456

457

458

459
460
461
462
463
464
465
466

467

468
469

470

471
472
473
474
475

476
477
478
479
480
481
482
483
484
485
486
487
488

489

491
492

493

494

495

496
497
498
499

500

501
502

Supplementary Material for “A General Framework for Learning
under Corruption: Label Noise, Attribute Noise, and Beyond”

S1 Additional discussions on related work

Here, we detail discussions on the relations with existing paradigms as shown in Tab. 1. As a reminder,
we review the commonly used notations. Let £ : Y ~» X be an experiment and F' : X ~~ Y be a
posterior kernel. The clean distribution P can be represented either in a discriminative manner as
mx X F orin a generative manner as my X E. However, we cannot observe samples drawn from
the clean distribution P, but observe samples from some corrupted distribution P. The corruption is
generally represented as « , >, where the variables z = (z,y) € Z are referred to as parameters and
the differentials dZ = dZdy are referred to as corrupted variables. ¢, ; denotes a kernel induced by
the Dirac delta measure from (Z, Z) to (Z, Z).

S1.1 Simple corruptions

The most well-known and widely studied corruptions in the literature are the simple cases, where
the corruption solely acts on the feature space X or the label space Y. We discuss examples of the
simple corruptions S-X and S-Y, as illustrated in Fig. 1a, in the following.

Attribute noise The problem of attribute noise concerns errors that are introduced into the observa-
tions of attribute X, leaving the labels untouched [30, 31, 4, 19]. Widely studied examples of such
errors include erroneous attribute values and missing attribute values. Instead of observing (X, Y), in
the first case, one can only observe a distorted version of X, e.g. (X + N, Y) with some independent
noise random variable N L X; in the second case, one’s observation of X contains missing values.

Let X = (ij)i<i<ni<j<a be the complete input matrix, with |X| = n, and M =
(mij)lgiSnJS j<a be the associated missingness indicator matrix such that m;; = 1if z;; is observed
and m;; = 0 if x;; is missing. Then the corresponding observed input matrix is X, = X © M and
its missing counterpart is X ,, = X — X ,, where ® denotes Hadamard product. The missing value
mechanisms are further categorized into three types based on their dependencies [5, 6]: 8

* Missing completely at random (MCAR): the cause of missingness is entirely random, i.e., p(M |
X) = p(M) does not depend on X, or X,,. This corresponds to having a trivial Markov kernel
acting on the clean distribution, s y ¢ = 1 € P(X).

* Missing not at random (MNAR): the cause of missingness depends on both observed variables and
missing variables, i.e., p(M | X) = p(M | X,, X,,). This case corresponds to our non-trivial & y ¢.

* Missing at random (MAR): the cause of missingness depends on observed variables but not on
missing variables, i.e., p(M | X) = p(M | X,). This case is a sub-case of the non-trivial x y ¢,
which is not specifiable by our taxonomy because of the different premises it is built on.

We underline that the conditional distributions of M described above are not an equivalent description
of our Markov kernels. The missing data case is also known as finite Selection Bias, as discussed in
§ S2.3, we know there exists a Markov kernel describing this corruption but the definition per se is a
non-stochastic corruption.

Hence, attribute noise is an example of S-X corruption that can be generally formulated as the

corrupted experiment illustrated in the transition diagram Y L x ¥ X , and the corrupted
distribution is given by P = (ry 50y ) o (my x E).

Class-conditional noise (CCN) The problem of CCN arises in situations where, instead of ob-
serving the clean labels, one can only observe corrupted labels that have been flipped with a
label-dependent probability, while the marginal distribution of the instance remains unchanged

[5, 34, 7, 19]. CCN is an example of S-Y corruption that can be formulated as a corrupted pos-
terior illustrated in the transition diagram X Ly XXy , and the corrupted distribution is

given by P = (§y gryy) o (mx x F). For classification tasks, Y and Y are assumed to be
finite spaces. Therefore the corruption xy ¢ can be represented by a column-stochastic matrix

8 Assume the rows x;, m; are assigned a joint distribution. and X and M are treated as random variables.
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T = (pij)1<i<|v|,1<;<|v| Which specifies the probability of the clean label Y = j being flipped to

the corrupted label Y = i, i.e., Vi, j, p;; = p(Y =i | Y = j). The corrupted joint distribution can be
rewritten as P = Sy p(Y | Y)p(Y | X)p(X). In the literature, T is known as the noise transition
matrix with its elements p;; referred to as the noise rates, and is useful for designing loss correction
approaches (our results in § 5 significantly generalize existing loss correction results in CCN to our
broad class of simple, dependent and combined corruptions) [34]. Prior to the proposal of the CCN
model, early studies primarily focused on a symmetric subcase of 7" in binary classification, known
as random classification noise (RCN) [32, 33, 12]. Note that in RCN, the output of the corruption -
remains constant w.r.t. its parameters. Recently, some variants of CCN have been further developed,
for example, in Ishida et al. [13, 14], complementary labels that can be modeled via a symmetric T°
whose diagonal elements are all equal to zero are studied.

S1.2 Dependent corruptions

Although simple corruptions have been well studied and understood, more complexities arise in
dependent cases, yet they receive relatively less attention and understanding. We discuss examples of

the dependent corruptions 1D-X s lD-?, 2D-X and 2D-§7, as illustrated in Fig. 1a, in the following.

