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ABSTRACT

Entropic optimal transport (OT) enables efficient distribution alignment through
the Sinkhorn method. However, it suffers from numerical instability and slow con-
vergence under weak entropic regularization. We propose a two-stage framework
that establishes an inexact-to-exact paradigm to address these challenges. The
first stage employs an inexact proximal point method to decompose the entropic
OT into simpler subproblems, yielding approximate solutions with superior nu-
merical stability. The second stage employs a sparse Newton method with global
convergence and a locally quadratic rate to refine the approximate solutions. Com-
pared to previous Newton-based algorithms, it accelerates updates and prevents
the objective seere-value from plateauing during optimization. With numerical
instability handled in the first stage, Sinkhorn iterations-scaling can provide an
alternative to the Newton method under relatively heavy entropic regularization.
The yielding-resulting Proximal-Sinkhorn-Newton method enjoys the strengths
of three approaches and outperforms the baselines across various regularizations

and error tolerances;-achieving-over20><speedups-on-someproblems-compared

1 INTRODUCTION

Optimal transport (OT) ealeulates-seeks the best transportation plan from an ensemble of sources
to targets (Linial et al.| [1998; |Peyré et al.,|2017). It is an important task in machine learning, such
as GAN (Arjovsky et al.,|2017; Genevay et al.,|2018)), graph matching (Shen et al.,[2024), domain
adaption-adaptation (Nguyen et al., 2021} Turrisi et al., 2022), statistical learning (Oneto et al., 2020;
Huynh et al., 2020), robust and efficient unsupervised learning (Lei et al.,|2019; Onken et al., 2021),
feature selection (Cao and Zhang] 2024; |Cao et al.| [2026), and so on. For an overview of further
applications of optimal transport, readers are referred to (Peyré and Cuturil 2019).

In this work, we focus on the entropic optimal transport problem of the form

: 1 °
Py = argr}glel%C - P+ B’H(P), H(P):=P-logP (1)

where P € R’*" represents a transport plan, U := {P € R*" : P1 = a, P"1 = b} is the feasible
region where a,b € R'} are the source and target distributions respectively, C' € R"*" is a cost
matrix, C'- P = Y C;; P;; is the transport cost, 3 > 0 is the regularization parameter, #(-) is the neg-

ative entropy, and 16g denotes the element-wise logarithm operator i.e., P - 16g P = 3 P;;log(Pi;).
Cuturi| (2013) demonstrates that the solution to (T) admits a closed-form characterization:

Py =Tt (e%p(~BC)) = Diwy e%p(~BC) D), @

where P%[}l (+) denotes the projection onto the set U with respect to the Kullback—Leibler (KL) diver-

gence (Peyré et al.,2017), exp(-) represents element-wise exponential operator, D(y) and Dy, are
diagonal matrices constructed from positive scaling vectors u, v € R” whieh-. The two vectors can
be computed iteratively via the classical Sinkhorn algorithm (Sinkhorn [1964; (Cuturi, [2013)):

K =exp(-6C), o) =ao (Ku?), u«*) =bo (K o)), 3)

where @ is the element-wise division.



According to (2)), solving the entropic OT relies on two components: the kernel matrix K and the
scaling vectors u, v. These introduce two intrinsic computational challenges for entropic OT with a
large 3: (a) numerical instability caused by division by zero, which can occur when K contains an
entire row of namerie-zeros; and (b) the iterative computation of w and v with complexity tied to the
(. These challenges are inherent to the entropic OT and continue to motivate ongoing research.

Numerical instability. The stable Sinkhorn (Benamou et al.,[2015)) addresses the numerical instability
by performing computations in log-space, but introduces considerable overhead. The proximal point
method (POT) (Xie et al., [2020) generates a sequence {P(t) }t:1,2,... to obtain the solution efto OT
by solving a series of entropic OT problems with small values of 5. To improve efficiency, the inexact
proximal point method (IPOT) (Xie et al.||2020) computes the proximal operator approximately at
each iteration, yet {15 ) }i=1,2,... still converges to the exact solution (shown in Figure . However,
the algorithm exhibits only linear convergence in OT and does not benefit from the efficiency of
entropic OT, thus becoming potentially expensive for large-scale problems.

Computational complexity. The Sinkhorn algorithm enjoys an O(n?) per-iteration cost, but due

to its sub-linear convergence, attaining-a-moderately-high-aceuracy-may-still-demand-the algorithm

may require a prohibitively large number of iterations to attain a moderately high accuracy (Tang and
Qiul 2024). The Newton method has a local quadratic convergence rate, while even a single Newton

step requires O(n?) cost (Brauer et al., 2017). The Sinkhorn-Newton-Sparse (SNS) algorithm (Tang
et al.}2024) sparsifies the Hessian matrix to reduce the computational cost to O(nz). However, its
warm start may require hundreds of Sinkhorn iterations (as shown in Figure ). Tang and Qiu| (2024)
propose a-an SSNS to overcomes this problem, whereas the objective seere-value may experience a
period of stagnation during the Newton iterateiteration.
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Figure 1: Schematic of the path of methods. The distance is in the Bregman sense. POT and IPOT
are designed for OT. In fact, they require far more iterations than those illustrated in the figure to
converge; log-Sinkhorn and SNS are designed for entropic OT.

In light of the above challenges, a natural question arises:

How to design an entropic optimal transport algorithm that maintains stability and efficiency
under varying entropic regularization parameters and error tolerances?

A promising approach is to weave complementary algorithms into a single framework that leverages
their respective strengths. Specifically, we employ the inexact proximal point method to stably
construct a transport plan. If this plan does not meet the desired accuracy, it can serves-serve as
a high-quality initializer for faster secondary solvers. Such an idea is supported by the following
theorem.



Theorem 1 Inexact-to-Exact Transition
J:ekgip(t) denotes the transport plan updated at the t-th iteration in the inexact proximal
point method with a fixed proximal parameter Aj3 , then

Py = TX(P®), where B = tAB. (4)

This theorem establishes a fundamental connection between the inexact proximal point method and
the entropic OT. Specifically, it allows the inexact iterate P® to be refined through the KL-projection
into the exact solution of the entropic OT problem. Interpreting PW asa processed kernel matrix
reveals two distinct benefits over the naive counterpart K: improved numerical robustness and
reduced distance to the solution Pg (shown in Figure . These properties make it a more desirable
input for subsequent refinement algorithms such as the Sinkhorn iterations-scaling or the Newton
method.

The contributions of this paper are threefold:

¢ Numerical instability: addressed via an inexact proximal point framework. We use a
proximal point method that safely decomposes the problem into a sequence of easier and safer
entropic OT problems. By employing an inexact proximal operator, we derive an Inexact
Proximal point Methed-method for Entropic OT (IP-EOT), stably and efficiently producing an
approximate solution that other methods can further refine.

¢ Computational complexity: reduced via a sparse Newton method. We introduce a novel
sparse Newton method with global convergence and locally quadratic rates. The positive
definiteness of the sparsified Hessian matrix enabling-enables the use of efficient incomplete
Cholesky conjugate gradient solvers to accelerate each Newton update. Furthermore, we
integrate line search with Sinkhorn iterations-scaling to prevent the objective seore-value from
plateauing during the optimization process.

» Adaptive hybrid solver. Our framework leverages IP-EOT either as a low-accuracy standalone
solver or as a high-accuracy warm-start for both Sinkhorn and Newton methods, thereby
overcoming instability of the Sinkhorn algorithm and expensive initialization of the Newton
method. A proposed adaptive criterion selects the secondary solver by exploiting the Hessian’s
sparsity dependence on 3: the Newton method is preferred for large 3 (sparser Hessian), while
the Sinkhorn iterations-scaling is chosen for smaller .

In short, we address two fundamental challenges in entropic optimal transport—numerical instability
and high computational complexity—by introducing a unified inexact-to-exact framework, termed
Proximal-Sinkhorn-Newton (PSN), which intelligently integrates complementary algorithms. The
overall architecture of PSN is illustrated in Figure [2]
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Figure 2: The trajectory of PSN consists of two stages: (a) IP-EOT for an efficient and stable

approximation P(*), and (b) KL-projection by either Sinkhorn iterations-scaling or the Newton
method for refinement.

