Supplementary Material

A Further experiments and additional results

In the followings, we provide the detailed settings for our experiments:

1) RL environment: We adopt the environment of Cooperative Navigation task in [33], which
consists of m agents inhabiting a two-dimensional world with continuous space and discrete time. In
the system, agents cooperate with each other to reach their own landmarks.

2) Multi-agent networks: We use a six-node multi-agent system, with the communication graph G
being generated by the Erdos-Renyi graph, where the edge connectivity probability is p. = 0.35. The
network consensus matrix is chosenas W =1 — ﬁL, where L is the Laplacian matrix of G,

and A, (L) denotes the largest eigenvalue of L. The generated topology is shown in Figure 2.

3) Data generation and model: We first obtain a good policy and then generate a trajectory of the
state-action pairs. In all experiments, the trajectory length is 7 = 200. We set the discount factor
~v = 0.95. Then, Vg(+) is parametrized by a 2-hidden-layer neural network with 20 hidden units,
where the Sigmoid activation is used at each unit.

4 Decentralized stochastic algorithms for comparisons:

1) Decentralized Stochastic Gradient Descent Ascent (DSGDA): This algorithm is moti-
vated by DSGD [39, 19]. Each agent updates its local parameters as 0;;.1 =

> jen:Mlij05 — Vs jes, Vo i (e wie) and wii D jen; Mlijwje —
H‘T{”Zjesiytvwfij(ei,tuwi,t)-

2) Gradient-Tracking-Based Stochastic Gradient Descent Ascent (GT-SGDA ): This algorithm is moti-
vated by the GT-SGD algorithm [58, 35]. GT-SGDA has the same structure as that of GT-GDA, but
itupdates v; ; and u; ; using stochastic gradients as follows: v; , = ﬁzg‘esi Vofij (6;1,wit)

and u;; = ﬁzjesi,tvwfij(gi,tv Wit).

A.1 Algorithms comparison

In this subsection, we provide an additional experiment on the
algorithms’ comparison. We run all algorithms for solving
optimization problem over cooperative MARL decentralized
policy evaluation. From Figure 3(a) and 3(b), it can be seen that
GT-SRVRI converges faster than other algorithms (GT-GDA,
GT-SRVR, GT-SGD and DSGD) in terms of the total number
of gradient evaluations. In this experiment, we initialized the
parameters from the normal distribution for all the algorithms
and fixed learning rates as v = 1072, 5 = 10~2. As is shown
in Figure 3(c) and 3(d), GT-SRVR and GT-SRVRI have the
same communication cost as GT-GDA, which is much lower than those of DSGDA and GT-SGDA.
The experimental results confirm our theoretical analysis again that GT-SRVR/GT-SRVRI enjoy low
sample and communication complexities.

Figure 2: Network topology
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Figure 3: MARL decentralized policy evaluation performance comparison.
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A.2 Learning rate setting

We use a 6-node multi-agent system with a generated topology as shown in Figure 2. In this
experiment, we choose the trajectory length n = 200, discount factor v = 0.95 and mini-batch
size ¢ = [v/n]. Ve(-) is parametrized by a 2-hidden-layer neural network with 20 hidden units,
where the Sigmoid activation is used at each unit. Figs. 4-5 illustrate the objective function (@) and
convergence metric 9 performance of GT-GDA and GT-SRVR with different learning rates - and 7.
Since excessive learning rates will result in large fluctuations in loss function values. Thus, we fix a
relatively small learning rate v = 10~3 while comparing 7; and set n = 10~3 while comparing 7.
In this experiment, we observe that methods with a smaller learning rate have a smaller slope in the
figure, which leads to a slower convergence.
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Figure 4: Performance of objective function with different step-size.
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Figure 5: Performance of convergence metric 2T with different step-size.

A.3 Topology setting
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Figure 6: Topology.

We use a 6-node multi-agent system and experiment on three different topologies. The generated
topology with different sparsity are shown in Fig. 6. The trajectory length is n = 200 and we set the
discount factor v = 0.95, constant learning rate v = 0.1, = 0.1 and mini-batch size ¢ = [/n].
We observe that the objective function J(6) and convergence metric 9 are insensitive to the network
topology. The subplot in Fig. 7 shows that the J(6) and 9t slightly increase as p. decreases.
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Figure 7: Performance with different topology.
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(a) Topology sparsity p. = 0.8 with two nodes.  (b) Topology sparsity p. = 0.8 with eight nodes.
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Figure 8: Performance with two nodes.

A.4 Node setting

We test the following experiments on different multi-agent systems. The generated topology with
a 2-node system and a 8-node system are shown in Figs. A.4. We further adopt a 20-node system
with topology p. = 0.5. The trajectory length is n = 200 and we set the discount factor v = 0.95,
constant learning rate v = 0.1, 7 = 0.1 and mini-batch size ¢ = [\/n]. We compare our proposed
algorithm GT-GDA and GT-SRVR/GT-SRVRI with two baseline algorithms GT-SGDA and DSGDA
mentioned in Section 5 in terms of MSPBE J(0) = maxcrr F'(0,w) and the convergence metric
in (7). In Figs. 8,9,10 ,we observe similar results as shown in Section 5. Thus, we can conclude that
our proposed algorithms GT-SRVR/GT-SRVRI enjoy low sample and communication complexities
in general.

A.5 Linear approximation v.s. Nonlinear approximation

We fixed learning rates as v = 10~%, 7 = 10~! and compared the Mean Squared Error between the
ground truth value function and the estimated value function over three independent runs with nonlin-
ear approximation. We note that the ground truth can be calculated using tabular policy evaluation
and the estimated value functions is learned by our stated algorithms SRVR and SRVRZ. The mean
square error (MSE) of SRVR is 0.084 £ 0.003, MSE of SRVRZ is 0.092 4 0.005. Furthermore, with
linear approximation being applied on our stated algorithms, we have MSE result as 0.1747 &£ 0.012
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Figure 9: Performance with 8 Nodes.
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Figure 10: Performance with 20 Nodes and topology sparsity p. = 0.5.

on SRVR and 0.1895 =+ 0.014 on SRVRZ. Thus, our algorithms achieve lower MSE and perform
better under nonlinear approximation than linear approximation.