Style transfer Style transfer refers to the process of migrating the artistic style of a given image to
the content of another image [35, 36]. The primary objective is to recreate the second image with the
designated style of the first image. In recent developments, it has also been applied to audio signals
[37]. If we represent the style of the first image by Y, and the second image and the reconstructed
image as X and X respectively, style transfer serves as an illustrative example of 1D-X “corruption”.
Note that the aim here is to learn how to corrupt instead of learning in the presence of corruption.
We mention this connection because our framework can also be used also with different purposes,
but underline that our BR results are not applicable to this case. The process of style transfer can be

formulated as a corrupted posterior illustrated in the transition diagram X Ly XX , and the
corrupted distribution is given by P = (ky 50y ) © (Tx x F).

Adpversarial noise In contrast to additive random attribute noise, adversarial noise is specifically
crafted by adversaries for each instance with the intent of changing the model’s prediction of the
correct label [38, 39, 40, 41, 42]. Such adversarial examples raise significant security concerns as
they can be utilized to attack machine learning systems, even in scenarios where the adversary has no
access to the underlying model. The adversarial noise is an example of 2D-X corruption that can be

. . . .. . K X <>
formulated as a corrupted experiment illustrated in the transition diagram Y Ay XX and
Xy x

the corrupted distribution is given by P = (tiyy 3 0y5) © (1y X E).

Instance-dependent noise (IDN) As a counterpart to CCN, the problem of IDN arises in situations
where, instead of observing the clean labels, one can only observe corrupted labels that have been
flipped with an instance-dependent (but not label-dependent) probability [18, 8]. It is a special case

of the ILN noise model, which we will describe later. IDN is an example of ID-Y corruption that can

be formulated as a corrupted experiment illustrated in the transition diagram Y L x XXy ,
and the corrupted distribution is given by P = (6 gk 3 ) © (1y x E).

Instance- and label-dependent noise (ILN) ILN is the most general label noise model, which
arises in situations where, instead of observing clean labels, one can only observe corrupted labels that
have been flipped with an instance- and label-dependent probability [8, 43, 44, 45]. ILN is an example
of 2D-Y corruption that can be formulated as a corrupted posterior illustrated in the transition diagram
F K Y X7 . . . . . il

X W Y , and the corrupted distribution is given by P = (§y ¢k yyy) © (mx X F).
Compared to the matrix representation 7" of the CCN corruption xy-y-, the ILN corruption & x5 can
be represented by a matrix-valued function of the instance T'(z) = (i (%)), <;< |y | 1<;<|y| Which
specifies the probability that the instance X = z with the clean label Y = j being flipped to the
corrupted label Y = i, i.e., Vi, j, pi;(x) = p(Y =i | Y = j,X = z). Some subcases of ILN have
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also been studied in the literature, for example, the boundary-consistent noise, which considers a
label flip probability based on a score function of the instance and label. The score aligns with the
underlying class-posterior probability function, resulting in instances closer to the optimal decision
boundary having a higher chance of its label being flipped [23].

S1.3 Combined corruptions

Given the simple and dependent corruptions, we can combine them to generate 2-parameter joint
corruptions, i.e., k5 : X x Y ~ X x Y. Below, we discuss some examples of combined noise
models illustrated in Fig. 1b.

Combined simple noise The simplest combined corruption is the combined simple noise, where
the observations of attribute X are subject to some errors and the observed labels Y are flipped
with a label-dependent probability [19]. Combined simple noise is an example of (S-X, S-Y)
corruption that can be formulated as a corrupted experiment illustrated in the transition diagram

Y 2%y Ly X X3 X and the corrupted distribution is given by P = (s g ky ¢ )0 (my X E).

Target shift In the literature, target shift refers to the situation where the prior probability p(Y) is
changed while the conditional distribution p(X | Y)) remains invariant across training and test domains
[46, 47, 48, 49]. The definition is established by assuming certain invariance from a generative
perspective of the learning problem, that is, considering it as a corruption of the experiment according
to P = my x E. However, when examining the learning problem from a discriminative perspective,
the change in p(Y) may cause changes in both p(X) and p(Y | X) due to the Bayes rule. Existing
frameworks for the categorization of target shift do not capture these implications, as they are based
on the notion of invariance from a single perspective of the £ direction. In contrast, our framework
categorizes corruptions based on their dependencies and therefore is advantageous by offering dual
perspectives from both the E and F' directions. Specifically, target shift is an example of (1D-X,
2D-Y) corruption and can be formulated either as a corrupted experiment illustrated in the transition

diagram X 23 v By X "XV | oras a corrupted posterior illustrated in the transition diagram

EXT
o ixyy

Y W Y ¥ X The corrupted distribution is given by P = (ky gk yy3) © (1y X E)

or P= (Ky ghyxyy)o (mx X F).

Mutually contaminated distributions (MCD) The problem of MCD arises in binary classification
situations where, instead of observing samples from the clean class-conditional distributions p(X |
Y = +1), one can only observe samples from corrupted class-conditional distributions p(X | Y =

+1), with
pX|Y =+1) l—-a « p(X|Y =+1)
( (XIY——l)) ( B 1—6) (p(XY:—1)>
as described in [6, 50, 51]. The coefficients « and 3 are defined as the fraction of data points having
a flipped label, given that the true one was respectively +1 or —1.

In comparison, CCN corrupts the class-posterior probability p(Y | X) while MCD corrupts the
class-conditional distribution p(X | Y); consequently, the marginal distribution of p(X) remains
unchanged in CCN but may be changed in MCD. Therefore « and 3 in MCD are not the noise rates
p12 and po1 in CCN, however, they are shown to be related by an invertible transformation [6]. In
other words, CCN is shown to be a subcase of the MCD, but what else is included in the MCD model
is not explored. Therefore, here we model MCD as (2D- X,S-Y) corrupt10n which can be formulated

as a corrupted experiment illustrated in the transition diagram vy 23y A xR Y , and the
NEXYR

corrupted distribution is given by P = (k yy ghy ) © (Ty X E).

