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ABSTRACT

Federated reinforcement learning (FRL) has emerged as a promising paradigm
for reducing the sample complexity of reinforcement learning tasks by exploiting
information from different agents. However, when each agent interacts with a po-
tentially different environment, little to nothing is known theoretically about the
non-asymptotic performance of FRL algorithms. The lack of such results can be
attributed to various technical challenges and their intricate interplay: Markovian
sampling, linear function approximation, multiple local updates to save communi-
cation, heterogeneity in the reward functions and transition kernels of the agents’
MDPs, and continuous state-action spaces. Moreover, in the on-policy setting, the
behavior policies vary with time, further complicating the analysis. In response,
we introduce FEdSARSA, a novel federated on-policy reinforcement learning
scheme, equipped with linear function approximation, to address these challenges
and provide a comprehensive finite-time error analysis. Notably, we establish that
FedSARSA converges to a policy that is near-optimal for all agents, with the ex-
tent of near-optimality proportional to the level of heterogeneity. Furthermore, we
prove that FedSARSA leverages agent collaboration to enable linear speedups as
the number of agents increases, which holds for both fixed and adaptive step-size
configurations.

1 INTRODUCTION

Federated reinforcement learning (FRL) (Qi et al., 2021; Nadiger et al., 2019; Zhuo et al., 2019),
a distributed learning framework that unites the principles of reinforcement learning (RL) (Sutton
& Barto, 2018) and federated learning (FL) (McMahan et al., 2017), is rapidly gaining prominence
for its wide range of real-world applications, spanning areas such as edge computing (Wang et al.,
2019), robot autonomous navigation (Liu et al., 2019), and Internet of Things (Lim et al., 2020).
This paper poses an FRL problem, where multiple agents independently explore their own envi-
ronments and collaborate to find a near-optimal universal policy accounting for their differing en-
vironmental models. FRL leverages the collaborative nature of FL to address the data efficiency
and exploration challenges of RL. Specifically, we expect linear speedups in the convergence rate
and increased overall exploration ability due to federated collaboration. We use FRL in autonomous
driving (Liang et al., 2022) as a simple example to demonstrate our motivations and associated the-
oretical challenges. In this scenario, the objective is to determine a strategy (policy) that minimizes
collision probability. In contrast to the single-agent setting, where a policy is found by letting one
vehicle interact with its environment, the federating setting coordinates multiple vehicles to inter-
act with their distinct environments—comprising different cities and traffic patterns. Despite their
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aligned objectives, the environmental heterogeneity will produce distinct optimal strategies for each
vehicle. Our goal is to find a universal robust strategy that performs well across all environments.

Tailored for such tasks, we propose a novel algorithm, FedSARSA, integrating SARSA, a classic
on-policy temporal difference (TD) control algorithm (Rummery & Niranjan, 1994; Singh & Sut-
ton, 1996), into a federated learning framework. On one hand, we want to leverage the power of
federated collaboration to collect more comprehensive information and expedite the learning pro-
cess. On the other hand, we want to utilize the robustness and adaptability of on-policy methods.
To elaborate, within off-policy methods, such as Q-learning, agents select their actions according to
a fixed behavior policy while seeking the optimal policy. In contrast, on-policy methods, such as
SARSA, employ learned policies as behavior policies and constantly update them. By doing so, on-
policy methods tend to learn safer policies, as they collect feedback through interaction following
learned policies, and are more robust to environmental changes compared to off-policy methods (see
Sutton & Barto (2018, Chapter 6)). Additionally, when equipped with different policy improvement
operators, on-policy SARSA is more versatile and can learn a broader range of goals than off-policy
Q-learning (see Section 4 and Appendix C). Formally analyzing our federated learning algorithm
poses several multi-faceted challenges. We outline the most significant below.

e Time-varying behavior policies. In off-policy FRL with Markovian sampling (Woo et al., 2023;
Khodadadian et al., 2022; Wang et al., 2023a), agents’ observations are not i.i.d.; they are gen-
erated from a time-homogeneous ergodic Markov chain as agents follow a fixed behavior policy.
Such an ergodic Markov chain converges rapidly to a steady-state distribution, enabling off-policy
methods to inherit the theoretical guarantees for i.i.d. and mean-path cases (Bhandari et al., 2018;
Wang et al., 2023a). In contrast, on-policy methods update agents’ behavior policies dynamically,
rendering their trajectories nonstationary. Therefore, previous analyses for off-policy methods,
whether involving Markovian sampling or not, do not apply to our setting. Specifically, it remains
unknown if the trajectories generated by on-policy FRL methods converge, and if they do, how
this nonstationarity affects the convergence performance.

* Environmental heterogeneity in on-policy planning. In an FRL instance, it is impractical to as-
sume that all agents share the same environment (Khodadadian et al., 2022; Woo et al., 2023).
In a planning task, this heterogeneity results in agents having distinct optimal policies. Thus, to
affirm the advantages of federated collaboration, it is crucial to precisely characterize the dispari-
ties in optimality. Only two FRL papers have considered heterogeneity: Jin et al. (2022) explored
heterogeneity in transition dynamics without linear speedup, and Wang et al. (2023a) considered
heterogeneity in a prediction task (policy evaluation). Beyond these studies, other research has
addressed heterogeneity primarily within the domains of control design (Wang et al., 2023c) and
system identification (Wang et al., 2023b). Unfortunately, neither the characterizations nor anal-
yses of heterogeneity from the previous work apply to on-policy FRL. Specifically, heterogeneity
in agents’ optimal policies implies heterogeneity in the behavior policies, which could lead to
drastically different local updates across agents, negating the benefits of collaboration.

* Multiple local updates and client drift. In the federated learning framework, agents communicate
with a central server periodically to reduce communication cost, and conduct local updates be-
tween communication rounds. However, these local updates push agents to local solutions at the
expense of the overall federated performance, a phenomenon known as client drift (Karimireddy
et al., 2020). Uniquely within our setting, client drift and nonstationarity amplify each other.

e Continuous state-action spaces and linear function approximation. To better model real-world
scenarios, we consider continuous state-action spaces and employ a linear approximation for the
value function. Unfortunately, RL methods with linear function approximation (LFA) are known
to exhibit less stable convergence when compared to tabular methods (Sutton & Barto, 2018;
Gordon, 1996). Besides, the parameters associated with value function approximation no longer
maintain an implicit magnitude bound. This concern is particularly relevant in on-policy FRL,
where the client drift and the bias from nonstationarity both scale with the parameter magnitude.

Given these motivations and challenges, we ask

Can an agent expedite the process of learning its own near-optimal policy by
leveraging information from other agents with potentially different environments?

!Considered i.i.d. and Markovian sampling, but only established linear speedup result for the i.i.d. case.
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Table 1: Comparison of finite-time analysis for value-based FRL methods. LSP and LFA represent
linear speedup and linear function approximation under the Markovian sampling setting; Pred and
Plan represent prediction (policy evaluation) and planning (policy optimization) tasks, respectively.

Work Hetef'o- LSP LFA MarkoYian Task Beha'vior
geneity Sampling Policy

Doan et al. (2019) X X v X Pred Fixed
Jin et al. (2022) v X X X Plan Fixed
Khodadadian et al. (2022) X v v v Pred & Plan  Fixed
Shen et al. (2023) X vi v v Plan Adaptive
Wang et al. (2023a) 4 4 4 4 Pred Fixed
Woo et al. (2023) X v X v Plan Fixed
Our work v 4 4 4 Pred & Plan  Adaptive

We provide a complete non-asymptotic analysis of FE(ASARSA, resulting in the first positive answer
to the above question. We situate our work with respect to prior work in Table 1. A summary of our
contributions is provided below:

* Heterogeneity in FRL optimal policies. We formulate a practical FRL planning problem in which
agents operate in heterogeneous environments, leading to heterogeneity in their optimal policies
as agents pursue different goals. We provide an explicit bound on this heterogeneity in optimality,
validating the benefits of collaboration (Theorem 1).

e Federated SARSA and its finite-sample complexity. We introduce the FedSARSA algorithm for
the proposed FRL planning problem and establish a finite-time error bound achieving a state-of-
the-art sample complexity (Theorem 2). At the time of writing, FEdSARSA is the first provably
sample-efficient on-policy algorithm for FRL problems.

* Convergence region characterization and linear speedups via collaboration. We demonstrate that
when a constant step-size is used, federated learning enables FEASARSA to exponentially con-
verge to a small region containing agents’ optimal policies, whose radius tightens as the number
of agents grows (Corollary 2.1). For a linearly decaying step-size, the learning process enjoys
linear speedups through federated collaboration: the finite-time error reduces as the number of
agents increases (Corollary 2.2). We validate these findings via numerical simulations.

2 RELATED WORK

Federated reinforcement learning. A comprehensive review of FRL techniques and open prob-
lems was recently provided by Qi et al. (2021). FRL planning algorithms can be broadly catego-
rized into two groups: policy- and value-based methods. In the first category, Jin et al. (2022); Xie
& Song (2023) considered tabular methods but did not demonstrate any linear speedup. Fan et al.
(2021) considered homogeneous environments and showed a sublinear speedup property. In the
second category, Khodadadian et al. (2022); Woo et al. (2023) investigated federated Q-learning and
demonstrated linear speedup under Markovian sampling. However, these studies did not examine
the impact of environmental heterogeneity, a pivotal aspect in FRL. To bridge this gap, Wang et al.
(2023a) presented a finite time analysis of federated TD(0) that can handle environmental hetero-
geneity. To take advantage of both policy- and value-based methods, Shen et al. (2023) analyzed
distributed actor-critic algorithms, but only established the linear speedup result under i.i.d. sam-
pling. Table 1 summarizes the key features of these value-based methods, including our work. There
are also some works developed for studying the distributed version of RL algorithms: Doan et al.
(2019) and Liu & Olshevsky (2023) provided a finite-time analysis of distributed variants of TD(0);
however, their analysis is limited to the i.i.d sampling model.

SARSA with linear function approximation. Single-agent SARSA is an on-policy TD control
algorithm proposed by Rummery & Niranjan (1994) and Singh & Sutton (1996). To accommo-
date large or even continuous state-action spaces, Rummery & Niranjan (1994) proposed function
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approximation. We refer to SARSA with and without LFA as linear SARSA and tabular SARSA
respectively The asymptotic convergence result of tabular SARSA was first demonstrated by Singh
et al. (2000). However, linear SARSA may suffer from chattering behavior within a region (Gordon,
1996; 2000; Bertsekas & Tsitsiklis, 1996). With a smooth policy improvement strategy, Perkins &
Precup (2002) and Melo et al. (2008) established the asymptotic convergence guarantee for linear
SARSA. Recently, the finite-time analysis for linear SARSA was provided by Zou et al. (2019).

3 PRELIMINARIES

3.1 FEDERATED LEARNING

Federated Learning (FL) is a distributed machine learning framework designed to train models using
data from multiple clients while preserving privacy, reducing communication costs, and accommo-
dating data heterogeneity. We adopt the server-client model with periodic aggregation, akin to well-
known algorithms like FedAvg (McMahan et al., 2017) and FedProx (Sahu et al., 2018). Agents
(clients) perform multiple local updates (iterations of a learning algorithm) between communication
rounds with the central server. During a communication round, agents synchronize their local pa-
rameters with those aggregated by the server. However, this procedure introduces client-drift issues
(Karimireddy et al., 2020; Charles & Konecny, 2021), which can hinder the efficacy of federated
training. This problem is particularly pronounced in our on-policy FRL setting, where client drift is
amplified due to the interplay with other factors.

3.2 MARKOV DECISION PROCESS AND ENVIRONMENTAL HETEROGENEITY

We consider IV agents that explore within the same state-action space but with potentially different
environment models. Specifically, agent i’s environment model is characterized by a Markov deci-
sion process (MDP) denoted by M) = (S, A,r(), P() ~). Here, S denotes the state space, A
is the action space, (¥ : S x A — [0, R] is a bounded reward function, y € (0, 1) is the discount

factor, and P is the Markov transition kernel such that P,gz)(s, s') is the probability of agent ¢’s
transition from state s to s’ following action a. While all agents share the same state-action space,
their reward functions and state transition kernels can differ. Agents select actions based on their
policies. A policy m maps a state to a distribution over actions, 7(a|s) denotes the probability of an
agent taking action a at state s.

Assumption 1 (Uniform ergodicity). For each i € [N], the Markov chain induced by any policy

7 and state transition kernel P is ergodic with a uniform mixing rate. In other words, for any
MDP M () and candidate policy 7, there exists a steady-state distribution 777@, as well as constants
m; > 1and p; € (0, 1), such that

sup sup | Pr (87 =[5 = s) = 0| < mipl,
seS 7 TV
where || - || Ty is the total variation distance.?

Assumption 1 is a standard assumption in the RL literature needed to provide finite-time bounds
under Markovian sampling (Bhandari et al., 2018; Zou et al., 2019; Srikant & Ying, 2019).

Agents operate in their own environments and may have their own goals. We collectively refer to
the differences in the transition kernels and rewards as environmental heterogeneity. Intuitively,
collaboration among agents is advantageous when the heterogeneity is small, but can become coun-
terproductive when the heterogeneity is large. We now provide two natural definitions for measuring
environmental heterogeneity.