B Proof of Theorem 1

In this section, we organize the proof of Theorem 1 into several key lemmas. Before diving in our
theoretical analysis, we first define the following notations:

c %=L 3" xipand x; = [x] -+, %), ] forany vector x;
* VoF, = [VeF(91,t7w1,t)T, T 7V0F(0m,tawm,t)—r]—r;
° vwFt - [VwF(al,tvwl,t)Ta T 7VuF(0m,tawm,t)T]T;

« E(x¢) = =3 |Ixi,e — X¢||? for any vector x.

Our first step is to show the following descent property of GT-GDA algorithm on the function J(-):

Lemma 1 (Descent Inequality on J(8)). Under Assumption 1, the following descent inequality holds
under GT-GDA:

v Ly, -
53 )[|pel?
+ L ||w; — @* + VI VeF (0, @) — pell*, (11)

where J(0;) = max,, F(0;,w) and w} = arg max,, F'(0;,w).

J(0r41) = J(60:) < 2V IO~ (

Proof. According to the algorithm update, we have:

_ _ (a) _ _ L _ _
J(0111) — J(0y) < (VJ(0:),0:41 — 6;) + 7J||9t+1 — 6,
b i L% _
Q= (IO, 1) + =L i
v 3 v L g A
== 5 IVJ@)I° = (5 = =5)IBel* + S IV (6:) — B
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L a A - A _
1961 ~ = B bl + 219 00) ~ ToF (6. 0) + ToF (61.0) i

(c) L _ ~ _
< —2IvI@)IP-(5- ” B2V I (6:) — VoF (81, @) + 1| VoF (81, @) — b2

(d) _ L _
€ 2va @01 — (& = B + ALl — 1 + A ToF @) ~ Bl (12)

where (a) is because of Lipschltz continuous gradients of J, (b) follows from the update rule (5), (c)
follows from [|x + y | < 2||x/|? + 2||y]|? Vx,y, and (d) follows from Lemma 10 and Assumption 1
(b). This completes the proof of the lemma. O

Note that in the RHS of (11), there is an error term ||w; — @;||?. The following lemma states the
contraction property of this term.

Lemma 2 (Error Bound on w*(8)). Under Assumption 1 and with n < 1/2Lp, the following

inequality holds for GT-GDA:
_ . 1n 9 R

[@e1 —wipg|? < (1 - > )i = tH2+ﬂ”vwF(9tawt) —d¢|

5[2
—(1+ —)—Hd 2 4 2

Bef®, (13)
where w; = w*(0;) = arg max,, F(0;,w).
Proof. Define w; = w*(0;) = arg max,, F'(6;,w). We have:
[@er1 = wf[I? = @ +ndy — w2 = @ — wf 12 + 0Pl del|” + 20(@ — wi,dy).  (14)
To remove the third term in (14), we have:
F(81,w) ~ F(B,@0) + 5 lw — @ < (VuF(8,0),w — @)
=(ds,w — @e11) + (Vo F (0, @) — dp,w — @p41) + (Vo F(0y, @), 0rp1 — @) (15)
With np < 1/2Lp and by Assumption 1 (b), it follows that
1 L
- ZH‘DtH —w? < —7F||@t+1 — @
< F(Op,wii1) — F(01,00) — (Vo F(0y,04), @11 — @y). (16)
Combining (15) and (16), with the update w; 1 — w; = n(_it, we have:
F(61,w) — F(B1,@r41) + & [l — @l
- ~ - 1
<(dy,w —@ig1) (Vo F (0, w0p) —dy,w — 0q1) + %Hwtﬁ-l —w)?
—(dy,w — @) + (A, @ = @r1) + (Vu F (01, 0) — dyyw = @r1) + 7 [
=(dp,w — @) =l de]|? + (Vo F (0, @) — dp,w — @pp1) + Z||&t||2
_ ~ _ _ ~ 3n -
—(dy,w — @) + (Vo F(By, ) — dy,w — @g1) — Z”HdtHQ. (17)

Let w = wj}, we have
F(Br,w}) = F(0r.@11) + 5 ] — @i

- _ - 3.
<(de ] = @1) + (Vo F(0,,) = di,wf = @rer) = |

@ 2 S . 30, 5
S(dowf = @) + = [VoF (0@ — &+ Sl — @l = )P
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® - 2 o . L 31 5
< (dr ] = @) + VP (0 @0) = dill + Fllwi = @il + o — @l = i)

©/3, or oy o 2 5 Y3 ‘s 3 RYF

Lo wf =)+ LIVLF (0,00 - i+ Gl el = (F = ER)ladr,as)
where (a) follows from —(x,y) < 2CHx||2 ¢llyl* and ¢ = &, (b)is due to [|x + y]||* < 2[x[|* +
2, and (c) is from Wi — wy = ndy.