Covariate shift In the literature, covariate shift refers to the situation where the marginal distribution
p(X) is changed while the class-posterior probability p(Y | X) remains invariant across training and
test domains [3, 52, 53, 54]. Similarly to target shift, the definition is established by assuming certain
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invariance from a discriminative perspective of the learning problem. However, when examining the
learning problem from a generative perspective, the change in p(X) may cause changes in p(Y) and
p(X | Y) due to the Bayes rule. Covariate shift in its general definition is an example of (2D-X, 1D-Y)
corruption and can be formulated either as a corrupted posterior illustrated in the transition diagram

o Fxy F KXy X < . . . .- .

Y 25 X 5o Y 25 X or as a corrupted experiment illustrated in the transition diagram
X

Ry s Ko ~ -

X m X ~25Y . The corrupted distribution is given by P = (k yy gk yy ) © (Tx X F)

or P = (rxyghxy)o (my X E).

Generalized target shift In the literature, generalized target shift refers to the situation where
the prior probability p(Y) and the conditional distribution p(X | Y) both change across training
and test domains, however, with some invariance assumptions in the latent space [55, 56, 57].
Generalized target shift is an example of (2D-X, 2D-Y) corruption that can be formulated as a

Axyy

Ky e ~
corrupted experiment illustrated in the transition diagram Y XYy B XXX | and the

S a oy

corrupted distribution is given by P = (ki yy ¢k xyy) © (1y x E). Note that simpler scenarios can
also result in a generalized target shift, however, it is important to avoid degenerating to the simple

S-X corruption, as it would violate the requirement of corrupting the label distribution.

Concept drift Concept drift refers to the situation where p(Y | X) # p(Y | X) [17]. As in the case
of generalized target shift, this case can be associated with every corruption in our framework, so the

most general correspondence is the (2D-X, 2D-Y) joint Markov kernel.

S2 Appendix for “A general framework for corruption”, Section 3

S2.1 The superposition operation

We further describe the superposition operation between kernels, also known as “parallel combination”
[27] or Kronecker product when in finite spaces, by specifying the action of the resulting kernel on
functions and measures.

Definition S1. Let 1 be a Markov kernel from (X, X) to (Y, ) and k2 be a Markov kernel from
(Z, 2) to (W, W). Hence, the superposition of the two is a kernel rk1ko from (X X Z, X X Z) to
(Y x W, x W) such that:

(ka2 f(,2) = /Y a2 dyd) ()

:/Ym(a:,dy) /W K (z, dw) f(y,w) ,

for every f positive Y x W-measurable, or equivalently

(aria) (B) = / /X () (a2 dydv) (o)

//m x,dy) /HQ(Z dw) p(dzdz) ,

Sor every measure jyon (X x Z,X x Z), B€ Y x W.

Both the operators are well defined, as we can rewrite them
(k1ka) f(x,2) = k1 (Raf (y, w)) = K1 f(y, 2) |
w(k1k2)(By X Bw) = k1(uka)(By X Bw) = [ik1(By X Bw) .

Hence we are just iteratively applying the standard kernel-induced operators to a parameterized
function or partially to a joint measure.
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When dealing with finite spaces, Markov kernels are column-stochastic matrices. The superposition
operation is then equal to the Kronecker product, between two matrices,

(k1)1ike .. (K1)ink2
K1K2 ‘= K1 @ Ko = : . :
(/‘dl)m1f€2 . (fil)mn@

with 141 being a |Y| x | X| matrix and ko a |W| x |Z| matrix.

S2.2 The Bayesian inversion theorem

In this section, we present some existing results coming from category theory applied to Bayesian
learning, which allows us to define and use the inverse kernel as introduced in the main text. The
background knowledge required for following this section is rather different from that of the other
sections. However, even if readers choose not to delve into the specific details, they can still
comprehend our results by only referring to the notions in Def. S4.

In Dahlqvist et al. [26], they address the question of Markov kernel inversion through the lens of
category theory.” They investigate how and when the (weak) inversion is defined, both directly on the
category of measurable spaces and indirectly by considering the associated Markov linear operator
(Markov transition [42]). We only focus on illustrating the first result, given the focus on Markov
kernels we had in the paper. We will use category theory terminology, and then connect it to our
probabilistic vocabulary.

The first step is the construction of the Krn category, similar to our notion of space of Markov kernels
M(X,Y) but with an equivalence relation acting on it. They start by considering Polish metric
spaces, the category Pol with continuous mappings, a subcase of which are the closed sets X C R?
equipped with the usual topology. The category of measurable spaces considered for defining kernels,
Mes, is the one induced by a functor B : Pol — Mes, i.e. all the measurable spaces with the same
underlying set of a Polish space but equipped by the Borel og-algebra and interpreting continuous
mapping as measurable ones. We call these spaces standard Borel spaces, and use them as the
building block of the Krn category.

The category Mes is embedded by a functor F' into the Kleisli category of G, a monad over Mes
representing probability distributions over some set. The functor F' acts identically on sets and
maps measurable functions f : X — Y to Kleisli arrows F/(f) = dy o f. This means, in more
familiar terms, that we build a trivial kernel dy (f~!(dy)), i.e. the image measure of the dirac delta
through f. It further induces the category 1 | F' of probabilities p : 1 — GX and trivial morphisms
f:(X,p) =5 (Y, q) as degenerate arrows F'(f) s.t. ¢ = F(f)oegp = G(f)(p), where og corresponds
our o combination between a kernel and a distribution. In other words, F'(f) induces a measure-
preserving map, so 1 | F' includes all measure-preserving maps induced by degenerate arrows. When
the arrows used are not degenerate, we obtain the supercategory 1 | K¢, with the same objects. We
denote arrows in this category as f : (X, p) — (Y, q). Notice that the kernels included in the category
1} K¢ are what we would call M(X,Y"), where X has marginal p and Y has marginal g.

