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Organization. In Appendix A, we define Besov spaces and state some useful facts about them.
In Appendix B, we analyze the single-level estimator and prove Theorem 1.2. In Appendix C,
we analyze the multi-level estimator and prove Theorem 1.3. Finally, in Appendix D, we give
details of our lower bound technique and prove Theorem 1.1.

A Preliminaries

In this section, we formally define Besov spaces and provide some standard facts about them.
We then state two useful probabilistic inequalities. Finally, we recall the assumptions that we
make on the density function f.

A.1 Besov spaces

Our exposition here mainly derives from [4, 5]. We start with a discussion on wavelets.
Wavelets. A wavelet basis for £2(R) is generated using two functions: ¢ (father wavelet) and
1 (mother wavelet). The main feature that distinguishes wavelet basis from the Fourier basis is

that the functions ¢ and v can have compact support. More precisely, there exists a function
¢: R — R such that

1. {¢(- — k) : k € Z} forms an orthonormal family of £L2(R). Let Vy = span {¢(- — k) : k € Z}.
2. For j € Z, let V; = span {;}, : k € Z}, where ¢; x(2) = 27/2¢(2/x — k). Then V; C Vj41.
. ¢ € L2(R), [ ¢(z)dx = 1.

Remark: Conditions 1,2,3 ensure that NjezV; = {0} and UjezV; = L2(R).

w

W

. ¢ satisfies the following regularity conditions for a given N € Z_:

(a) There exists a bounded non-increasing function ® such that [ ®(|z|)|z|" dz < co, and
|p(x)] < @(|x|) almost everywhere.

(b) ¢ is N+1 times (weakly) differentiable and ¢N+1) satisfies ess sup, Zkez‘d)(N—H) (x — k)‘ <
00.

¢ satisfying (a),(b) is said to be N-regular.

Let W; C L%(R) be a subspace such that V411 = V; @ W (i.e. Vji1 = V;+W; and V;NW; = {0}).
Then, there exists a function ¢: R — R such that

1. {¢(-—k): k € Z} forms an orthonormal basis of W.
2. span{¢x : j € Z,k € Z} = L2(R), where 1, 1. (x) = 27/2(2x — k).
3. 1 satisfies the same regularity conditions as ¢.

For any L € Z, we can decompose L?(R) as
LR =ViEPW.PWrrnP---
That is, for any f € £2(R)
F=>arpbre+ D>, > Bixtiks (1)

kez J>LkeZ



where

ari = /f(x)qﬁL,k(w)d% Bk = /f(iﬁ)wj,k(l‘)dx

are called the wavelet coefficients of f, where the convergence is to be understood in the £2 sense
in general; however, when ¢, 1 satisfies the regularity condition, then the convergence holds in
LP sense for p € [1,00] (see Fact A.4). Moreover, for a father wavelet ¢, there is a canonical
mother wavelet 1) (Section 5.2 in [5]) corresponding to ¢.

Besov spaces. We now define Besov space B(p, ¢, s) with parameters p, ¢, s, where 1 < p, ¢ < oo,
s> 0. Let ¢ be a father wavelet satisfying properties (1)-(4) above, with N > s. Then,

0o 1/q
feB(p,q,s) — Hao.||p + (Z (25+2p||ﬁj.”p)q) cx @)

J=0

where ||ao.[|,, is the ¢, norm of the sequence {aok};cy, [18;.[, is the £, norm of the sequence
{Bjk}rez- The sequences {ao i}y s {8k} pey come from the wavelet expansion of f using the
father wavelet ¢ and the corresponding mother wavelet 1. The definition (2) of B(p,q, s) is
invariant to the choice of ¢ as long as N > s. For the purposes of defining Besov norm, we fix
a particular ¢, 1, where ¢ is N-regular with N > s. Then, the Besov norm of a function f is

defined as

o0

1/q
1£1lpgs = lleo-ll,, + (Z (2”5%;;5]-.\\],)‘7) . 3)

J=0

A.2 Useful facts about Besov spaces

We record a few facts about Besov spaces that will be used in our analysis. Throughout, we
assume that f € B(p,q,s) with [|f|,,, <1 and supp(f) C [0, 1]. The following fact is apparent
from our discussion on wavelets.

Fact A.1. Let the wavelet expansion of f be as in (1). For H > L, define fFUH) = Y okez OLEPL kT
L8 Cwez Biktin- Then, fH) =3 p ampdmy.-

Since supp(f) C [0, 1], and supp(¢;0),supp(j0) C [~A277, A277], there is no overlap between
supp(f) and supp(¢; k), supp(¢; 1) for all but a finite number of indices k. In particular, we have
the following.

Fact A.2. Let the wavelet expansion of f be as in (1). Then, for any given j € Z,, there are
O(27) translation indices k such that ¢; () or ¥ (x) is possibly non-zero, where x € supp(f).

For f € B(p,q,s), it is clear from the definition of Besov norm that the wavelet coefficients must
decay sufficiently fast. More precisely, we have the following.

Fact A.3. If f € B(p,q,s), then

. 1 1
lim 27772750 378 = 0
J—00
keZ

and in particular there exists C > 0 such that

—q 1_1
1B; 12 = 3" 1BjulP < € - 27PF 7)),
keZ



The next fact quantifies the approximation error when the wavelet expansion of f is truncated.

Fact A.4. Let f) be as in Fact A.1. Then, forr > 1,

—Hs . <

Hf(H) _
92— H(s 1/p+1/r) if?“ > p.

The next fact (from equation (15) in [4]) gives a bound on || f||,, when | f[|,,, <

Fact A.5. Let s > 1/p. Then

[ flloo < (1 _ 27(3*1/p)q’)1/q/

where 1/q+1/¢' = 1.

Now, let Xi,..., X, be independent samples from distribution with density f. For j, k € Z,
define

n n
ajp = ;;@,k(){i)» Bik = :L;%k(Xz’)- (4)
Observe that oy (resp., ng;) is an unbiased estimate of o (resp., B;x). The following fact is
from equation (16) in [4].
Fact A.6. Let n > 2/. Then, forr > 1,
Ellajr — ajrl] < Cn~"/?, EHBN - ﬂﬁk‘r} < CnT/?
where C' is a constant that depends on p,q,s,r, ¢, .
We note another useful fact (obtained after setting 5 = 0 in equation (21) in [4]).
Fact A.7. Let g = ZJHZL > kez 95k k. where g; . is random. Then, for r > 1,
H
E[llgll;] < C(H — L)"/> D+ Z 20N R[G5kl
j=L keZ

where C is a constant that depends on 7.