Since F(0;,w;) > F(0;,@;41), we have

* — 3 * — 4 n 3 3
G i = aul® < 200de,wf — @) + IV F (0 @0) — dif - Az a9)

Combining (14) and (19) and setting n < 1/2u < 1/2Lp, we have

_ N 4 = _ ~ 2
@1 — wil? < (1 - EDjlwp — t||2+;’7||vwF<et,wt>fdt||f%ndtn? (20)

2
Then, it holds that

i1 — Wi P = lom — w) +w —wiy |

(@) 7N . 4w
S @+ )@t — vy 12+ (1+ %)Hwt — Wil

—~
o
~

§ . 4.5 5
<1+ T @ = WP+ (1 )15 100 = 0P

@ pn -
<+ = D)llwy —wn* + (HI)*IIV F(0;,01) — de|

—(1+ ﬂ)" Ide 1% + (1 + WLE,HBQ — 0,4

@ . S5LZ~%

OB =1 P+ 5L VP (61,0 — ] — (1 + EE a2 4 =2 en
where (a) follows from ||x + y||2 (14 1/e)||x]|* 4+ (1 + ¢)||y||* and ¢ = un/4, (b) follows from
Lemma 9, (c) follows from plugging (20), and (d) due to the facts that:

2,2
K K1 HnopTn K1
1+—)1——=)=14+—— — — <1——
L+ =) +£ 4 5 s S1-7
4 1.4 9
C L e A Tl o 4
47 4 2u’ p 2u

4 1 4 5 _
1+—§—+—=—,and@t—0t+1=’yf)t. (22)
L U A )
Plugging (22) into (21) yields:

1 = wipa[* = llwf — @)

B 5L2 2 B
< = Bl ;= @l + 5L VP (61,0 - a - 1+ 5T 4 e 2 )
This completes the proof of the lemma. O

Next, by combining the results from Lemmas 1-2, we have the following descent result:
Lemma 3. Under Assumption 1 and with ) < 1/2Lp, the following inequality holds for GT-GDA:

= = 8vL2
J(0T+1)*J(90)+W[Ilwm Wiy |I* =l — o] ?]

T
v LJ’y 407 L2 L2 2777L
ZHW ()| =~L3 ant—wtw (5 ZH ell* FZIIdeIQ
2 p2n? %
727L%+27LF
u2m m

2 7213
+( >Z[8<0t>+e<wt)1+%§nvwﬂ—vt||2+ﬁ;nvem—utu?

t=0
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Proof. From Lemmas 1-2, we have

2) 2) S’YL * * —,
J(0r+1) — J(6:) + i E @1 — wiy i 1P = llw; — @¢?]

Ljv? 4073L2L 2ynL3
<_7 J(O)? — ~L2 o2 s 2 _ 20Nk 5 e
[VJ(0)* — vLE|lw; — @l - (5 5 i E) el — . [[de |l
_ 3612 L
| VeF (8, @) — pu® + M;“”uvwF(ot,wt) — 4% (24)

Note that
Vo F (6;,:) — pell?

m

_ 1 & 1
=||VoF(6;,w:) — o ZveFi<9i7t7wi,t) + oo Z VoF;(0;+,wit) — e’

i=1 i=1

- 1« 1 &
<2|VoF (81,w1) = — > VoFi(0i,win)* +2]— > VoFi(8iywis) — pil*

i=1 i=1
m 1 m
2 _ 2
Z \VoF(0;,;) — VoFi(0;1,w;+)||* + 2”% ; VoFi(0;+, wit) — Pt
2 m 1 m
<7 D100 = 00l e — il T+ 207 3 VoR Oun i) ~ Bl 03

i=1

Similarly, we have:

_ _ 212 & B
Vo F(0;, 1) — def|* < —F Z 16; — 63 ¢[”+| @ — wie]l?]

1 & _
+2]— D VuFi(Bipwis) —dif*. (26)

i=1

Thus, we have

N N 87L2 * * —
J(0r41) — J(6:) + E @1 — wiy 1P = llw; — @¢?]
Ljv? 40’)/3L2 L% 2ynL?
<~ DIVTO)|? = AL ||wi — @ — (L — 22 2 ZWEE ) q,)12
||V (00)]° — vLE||lw; — | (2 > 22 E)pell® - p [de|

—— B 3612 —_— _
+ 7| VoF(8s, @) — Bill? + 2L |V F (0, @1) — di|?

v Ljy? 40’y3L2 L% 2ynL2
< - *||VJ(9t)||2 —yLillw; —@l* — (5 — E)lpel® ~ . ——F|d|?

2 2 p2n?

m

72yL%  2yL3 5
+ (S R S 16, - 01 + oo — wiell?)

pEm moiE
1 « _ 72L%
+ 27”% vaFi(ai,t,wi,t) - Vt||2 FVH* ZVOF it Wit) — lltH
i=1 i=1
(a) v  Ljy? 40fy3L2 L% 2ynL?
<—f VJ(6,)|? —yL3 - - — p:||? — =L ||ds||?
IV IO = vLillw; = @l - (5 - =3 el e 1

72LF’y

+( Vo F: —w||?, (27)

727L P 2vL%
uw2m m

where (a) due to ||% S i — TP <+ LS i — @2

VE®) + E@o)] + L VuFy — vl +

Telescoping the above inequality, we have the stated result. O
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Next, we prove the contraction of iterations in the following lemma, which is useful in analyzing the
decentralized gradient tracking algorithms.

Lemma 4 (Iterates Contraction). The following contraction properties of the iterates hold:

1 _

16; =1 @ 6> < (1+c))N?(|6,-1 — 1@ 6,1 + (1 + *)Vngtq —1epl? 28

lwe =1 @@ > < (1+ )N |wi1 — 1@ @ |* + (1 + )77 di-1 —1@deal?, 29
1

Ipe = 1@ Bel|* < (14 e)X*[Ipet = 1@ Poa|* + (14 =) lIve = veall?, (30)
1

2 2 2, 1 2

[de =1 @def” < (1+¢2)A?[|dp—1 — 1 @ dga | + (4 —)lue — a7 €2V

2

where cq1 and co are arbitrary positive constants. Additionally, we have
16; — 61> <8[(6;-1 — 1@ 6, 1) |I” + 4% [pi1 — 1@ Py |? + 49°mlpea[?, (32)
Jwr = wet]]? < Sll(@i1 — 1@ @) + 497 di1 — 1@ dra |2 + 492mlde )P (33)

Proof. First for the iterates 8;, we have the following contraction:
MO, —1® 6,2 = [|M(8; — 1 6,)||> < A28, — 1® 6,]|2. (34)

This is because 8; — 1 ® 6, is orthogonal to 1, which is the eigenvector corresponding to the largest
eigenvalue of M, and A = max{|\z|, [\;|}. Recall that §; = 8, | — vp;_1, hence,