This last category includes Markov kernels as we have defined them in this paper. They are considered
as typed kernels, i.e. their definition is tied to a fixed input and a fixed output (probabilities) instead
of being characterized for every input probability and every reachable output. This remark is crucial
for understanding our notion of exhaustiveness — we will later underline why.

Markov kernels cannot be inverted as they are, because of their non-singularity. They characterize it
with their Lemma 3, proving that for a kernel f : (X, p) — (Y, q) there are p-negligibly many points
Jjumping to q-negligible sets. Once the non-singularity is understood, we can define an equivalence
relation that, when acting on 1 | /C/, allows a well-posed definition of the inverse kernel.

Definition S2. For all objects (X,p),(Y,q), R(x p),(v,q) is the smallest equivalence relation on
Homaqxe(X,Y) such that

(f7 f/) € R(X,p),(Y,q) <~ f = f/ p—as.

In Lemma 4, they prove R to be a congruence relation on 1 | KC/. This congruence relation allows us
to define the quotient category, with the proper morphisms.

°For a general overview, see Mac Lane [41].
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Figure S1: Possible non-degenerate relations among three probability spaces.

663 Definition S3. The category Krn is the quotient category (1 | K€)/R .

Having defined the category, we have to build the functions that are going to constitute the weak
inversion operator, i.e. a bijection between Homg,, ((X, p), (Y, ¢)) and Homg,, ((Y, q), (X, p)). They
are two mapping between the Krn category and the space of couplings associated to (X, p), (Y, q).
The first is equivalent to our x kernel operation, applied to a kernel (i.e. conditional probability) and
a probability, and is formally written as

ay : Homgen (X, p), (Y, q)) = I'((X.p), (Y,q)) st ay (f)(BxxBy) 1=/ f(@)(By)dp ,

rxE€Bx
es+ with I'((X, p), (Y, q)) C G(X,Y) the typed couplings associated to the marginals (X, p), (Y, q).

The second is defined as its inverse operation, and it is decomposing a joint probability along a fixed
marginal distribution, i.e.,

D 1 D((X,p), (Y, ) = Homeen (X, p), (YV;0) st Dif(y) = Glmy) ol ,

such that
2By x By) = / DE (7)) (By )dp

xEBx
665 with (-)T: adjoint operator. Being one the inverse of the other, they are both obviously bijective and
666 proving the one-to-one correspondence between typed kernels and typed couplings.

667 Hence, we formally define the pseudo-inverse as in the following:

ess Definition S4. The inverse of a typed kernel k from (X1,p1) to (Xo,p2), given by k' o k =
669 D}/( OG(ﬂ'Q X 7'('1) o a{f(/i) with G(7T2 X 7T1) : F((Xl,pl), (X27p2)) — F((XQ,pQ), (Xlapl)) bEZI’lg
670 the permutation map, is defined as

e71 1. k' : (Xo,p2) — (X1,p1) € Krn when & is seen as element of Krn, such that k' o k = §x, and
672 koK' =0x, ;

673 2. ki Xg ~ X; € M(Xo, X1) when k is seen as element of M(X1, X3), such that kT ok =g 6x,
674 and ko k' =g Ox, -

675 S2.3 Exhaustiveness of the taxonomy

676 In the previous section, we define the operations v and D for typed kernels, which are one the inverse
677 of the other by construction. They are the operations representing the bijection between the space
676 of Markov kernels typed for p, ¢ and the space of couplings with marginals p, q. Hence, they are
679 proving that for each couple of probability spaces, there exists a Markov kernel sending one into the
680 other corresponding to a possible associated coupling.

681 This means that every pairwise stochastic corruption in the supervised learning setting is described
682 by our taxonomy. Other possibilities are, having more than two spaces involved in the corruption
683 process and having a deterministic mapping describing the corruption process as it has been defined.
684 We discuss them in the following, providing examples.

685 Stochastic corruption for more than two spaces When in the presence of three probability spaces,
686 we have only two possible corruption configurations. We represent them in Fig. S1, where arrows
687 represent non-trivial Markov kernels. We remark that we do not consider the triangular structures
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as in Fig. Sla and ¢ with the spaces Zs, Z3 coupled in some way, otherwise they would just be
considered as a single (product) probability space, i.e. a pairwise corruption.

The most simple case is Fig. S1b, in which the spaces influence each other in a chain fashion. This is
a clear subcase of our framework as we can integrate Z, by considering Kz, z, = k3 © K2 0 k1. We
then obtain a pairwise corruption sz, z,, but we would pay the price of losing information about the
role of the ‘latent’ corruption process. To have a complete idea of how the chained corruption works,
we can additionally study it as an iterative process and analyze its single components. This entire
reasoning is true for a number of spaces Z;, i € [n] with n > 3, and well models several settings for
dynamical learning, e.g. online corrupted learning or concept drift over time [58, 61, 59].

The second option is, they act as per the diagrams in Fig. S1a and Fig. Slc, i.e. a triangular structure.
In particular, case (a) reflects assumptions made in settings combining data from different domains
[29, 7, 62], where we get to observe different data distributions obtained from the same clean one.
They can be seen, in our framework, as a pairwise dependence between Z; X Z5 and Z3, or Z;
and Zs x Z3. However, this formulation assumes some coupling on Z5, Z3, more complex than
our originally assumed corruption. For now, we do not investigate the consequences of this gap as
changes of the corruption effect, leaving it for future investigation. A similar idea can be stated
for n > 2 spaces in the Cartesian product space, and for combinations of fork structures with fork
structures via superposition.