2 RELATED WORK

Computational Optimal Transport. Since the Sinkhorn algorithm (Cuturi, 2013) made entropic
optimal transport practical, researchers have polished it from every angle. First-order alternating



minimisation (Guminov et al., [2021)), Greenkhorn (Altschuler et al.} 2017) and their greedy variants
—speed up the basic matrix-scaling loops. Adaptive primal-dual strategies, such as the similar-triangle
method (Dvurechensky et al., 2020) and accelerated mirror descent (Li et al., 2025)), dynamically
tune step-sizes to reduce the iteration count. When high accuracy is required, Newton-type solvers
exploit second-order information to yield local quadratic convergence (Brauer et al.,[2017; Tang et al.,
2024} Tang and Qiu}, [2024)). Yet, an efficient method applicable to a wide range of [ is still lacking,
which motivates this work.

Newton method. The Newton method achieves rapid convergence,
whereas handling a dense Hessian incurs O(n®) complexity (Powell and
Toint, 1979) To mitigate this, %ﬁgﬁ:ﬁ%{%@%%%ﬁgﬂﬁ&Q&u{%}
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reduce the per-iteration cost to approximately O(n?). Iterative solvers such as Conjugate Gradient
(CG) (Golub and Van Loan, [2013) benefit significantly from preconditioning (Carabal 2008)), yet
this has been overlooked in prior work on optimal transport. We therefore apply a preconditioner to
accelerate the Newton method.

Proximal point method. The proximal point method transforms a-complex optimization problems
into a sequence of simpler subproblems by introducing a proximal operator (Rockafellar, |1976).
Based the-on the Bregman distances, Chen and Teboulle| (1993) formalized the Bregman proximal
point algorithm and established its convergence. Recently, this method have-has been applied to
OT, substantially reducing computational complexity (Xie et al.l 2020; |Chu et al., 2023} |Chizat,
2024). The unclear trajectory of the regularization parameter during iteration has hindered use of the
proximal point method in entropic OT, which our work seeks to address.

3  PROXIMAL POINT METHODS FOR ENTROPIC OPTIMAL TRANSPORT

We propose an Inexact Proximal point method for fheEntroplc OT (IP EOT) that yields an approx-

imation P/g by explicitl
incorporating 3 e*pher&rrﬂnto the prox1mal step. We%ufkheﬁsheWLThls approximation can also be
derived from an approximate KL-projection I'X!(exp(—3C s ical instance of which is earl

termination of Sinkhorn scaling. Furthermore, we demonstrate that P/g can be refined into the exact
solution Py via-the-through an exact KL-projection.

Proximal point methods are iterative algorithms for convex optimization, well-suited for nonsmooth
or composite objectives. Their core principle involves solving a regularized subproblem at each step.
This process optimizes the objective while ensuring the stability of the iterative sequence. To solve
the OT (without the entropic term), the proximal point method reads as follows

PO = argminp.; C © P+ gAHYB(P, PY), (5)

B(P,PY)=P.16g(P o PY) — (P - P®).11" ., (6)
where © is the element-wise product. B(-, -) is the Bregman divergence used to measure the distance

between two probability vectors/matrices (Benamou et al.,2015). This formula can be equivalently
rewritten as :-

P+ — arg min CWoP+ptHYHP), O =cC—ptHD16gPM. (7)
€
The update can be computed by applying a KL-projection to a modified kernel matrix, yielding:
pi+l) — F%ﬁl <e>°<p(—0ﬁ(t+1)) o) p(t)) . (8)

As t — oo, P() converges to the optimal transport plan. To improve efficiency, Xie et al.| (2020)
propese-proposed the inexact proximal point method (IPOT), which performs only one Sinkhorn
iteration to approximate the projection in . The resulting sequence {P(t)}tzl’g’m can efficiently
converge to the optimal transport plan.

Inexact proximal point method for entropic OT. Theorem|[I]allows the inexact pr0x1mal point

method to efficiently offer a Pq—fﬁ%fh&ﬁ&f@pﬁ@pﬁﬂm{—fﬁﬂ%p@ﬁmﬂp&e—%%wﬁ



theorem relies on explicitly tracking the regularization parameter /3 across proximal iterations, as
detailed below.

Lemma 1 (Explicit form of 3) The iterative schemes of the exact/inexact proximal point method
for entropic OT admit the following explicit representation:

t
F“@exp cp)), PO =T§(()exp(—-CBY)). )

=1

(© represents element-wise multiplication of a series of matrices. In particular, when each ) is
fixed as Af, the regularization 3 satisfies 8 = tAS, which yields a-the following explicit expression:

PO =T¥(exp (—tABC)) = P5, B=tAB. (10)
M%mﬂ%%%ﬁmm
P;=D —5C) D) and satisfies
where u(P)=|P1—al,+||PT1—-0 represents the  marginal error and

O=D X is a classical initialization for KL-projections. The next Lemma
establishes a theoretical bridge between the inexact transport plan and the exact transport plan.

Lemma 2 (Inexact to Exact) Let ]55 be an approximation to the-Pg, then-
Ps =TF(Ps). (12)

This result enables the inexact approximation 155 to serve as a warm start for computing the exact
solution Py via the KL-projection.

Building on the above results, we propose an IP-EOT to provide an approximation 155, as outlined in
Algorithmm The algorithm avoids the risk of numerical underflow by dividing the total regularization
ﬂ into £ steps (hne 2) and progresswely constructlng the kernel matrlx (line 6) Thisstrategy-greatly

J0ur matrices AK and

WWWWWMWWMMWMMMS
advantage becomes more pronounced with a smaller 5, leading to substantially improved numerical
stability. With the aid of the IC preconditioner (line 4). line 5 employs a preconditioned conjugate
gradient (PCG) method for computing Az. Since the cost of each iteration is O(n?), the computa-

tional complexity of the algorithm is O(¢n?).

Algorithm 1 IP-EOT Algorithm 2 Fast Sparse Newton
Require: Probabilities—Probability vectors Require: Initialized transpert-plan Py, Prebabilities
{a, b} with length m and n, cost matrix Probability vectors {a,b}, C, marginal error
C, entropic parameter 3, proximal pa- threshold py, 3
rameter AS 1: while p > p;, do
1 0= (AL[J 2: Compute H, V f, p with (T3))
2 A« B/t 3: H «+ Spa¥51fy(H, p) X .
3 AK(_e)%p(_AﬁC) 4: L(—IC(H) ~ D#HNLL
S fort—1.9 . ¢ 6 if o is searched then z + z + aAz
6 Ko AK®P 7 else Update z by Sinkhorn iterations-scaling
. T
7 u a’® (Kv), 'v “bo (K u) 8: Compute marginal error p
8: P« diag(u)Kdiag(v) 9: end while
9:end 10: (z,y) + =
10: return P 11: P+ eXp (3(—0 ta1T +1y7) — 1)
12: return P




Since the iteration number of IP-EOT is tied to A3, the algorithm cannot adaptively stop based on
marginal error. Thus, it should be augmented with alternative solvers, switching to Sinkhorn or
Newton methods if the IP-EOT solution yields insufficient accuracy.

4  FAST SPARSE NEWTON METHOD FOR ENTROPIC OPTIMAL TRANSPORT
The Newton method is based on the Lagrange function £ associated with the entropic OT (T):

L(P,x,y) := %P-ngP+C-P—w-(P1—a)—y-(PTl—b). (13)

Using the primal-dual and strong duality theory (Nocedal and Wright|, [1999), one only needs to
minimize the function f ;-

f(z) = f(z,y) = —min£(P,z,y),

T T

—to get the solution of

@:

The explicit form of f(z) follows by substituting P = ex —C+zl' +1y’
The corresponding gradient and Hessian matrix-matrices of f are

Vaf(2) = (Vaf(®,9), Vyf(2,y) = (P1 - a,PT1-b),

. 15
H(z) = V2f(2) = V3 f(z,y) = 3 | ai(f g diag(ljfn -

If H(zy,) is invertible, the Newton method updates zj; via the formula
Zp41 = 2k + Az, Az, = H(Zk)_l (—sz(zk)) . (16)

To avoid costly matrix inversion, Az is obtained by solving a linear system HAz = —V f, which
is commonly solved by the Conjugate Gradient (CG) method (Tang et al.,[2024). However, a key
challenge arises from the O(n?) computational cost per Newton iteration and the non-invertibility of
the Hessian matrix H.