16; — 1 ® 6, = [|[M8;_1 —ypi—1 —1® (ét 1 —7Pe-1)”
<(14¢)|[M8;—1 — 1286, 4] + 1+ ’Y ?Ipe—1 — 1@ Py ||?
< (T4 )M [|6;m1 —1®6,4]* + (1 + )’7 [Pi—1 — 1 ® py—1]|>. (35)
Similarly, we have the result for wy,
1
lwe =1 @@ * < (1 + )N w1 — 1@ @ |* + (1 + )77 i1 —1@dia|”. (36)
For p;, we have
[p: — 1@ pe||* = |\Mpt—1 +vi— Vi1 — 1@ (Peo1 + Ve — V1) |
<1+ e)N|pi1 —1@pea|® + (1 + )||Vt —vi1—1® (Ve — Vi) |?
_ 1
< (A4 c)Npior —1@ P>+ (1+ ;)||(I - E(llT) @I) (vi —via)
1
(a) P _ 2 1 2
< (IT+e)Ape—1 —1@peall” + (1 + ;)|‘Vt = v, (37
1
where (a) is due to [|[I — 2 (117) @ I|| < 1. Similarly, we have
2 o 2 2y 1 2
di =10 &? < (1 + )N diy — 1@ da ]+ 1+ —w . G9)
2
According to the update, we have
18: — 601 [* = M1 — vpr-1 — O, |
=[|(M = D)8,y — ypr—1[|* < 2/|(M = D)8, 1||* + 29°[|pr—1 ||*

=2/|(M —1)(6;-1 — 1@ 0;1)[* +29° [ pe—1||”
<8[(6i-1 —1® 0, 1) [I” + 47 [[pe—1 — 1 @ Pe1||* + 4y*m|[Py—1?
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=88(0;—1) + 4y E(Pe—1) + 47*m||pe—1]%, (39)

and also
lwi = we—1]|? < 8E(we—1) +47°E(dy—1) + 4°ml|ds -1 |*. (40)
O

Lemma 5 (Differential Bound on Estimator for GT-GDA). Under Assumption 1, the following
inequalities hold:

T T
D Evi—via|® <) BLEE(0i 1 — 0, + 3LEE w1 — wil|?, (41)
T T
D Elluy —ue||* <D 3LEE(0 1 — 64 + BLEE w1 — wi|*. (42)
=1 =1

Proof. For ||[vy — v;_1]|?, we have
E|v; — Vt71||2 =E|vi — VoF, + VoF; — VgF;_1 + VoF;_1 — Vt71H2
<3E|[v; — VoF,||> + 3E||VeF, — VoF,_1|*> + 3E|VeF,_1 — vi_1]|?

<3LpE|60;_1 — 6,]|* + 3LAE|w;—1 — wi|?* (43)
Thus, we have: 3, Ellv; — v, 1] < Y1, 3L2E||6;_1 — 6:]|*> + 3L3E[|w; 1 — w;|?, and
similarly, Y7 Elju, — u, ]2 < . 3L2E[6; 1 — 642 + 3LAE||w; 1 — wy||%. O

Now, we show the final step for proving Theorem 1. With Lemmas 3-5 and the defined potential
function, we have:

T
i . -
EPri1 —Po < — 5 D _E[VI(O)| L7 ZEII% — @
t=0

v Ljy? 40’y3L2 L% _ 2ynL?
-5 - ZEH ===+ ZEHC‘ I?
2 2 i’ t=0 [ —c

4 T
—(1- (1+Cl))\2 _ 72’72LF —QVL%)Zg(at)
W

i—o ™
4 T
— (1= ()X - nszF —2y12) Y 5(7;%)
t=0
T
—(I=(T+e)N =1+ é)w)vz g(:;t)
t=0
T
(1= te)d® =1+ é)n)nz 5(72,&)

2y < T2L2y
+ ) CEIVLF - vil? + =51 ) B[ VeF: — ug|?
m t=0 T t=0

Ry

Z]EHVt—vt 2+ ZEHut—ut 2. @4

Ra

First, we have R; = 0 because of the full gradient evaluation. Ry can be bounded by

1
Ry=(1+ =) S Efvi - viall + ZEHut—ut 12
L
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(@) 1.y 1.7\ o=, o
< —\ L —\L
_((1+cl)m+(1+02)m)Z3LF

(23@((1 1)7+(1+1 Q)Z

E|6i-1 — 61l]° + Eljwi—1 — wil?)

SE(611) +49°E(pi-1) + 4% ml|pi1 )

T

+3L’f‘m((1+ci)7 - )Z(Sé’ wi1) + 42E(dy ) + dPmldy12), (45)

t=1
where (a) is from Lemma 5 and (b) is from Lemma 4.

Thus, we have

EPrir —Po< — ZEHVJ (O)]* =L} ZEH% —w?

t=0
v Ljy?  4043L% L2
-G - T P (0 s )ZEnptn?
2ynL? 1
_ Z E 12’ L (1 + )+ ( 1+ )ZE”dt“2
_ 17(1+01))\2* 2F m

T
—2yLE —24L%((1 + é)’y +(1+ c—)n)) >

72~vL4 1 1
— gt = = AL (L )y + (L )

T
I—(1+e)A—(1+ é)’y— 12vL%((1 + 2 ! )7+ (1+ ! W)VZ £(p1)

I—(1+e)X = (1+ é)”_ 1277L2F<(1+ - )7+ (1+ 12)77)>772 £dy),

Choosing ¢; = ¢p = 1/)\ — 1, we have

T
EBr+1 —Po <—*Z:]EHW (60> —~L3 ZEH% —@*=Cpr Y Elpl?
t=0

T T

. T &(wy) E(pe)
—Caan]EHdtlIQ—Ce sz : (b,
t=0 t=0 =0 t=0
where the constants are
o1 Ly A0PLLLE 129D (v +n)
P9 2 u2n? 1-Xx 7
o 212 B 12nL4(1+n/v)
d L 1 — )\ 9
72y L4 2412
v 12903 (v + )
—1—-)\— _
Cp 1—\ 1-X ’
n_ - 12nL3(y+mn)
=1-A- — .
Ca AT 1—\

To ensure Cp > 0, we have

@1 Ly 129°LE(L+0/7)
P=y 2 11—
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47

(48)

(49)

(50)

61V

(52)



©1 Ly +LE/uy  (1=N)y © 0.