Definition 1 (Transition kernel heterogeneity). We capture the transition kernel heterogeneity using
the total variation induced norm:

& = max [P — PO,

*We use the functional-analytic definition of the total variation, which is twice the quantity sup 4 = [p(A)|
for any signed measure p on F.
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where with a slight abuse of notation, we define

[Plrvi= sw faPlev= s |/ gls.a)Pu(s)dsda
qgeP(SxA) qgeEP(Sx.A) SxA ™V
llgllTv=1 llgllrv=1

where P(S x A) is the set of probability measures on S x A. By the triangle inequality and the
uniform bound on rewards, R, we have €, < 2.

Definition 2 (Reward heterogeneity). We capture the reward heterogeneity using the infinity norm:

Ir® — 70|

)
where ||7|lc = Sup; ,esx .4 |7(5; @)|. By the triangle inequality, we have ¢, < 2.

3.3 VALUE FUNCTION AND SARSA

An RL planning task aims to maximize the expected refurn, defined as the accumulated reward of a
trajectory. For a given policy m, the expected return of a state-action pair (s, a) is captured by the
Q-value function:

Z’Ytr(st,at)

t=0

Qﬂ'(sa a) = Eﬂ

So=s5,40 = a] =r(s,a) + VE; [¢-(S1, A1)|So = s, Ag = a],

Trqr(s,a)

(1
where the expectation is taken with respect to a transition kernel that follows the policy 7 (except
for the initial action, which is fixed to a). For any MDP, there exists an optimal policy 7, such that
Gr, (8,a) > qr(s,a) for any other policy 7 and state-action pair (s, a). This paper focuses on an
FRL problem where all agents aim to find a universal policy that is near-optimal for all MDPs under
a low-heterogeneity regime.

To find such an optimal policy for a single agent, SARSA updates the estimated Q-value function
based on (1) by sampling and bootstrapping. With the updated estimation of the value function,
SARSA improves the policy via a policy improvement operator. By alternating policy evaluation
and policy improvement, SARSA finds the optimal policy within the policy space. The tabular
SARSA for a single agent can be described by the following update rules:

{ Q (s¢,a¢) — Q(se,a1) + a(r(se, a) +7Q (Se41,a841) — Q (56, a4))

m(art1]se+1) < D(Q(St41, a41)),

2)

where @ is the estimated Q-value function, « is the learning step-size, and I is the policy improve-
ment operator. We provide further discussion on the policy improvement operator in Section 4.

3.4 LINEAR FUNCTION APPROXIMATION AND NONLINEAR PROJECTED BELLMAN
EQUATION

When the state-action space is large or continuous, tabular methods are intractable. Therefore, we
employ a linear approximation for the Q-value function (Rummery & Niranjan, 1994). For a given
feature extractor ¢ : S x A — R%, we approximate the Q-value function as Qg (s, a) = ¢(s,a)70,
where § € © C R? is a parameter vector to be learned. Without loss of generality, we assume that
||¢(s,a)|l2 < 1 for every state-action pair (s, a). Linear function approximation translate the task
of finding the optimal policy to that of identifying the optimal parameter 6 that solves the nonlinear
projected Bellman equation:

Qo = T Qo, 3)
where T, is the Bellman operator defined by the right-hand side of (1), and Il is the orthog-
onal projection onto the linear subspace spanned by the range of the ¢ using the inner product
(,9)r = Egun, ann(s)[2(S, A)Ty(S, A)]. Equation (3) reduces to the linear Bellman equation
used in policy evaluation when the policy 7 is fixed (Tsitsiklis & Van Roy, 1996; Bhandari et al.,
2018), and to the Bellman optimality equation used in Q-learning when the policy improvement
operator is the greedy selector (Watkins & Dayan, 1992; Melo et al., 2008).
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4 ALGORITHM

We now develop FEASARSA; a federated version of linear SARSA. In FEdSARSA, each agent
explores its own environment and improves its policy using its observations, which we refer to as
local updating. Periodically, agents send the parameter progress to the central server, where the
parameters get aggregated and sent back to each agent. We present FedSARSA in Algorithm 1.

Local update. Locally, agent ¢ updates its parameter using the SARSA update rule. With linear
function approximation, the Q-value function update in (2) becomes

et(i)l = 9@ + atgﬁi) <9§i); sgi), agi)) )

where qy is the step-size® and gt(i) is defined as
i 7 T i
91" (8:5,0) = &(s, )1V (s, a)+6(s,a) (1(s', @) = ¢(s,a)) 6, '~ PO (s,-), '~y (1s').
“4)
We refer to g; as a semi-gradient as it resembles a stochastic gradient but does not represent the
true gradient of any static loss function (Barnard, 1993). Also, we introduce a subscript ¢ to the
semi-gradient to indicate that it depends on the policy 7 ) at time step ¢.

Policy improvement. We assume that all agents use the same policy improvement operator I,
which returns a policy 7 for any Q-value function. Since we consider linearly approximated Q-
value functions, we can view the policy improvement operator as acting on the parameter space:
' : & — m. We denote the policy resulting from the parameter 6 as mp = I'(d). To ensure
the convergence of the algorithm, we need the following assumption on the policy improvement
operator’s smoothness.

Assumption 2 (Lipschitz continuous policy improvement operator). The policy improvement oper-
ator is Lipschitz continuous in TV distance with constant L:

Hﬂ-al (|S) - 7T92('|3)||TV < L||01 - 02”2’ ve1302 S 975 €s.

Furthermore, L < w/(Ho), where H, o, and w are problem constants to be defined in Appendix.

When the action space is of finite measure, Assumption 2 is equivalent to that in Zou et al. (2019).
This assumption is standard for linear SARSA (Zou et al., 2019; Perkins & Precup, 2002; Melo
et al., 2008). As shown in (De Farias & Van Roy, 2000; Perkins & Pendrith, 2002; Zhang et al.,
2022), linear SARSA with noncontinuous policy improvement may diverge.

An example policy improvement operator satisfying Assumption 2 is the softmax function with
suitable temperature parameter (Gao & Pavel, 2017). In contrast, the deterministic greedy policy
improvement employed in Q-learning is an illustrative case where Assumption 2 does not hold.
Additionally, when the policy improvement operator maps to a fixed point m, SARSA reduces to TD
learning, which evaluates the policy 7. Generally, SARSA searches the optimal policy within the
policy space I'(©) determined by the policy improvement operator and the parameter space.

Server side aggregation. FedSARSA adds an additional aggregation step to parallelize linear
SARSA. During this step, agents communicate with a central server by sending their parameters or
parameter progress over a given period. The central server then aggregates these local parameters
and returns the updated parameters to the agents. Intuitively, if the agents’ MDPs are similar, i.e.,
the level of heterogeneity is low, then exchanging information via the server should benefit each
agent. This is precisely the rationale behind the server-aggregation step. In general, K is selected to
strike a balance between the communication cost and the accuracy in FL.

Besides averaging, we add a projection step to ensure stability of the parameter sequence. This
technique is commonly used in the literature on stochastic approximation and RL (Zou et al., 2019;
Bhandari et al., 2018; Qiu et al., 2021; Wang et al., 2023a). In practice, it is anticipated that an
implicit bound on the parameters exists without requiring explicit projection.

3For ease of presentation, we assume all agents share the same step-size. Our analysis handles agents using
their own step-size schedule, as long as each agent’s step-size falls within the specified range.
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Algorithm 1: FedSARSA

input Initial parameter Géi) =0
fort=0,...,7T—1do

for each agenti =1,..., N do in parallel
w,gi) = F(F)gi)) // policy improvement
Sample observation (sgl), a;’ ,rt( ), SE le, a£ 421) following policy wt(i)
91‘21 = H(Z + atgt( ), where g,g is defined in (4) // local update
ift+1=0 (mod K) then // every K iterations
Oi01 =g (i EAL Gt(i)l) // federated aggregation

Set 0§+1 = 0,41 for each agent i € [N]

5 ANALYSIS

We begin our analysis of FEASARSA by establishing a perturbation bound on the solution to (3),
which captures the near-optimality of the solution under reward and transition heterogeneity. We
then provide a finite-time error bound of FEASARSA, which enjoys the linear speedup achieved by
the federated collaboration. Building on this, we discuss the parameter selection of our algorithm.

5.1 NEAR OPTIMALITY UNDER HETEROGENEITY

We consider an FRL task where all agents collaborate to find a universal policy. However, due to
environmental heterogeneity, each agent has a potentially different optimal policy. Therefore, it is
essential to determine the convergence region of our algorithm, and how it relates to the optimal
parameters of the agents. To show that we find a near-optimal parameter for all agents, we need
to characterize the difference between the optimal parameters of agents. Given the operator I', we

denote by 99 the unique solution to (3) for MDP M (). The next theorem bounds the distance
between agents’ optimal parameters as a function of reward- and transition kernel heterogeneity.

Theorem 1 (Perturbation bounds on SARSA fixed points). There exist positive problem dependent
constants w, H, and o such that

max {Hﬂy) — 99)
i,j€[N]

} < Re, + Hoe, _ Alep,€r)
2] w w

)
where €, and €, are the perturbation bounds on environmental models defined in Definitions 1 and 2.

We explicitly define the constants in Theorem 1 and show that w=O(1—y) in Appendix L. In the next

subsection, we demonstrate that there exists a parameter 6, such that ||95f) —0.]| < Alep, €r)/w, and
Algorithm 1 converges to a neighborhood of 6, whose radius is also of O(A(ep, €.)/(1—7)). Since
A(ep, €r) = O(€p + €, ), when the environmental heterogeneity is small, these results guarantee that
6. is near-optimal for all agents.

Theorem 1 is the first perturbation bound on nonlinear projected Bellman fixed points. Wang et al.
(2023a) established similar perturbation bounds for linear projected Bellman fixed points using the
perturbation theory of linear equations. However, it is crucial to note that their approach does not
extend to our setting where (3) is nonlinear.

5.2 FINITE-TIME ERROR AND LINEAR SPEEDUP
We now provide the main theorem of the paper, which bounds the mean squared error of Algorithm 1
recursively, and directly gives several finite-time error bounds.

Theorem 2 (One-step progress). Let {Gt(i)} be the parameters returned by Algorithm 1 and
0, = ﬁ Zfil Gt(z). Then, there exist positive problem dependent constants w, C1,Csy,Cs,Cy, and a
parameter 0., such that max;c|n HGSJ) —0.|| < Alep er)/w, and for any t € N, it holds that

E ||§t+1 0. || (1—-aw)E Hﬁt G*H2 + oztclAQ(ep,e,«) +a?Cy/N + 303 + afC’4. 5)
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Explicit definitions of the constants are provided in Appendix J.

On the right-hand side of (5), the first term is a contractive term that inherits its contractivity from
the projected Bellman operator; the second term accounts for heterogeneity; the third term captures
the effect of noise where the variance gets scaled down by a factor of N (linear speedup) due to
collaboration among agents; the last two terms represent higher-order terms, which are negligible,
compared to other terms. In the following two corollaries, we study the effects of using constant and
decaying step-sizes in the above bound.

Corollary 2.1 (Finite-time error bound for constant step-size). With a constant step-size oy = g <
w/(2120(2K + 8 + In(m/(pw)))), for any T € N, we have
21 6 C

+E <(Cl + w) A (ep,€r) + ap—2 + agCs + 04804> .

_ N (12 .
E HeT 00| < ge—conT Heo Q)

N

Corollary 2.2 (Finite-time error bound for decaying step-size). With a linearly decaying step-size
ar =4/(w(l +t+a)), where a > 0 is to guarantee that oy < min{1/(8K),w/64}, there exists a

convex combination 01 of {0}, such that

2 2 ~ 2
_ _H? K245 T A (epser) \ . H? 1 A~ (epyer)
= 5 O Bt + o+ 5 ) = 7 O (R + 252

EHEIT 0

We now discuss the implications of the above theoretical guarantees.

Convergence region. From Corollary 2.1, with a constant step-size v, FedSARSA exponentially
converges to a ball around the optimal parameter §; of each agent. The radius of this ball is governed
by two objects: (i) the level of environmental heterogeneity; (ii) the inherent noise in our model. In
the absence of heterogeneity, the above guarantee is precisely what one obtains for stochastic ap-
proximation algorithms with a constant step-size (Zou et al., 2019; Srikant & Ying, 2019; Bhandari
etal., 2018). The presence of heterogeneity manifests itself in the O(A(ep, €,) /(1—7)) = O(ep+e,)
term in the convergence region radius. Since the optimal parameters of the agents may not be iden-
tical (under heterogeneity), such a term is generally unavoidable.