4.1 FAST POSITIVE-DEFINITE-PRESERVING SPARSE SCHEME

Prior research has made substantial progress in characterizing complexity and irreversibility by
sparsifying the Hessian. [Tang et al.| (2024) observed that, after some Sinkhorn iterations, the Hessian
matrix can be well-approximated by a sparse structure. Building on this observation, they reduced
the computational complexity of the single Newton update from O(n?) to O(n?) by enforcing
a predetermined sparsity pattern on the Hessian matrix. Building-en-this-Following this direction,
Tang and Qiu(2024) proposed an improved sparsification strategy that ensures the invertibility of the
sparsified Hessian matrix. However, both approaches suffer from a significant inereasing-increase
in computation time on certain large-scale problems. To overcome this limitation, we propose an
efficient sparsification scheme that grantees-guarantees an invertible sparse approximation of the
Hessian matrix H.

The sparsified matrix H is constructed by enforcing sparsity on the anti-diagonal submatrices P and
PT:
A diag(P1) P

H=5 PT diag(P"1) {17

The sparsification procedure comprises the
- i na D ond DT [T 1 AraiRGe

following steps:-Adaptive-threshelding: We-truncate




0, j=arg mink:ﬁ?po Py, (P—PY);. =0,

3

Py, (P—P%,; =0, (18)

)

= Py, Py>T1, , _
Pl = Py =140, t=argming so

0, Pij <T, kg
Pg , otherwise.

where p is the mareinal error. while capping 7 at 10~ 7 = |V is_guided by the objective of

achieving quadratic convergence (detailed in the proof of Theorem 2). The second step, diagonal
dominating operation, ensures that all rows of P and PT contain truncated elements, which

also implies that H exhibits diagonal dominance and positive definiteness. Appendix [H presents
the relationship between the sparsity level and 3, and describes how to avoid excessive sparsity

(diseusseekm—Appeﬂdi*@s arsification which may slow down the optimization.
elementstheresulting Excessive s ar51ﬁcat10n which removes im ortant entries from the Hessian
may slow down the optimization. To avoid this, we reduce 7 whenever the number of nonzeros

in P falls below 2n, ensuring that P retains at least 2n entries. The choice of 2n is motivated
by the fact that the solution of the corresponding OT contains at most 2n — 1 nonzero entries.

Thus 1f P contams more than 2n nonzeros, the corresponding H wpe%&we—deﬁame—&ﬂekheﬁee
V . W VW A A v A

eeﬂ%ﬁbufeﬁﬁee&kqﬁadf&ae—eemfefgene&ef—meﬂlgemhm an be re arded as rehable The detalled
rocedure can be found in the Appendix [Hl
Theorem 2 (Local Quadratic Convergence) Let the sequence {zy} be generated by

ziy1 = 2k — H 'V f(z), (19)

where H), is sparsified from the Hessian matrix H, = H (zy) by the fast positive-definite-preserving
sparse scheme. The sequence {zy} converges locally quadratically to the minimizer z*.

4.2 PRECONDITIONER FOR NEWTON MEF*HOBMETHOD

To enhance the efficiency of each Newton iteration, we employ an incomplete Cholesky (IC) precon-
ditioner to concentrate the eigenvalue distribution of the Hessian matrix, thereby reducing the number
of CG iterations. This design leverages the fact that CG converges more rapidly when the eigenvalues
of H are tightly clustered (Hestenes et al.,[1952)) (see Appendix for details). The effectiveness of IC
is demonstrated in Figure 9] which compares it with the diagonal preconditioner used in previous
Newton-based algorithms for entropic OT (Brauer et al., 2017; [Tang and Qiul, [2024).

4.3 LINE SEARCH WITH SINKHORN FALLBACK

The step size is typically determined by a line search procedure, such as backtracking, to ensure that
the objective value decreases at each Newton iteration. In a backtracking line search, the step size
is initialized to o = 1 and then repeatedly reduced by multiplying it with a constant factor € (0, 1
e

, 0.5) until f(zg + aAzy) < f(zg). However, a practical issue arises when the line search

yields an extremely small step size, causing the algorithm to enter a plateau phase in which the
score barely decreases despite a considerable number of iterations. [Tang and Qiu|(2024) mitigated
this issue by progressively strengthening the diagonal of the Hessian matrix, which shortens but does
not completely eliminate the stagnation period.

To further address this problem, we propose a novel strategy. If the step size « obtained from a
backtracking line search fails to produce an improvement in the objective value

f(zr +alzy) > f(zx), Yo €{1,0.5,0.5%0.5% 0.5, (20)




then the algorithm employs the Sinkhorn scaling to refine the solution. This can generate a more
robust direction p;. to escape the stagnation region and resume effective progress

(2 pe) < [ (z1): @b

Once a suitable step size « is found, the method resumes Newton updates, achieving both robustness
and rapid convergence.

The robustness of this first-order direction is underpinned by its satisfaction of the Armijo and Wolfe
conditions, as formalized in the following lemma. _This not only guarantees sufficient descent
but also prevents continued stagnation, thereby re-establishing the conditions necessary for the
subsequent Newton steps to resume their rapid convergence.

Lemma 3 Let f(z) be defined in equation . and the sequence of search directions be
enerated by Sinkhorn iterations. Then in each update, direction with unit step size oy =1
satisfies the following conditions:

It pe) < (=) £ Vi (=) P (22)
NGRS ISP (CON 8 (23)

or constants 0 < ¢; < ¢y < 1.

4.4 FAST SPARSE NEWTON METHOD

Algorithm 2] outlines the fast sparse Newton method for entropic OT. In each iteration, the Hessian
is sparsified (line 3) and preconditioned using an incomplete Cholesky (IC) factorization L (line 4).

The main computational cost lies in computing Az, which requires O(n/||H||o) operations, where

| £ ||o denotes the number of nonzero elements (line 5). At line 6, the step size « is selected via a
backtracking line search over {0.5,0.5%,0.53,0.5%}. If none of these values improves the objective,
we apply the Sinkhorn iterations-scaling for refinement. This adjustment helps Newton’s method to
escape flat regions—, where progress would otherwise stall due to vanishing step sizes—, and is
critical for establishing global convergence (line 7).

Theorem 3 (Global Convergence) The sequence {z,} generated by Algorithmconverges globally
to the minimizer z*.

5 PROXIMAL-SINKHORN-NEWTON METHOPMETHOD

This section presents the main algorithm, the Proximal-Sinkhorn-Newton (PSN), in Algorithm [3]

The algorithm begins with the IP-EOT to produce an approximate solution Pg. If the-Pg meets the
predefined criteria, it is returned as the final output. Otherwise, the algorithm refines the solution by
switching to either the Sinkhorn iterations-scaling or the fast sparse Newton method, depending on

the sparsity of H . If H contains fewer than An non-zero elements, the fast sparse Newton method is
employed; otherwise, the Sinkhorn iterations-are-scaling is used. This approach is motivated by the
relationship between sparsity and computational efficiency: Newton’s method benefits from sparser
matrices, which occur as 3 increases (Tang et al [2024). Thus, the strategy automatically favors
Newton steps for larger 3 and Sinkhorn iterations-scaling for smaller .

Theorem 4 Algorithm 3 converges globally to the solution of the corresponding entropic OT.

6 NUMERICAL EXPERIMENTS

We evaluate the proposed algorithm PSN and other contributions from the following three parts:

Q1. How does the performance of IP-EOT compare to the Sinkhorn algorithm?
Q2. What are the advantages of using an IC preconditioner in the Newton method?
Q3. Whether PSN-is-sealable-with-respeet-to-problem-size-and-regularization-streng
does PSN perform across different problem sizes and regularization strengths?