— 4 2 2 -
where (a) follows from r := /n < p?/13L% and Lemma 9, (b) is due to v < (1 — \)?/24L%(1 +
1/k) and Lemma 11, and (c) follows from v < 1/2((Lp + L% /p) + (1 — X)). By setting <
(1—X)/6pu(1+1/k), we have Cg > 0. By settingy < (1 —\)/(3 + 71L2F +2L% + W)’
we have Cg = C,, > 7/2. To ensure Cp, > 0,

o 1272 L% (14 n/v)

(53)

e S DY
(a) 5 (I=XN)y ®
>1—-A— — >
> T 5 >0, (54)

where (a) is by v < (1 — A\)?/24L3.(1 4+ 1/x) and (b) is by v < 1/(1/2 + 1/(1 — A)?). Similarly,
withn < 1/(1/241/(1 — X)?), we have Cq > 0.

To summarize, we need the following conditions to ensure C5 > 0, C3 > 0, Cp, > 0, Cq > 0,
CG ZV/Q’CL.J 27/2»

k=v/n < p?/13L% (55)

L% 1—\ 1
<mi _= )2
’y_mln{Q(LF+ . Fi(1- /\)) T ary AT )),(1/2+1/(1 2)?2) } (56)
: (1-X) 2\ 1
< = (1/2+1/(1—
nsmin{ g s (1/2+1/0-32) 7 (57
which can be satisfied with
Kk =7/n < p’/13L% (58)
. (13L% L3 26(1 — \) L%
i (S B y) WO
2 p (42 + 14414, + 412 2 + B2LE(/R) )
11—\ 1313
6u(1+1/K) 2(1/2 +1/(1=X)?)

(=X

Note that m < 2L .

which satisfies the step-size condition in Lemma 2 and Lemma 3.

Thus, with such parameter settings, we have

£(00) | Ewn))

T
% 3 (EHVJ(ét)HQ +2L3E|wf — @ + =+ <EPo—Prs1,  (60)
t=0

which yields the final result by multiplying 2/(7 + 1)~ on both sides. Note that Pr 1 > J(O7ry1) >
J*, then we complete the proof.

C Proof for Theorem 3 and Theorem 4

In this section, we provide the proofs of Theorem 3-4 due to the the similar steps in their proofs.
Under Assumption 2, we can easily obtain that funciton F; satisifies L g-Lipschitz smoothness. Thus,
we have the following modified descending result:

Lemma 6. Under Assumption 1 and set n < 1/2Ly, the following inequality holds for GT-SRVR
and GT-SRVR1:

_ _ 8'7L 5
J(Or1)—J(60) + W[”‘UTH Wiy |I* = lws —@o|?]

4(w3L2 L2

7 Lﬂ 2ynL
Zuvm )|%=~L? ant—th? ZH s ondtn?
72~yL4 o
L+ DS e +E(wy)] 7va Fi—v|*+

t=0

ut||

u2m m
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Next, we bound the error of the gradient estimators as the follows:

Lemma 7 (Error of Gradient Estimator). Under Assumption 2, we have the following error bounds
for the estimators:

T

T
Z [ve — VoF|? < Z]E||V(n,,—1)q = VoF (8(n,~1)q» @(n,—1)q) I’
t=0 t=1

+ L2 ([0 — 01 |* + [lwp — wea]?), (61

ZHut Vo Ft\|2<Z]E||u(nt g = Ve F(8(n,~1)g: Win,—1)g)II”

+ L3 (/16 — 01 |® + [lwr — wea]?),  (62)

where ny is the largest positive integer that satisfies (ny — 1)q < t.

Proof. From the algorithm update we have:

HVi,t—Ver‘,t || ||Vzt 1+| | g Vef” ity Wi, t) V@fi,j(ei,tflawi,tfl)_veFi,t”2
S——— 17
At JESi,t

:Hvzt 1— VGth 1+|5 |Zvefzt 2t7w7,t) Vefzt( i1y Wi t— 1)+V0F7,t1 VGth”
_/_’ it

Ait—1 JESi,t
Bt
=[|Ait1 I + | eI + 2(Ait—1, Bi)- (63)
Note that E;[B; +] = 0, where the expectation is taken over the randomness in ¢th iteration. Thus,
EellAiell® = [[Ai—1ll® + Eel| Bs e (64)

Also, with |S; ;| = ¢, we have

BBt =E||-=— \S N Z Vofij(0it,wit)—Vefi;j(0ii-1,wit—1)—VeFi+Vel ;1>
bt JESit
g | I2 Z Et”vefz g( ity Wi, t) v@fh]( it—1, Wi t— 1) VHFi,t + vGF’i,t—l||2
JESiu
LQ
s?f(noi,t — 012+ wie — wie—a [?). (65)

Taking full expectation and telescoping (65) over ¢ from (n; — 1)g + 1 to ¢, where ¢t < nyq — 1, we
have
2 2 L?‘ 2 2
B[ A" <E[[Ar ] + ?E(H@t =0 |]” + [lwr —wia[?)

t 2
L
<E[A@m-ndl>+ D —LE(16, — 0,1 + |w, — w,—1]?).  (66)
r=(n¢—1)g+1

Thus, we have:

t q—1
D B[ A? = ZEllAkH2 Z E[| Ax|®
k=0 k=0

k=(n¢:—1)q
2 “e L? 2 2
<q||Aol| +ZZ? ||0T—9T,1|| + [|wr — wr—i]| )
k=1r=1

26



t k 2
L
+ (t - (nt - 1)q) ||A(nt71)q||2 + Z Z i(“er - 0’[‘—1”2 + ||wr - wr—1||2)
k=(n—1)g+1 r:(ntfl)q+1q
g-lg-1 ro