Linear speedup. Turning our attention to Corollary 2.2 (where we use a decaying step-size), let
us first consider the homogeneous case where €, = ¢, = 0. When T' > N, the O(1/(NT)) rate we
obtain in this case is the best one can hope for statistically: with 7" data samples per agent and [N
agents, one can reduce the variance of our noise model by at most NT'. Thus, for a homogeneous
setting, our rate is optimal, and clearly demonstrates an /NV-fold linear speedup over the single-agent
sample-complexity of O(1/T") in Zou et al. (2019). In this context, our work provides the first such
bound for a federated on-policy RL algorithm, and complements results of a similar flavor for the
off-policy setting in Khodadadian et al. (2022). When the agents’ MDPs differ, via collaboration,
each agent is still able to converge at the expedited rate of O(1/NT) to a ball of radius O(e), + €,)
around the optimal parameter of each agent. The implication of this result is simple: by participating
in federation, each agent can quickly (i.e., with an N-fold speedup) find an O(¢, + €, )-approximate
solution of its optimal parameter; using such an approximate solution as an initial condition, the
agent can then fine-tune (personalize) - based on its own data - to converge to its own optimal
parameter exactly (in mean-squared sense). This is the first result of its kind for federated planning,
and complements the plethora of analogous results in federated optimization (Sahu et al., 2018;
Khaled et al., 2019; Li et al., 2019; Koloskova et al., 2020; Woodworth et al., 2020; Pathak &
Wainwright, 2020; Wang et al., 2020; Mitra et al., 2021; Mishchenko et al., 2022). Arriving at the
above result, however, poses significant challenges relative to prior art. We now provide insights
into these challenges and our strategies to overcome them.

5.3 PROOF SKETCH: ERROR DECOMPOSITION

Our main approach of proving Theorem 2 is to leverage the contraction property of the Bellman
equation (3) to identify a primary “descent direction.” Algorithm 1 then updates the parameters
along this direction with multi-sourced stochastic bias. We provide an informal mean squared error
decomposition (formalized in Appendix 1.1 ) to illustrate this idea:

= 2 . L . . . .
E H‘9t+1 — 6,]|” < recursion + descent direction + gradient heterogeneity + client drift

+ gradient progress + mixing + backtracking + gradient variance.
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Some of these terms commonly appears in an FRL analysis: the descent direction is given by the
contraction property of the Bellman equation (3) when the policy improvement operator is suffi-
ciently smooth (Appendix 1.2); the client drift represents the deviation of agents’ local parameters
from the central parameter, which is controlled by the step-size and synchronization period (Ap-
pendix [.4); the mixing property (Assumption 1) allows a stationary trajectory to rapidly reach to a
steady distribution (Appendix 1.6). We highlight some unique terms in our analysis.

Gradient heterogeneity. This term accounts for the local update heterogeneity, which scales with
the environmental heterogeneity. The effect of time-varying policies coupled with multiple local
updates accentuates the effect of such heterogeneity. Thus, particular care is needed to ensure that
the bias introduced by heterogeneity does not compound over iterations (Appendix 1.3).

Backtracking. FEASARSA possesses nonstationary transition kernels. To deal with this challenge
and use the mixing property of stationary MDPs, we virtually backtrack a period 7: starting at time

step t—, we fix the policy F(GEQT) for agent 7, and consider a subsequent virtual trajectory following
this fixed policy. The divergence between the updates computed on real and virtual observations is
controlled by the step-size a; and backtracking period 7 (Appendix 1.7).

Gradient progress. Note that the steady distribution in the mixing term corresponds to an old policy.
Since the backtracking period is small, the discrepancy (progress) between this old policy and the
current one is small (Appendix L.5).

Gradient variance. While one can directly use the projection radius to bound the semi-gradient vari-
ance, such an approach would fall short of establishing the desired linear speedup effect. To achieve
the latter, we need a more refined argument that shows how one can obtain a “variance-reduction”
effect by combining data generated from non-identical time-varying Markov chains (Appendix 1.8).

6 SIMULATIONS

We create a finite state space of size |S| = 100, an action space of |.4| = 100, a feature space of
dimension d = 25, and set v = 0.2 and R = 10. The actions determine the transition matrices by
shifting the columns of a reference matrix. The synchronization period is set to K = 10, and the
step-size of oy = 0.01. For the full experiment setup, please refer to Appendix C. In Figure 1, we
plot the mean squared error averaged over ten runs for different heterogeneity levels and numbers
of agents. The simulation results are consistent with Corollary 2.1 and demonstrate the robustness
of our method towards environmental heterogeneity. Additional simulations, including federated
TD(0) and on-policy federated Q-learning covered by our algorithm, can be found in Appendix C.
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10? 107! 107!
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Figure 1: Performance of FedSARSA under Markovian sampling.

7 CONCLUSION

We proposed a straightforward yet powerful on-policy federated reinforcement learning method:
FedSARSA. Our finite-time analysis of FedSARSA provides the first theoretically conformation
of the statement: an agent can expedite the process of learning its own near-optimal policy by
leveraging information from other agents with potentially different environments.
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A ORGANIZATION OF APPENDIX

The appendix is organized as follows. First, we present an additional comparison of our results
with other finite-time results in Appendix B, and additional simulation results in Appendix C. In
Appendices D and E, we introduce the concept of central MDP and some notation that will assist
our analysis. In Appendix F, to aid readability, we list all the constants that appear in the paper
for readers’ convenience. In Appendix G, we provide several preliminary lemmas that will be used
throughout the analysis. Before presenting lemmas for Theorem 2, we first prove Theorem 1 in Ap-
pendix H, for it will be used by later lemmas. In Appendix I, we first decompose the mean squared
error and then present seven lemmas, each bounding one term in the decomposition. Then, we
provide the proof of Theorem 2 and Corollaries 2.1 and 2.2 in Appendix J and Appendix K, respec-
tively. To provide insights into our results, we discuss the dependencies of constants in Appendix L.
Finally, we reduce FEASARSA to the tabular case in Appendix M, demonstrating the flexibility and
efficiency of our algorithm.

B FINITE-TIME RESULTS COMPARISON

A comparison of finite-time results on temporal difference methods is provided in Table 2.

Table 2: Comparison of finite-time results. Results with green background are first provided by our
work; results with blue background are covered by our work. “Linear” indicates the usage of linear
function approximation, and “Hetero” indicates the presence of environmental heterogeneity. All
constants are defined in Section 5 and Appendix I. We show the squared ¢, error for linear settings
and squared ¢, error for tabular settings. Asymptotic notations are omitted for simplicity.

Federated Single-Agent
Linear Tabular Li Tabul
Hetero Homog Hetero Homog thear abular
: H? A? H? SA AZ S2 H? SA Ak
TD Leaming| 7=vr + @) | |[ToAPNT || T NT + RO | WAAPNT | |Ton)7T || VT
. H2 1 A2 s S? H? SA I
Q-Learning - TPNT | Gt + T | | SANT [T | XTT
H? A% * H? * SA A? o SA wl H? # SA  wx
SARSA \m=ywr + a5 |G T | RT T a9 | NPT [T | 9T

"(Wang et al., 2023a) ¥ (Khodadadian et al., 2022) ¥ (Jin et al., 2022)  "(Bhandari et al., 2018)
"(Qu & Wierman, 2020) #(Zou et al, 2019) " Corollary 2.2 ™ Appendix M

C ADDITIONAL SIMULATIONS

C.1 ADDITIONAL SIMULATIONS FOR FEDSARSA

We first restate the simulation setup in more detail. We index a finite state space by S = [100] and
an action space by A = [100], where the actions determine the transition matrices by shifting the
columns of a reference matrix FP:

P, = circ_shift(Py, columns = a),
where circ_shift denotes a circular shift operator. We construct the feature extractor as

di xd
¢(57 a) = €(s mod d)-da+a mod da € R™ 27

where e; is the indicator vector with the i-th entry being 1 and the rest being 0. We set d; = 5 and
ds = 5. For the policy improvement operator, we employ the softmax function with a temperature

of 100: -
exp(6* ¢(s,a)/100
ro(als) = PO /100)
Za’EA exp(@ QS(Sa a )/100)
Other parameters are set as follows: the reward cap R = 10, the discount factor v = 0.2, the
synchronization period K = 10, and the step-size cvg = 0.01.
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To construct heterogeneous MDPs, we first generate a nominal MDP M and obtain the remaining
MDPs by adding the perturbations to M. Unlike in FedTD (Wang et al., 2023a), where the optimal
parameters can be obtained by solving the linear projected Bellman equation directly, here we get
a reference parameter 9&2 by running a single-agent linear SARSA on M; with decaying step-
size. As suggested in Corollary 2.2, the reference parameter converges to the optimal parameter

corresponding to M;. Then, we calculate the mean squared error with respect to the reference

- 2

parameter: Hﬁt — 95;2 H . All of our simulations are averaged over ten runs and all graphs are plotted
2

with 95% confidence region.

In Figure 1, both kernel heterogeneity and reward heterogeneity are set at the same level. In Fig-
ure 2, we fix the kernel heterogeneity as 1.0 and vary the reward heterogeneity. In contrast, we fix
the reward heterogeneity as zero and vary the kernel heterogeneity in Figure 3. Again, these results
affirm the robustness of our method towards environmental heterogeneity. Furthermore, they seem-
ingly suggest that the algorithm is more sensitive to reward heterogeneity than kernel heterogeneity.
However, it is important to note that €, and ¢, represent upper bounds and may be much larger than
the actual heterogeneity level.

Further exploring the effect of heterogeneity on federated collaboration, Figures 4 and 5 illustrate
the effect of different reward and kernel heterogeneity levels on the performance of FEASARSA
respectively. Generally, higher levels of heterogeneity result in larger mean squared error, which
aligns with our theoretical results in Section 5.
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Figure 2: Performance of FedSARSA under Markovian sampling for varying reward heterogeneity
and numbers of agents with fixed kernel heterogeneity (e, = 1).

C.2 SIMULATIONS FOR FEDERATED TD(0)

As discussed in Section 4, FEASARSA reduces to federated TD(0) (Wang et al., 2023a) when
the policy improvement operator maps any parameter to a fixed policy 7. This corresponds to a
fixed transition kernel. Therefore, we conduct simulations for federated TD(0) to demonstrate the
adaptability of FedSARSA. We inherit the simulation setup from the previous subsection (Ap-
pendix C.1), which matches the setup in Wang et al. (2023a). We fix the behavior policy by fix the
transition matrix as the reference matrix Fy. The results are presented in Figure 6, which are similar
to the results in Section 6, again validating our theoretical results.
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Figure 3: Performance of FEdSARSA under Markovian sampling for varying kernel heterogeneity
and numbers of agents with fixed reward heterogeneity (e, = 1).
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Figure 4: Effect of the reward heterogeneity on the performance of FEdSARSA.

C.3

SIMULATIONS FOR ON-POLICY FEDERATED Q-LEARNING

When equipped with a greedy policy improvement operator, FedSARSA reduces to on-policy fed-
erated Q-Learning. Specifically, we employ the greedy policy improvement operator:

a’€A

ng(als) = 1{a = argmax 67 ¢(s, a’)},

where 1 is the indicator function. For the other part of the simulation setup, we inherit the setup
from the previous subsection (Appendix C.1). The results are presented in Figure 7, which resemble
the results in Section 6 and Appendix C.2.
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Figure 6: Performance of FEASARSA with a fixed-point policy improvement operator, covering
federated TD(0).

D CENTRAL MDP

To facilitate our analysis, we introduce a virtual MDP: M := % szil M@ Specifically, M =
(S, A, 7, P,v), where 7 = % Zf\il r®, p =% vazl P We refer to this virtual MDP as the
central MDP. The following proposition shows that M is indistinguishable from the collection of
actual MDPs and also satisfies Assumption 1.

Proposition 1. If MDPs {M(i)} are ergodic (aperiodic and irreducible) under a fixed policy w, the
central MDP M is also ergodic under .
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Figure 7: Performance of FEASARSA with a greedy policy improvement operator, covering on-
policy federated Q-learning.

Proof. Suppose 7 is given. We first show that M is also aperiodic. If not, by the definition of
aperiodicity (Meyn & Tweedie, 2012, Page 121), there exists s € S such that

d(s) == ged{n : P"(s,s) >0} > 1,

where ged returns the greatest common divisor and we omit the subscript 7 of P, since we consider
a fixed policy. The above inequality indicates that, for any n € N\ {kd(s)}xen, it holds that

0= P"(s,5) ( ZP(”> 5, >N—(P(’)) (s,s), Viel[N]. 6)

Now since M) is aperiodic, d ’)(5) cd{n . (PO)(s,5) > 0} = 1. Thus there exists

n € N\ {kd(s)}ren such that (P))"(s,s) > 0 (otherwise d¥)(s) > d(s)), which contradicts
to (6). Therefore, we conclude that d(s) = 1 forany s € S, and thus M is aperiodic. We now

show that M is irreducible given { M} are irreducible (Meyn & Tweedie, 2012, Page 93). For
any A C B(S) with positive measure, where B(S) is the Borel o-field on S, we have min{n :

(P@)(s,A) > 0} < +oo forany s € S and i € [N]. Then again by (6), we get

1 AN
Pr(s, A < pt A .
min{n : P"(s, A) > 0} 113[1]{]1] min {n N ( ) (s,A) > O} < 400

Therefore, M is irreducible. O

When the state-action space is finite, Proposition 1 covers Wang et al. (2023a, Proposition 1).

By Proposition 1, we can confidently regard M as the MDP of a virtual agent, which does not
exhibit any distinctive properties in comparison to the actual agents. Therefore, we denote MO =
M and define the extended number set [N] := [N] U {0} = {0,1,..., N}. When we drop the
superscript (%), it should be clear from the context if we are talking about the central MDP M or
an arbitrary MDP M), Clearly, the extended MDP set {M(i)}ie[ ) still satisfies Assumption 1
and Definitions 1 and 2, and thus Theorem 1. Now we can specify the special parameter 6, in
Theorem 2: it is the unique solution to (3) for M. In other words, Theorem 2 asserts that the
algorithm converges to the central optimal parameter.
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E NOTATION

Before presenting lemmas and proofs of our main theorems, we introduce some notation that will
aid in our analysis. We introduce a notation for the unprojected central parameter:

N
o 1 , .
Orp1 = N Z (9?) + atg,gl)) , whent+1=0 (mod K).

