in the form X ® = X® 4
(X® — X)), where X®) denotes the matrix with the average over the nodes. We can then separately
analyze X () and the consensus difference AX®) := (X®) — X)) (and AY®) := (Y®) — YD),
Define W = W — % From the update equation we see that

AXEDNT FAXONT W o 0 !
yay @) ) = Ay ® )\ )T\ (e gy - we(xt ) (- 110 )

n

=, =:J =F,
in short, by using the notation ¥, J, and E} as introduced above,
\Ijt+1 == \Ijtj + ’)/Et . (9)

We could immediately adapt the proof technique from [[16] if it would hold that the spectral radius of
J is smaller than one. However, this is not the case, and in general || J|| > 1.

Note that for any integer ¢ > 0:

i_ (W0 0|2 12 42T 2 < i 201 i
r= (D W) W= 2 < - Ra-p . a0

by Assumption[I] With this observation we can now formulate a key lemma:

Lemma 4 (Contraction). For any integer 7 > 2 log (%(1 + log %)) it holds that ||J7||* < L.

While the constants in this lemma are chosen to ease the presentation, most important for us is that
after 7 = © (%) communication rounds, old parameter values (from 7 steps ago) get discounted and
averaged by a constant factor. We can alternatively write the statement of Lemmaf] as

lor ~ 2 < bz 2%, vzern

This resembles [[16, Assumption 4] and the proof now follows the same pattern. A few crucial
differences remain, as the result in [[16] depends on a data-dissimilarity parameter which we can
avoid by carefully estimating the tracking errors. For completeness, we sketch the outline and give
all details in the appendix.

Average Sequence. First, we consider the average sequences X () and Y (*). As all columns of these
matrices are equal, we can equivalently consider a single column only: x(*) and y®).

Lemma 5 (Average). It holds that
1 n
() — = F(x® ¢® z(t+1) — _ F t) 11
y n§':vz(xl,§), v~ EV ). an

This follows directly from the update and the fact that X = XV for doubly stochastic mixing
matrices. The update of x(*) in (TT) is almost identical to one step of mini-batch SGD (on a complete
graph). The average sequence behaves almost as a SGD sequence:

Lemma 6 (Descent lemma, [16, Lemma 8]). Under the Assumptions of Theorem or the convex
functions, the averages XV := % Oy xgt) of the iterates of Algorithm

satisfy

2
Bl x| < (1= ) Bl x|+ - t+fZEu < x|, (12)

with the stepsize v < 151

where e; = E f(X) — f*, for f* = minyega f(x).



Consensus Distance. The main difficulty comes from estimating the consensus distance || Hz, in
the notation introduced in (9). Note that

]2 = ZHx“ x5+ ZHy“) O

By unrolling (9) for7 < k < 27,7 = %1og (%0(1 + log %)) + 1 steps,
k—1
Ve =0 I  + 9 By (13)
j=1
By taking the Frobenius norm, and carefully estimating the norm of the error term
I Z;;ll Eypj1J77 Hi, and using Lemma we can derive a recursion for the consensus distance.

Lemma 7 (Consensus distance recursion). There exists absolute constants By, Bs, Bs > 0 such that
. C
for a stepsize v < g5

9o 7 2 BlTL’Y Ba7v?
E (Wil < gENTel5 + 5ge ZH%HHF Znem ot (14)
Jj=0 j=0

This lemma allows to replace p with c in the final convergence rate. This is achieved by grouping
. . - 2 L .
same gradients in the sum H Zk, ! Eiy;1J k=j H and estimating the norm with Lemmaﬁ

An additional technical difficulty comes when unrolling consensus recursion (T4). As iteration matrlx
J is not contractive, i.e. ||.J|| > 1, then || ¥ ;||% for j < 7 can be larger than || ¥||% (up to ~

times as H J l” <O ( ) V7). We introduce an additional term in the recursion that is provably
non-increasing

1 T
Pryr = = Z ||‘I’t+j|\%-

With this we unroll consensus recursion.

Lemma 8 (Unrolling recursion). For y < \/7“’ <512 L it holds,
t—1 t—j
9 1\ 22317L72 J 20By 772
E |97 < (1 - (MT) Ap + 1—— ne; + Tnﬁ (15)
where e; = E[f (X)) — f(x*)], Ao = 16||AX(O)||2F + 27| AY O3,
It remains to combine and using technique from [16]]. O

Proof sketch of Theorem E} Using the matrix notation introduced above, the iterations of GT on
problem ([7) can be written in a simple form:

AXEDNT  CAXONT (W (W)
FAY D )T A yAY @) -W (1-yW)"

J/
Similar as above, also the matrix .J’ is not a contraction operator, but in contrast to J it is diago-
nalizable: J' = QAQ ™! for some Q and diagonal A. It follows that [|(J')]|* = [|QA*Q H2
decreasing as (1 — p)* || Q| Q! H . With this observation, the proof simplifies. O

7 Experiments

In this section we investigate the tightness of parameters c and p in our theoretical result.

Setup. We consider simple quadratic functions defined as f;(x) = |||/, and x(©) is randomly
initialized from a normal distribution A (0, 1). We add artificially stochastic noise to gradients as



VF;(x,£) = Vfi(x) + £ where £ ~ N(0, UT;I) so that Assumption@is satisfied. We elaborate the
details as well as results under other problem setups in Appendix [C]

We verify the dependence on graph parameters p and c for the stochastic noise term. We fix the
stepsize y to be constant, vary p and ¢ and measure the value of f (i(t)) — f* that GT reaches after

a large number of steps. According to the theory, GT converges to the level O (”*%2 + 72"2> in a

pc?
linear number of steps (to reach higher accuracy, smaller stepsizes must be used). To decouple the
second term we need to ensure that the first term is small enough. For that, we take the number of
nodes n to be large. In all experiments we ensure that the first term is at least by order of magnitude
smaller than the second by comparing the noise level with GT on a fully-connected topology.
The effect of p. First, in Figure|l|we verify the expected O (%) dependence when c is a constant. For
a fixed n = 300 number of nodes with d = 100 we vary the value of a parameter p by interpolating
the ring topology (with uniform weights) with the fully-connected graph. The loss value f (x("o))
scales linearly in % as can be observed in Figureand the dependency on p can thus not further be

improved.