Corruptions via deterministic mappings We now want to give examples of how corruption
processes can be not stochastic. From the previous section, we know that even if there is no direct
way of modeling the specific corruption process with a Markov kernel, there exists a Markov kernel
representing some coupling between two distributions. We do not define any method to find the best
Markov corruption corresponding to a deterministic one, since it depends on the specific task one is
considering.

The first relevant example is the one of Selection Bias. Even if being a widely studied, common case
of corruption, we show here that when considered with its classical formulation we cannot directly
find a Markov kernel corresponding to it.

We start by introducing the Selection Bias type corruption, as done in [14]. It is characterized here as
a distributional corruption, unlike other cases in which only the selection variable is modeled. We
consider a target, clean distribution and a source, corrupted one from which we aim to learn. They
are defined on the same set Z C R? and Borel o-algebra Z. We define it as:

1. Support condition:
- P
P<P «= Ja=_sas,acll,

where we can equivalently say p — a.s., p = 0.5 % (I5 + P),or P —a.s.;
2. Selection condition:

[lo|oo < 400 .

The Support condition is equivalent to:

P(A) = /Aa(z)P(dz) VA .

Comparing it with a Markov kernel action on the input probability P, we get the condition

/A/Z/i(z,d,%)P(dz):/Aa(z)p(dz) VA .

A guess that satisfies our requirement is k(z, dZ) = §,(dZ)a(z), which is a transition kernel, i.e. a
family of positive measures parameterized by z, but not a Markov kernel unless o = 1. This kernel is
defined such that P is corrupted into P, but it does not preserve mass for every probability measure.
Is this the only possible guess?
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We then can define a measure i(dZ) := [, &  k(z,dZ)P(dz). This measure /i is almost surely equal to

P by definition, w.r.t. a reference measure 1;. The same is true for P and P w.rt. 2. Hence fi(dz)
is equal to a(2) P(dz) w.r.t. to p, iy < pand po < p.

Since the same argument can be repeated for the kernel k, the two kernels are forced to be equal
p-almost surely. That because, for two measures with the same value on every set, their Radon-
Nikodym derivatives are the same almost everywhere w.r.t. a finite!’ reference measure. Hence,
Selection Bias cannot be directly represented as a Markov kernel if we impose it to be acting exactly
as the weak derivative o

Another relevant example is the one of Markov kernel reconstruction R, as introduced in [7]. They
are considered in finite space settings and are defined as the left inverse of the stochastic matrix
representing the Markov kernel. Tt is underlined by the authors that the R of the Markov kernel is
not necessarily a Markov kernel; in fact, it is not even ensured to be a matrix with positive entries.
A reconstruction R is then sending a corrupted probability P into the original clean probability P
without being a stochastic mapping.

S3 Appendix for “Consequences of corruption in supervised learning”,
Section 4: Proofs

We restate for clarity all the assumptions underlying the proofs.

A1l We assume the loss function to be bounded in order to avoid problems when applying Fubini-
Tonelli’s theorem.

A2 We define the set £ o H == { (z,y) — £(h(x),y) |h € H }.

A3 When minimizing the risk for the corrupted distribution P, we assume that f* €
argmin; E[f(X,Y)] belongs to the minimization space £ o H.

Theorems 3, 4 are here proved by means of two Lemmas on the dependent noise combined with
identical simple noise.

Lemma S5 (BR under X corruption). Let (¢, H, P) be a learning problem with the input space X
and output space Y. Let E :' Y ~~ X be an experiment, kX € {kx %Ky x5} be the corruption
on X with at most 2 parameters, then we can form the corrupted experiment as per the transition

diagram 'Y ~%os X wﬁfw; X and obtain
- X 2

\\\\\\\

Ey nmy CBRiow (K~ By) = Eynmy CBR, x (103 (Ev) -

. )
Moreover, if & = Ky 5, we have

BRioy(my x 55 E) = BR, s (1) (my % E) .

Proof. Assume the full corruption x has an associated kernel
k(z,y,dzdy) = (k X(S)(Jc y, dZdy) = mf(m,di‘)&y(dg), (S1)
Let E,(dz) := E(y,dx) and A € X x ), we have

:Z / / K(x,y, didj) P(dzdy)
- Z/ / 8y (dy) E,(dx)m,
=3 [ B s,

- [ By,

Ot is enough to ask “finite on all balls”, see [63], Theorem 5.8.8.
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then we can write

] PR I,
Ey .. CBRion(r Ey)—z{;”yfgl}fy [ 16@.9) Bytan
:Z(Sy(dy)wy éncl)”H - f@,) /{;{(m,dm)Ey(dx)
Y.y XX
= inf [ 6 X(2,d%)E,(d
oy int, [ 050 [ oanEy (@
=S it [ Btan) 05 0)e.0) (52
=Y it [ B fa)
v fewX(LoH) J X
=Eyony C’BRK;((&H)(Ey). (S3)
Since the X corruption kX has an identity mapping on Y, E}?NW [] = Ey ~ny [] and we obtain

EyNﬂ-y CBRZOH (KXEy) = EyNﬂ-y CBRHX(KOH) (Ey)

If K5 = & « %> then the associated kernel (S1) takes the simple form KX (z,dZ) and the above
equations from (S2) become

BRyoy(my x /QXE) = inf 7Ty/ E,(dz) (HXf)(a:,y)
fe€loH Y X

= inf 7Ty/ E,(dx) f(x,y)
rerXeorn) 57 Jx
= BR, s (go3) (my X E).
O

Theorem (BR under (S-X, S-Y), (2D-X, S-Y) joint corruption, Theorem 3). Let (¢,H, P) be

a learning problem, E : Y ~s X an experiment and k* € {kx % Ky xx} a corruption as in

Lemma S5. Let Ky be a simple corruption on'Y . Then we can form the corrupted experiment as

~  Kuo X ~
per the transition diagram 'Y ~~3'Y ~Fy X vﬁwg X and obtain
"= X .