=1

Then, 6&21 = 0,1 =Ig(0,41) whent+1=0 (mod K). It’s easy to verify that for any ||0]| < G,
we have ~ .
16: — 61l < 116, - 0]l. (7)

Then we define some notations on the MDPs. Note that all these definitions apply to the extended
MDP set {M(i)}ie[ w7 that includes the central MDP.
Definition 3 (Steady distributions). Assumption 1 guarantees the existence of a steady state distri-

bution for any MDP and policy m. We denote néi) as the steady state distribution with respect to

MDP M) and policy 7, i.e.,
néi)(s) = tlggo P,g? (St = s|So = s0)-
Additionally, given a policy y, the steady state-action distribution is defined as
g (5,0) = 1" (s) - mo(als).
Then, the two-step steady distribution is defined as
oy (s,0.8',0) = ) (5, 0) PO (5, 8 )mo | ).

For a local parameter 61‘@, we simplify the above notations as follows:

i =, =), ol = 0
t t t

We are now ready to provide the precise definitions of the semi-gradients discussed in Section 5.

Definition 4 (Semi-gradients). As indicated by (4), a semi-gradient is a function of both the param-
eter 6 and the observation tuple O = (s, a, s’,a’), while the observation tuple is dependent on the
local Markovian trajectory. Therefore, the general form of a semi-gradient is

g2, (6:087) =0 (s7,a”) (v (7, 0f”) + 90" (sf21afdy) 0 = 67 (570" ) 0),

where OE") = (Sgi), aff)7 5;217 aEQ ) is the observation of agent ¢ at time step ¢, and the subscript

t—7 indicates that the trajectory after time step ¢ —7 follows a fixed policy m ) , ie.,
t—T

@ @) (@)
Ay~ 1y at_T+17 N ,at+1 ~ 7T0{(2T.

When 7 = 0, the semi-gradient corresponds to an actual SARSA trajectory, and we omit the sub-
script and the observation argument, i.e.,

g9(0) =g (6:0{").

When 7 > 0, the semi-gradient corresponds a virtual trajectory, and we use O, in place of O to
indicate it is a virtual observation at the current time step.

We add a bar to denote the mean-path semi-gradients, i.e.,
32, 0)=E o [0, (6,0)] =E o [6(s.0) D (s,0) + 76" (5',0)0 — 6" (s,0)9)] .
where the expectation is taken over the two-step observation steady distribution:

O = (S,a7 8/7a/) ~ (pgz—)’T = <péz()L) N
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For mean-path semi-gradients, the randomness of the observation is eliminated, and the parameter ¢
is the only argument, and we can substitute the subscript t —7 with a general parameter #’; then we
define

3)(6) =E 0 [6(5,0)(r ) (s,0) + 76" (5',a)0 = 67 (5,0)9)] -
We omit the superscript (7) when referring to the central MDP M. For instance,
gt—T(e) = qu [¢(57 a)(F(& a’) + ’Y¢T(S/7 a/)o - ¢T(sa a)Q)] .

Finally, for notational simplicity, we use bold symbols to denote the average semi-gradients, e.g.,
gi—r(0:) = N Zg (9?)) :
The above notations will be used in combination, e.g.,
1
— ONFIO)
02 = 5500 (0) - § 5 ).

We can further decompose semi-gradients into TD operators.

Definition 5 (TD operators). A semi-gradient gE?T (9, Ot(i)> can be decomposed into the following

a2, (0,07) = a2 (07 ) o +02, (0") .

two two operators:

where
A (0F) =0 () (1 (k) (£).
. ) ) ) ) Ay "5 Qppq ~ TGy -
b( @) (O z)) —¢ (8£1)7a§1)) 00 (ng)’“§1)> 7 o

Similar to Definition 4, we can define other TD operators for each semi-gradient, e.g., the mean-path
TD operators:

A =E A9 (0)],
o) =E,0b® (0).

We summarize the notations defined in this section and other notations used in our analysis in Ta-
ble 3.

F CONSTANTS

We first introduce two important constants that serve as base constants throughout the paper. The
first one is the upper bound of the norm of the central parameter, denoted by G > ||#||. For this

bound to hold, we require the projection radius G to be large enough such that

i € [N]. The explicit expression for G will be given in Corollary 1.5.3. Then, we define
H=R+ (1+7)G. (8

The constant H can be viewed as the scale of the problem, analogous to |S||.A| for the tabular
setting that will be discussed in Appendix M. For local parameters, we define a similar function
h(0) == R+ (1+7)[]-

We summarized the constants that appear in our analysis in Table 4. Notice that 7, g, and ¢ in
Table 4 refer to the constants in the case with a linearly decaying step-size. For the case with a
constant size, these constants are fixed and specified in Corollary 2.1.
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Table 3: Notation

Notation Definition

[N], [N] The set of /N numbers and the set of NV + 1 numbers including 0
MDD M Markov decision processes

S, A0 State space, action space, and parameter space

Y0 7. PO, p
St(l)y Ut(z), Ot(z)

Reward functions and transition kernels
Agent ¢’s state, action, and observation random variable at time step ¢

S,a,0 Instances of the state, action, and observation
m, [ A policy and the policy improvement operator
Il v Total variation distance and its induced norm for transition kernels
q,Q True Q-value function and estimated Q-value function
¢, 0 Feature map and feature weight (parameter)
I, s Orthogonal projection operator
T Bellman operator
), 9 Optimal policies and optimal parameters
né ), ey D 0 (@) Steady distributions
g Semi-gradient
A b, Z Temporal difference operators
h h(6) = R+ (1+)[6]
Oy, wy Client drift
Fi Filtration containing all randomness prior to time step ¢

G PRELIMINARY LEMMAS

In this section, we present two preliminary lemmas that will be used throughout the analysis.

Lemma G.1 (Steady distribution differences). For the same MDP, the TV distance between the

steady distributions with regard to two different policies is bounded as follows:

H7791 - 7792||TV < Lo’ ”01 - 92”2 5
16, — o, oy < L(140") (|61 — 2],
e, — wo,llpy < L2+ 0) (01 — 02,

where L is the Lipschitz constant of the policy improvement operator specified in Assumption 2 and
o' is a constant determined by m and p specified in Assumption 1. Letting o := o' + 2, all three
TV distances above are bounded by Lo||0y — 03]|2. Next, for a fixed parameter 0, the TV distance
between the steady distributions with regard to two MDPs is bounded as follows:

- 2

[ =1 = '

O e

By the above inequalities, for different MDPs and different parameters, we have

(49)

'ugm S 0/6p+LgH9(i) —e(j)HQ-

’
s -

Proof. For the same MDP, by (Mitrophanov, 2005, Corollary 3.1), we get

||7791 - 7792||TV < OJHP91 - P92 HTV’
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Table 4: Constants

Notation Meaning Reference Range or Order
N Number of agents Section 3.2 N
R Reward cap Section 3.2 (0, +0)
S, A Measures of the state space Section 3.2 (0, +o0]
and action space
v Discount factor Section 3.2 (0,1)
m;,m  Markov chain mixing constant ~ Assumption 1 [1,+00)
and Lemma G.1
Dis P Markov chain mixing rate Assumption 1 (0,1)
and Lemma G.1
o, Steady distribution perturba- Lemma G.1 O(logm/(1 —p))
tion constant
G Algorithm projection radius Algorithm 1 (0, +00)
G Parameter norm upper bound  Corollary 1.5.3 O(G+R)
H Problem scale Equation (8) O(G+ R)
L Lipschitz constant for the pol- Assumption 2 [0,w/(Ho)]
icy improvement operator
K Local update period Section 4 N
€p, € Environmental heterogeneity Definitions 1 and 2 [0,2]
ratio
A Environmental heterogeneity =~ Theorem 1 O(H(ep + €r))
M@ X Exploration constant Equation (18) (0,1)
w;,w  Convergence constant Equation (19) [(1—7)A/2,1/2)
T Backtracking period Lemma .1 O(logT)
o Initial step-size Section 4 (0, min{1/8K,w/64}]
ay General step-size Section 4 O(1/t)
Clarift Client drift constant Lemma 1.4 O(KH)
Cprog ~ Parameter progress constant Lemma L.5 O(HT)
Chack Backtracking constant Lemma 1.7 O(12w)
Ciar Gradient variance constant Lemma 1.8 O(H?w?74))
Ié] Young’s inequality constant Appendix J (0,w/7)
Hawse  Another drift constant Appendix J O(H)
Ca Step-size constant Appendix J o(1)
4 First-order constant Equation (50) O((1—h
Cy Second-order constant Equation (50) O(H?T)
Cs Third-order constant Equation (50) O(H?wt*)
Cy Fourth-order constant Equation (50) O(H?w?7°)
B Square of the convergence re- Corollary 2.1 see Corollary 2.1
gion radius for constant step-
size

where Py(s,s') = [, Pa(s,s")mp(als)da, and

/ q(s)Po(s,-)ds
S

[Pollrv = sup [lgPsllrv = sup

llallrv=1 lgllmv=1 TV
And the constant ¢’ is defined by

o =n+

) ©))

where 7 = [log, m™'|, m := max;c;n) mi, and p = max;en) pi With my, p; specified in As-
sumption 1. Note that in the above inequalities, we actually should use o defined by m; and p;; but
o} is bounded by ¢’ for all i € [IN], so we use this possibly looser bound for notational simplicity.
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Then, by Assumption 2, we have

|Ps, — Poylrv = sup /
S

llgllTv=1

= sup /
llgllrv=1J8

< swp [ (a9 Pals, ) [ (als) — o al)] dads'ds
S2xA

llallrv=1

— sup / 14(5)] |mo, (als) — mo, (als)| dads
SxA

/Sq(s)(Pg1 (s,8") — Pp,(s,s'))ds' | ds

/ q(s)(P,(s,s")m, (als) — P.(s, s )ma,(al|s))dads’| ds
SxA

lgllTv=1
= sup / 19(5)] 170, (-5) — 7o, (18) 1y ds
lgllrv=1JS
< L6 — Osfls sup / lg(s)|ds
lgllrv=1J8
= L||6; — 63]|2.

Therefore, we get
1m0, = nos |y < Lo’ (|01 — 022
Next, for the state-action distribution, we have

HM91 - MGZHTV = /S 4 ‘7791 (8)71-91 (a|s) — N6, (S)7T'92 (a‘s)‘ dsda
X

< / 1ox (3) oy (als) — 0, (a]s) | dsda + / 170, (5) — 1162 (5) | 5, (a)dads
SxA SxA

< L||6y = 0212 + lIne, — no, |l py
< L(1+0")]|01 — 62]|2-
Similarly, we have
00, — @oullry < L(2+0")[[01 — b2]2.

Also by (Mitrophanov, 2005, Corollary 3.1), we get
Hnél) - n(g])HTv < U/HP9(Z) - Pe(])HTV < Ulepv
where ¢, is defined in Definition 1. Then, for the state-action distribution, we have
(1) _ (j)H _ H @ . 0). H _ H (1) _ (J’)H < 5
Hﬂe S | |/ VA | | /e VA | IS

And similarly, we have

o -2,

/5‘2’><A2
S/‘
S2Zx A2
+/
S2x A2

(é) (4)
= HMG ~hg T
<(c' +1)e, < o¢,

,uéi)(s, a)my(als) P (s, s mg(a'|s") — uéj)(s,a)we(a|s)P,§j)(s, s )mg(a’|s")| dsds’dada’

,uéi)(s, a)mo(als)P) (s, s')ma(a|s") — uéj)(s,a)ﬂg(ab)Pf)(s, s \me(a'ls")| dsds’dada’

ui (s, a)mo (als) P (s, 8 )me(d/]s") — ) (s, a)mo(als) P (s, 8")m(a/| ") | dsds'dada’

+ ||p(i) _ p(j)HTv
%

Finally, by the triangle inequality, we get

H“g()n - Néﬂ)

< o'ep+ La|0D — 9 |,.
v
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Similarly, we can bound the differences between TD operators defined in Definition 5.

Lemma G.2 (TD operator differences). For the same MDP, the difference between the mean-path
TD operators with regard to different parameters is bounded as follows:

{HAel Ap|| < (1 +7)Lo |1 — ball,,
H691 _b92|| < RLo |6 — 02, .

Next, for a fixed parameter 0, the difference between the mean-path TD operators with regard to
different MDPs is bounded as follows:

|49 - 49| < 1+,
e -5

Then, by the triangle inequality, we get

< R(er + 0¢p).

Agm Aéﬁ) <(A+79)o (LHG()_ (j)’|2+€p>v
[852, < 52|| < Reer + 06) + RLo 0@ 09,

Proof. For the same MDP, by Definition 5, we have
/ (b(sv a)(7¢T(3/7 a/) - ¢T(a’ S))(d(Pﬂ (87 a, 5/7 a/) — dyg, (S’ a, S/’ a/)) H
S2x A2

<1 47) lles, — @, llrv
<(1+7) Lo [|6h — 02,

where the last inequality comes from Lemma G.1. Similarly, we have
| ots.ar(s.a)@n (5,0) - dpny (5,0)
SxA

<R||po, — 1105l v
SRLO’ H91 - 92”2 .