1.05

1.00 1.0 1.0

0.95

Training loss

Training loss

Training loss
\

0.90 09/

0.85 .
400 600 800 1000 1200 1400 1600 0.5 1.0 1.5 2.0 2.5 0 1 2 3 4 5

1/p 1/p? 1/p?

(a) 1/p (constant c). (b) 1/p? (constant c). (c) 1/p® (constant c).

Figure 1: Impact of p on convergence with the stochastic noise 2 = 1, when c and  are kept constant. We see
a linear scaling in  that verifies the O (), dependence rather than prior predicted O ().

The effect of c. In Figure 2| we aim to examine the dependence of the term O () on the parameter
¢, in terms of 1/(pc?) and 1/(cp). We take the ring topology on a fixed number of n = 300 nodes
and reduce the self-weights to achieve different values of ¢ (see appendix for details). Otherwise the
setup is as above. The current numerical results may suggest the existence of a potentially better

theoretical dependence of the term ¢ (as discussed in Section[d.2)); we leave the study for future work.

0.08 d 0.08
0 A
2 0.07 2 0.07
[e)] D
£ £
§ 006 § 006
[ = -

0.05 0.05 _

2 4 6 8 . 20 25 3.0 35 40 45
1/(pc?) 1/cp
(a) 1/(pc?) (constant p). (b) 1/(cp) (constant p).

Figure 2: Impact of ¢ on the convergence with the stochastic noise 02 = 1, when p and -y are kept constant. We

see a near linear scaling in O (i) while the estimate (’)( L ) appears to be too conservative on this problem.
pc pc

8 Conclusion

We have derived improved complexity bounds for the GT method, that improve over all previous
results. We verify the tightness of the second term in the convergence rate in numerical experiments.
Our analysis identifies that the smallest eigenvalue of the mixing matrix has a strong impact on the
performance of GT, however the smallest eigenvalue can often be controlled in practice by choosing
large enough self-weights (w;;) on the nodes.

Our proof technique might be of independent interest in the community and might lead to improved
analyses for other gossip based methods where the mixing matrix is not contracting (for e.g. in
directed graphs, or using row- or column-stochastic matrices).
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A Proof of Theorem — Consensus Functions

We consider functions f;(x) = 3 ||x — will”, where x, p1; € R%. Then V f;(x) = x — p;. In matrix

notation, the GT algorithm in this special case is equivalent to

Xt xONT 0 TorxoNT /o ow —W
Ay )T Ly o w |t {xe+n_xw| = AY () YW —-1I) 1-y)W)"

The optimal point x* = i = - 37" | p1;. Denote X* = [x*,...,x*] € R™". We decompose the
error as

2

HX<t> _x+ P = me _ ol +H)—(<t> _ xr
F F

consensus error optimization error
For the optimization part, notice that Y (¥) = X(©) — X*_ That is because

v — Vf(X(O))%llT = X0 _ x* Yy — y(@) 4 x @+ _ X @)
Therefore, the optimization error is equal to

HXt _ X*Hi* _ HX(t—l) Ay

2

2 _ 2
=l (x|
F F

— (1 _ 'Y)Qt X(O) —X*

» .

For the consensus part, denoting, W = W — %, AX® = xO _xO AYy® =y ®) _y(©),

AXONT  (AXONT -\
yAY®D ) T GAY O ) \y(W 1) 1-mW)

J’!

Taking the norm,

®l* L2 o )2 ol* | 2 o2
AX ++%]AY < |75 ( |ax +77||AY .
F F F F

Lets analyze spectral properties of matrix J 1, Let the eigenvalue decomposition of W be W' =
UAU T, the eigenvalue decomposition of W is W = UAU " for diagonal A.

We can decompose
(U 0 A -A \(UT 0
“\0 U)\yA-1) a-yA)\ 0 UT)"

=M

Kg 2) Gt <1:§>A>t<U0T &)HH

where the last equality is due to unitary property of U.

And,

17115 = (’y (AA— n :AM)t

Lemma 9. 7o diagonalize a block-diagonal matrix
A B
C D)’
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where A = diag(ag,...a,) € R"™", B = diag(by,...,b,), C = diag(co,...,cn), D =
diag(dp, . .., dy). Assume that each of the 2 X 2 matrices

(ai bi>
¢ d;
are diagonalizable with

a b\ (d" @) (a0 0\ (o

(Ci di) = <qz(3) qz@)) . < 10 d§2)> . <q:(3) qz(4)>

Then the original matrix is diagonalizable and its diagonalization is equal to

(A B> _ (Ql QQ) . (D1 0 ) . <Q—1 Q—z)

¢ D Qs Qa 0 D) \Q-3 Q-4)’

where each (Q; = diag (q&l)7 ... 7qg)), D, = diag (dgl), ... d%l)).

We need to show that the following 2 x 2 matrices are diagonalizable.

= (0 02

where the \; are eigenvalues of the matrix W . The eigenvalues of M; are

AM;) = {)\i - 77 - 5\/7)\1‘\/44‘ (v =4, \i — 72 + 5\/’7)\1'\/4—&— (v —4))\i} ,

which are distinct for v > 0, therefore the matrix is diagonalizble (over C).