Algorithm 3 Proximal-Sinkhorn-Newton (PSN)

Require: Probabilities-Probability vectors {a, b}, cost matrix C, entropic parameter /3, proximal

parameter AB , marginal error threshold p,j, target sparsity A.
Ensure: The transport plan P for entropic OT with parameter 3

1: Pg,u,v + IP-EOT(a, b, C,B,AB) > # IP-EOT for approximation

2 p= Hﬁﬂl - aH + Hﬁgl - bH
1 K 1
3: if p < py, then P = Py
4: else .
5: H < Sparsify Hessian(Pg, p) by and Sec. 4.1
6: if ||[H|lo < An then
7: 2 5 P, p < Fast Sparse Newton (a, b, C. P
8: else
9: while p > py, do
10: u < a @ (Pv),v < b2 (Pfu) > # Sinkhorn scaling
11: Compute p with P = diag(v) Ps diag(u)
12: end while
13: end if
14: end if

15: return P

Datasets. We consider three datasets following the experimental setup in (Tang et al., 2024): (1)
Random linear assignment: n € {500, 4000}, the cost matrix C' € R”*" where are entries sampled
from a uniform distribution over [0, 1]; uniform marginals @ = b = Simlfkifmlsmﬁlmlwml
problem in graph matching. (2) MNIST: each image is flattened and normalized to form marginals;
the cost matrix is defined by the squared Euclidean distance ||« — y||2; n € {784,4096}; (3) Multiple-
solutions variant: based on MNIST, the cost matrix replaced with ¢; norm ||z — y||; to remove
uniqueness in the OT solution, which is a challenge for Newton-based algorithms (Tang et al.} 2024)).
Finally, we set 8 = 200 In n for weak regularization, as the distance between Pg and the optimal plan
P, scales with 1‘17” (Altschuler et al., 2017). Under this setting, the values of /3 in experiments at the

hundred-scale align with those reported in previous studies, making the comparison appropriate.

Setting. In PSN, the proximal parameter Af is set to 25 for general OT. This ensures numerical
stability and leverages the rapid early convergence of IP-EQT, as the iteration count is 3/ Af. Given
the faster convergence of the Sinkhorn method in linear assignment (Altschuler et al., [2017), we
set AB = 50 for this special case. The sparsity parameter A is set to 30 for linear assignment and
70 for general OT. This design is informed by the theoretical sparsity of OT solutions (n for linear
assignment and 2n — 1 for general OT) (Peyré et al.|[2017) and the fact that entropic OT solutions
are typically denser (Tang et al.| 2024).

Baselines include the Sparse-Newton-Sinkhorn method (SNS, ICLR) (Tang et al.,[2024), the Safe and
Sparse Newton Methocﬂ (SSNS, NeurIPS) (Tang and Qiu, [2024), the Newton method for entropic
OTE] (Brauer et al., 2017), the log-Sinkhorn (Benamou et al.,2015), and the primal Sinkhorn (Cuturi,
2013) (when 8 > 100, the primal Sinkhorn may exhibit numerical instability, as reported in Appendix
F of (Shen et al.,2024))). All methods were benchmarked in terms of runtime using MATLAB R2024b
on an Intel Core 17-12800HX processoﬂ

"https://github.com/yixuan/regot-python

“https://github.com/dirloren/sinkhornnewton

3For SSNS implemented in C++, its runtime was scaled to the MATLAB baseline by comparing the execution
time of the Newton method in C++ and MATLAB.



6.1 IP-EOT VvS. LOG-SINKHORN

This section compares IP-EOT with log-Sinkhorn. Figure [3|shows that the error of IP-EOT decreases
much faster than that of log-Sinkhorn in the early iterations. Moreover, since the per-iteration cost of
IP-EOT is less than that of log-Sinkhorn, its efficiency advantage in the early stage-ef-the-iterations
becomes even more pronounced.
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Iters Time(s) lters Time(s)

Figure 3: IP-EOT vs. log-Sinkhorn: 8 = 500 for the first two subfigures, 5 = 1200 for the latter two.

6.2 COMPARISON BETWEEN INCOMPLETE CHOLESKY AND DIAGONAL PRECONDITIONER

In-thisseetion——we-compare-This section compares the improvements provided by the Incomplete
Cholesky (IC) and dlagonal precondltloners when apphed to the Newton method We—peffeffn—SGO

M the IC precondltloner enhances spectral clustenng, s1gn1ﬁcantly reduces CG 1terat10ns
and consistently outperforms the diagonal preconditioner across all datasets. Since Theorem 3 shows
that CG’s per-step error is mainly governed by the clustered bulk of eigenvalues, these few isolated

eigenvalues do not noticeably reduce the performance gains.

diag

Linear Assignment o

fAsswgnmem (c)

- - - Assignment (diag)

—e—L2-norm (IC)

. - © - L2-nom (diag)

9. |—+—L1-norm (IC)
RS - + -~ Linorm (diag)

MNIST L2-norm

mr

MNIST L1-norm

—_—

0
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Total CG iterations
log, , Marginal Error

Time(s)

(a) Distribution of eigenvalues (b) CG iterations improved by IC  (c) Convergence improved by IC

Figure 4: Comparison with diagonal and IC iti reconditioners. 300 Sinkhorn iterations
are used to generate initial approximations.

6.3 COMPARISON BETWEEN PSN AND OTHER ALGORITHMS

This section evaluates PSN against several baseline methods. As illustrated in Figure 5] PSN
demonstrates strong performance across all settings. In (a)—(c), PSN circumvents the numerical
overflow risk inherent in the Sinkhorn method through a few proximal steps, achieving comparable
efficiency safely and surpassing all other baselines. Subfigures (d)—(f) show that for large 5, PSN
outperforms other algorithms, especially log-Sinkhorn. In larger-scale problems (g)—(i), the Newton-
based baselines suffer a sharp runtime increase, whereas PSN remains efficient and achieves over
20x speedup over SNS and SSNS in some cases. Further results on iterations and time to accuracy
are included in the Appendix.

7 CONCLUSION

We elaborate the trajectory of the regularization parameter during the iterations of the proximal
point method and establish its ability to approximate the entropic optimal transport solution. This
theoretical insight facilitates the seamless integration of the proximal point method with complemen-
tary algorithms, leading to the proposed Proximal-Sinkhorn-Newton framework that achieves high
efficiency and robustness under varying entropic regularization parameters. Moreover, compared
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Figure 5: Comparisons between PSN and other algorithms on different problem sizes and different .
For subfigures without an explicit 3 value, the default setting 5 = 200 1n(n) is adopted.

with previous Newton-based algorithms, the proposed fast Sparse Newton method accelerates each
iteration with a preconditioner and mitigates stagnation during optimization through a novel line
search strategy that incorporates Sinkhorn tterationsscaling. Experimental results show that eur
approach-PSN significantly faster than the state-of-the-art methods.

Since the number of IP-EOT iterations in this work is chosen empirically, future research may
investigate how the number of proximal point iterations influences overall convergence, potentially
leading to more adaptive iteration scheduling strategies. Another promising direction is the integration
of additional algorithmic modules into the proximal point framework to further enhance performance.
From a practical standpoint, exploiting hardware-based acceleration also holds considerable potential
for improving computational efficiency.
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A NOTATIONS

Key notations are summarized below.

Table 1: Symbols and Notations.

Symbol Definition
H() entropy function
B(-) Bregman divergence
U {PGR}_X":Plza,PTI:b},a,beR"
Dy, diagonal matrix of a vector x
A-B Frobenius inner product between matrix A and B
® Kronecker product
exp element-wise exponential
@ element-wise division
© element-wise product
[©) element-wise multiplication of a series of matrices
] the parameter in entropic OT
Ap the proximal parameter in proximal point methods
TE(), fkl(-) KL-projection and its approximating version
Pg, ]55 the exact and approximating solution of OT with entropic parameter 3

B PROOFS FOR PROXIMAL POINT METHODS

Lemma 1 (Explicit form of 3) The iterative schemes of the exact/inexact proximal point method
for entropic OT admit the following explicit representation:

t t
PO =T ((etp(-C5Y), PO =T ((etp(-C5")). (24)
i=1 i=1
Proof This proof begins with the iterative formula of the exact proximal point method:
p®W =K (e}ocp(—Cﬁ(t) ) o P(t‘l)) . (25)

For the first step, we have
PO =Tl (exp(—CBM)) = D,y exp(—BYC) Dy, (26)

An equivalent form (Shen et al.| 2024, Proposition 3) can be derived via elementary matrix operations
as

PW = exp (—CBM) & (ug @ v]). (27)
Hence, for the subsequent iteration, we have:
p@ =¥ (e;zp(_ca@) © p<1>) (28)
=T (efp(~CBP) @ efp(~CBY) © (w @ v])) (29)
= (e%p(—Cﬁ@)) ©exp(~CAY) © (ug ® v )) ®(ur ® v, ) (30)
= exp(—C(8% + M) © (w1 @ v ) © (us @ v5) 31
= exp(—C(8® + M) © (w1 © uz) @ (v] ©wj)). (32)
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By defining us := w1 © ug and vs 1= v1 ® v, we have
P®) = exp(~C (8P + B1)) © (us @ vy ). (33)