A.3 Useful probabilistic inequalities

Theorem A.8 (Rosenthal’s inequality [6]). Let Xi,..., X, be independent random variables
such that E[X;] = 0. and E[|X;|"] < oo for every i.

1. Suppose E[X?] < oo for everyi. Then, for 1 <r <2,

o5l ]= (Beb)

(This just follows from concavity of f(x) = x"/? forr < 2.)

n T

D Xi

i=1




2. Suppose B[|X;|"] < oo for every i. Then, for r > 2, there exists a constant K, depending
only on r such that

i

Theorem A.9 (Bernstein’s inequality). Let Xi,..., X, be independent random variables such
that | X;| < b almost surely, and E[X?] < v; for everyi. Let X := 3" 1 X; and V := Y1 | v;.
Then, for every u > 0,

n T

D Xi

i=1

<K, {gﬂzum + @E[XEDT/Q} -

02
Pr(|X —E[X]| = u) < exp <_2(V—i—bu)>
3

A.4 Assumptions

We recall here the assumptions we make on the density f:
1. f is compactly supported: without loss of generality, supp(f) C [0, 1].
2. Besov norm of f is bounded: without loss of generality, || f|,,s < 1.

Our algorithm works with any father and mother wavelets ¢ and v satisfying the following
conditions:

1. ¢ and ¢ are N-regular, where N > s, and
2. supp(¢),supp(¢)) C [—A, A] for some integer A > 0 (which may depend on N).

As a concrete example, Daubechies’ family of wavelets [3] satisfies these assumptions.



B Analysis of single-level estimator

Our goal is to upperbound the worst-case L loss E H‘ f — f‘m, where fis the estimate output
T

by the referee. Arguments and results in Sections B.1 and B.2 will be used in the analysis of the

multi-level estimator as well.

B.1 Coupling of simulated and ideal estimators

Denote by p the probability distribution corresponding to density f. Recall that p ;) is the
distribution after quantization of samples from p. Suppose the referee has m samples from

-~ ~ T
Pz () using which it outputs the estimate f. To compute E H‘ f— fH ], consider the following
T
statistically equivalent situation:

e There are m i.i.d. samples X1,...,X,, ~ p.
e For each i € [m], let

A 0 if k¢ AU,
X;) = : ’
¢H,k( ) {2H/2Q(Vi)(k;) if k e Agj), “

where B; is the bin X; lies in, Q(V;) is obtained by quantizing {Z_H/Q(éH k(XZ)}k A(H>
using Algorithm 1, and Q(V;)(k) is the entry in Q(V;) corresponding to k € A( ). In other

words, {(ZH’k(Xi)}keZ is the quantized version of {¢ g i( Z)}keZ'

e Define fas

A: Z &H7k¢H7k, where &HJC = Z ¢Hk k e 7. (6)
kezZ

Then, computing the £ loss for the single-level estimator is equivalent to computing the L loss
for f defined in (6). From here on, when we refer to f, we mean f defined in (6). Now,

~ T -~ T — T
_ < 9r—1 _ _
B||f- s <2 (|- AL) +=[|7-7[]) Y
where f is defined as
f_ = Z &H,k(z)H,k where C_YH,]C = Z ¢Hk k’ € 7. (8)
keZ
Note that this is just the classical density estimate obtained using m samples X7, ..., X,,. The

idea behind introducing this coupling is to facilitate analysis by bringing in the classical density
estimate (8) and breaking up the £ loss as in (7).



B.2 Key lemmas

Since these lemmas will be used in the analysis of the multi-level estimator as well, we discuss
them in more generality than would be required for only analyzing the single-level estimator.
For j, k € Z, define

. 1 =~ ~ 1 & .

Qjk 1= — ; Gk (Xi), B = ; Vjk(Xi), 9)
_ 1 & — 1 &

Qjk = i:Zl¢j,k<Xi)7 Bjk = p- izzliﬁj,k(Xz‘)y (10)

where {¢j’k(Xi)}k:EZ and {wj’k(Xi)}keZ are quantized versions of {¢; x(X;)}, ., and {9, k(Xi)}kGZ,
respectively (as in (5), with H replaced by j; ¢ replaced by v, and .A( replaced by BEB) in the

case of B]k) The following claim bounds the error between quantized and unquantized (classical)
estimates of wavelet coefficients.

Claim B.1 (Error between quantized and unquantized estimates). For r > 1, we have

1 .
~ _ s ifrell,2
Eflaj, — ajnl’] < 0{27(?{/227 oo 1.2

mr—1 + mr/27 Zfr > 27

for a constant C. The same bound holds for E HBM — Bj’kﬂ as well.

] Sl
m
Vi = (33660 — 036 X)L, o

Note that, since the quantization is unbiased, we have E[Yj;] = 0. Moreover, |Yi| < 27 /2 almost
surely. We first consider the case > 2. Then, by Rosenthal’s inequality (Theorem A.8),

iz

Moreover,

Proof. For a given j, k,

;i@j,k(){i) - ¢j,k(Xi))]l{Ag?3k}

i=1

ik

Ellaj,e — ajil' ] =E [

where

< (29/2)(r= Q)ZE[Yk } (iE[YZi]) g 2j(5_1)mE[Y1k2}+m§E[Y12k}
i=1

=1

[Nl

(11)

ik

E|Vi|=E

~ 2 . .
(656 (X0) — 3jx(X0) 1{keA(j)}] < 2 Pr(k € AY)).
B;
Now, note that
: 1
Pr(k € AY)) = Pr(X; € supp(e;x)) < 4, Flow S 55 (using Fact A.5)

which gives

=5

E[v}] <1

Substituting this in (11), we get the desired result when r > 2. For r € [1, 2], using part (1) of
Theorem A.8, only the second term in (11) remains. This gives the result for r € [1,2]. The

—~ _ r
proof for E Hﬁj’k — ﬁj,k’ } is analogous. O



The claim above, combined with Fact A.6, lets us bound the error between quantized estimates
and true coefficients as follows.

Claim B.2 (Error between quantized estimates and true coefficients). Let m > 2J. Then, for
r > 1, we have

C

mr/2’

C

Eflajr — ajxl’) < 5

~ T
EHBJ’,k - /Bj,k‘ } <
for a constant C.