<qlAol? +3°3 " =L (116, = 0,1 ] + lwr — w1 [?)

r=1k=r q

+ (t - (nt - 1) )”A (ne—1) ”2 + Z Z ‘97‘ - 07’—1”2 + ”wr - wr—1||2)
r=(ny—1)g+1 k=r
qg—1
S‘JHAOH2 + ZL?‘(Her - 07“*1”2 + ||wr - ‘-"’T*1H2)
r=1

t
+ (t = (e = D) | A@e-vgl> + Y L7(16: = 6ma)® + Jlwr — wpa )

r=(nt—1)q+1
—ZIIA 1) ||2+ZL2 16, = 6, 1|* + [lw, — wr—a]?). (67)
r=0
Thus, we have:
T
Z||vt—veFt||2<ZE||v(m,1>q VoF(n1)q |+ZL2 10— 01 | >+ [|we —wea||?)  (68)

t=1

Similarly, we have:

T T
Y I =Vo R <Y Elupm, 1= Vo Fun, 1) 1Y L (10: =00 | +[|lwi—wia|?). 69
=0 =0

t=1
O

Lemma 8 (Differential Bound on Estimator for GT-SRVR and GT-SRVRI). Under Assumption 2,
the following inequalities hold:

T T
> Ellvi—via|? <Y ALTE| 61— 0, *+ALTE w1 —wi| +Z 6E(V(nei1)g— Vo F(n1)qll®.

t=1 t=1
T T T

> Ellu - [P <D ALTE(|0, 0 — 64|+ 4LTE[wia —wi |+ Y 6B u,-1)g— Ve Fn-1)qll*-
t=0

t=1 t=1

Proof. For ||v; — v¢_1]|%, we have i) when t € ((n; — 1)q,nq — 1] N Z,

E”Vt - Vt71||2 ZEH | | Z Vefi,j(ai,hwi,t) - vefi,k(oi,tflawi,tfl)”Q
Z,

JESit

|S |QZ Z EHVGJCZJ( Ztawlt) vefzj( it—1, Wi t— 1)”2

i=1jE€S; ¢

m
L? Z E||6; -1 — 0i,t||2 + L? ZEHwi,tq - wi,t||2
i=1 i=1

:L?EHOt,l _9t||2 +L?EHwt,1 —(4Jt||27 (70)
where (a) is by ¢ > 1 and Assumption 2.
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i) whent = n;gand ¢t > 0,
E|vi — vi_1||? = E||vi — VoF, + VoF; — VoFi_1 + VoFi_1 — vi_1|?
<3E||vi — Ve Fy||? + 3E||VeF, — VoFs_1|? + 3E|VeFi1 — vi1|?

(@)
<3E|vi — VoFi|” + 3E|| Vo Fi—1 — vi_1|” + 3LIE[0;—1 — 64| + 3L7E|jwi—1 — wi|?

(b)
<3E||Vi,g = VoFn,gll*> + 3EV(n,—1)¢ = Vo Fin,—1)qlI?

nyg—1 3Lf
+ Z 7E(||9r_07”—1H2+ er—wr—1”2)
r=(n¢—1)g+1
+ SL?EHentQ*l - 0nt¢1||2 + 3L?E‘Iwnt€l*1 - ""’ntqH27 (71)

where (a) is by Assumption 2, and (b) is by setting ¢ = n;q and Lemma 7.
Telescoping (71) from 7 = (n; — 1)g + 1 to m4q,

nq nyq—1
Z Eljv, — VT—IH2 < Z L?EHHT—I - 6r||2 + L?EH“’T—I - "‘JTHQ
r=(n{—1)q+1 r=(n¢—1)g+1

+ 3Bl Vi = VoFngl? + 3E[Vn,—1)g = VoF(n,— 14l

mat o o3r2
+ 0 IR0, - 0P + flwr — wra]?)
r=(n¢—1)g+1
+ 3L?"E||9mq—1 —On,ql” + 3L?E|‘wntq—l — Wyl
niq

< > ALGE(6,1 — 6, + ALGE w1 — w,||?
r=(n¢—1)g+1
+ 3Eantq - VQ-Fm,q”2 + SEHV(nt—l)q — VOF(nt—l)q||27 (72)

which leads to the following:

T T T
D E[vi—via <Y ALFE(0r 1 —0: [ *HALTE w1 —wi|*+ Y | 6E[V(n1)g— Vo Fn1)qll*-
=1 t=1 t=0

Similarly, we have
T

T T

D Ellw—wy [P <Y ALTE|000 =60, P+4LFE w1 —wil*+ Y 6E[u(n, 1)~ Veo Fine)q -
=0

This completes the proof of the lemma. O

With the defined potential function p, we have

Epri1 —po<— 5 ZEHVJ 0|1 — vL3 ZE”% =

T
vy L,]’y 4073[/2 L2 2ynL
— (373 5> Elp:| fZEnd I
t=0 K
727L4 ()
R D Dt
t=0
72yL} T E(wr)
(1= (14 c2)A? - M2f_2 )y mt
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T
—(1-(14+e)N—(1 nzg(;njt

t=0
2y T 2 T
+ LN R VL F - vl + f Z IVeFy — ug®
m t=0 =0
Ry
ZEHvt—vt 7+ ZEHut—ut ?. (73
Rs

First, for the term R, we have

T 2 T
2 T2L4%~y
LN E|VLE - vl + iz 2 EIVeF: —wi|?