Due to P € U, P is the KL-projection of the kernel matrix exp ( - (W + ﬂ(Q))). Since the
KL-projection is unique for a given kernel matrix (Cuturi, |2013|), it follows that

2
P® =T(() exp(—CBY)). (34)

i=1
The same structure holds for general t by induction:

t
PO =T(() exp(—CBD)). (35)
i=1

For the inexact proximal point method, we can also obtain
P@ =K (eﬁp(fC'ﬂ(z)) ® P“)) (36)
= 1Y (ekp(~C8P) © ekp(~CEM) @ (@1 2 9])) G7)
= (e§p<_05(2)) ®exp(—CAM) O (1, @ 9] )) ® (12 ® Dy ) (38)
= exp(=C (8 + 1)) © (@ @ 9)) © (2 @ B (39)
= exp(=C (8 + 1)) © (1 © ) @ (0] ©93)) (40)

—_— Y—
U3 D]

= exp(~C(8® + 1)) © (43 ® 85). (41)

Since ug and v3 are approximations for the scaling vectors of the corresponding kernel matrix
efcp(—C’(ﬁ@) + ﬁ(l))), P® can be rewritten as

2
P& =TH(() exp(-CBY)). (42)
i=1
The same structure holds for general t by induction:

t
PY =TE((Detp(—-CBY)). (43)

i=1

Lemma 2 (Inexact to Exact) Let 155 be an approximation to Ppg, then-

Py = T (Pp). (44)
Proof Since I:’ﬁ is a approximation of Pg, we have
P5 = D(ﬁ) e}o(p(—ﬁC) D(i,), (45)
which can be rewritten as . 3
Py =exp(—B0) 0 (a@v"), (46)
according to (Shen et al.| 2024, Proposition 3). Applying the KL-projection yields
Tt (Ps) = exp(—B0) © (@ ®8") © (up @ v (47)
= exp(—0) O (@O u) @ (3] ©9")) (48)
—— ———
w2 ’U;
= exp(—BC) © (uz @ v, ) (49)

Since the KL-projection is unique for a given kernel matrix (Cuturi, |2013)), it follows that l"%[}l(]:’g) =
I8l (ep(—AC)) = P,
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Theorem 1 Inexact-to-Exact Transition
Let-If P®) denotes the transport plan updated at the t-th iteration in the inexact proximal point
method with a fixed proximal parameter A3, then

P = I‘%l(]:’(t)), where B = tAS. (50)

Proof According to Lemma I, we have

P = Ty (ekp (—tABC)) = Pp. (51

Then, by Lemma 2, it follows that
IS (Ps) = Ps, (52)
which completes the proof.

C PROOF FOR LOCAL QUADRATIC CONVERGENCE

Theorem 2 (Local Quadratic Convergence) Let the sequence {zy} be generated by
Ziy1 = 2z — H 'V f(21), (53)

where Hy, is sparsified from the Hessian matrix H, = H (zy,) by the Fast-Definite-Positive Sparsify
Scheme. The sequence {zy} converges locally quadratically to the minimizer z*.
Proof Define that ||x|| = 3, |x;| if @ is a vector and || X || = 32, >_; |xi;| if X is a matrix.
To establish quadratic convergence, we must show that there exists a constant ¢ > 0 such that for
sufficiently large k, the following inequality holds:

12541 — 2"|| < cllz — 2*1% (54)

We begin the convergence analysis by examining the error at iteration k + 1 and applying the triangle
inequality:

241 — 27| = |21 + Az — 27|
= |lzr — H 'V f (z1) — 2*
< [l [ - =) - V£ )
< || [9f 2 = V5 20 = H (20 (21— 2+ H (20) (21— 2°) = H (21— =)
< ||| | 19 (0 = VF &) = B () (= =) |+ |[H (20) = B 12— =]
—— —_————
1) un (1)
(55)
If we can prove that exist positive constants c1, Ca, cs, such that
IE | < e, (56)
IVf(z) = VI (2") = H (z1) (2 — 2°) | < callzi — 2*|1%, (57)
| (1) = Hi| < esllzn = 27, (58)
then we get
lze41 — 2" < e1 (2 + ¢3) [|lzr — 2*]1%, (59)

which implies quadratic convergence of {zy}.

For the first part (I), we know that for symmetric matrix Hy, ||ff[k71 l2 = 1/Amin(Hy). Therefore,

da > 0, we have a
HY<— . (60)
[H, | -
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Now we use Gershgorin’s Circle Theorem to estimate the lower bound of )\mm(FI k). Define 0; =
hii - Zj;éi hij
preserving the diagonal elements, there exists r > 0 such that

. Since the sparsification scheme eliminates the smallest entry at each step while

r<5i:|hii|_z ilij = Z‘h,ﬂ — Z ilij =Z<|hij|— ilij ) (61)
J#i J#i J#i J#i
Therefore, it follows directly from Gershgorin’s Circle Theorem that
Amin(Hy) > min 6;. (62)
Let ¢y = a/r, then we get the inequality
IH| < e (63)

For the second part (Il), we define U(z*) is the neighborhood of z* and use the fact that V f is
continuously differentiable on , and H (z) is Lipschitz continuous on the same neighborhood. This
Lipschitz continuity implies that there exists a constant | such that

[H(ze) — H(zy)l| < llze —2yll, V22, 2y € U(Z7). (64)
Based on these properties, an application of Theorem 3.2.12 in [ortega2000iterative] shows that for
any zy, € U(z*), the following inequality holds:
* * l *
IV f(zk) = VF(z") = H(z)(z" = 20)|| < 5z = 2"[1* (65)
Therefore, set co = /2 and we get

IVf(zx) = Vf(z") = H(zi)(2" — z1)|| < collze — 271 (66)

For the third part (III), we bound the error of the Hessian approximation, |Hy, — Hy||. Let By, =
Hy, — Hy, and let egf) denote an entry of Ey. We divide egf) into two parts: one corresponding to

the finite set S of index pairs (i, j) where h;; = 0, and the other corresponding to the set S, which
contains index pairs where h}; # 0. Therefore, we have

[ Hy — Hell => ) egf) = > egf))‘L > ez('?)" (©67)
i (i,5)€S (i,4)eS
When (i, j) € S, we have h}; = 0. We use Lipschiz continuity of H(z) to bound the term el(?) ,
e = 1) = hy| < IH = H ()| < U2 - 2 (68)
Let the size of S be d. We can bound the norm of Ey by defining cs = dl > 0,
S (el <d -tz - =) = eallzi - = (©9)
(i,5)€S
For the second part of (67), we have
Z el(»f) < z T = C4T. (70)
(i,5)€S (i,5)€S
where ¢4 = 2n? — d. Combining and @) we get that
ZZ el(.f) < c3llzp — 2| +eaT (71)
g
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Since T = ||z, — z*||, it follows that

SN [ER] < s+ e llzn - 2 (72)
g
so we have
1# = Bl = 303 [el] < (e + ea)lzn = = 73)
i g
Combining , (@), and the formula of ||zx+1 — z*||, we obtain
21 — 2" < e1 (e2 + ez + ca) |z — 2*|%, (74)

implying the local quadratic convergence.

D PROOF FOR GLOBAL CONVERGENCE

Lemma 3 Let f(z) be defined in equation (I4), and the sequence of search directions {py} be
generated by the Sinkhorn iterations. Then in each update, direction py, with unit step size oy, = 1

satisfy-satisfies the following conditions:
Flzr+pr) < flzk) + 1V F(zr) P (75)

Vi(ze+pr) ' pr > 2V f(z) pr, (76)
for constants 0 < ¢1 < co < 1.

Proof Since Sinkhorn algorithm is a Block Coordinate Descent method, equation is naturally
satisfied. Let us analyze a single step of updating the y block while keeping the x block fixed, and
symmetric argument applies to the update of the x block.

A Sinkhorn iteration updates the y block by solving the subproblem:
Yr+1 = arg min f(xp41,y). (77)
yeRn

The first-order optimality condition for this subproblem requires the partial gradient with respect to
Yy is zero, l.e.,

Vyf(Tri1,Yrs1) = 0. (78)

The search direction py, associated with this update has a block structure pj, = (0, pY), as it only
modifies the y components. Consequently, the projection of the new gradient V f(zy1) onto the
search direction py, is:

VF(zkt1) "Pk = Vaf (k1) T -0+ Vy f(ze41) ' pY = 0. (79)

Since the Sinkhorn iteration employs a descent direction, we have ¥V f(z3,) " py, < 0. Combining with
equation ([79) it leads to
2V f(z) 'pr < 0=V f(ze11) pr, (80)

which satisfies the equation (@) forany ca € (c1,1). Thus, the conditions of this Lemma are always
met by Sinkhorn iterations.