If )\; is positive, then by choosing v < 1 — \;,

1 2
AMM)| < =N\ + =
MM < i+ 5

If )\; is negative, then, then by choosing v < 1 — |\,
1 2
ADM)| < = \| + 2.
M| < 3 [Nl + 2
We do not give the full formal prove of these two bounds. First we note that |(A/;)| is monotone in 7,

i.e. the absolute value increases in . Therefore it is enough to check that it holds [A(M;)| < % [A;|+3
for v = 1 — |\;|. We visualize these upper bounds with Mathematica [9] in Figure

— Eigenvalues

Upper bound

1 1 1 1
-1.0 -0.5 0.5 1.0

Figure 3: The upper bound % [A;| + 2 (yellow) vs. the true |A(M;)] for the choice v = 1 — |Aq].

This concludes the proof.
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B Proof of Theorem — General Case

We first re-state theorem[2]in terms of number of iterations T
Theorem 10. For GT algorithm[I|with a mixing matrix as in Definition[l| under Assumptions
after T iterations, if T' > % log (%(1 + log %)) there exists a constant stepsize vy = 7y such that

the error is bounded as
Non-convex:

T /3 P2

1 Conll® [ [LEeo? oLF, L(Fy + LR2)

ON/= 0 0 0 0
T+1;HVJC(X )H2 <0 ( nr ' ((\/ﬁchp\/ﬁ)T + pcT ’

Strongly-convex: Under additional Assumption[3|with y > 0, it holds

o? Lo? L(Rj + %Rg) [ ,uch})
exp | — ,

T

unT + w2pc?T? + pe

W <) _ x| L P <O
2y [Ef(x ) f}""zRTJrl_O(

Weakly-convex: Under Assumptions[B|with yi > 0, it holds
1 <« ) - [R%6> [oVLR? " L(R2 + R?)
LS ey - ] <o [y
T+1Z[ fE =<0 nT + Vel + pcT ’

~ 2
e {0, T+1} B = 250, [ - =0 +

where Fy = f(x(©) — f* R, = Hx(t) — x*
2
%Z?:l ‘ Y(O) -y© H .

B.1 Useful Inequalities

Proof of Lemma] By monotonicity, it suffices to check the inequality for i = 7. By using (1— p)t <
e~"? and plugging 7 into (T0) it follows:

. 2 2(log(50) + log(X(1 4 log 1)))?
ety o P (4 2060 T lon(G1-+ g 1)
50%(1 + log 3)? p?
_a 1
— 502 10 4
with log(%(l + log %) < log% + loglog% < 2log%, then (log(4) + 2log %)2 < 2log4 + 8log %,
and (41og 50 + 1610g%))2 < (128 + 5121og %) O

Lemma 11. Let X € (—1,1) with [A| =1 — «, for 0 < a < 1. Then |iX'| < L forall i > 0.

Proof. N <i(l-a) <Y (1-a) < l1-a

j=1

O

«
Lemma 12 (fact). Ler W be a symmetric matrix with eigenvalues \y(W) > ...\, (W). Then
IW[* = max; \Z(W).

~ . ~ . 2
Lemma 13. 17 holds H(z FOWHL — i < & < 38 foralli > 0, where o = 1 — |\, (W)

and c as defined in (3)).

Proof. The eigenvalues of (i + Wit iiWi have the form (i + 1)\t — i\%, for A € A :=
(A (W), ..., A\u (W)}, the eigenvalues of 1. By Lemma|12} it holds

2 . .
= max((i + DA —4i\H)2,

H(i F )W
AEA

17



If the maximum is attained for a positive A > 0, we conclude
((Z + 1))\i+1 _ i)\i)Z _ ()\i+1 _ Z)\Z(l _ )\))2
<2(ATH2 1 2(1 — M) (i3

i+1\2 1-))?
2(\H +2§1_/\;2

IN

<4

with Lemmaﬂ;flfor the first estimate and using A < 1 on the last line. If the maximum is attained for
anegative A < 0 with A\ = —1 4 g3, for § > 0, then
(0 + DAL —iXH2 < 2((i + A2 4 2(>in1)?

<2 2<4
7E+E7?

with Lemmal(lIjand o < S3.

Note thatc = 1 — (1 — a)? = 2a — a? > a, since (1 — ) > 0 and that ¢ < 2a. O
-2
Lemma 14. It holds |[iW||” < & < .
2 TS
Proof. HZWZ = (z HW’ ) , and the proof follows with Lemma andfrom above. O

Lemma 15. It holds || ¥°.J!

in @)

Proof. Starting from (10) and using Lemma[IT|with § = 1 — A,

||i, <2 HAX(O)Hi, + 3}7%2 HAY(O)Hifor allt > 0, where p is defined

~ . ~ . 2
oz = | (A5 nae ) | <efaxof+ 2 favol,
O
Lemma 16. For arbitrary set of n vectors {a;}_,, a; € R?
n 2 n
dail <nd ail?. (16)
i=1 i=1
Lemma 17. For given two vectors a,b € R¢
2(a,b) <y jal* + 7" |bl|* ¥y > 0. (17)
Lemma 18. For given two vectors a,b € R?
la+bl*> <1 +a)lal*+ @ +a") b, Va > 0. (18)
This inequality also holds for the sum of two matrices A, B € R"*¢ in Frobenius norm.
Lemma 19. For A € R4*", B ¢ R"*"
IAB||p < [[All g I Bl - (19)

B.2 Convex Cases

Proof of Lemma(7] We first state auxiliary lemma about consensus recursion.