Proof. Note that
Ella;x — ajrl") < 2" HEllag s, — anl"] + Ellag, — ajxl’]) -

The first term can be handled with Claim B.1. The second term can be bound using Fact A.6.
Overall, for » > 2, we get

) 9itr/2-1) 4 2
Ellajre — ajrl] S

<
mr—1 mr/2 — mr/2’

since m > 27. We get the same bound for r € [1,2]. The result follows. The bound on
~ T
E H’Bj’k — ﬂj’k‘ ] is obtained in the same way. ]

Since, for any j, there are O(27) translations k for which the coefficients are non-zero (Fact A.2),
Claim B.2 readily implies the corollary below.

Corollary B.3. Let m > 2/. Then, for r > 1 and a constant C., we have

~ r 2]
I;ZE[I%‘,k — ol < O,

~ r 2j
S olf-l] <oz

B.3 Analyzing the error

For the single-level estimator

E[|7-s

) -5[17- 540 ]
< B[] - 1]+ - 1

) (12)

where fUH) = > kez OHEOH k- Now, from Fact A.4, we have Hf — f(H)HT < 27177 where
T

s if ,;r <p,
(s=1/p+1/r), ifr>p.
Moreover,
E {HJ?— FH) J =K [ lgz(dH,k — OHE)OH K ]




< 2ACR2UN E(lagy — apgl'] (Fact A.7)
keZ
2H

mr/2

2H 7"/2
)"

(In our case, m, H will be such that m > 2 holds, which is why we can use Corollary B.3.)
Substituting these in (12), we get

r/
el - o) 52+ (%)

m

< 2Hir/271) (Corollary B.3)

Recall that m is the number of quantized samples available with the referee, where, for a constant
c,

_n if 2 < 2¢ (no simulation required)
| Cn2t/28  if 22 > 2¢ (after simulation).
In other words (ignoring constant C') m = 2}}’73/[2@, where a V b = max {a,b}. Thus,
R oH (9H \/ ot r/2 92H r/2 oH r/2
Bl|7 -] g2+ (FE2) <o (20) (2
T n2 n2 n

Setting H such that
of — (nQZ)ﬁ A NI

gives us
-~ T ro ro
IEHf — fH < (n2f) 2042 VT 2o,
T

For » < p, 0 = s, which proves Theorem 1.2 in the main paper. O



C Analysis of multi-level estimator

-~ T -~
Our goal is to upper bound the worst-case £ loss E H‘ f- fH }, where f is the estimate output
T
by the referee. We proceed by describing the coupling in the multi-estimator setting.

C.1 Coupling of simulated and ideal estimators

Denote by p the probability distribution corresponding to density f. Recall that we divide the
players into H — L + 1 groups. Suppose the referee obtains m; (quantized) samples from players

in group-J. To compute E [H]?— f‘m, consider the following statistically equivalent situation:

e For each J € [L, H], there are m i.i.d. samples X; j,..., Xy, 7 ~ D.

e For each i € [mg], let

~ 0 if k¢ AL
orr(XiL) = { A, (13)

2L2Q(Vi)(k) if k€ Ag),,

where B; g is the bin (out of 2% bins) X; 1 lies in, Q(V; 1) is obtained by quantizing

{2_L/2¢L,k(Xi,L)}k€A(L) using Algorithm 1, and Q(V; )(k) is the entry in Q(V; ) cor-
Bi,L

responding to k € ASBLZ_)L. In other words, {aL’k(Xi’L)}keZ is the quantized version of

{D0.k(Xi0) ez

e Similarly, for each J € [L, H], for each i € [m ], let

_ 0 if k ¢ BY) |
Vyr(Xi ) = { i (14)

J/2 A : (J)
22Q(Vig)(k) if k€ By .
That is, for each J € [L, H], {’l/](Lk(XL])}kez is the quantized version of {17 x(Xi,s)} ez

e Given thresholds {¢;} ;cpy, gy, define f as

H
F=3arsdrn+ 3> Bowtban, (15)
k

J=L k

where

. 1 Ok~

arg=— > ¢Lr(XiL),

my, -
=1
- (16)
Bk = ﬁJ,k]l{@J’k‘ZtJ} with B = pr 21 Yk (Xig)-
1=

Then, computing L" loss for the multi-level estimator is equivalent to computing £ loss for f
defined in (15).

10



C.2 Setting parameters

Since we want our multi-level estimator to be adaptive, the parameters L, H, and {t;} Je[L,H]
should not depend explicitly on Besov parameters. We set L, H as

oL ._ C’((TLQZ) 2(N4}1)+2 A nz<1v+11>+1>7

4
ofl .= ' n2 A 712
logn2¢ " log*n

where C,C’ > 0 are two constants, sufficiently large and small, respectively. Also, note that,
since players in group-J have alphabet size 0(2‘] ), we have

n 2¢ Al n2t
my=-——— |— =
T H-L+1) \27 H(27 v 2
Note that the setting of H implies both H2H < vn2¢ and H?2” <« n, and consequently
my > J27.

Threshold values. How should we set the threshold values {t} Jeqr,y’ Since we will pay a
cost for the coefficients we zero out (increase in bias), we would like to choose t; as small as
possible. But, in order to have reasonable concentration, we also need t¢; to satisfy, for every
(sufficiently large) v > 0,

Pr(‘ﬂ],k - B],k’ > ’YtJ) <277,
so that our estimates concentrate well around their true value, and we only zero them out wrongly
with very small probability. Now, a natural approach to choose t; according to the constraint

above would be to use Hoeffding’s inequality, as 3 is the empirical mean of m; unbiased
estimates of 3, each with magnitude < 27/2 One can check that this would lead to the setting

of tj =< 1/J27 /my, which, unfortunately, is too big (by a factor of 2‘]/2) to give optimal rates.
However, recall that the m unbiased estimates, TZJ’]C(Xi,J), are not only such that \@;k(XlJ)] <

27/2. in many cases, they are actually zero, since |{[)\Jk;(X»LJ)| ~ 27/21 } This allows us

keBy)

to derive the following, improving upon the naive use of Hoeffding’s inequality.