Lemma 4 Let f(z) be defined in equation (I4), the sequences {z} and {ay} be generated by
Algorithm and py, be the search direction. Then, the function f(z) and the generated sequences
possess the following properties:

s f(z) is bounded below, i.e., there exists a scalar f such that f(z) > f for all z.
* f(2) is continuously differentiable.

» The gradient of f, V f, is globally Lipschitz continuous, i.e., there exists a constant | > 0
such that

IVf(22) =V (z)l <lllze — 2yll, V22,2 (81)
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o The step size oy, is determined by a line search procedure that ensures the Wolfe conditions
are satisfied for all k:

flzi + arpr) < flzk) + oV (zi) T pr, (82)

Vf(zk + owpr) " pe > 2V f(zk)  pr, (83)
for constants 0 < ¢; < co < 1. Specially, pr, = Az when line search method satisfies
Wolfe condition.

Consequently, the sequence of gradients g, = V f(zi) converges to zero, that is,
lim |[gx = 0. (84)
k—o0

Proof By the properties of the equation ([I), the first three conditions are already met. Algorithm|2)]
choose Sinkhorn iteration to decrease f(z) if equation is not met by line search. But in Lemma

we have already proven that Sinkhorn iterations-scaling satisfy Wolfe condition, so Algorithm |Z|
possess these four conditions.

Given that f(z) is bounded below, continuously differentiable with a Lipschitz continuous gradient,
and the iterates satisfy the Wolfe conditions, we can apply Zoutendijk’s Theorem, which states that:

o0
ZCOSQOngkHZ < 00, (85)
k=0
where 0y, is the angle between the search direction Az and the negative gradient — gy, defined by
T
cos Oy = Wﬁ;i”. The convergence limy,_, . ||gx || = 0 follows if cos 0y, is uniformly bounded by

positive constant.

When line search method find the step size oy, satisfies Wolfe condition, the search direction is given
by Az = — k_lgk, where Hy, is a pOfitive definite matrix. From Gershgorin’s Circle Theorem we
know that the maximum eigenvalue of Hy, is bounded by 2 max; ;(a;, b;), so combine with equation
we can get that exists constant Ciipe searen > 0 such that £(Hy) < Cline search-

Then we establish a positive lower bound for cos 0),:
—g8 (=M ge) _ ol H o
lgrllllE gell - NgellllH gl

Using the Rayleigh quotient and properties of matrix norms, we bound the numerator and denomina-
tor:

cos ), = (86)

« Numerator: g; H;”' gi > Auin (Hy, ) |gn])? = ﬁ(H}c)Hng2
* Denominator: | H; gi| < |1H; 2k = Amax(Hi Dllgnll = 5 ol

Combining these inequalities yields:

1 2 A
)\max(Hk) ||gk|| _ )\mln(Hk) _ 1
||gk>|| : m“gk“ )\max(Hk) ‘%(Hk)
When the line search fails, Algorithm[2|employs a Sinkhorn step as a fallback. Now we demonstrate
that this step can also be framed as a preconditioned gradient descent, where the corresponding

preconditioner has a uniformly bounded condition number.

cos B, > (87)

In the Sinkhorn iteration, the descent direction py, can be defined by:

pr = —H,; 'gi, (88)
where Hy, is the matrix given by:
=~ (diag(D(Pylm,a)) 0
=0 ( 0 diag(D(P] 1,,b)) ) =
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D(z,y) = (x —y) @ (logx — logy) and Py, is the transport plan at the k-th iteration.

Let us analyze the properties of Hy. Since the target marginals a and b consist of strictly positive
elements, the row sums and column sums of the transport plan Py, also remain strictly positive
throughout the iterations. Consequently, Hy, is a diagonal matrix with strictly positive entries, which
ensures it is positive definite.

The eigenvalues of Hy, are its diagonal entries, specifically {D(Py1,,,a)):}; U{BD(P/ 1,,,b),};.
Therefore, there exist constants ', > 0and A}, < 0o, independent of k, such that all eigenvalues

min max
of Hy, lie within the interval [NX; . N5 ). This implies that its condition number is uniformly
bounded:

it )\max(Hk) A
K(Hk) == = S r:ax = CSinkhorn- (90)
)\min (Hk ) )\min ‘

Substituting this result into the same inequality for cos 0, as in the former case, we obtain:
1 1

K (Ijlk-) CSinkhorn

Y

cos @ > > 0. (C2))

Since H(Hk) S Cline search» H(Hk) S CSinkhorn» let c = max(cline A‘earclnCSinkhom)) we have cos ek 2
% > 0, which provides a uniform positive lower bound. Applying this to Zoutendijk’s condition:

00 > ZCOS29k”gk”2 > ZC*QHQICHQZ §Z||9k||2. (92)
This implies that the series > p- ||gx||* must converge. Therefore,
lim | gx||* =0, (93)
k—o00
which implies:
lim ||gxll = 0. 94)
k—o0

Theorem 3 (Global Convergence) The sequence {zy} generated by Algorithmconverges globally
to the minimizer z*.

Proof Now we begin to prove global convergence. Let z* be the global optimum of ({[4). Since f
and V f are both Lip-continuous, 3 c¢1, co > 0 such that

[f(zk) = f(ZO)] < ez — 27|, (95)
IVF(zr) = V() < ezllzn =27 (96)

Firstly, [Tang and Qiu|(2024)) show that the minimum eigenvalue of the Hessian matrix of the function
f define by has a positive lower bound, i.e. 3 ¢z > 0, Anin(H(2)) > c¢3, so we can get that

(Vf(zk) = VI() (26— 2%) 2 es |z — 2*|, 97)
which implies
IVF (ze)ll = IV (z) = V()] = esllzr — 27| (98)
On the other hand, by Taylor’s theorem,
1 = *
F(z) = F(2) + (Vf(z) T (20— 2%) + 5(zk = 2") TH(Z) (2 - 2°), (99)
where Z is a point between zj, and z*, so we have
c
[F(z0) = F(2)] = 5 o = 27 (100)

Since f is non-increase and has lower bound, 3 ¢ > 0 such that

lim |f(zx) — f(2¥)| =€ (101)
k—o0
Combine and , for sufficient large k we have
1 — — * * —
g e <ot 1f(z) = F () <z — 27 < e IV (2)] - (102)
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Combine ([96), and , for sufficient large k we have
& & * *
IS @l < 2 o — 217 <17 (50— £ ()] e (103)
2
Since our line search method and Sinkhorn iteration both satisfy Wolfe condition, applying Lemma |

we get that € = 0. Combine ([[02)) and ({I03) with squeeze theorem, we have
lim ||z — 2| = 0. (104)
k— o0

Theorem 4 Algorithm 3 converges globally to the solution of the corresponding entropic OT.

Proof The global convergence of the PSN algorithm follows from the global convergence of its two
components: the Proximal-Sinkhorn (PS) and Proximal-Newton (PN). The convergence of PN is
established by Theorem 3, while that of PS is guaranteed by the global convergence of the Sinkhorn
algorithm |Cuturi (2013). Hence, PSN is globally convergent.

E THE SPECTRAL DISTRIBUTION OF THE HESSTAN MATRIX

The following Lemma and Theorem characterize the convergence behavior of CG. Lemma 5] shows
that the error at each iteration of CG is bounded by a polynomial ¢x()\), and Theoremlreveals the
connection between the polynomial g () and the spectral distribution of the Hessian matrix H while
solving HAz = —V f. FuthermoreFurthermore, Theorem 5|also demonstrates that the error vector
in each iteration of the CG method remains bounded by the polynomial ¢ (), even after excluding a
small number of eigenvalues at one or both extremes. This reveals that the CG method’s convergence
rate is closely tied to the eigenvalue distribution of the matrix H, potentially leading to superlinear
rates.

Lemma 5 ((Saad, 2003)) The approximate solution xj, generated by the CG method of solving
Hax = b at step k satisfies

o —a7lly < min, max lae(V] lzo =2l (105)

where x* denotes the exact solution of the linear system, ||-|| ; represents the H-norm, ’P,go) represents
the set of all real coefficient polynomials of degree not exceeding k that satisfy qi(0) = 1.