t=0 t=0
T T
<DVE(S Won-1ya ~ VoFlugnall® + 3 L3160~ il + [l — w7
~m (ny—1)q 0L (ny—1)q f t t—1 t t—1
t=0 t=1
720%y & £}
+ m/j? E(Z [, —1)g = Ve Fln—1)qll® + D L7 (110: — 811 [|* + [|wr — wt71||2))
t=0 t=1
")/ T
=L} (= + 01 |” + llwr — wia[?)
m t=1
2y o, 2Ly 2
+EZE”V(m—1)q_VHF(nt—l)q” o D Elugm,-1)g = Ve Fu-1ql* (74
t=0 t=0

Then, for term Ry, we can bound it as follows:

1
Z]EHVt_Vt 1%+ ( 77 ZEHut—ut 12

T T
1
f)%(ZZLL?JEHthl - 9t||2 + 4L?E||wt71 - wt||2 + Z6EHV(”£—1)ZI — VGF(nt—l)q||2)
t—1 t=0

T

1
+ (14— m(Z4L2]E||9t 1= 012 + AL3Ellwi1 — il + > 6Ellug, 1) — Ve Fn,-14l?)
t=0

1. 67 9 1. 67 9
<1+ ) 2LST6E|lv, 11, — VeF,, 1+ )N Ejag, 10 — Vo Fr
<( +cl)m26 1V(ni—1)g = VoF(n,—1)qll” + ( +02)m; [, —1)q (ne—1)qll

AL% 1 r ) )
+ 7((1 + )’Y +(1 + ) E E(10:—1 — 6:]]* + llwi—1 — w|?). (75)
m p

Thus, we have:

4L% 1 1 )
Rit By < (L4 o+ (0t it g . )ZIEIIOH—&H

AL% 1 1 18L2%y
R (R B R )ZEnwt 1w
t=1

1.6y 72y
1 ) Ellv(, VoF,
R Z V-1 = Vo Fin, -1l
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1 6y T2L3y\ &
(0 D+ ) g = VPl

Co m mpu
412 1 1 18137\
< H (0 O St g b= 5 STB(8600 1) +40E (p) +40 Pl B )
t=1
43 1 1 18L7 &l
+—1 ((1+ P g ) SO B(8E ) H4PE () mlld )
t=1
el
(o) )ZEnv(m 1 = VoFln, -1,
14 19 72Lf7 » Vo F, 2 76
PR ); -1 = VerFm, -1l (76)

Plugging the above results, we have

Epri1 —po < **Z]EIIVJ (601> — 7L} Z]E”wt —a?
t=0
T

T
_ - £(0
—cﬁzﬂauptw—cazwﬁudt\\?—c@z o)
t=0 t=0
= E(we) YE(pr) d n€(dy)
—cw) T Z —CdZ -
t=0

+((1+ ! 67 27)2E||V<nt g = VoF(n,—1)qll”

1. 6n T2L%y d 2
1+ —)— Ellugm, - 1g — Ve Fin, 114l 77
s ); -1 = Voo Fln—13 )
where
1 Ly 4072 L2, L5 5 9 1 1.np 1 18L%
o= - —16L ( 1+ —)+(1+)2 4= ) 78
p 2 2 //42772 f’y ( + Cl) + ( + o ),y 2 /142 ( )
215 1 1.n 1 18L%
—:——16L2( 1+ )14z f), 79
=, I+ )+0+ )" +3 2 (79)
727L4 1 1 1 18L2
co=1—(1+c)A2— 2L 9412 3212 (( 1+ )+ 1+ Qf), (80)
c1 e’y 2 I
72 L4 1 1 1 18L2
Co=1—(1+e)\2— L _9y12 3912 W+ +a+ )2+ o+ =), @
C1 Co 7Y 2 1%

1 1 1.p 1 18L%
=1-(1 A1+ =)y =163 ((1+ =)+ 1+ )T+ =+ —71 82
e (Ut e)h = (14 2y —16L° (L + )+ (14 Z) 745+ —57), (82)

1 1 1.np 1 18L%
=1-(1+e)\—(1 1 — 16L ( 1+ —)1 42 ) 83
cd (14 e2)A" = (1+ T Fy((1+ o)t +C2)7+2 2 (83)

Choose ¢; = ¢y = 1/A — 1, and define Cp = 15 (1 + 1) that

1 Ly 4072L2,L2
=535 — 160y L3~ (84)
L2
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4
72yL%

co=cCo=1—-A——51 —29L} —32Co L3, (86)
I
v
p=1—-A—— - 16C, L> 87
17>\ 0 _f’Y7 ( )
cd—lf/\f%flficolzfn’y (88)
To ensure cg > 0, we have
(a) 1 L]’y
o> -1 L
Cp = 1 B 600
®) 1 Ly+ L% 1-— (©)
D1 G+l ;)7207 ©

where (a) follows from « := ~/n < ¢4?/13L% and Lemma 9, (b) is due toy < (1 — X)/32C, L} and
Lemma 11, and (¢) is from v < 1/2((Ly + L? /) + (1 - A)). By setting n < 1/8uCo, we have

cg > 0. By settingy < (1 —A)/(3 2Ly 213 + 32Cy %), we have cg = ¢, > /2. To ensure
cp 2 0,
p=1—\— —L— —16CoL2A>2
DY !
(@ 1=y ®
>1-)X— — >0 90
> T 5 20 (90

where (a) follows from v < (1 — \)/32Cy L} and (b) is due to y < 1/(1/2+1/(1 — A)?). Similarly,
withn < 1/(1/2+1/(1 — X)?), we have cq > 0.