Lemma C.1. For J € [L, H], setting t; := \/J/m , we have
Pr(‘BJ,k - 5J,k‘ > ’YtJ) <27/
for cvery 1 > 6A|fll.
Proof. Fix J, k, and consider any i € [m]. Since "lz)\Jk(XZJ)’ <b:=27/2 and

~ 2A
E[fsu(Xis)?] = 2" Pr(ke By ) <27 ||fllo- 55 = 24]f]l = v

J 2J
where the inequality follows from our assumption that supp(¢)) C [—A, A]. In particular, we
have v =< 1. Recalling the definition of 5;j from (16), we can apply Bernstein’s inequality
(Theorem A.9) to obtain, for ¢ > 0 and v > 3v,

2
m gt
3y2m ¢ 3._amy

Pr(‘g‘]’k _'Bj’k‘ > 'Vt) <e vt =g 2 el <e

3. 'ym‘]tz _ 2'ym‘]t2
2 1427/2¢ <9 1427/2¢

11



Setting ty := ,/mij \% JTQT;ZQ, we get Pr(‘BJ,k — ﬁJ,kD < 277/ Finally, our setting of H and m

together imply that t; := \/mIJ , as (from our choice of parameters) my > J27 forall J < H. [

Conclusion. For constants C,C’, k > 0, the values of parameters are summarized below.

1 1
ok .= C((n2£)2w+1>+2 A n2<N+1>+1> (17)
2H = n2' A n (18)
o logn2t " logn
n 2t n2¢
M H L) <2J ) H(27 v 2f) 1

tJ = H\/7 (20)
myj

As previously mentioned choices imply both H27 < v/n2¢ and H?2" < n, and consequently
my > J27, Je[L, H].

C.3 Analysing the error
Following the outline of Theorem 3 of [4] and Theorem 5.1 of [2], we will bound £, loss as

E[||f - ﬂH < 3" !(bias(f) + linear(f) + details(f)) (21)

linear(f) =E Z(aL,k — QL k)DL K
kEZ

where

bias(f) =E ||| f — Z aHkPH K

kEZ

H
details(f) =E || Y° > (Brk — Brw)bak

J=L k€eZ

T
T‘}
and handle each of the three terms separately. Note that only the third term relates to
thresholding.

C.3.1 Linear and bias terms

Linear term. To bound linear(f), we invoke Fact A.7 and Corollary B.3 as in the analysis of
single-level estimator. This gives

T
: r 2k
E || (ars—orm)ore| | 277V Y Ellars —apsl 28670 = (22)
kEZ , k€ mp

. 92L r/2 oL r/2
‘H(<nze> Vi

12



r(N+1) r(N+1)

< H? ((n2f)‘2<N+1>+2 v n‘2<N+1>+1) < HE((n2f) 22 v wi)

(23)
where the second-to-last inequality relies on our choice of L.
Bias term. To bound bias(f), we use Fact A.4 to get, with s’ =s—1/p+1/r,
og(n2)  log? r(s—1/p+1/r)
bias(f) < €27 s < ¢ [/ 2202, 28 1 . 24
s (/) < < ( U2 2 24
C.3.2 Details term
To bound the term details(f), we define, for J € [L, H], the three sets of indices:
;= {keZ: |B\Jk- > Kt} (estimate big: not thresholded)
5i={k €Z:|Bsx| < 3rt;} (small coefficients)
5 :={k € Z:|Bsx| > 2xts} (big coefficients)

We will partition the error according to these sets of indices, and argue about them separately.
Specifically, we write

details(f) = E[H i ST Bap - 6J,k)¢J,kHH +E[H i > Bk - 5J,k)¢J,kHH

J=L eT;nTs J=L peT\T3
+E[H EH: > ﬁ],ki/h],kH:] +E[H ZH: > /BJ,kl/JJ,kH:]
J=L ke1i\7; J=L kg1 0T,

= Eps + By + Egp + Egg, we

9«

the four errors coming from the “big-small,” “big-big,” “small-big,” and“small-small” indices,

respectively. Our analysis is along the lines of that in [2].

The term FEp;. We can write

H _
Eys S /2 Z 9J(5-1) Z E||Bsk — Bj’k‘r]lkzefmI;] (Fact A.7)
J=L kez -

H o~
SHY 27GTUNE(|By — Bk
J=L kez

H .
< g Z 9J(5-1) ZE \Brk — Bk
J=1 kezZ

H
SHT?Y 276N E[ﬁm — Bk

J=L keZ
2]

H
<H2S 2T
J:ZL m'/?

=

SRt

(Cauchy—Schwarz)

27} : PT(|BJ,1¢ — Bkl > %tj)

l K
27} 2973/ (Lemma C.1)

13



where the last inequality follows from Claim B.2 and the O(27)-sparsity of coefficients (Fact A.2).

Going forward, recalling our setting of mj; we get

pan 277 e (H PR e g ey
T T .Y r
J=L My J=L
" r/2 H o /2 r/2 H s
HT’ T -
() Zrroemn(5) By
J=L
< Hr/Z () 2L(r7/</2) +Hr/2 () 2L 57 < Hrnfr/2 (25)
~ n2¢t n ~
where the inequalities hold for x > 2r.
The term FEy,. Turning to the term FEjpy, we have
Ebb - H Z Z /BJk - /BJk)ka]]-keIJ\Is
J= LkEZ
< }Ir/2 Z 2J T/2 1) Z E |:|BJ]€ /BJk" kEI \Z's:| (Fact A?)
J=L kE€Z
2J(r/2—1)

2
SH Z 7 > lugrs
J=L My keZ

using that 1, TNT < 1;¢7s and Claim B.2. Using the definition of Z7, for any nonnegative

sequence (ay); we can further bound this as

H oJ(r/2-1)
By S H™? Z D Uigzs|Brwl™ (st /2)~"
J=L mJ keZ
/2 2J(T/2 1)
<H" Z 7/(57%/2) Z 1B
J=L My keZ
) 9J(r/2—1)
HT/ Z 2%k _OLJ‘]_i (T ay)/2 Z WJk|aJ
J=L kez
) H 2J(r/2 1)
<H?Y MDY Z B (26)
J=L M

the last inequality using £/2 > 1 and J > 1 to simplify the expression a little. For now, we
ignore the factor H"/? (we will bring it back at the end), and look at two cases:

e If p > 17, we continue by writing

J(r/2-1)