““““““““““

E?N){Y{,ﬂ'y
Proof. We assume the full corruption « has an associated kernel
k(w,y, divdg) = (v~ by (2,y, dTdg) = ) (w,dT)s, " (df) -

With this corruption formulation, we can replicate the proof of Lemma S5 up to (S2) by simply
plugging in ) (d) instead of 6, (d7). Therefore, we obtain the thesis. O

Lemma S6 (BR under Y corruption). Let £ : Y ~» X and F : X ~~ 'Y be an experiment and a
posterior on it, and k¥ € {Ky3, K xyy } be the corruption on'Y with at most 2 parameters, then we

v
can form the corrupted posterior as per the transition diagram X ~E Y M'iN?' Y and obtain

- Y

\\\\\\\\\\

Ex~ryx CBRuoy (kY Fx) = Exony CBR, 5,05, (Fx) .
Moreover, if kY = Ky the equation simplifies as

BReou(mx x £ F) = BR,s (s (mx X F) .
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Equivalently, we can form the corrupted experiment as per the transition diagram
y £ X w'iv: Y and obtain

BRgoq.[(Ii<7Ty X E)) = BRK,(@OH)(WY X E) s
where k = 1157(530, the combination of Y with the identity kernel on X.

Proof. Assume the full corruption x has an associated kernel
Ax,y, dzdg) = (< 0)(x,y, dzdg) = £} (y, d7)6.(dz) - (s4)

Let F,.(dy) := F(x,dy) and A € X x ), we have

:Z / / w(x,y, didij) P(dady)

—Z// (y, d§)0.,(dF) Fi(dy).

[ [ Pt su(anm,

(dy)’/Tz,

I
:>\
81

then we can write

Egr, CBRuy(r F = /)2 T3 fé%ﬂ f(2,9) Fz(dy)

_ Y’ =

= [ sdanm, [y 2D @ D Pl
Angfzﬁfxy (y, d) P2 (dy)

_ / me int S F(dy) (51 67)(,0) (S5)

x  feloH v

= inf F,(dy)
/x T FERY (LoH) Z ()]

= Exeny OBR 5 o) (Fx). (S6)

Since the Y corruption %Y has an identity mapping on X, E Koy [] = Ex~ry[] and we obtain

Exrnx CBRiow (K" Fx) = Exnny CBR, ¥ (1o3) (Fx)-

If K¥ = = Ky, then the associated kernel (S4) takes the simple form & (y7 dy) and the above
equations from (S5) become
BRys F f " F.(dy)
o (Tx X K féflloﬂ/ g Z (dy)( 2Y)
inf / Ty FE.(dy)f(z,y)
feny(éoH Z

= BR, s (ZoH)(”X X F)
In this case, reminding that h(z,y) = (h(z), id(y)), we have
BRK){/(ZOH)(WX X F) = BR»J’(Z)OH(WX X F) .
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Similarly, the results can also be expressed in terms of E using the generic corruption formulation:

BRy, E BRy, P f Pdd
on(smy X E)) = BReoy (s égoH/foym #dj)

= inf /X XXZ f(&,9)k(z, y, dzdg) P(dzdy)

fE€LloH

= fgzlofﬂ/X%:fif(w,y)P(dﬂcdy)
= BRH(@OH)(T(Y X E) ST

Note that the last result in (S7), even if fitting in the comparison of experiments literature [20], does
not give us any new insights since it is not based on the corruption decomposition formula in (S4).
We provide (S7) here for completeness. O

Theorem (BR under (S-X, S-Y), (S-X, 2D-Y) joint corruption, Theorem 4). Let (L,H, P) be a
learning problem, F : X ~ Y a posterior and ¥ € {Ky v, Kxyy | a corruption as in Lemma S6.
Let ky ¢ be a simple corruption on X. Then we can form the corrupted experiment as per the

L ke v
transition diagram X ~~%5 X ~Eos Y ~5w:>' Y and obtain
- Y ~

\\\\\\\\

E -

XNK)(;}'"'X

CBRyop (k" F) = Exnnx CBR, (5 o3 (Fx) - (S8)

Proof. We assume the full corruption ~ has an associated kernel

Ay, dedg) = (= 1) .y, didg) = £ (v, dj)rX ¥ (d3)
With this corruption formulation, we can replicate the proof of Lemma S6 up to (S5) by simply
plugging in kXX (dZ) instead of J,.(dZ). Therefore, we obtain the thesis. O

Remark S7. When using the continuous notation for' Y we do so for simplicity and homogeneity.
Notice that all its associated kernel are actually (parameterized) squared matrices, hence transposable.
So in Theorem 4 and the associated Lemma, the operator acting on the function is actually the
transpose of the corruption matrix.

Z Cyy(2)l5(h(x)) = Z Cyy(@)ly(h(z)) = (£, 0 h)3(x) .

Theorem (BR under (1D, 2D) joint corruption, Theorem 5). Let (¢, H, P) be a learning problem,
E:Y ~ Xand F : X ~ 'Y be an experiment and a posterior on it.