Lemma 20. There exists absolute constants Cy = 440, Cy = 380 such that iterates of Algorithm|[]]
satisfy,

2 CiT 202 2

3 \
E[|eilly < TEINVF +7 —ZEHW (X)) = V) [+ 77 5o, 20)

where T < k < 27, 7 = %log (51]—0(1+10g 5)) + 1, p and c are defined in @), ¥, =
(AX(t), *yAY(t)) and is defined in (©).

18



Proof. We start from the recursion (T3)) given in the main text

k
Uy = U, J% + yZEtH_lJ’H
j=1

Taking the norm,
2

Mo-t1@ [ ; |
Rl = (1 3 I 4597 |3 B

Jj=1 r
Using the key Lemmald] the first term can be estimated as
<1+ )HJ’“HQII%F el
Lets estimate separately the second term. Denoting G =VF (X (t), & (t)),
3 Fusnd H ( Gw = GUHID) (k= W1~ >> |
t4j—1 % - I -
j=1 ) (t+J) — G(’H’J 1)) Wk j(I o 1%) B
2
k
Z (G(t-‘rj G(t-‘r] 1) ) (k‘ _j)Wk_j
! F
=T
2
k
Z ( G+ _ qlt+i- 1)) k=i
= F

=:Ts

where we used the definition of the Frobenius norm and HI — % H < 1. We now give upper bounds
for T and T5.

The second term 7. We firstly separate the stochastic noise by adding and subtracting the full
gradient,

2

i ( X(t+J) Vf(X(t“‘j_l))) Wk—i

J=1 F
2
+3 Xk: (G(t+j) V(X +9) )) Wk +3 i (G(tﬂ'*l) _ vf(X(tH*l))) Wk—i
j=1 . j=1
Note that
2
k k
E(Y (G(H-J) Vf(x(tﬂ))) Wweil| = ZE‘ (G<t+j> _ Vf(X<t+i>)) Wk—jHQF
j=1 j=1

F o s

)
F

where we used the martingale property E; [G) — V f(X()) | X(W] = 0 forall j < ¢. It follows
2
k . ~ .
B 2 58 Z (VAHXED) = V(XD W 6hno?.
=1 F

19
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We expand further by adding and subtracting V f(X™*) to the first norm, and bounding stochastic
noise by (6) in the other terms

2 2

k k
E[Ty] < ZVfX(tﬂ — V(X)) Wk ZVf (XD - f(X*)WEI| + 6kno?

F F

@@b

12kZE HVf X)) — v (X¥) i + 6kno?.

The first term 7). First, we separate the stochastic noise similarly as above. Defining Z(\) =
G — V(X®),
2 2
k k
n% Z [Vf (X (t+)) Vf(X@ﬂ‘*l))} (k=W 2|} (Z“ﬂ’) - Z<t+ﬂ'*1>> (k — )W
=t F 5=1 F
Next, we add and subtract V f(X*) in the first term k — 1 times and temporarily denote DU) =
VHXWD) = VF(X™)

2 2
k k
n<2|y (D(t+j) _ D(t+j71)> (k=W 2|3 (Z(tﬂ) tﬂ'*l)) (k — j)Wh=i
j=1 F J=1 F
Next, we re-group the sums by the gradient index.
~ ~ k72 . r ~ . ~ . 2
Ty < 2| DUHFDW — (k — )DOWH 1 43" DO [ (k — j)Wh— — (k —j - 1)W’“*J*1]
=1 ) »
2
~ ~ k_2 . ~ . ~ .
+2|| 20D — (k- 1) 2O Y 20 [(k —WRT (k- 1)W’“—J—1}
j=1 »

(1), (™ 2 - 2 A2 , - - 2
< ok HD(”’“_I)H +HD(”(I€—1)W’“‘1H +ZHD“+J) {(k—j)Wk_J—(k—j—l)W’“_J_l}H
F F =1 F

2 . 2 k2 , L L 2
2 HZ(”’“‘”H HZ(“ k-1 W’HH HZ(”]) k— YWRI — (k- j — 1)Wki1 H
+ I e I3 [k =) (k—j —ywr=]|

where for splitting Z we used martingale property E; [GU) — Vf(X ) | XU)] = 0forall j < ¢.
~ . ~ . 2
Next, we use Lemmato estimate the norm H(k — IWFI —(k—j— 1)W’“_J_1H2 < 18:and

due to our choice of £k > 7 and a key

using (T0) we estimate H(k - 1)W’€*1Hz < ||Jk’1||2 <1

Lemmaf]
k—1 k—1
@ 32k 2 32 112
ocr (t+7) e (t+3)
s c? ZHD ]HF+CQZHZ jHF
=0 =0
Taking expectation over the stochastic noise,

32kno?
+ 2

@ 32k Z HD<t+J)

C

Summing up 71 and 75 and estimating k£ < 27 we conclude the proof

2 3 2 4401 3807
E[[@klr < ZENTelf +7° = = ?

5—no- . O

k
S ||vrexe) — v+
=0
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We will proof Lemmawith B; = 28C;, By = 4C5, B3 = /515 2C1, where C; = 220 and
(5 = 190 are constants from Lemma@

Proof of Lemma(7l Observe, for any ¢,

V) = vrx)

i‘< 2|V F(x) - Vf@Ym)H 2| vrx®) - Vf@xw .

@

@12 HX(t) _ ol

v2| wr(x ) — v

F

<)%
With Lemma[20]

@)3 TCl k : * 2 7'02
E[[Crll} < TEING +22 50 Y B[V xE) - vr (x| +42 T ne?
j=0

w

2017'

2017’[/
< S E[¥ ||F+72672EH‘I%+JIIF+V2
7=0

ZE vz — v

>~

< 512~2C1LT

2
SENGIE + ZH\PWHFW

2C T ZEHVf t+g)) Vf(X*) .