Ey S Z *JaJ(SJr**W) = Z m;T_a 30=(s+Das) - Z 2J2m 5 (logmy —J (2s+1))

where the first inequality, which holds for any «a; € [0, p], uses the following bound on
>k |BskP: For any « € [0, p], we have from Fact A.3 and Hoélder’s inequality along with
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the sparsity of coefficients (Fact A.2), that

> 1Bskl* =
kez

keZ

e e e 1 o
aﬂ{,@]yk;ﬁﬂ} < (Z ‘6J7k‘p>p’BJ’1_5 < ;(2144—1) 2 Ja(s+2 5)-2J(1_§)
keZ

so that > ey Bkl S 2-7a(s+3-3) ag in [2, Section C.2.3]. To bound the resulting sum,
we need to choose oy € [0, p] for all J in order to minimize the result. Since m; o 27t A1,
the quantity

logmy — J(2s+ 1)

is decreasing in J, and thus becomes negative at some value M (for simplicity, assumed to

be an integer), such that!
2@ ﬁ i
oM o (’;{) A (Z) o (27)

we see that we should set ay := 0 for J < M, and for J > M set all oy to some value
a = a(r, s) which will balance the remaining terms. With this choice, we can write

ij 3

r—(2s+1)ay) < Z m; 22J2 4 Z mJ 50‘2%J(r—(2s+1)a)

J=L J=M
H\z X H\: X .
<) 2+ (3) 2
— 4
n2t/ i3 nsoo=
HN\ 7 J(r—(s+1 H\7= 2 J(r—(2s+1
+<W> 3 2l >a>+(n) 3 93— (@s+a)

M
recalling for the second inequality that m}l = %(ﬁ V' 1). We can bound the first and
second terms as

(&) 57 <rmlm) ™ ()

and from (27) we get that their sum is then

HN: L, (HN: & . (H\: H\? : H\z5  (H\%i1
o - 5 < [ 2 rM = 7M< e =
Ge) 7+ (0) B2 s () v () 2= () (5) ™

J=1

273 < 2P (H TosM
—2r/2 1\ n

DINgE

Thus, it only remains to handle the third and fourth terms by choosing a suitable value
for a. Recalling that we are in the case p > we pick any 77 < o < p; for instance,
a :=p. Since r — (s + 1)p < 0 we then have

ST

r—p

=2 r—(s
Z pIr—(stip) o ()7 2MTEEI N sy
n2£ = \n2¢ 1 —2r—(s+L)p n2! ’

1To see why, recall that

logmy — J(2s+1) = logﬁ —(J=0)4+—J(2s+1)+0(1)

from our setting of m,. Finding the value of J for which log & — (J — £)+ — J(2s 4 1) cancels gives the claimed
relation.

15



note that m > ( is a constant, depending only on r, s, p. Similarly, r—(2s+1)p < 0,
and so
r—p l r—p
( > Z 95 (r—(2s+1)p) ~ <H> = _2aMrm et = (H) 2 9iM(r—(2s+1)p)
~\n 1 — 93(r—(2s+1)p) n ’

From the setting of M from (27), by a distinction of cases we again can bound their sum as
T

H J(r—(s+1 1y 25+1 Hﬁ Hﬁ
()7 3 2t (B) 7 S pbsemeen (M50 (M)

n

Therefore, overall, in the case p > 1 we have (bringing back the factor H /2 we had

ignored earlier) ‘ .
n2t n

o If p < 15, we will choose ey > p for all J. Under this constraint, we can use the

monotonicity of £, norms (for every z, [|z([, < [[z||, if p > ¢) to write

H  oJ(r/2-1) H 2] r/2-1) os/p
Ep <Y MDY Z 1Bkl < Z SO0 185wl
=L M keZ
H  5J(r/2—-1)
< jaa:a;ﬁEQ_JaJ“+%_%) (Fact A.3)
J=L M

T—Q

H
=2 my
J=L

As before, one can see that for there exists some M such that the best choice is to set
J =pfor J < M (as small as possible given our constraint cvy > p). Moreover, proceeding
as in the previous case,” we can see that this M is such that

—1-ay(s+i-1)

[N — 1
n2£ 2(s—1/p)+2 n 2(s—1/p)+1
oM = [ = A= : 29
( - ) (%) (29)
This part of the sum will then contribute
M r—p H r;p M
S my Tl Grlmreih) o ( e) E:fz r—lop(st1-1)) () 3 gl Glr(e=))
J=L n2 n J=L
r—p r—p
— <H> 2 2M(r7p(s+1)) + <H> 2 2M(%*1*p(5+%*%))
n2¢ n
r(s=1/p+1/7) r(s=1/p+1/7)

H \ 2G6-1/»+2 H\ 2G-1/p+1
= | — V(— .
n2¢ n

*That is, find the value J solving (approximately) the equation log % — (J — £); — J(2s + 1 —2/p) = 0 (note
that the LHS is again decreasing in J).
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For J > M, we choose an arbitrary constant o > p such that a > —%=-— (so that

s+1-1/p
r—1—a(s+1—1/p) <0), and set ay = a for all J > M.? Observe that this implies
a > %' This part of the sum will then contribute at most
H . r—a {
3 m;T2 ol (5-1=a(s+-1)) _ ( e) Z gJ(r=1=a(s+1-1)) | <H> 2 5 ol (5-1-a(s+3-1))
J=M n2 " J=M
_ (H) 3 GM(r—1=a(s+1-1)) | <H> B oM(3-1-a(s+3-1))
n2¢t n
( H )—T(ﬁ!—l{’/’ﬂ? ( H\ Sttt
= | — VI|—
n2¢t n

as well. Thus, overall, in the case p < - 1 we have (bringing back the factor H /2 we had
ignored earlier)

r(s—1/p+1/r) r(s=1/p+1/r)

Fyy < H"/2< H> 2(s—1/p)+2 v /2 (H) 2(s—1/p)+1 ' (30)

n2¢ n

The term E,,. To handle the term FEy,, we will rely on the fact that, for any r > p, we
have the inclusion B(p,q,s) C B(r,q,s'), for s’ = s — (l — %) This will let us use Fact A.3 on

p
Ykez Bkl
H
Egy SH?Y 27G7UNE {!ﬂm Liernz, (Fact A.7)
= keZ
H , N
SHT Y 267N |8 Pr(B )
J=L keZ
H
SH? Z 27(z=1) Z Bl 27 (Lemma C.1)
J=L keZ
< H"/? Z 9l (5=1=r)g=Jr(s'+5-7) (Fact A.3)
J L
9—L(rs'+k)
_ gr/2 (rs’+k) r/2
=H 22 < H'
N+1) _r(N£D) _rs _rs
5 HT/227LT'(N+1) SJ Hr/2(n2é) 2(N+1)+2 \/HT/Q TNFDHT < Hr/Q(n2€)—23+2 \/HT/QTZ_QS'H
(31)

where for the third-to-last inequality we relied on our choice of K > r(N + 1), and for the
second-to-last, on our setting of L.