1. Let ky 5 be a corruption on X and k ¢ be a cormption on'Y, then we can form the jointly

Exyy

corrupted experiment as per the transition diagram X 25y Ly x X5V and obtain
Fxyy
BREO?—[[HY)?(WY X EXYYE)] = EYNTFYCBRKY}}(RXY{/ZOH)(EY) . (89)

2. Let kv be a corruption on'Y and k - % be a corruption on X, then we can form the jointly

 hes Kvv o~
corrupted posterior as per the transition diagram Y ~X% X L5y XXX X and obtain

W

BRyoy [HX}”/(WX X "{XY)?F)] = EvarX CBRHXY}?(KXYZOH) (Fx) . (S10)
Proof. For proving point (1), assume the full corruption « has an associated kernel

k(z,y, dzdj) = (ky ¢k xyy ) (@Y, d2dg) = k¥ X (y, di)s) " (z, dj) .
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Let B, (dz) := E(y,dx) and A € X x ), we have

A) :%2/4/){&(:5@@:&13}) P(dzdy)
:; /A /X W Xy, d2)el Y (2, dj) B, (dr)m(dy)
= [ SR S dn) iy < T By, d)
Ay

_ / WX (ry x XYY B)(dz, dj) |
A

which is less interpretable as a corruption action if compared to the previous theorems, since the
effect on ' and 7y cannot be totally distinguished. However, we can still write

Ey oz, CBReon(ky gfixyy E) fél[l(f%/ f(&,9) P(dzdy)

— %:/XHYX(Z/,d:%)m fé%y%:/xf(f»ﬂ) XYY (y ) B, (dz)
B EY: /X W dimy ol /X(’ff Y0 (@), y) By (dr)

=:§;ﬂ@fggﬂ K X1V 0)y 0 B](y) By (de)

:Zﬂ'y inf /E (dx)f(x,y,h)
Y

fe€ry 5 (kxyyloH)

=Ey~ny CBRKY;( (K xyyloH) (E),

with f(z,y,h) == k¥ X[(kXYY (), o h](y). In particular, notice that XYY acts only on ¢, while
Ky % acts on both £ and h, which forces us to use f(z,y, h) instead of f(z,y).

For point (2), assume the full corruption « has an associated kernel
Ale,y, didj) = (rxyhy5)(y, didg) = X7 (e, dp)e)¥ X (y, dz) .
Let F,(dy) :== F(x,dy) and A € X x ), we have

_zyz/A/Xn(x,y,di"dfg) P(dxdy)

= XY (2, dj) XY X z) Fy m(dx

;AL (2, dg)sXY ¥ (y, di) P, (dy)r(dz)
AJx

= / XY (nx x XY XF)(dz, dj)
A

Hence we can repeat a similar argument for the F' case and find a minimization space of functions
f(z,y,h) = XY X[(kXY¥), o h],(z). Thus, we obtain the thesis. O

Corollary (BR under (1D, 1D) joint corruption, Corollary 6). Let (¢, H, P) be a learning problem,
E:Y ~ Xand F : X ~ Y be an experiment and a posterior on it. Let Ky, 5 be a corruption on X
and k y 3 be a corruption on'Y', then we can form the jointly corrupted experiment as per the transition

diagram X %Y B X SX5 ¥ orequivalently Y ~2% X L vV 25 X We
obtain

BR(()H[KY)E(TFY X K:Xf/E)] = BRHYX(NX;,ZOH)(T"Y X E) R
or equivalently

BREOH[HX{/(WX X IQYXF)] = BR ZOH)(TFX X F)

Ky g (Fxy
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Proof. We assume the full corruption ~ has an associated kernel
Aa,y, dadg) = (" X&) (@,y, didg) = ¥ ¥ (y, d2)i>Y (2, dp)

With this corruption formulation, we can replicate the proof of Theorem 5 by simply pluggmg in
KXY (z,dy) instead of KXYY (x,y,dj) in the first point, and by simply plugging in ¥ X (y, dZ)

instead of KXY X (z, y, dZ) in the second point. We then in both cases obtain functions f(z,y, h) =

KYX [(,%XY/K)z o h](y), i.e. comparing a point = with a kernel on P(X) parameterized by y.

After getting the identities w.r.t. CBRs, we can further take the inf operator out of the outside

expectations and obtain identities w.r.t. BRs, as the kernels x¥ X and XY are not parameterized by
x or y anymore. Therefore, we obtain the thesis. O

Analysis of Bayes Risk under (2D-X, 2D-Y) Let (¢,H, P) be a learning problem, £ : Y ~» X
and F' : X ~» Y be an experiment and a posterior on it. Let - ¢ be the corruption on X and & y -y
be the corruption on Y. Then we can form the jointly corrupted experiment as per the transition

Exyy

diagram y Xy Es x XXX ¥ Hence, the full corruption ~ has an associated kernel

W
k(x,y,dEdy) = (Kyy R xyy) (T, Yy, d2dY) = ﬂ;((%di)n;/(y,dgj) .
Let P=kPand A € X x j,wehave

:Z / / w(x,y, didij) Pdedy)
_Z// (z,d7)Y (y, df) E,(dz)m, .

This is not further decomposable as an action on the experiment and an action on the prior, given the
double dependence of both factors in the kernel.

A similar observation can be done for the posterior kernel, i.e. considering the equivalent transition

~ Hl . Sy
diagram X X¥5 x L5y XX5 V. Then, we can only write

\\\\\\\\\

BfQoH(HOU/X‘E)): inf Eci?jNﬁfﬂ?,§j

it Somy [ (g de ) 10 B ).

fEKO?{
Y,V

which is, from a Bayesian Risk point of view, equivalent to the non-decomposed joint corruption
effect.