40, e =|

o, = o || =

Then for the same parameter 6, we have
49— a9 = [ 6501067 (5a) ~ 6% (a6 5005 ) — a0, )|
X
(1) (j)H
Yo

<(1+7) ‘ ©p
<(1+v)oep,

where the last inequality comes from Lemma G.1. Similarly, we have

o - 6| = /S L 9l5.) (1O @) (5,) = 105, ) (5,0) H
X

S/’
SxA

<Re, + Ro'e,,

where the last inequality comes from Definition 2 and Lemma G.1. O

1(s,0) = 19 (5,0) i 5.0) +

(s, a ‘d,u() s,a) — du(J)( a)
SxA

H PROOF OF THEOREM 1
Theorem 1. Forany i, j € [N], we have
He(j) _ e(i) <

* * g =

where w = min;¢ |y wi; w; is defined in Lemma 1.2 and A(ep, €;) is defined in Lemma I.3.

1 A
— (Re, —|—H0'6p) < M’
w w
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Proof. First, we formulate the Bellman optimal equation in terms of TD operators defined in Defi-
nition 5: PPN
ALY 5 =0,

for any ¢ € [N], where
AW = A&l), b = b;@).

Then for any ¢, j € [IV], we have
(Aﬁj) _ A@) 0 4 44 (Gij) _ Hii)) = _pW,

By Tsitsiklis & Van Roy (1996, Theorem 2), [19 ) is negative definite Therefore, flij ) is non-singular,

and we get
@ _ g < ||(z0\7"
‘9* 8¢ 2_”(,4*)

(49 - 29) 09 + (30 5| .

2
And we have
H(Ag))—lH Y (ﬂj)) (10)
1
e (a9 "
—
1
e (o (19)
S (14)
2w;

where (10) uses the spectrum norm equality and o,;,, returns the smallest singular value of a matrix;

(11) and (12) use the fact that Aij) is negative definite; (13) is by (Zhang, 2011, Theorem 10.28);
and lastly, (14) is the definition of w; (see Lemma 1.2).

Therefore, letting G be large enough to contain {Qii)}ie[ N]» We get

By Lemma G.2, we get

. ) 1 . . ) .
o0 00| < (|4 - AP G + ol b

2 2U/j

)

. , 1 . .
Heﬁ” — || <5 (140G (ep+LHe£” — oY
S5

2w;

(@) _ o)
2) + R(e, + 0¢,) + RLo Ha 6" HZ)

L)

We require that LH o < w; (the same restriction (20) in Lemma 1.2); then we get

1 i ;
Sr <RGT+HUGP+LHO" GSF) —99)

wj

, 4 1 W . ,
09 99| <~ (Re, + H ||t — 6
H 2 7 2w, (Rer + Hoep) + 2w, ’
which gives
, i 1 A .
|09 = || < — (Re, + Hoe,) < Aemer)
2 U)J w

where w = min, ¢ |y w; and A(ep, €-) := Re, + Hoe, (the same definition in Lemma 1.3).
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I KEY LEMMAS

In this section, we first decompose the mean squared error and then present seven lemmas, each
bounding one term in the decomposition.

1.1 ERROR DECOMPOSITION

Lemma 1.1 (Error decomposition). The one-step mean squared error can be decomposed recur-
sively as follows:

s — 0. <Elles — 0. = E [~ 0.]

+20,E (0, = 0,9 (6) = 5(6.)) (descent direction)

N
2 ~ - _

+ % ;E <9t = 0., (6:) - g (et)> (gradient heterogeneity)

N
@ 9, _ =) (p@DY _ () (g . .

TN gt E< t = O, (9 <9t ) g (9f))> (client drift)
N

+ % ZE 0: — 0., gt(i)r (et(i)) — gt (9£2))> (gradient progress)
i=1
N

205 B (6 0., (07,00) -2, (4°)) s
i=1
N

+ % Z E <_t — 0., Qt(i) <91§i)7 ng‘)) - gt(i_)T (9t(i), O£Z)>> (backtracking)
i=1

2
+012E i Z (4) (0(1)) ( dient .
NN Gt gradient variance)
i=1

One can verify the above decomposition given g(6.) = 0.

1.2 DESCENT DIRECTION

Lemma 1.2 (Descent direction). There exist positive constants {w; } ;[ such that for any ||0|| < G,

we have
2 _
, Vie|[N].

(0 61,50(0) — g (601)) < —uw; [0 — 6

Proof. We drop the subscript () in this lemma since the following derivation holds for all MDPs.
We first denote Af = 6 — 6... Then, we have

(0 —0.,5(0) — G(0.)) =A0T ((Agf + bg) — (Ag, 0. + b))
=A0T Ag, A0 + AT (Ag — Ag,) 0+ AOT (by — bo.)
<A Ag, NG+ ||AG]| || Ag — Ao || 0]l + | AB] ||bo — bo.

<AOT Ay AO + (1 +~)Lo|0|||| 28> + RLo|| A (15)
=A0T (Ag, + Lo(R+ (14 7)||0])1)A0

<AG" (Ag, + LoH - 1) A9 (16)
=A0T Ay A0,

where (15) uses Lemma G.2, and (16) uses the fact that ||| < G and H := R + (1 + v)G. By
(Tsitsiklis & Van Roy, 1996, Theorem 2), Ay, is negative definite in the sense that z*Ax < 0
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for any vector € R?. Specifically, for any nonzero z € R?, we denote u = z7¢(S, A) and

u = xT¢(S’, A"). Then, for any = # 0, by Definition 5, we have

z" Apz = By, [yur’ — u?] = yE[un/]-E[u?] < g (E[w®] + E[u]) —E[v*] = (y—1)E[u?] < 0,
A7)

where we use the fact that E[u?] = FE[u/?] under a steady distribution. Let <I>(9i) =

]E#éw [#(S, A)pT (S, A)] = 0. We define

AD = A (@‘“.)) . A:= min A, (18)
By (17), we have

1 50 1 MY _7r=1a
—wi = SAmax (sym (A))) < 507 = Din (@1, ) = T5=20. (19)

where sym(A4) := 1(A + A*) maps general matrices to Hermitian matrices. Due to the positive
definiteness of @22), We know w; > 0 for any i € [N]. By Zhang (2011, Theorem 10.21) and the
linearity of the syfh function, we know

Amax (Sym (ﬁg’;))) < Ao (sym (A(Q?))) + Amax(sym(LoH - T)) = —2uw; + LoH.

Let w = min, ¢ yj{w; }. Then, we can choose L to be small enough such that

L<—, (20)
which gives
—w; Z )\max (Sym (Avé?z))) .
Therefore, for any ¢ € [IN], we have
L L s 12 2
(6-6,59(0) ~ gV 01) ) < A (sym (A)) ) [|0 = 687 < —ews o — 1)
O

Remark 1 (Convergence constant). Equation (21) mirrors the result of stochastic gradient descent
(SGD) (Bottou et al., 2018), with w being analogous to the Lipschitz constant of a function’s gradi-
ent. Therefore, similar to SGD, w controls the convergence rate of our algorithm.

Remark 2 (Exploration constant). The value of w depends on A, a constant that reflects the explo-
ration difficulty of the environment. We can see this by considering a simple tabular setting, where
the feature map ¢ is simply the indicator function (see Appendix M for detailed definitions). Then
E,.[6(S, A)pT (S, A)] reduces to diag{/i(s, a)}(s,a)esx.4. In this case, the minimal eigenvalue of
@ is min(, 4)esx.4 14(5, a), i.e., the probability of visiting the least probable state-action pair under
the steady distribution.

We say an environment is hard to explore if some state-action pairs have a very small probability
of being visited under the steady distribution, then A is small. Conversely, A is large when the
environment is easy to explore. Intuitively, an environment that is hard to explore requires more
samples to learn an optimal policy.

In the context of LFA, the value of A, and consequently w, is determined by the conditions of both
the MDPs and the feature map ¢. If the environments in the feature space are easy to explore under
the MDPs, A and w will take on larger values, and the algorithm converges faster.

1.3 GRADIENT HETEROGENEITY

Lemma L.3 (Gradient heterogeneity). For ||0|| < G, we have

< Hoep, + Re, = Aep, €r)

1L
900~ > 50)
=1
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Proof. Directly applying the decomposition in Definition 5 and Lemma G.2 gives

N
i0.7 1 g, 700
(A99+ba)—NZ(A 0+ by”)

=1

1 g
30) = 5 >_9"0)

=

SOM(

=1

)

<oep (R+ (1+)0]) + Rer,

1.4 CLIENT DRIFT

Before bounding the gradient progress, we first bound the client drift.
Lemma L4 (Client drift). If ||0|| < G holds for all t € N, then

N
1 =(i) (p(t _ gl
530 90 - 99@)|| < a2 (14 +oLH) G,
i=1
where k is the smallest integer such thatt — k =0 (mod K), and
Clun = 4K°H?.
Proof. Similar to (15) in the proof of Lemma I.2, we have

Hg(i)(gt(i)) _ g(i)(g‘t)H <(1+y+Lo(R+1+7)0:)) ||6

-4 (22)

Then, since ||0;|| < G, we have

NZH O(0) — g (@)

L2
Let € == + Zf;l Heﬁ” - QtH . We then need to bound ;. First, if ¢t = 0 (mod K), we have

Q; = 0. Now suppose t £ 0 (mod K). Let k be the smallest integer such that ¢t — k =
(mod K). Then we know that there is no aggregation step between time step ¢ — k and ¢, and

01 =1/N Zf\il Gt(i_)l for 0 < [ < k. Therefore, we have

<(14~+0oLH)? (23)

HMZ

2

_ 2 ,
|5 = || = |62 — 01 +Zat (92,00 — g a(00-)
(69 ?
< kai_, Z Hg (0, gtfl(etfl)} )
where g,(0;) = + Zi\il g?)(eﬁ“), and we choose « to be non-increasing. Since for a random
vector X, Var(X) < 2 we have
2
Qt<k04t kz Z gt l — gt— l(et l)H

<katk2 ZH @@
Oy — gD G|+ 6@, 6|
< kol kZ Z (22620 - 52200 + a2s0n)[)
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where we also used Jensen’s inequality. By the definition of the Markovian semi-gradients (see
Definition 4), they are linear and Lipschitz continuous with the Lipschitz constant bounded by

HAiZ_) 1|l < 14~. However, it is worth emphasizing that the mean-path semi-gradients are non-linear

and non-Lipschitz continuous (unless ||0; | is bounded; see (22)). Given the Lipschitz continuity, we
have

k 2
0, < 2ka?_ kz;z ( 1+47) He(” —éHH +H2>
=1 i=1
=2ka? , (k + 1+ ZQt l) (24)

Recursively applying (24) gives
k

k
Q <2kai (k:H2 +(1+7)? ZQH> +2ka? L (147)2-2(k—1)a? , <kH2 1+ (e )
=2

=2

k
<2kaj_, (1+8(k—1)ai ;) <I<:H2 +(1+7)?) Qt_l>

k
<2kai_y [T (1+8(k = j)ai_y) (RH? + (14 7)*Qx)
j=1
<2ka? , (14 8ka2 )" - kH?,

where we use the fact that Q;_; = 0. To continue, we impose a constraint on the initial step-size by
requiring 4K ag < 1, which gives 16k%a? , < 1. Then, we have

8k2at &

k
2 \k l 2
(1+8ka7 )" <14 k(8kaj ;) <1+ T—8k2aZ,

=1

<1+ 16k%a;_, < 2. (25)

Therefore, we get
Qt < 2]§2H2Oét k( + 16k20[t k:) S 4k2H2Oét2_k S a?—kcgrift' (26)
Plugging (26) back into (23) gives the final result.
O

Corollary 1.4.1. For future reference, we extract two bounds on the client drift from the proof of
Lemma 1.4:
2 2
Y < o, Crige, Wt < g Clift

where wy = Zf\il ||9§i) — 0.

1.5 GRADIENT PROGRESS

To bound the gradient progress, we first need to bound the parameter progress. Instead of directly
bounding the client parameter progress, we bound the central parameter progress, which then gives
the client parameter progress combining Lemma [.4.

Lemma 1.5 (Central parameter progress). If ||§l H < G foranyl < 1, then we have
Hét - e_tf'rH < asKCprog(T)v
where s is the largest integer such that sK <t — 1 and
Cpr0g<T> = 2(7’ + 2K)(H + 20éocdrift) = O(T)
Proof. Bounding the central parameter progress is harder than bounding the client parameter

progress since o _
16z = 61|l £ cver (R + (1 +7)[[6r—1])-

29



Published as a conference paper at ICLR 2024

Therefore we need to introduce the client drift, and then bound the parameter progress using Lemma
1.4. First, for any ¢, we have

N
1Bl < 1600 = s+ S5 6%, (62,) ‘
i1
N
[ 55 00 oty a0 o) ot - o0 )|
< (L4 a1 (L + )01 ]| + -1 (R + 2wi—1), 27

where w;_1 is defined in Corollary 1.4.1. Let k be the smallest positive integer such that t — k = 0
(mod K) (if t =0 (mod K), then k = K). Recursively applying (27) gives

t—1 k—1
0] < H (14 2qg) ||§t—kH + Z(l + 2at—j)j0£t—j—1(R + 2w—1)
I=t—k j=0

(1420, x)F -1

<(1 4 20—1)" |G-k || + - (R + 20— Carite) o (28)
t—

<1+ 4kae—i) || 0=k || + 2ks—i (R + 20tk Carise) (29)

<20kl + 2koy— (R + 204 Clanitt ), (30)

where (28) uses Corollary 1.4.1 and we require « to be non-increasing; and in (29) and (30), we
require that 4ccg K < 1, which gives (1+ 2o¢t_k)k < 14 4kay_j with the similar reasoning in (25).