The term E,;. Finally, we bound the last error term for details(f), Ess. In view of proceeding
as for Fyp, for any nonnegative sequence (ay)y with 0 < ooy < r, we can write

(Fact A.7)

"
B, SH?Y 2760 ZE[WJH Lier\2,
J=L kez

3Tt will be important later, when bounding Fss, to note that

m < r, and thus one can also enforce @ < r.

17



H
< HT/Q Z 2J(%71) : r]lkte
J=L keZ
H
<H?Y T(kts/2)" " e
J=L kEZ

&l o —(r—«a
SHT’/?(H/Q)T Z 2J(%71)J 5 ]mj( J)/2Z’/8J’k’ou
J=L kezZ
H  9J(r/2-1)

< (k/2)"H" Z T mel 7

which is, except for the extra factor of (k/2)"H?2, exactly the same expression as (26). We can
thus continue the analysis of Es the same way as we did Ejp,, noting that since r» > p all the
choices for oy in that analysis are still possible; leading to the bound:

r H 23—2 H Q;j—l r
" <(nzf) v (%) ) P>
s S o r(s(—l/}/)-&-)l/?“) " r(s(—l/z/v-k)l/f) (32)
r 2(s—1/p)+2 2(s—1/p)+1 r
a7 (W) v (z) PS o

C.3.3 Total error
Defining, for » > 1, s > 0, and p > 1, the quantities
7S r(s—1/p+1/r)

= 7]1 T T

vnps) = g g et T G i) 12 e
e (s =1/p+1/r)
] ris—1/p+1/r

= 7]1 T T

we can gather all the error terms from Eqs. (23), (24), (25), (28), (30), (31) and (32), to get
el 1) < (i

where k = k(s,7,p) is a constant obtained for simplicity by taking the maximum of the exponent
of H in the previous bounds. To simplify this expression, we observe that the following holds for
all p,r,s > 1:

w —r(s—1/p+1/7) + (n2£)*ﬁ Vi n*#jl + (nQZ)—V(T,p,s) Vi n—u(r,p,s))

° V(rjp’ 8) S w

o v(r,p,s) < 5
d M(Tvpas) ST(S_%—i_%)

o u(r,p,s) > 557 if, and only if, r € ((s + 1)p, (25 + 1)p) (and of course yu(r,p, s) =
r<(s+1)p)

(this follows from somewhat tedious algebraic manipulations and distinctions of cases). Given
the above, we finally get the following bound (where we loosened the bound on the exponent of
H to make the result simpler to state):

if

2s+1

TS

8] ] € ety 0 o)
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(n20)" 343 v p B ifr<(s+1)p

K _r(s=1/p+1/7) __rs .
=log"n - (n2°)” 2C-ImEE T 2 if (s+1)p<r<(2s+1)p (33)
_r(s=1/p+1/r) _r(s—1/p+1/r)

(n2)” 2G=1/mHe v T 26U if > (25 4 1)p

which proves Theorem 1.3 in the main paper. O
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D Lower Bounds

Our lower bound construction will depend on whether r» < (s + 1)p or r > (s + 1)p. Before
delving into these cases, we first (a) recall the result from [1] that we will use to upperbound
average discrepancy; (b) discuss how the consideration of binary hypothesis testing problem gives
a lower bound on average discrepancy.

D.1 Upper bound on average discrepancy

Consider the following assumptions on P = {p. : z € {—1,1}%}, where p.’s are probability

distributions on [0, 1].

Assumption D.1 (Densities exist). For every z € {—1,1}* and i € [d], there exist functions

¢2i:[0,1] = R such that Ep, [gbzl] =1 and
dp e

b-2 =1+ Olﬁbz,i

dp:

where a € R is a fized constant independent of z, 1.
Assumption D.2 (Orthonormality). For all z € {—1,1}* and i,j € [d], Ep. [¢2,i025] = Li—jy-

Theorem D.3 (COROLLARY 2 in [1]). Suppose P satisfies Assumptions D.1 and D.2. For some
7€ (0,1/2], let w be a prior on Z € {—1,1}* defined as Z; ~ Rademacher () independently for
each i € [d]. For Z ~ m, let X1,...,X, be i.i.d. samples from pz. Then, for any interactive
protocol generating (-bit messages Y1,...,Y,, we have

1< w7
=1

D.2 Lower bound on average discrepancy

For Z ~ m, let Xi,...,X, be ii.d. samples from pz distributed across n players, and let
Y1,...,Y, be (-bit messages sent by the players (possibly interactively) to the referee. Based
on the ¢-bit messages Yi,...,Y,, suppose the referee outputs an estimate Z = (Zy,...,Zy)

of Z = (Z1,...,Z4). Then, an upper bound on Z‘le Pr {ZAZ + Zi} gives a lower bound on
Zle D(ng Hp}ff) To see this, note that, for a given i € [d],

Pr{Zi# i} =Pr{Zi =112, =1} Pr{Z = 1} + Pr{Z = 1|2, = ~1} Pr{Z; = -1}
Z;=1Z; = 1}) +(1—1) Pr{Zi =1|Z; = —1}

L =1|Z; = 1}) +TPr{Zi =1|Z; = —1}
(since (1 —7) > 7 for 7 < 1/2)

Pr{Z =1]Z; = 1} - Pr{Zi =12 = _1}))

1 —dpy (P PY7)) -

I
\]
A~ —
—
|
~

Thus,

Zd:Pr{zi # Z@'} >T (d — idTV(pX:,pX;)>

=1 =1
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which gives

d d
;Zldw(pﬁf,py?) 21_;;“{2%‘7&2@'}' (34)

In conclusion, to get a lower bound on average discrepancy, it suffices to upperbound 2?21 Pr {Z #* ZZ-}

for an estimator Z of Z.