S4 Appendix for “Corruption-corrected learning”, Section 5
In this section, we give the proofs of the results used in § 5.

S4.1 Proof of Lemma 7: Factorization of the pseudo-inverse

Lemma. The feasible factorization of a Markov transition k is also a valid factorization for its
pseudo-inverse k1, both for the full transition or considering their parameterized versions.
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Proof. Let’s consider a Markov kernel x : X7 x Y7 — X5 X Y5 . Also assume that k = KxKy,
i.e. factorizes by superposition with £(.y : X1 x Y1 — ()2, (-)2 € {X2, Y2}

Supposing that /i& n{, is a pseudo-inverse, we can write by using the definition of pseudo-inverse
Def. S4:

Oyt (dxydyr) =/ k(dwadys, 2, y) )k (dordy, 22, yo)
XoxYs

=/X y (R )y (da, @) (R )y (dya, 1) (5 )y (doy, @2) (k) )y (dyn 7, y2)
2X Y2

which shows that T = n} /@J{/, and proves the Lemma for the parameterized case. Being the regular
case a subcase, we obtain the thesis. O

S4.2  Proof for Theorem 8

In addition to the assumptions A1 — A3 stated for proving the BR theorems (§ S3), we assume here:

A4 We will assume the existence of an invertible function h* € H;
A5 We ask the corrupted optimum to satisfy the equality k(£ o h*) = £ o h*.

Theorem. Let ({,H, P) be a clean learning problem and (k' (¢ o H), kP) its associated corrupted
one, not necessarily with a o-factorized structure. Let ! be the joint cleaning kernel reversing ,
such that assumptions A4 and A5 hold for the said problems. The factorization of k' is assumed to be
feasible and to have an equality result of the form Eq. (5). We write k' (dz, 2) = kX (dz, )Y (dy, -),
with () some feasible parameters. Hence, we can prove the following points:

1. When k' is either (idx, S-Y') or (idx, 2D-Y'), we can write the corrected loss as

U(h(@),5) = (K7 0) (W(@),§) ¥ (%,5) € X x Y,

with ¥ € = kY { for the second case.

2. When k! is (S-X, S-Y), (2D-X, S-Y') or (S-X, 2D-Y ), we have

0@, 5,h) = Buwxna s € (w,9)] V(2,5) € X XV,
with kX h(Z)(A) == kX (h~1(A), %) , A C P(Y) being the push-forward probability measure of
k% (-, %) through h, h seen as a function. For the cases that involve a 2D corruption, we have
kY 0 = kY ( for the former k' factorization, kX h(i) = /{ff h(Z) for the latter.
3. Whenktisa (1D-X, 1D-Y) corruption, we can write the corrected loss as
0,9, h) = Eypxn s 0(u,2)] V(3,9 € X xY,
with kX h(§)(B) = &~ (h~Y(B),9) , B C P(X).
4. When k' isa (2D, ID) corruption, we can write the corrected loss as
07,5, h) = Eunwxngplia €9, &5, h) = Euupxpzln’ €(u,2)] V(%,9) € XxV .

for the (ID-X, 2D-Y ), (2D-X, I1D-Y') respectively.
Proof. Given the assumptions A4, A5, we can write:
(0 @) ) = Y [ 400 @), 6l dody. 5.5).
v /X

We now look at all the feasible corruption combinations in Fig. 1b; given Lemma S4.1, are sure that
there factorizations on « are also valid for . Hence, we can consider the single point of the theorem
being sure that they cover every possible « case having an Bayes Risk equality result.
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Consider the x from point (1), i.e. & is either (idx, S-Y) or (idx, 2D-Y). They act on £ o h as

((h*(Z),7) = h*(z z, %) kY Z, 7
ih <x>,y>—;/xah (2),y) 8(de, &) ¥ (dy, 5. §)

= | 67 0uh(a). ) 8. )
— (Y 0 (h(@), ) -

Hence, the case kY (dy, 7, 9) = xY (dy, ¥, §) and its subcase ¥ (dy, §) combined with an identity
kernel on X do not change the hypothesis function.

Y
For the more complex cases in point (2), k~ (dz, &) # J,.(dx), we have:
(i (3),9) = Z/Xé(ﬁ*(x%y) K (do, @) kY (dy, ,9)
Y
=Y [ ) R () ), 3) Y (d,5,5)
y Jh*(X)

= / (kY 0z (u, §) X ((R*) " (du), T) (S11)
h*(X)

where u = u(dy) € P(Y). The following equality for the expectation of u, the image measure of
through h*, and the kernel chain composition holds:

Eox(in il = [ w8 ), 5) = ¥ 0B (@) € PY).

that can be verified easily by recalling the alternative definition of # as a subset of M(X,Y’) and
using the definition of x' o h*. We remark that X ((h*)~'(du), Z) is then a probability in P(P(Y)).
Hence we can rewrite Eq. (S11) as

((h*(2),9) = /P(Y) (8Y 0z (u, §) K™ () (du), 2)

= ENX(;}*)—l(.),i) (kY 0)s(u,9)] ,

with % having support included in 2*(X).

As for more dependent corruptions of X, i.e. kX (dx,,7), the action on the hypothesis will be

dependent from g, so .

U(h*(2),9) = E,ﬁgf((ﬁ*)fl(.),';:) [(“YE):i(Ua 7)) -
where only the simple Y noise can be considered, given the missing result for the BR equality in the
(D2, D2) joint corruption case.

As for the cases involving the 1D with 1D or 2D, i.e. points (3) and (4), we follow the same procedure
by using the action formula of dependent corruptions as described in the proof of Theorem 5, and
obtain the thesis. O
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