To summarize, we need the following conditions to ensure cg > 0, Cg > 0, C, > 0, Cq > 0,
Co > /2, co > 7/2,

k=2/n < pu?/13L%, 1)
or1 L? 1-X -1
ygmln{i(Lf+—f+(1—A)), s —(1/241/(1-3)%) } 92)
H (3+—2L+2L3432C0L3)
1 -1
<min{ —— — )2
n_mln{gﬂco, (1/2+1/(1 = 2)?) } 93)
which can be satisfied by:
K =17/n < p?/13LF, 94)
o 13L2 . L 26(1 — \) L2
n < min { 2 s L+t u F-), (12 + 144LE + 4122 + 64Co L2p%)
2
— B } 95)
8uCo’ p2(1/2+1/(1 — A)?)
where the constant Cj is defined as Cp = 5 (1+ L) + 4
that suco < 2£f
With the above conditions, we have:
T
b 3 \[12 2 « oz, €(6)  E(wr)
o) gEHW(at)II +2LFE|lw] — @ + ==+ ——
6y 2y
<E[po — pr41] + (m + *) Z]EHV (ng—1)q — VGF(nt_l) ||
6n | T2L%y g 2
(ﬁ - );Euml)q = Vo Fn,—1)qll™- (96)

31



For GT-SRVR, the outer loop calculates the full gradients. Thus, we have E||v(m,1)q —

VoF(n,—1)qll* = Ellum,—1)g = VwF(n,—1)¢l|*> = 0. Then, we have the stated result in Theo-
rem 3:

T
1 -~ _ E(6:)  E(w) _ 2E[po — pr41]
—— N E|VJ(0)|?* + 2L%E||w; — @, |? < . 97
T+1; VIO + 2LFE [w; — @[ + = + < =TT O7)
For GT-SRVRI, we have that
T T
Y Elvi-1g = VoFm—1al* = D Elum, -1)g = Ve Fin, —1)ql*
t=0 t=0
T T
:Z o1 1w, J(ng—1)ql) <Z magl(lRi,u/quKn)
— [Rimi-ne g min{([t/q] +1)q, [cce 2]}
T 2 2
agen L(ragen T+1)
< mo? max L(jt/q)+1)q< )71 < mo? q< ) (
2 el + 100 o) 2 S
nil/o
a 1 2(T+1
§m02(1+/ 7d7'+6(7+))
1 T Ce
- mo? (125 (2 )&= — 1_Q+M), if >0 and a # 0, ©8)
o>(1+log(2) + <) if o =1.
Thus, for GT-SRVRI, we have the following convergence results:
T
1 o \II2 2 e 2, €0r)  E(wy)
m;EHW(et)II +2L3E lwf —a® + == =
2E[po — pry1] 12 1 4413 € C(n,q, )| ,
_ —(1+9)+4+ —)(— + == 99
(T+ 1)y +()\(+r)+ * w2 )c6 T+1 )o”, ©9)

where the constant C'(n, ¢, «) is defined as

(1) &=D — 2 if ¢ >0 and o # 1,
C a ‘ I-a 100
(n.g, ) {log(;’)Jrl if @=1. (100)

With pry; > J*, we reach the conclusion.

D Supporting lemmas

Lemma 9. Under Assumption 1, w*(0) = arg max,, F'(0,w) is Lipschitz continuous, i.e., there
exists a positive constant L,,, such that

lw*(8) — w*(8")]| < Lo, |6 — 0], V6,0 € RY, (101)
where the Lipschitz constant is L., = L/ for Algorithm 1 and L., = Ly /1 for Algorithm 2.

Proof. See Lemma 4.3 in [28]. ]
Lemma 10. Under Assumption 1, the function J(0) = F(0,w*(0)) satisfies that VJ(0) =
VoF(6,w*(0)).

Proof. Since J(0) = F(0,w*(0)), by chain rule, we have

OF(0,w) .0 + OF(0,w) Ow™(6)

dJ(0) =
J( ) 00 w=w*(0) ow w=w*(0) 00

. de, (102)

where 0F(0,w)/00 and OF (6, w) /0w are respectively the partial differential of F' w.r.t the first
variate 0 and the second variate w. Note that w*(0) is the unique optimal point such that F'(6, w)
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reaches the maximums. So, it follows that aFgZ’“’) lw=cw+(6) = 0 for all 8. Also, from Lemma 9, we

have Ow™*(0)/00 is bounded. Thus, it follows that

OF(0,w
dJ(a) - (89 ) w=w*(0)

- de, (103)

which is V.J(6) = V¢ F(6,w"(6)).

Additionally, we can follow the detailed derivation of Theorem D2 in [2] to give a more rigorous proof
for Eq. (103). The difference between our Lemma 10 and Theorem D2 in [2] is that Ref. [2] adopted
the uniformly bounded gradient assumption (Hypotheses D2.2 in [2]). In the followings, we show
that under our assumptions, Eq. (103) can be still obtained with similar derivation in [2]. Here we
will adopt the notations in [2]. Because of the strong concavity, there is only one set {v,, } in W(u)
for all u and v* = lim,,_, v, exists. From Assumption 1 (e), D1 J(u,v;h) is bounded. Thus, due to
Assumption 1 (b), there exists a N1, with n > Ny, D1J(u, v,,; h) is also bounded. So, Proposition 2
in [2] holds. Meanwhile, because of the continuity of D1 .J(u,v) and Dy J(u,v*) < oo, there exists
Ny with n > max{Ny, Na}, the function ¢ — J(u + th, v,;) has a bounded directional derivative
for all t € [0,¢,]. Thus, Proposition 3 in [2] holds. Because Proposition 2 and Proposition 3 in
[2] still holds under our assumptions, we can then reach Eq. (103), and so the result in Lemma 10
immediately follows. O

Lemma 11. Under Assumption 1, the funciton J(6) = F(0,w*(0)) w.r.t @ is Lipschitz smooth, i.e.,
there exists a positive constant L j, such that

|VJ(0) —VJ(@)| <Ls|6-6 V0,0 cR?, (104)

where the Lipschitz constant is Ly = Ly + L% /u for Algorithm 1 and L; = Ly + L?/,u for
Algorithm 2.

Proof. The lemma follows immediately from Lemma 4.3 in [28] and Lemma 10. O

33



	 Further experiments and additional results
	Algorithms comparison
	Learning rate setting
	Topology setting
	Node setting
	Linear approximation v.s. Nonlinear approximation

	Proof of Theorem 1
	Proof for Theorem 3 and Theorem 4
	Supporting lemmas