D.3 Lower bound on Li(n,{,p,q,s) for r < (s+ 1)p

Construction. The family of distributions P; that we will use to derive lower bound when
r < (s 4 1)p has also been used in deriving lower bounds in the unconstrained setting [4, 5] and
in the LDP setting [2].

Let go be a density function (see [5, p.157]) such that
1. supp(go) < [0,1];
2. [lgollpgs < 1/2;
3. go = co > 0 on some interval [a, b] C [0, 1].

In what follows, j is a free parameter that will be suitably chosen later in the proof. Let 1
be defined as v, x(z) = 27/2¢(27x — k), where ¢ is the mother wavelet used to define ||-||
(see Section A). It is a fact that [;,(x)dx = 0 for every j, k [5].

pgs

For a given z € {—1,1}%, define

for=g0+7 ) 2k (35)

kEIj

where
e 7; is the set of indices k € Z such that

i. supp(y; ) C [a,b] for every k € Ij;
ii. for k, k" € Z;, k # k', ¥;;, and ¢ have disjoint support;
iii. d:=|Z;| = C27, for a constant C. Here on, we will assume for simplicity that d = 2.
e v is chosen such that
i. f.(z) > co/2 for every = € [a,b]; this condition is satisfied if co — v27/2|[¢|| . > co/2,
ie., 7 < (co/2l¥l0)277/%.
i [ fallpgs < 15 since || £zl g5 < 90llpgs + Y5kl 0 < 1/2+ ~C'23/P2i(s+1/2=1/p) (see pg.
160 in [5]), we get that || f.]|,,, < 1if v < (1/20)273(+1/2),
Since s > 1/p > 0, we get that for j large enough, if 7 satisfies condition (ii), it automatically

satisfies condition (i). Thus, we choose v = C277(*1/2) for some constant C'.

Finally, we define the family of distributions as

P = {pz : p. has density f. =go+7 > 2k, 2 € {—1, 1}d} : (36)
k‘EIj
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Prior on Z. We assume a uniform prior on Z € {—1,1}%, i.e., Z; ~ Rademacher(1/2) inde-
pendently for each i € [d].

Upper bound on average discrepancy. To upperbound average discrepancy, we verify that
P satisfies the three assumptions described in Section D.1, and then use Theorem D.3. For any
z e {-1,1}% k € [d], we have

dp. co + vz k()

Since supp(v; 1) N supp(¥; k) is empty for k # k', it follows that Assumptions D.1 and D.2 hold.
(wwmm>f
co+yzrtj,k(X) )
2
292615,k (X) _ 472/ Vik(@)*(co + y2rin(@)) o
co + vz R(X) supp(; ) (co + vz k()2

. 2
= 472/ Y5k (2) dx
supp(¥j,5) €0 + ’szd}jk (.T)

< 27200/ %’,k(x)QdﬂU (as co + yarpjk(x) > co/2)
supp(¥;,x)

We now compute an upper bound on a? := Ep,

Pz

< 292¢p x (29/2]}9]| )% x length(supp(1;4))

. C//
< 292¢o x (273||y]| )% x o (for a constant C” > 0)
= (C'? (for a constant C’ > 0)
= 02772+, (for a constant C' > 0)

Thus, using Theorem D.3, we get

2
1 n n —92i(s
(2]- Z dpy (pykvpik)) S (”2[)2 2(s 1), (37)

k‘GZj

Lower bound on average discrepancy. To lower bound the average discrepancy, we will
use the idea described in Section D.2. Consider a communication-constrained density estimation

algorithm (possibly interactive) that outputs f satisfying sup FeB(pa,s) Ef [H f—f ||:} < ¢". Using

this density estimator, we estimate 7 as

Z = argmin
z

-4,

Then

) <2 (38)

= (B |

Ep. [ f: — f2 £ = 1]+ Bp. I - £

Now, for z # 2/, we have

1
I fz = £ Iy :/0 \fo(2) = fu(2)] dx

:’yr/l
0

T

kEIj
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= / Z V. (z)]" ]l{zwéz }d:v (since the 9;;’s have disjoint supports)
kEZ;

_72/

keZ; /suPP(¥i.k)

|¢gk D)y, ey de

V(22| 2] Z (et} (for a constant C” > 0)
— (/A 2i(r/2=1) Z ]1{%# } (for a constant C’ > 0)
kET, §
— Coilrs+) Y1 (ool ) (for a constant C' > 0)
kEZ;

which gives that, for an estimator A ,

Bp. [Ilf: = £1}] = 0270 3 pe{zi 2 20}

kGIj

Combining this with (38), we get

S Pr{Z £ 2} el (39)
kET;

Thus, substituting d = 2/ and 7 = 1/2 in (34) (and ignoring multiplicative constants), we get
9 , ,
2 Z dry (P k7p+k) 2 1= §5T2j(rs+l) ~1—e"2".
keTZ;
Now, observe that j is a free parameter that we can choose. If we choose j such that
€M ~ 1 (40)

then we get

2% Z dTv(P k:ap—i-k) 1
k€T,

or

2
1 n n
(2j Z dTV(p}—/kap};k)) 21 (41)

kEIj

Putting things together. From (37) and (41), we get that, for j satisfying "2/ ~ 1,
1< (n2627 20+,

which gives
27 < (n2l)mr.

Using 7277 ~ 1, we finally get
e" > (n2%)~ i3

which is our desired lower bound.
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D.4 Lower bound on Li(n,¢,p,q,s) for r > (s+ 1)p

Construction. The family of distributions P, that we will use to derive lower bound when
r > (s4 1)p is not exactly the same as that in the unconstrained and in the LDP setting [4, 5, 2];
but, combined with the prior that we will choose on Z, it will essentially mimic that.

Let go,%;k,Z; be as in Section D.3. For a given z € {—1, 1}¢ (where d := |Z;|), define

for=g0+7 ) (L+2)Y5k. (42)

kGIj

where we will choose v after we describe the prior on Z. Finally, we define the family of
distributions as

Py = {pz : p; has density f. =go+7 Y (14 21)¥jks 2z € {—1, 1}d} : (43)
k)EI]'

Prior on Z. We assume a “sparse” prior on Z € {—1,1}¢, defined as Zj, ~ Rademacher(1/d)
independently for each k € [d]. We call it “sparse” because, with high probability, for Z =
(Z1,...,%Z4) sampled from this prior, the number of indices k with Z; = 1 will be small (we
will quantify this soon). Now, since fz = go + Y ket (1 + Zi)j 1, this means that with high
probability 1+ Z; = 0 for a large number of k’s, and thus there will be only a few “bumps” in f.