Theorem 5 ((Hestenes et al.,(1952)) Considering the error vectors wy, = x—x* defined by Lemma
B3] we establish the following bounds:

(1) for \(H) C {A1, -+, Ap} Ula, b1], where N\; € A\(H), \; < a1, we have

p
[kl < F (a1, bisk — p) H ~uoll (106)

(2) for \(H) C [ag,ba] U {\],--- , X}, where X; € N(H), X} > by, we have
[kl < F (a2, b2;k — p) [luoll ; (107)

(3)f0r )\(H) C {)\1,"' ,Ap} U [ag,bg] U {)\/1, ,)\;}, where )\1,)\; e )\(H),)\; > bg,)\i < as,
we have

2
il < HLAHP (1) F (ag, bsi k — 2) [uoll (108)

—1
where F(a,b; k) = (Tk (gf—g)) , and Ty (x) denotes Chebyshev polynomial of degree k.

F PERFORMANCE ON DIFFERENT ENTROPIC PARAMETERS

We evaluate PSN, SNS, SSNS, and the Newton method across entropic parameters 3 €
{100, 500, 3000} covering both low and high regularization. Figure |§|indicates that our proposed
algorithm, PSN, exhibits superior robustness and effectiveness when (3 is large. For smaller values of
B3, PSN reduces to a combination of the proximal point method and Sinkhorn iteratiensscaling, and
outperforms other Newton-based algorithms as well as the log-Sinkhorn method.
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Figure 6: Performance on different 3.
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G COMPARISON WITH OTHER CLASSIC FIRST ORDER ALGORITHMS

In this section, we compare our algorithm against several well-established first order optimization
methods, including Limited-memory Broyden—Fletcher—Goldfarb—Shanno algorithm (L-BFGS,
and Nocedal, [T989)) for the quasi-Newton method, the adaptive primal-dual accelerated gradient
descent method (ADPAGD, (Dvurechensky et al.l [2018))) as an accelerated first-order approach, and
the Sinkhorn method implemented as a block coordinate descent method (BCD, (Luo and Tseng]
11992)). We adopted the C++ implementation by [Tang and Qiu|(2024) for the baseline algorithmg'

Evaluated across our three datasets, our algorithm, as depicted in Figure[/] consistently delivers supe-
rior performance, significantly outperforming these classic optimization techniques in all situations.

0 0 0 A
] \%N 5 N~ss— 5 KSsSs—
] i i
= 5 = 5 = 5
£ £ £
= = =y
g 10 —L-BFGS g L —L-BFGS g 0 —L-BFGS
- —BCD - —BCD . —BCD
> APDAGD > APDAGD =3 APDAGD
2 —PSN 2 —PSN 2 —PSN
-15 15 .15
0 05 1 0 0.5 1 15 2 0 05 1 15
Time(s) Time(s) Time(s)
(a) Assignment (b) MNIST L1-norm (c) MNIST L2-norm

Figure 7: Other classic algorithms.

H TRUNCATION DETAILS

We explore the sparsity of the Hessian matrix under various truncation thresholds and visualize the
results in Figure[§]

—— Assignment —— Assignment|
——L2-norm ——L2-norm
Li-norm 4

—— Assignment|
——L2-norm
Li-norm

Li-norm

Sparsity

0 0 1
107 10°  10® 107 10%  10° 10" 107 10°  10® 107 120® 10° 10" 107 100 10% 107 120° 10° 107
Truncated tol Truncated tol Truncated tol

Figure 8: Relationship between truncation threshold and Sparsity. The three subfigures correspond to
= {1000, 2000, 4000}, respectively. The x-axis denotes the truncation threshold, while the y-axis

represents the Hessian matrix sparsity as a multiple of 1/n.

Interestingly, the relationship between the truncation threshold and the resulting sparsity level is
nearly linear. Consequently, when the sparsified matrix contains fewer than 6n nonzero entries, we
can readily determine the truncation threshold that yields approximately 61 nonzeros.

“https:// github.commcom/yixuan/regot-python.
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I DETAILED RESULTS OF FIGURE[3]

IP-EOT Primal-Sinkhorn Log-Sinkhorn PSN SSNS SNS Newton
Case Frror #iters time #iters time # itgrs time # iters time # iters time #iters time #iters time SSNS/PSN

Assignment 10’: 16 0.01s 12 0.001s 12 0.06s 11 0.005s 6 0.14s 12 0.06s 12 0.32s 28x
n = 500 107° 148 0.08s 25 0.002s 25 0.10s 23 0.006s 7 0.20s 201 0.09s 13 0.35s 33x
10~° 1466 0.76s 43 0.003s 43 0.19s 42 0.007s 8 0.30s 2042 0.dls 14 0.38s 42x

MNIST L2 107 39 0.04s 176 0.02s 176 1.48s 109 0.02s 10 0.22s 2041 0.17s 13 1.45s 11x
n — 784 10 111 0.12s 392 0.04s 392 3.33s 324 0.03s 13 0.38s 20+4 0.4s 14 1.57s 13x
10°° 671 0.77s 608 0.05s 608 5.16s 540 0.04s 15 0.54s 2049  0.82s 15 1.69s 14x

MNIST L1 10’2 57 0.06s 148 0.02s 148 1.25s 114 0.04s 10 0.16s 148 1.26s 13 1.51s 4x
n = 784 10~ 296 0.32s 409 0.05s 409 3.50s 354 0.07s 15 0.36s 409 3.45s 15 1.75s 5.1x
10-8 2948 3.42s 674 0.07s 674 5.75s 617 0.13s 16 0.42s 674 5.69s 16 1.87s 3.2x

Table 2: Comparison of iterations and runtime (in seconds) at different accuracy levels with 8 = 300.
Underlined numbers indicate the iteration count of Newton methods, while non-underlined numbers
correspond to the iteration count of IP-EOT/Sinkhorn.

IP-EOT Log-Sinkhorn PSN SNS SSNS Newton
Case Error #iters time #iters time #iters time #iters time #iters time #iters time SSNS/PSN
Assignment 101 26 0.021s 73 0.26s 24+1 0.03s 20+1 0.09s 11 0.2s 6.7x
n‘ :g 500 10-¢ 236 0.15s 654 2.23s 24+2 0.04s 20+5 0.28s 13 0.26s break 6.5x%
10-8 2335 2.93s 9679 33.6s 2443 0.06s 20+6 0.38s 14 0.30s 5%
MNIST L2 101 77 0.09s 770 4.68s 52+1 0.14s | 20413 1.0s 19 0.42s 14 1.64s 3.0x
n — 784 1076 357 0.41s 1713 10.0s 5243 0.20s | 20416  1.30s 26 0.78s 16 1.92s 3.9x%
1078 2776 4.90s 3128 18.0s 5245 0.26s | 20417  14ls 28 0.88s 17 2.05s 7.9%
MNIST L1 101 111 0.14s 589 3.39s 52+1 0.13s 589 3.32s 24 0.44s 15 1.86s 3.4x
n — 784 10-¢ 427 0.54s 1540 8.72s 5243 0.18s | 700+1  3.94s 29 0.68s 17 2.11s 3.8%
10-8 3152 8.94s 3052 17.3s 52+5 0.24s | 700+3  4.18s 31 0.78s 18 2.23s 3.3%x

Table 3: Comparison of iterations and runtime (in seconds) at different accuracy levels and
8 = 200Inn. Underlined numbers indicate the iteration count of Newton methods, while non-
underlined numbers correspond to the iteration count of IP-EOT/Sinkhorn. The last column reports
the SSNS/PSN ratio on time, quantifying the performance gain of PSN over the second-best method.