Next, we estimate the third term by smoothness forj <k

2 ,
< 2Ln (fEH) - f(x))
F
And for j = k, the index is t + k and it should appear only in LHS. Thus we estimate

|V —vrx

[v )~ vree|f D 2 |wper) - v o |[vsenn) - v

@ 212 | K0~ EHED | g (FxEHD) - g <X*))

Next we use (TT)), that is equivalent to X +5) = X (t+k=1) g p(X (tHk—1) c(t+h-1))11_ " Taking
expectation

B HX(t+k) _ X(kal)Hi @g@ 2 va(X(Hkq))% ’2 + 4202

2 2

<2 [vrxtertm)al g e g o [VxEED) - v 4%

@®).é
<

2422 HX(Hkq) _ X(kal)HQF +442Ln (f(i(t+k71)) _ f(x*)) 4252

where on the second line we used Vf(f()% =Vf(X),and VF(X*) =0. Asy < WYL

|7 7xe) — 9500} < 22 10l + 500 (FEOHD) - 7))

Coming back to recursion for || ¥y, ||?J and using that 201L 2OLTNZ < 512 by our choice of -,

K _
2 _ 3 2 1 2 Cit (t4i 2057
EllVeinlr < JENTF + 526 > oIl +72714LnZE (f(x(t+3)) _ f(x*)) + 4222
j=0 7=0

It is only left to get rid of || ¥, || from RHS. For that we move the term with IR H; to LHS and

divide the whole equation by (1 — 5=—). Weuse that (1 — 3z—) ~ < 14 5= < 14 525

that (1 — ) (1+ 57) < (1 — ) (1+ 335) < (1 — §). We thus arrive to the Lemma’s statement
k-1

1 28CH T 4CoT

E(Weillz < < ||‘I’t|\p ]Ell‘I’tﬂHF V¥ =—1ILn E (&) — f(x*)) + 42 27102
8 1287

7=0

O
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Proof of Lemma (8

Proof. Define v = 28C1 % Ln, 8 = 4C3 5 0?n for simplicity. Then inequality (T4) takes the form

k-1 k-1
1

1
Bl < (1- 5 ) B+ S Il or B + 57 D)
7=0

A new quantity. We define a new quantity that has non-increasing properties even for k& < 7 in
contrast to E |\\Ift+k||2F. For ¢t > 0 we define
T—1

13 2
(I)t+‘r = ;ZE||\D75+JHF Et+7— = QZE€t+j
- =0

Non-increasing property for k < 7 (butt +k > 7).

P = — <ZE|‘I’t rrillE + ZE||‘I’t+z||F>

i=k
Applying (Z1) to the second sum,

T—1 k—1
1 1 1
Coan < — D B lf+ = > Kl - 8) E[|Wryill7 + 128‘I>t+z + VB + 87

i—k i=0
= =
L AT Z Qepi+ X;EtJrz + 57 ; (22)

where we used that ©; > 0 V¢ and that 7 2 k.
Contraction property for 7 < k < 27. Using (21) and a definition of ®;,

= TRE= = =

2 2
Q== > E[Wylp<(1-2)= Y BV lptm— D, P +7= > B+ 87

7 8) 7 1287 T
j=k—1 j=k—1 j=k—1 i=k—T1
DPigp—r
Combining with (22)) we get contraction for ®;j,
@ 1 1 =\ sl )
Cipp < <1— 8) ¢t+@zo¢t+j +7 ;Z;Et+i+2ﬂv (23)
J= i=

Simplifying contraction property. First, we substitute (22)) into the second term of @

k—2
ik < (1 - ;) Py + % ; Prpi + 12187- 1218 Z Diyi+97 Z Euri +287°| +79°= Z By +267°
1 1 1 1 = 132
< (1 - 8) <1+ 647) @ + <1+ 128T> lm&r;‘btJﬂ""Y *;;Etﬂ'i‘?/BV ++° Et+lc 1
where we used that 5= = (1 — 3) 5= < (1 — §) 5=~ Similarly applying (22) to the rest of ®;;,
k k-1 trk—1—i k
Pryr < (1 - é) (1 + 6417') Dy +72% Z: (1 + 12187) ' Eiyi+ (1 + 1218> 267
We further use (1 + &)k < (1 + 64%)27 < exP(i) <1+ 11—6 and (1 - %) (1 + 64%)]6 <

(1 — %6); and that (1 + ﬁ) <1+ % < 2. Therefore,
1 1k 1
Dy < <1 6) D, + 297 = Z Eiyi + 487 (24)

10
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Simplifying non-increasing property (22). Similarly as above we substitute recursively (22) into the
second term of (22)), for 0 < k < 7

k—2 k—2
1 1 1 51
P <(1l+—|9 1 —_— d — E E
o< (14 5 ) oo+ (14 157 oy 2 i+ 3 B+ 87| 97 B

1 t+1—1—1 1 T )
(1+128) By + 47~ Z( 128) B+ <1+128) By

Using now that (1 + )" < 2 we get
T—1

1
Opp <20, +29°= > Eipi +267° (25)
T 1=0

Obtaining recursion for E | U, ||?D + ®;. As our final goal is to obtain inequality for E ||, ||§,, we
start modifying 1)), for 7 < k < 27
k—1

2 1 2

E[|W k) < (1 3 E (|9 + 128 (Pryk + Pryr) +y ;)eprg + B2

o 1 , 1 L1k k-1
< (1 - 8) E [l + 128 4P, 44y *ZEH] + ay ;)etﬂ + 257

= k-1
(1—8)]E||‘1’t||F 32 t+7;z_(:)Et+j+a72jz_:0€t+j+2ﬁ72
Summing up the last inequality and (24) we get
k—1
1