Choosing y. Define G ¢ {—1,1}" as

d
g .= {Z S {—1, 1}d : Z ﬂ{zkzl} < 2]} .

k=1

Then, by Bernstein’s inequality
Pr{ZecG}>1-4.27%, (44)
We will choose ~ such that

i. fo(x) > ¢o/2 for every = € [a,b]; as seen in Section D.3, this condition is satisfied if
7 < (/209 0)27972.

ii. [|fzll,qs <1 for every z € G; argument similar to that in Section D.3 gives that || f ||, <1
for z € G if v < 279(s+1/2=1/p) j=1/p,

Since s > 1/p, we get that for j large enough (j is a free parameter that we choose later),
if v satisfies condition (ii), it automatically satisfies condition (i). Thus, we choose v =
C2-3(s+1/2=1/p) 5=1/P for some constant C.

Note that, for z ¢ G, this choice of ~ still results in f, being a density function (since [ ;i (x)dx =
0), but it may be the case that [/ f.||,,, > 1.
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Upper bound on average discrepancy. To upperbound average discrepancy, we verify that
Py satisfies the three assumptions described in Section D.1. For any z € {—1, 1}d, k € [d], we
have

dp, ek (2) = 90 + 7 Xper; (1 — 21)Yj0(2)
dp. 90 + 7 2ker; (1 + 21)Yjk(2)

B 2yzeyk()
o+ Xrer; 2V5k(T)

which is same as what we had in Section D.3. Similar arguments lead to the conclusion that As-

2z 1(X) )2
)

sumptions D.1 and D.2 are satisfied. Moreover, an upper bound on o? := Ep, [(CO iy 1 (X

follows similarly (with different value of v), and we get that
o? < 027 %(sH1/2=1/p) j=2/p, (for a constant C' > 0)

Thus, using Theorem D.3, we get

2

1 n n —_ y S —_ pp—

(2]' Z dT\/(p}—/kvpik)) < (n24>2 2j(s+1 l/p)j 2/p. (45)
kEZj

Lower bound on average discrepancy. To lowerbound average discrepancy, we proceed as
in Section D.3. Consider a communication-constrained density estimation algorithm (possibly in-

teractive) that outputs f satisfying sup sep(p,q.5) Ef [H f — fH:] < ¢". Using this density estimator,

we estimate Z as

-

7= argmin’
z
Then, for z € G,
Ep, [|If: — £2II]] < 2"¢". (46)

This only holds for z € G because the estimator’s guarantee only holds if samples come from a

density f satisfying ||f||qu < 1. Now, for z # 2/, plugging in the value of v in the calculation

done in Section D.3, we get

| fz = fulll = Cjr/P2=ilr(s=1/p)+D) Z ]l{zlﬂézllc} (for a constant C > 0)
k’GIj

which gives that, for any estimator Z,

Ep, [Hfz _ fzm = ¢ ~r/Po=ilr(s=1/p)+1) Z Pr {Zk ” Zk}~

keT;
Combining this with (46), we get that
S Pr{z # 2,z € g gy, (47)
kEIj
Thus,
S Pl zn =S Pzt 2,2e6}+ S Pr{z £ 2,2 ¢G)
kGZj k‘EIj kEZj
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<> Pr{zk;éZk,Zeg}Jr (Z Pr{Zk#ZkIZ;éQ}) Pr{Z ¢ G}

kez; keZ;
< gnyr/poir(s=1/p)+D) | 9i9=2 (using (47),(44))

Thus, substituting d = 2/ and 7 = 1/d = 277 in (34) (and ignoring multiplicative constants), we
get
1

2
2 kEIj

~ 1 — g jr/poir(s=1/p+1/r)

Choosing j such that

€T2J'T(S—1/P+1/T)jr/29 ~1 (48)
gives
1 n n
% Z dTV(pzkvak) 2 L
k‘EIj
or

2
1 n n
(2j > dry (pi—/kvpik)) 2 L (49)

kGIj

Putting things together. From (45) and (49), we get, for any j satisfying 7277 (s=1/p+1/7) jr/p ~
1, that 1 < (n2¢)2-2(s+1=1/P) =2/ This then yields

22j(5+1—1/17)j2/p < n2t. (50)
To get a rough idea of the bound this will give, let us ignore j2/? to get,
1
o) < (nQZ) 2GFI=T/P) (51)
Now, since g"2/7(s=1/P+1/7) j7/P ~ 1, we get, roughly, (ignoring j7/?)
. 1
97 o~ (1)) /v HI7T (52)
Combining (51), (52), we get that (up to logarithmic factors)
_r(s=1/p+1/r)
e > (n2f)” 2GT1-1/p)

which is the desired bound, again up to logarithmic factors. We now show how a slightly more
careful analysis lets us obtain the tight bound.

Bringing in log factors. From (50), we get that
1 2/
929 < (n2f) 2(s+1-1/p) <log(n2€)) 2(s+1-1/p) (53)
Now, since e"2i7(s=1/p+1/1) j7/p ~ 1 we get
99 ~ (1)) 7T 7 (log(1/e)) P T/mFirT |
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Substituting this in (53), we get

1 v
(/&) (1og(1/€))” T 5 (n2f) T (log(na)) I

or
s=Up+i/r (9)p) = 1/pt1/r)
1/8 (log(l/e))fl/p 5 <n2€> 2(s+1-1/p) (10g(n2Z)) (2/p) 2+1-1/p)

This implies that

s—1/p+1/r (s—1/p+1/r) s—1/p+1/r (s—1/p+1/r) 1/p
1e < (n2é>m (log(me))—(?/p)m <log ((mz)z(sﬁl/m <log(n2e))—<2/p>2<s+fm>>
s—1/p+1/r (s=1/p+1/1)
(n2€> e (10g(n2€)>_(2/p) ern it

s—1/p+1/r 1—-1/r

= (n2?) T (10gnaty) T

12

Thus

r> ( e) SHET ( NN
e" 2 (n2 log(n2 )) . (54)

D.5 Concluding the proof of Theorem 1.1

Combining lower bounds from Sections D.3 and D.4 with lower bounds in the classical setting [4]
(where the rate transition happens at r = (2s + 1)p), we get Theorem 1.1. O
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