IP-EOT Log-Sinkhorn PSN SSNS SNS Newton . .
Case Error # iters time # itgrs time # iters time # iters time # iters time # iters time SSNS/PSN | SNS/PSN
. 107 13 0.69s 8 2.10s 34 2.29s 7 40.2s 8 2.32s 10 26.4s 16x 1.0x
Assignment 6
n = 4000 10 120 6.23s 16 4.08s 3441 3.26s 9 89.8s 16 4.65s 13 36.6s 27x 1.4x
108 1189 63.1s 27 6.44s 34+2 4.24s 12 204s 20+1 5.33s 15 49.1s 48 x 1.3x
MNIST L2 107: 85 4.61s 956 246s 68 5.15s 29 17.7s 2046 15.5s 15 238s 34x 3.0x
n = 4096 10~ 400 21.6s 2133 489s 68+3  7.06s 42 29.4s 20+9 23.2s 19 310s 4.2x 33%
1078 693 31.7s 3311 761s 68+4  8.0ls 46 334s | 20431  77.6s 20 328s 4.2x 9.7x
MNIST L1 10’4> 124 6.94s 757 189s 68+2  5.71s 32 20.2s 700 164s 16 259s 3.5% 29%
n = 4096 1076 484 26.8s 1974 444s 68+4  7.53s 42 28.0s | 700+1  165s 20 328s 3.7%x 22%
108 3189 207s 3191 718s 68+5 8.37s 48 33.4s 700+4 178s 21 345s 4.0x 21 %

Table 4: Comparison of iterations and runtime (in seconds) at different accuracy levels and 5 =
200 In n. Underlined numbers indicate the iteration count of Newton methods, while non-underlined
numbers correspond to the iteration count of IP-EOT/Sinkhorn.
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J DISCUSSION OF THE SWITCHING PARAMETER

The choice of A aims to select the more efficient option between Proximal-Sinkhorn (PS) and
Proximal-Newton (PN). Accordingly, this section presents the efficiency of PS and PN under

different values of together with the corresponding changes in the sparsity of , providin
uidance for choosing an appropriate .
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Figure 9: Performance of PS and PN algorithm on three datasets with different 3 value.

To discussion the selection of A\, we evaluate PS and PN under different values of 3 to explore the
relation between the number of non-zero elements ||, and erformance, we specifically selected

three sets of 3 such that the three scenarios—namely, PS being superior, the two being comparable
and PN being superior—are clearly demonstrated. As shown in Fig.[9] as 5 increases, the number

of non-zero elements | ]y gradually decreases. and PN progressively outperforms PS. Interestingly,
under both L1 and .2 settings, when PS and PN achieve comparable time performance, their sparsity_
levels are similar even though the values of 5 differ, which validates the effectiveness of using A as

K COMPARISON WITH EXISTING FIRST ORDER METHODS
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To illustrate the efficiency of our Proximal-Sinkhorn method (PS), we compare it with two classica

entropic solvers: log-Sinkhorn and Epsilon-Scaling metho
the range (100, 700), since for larger values second-order methods gain a clear advantage (as shown

As shown in Figure the error curve of the epsilon-scaling method exhibits an initial plateau
before decreasing, because it requires an warm-u

e compare the algorithms for Sin

WWMW

hase. Our PS method does not suffer from this
issue and consistently achieves superior performance.
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Figure 10: Comparison of four first-order algorithms.

L EVALUATION ON IMAGENET

We consider an OT problem between two categories of images from the ImageNet dataset. We use

a subset of ImageNet from the Imagenette GitHub repository°l which contains ten image classes.

Approximately 1000 images per class are selected. Each image is mapped to a 30-dimensional
feature vector by first passing it through a ResNetl8 network to obtain a 512-dimensional
embedding, followed by dimensionality reduction via principal component analysis.

Let ; € R3° denote the feature vector of an image in the first category for i = 1,...,n, and
let y; € R3® denote the feature vector of an image in the second category for j =1.....m.

We set a=n"11,, b=m'1,,, and define the cost matrix either as C;;
||2. The problem size is n ~ 1000.

>Schmitzer, B. (2016). Stabilized Sparse Scaling Algorithms for Entropy Regularized Transport Problems.
6

https://github.com/fastai/imagenette
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Figure 11: Performance on the ImageNet dataset.

As shown in Figure both Newton and SNS encounter failures in at least five cases, and even
SSNS fails in one instance. In contrast, PSN achieves a perfect success rate across all test cases
demonstrating reliable performance and high efficiency in every setting.

M DISCUSSION OF THE PROXIMAL STEP SIZE

This section examines the sensitivity of PSN to the proximal step size AS. According to Theorem
the proximal step size A influences only the initialization of the second stage. When the second
stage is achieved by Sinkhorn scaling, A does not affect the convergence rate. Therefore, this

focuses on the sensitivity of the Proximal-Newton (PN) method to the choice of AS.
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Figure 12: Impact of the proximal step size AS on proximal-newton method.

As illustrated in Fig. the PN algorithm exhibits considerable robustness to the choice of proximal

step size, consistently achieving stable convergence across different datasets and values of 5. The

convergence behavior remains highly similar across a wide range of step sizes, except when A

is excessively large—that is, when the number of IP-EOT iterations ¢ is particularly small. Even
in such cases, the algorithm only suffers from a slightly slower initial convergence rate, with the

total computation time remaining comparable. On the other hand, when 3 is large and the proximal
step size is small (corresponding to a large number of IP-EOT iterations £), the computational cost
of IP-EOT increases somewhat,_Overall, as long as the proximal step size is chosen to ensure
the numerical stability of the IP-EOT phase, the algorithm PSN achieves favorable convergence
performance.
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N VARIABILITY OF THE METHODS UNDER DIFFERENT RANDOM
REALIZATIONS

For each scenario presented in the Figure |3| (a), (d) and we conducted twenty independent

random trials and plotted the results with variance. Figure demonstrates that Newton and PSN
exhibit small fluctuations under randomness, whereas SNS and SSNS show much larger variability.
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Figure 13: Performance under random realizations on the linear assignment tasks.
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Figure 14: Zoom-in plots.

P TIME PER ITERATION

Case IP-EOT | Log-Sinkhorn PS Epsilon-Scaling
Aslgment | 5 o Se-3s Ge-4s 4e-3s

n = 500 DOt o R -
MNISTLZ | | 5 8e-3s 6e-4s 0.014s

n =784 Staaadil lnsee

% le-3s 9e3s_ beds 0.014s

Table 5: Time per iteration of four first-order methods under 5 = 300.

Q SPECTRAL ESTIMATION
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Case PN (Newton part) | SSNS | SNS (Newton part) | Newton
Assignment 0.03s 0.04s 0.1s break
0= 500 el e I breek
MNIST L1

Table 6: Time per iteration of four second-order methods under 3 = 1200.

By invoking Gershgorin’s Circle Theorem, the eigenvalues of the Hessian matrix H, defined in
equation (T3), satisfy

i=1

Mme<0mwm>u Oowb =[0,28M,p,00], (109)

satisf the followm bounds

BAmin < ANH) < 268M — BA iy (110)

To illustrate the behavior under different problem scales, we use the linear assignment problem to
validate the range.

Upper bound. In the context of the linear assignment problem, we set @ = b = 1/n, which yields
an upper bound of 23 /n for the largest eigenvalue. As illustrated in Figure the largest eigenvalue

of H consistently adheres to this theoretical bound across all tested scenarios.

Lower bound. As illustrated in Figure the smallest eigenvalue reaches a steady state within a
negligible number of initial iterations and remains virtually constant thereafter, regardless of the
roblem size n or the regularization parameter 5. It demonstrates that our method effectivel
bounds the smallest eigenvalue away from zero, thereby ensuring numerical stability across a broad

arameter space.
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(a) n =500 (b) 5 = 1200 (c) n =500 (d) B = 1200

Figure 15: The largest eigenvalues of H with different n and 3.

As for the feature dimension d, Figure [[7] show that the upper bound of the eigenvalues is almost
unaffected by d, while the lower bound experiences slight perturbations.

Moreover, both the largest and smallest eigenvalues of H are almost independent of the iteration
which indirectly confirms the robustness of our sparse Newton method.

R LARGER SCALE PROBLEM

We compared our algorithm with other algorithms on the linear assignment dataset with n = 10
Figure [[8 demonstrates the superiority of our PSN.
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Figure 16: The smallest eigenvalues of H with different n and 3.
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Figure 17: The largest and smallest eigenvalue of H with different feature dimension d under
1 =963 and § = 1000.
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Figure 18: Assign. (n = 10000
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THE USE OF LARGE LANGUAGE MODEL (LLM)

We used a large language model (LLM) solely for grammar checking and stylistic polishing of the
manuscript text. The LLM did not generate scientific content, ideas, experiments, analyses, code,
or results. All technical contributions, claims, and conclusions are the authors’ own. The authors
verified all edited text and remain fully responsible for the content. No confidential, proprietary, or
personally identifying information was provided to the LLM.
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