IMWHH§+@Hk§<1)FHWHF+¢4+3VE:EHJ+7@§:QH+@%

7=0

Unrolling recursion up to . For a given t > 7, lets define m = Lt / TJ — 1. Then

E | Wl + @0 < <1> [EH\I/WHFMDW] +37°= Z Ej++%a Z ej + 677

j =mT ] =mT

Unrolling this recursively up to 7 we get,

) 1 m ) ) t—1 1 L(t—3)/7] 1 2m—1 1 j
E || + @, < (1—32) [E|\\IIT||F+<I>T} +5 §<1—32) {3TEj+aej] + 606y jz:(:) <1—32>
(26)

Initial conditions. Ineallty above work for ¢ > 7. Here, we focus on ¢ < 7. Using similar

calculations as in Lemma [7|replacing estimation of H\IJOJ ¢ H 7 by Lemma. we get that

2 342 2 =1
E |0 r <2 HAX(O)HF * p% HAY(O)HF a5y 2 BIVIIE + v Zej +87" @)
j=0 7=0

2:@0

Recursively applying (27) to the second term of (27)), similarly as above, we get
t—1

- 1
B[ W[7 <260 + 207"~ Y ¢; +28+° (28)
7=0
And therefore,
1 T—1 ) 5 ) 1 T—1 )
:;Z%EII%IIFQ@OHM ;z(:)%Jr?ﬂv (29)
J= Jj=
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Final recursion. Finally we apply (28], (29) to the first term of (26)

t—1 1

J=0

e For the last term we estimate Z (1 — —) <2

e For the terms with e; and E; we estimate, similar to [16],

1 L\ < exp( 1 )<1 L and thus
= N —— _
32 P 527 64r
LE—=5)/7] TL(t—=5)/7] t—j -
1 1 1 1 1
- <(1-—— <(1--—— 1-— ) <2(1-——
32 647 647 647 647
where as 51— < 1 we estimated (1 — @)_T < (1716%) < (14 552)7 <exp(z5) <2

o Similarly, for C:)0 term we estimate
m = —27 t
(1-%)"=0-%) " <(-g) (1-a)  <20-4)"

e For the terms with F'; we additionally estimate
1 t—j 1 t—j Jj—1 t—1 1 i—J
2(1—- — E;=2(1-— ;=2 1— — 1— — ;
( 647) 7 ( 647) 1 ZT ¢ Z;T ( 647) ( 647) ¢

Further, —7 < i — j < —1, and thus (1 — &)1 I < 9 forall such —r < i —j < -1

Therefore we obtain

t—1

1 1\
B[ +® < (1——— ) 80+ 22 — 20872
e e az( o) et
This brings us to the statement of the lemma. O

The rest of the proof follows closely [16].
B.2.1 7-slow Sequences

Definition 2 (7-slow sequences [44]]). The sequence {a;}>o of positive values is T-slow decreasing
for parameter T > 0 if

1
Ai41 S Qg, Vit Z 0 and, At41 <1 + 2) Z ag, Vit Z 0.
T

The sequence {a; }¢>o is T-slow increasing if {a; ' };>0 is T-slow decreasing.

Proposition 21 (Examples).

~

. The sequence {n}}1>0 with n; = b > 327 is 47-slow decreasing.

a
b+t

N

The sequence of constant stepsizes {n3 }+>o with n; = n is T-slow decreasing for any T.

w

The sequence {w; }i>o with wy = (b+t)% b > 847 is 87-slow increasing.

A

The sequence of constant weights {w; }+>o with w, = 1 is T-slow increasing for any T.

24
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B.2.2 The Main Recursion

Lemma 22 (The main recursion). Let {w;}i>o be 641-slow increasing sequence, Wy =
T}i-l ZtT:O wy, with 7y < g5 it holds that

T T ¢ T
2 1 ~ n T
Zwt E %% < Zwt (1 - 647) 80¢ + 197 Z eqwy + 40C20—202n72WT, (30)
t—0 t=0 t=0
where e; = f(X)) — f*, ©g = 2 HAX(O)Hi + 31)%2 HAY(O)H? Cy = 440, Cy = 380.

Proof. We start by averaging with weights w;. Define Wr = ZZ;O wy, a = 28C1 5 Ln,
B =4C, c%azn,

T T 1\ T t—1 1 \*J
E|[W,]2 < 1— — | 80y + 2242 1— — 420872 W
;wt [ tF_;wt< 647) o+ VQZWZ:)< 647-) e; +208v*Wr

t=0 j=
=T
For the middle term T, we use that w; are 647-slow increasing sequences, ie. w; <
w; (1+ 12187')157]’ we get
T t—1 1 t—j 1 t—j T t—1 1 t—j
n=3Y (-] (1vge) ewsYX (o) ew
t=0 j=0 t=0 j=0
T T 1\t T 00 1\t T
<3 e > <1 - w) SIS (1 - 128) <1987 Y evu
7=0 t=j+1 7=0 t=0 t=0
Therefore,
t T
a 2 2
Zwt@t < Zu}t (1 - 64) 8@0 + 2816’}/ aT;etwt + 206’}/ WT
Now using that 7 < zgz&—7 and that @ = 20C1 5 Ln, 3 = 2Co Lo’n.
T T 1 t n T .
= 2,2
Zwt@t < Zwt (1 — 647’) 80 + oL Zetwt + 40026—20 ny*Wrp
t=0 t=0 t=0
O
B.2.3 Combining with the Descent Lemma[S]
Lemma 23. Define D = %, a = & A = 24116, 6, = 2||[AXO|% +
B= 12002LC%0 , C1 =440, Cy = 380. Then with v < W it holds that
T T t
1 1 (1 —~a) Wy 9
— < — - - — D — — B
QWT;wtet_WT;< 5 WeTt 77‘t+1 + 7-1— Zwt + by
(€29
P <12 _\\"n (1) )2 :
roof. First, define Wy = Zt oWy, Ty = Hx || , 0, = Zi:lEHX - X, || . In this

notation, (I2)) writes as

252 3L
rip1 < (1_77#) Tt+7 —ver +7—06y,
2 n n

We rearrange by multiplying by w; and dividing by ~

(1 — %) Wy o2 L
wyep < ——==wyry — 77"t+1 + ;ww + ;wte)u
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Now summing up, dividing by Wr, using that O, < E ||\Ift||%, and using (30)

L 1 < (1-1) wy T 1\"1-
Zwtet W z; < Wil — 7Tt+1> —'y + — z:; w24 L (1 — %> E@o
T

1 1
Zetwt + 12002L o2~?