Now we are ready to bound any central parameter progress between two aggregation steps. Since
t—k =0 (mod K), we have ||0;_x|| < G. Then by (7), we get

t—1
10 — Op—|| < |0 —ét,kH < Z 10141 — 6y
I=t—k
@n t=1 )
<Y (R4 (L +)00] + 2w)
I=t—k

(30) _
< kog— k(R4 2(1 +9)||0i—k|| + 4koy—r (R 4 204, Carige) + 20— Carige )
<2kay—g (R4 (14 7)||0— |l + 20—, Claitt) , (31)

where we use the fact that v < 1 and 4ka;_j < 1.

Finally, we need to bound the central parameter progress for general time period 7. For any ¢ >
7 > 1, let s be the largest integer such that sK < ¢ — 7. And let s’ be the largest integer such that
s’ K < t. Then we have

16 — 0| < Z 10(ssjyx — Ossj—vi || + 110 = Ol + 10— — sk |
j=1
(31)
< 2(7’ + QK)OésK(R + QOéSKOdrift)

’
s —S

+ 200+ ask | Y Klfsrs-nll + (¢ = 8" K) 8o || + (t = 7 = sK)[|x |

j=1

§20st(T + 2K)<R + 2asKCdrift) + QOzSK(T + 2K)(1 + ’y)G

L2ask (T +2K) (R+ (1 +7)G + 205k Cayigy)

SasKCprog (7—)7 (32)

where Oprog(T) = 2(7’ + 2K) (H + 2aoCdrift) = O(’T)
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Corollary 1.5.1 (Client parameter progress). If H@g || < G holds for all | < t, we also have
(CRE

< asKCprog (T)a

where s is the largest integer such that sK <t — 7.

Proof. 1ft =0 (mod K)andt—7 =0 (mod K), then 6\ = 0, and 6" = @,_., and the result
directly follows Lemma 1.5. Without loss of generality, we assume ¢t £ 0 (mod K) andt —7 #£ 0

(mod K). Let s be the largest integer such that sK' < ¢t — 7. And let s’ be the largest integer such
that s’ K < t. Similar to (32), we have

He,@ — 00,

SHQ_S/K - e_sKH + ‘

-]+

I ésKH .
By Lemma 1.5, we have

105k — bsxc|| < sk Cprog(s'K — sK — 2K),
where we subtract 2K to offset the addition of 2K in Lemma 1.5 for general ¢ and 7.

Then to bound the client parameter progress after a synchronization, we first notice that when ¢ Z 0
(mod K), we have

6 62| < 2000 |62 || + @0 B
Similar to (27)-(30), we have

Haﬁ"') <(1 4 204_1) ’ et“)H ta iR
t—1 B k—1 )
< I @ +200) ||| + R (1 + 20— ;) o
I=t—k =0

<2 (Hétka + k:at,kR> )
where k is the smallest integer such that ¢ — k = 0 (mod K). Then, we get

t—1
o o] < 5 ot
l=t—k

k—1
<> a(a+q|o”
l=t—k

<koy—k (2(1+7) (||0i—k|| + kou—rR) + R)
<2ko0 g, (R +(1+ ’Y)||9_t—kH) )

where we use the fact that 4ko;_;, < 1. Therefore, we have

Putting all together gives

+R)

Ha,ﬁ” - as/KH <2t — ' K)awxH < 20, KH,

o — esKH <2t — 7 — sK)asx H < 20, KH.

Het(“ — 0

< a5k (Cprog(§' K — sK —2K) + 4K H) < a5k Cprog (7).

With the above corollary, we are ready to bound the gradient progress.
Corollary 1.5.2 (Graident progress). If ||6;|| < G holds for all | < t, then for any 6, we have

where s is the largest integer such that sK <t —T.

3,(6) = 5°(0)]| < Loh(O)atar Conos (7).
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Proof.
|62, 0) = a7 @) = | (42, - A7) 0+ 52, - (R+(1+)6) o2, — 6
where the inequality uses Lemma G.2. Then we get the desired result by plugging in Corollary 1.5.1.

O

The third corollary of Lemma 1.5 is the expression of GG, which was stated as an assumption in
previous lemmas.

Corollary 1.5.3 (Parameter bound). Given the explicit projection 115, for any t € N, we have
2(2G + R) - 2(2G + R)
1—1603K?>y = 1—~v

o< 6=

Proof. For any t € N, by (30) in Lemma L.5, we have
HétH <2 (G + Kag(R+ 20[()Cdrift)) .
Plugging the expression of Cy,if; in Lemma 1.4 into the above inequality gives the recursive defini-
tion:
G =2(G+ aoK(R+2ap - 2K(R+ (1 +7)G))).
Note that we require 4K g < 1 in Lemma I.5. Thus, we have
G <2G + R+ 8a2K*(1+ )G,
which gives ~
G < 2(2G+ R)
~ 1-1603K2%y
Therefore, we let G := 2(2G + R)/(1 — 16a3 K?); and then, we have
0:]] < 2G + R+ 8agK*(1+ )G < G.

1.6 MIXING

Unlike stationary MDPs in TD(0) and off-policy Q-learning, the mixing process in our algorithm is
a virtual process. After backtracking, we fixed the policy as I'(6, ® )

stationary MDP. We denote O( D= = (S} @) Ut( 9 Sg +)1v ~t( _21) the observation of this virtual MDP at
time step ¢.

which then introduces a virtual

Lemma 1.6 (Mixing). Let F;_, denote the filtration containing all preceding randomness up to
time step t — 7. For any deterministic 0 conditioned on F;_.—such as a constant parameter or a
parameter determined by F;_.—we have

HE [Qt (0, O ) ’-Ft T:|

‘ < m;p;h(0)

Proof. We define a new TD operator:

22, (0,017) = g2, (6,017) ~ 42, (0).
Then, we have
|22 (6.00°) | ]|
:HE [Qt T( )’]:t 7':| —gt T(G)H
ot 9~ 08 —0]5) i) o
)

<(R+(1+9) 0] - || P2 (50 = \fH 2,

<mipj (R+ (1+)[0[]),
where the last inequality is by Assumption 1.

TV
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1.7 BACKTRACKING

Lemma 1.7 (Backtracking). If ||0;|| < G for all | < t, then for any deterministic 6 conditioned on
Fi_r, we have

|E[076,07) - 42, (0,0") | -]

‘ S asKCback(T)h (0) 9

where
Crack(T) = TLCprog(T) = 0(7'2).

Proof. First, we have

B [590.0%) - o2, 0,08 | 7.

<(R+(1+7) ||e||>HP<<2><o N Fo) = PO

yo (O = Fis)

TV

For a specific client, for notation simplicity, we omit the superscript (i) and denote Py, by P;. Let
O = (s,a, s’,a’); then we have

Pt(Ot == O|ft—7') :/ Pt(St =S, Ut = a, Sﬂ_l = S/, Ut+1 = (1/, Gt_l = 0, Gt == 0’\}}_7)d9d0'
02

/ Pu(S: = S| Fier) - Pi(brr = B Frr. S, = 5)
[SE
'Pt(Ut |]:t St = 5,0 1—9)
'Pt(St+1*5|~7:t St =8,0,_1=0, atfa)
Pt(et—9|]:t T,St—S Qt 1—9 Ut—a StJrl—S)
. Pt(U =a |ft_7—, St =S, Gt_l = 0, Ut = a, St+1 = 3’,9t = 9')d0d0’
/ t(St = S|9t rySt— 7-) Pt(at—l = 9|9t—r,5t—r,st = 8) : 7T9(l1|$)
@2

. Pa(S, S/) . Pt(et = 9/|6t77—, Sth, 9t71 = 9, St =S, Ut = a) . 7T9/(a/|8l)d9d9/7

where we use that fact that Uy is dependent on 0;_; instead of 6;; and when 0;_; is determined, 6;
is not dependent on S, 1. Notice that for any (s, s’,a) € S? x A, we have

/ Pt(Ht_l = 0|ft—‘raSt = S) . Pt(9t = 0/|./T'.t_7-,0t_1 = 0, St = S,Ut = a)d9d9/ =1.
@2
Thus, for Pt,T(O~|]-'t,T), we have a similar expression:

Pt—r(ot = O|‘Ft—‘r) :/ Pt—T(St =S, Ut = a75t+1 = 5/7[7t+1 = a'\ft—T) 'Pt(et—l = 9|~Ft—'ra Sy = S)
@2
. Pt(ﬂt = 9/|ft -,—,et 1= 9 St =S, Ut = a)d@de/
/ Pro(Si = 5(0i_r Se_s) - 7o, (als) - Pa(s,s') - 7o, (a'|$')

t(at—l = '9|0t—7'75t—r75t = S) 'Pt(at =0 |0t—7'75t—7'79t—1 =0,5=s5U= a)d@d&’

Joo.

Therefore, we decompose the observation distribution discrepancy as follows:

|P(OFis) = Pir (O Fir)

v S / (‘Pt(ot = OIFH)—Qt(O)‘Jr‘Qt(O)_pH(@t — O|Fi_y)

52x.A2

S1 S2

where

Qi(0) ::/ P (S; = 5|04—r,Si_r) - mo,__(a|s) - Pu(s,s") - mg (a']s")
@2
P (01—1 = 010t—7,St—7,S1=5) Pi(0y = 0'|01—7,St—7,00-1 = 0, = 5,U; = a)ddd0".
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For S;, we have

/S2><.A2

s/ Py (8 = 8l04r, St_s)mo, . (a]3)Pa(s, ') Py(0r—1 = 0]0;_+, Sty i = 5)
S2xA2x 062
PO, =0"10—7,St—7,0,1=0,S; =s,U; = a) ’WGH (a'|s") — mar (a’\s’)‘ dOdgde’
:/ Pt—T(St = 5|9t—r75t—7)ﬂ'9,,, ( | ) (5 S )Pt(et 1= 9|9t 7y St—7, St = S)
S2x Ax0O2

POy =0'0;_+, S +,0; 1 =0,8 =3s,U; =a) ||779¢ (") — mar (+8) HTV dsds’dadfdd’.

Prr(Or = O|F_r) — Qt(O)‘ ao

By the Lipschitzness of the policy improvement operator (see Assumption 2), we know

sup |70, (1s") = mor (-[8") || oy < L1161 — €'

Then for any ¢’ € © for which P;(6; = -|F;_,) has non-zero density, meaning that 6’ is reachable
at time step ¢, Corollary 1.5.1 implies

o2 -

prog (T)’

where s is the largest integer such that sK < ¢ — 7.

Therefore, we have

/‘S‘2><A2

P (0= O|F_y) — Qt(O)‘ O < s LCprog (7).

For S5, we have
/ PO, = O|Fi—r) — Qu(0)|dO
S2x A2
S/ Pi(0y-1=00:—7,5i+,5: = 5)Py(0; = 0'|0;—7, S+, 5 = 5,Up = a,0;,_1 = 0)mg: (a'|s") Pu(s,5")
S2xA2x 062
NP (S = $100—r. Su—r)me,_(als) — Pu(Sy = s(0p_», st,T)wa(a|s)‘ d0dode’
=/ Pt(atfl :e‘atf'rastf'rast :5)
SxAXO

- ‘Pt_T(St = 50—+, Se_r)ma,__(als) — Pi(S; = s|6i_. St_T)ﬂ'g(a|s)‘ dsdadd

S/ Pt(etfl = 9‘075*7') St—r,St = 5)
SxAXO

|

+

Prr(Sy = 8160, Si-r)a, . (als) = Pir (S0 = sl61-r, Si-r)malals)|

P (8, = 8|6i_r. Si_)mo(als) — Pu(S; = s(0,_., st,r)m)(am‘) dsdadé

P (S; = |Fi_r) = P(Se = | Fi_r)

<sup [mi—r (1s) = wo(-[s) v + |

s€S v

<ok Lpmog(7 = 1) + | Pir (S = |Fier) = PulS: = 17|

Substituting S7 and .Sy with the above bounds gives

oy skl lz 1 Clorog (1).

(33)

HPt(Ot\]:t—r) — Pt—T(Ot|ft—7) v <

|Pier (8 = 1 Fir) = P(St = | Fir)
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Applying a similar decomposition as S; and Ss2, we can obtain an analogous bound to (33) for the
state distribution discrepancy:

<|

Pir(Se = |Fir) = P(St = | Fir)|

P (Si 1 =|Fi ) = Po1(Si1 = | Fir)

v + s LCprog (T — 2)

T—2

< HPtf‘r(S(tfr = '|]:t77') - Ptf‘r(Stf‘r = '|]:t77') - + Z asKLCprog<l)
=1

<(7 — 2)as ik LCprog (7).
Putting this bound back into (33) gives

Ha(om_» — P (O Fisr)

v <Task LCphrog(T).