Putting the fourth term to LHS we get the statement of the lemma. O

Now similar to [[16, Lemma 15] we obtain the rates of Theorem@]for the strongly convex case, and
similar to [16} Lemma 16] for the weakly convex case.

B.2.4 Strongly Convex Case

Lemma 24. If non-negative sequences {ri}i>0,{ei}i>0 satisfy (BI) for some constants
a > 0, D,A,B > 0, then there exists a constant stepsize v < + with b > 128a1 such

b
that for weights w; = (1 — ay)~ Y and Wy = ZtT—o wy it holds:

1 a(T+1)] D B
QWT Zetwt —+ arr4q < O ((7’0 —+ A/Qa)bexp |: b:| + ﬁ —+ CLQTQ) y

where O hides polylogarithmic factors.

Proof. Starting from (31) and using that that M = “=* we obtain a telescoping sum,
1 « 1 ) 4 Z 1\
oWop ;wtet < Wiy (1 = ay)worg — wrrry1) + Dy + By” + W ;wt (1 _ 647> :
And hence,

T t
1 wrTrT+1 To 2

— LIl <« 9% L py+B 1——

2Wrp tz:;wtet + Wry = Wrpy VBT ZO 647’

Now we estimate the last term. We use that 2va < 6% and thus (1 — 5 47) <(1—ay)?
T

1 1 1
_— 1—a~y)~ @D (1 = (1—
W ;( @) 647’ - Zo *Y - WT 2a’y
where we used that 1—1a < % Thus,
v

T
1 WTTT41 1 A 2
— — < — — D B
2Wr ;wtet * Wry = Wry ot 2a TEYEEY

Using that Wy < M and Wpr > wr = (1 — a'y)*(TH) we can simplify

1
2Wr

1 A 1 A
Zwtet +arri; < (1-— a’y)T+17 <T0 + 2(1) + Dy +By* < 5 (ro + Za) exp [~ay(T + 1)] + Dy + By*,

Now lemma follows by tuning ~ the same way as in [43]].

1n(max{2,a2(m+%)T2/D})

aT

lnmax2a27‘+ T2/D
o If 1 > Wlmax{2a’(ro+ £)1°/D))
that

O (a(ro + Af20)T exp [ In(max{2, a?(ro + 4/20)T%/D})]) + O ( D > . ( B )

aT a?T?
~ (D ~ B
-0(iz) +o ()

then we choose n = and get
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In(max{2,a”(ro+4£)T>/D})

e Otherwise ; <

7 we pick = + and get that

aT
6 (- sy [-4L10] L 2. 2)
<O ((ro + 4/24)bexp {—G(T;l)} - GBT - (;%) : O

B.3 Weakly Convex and Non Convex Cases

Lemma 25. If non-negative sequences {r.}1>o, {e:}1>0 satisfy witha =0, D,A,B > 0,
then there exists a constant stepsize v < % with b > 128at such that for weights {wy = 1};>¢ it

holds that:
1 r cro 7 1/3 0 g bro + At
< 2 2B .
+1)§et—0 <T+1) i <T+1> T

Proof. With a = 0, constant stepsizes 7, = 1 and weights {w, = 1};>¢ is equivalent to

T T R 1\
— Dy+ B — 1— —
T+1Z T+17t2” rev) + Dy + 7+T+1Z< 64T>
To 2 64 AT
<o +Dy+ By +
STy TR T
To conclude the proof we tune the stepsize for the first three terms using Lemma [26] O

Lemma 26 (Tuning the stepsize). For any parameters rq > 0,b > 0,e > 0,d > 0 there exists
constant stepsize 1 < % such that

1 2
70 Drg \ 2 1 0 3 bro
Upi=——" _ +Dn+Bnp?><2 2BY/3
T (T+1)+ B = (T+1) * (T+1) T

o
(wm)

Nl
[NES

Proof. Choosing = min { (D(;O-s-n) , é} < % we have three cases

N|=
ol

o n= % and is smaller than both (ﬁ) and (B(;U_H)> , then
b?"o D B D’I“o % b’l"o 1 To %
Uy < Z12< BY/3 (2
TSTY +b+b2_<T+1> Triat T+1

1 1
. 3 . 5
e (7D(TO--1)) < (B(TO-H)) then
’I“QD % To ToD % 1 To
Up <2 Bl=——2—)<2 B3
r= (T+1) + (D(T+1))_ (T+1> * ((T+1)
<<D(;0+1))

2 1 2 1
1 To 3 To 3 1 T0 3 D’I“O 2
U~ < 2B —_ D —— < 2B .
rs 3(aw1» * (B@+n) = 3(@410 +(T+1>
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B.4 Non-convex Case

First, we state the descent Lemma for non-convex cases. Due to Lemma|§], it holds that

Lemma 27 (Descent lemma for non-convex case, Lemma 11 from [16]). Under Assumptions as in
Theorem the averages XV = % Z?zl xgt) of the iterates ofAlgorithmwith the constant stepsize
Y < m satisﬁl

L? 2 L
B 10 < 100 oL+ S 0 B

Similarly as for the convex cases we prove the following recursion

Lemma 28 (Consensus distance recursion). There are exists absolute constants C1,Cy > 0 such
that
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where e; = ||Vf(5<(j))H2, T<k<2r, 7= %log (%(1 + log %)) + 1, p and c are defined in (),
Uy = (AX® yAY W) and is defined in ).