Finally, we get

|E 670,07 = 62.(6,00") | Firs

| <70k LChos(r) (B + (147) 10])

1.8 GRADIENT VARIANCE

Lemma L.8 (Gradient variance).

9 _ 2 A2(ep, €) . 32H?
E|lg:(0;)|° < 64 (IE [6: — 0. + TPQ + 02 Clar () + 4m>p*" H? + T

where

Coar(1) =4 (4(3 + H2L2J2)Cd2rift +4H?L[%6%C? (1) + HngaCk(T)) .

prog

Proof. Similar to Lemma 1.1, we first decompose the gradient variance and establish the linear
speedups for the backtracking and mixing terms.

1g:(0:)|1” = llg:(8,) — g(6.)]> (34)
= |9:(8) ~ 9:(6.,0) + 9.(6.,01) ~ g1 (6., O)

~ 2
+gt77(0*7 Ot) - gtfr(e*) + gtf‘r(e*) - g(e*)

<4 (@) (00 @ (o - (0@ _ ~ (o]
< 3o (1) -t @)+ [ (o) -5 (o))

Gy G2, gradient progress

+4 Hgt (0+,0:) — g1 (9*7 Ot) H2 +4 ’ gt—r (0*, Ot) —gi—-(04)

G3, backtracking G4, mixing

(35)

2

)

where (34) uses the fact that g(6.) = %Zf\; g (9,@) = 0; and in (35), we denote

g (0., O~t) = % vazl gﬁ)T (9,@, Ot(i)), and the same notation applies to other semi-gradients.
By the Lipschitzness of semi-gradient gt(i), (7 is bounded by

) ) . N2 , .

b o) @) =it~

<12 (Het@ — 8,

2

2 N Hét B 9*H2 i ‘ 9>(kz') —0,

)
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By Lemma G.1, G5 is bounded by

[ (67) =3 (6) = (e 0 o]

<i?1%0” |02, — o ’

EQT - :U“(kl)

2
)

<ar? 2 (|02, = Gucr|| " s = G+ 1 = 0. + . — 08

)
Now we are left with G3 and G 4. However, we only have the bound of their first moment by Lemma

1.7 and 1.6. We first note that for a set of functions {g; }; such that ||g;|l~ < @ and independent
random variables {z;}}¥, such that |[Eg;(z;)|| < b, we have

E||g(:l:)H2 < Zgz (74), Zgz x;) >

1 1
=Nz ZEH%(%)HQ + 52 2 (Bgilzi), Eg;(z))
i=1 Py
N N

2
<%ty 0D g ) By o)

i=1 j=1
<‘L2+b2 (36)
7N .

By (36) and Lemma 1.7, the expectation of (G5 is bounded by

E |

By (36) and Lemma 1.6, the expectation of (G4 is bounded by

dl i

Combining all together with Lemma 1.4, 1.5, and Theorem 1, we get

9:(0+,0;) — g1~ (0*, Ot)

2 4H?
| ‘f”] < S+ 02 Clua T (37)

gir (6.,01) ~ g1+ (6.)

_ } —E MZ”(()*, 0,)

2 4H?
’ ‘ft7:| < T+m2p2‘rH2.

5 A2 (ep, €r
E [llg:(6:)%1Fi—7] <4 (4(3 + H?L?0?) (E [||9t — 0. |fH} + a2 Cluin + tg”)

8H?
+4H2L20 achgrog T + (azKCgack + m2p27) H2>
_ A2 ., 32H?
<64 (IE [Hgt _ 9*H2 |]_‘t77_:| + (Epe)) + 21 Cyar + 4m?p*" H? + —
w

where we use the fact that LHo < w < 1 required by (20), and
Cyar = 4 (4(3 + H2L202)C§rift + AH?L? 2C’[Qnrog + HQCkQ)ack) :

Finally, we get
32H?

_ A2 .
Bl (001 = E (& [Ig:(001717:-]) < 61 (B[ — 0. + 5 )t aeConram?ptr 124 2

2

O

Recall that Lemma 1.5 bounds the central parameter progress, which gives a naive bound of the
mean square central parameter progress E[|, — 6;_,[> < a2, C? (1) for any 7 < t, where
s is the largest integer such that sK < t — 7. However, with the help of Lemma 1.8, we can
derive a tighter bound of the mean square central parameter progress, which is essential for proving

Theorem 2 later.
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Corollary 1.8.1 (Mean square central parameter progress). For any 7 < t, we have

E ||, — 6 |" < 4(r + K)(r + 3K)a% (64IE Garc — 0. + V(T)) :
where s is the largest integer such that sK <t — T and
64A2 r 32H?
Viry = )y o2 () + am2g 2 4 22

is part of the gradient variance bound in Lemma L.8.

Proof. Recall in Lemma 1.5, we utilize a naive bound of ||g;(8;)|| by (R + (14 7)||0¢|| + 2w;); the
key difference in this proof is that we will bound E||g;(6;)||? using Lemma 1.8. Therefore, similar
to (32), let s and s’ be the largest integer such that sK < ¢ — 7 and ' K < t respectively. Then we
have

’
s —S

E[|6; — 0 ||* <(s' — s +2) | ElIf — 0wkl + > Ell0(esjyixc — Osrjmyxc|I” + Bl — Ourc |
j=1
<(s'—s+2) [ B0 — 0kl + ) Ellfsriyx — Osaj-vx | + Ellfe—r — ok |1?
Jj=1
t—1
<2s' —s+2)K Y afEllgi(6))]
l=sK
t—1
<2 +3K)alx Y Elgi(6n)]*.
l=sK
By Lemma 1.8, we get
E[|0; — i[> < 2(7 + 3K)aZg Y (64E[6; — 0.% + V(I - sK)) . (38)
l=sK

Then, similar to (30), we want to bound E||§; — 6. by E||f.x — 0.]? for sK < 1 <t — 1. We
have

_ 5 y 2
E|6 6. <E[d -o.

=E|01 — 0 + i_1gi—1 (6i—1) |?

=E||61 — 0. || + 2004 E (011 — 0, g1-1 (61-1)) + a7 4 E|| gi—1 (61-1) ||
<(I+4+am)E H97171 - Q*HQ +a (1+a-1)E|gim1 (-1 (39
<(1T+ay) (14640 1)E[0 1 —0.]> + s (1 +0y_1) V(I —1—5K), (40)

where (39) uses Young’s inequality and (40) uses Lemma 1.8. We require 64 < 1, which gives
(I4+a;—1)(1 +64a;-1) < (1 4+ 66¢;_1). Recursively applying (40) gives

l—1-sK
E |6 — 6. < (14 6605x) " Ellfsx — 0. + asx (1 + asr) V(r) > (1+66asx),
j=0

where we use the fact that V' is monotonically increasing. We further requires that 132(7+ K)o <
1. Then, similar to (25), we get

B0, — 6.|° < 2E|8.x — 6.]1% + 2055 (1 + asr) (T + K)V (7). (1)
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Combining (38) and (41) gives

E(0; — 0, |* <2( + 3K)o?y tzl (128E(|0sx — 0.]1* + 12805k (1 + asc) (T + K)V (1) + V(7))
l=sK
— _ 128 133
<o(r + 3K)a2, l;{ <128E95K 0. + (132 st 1) V(T)) 42)
<A(7 + K)(1 4 3K)a2g (64E|0,5 — 0.]> + V(7)) ,
where (42) uses our requirement that a;—, < (7 + K)agx < 1/132. O

J PROOF OF THEOREM 2

Theorem 2. If ||6;|| < G holds for all | < t, then
_ _ Ne

E H9t+1 — 0. < (1 —-aw)E H@t —0, 2 + ;O A? (eps €r) + o? ~ +a2C3 + afCy,
where Cy,Cy, Cs, Cy are constants defined in (50).

Proof. We need to pre-process the results from Lemmas 1.3 to 1.7 before plugging them back into
Lemma I.1. Throughout this proof, let s and s’ be the largest integers such that sK < ¢ — 7 and

s'K < t. First, for Lemma 1.3, by Young’s inequality ab < 3 (BaQ + %bQ), for any positive 3, we
have

E (6 —0 ifjgm(é)_g(é) <ﬂE\|§—9[|2+M 43)
t *7Ni:1 t t >~ t * IB .

Similarly, for Lemma 1.4 and 1.5.2, we have

_ 1 N ) i N
E <ot — 0 > (3008 - g<2><9t>)> <PE 6.

=1

(1 + Y + ULH) Cdrlfta

S

(44
N _ . .
= D 2E (0= 00,51 (07) — gV (0")) <BE 8. — 0.|* + 3 @2k Crrog L0 ER® (81),
i=1
45
where 72(8;) = & SN | h? (Qt(i)), and
Eh? (6,) = 2H? + 2(1 +7)’E [Q] < 2H? + 803  Cliig, < Hisiges

where we define Hayigy := /2H? + 8a3C3 4,

Then, for Lemma 1.6, we have

E 3 (0ol (1) - a2 (1))

S B (a2 (0) ~ 2 (00)) + & S B (s =02, (7) - 2, (7))
i=1

i=1

2

<E HiEK ~ 09 (07) - 5, (9§“)>‘ft_ﬂ
H,y
N
3 e [ [ (o) -2 () 7]

H>
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For Hj, since both g(l) and g,@T are independent of Hgi) conditioned on F;_,, Lemma 1.5 and 1.6

give
N

L3 A (00) o, (7))
i=1
]ﬁf‘;\!m b | Fi) || 22, (07) | Fivr] ”

<ask Cprog - mp Eh(6;) (46)
SasKmpTCprongrifb

H, =E

Similarly, for Hy, we have

N
o0 5 3 o, (40) i (475
<E (1751 (00) (161 — 61 + |5 - .])]
§mp Hdrift (E Het - 0* || + asKCprog)

1 - 1
S§ </8]E Het - 9* ||2 + /BmeQTngift) + O(sKmpTCprongrift.

Substituting H; and Hy with the above bounds gives

Z2E<0t 0.9, (087) — 52 (0f7) ) < BE0: -

1
<ﬂmpTHdrift + 4OésKCprog> .
47

For Lemma 1.7, the trick we applied in (46) is no longer valid because gy) and Gt(i) are correlated.
Notice that 9(1) is deterministic given F;_,, we first apply the following decomposition:

sz@t 0.,9°(00,07) — g2 (6", O))

k338 (5 0 (570.00) 0.0+ (2661, 0) o210, 01)
i=1

Hjs
N
+5 Z E (0 — 000" (0. 01") — 12, (0,.0F"))
Hy
1 - »
+NZZE<0t—0t_T, (0,0 — (9§Z)T,0(’>)>.
i=1
Hs
By the Lipschitzness of semi-gradient g( " and g,@T and Corollary I.5.1, we have

1 = i i )
Hj < N?E (160 = 0.]1 - 4617 = 62, < FE6: = 0.1 + S0k Chrog (1)

By Lemma 1.7, we have

ZMMFMW[

2

02,0 g2 02, 0| | Fer]

<BE ||0; —

1
B (OésKC’back]Eh(et—T))2 + 2a§KCprongaCkEh(0t—‘r)~
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Finally, for H5, by Young’s inequality, we have

T4+ 2K _ _
H; < E|6; — 0,_,|*
S*QSK(T—FK)(T—F?’K) 160 = 01|
as (T+ K) (1T + 3K ~
+ K( T+ ;(f( )E |:E |:||gt(0t—‘r7 Ot) - gt—T(at—Ta Ot)||2 ‘ft—‘r:|:| .
Since 6, _ - is deterministic given F;_,, we can apply a similar argument to (37) here, which gives
(T +2K)

H: <
> = k(1 + K)(1 + 3K)

By Corollary 1.8.1 and Lemma 1.5, we get

o 4H?
10, — 0| + e+ 2) (S + 02 (117

_ 4H?
Hs <a,x (T + 2K) (2561E 105k — 0.||° + 4V (r) + -+ a‘chgack(T)m)

<agx (T + 2K) (256(1 +1/32)E ||6; — 6.]|* +256(1 + 32)E || 6sxc — 6,
2
+4V (1) + A7

N + aiKCl%ack(T)H2)

prog

_ 4H2
<o (T +2K) (264]E [|6: — 6. HQ + 844802, C2 . (T) +4V(T) + - aichack(T)HQ)

We further require that 132, (7 + 2K) < (8. Then, plugging Hs, H4, Hs, and V (7) back gives

N

1 = i i i i i) A6

LS 28, 0,900, 0 — 4. (0" O
i=1

_ 1 28A2
§4BEH015 - 9* ”2 + BagK (4Cgrog + 2BCprongackHdrift + Cgacngrift) + %
132H2
+ .k (7 4 2K) (8448043;(0;% + 4021 Coar + 16m*p°" H? + 02 CR, 0 H? + 5 ~ > .
(48)

Putting Equations (43) to (45), (47) and (48) and Lemmas 1.2 and 1.8 back into Lemma 1.1, we get
2

E (041 — 0.]° <E |[f41 — 0.

= 2 Y 2
A? r 28A2 r 1 1
+ oy < (GP’ ‘ ) + ﬁ (Zp’ ‘ ) + 70‘3’1((1 +y+ ULH)ZC?irift + 7O‘§chrogL2ngifto—2
B w B B
1

1
+ mpTHdrift <ﬁmpTHdrift + 4asKOpr0g> + BaiK (4C§rog + 2B0progcbackHdrift + Olgacngrift)

1321
+ i (7 + 2K) (8448Q§K02 0 Coar + 16m*p* H* + 035 ChaaH* + = >)

prog

- A% (ep, € 32H?
+af <64 <]E 16 — 6.]]” + (Z’;)) + a2 g Cuar + 4m°p*"H? + ) :

N

Note that 7 is a virtual time range that we backtrack, and we have not determined it yet. Now we

require it to be large enough such that mp”™ < «y. We also do not want 7 to be too large. Thus, we
fix

7 = [(log iy — logm)/log p] < loga; . (49)
We also require that the decay rate of o, is non-increasing and .-, o = +oo. Then, there exists
T1 > 0 such that for any ¢ > 77, it holds that
log oy — logm

sKZt—T—K:t—{
log p

-‘—K>t.
-2
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The requirement on the step-size also gives limsup, ., a¢/2/cz < +oo. Then, there exists
C! ,C, > 0 such that for any ¢ > 0, we have

asK . Q)2
5 §C&-hmsup—/:Ca.
8% t—oo (O
Thus, after some rearrangement, we get

e — 0.
2
<(1 = 204w + 8 3 + 6407 )E ||6; — Q*HQ +4a?(33C, (T + 2K) + 8)%

1
+ OZ?CZ < ((1 +y+ JLH)2C§rift + Cz L2H§rift0—2 + ngift + 4Cgrog + 2BCprongackHdrift + Cgacngirift)

ﬂ prog

+ ACrog Harite ) + af C (7 + 2K)(8448C2, o, + ACyae + 16H? + CEoq H2) + Cray + AH?)

prog

1 204640y
+ oy (ﬁ + wz) AQ(epaer)'
Now we let 5 and o small enough such that
85 + 640[0 < w.

Then we get the final form

_ _ C
E |64 — 0. < (1-oww)E 16: — 6. ® 4 001N % (e, 60) + afﬁ + alCs + afCy,

where
Cr =B~ + (28 + 64ag)w ™,
Cy =4(33C, (T + 2K) + 8)H?,

1
CB :Ci <B ((1+7+JLH)QC§H&+ CgrogLQngifto-Q—’_ ngift + 5C§rog + 2C%ack‘[—‘rgrift) (50)
+ 4Cprongrift)
Cy =C3((1 + 2K)(8448C2,, + 4Cyar + 16H? + C2, ) H?) + Coar + 4H?).

K PROOF OF CORROLARIES 2.1 AND 2.2

In this section, we provide the proofs of Corollaries 2.1 and 2.2. Combining with the constant
dependencies discussed in Appendix L, we get the final results presented in Section 5.

Corollary 2.1. With a constant step-size oz = g < w/(2120(2K + 8 4+ In(m/(pw)))), for any

T € N, we have )

< 4efa0wT

_ . 12
E |67 — 6% 0o — 0| + B,

where B is the squared convergence region radius defined by

1 6 Co
B = ; ((Cl + ’LU) AQ(epﬂ er) + O‘OW + 04803 + Oz804) :

Proof. Let 6, be the central optimal parameter. By Theorem 2, for any 7" € N, we have

E|l6r—6.|% < (1 TE|6y—0, B LY T_11 t < emowTg 9236A2
07047 < (1—cow)” E[|6o—0.|"+aow oy ;( —apw)" < e (00 —0. 1"+ EPWR

where the last inequality uses the fact that (1 — apw) < e~ and >_,° (1 — apw)’ = (pw) L.

Then by Theorem 1, we get
6A%2  6A2

_ 112 _ A2 )
E[0-69| < 2E18 - 0,17 + 25 <deoovTgo — 0|2 + B - 2+ 2o
w w w
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Corollary 2.2. With a linearly decaying step-size oy = 4/(w(1 4+t + a)), where a > 0 is to
guarantee that oy < min{1/(8K),w/64}, there exists a convex combination 01 of {0;}L_, such

that 1 C CslogT C.
0 ( 4 3 log + 2 + ClAQ(Ep,Gr)) )

EWT - Hii)HQ < w3T2 w2T? wNT

w
Proof. Letc; =a+tand C = ZtT:o ¢y > (T + 1)2 /2. We define

S _— ~\T . .
which is a convex combination of {Gt } +—o- Then, by Jensen’s inequality, we have

2 1 & = 2
<52 aEle -6 (51)

EH@T _o,

Let 6, be the central optimal parameter. By Theorem 2, we have

1 1 -
? < (5 5) Bl e
w2
where B(a) = (C1A? + aCy/N + a2C3 + a2Cy)/w. Recall our choice of the step-size a; =
4/(w(a+t+1)); then we have 1/(aqw) = (a + ¢ + 1) /4. Plugging this back into (51) gives

1
SE 0 0. ’

|2 + B(Oét),

1 _
- @E H9t+1 — 0.

T
~ 2 1 a+t—1 - 2 a+t+1 ~ 2
EHQT—Q* Sa th < 5 E ||0t_0*” - E ||9t+1_9*“ + 23(%))
t=0
_ L XT: ((a—|—t— 1)(a+ O)E||0; — 0.]]° = (a+t)(a+t + 1)E||fs1 — 6. 2)
20 &~
9 T T T
n 201 A n 8CY Z a+t 32C5 a—+t 128C} a—+t
w CNw? = a+t+1 Cuw® = (a+t+1)?  Cuw' Z(a+t+1)?
1 = 2 = 2
<56 (ala=Dlfo = 0.]" = (@ + T)(a+ T+ E ||frs1 0.
L2007 SCy(T +1) | 32Cs o1 10 1
w CNw? Cwd = t+1  Cw' & (t+1)°
a 6o — 6.]° 20.A2  8C, 320 256,
< log(T -
- T2 + w wiNT w3T2O( 0g(T)) + wiT?
(12 04 03 IOg T CQ Cl A2
=0 <TQ+w4T2Jr w3T? Jr11)2NTJr w >

Then by Theorem 1 and the fact that 1/w < Oy (see Appendix L) and a < K/w?, we get

2 A? <K2 + Cy C3 IOgT Cy 01A2)

2— =0
+ w2 wdT? w372 w2NT w

~ N ~
EH@T—ei’> < 2]EH9T—9*

L CONSTANT DEPENDENCIES

In this section, we establish explicit dependencies between the constants. We begin by introducing
problem constants that are independent of other parameters: the reward cap 12 > 0, discount factor
v € (0,1), projection radius G > 0,' local update period K, and kernel-related constants, m >

L,p € (0,1), and A == min; ¢y M@ € (0,1]. Throughout this paper, we use asymptotic notation
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as R,G, K,m — oo and ,p — 1. We also use the nonasymptotic notation a < band b > a to
indicate that there exists C' > 0 such that a < Cb, and a < b to indicate that both a < band b 2 a
hold.

We first give the dependencies of ¢’ defined in (9). By its definition, we have ¢’ > 0, and
o < logm 1 S1ogm—&—1 _0 logm ’
—logp 1-p 1—p L-p

where the asymptotic notation holds as p — 1 and m — oo. We also geto = 0’42 = O(logm/(1—
p)). We will now use o as a base constant.

w is an important MDP constant and plays a critical role in the convergence rate. By its defini-
tion (19), we get w < 1/2 and

1-— : 1—
w = min wi>77min )\(1):77)\,

i€[N] 2 ie[N] 2
which gives
wh=0((1-7)7).
We then consider G and H. By Corollary 1.5.3, we get

G:2QG+m —O<?jf>

1—1603K2y
When + is near 1, the above bound is undesirable. Thus, when ~ is large, we can further require
4apK < /0.5, which gives G' < 4(2G + R). Without loss of generality, we have
G=G+R
And by the definition of H, we get
H=R+(1+v)G=<G+R.

We now use H as a base constant and replace G + R with H for simplicity. H can be viewed as the
scale of the problem. If we choose G according to (Zou et al., 2019), then H = O(R/(1 — 7)).

By (20), we get the dependencies of the policy improvement operator’s Lipschitz constant L:
w
L< —.
~oH
We now address the constants in Appendix I. By Lemma 1.4, we directly have
Cdrjft =0 (KH) .

We now consider ag. There are two requirements on g throughout the proof: 4Kag < 1 in
Lemmas [.4 and 1.5, and 64ay < w in Appendix J. Combining these conditions gives

ap < min {4;{, fq;jl} < min {K_l,w} .
Therefore, Cp,rog in Lemma 1.5 has the following dependencies:
Cprog = O((T+ K)(H+ K™ KH)) = O((t + K)H).
And Cy,, ¢k in Lemma 1.7 has the following dependencies:
Chack = O(T2LH) = O(1*w).
Then, Cy,, in Lemma 1.8 is controlled by

Crar = O(Chuigy + w2C2hop + H*CLo) = O(H?(K? 4+ w?rh)).

prog

'One can choose G = R/w as suggested in Zou et al. (2019). Here, we make it a pre-defined algorithm
constant.
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Next, we give the dependencies of constants in Appendix J. By definition, we have
Havigy = O(H + agCayitr) = O(H).
By the requirement of 5, we have
8 =< w.
And we have C, = O(1). Therefore, we get
Cr=0@w™ ") =0(1-)7"),
Cy = O(H*(1 + K)),
C3 =0 (H*(w ' (r* + K?) + wr?)),
Cy = O(H* (1 + K)(* + K* + w’r")).

Finally, we give the dependencies of constants in Corollaries 2.1 and 2.2. In Corollary 2.1, we
choose a constant step-size a; = . There are two requirements on «; throughout the proof:
132(7 + K)ask < 1in Corollary 1.8.1 and 132ax (7 + 2K) < /3 in Appendix J. A concrete
condition satisfying these requirements is a9 < w/(2120 (2K + In(2120m)/(pw))). Furthermore,
if we choose a small enough initial step size such that o' < 7 > max {K,w™'}, then C5, C3,
and C4 becomes

Cy = O(H?71) = O(H?), C3 = O(H*wr*) = O(H?w), Cy = O(H*w?7%) = O(H?*w?), (52)

where O omits the logarithmic dependencies on 7. Then the convergence region radius in Corol-
lary 2.1 becomes

H2r A2 - aH? A2
B=0|o2H?*"*+ o —+ >:O<a2H2—|— 0 + >
( 0 N1-7) (1-79)? 0 N1—-7) (1-7)?2

With the linearly decaying step-size in Corollary 2.2, (49) gives
T =<logT

as the total number of iterations 7' — oo. And the requirements on «; in previous discussion
automatically hold for large enough ¢. Omitting the logarithmic dependencies on T, Cy, C3, and Cy
in this case are the same as (52). Therefore, the finite-time error bound in Corollary 2.2 becomes

B (DT M)y H 51 Nee)
(1—7)? T (1—n)2 NT H?2 :

EHéT—e*

72 " NT H?2
M TABULAR FEDSARSA

In this section, we reduce our algorithm and analysis to the tabular setting. Recall that .S and A are
the measures of the state space S and action space A, respectively. For the tabular setting, .S and
A are the numbers of states and actions. Then, we choose the feature map to be an indicator vector
function, i.e.,

¢ 1S x A — RSAa [¢(57 a)](s’,a’) = ]]-{(S/va/) = (Sv a)}v

where we treat ¢(s, a) as a vector and use a two-dimensional index such that [¢(s, a)](s a7 is the

(s, a’)-th element of ¢(s,a); 1 is the indicator function. Using this feature map, the parameter 6 is
indeed the estimated value function table:

Qo(s,a) = ¢" (s,0)0 = [0](s.a)
Therefore, the local update rule in Algorithm 1 reduces to the tabular SARSA update rule (2).

We now show a natural bound G for ||0||2 without an explicit projection. First, the true value function
(1) is bounded by
- R
T\ < tR = = GOO
lq (Sa)l_gv —
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Suppose current estimated value function satisfies that |Q;(s,a)| < G for any state-action pair,

then we have
|Qt+l(87 Cl)| :‘Qt(s7 a) + Oé(’l”(S, Cl) + ’YQt(S/a a/) - Qs,a)|
=|(1 = @)Qt(s,a) + ayQu(s',d’) + ar(s, a)|
<(1-a)Gx + oG + aR

R
=1l-a+ay)/— +aR
( 7)1_7
R

Therefore, if the bound holds for the initial estimated value function, it holds for all sequential, local
or central, estimated value functions. However, G, is a upper bound for ||6||. For 2-norm, we

= 00"

have
o1z < VSAN) < Y2 =g,
which further gives
n-o ().

Also, for tabular FeEdSARSA, Remark 2 tells us that

o ofizts)

A is the probability of visiting the least probable state-action pair under the steady distribution of the
optimal policy across all agents. Then, Corollary 2.2 can be translated into the following corollary.

Corollary 2.3 (Finite-time error bound for tabular FEdSARSA with decaying step-size). With

a linearly decaying step-size oy = 4/(w(l + t + a)), where a > 0 is to guarantee that
oo < min{1/(8K),w/64}, there exists a convex combination 01 of {0;}1-_, such that
~ ; 1 ~ SAR? SAR?
E||6r — 6] < - A (eper) ) -
H T !2 = A2(1—~)2 A2(1 — 4)iT2 + (177)2NT+ (€ps €r)

9, We also get

where the asymptotic notation suppresses the logarithmic factors. Since |10 < ||0
the finite-time error bound under the infinity norm.
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