Proof. The proof starts exactly the same as in the convex cases, Lemma[20] The difference comes
when estimating terms 7% and 75.

The second term 75,. After splitting the stochastic noise,
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Term 7,. Similarly, after separating the stochastic noise with Z(*) = G®) — v f(X ),
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We add and subtract V f(X**7), V f(X**771) in the first term and denote D) = Vf(X()) —
VF(X0)).
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Terms with D and Z we estimate exactly the same as in the convex case, thus getting
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It is only left to estimate the last term. For that we use Lemma and % < 7 due to our choice of T,
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Where the last inequality was obtained while estimating Term 75. Using that k < 27, v < ﬁ and
that || D(t+9) H; < L% || x0+9) — X(”j)Hi by smoothness
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Summing 7 and 75 together, and using that v <
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Next, we unroll this recursion with Lemma ]

For v < ﬁ < ﬁ, and with some positive absolute constants By, Bo > 0 it holds,
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where ¢; = ||V (&)[[%, 4o = 16| AX O3 + 2 | AV O3,

The rest of proof consists of combining (34) with the descent lemma for non-convex case (32)) in
similar fashion as in Lemmas[22] 23} and further using Lemma [23]to obtain the final rate.
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C Experimental Setup and Additional Plots

We illustrate the dependence of the convergence rate on the parameters c and p.

In these experiments, we vary p and ¢ (by changing the mixing matrix) and measure the value of
f(x(®) — f* that GT reaches after a large number of steps ¢, when using a constant stepsize ~ (chosen
small enough so that none of the runs diverges). According to our theoretical results, GT converges

2 2 2
to the level O (% + 15 > in a linear number of steps (to reach higher accuracy, smaller stepsizes

2 2
must be used). Thus, for n large enough, this term is dominated by O (Wp; ), which we aim to
measure. In all experiments we ensure that the first term is at least by order of magnitude smaller

than the second by comparing the noise level with GT on a fully-connected topology.

C.1 Problem Instances
We used n = 300, d = 100.

Setup A (Gaussian Noise). We consider quadratic functions defined as f;(x) = ||x|*, and x(©)
is randomly initialized from a normal distribution A/ (0, 1). We add artificially stochastic noise to

gradients as VF;(x,&) = Vf;(x) + & where £ ~ N (0, ”T;I).

Setup B (Structured Noise). We consider quadratic functions defined as f;(x) = ||x]|%, and x(©)
is randomly initialized from a normal distribution A/ (0, 1). We add artificially stochastic noise to
gradients as VF(X,¢) = Vf(X) + diag(¢)V, where £ ~ N (0, ”72[) is a d-dimensional Gaussian
noise vector, diag (&) a matrix with £ on the diagonal, and V' € R4*" is a matrix with half of the rows
equal to v € R™, and half of the rows equal to u € R", where v, u are eigenvectors of the mixing
matrix, Wv = )\, (W)v, i.e. corresponding to the smallest eigenvalue of W, and Wu = Ay (W)u,
i.e. corresponding to the second largest eigenvalue of W.

This is motivated by the observations in Lemma[I3] where we noted that components in the eigenspace
corresponding to the smallest eigenvalue of W get amplified the most.

C.2 Graph Topologies and Mixing Matrices

Interpolated Ring (between uniform weights and interpolate with a fully-connected topology).
We consider the ring topology Wiine on n nodes, where each node ¢ has self weight w;; = % and
Wi 14 mod n) = Wi,(i—2 mod n)+1 = % for its neighbors. We interpolate this uniform weight ring
topology with a fully-connected topology, Weomplete = =117, that is, Wy 1= aWiing + (1 —
@) Weomplete- The eigenvalues of Wiing are A(Whing) € [—3, 1], and A(Weomplete) € [0,1], and
therefore ¢ of W, is also a constant.

Ring with smaller self weight. We consider the ring topology W,, on n nodes, where each node ¢
has self weight w;; = w < % and W; 14(; mod n) = Wi, 1+(i—2 mod n) = 5= for its neighbors. The
eigenvalues of W, are A\(W,,) € [2w — 1, 1], and therefore ¢ can become small by choosing w (note
that the A, (W,,), while decreasing for smaller w, is not equal to 2w — 1 in general, expect when
w = %). We measure the exact value )\, (W,,) when reporting ¢ below.
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C.3 Additional Plots for Setup A
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Figure 4: Impact of ¢ and p on the convergence with the Gaussian stochastic noise > = 1. The first four
subfigures illustrate the impact of p on convergence when c is kept constant; showing a linear scaling of the
loss compared to %. The last subfigure varies c in the graph while keeping p as a constant, and we see a linear

scaling compared to c%

C.4 Additional Plots for Setup B
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Figure 5: Impact of ¢ and p on convergence with the structured stochastic noise o> = 1. The first four subfigures
illustrate the impact of p on convergence when c is kept constant; showing a linear scaling of the loss compared
to %. The last subfigure varies c in the graph while keeping p as a constant, and we can see a linear scaling

compared to 5.

In Figures [ and [5| we study the impact of ¢ and p on the convergence. These findings support the
@) (7; f;) scaling predicted by theory—however, cannot replace a formal proof. We leave this for

future work.
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