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Abstract

Mechanistic Interpretability aims to reverse engi-
neer the algorithms implemented by neural net-
works by studying their weights and activations.
An obstacle to reverse engineering neural net-
works is that many of the parameters inside a
network are not involved in the computation be-
ing implemented by the network. These degener-
ate parameters may obfuscate internal structure.
Singular Learning Theory teaches us that neural
network parameterizations are biased towards be-
ing more degenerate, and parameterizations with
more degeneracy are likely to generalize further.
We identify 3 ways that network parameters can
be degenerate: linear dependence between activa-
tions in a layer; linear dependence between gradi-
ents passed back to a layer; ReL.Us which fire on
the same subset of datapoints. We propose that if
we can represent a neural network in a way that
is invariant to reparameterizations that exploit the
degeneracies, then this representation is likely to
be more interpretable. We introduce the Interac-
tion Basis, a tractable technique to obtain a rep-
resentation that is invariant to degeneracies from
linear dependence of activations or Jacobians.

1. Introduction

Mechanistic Interpretability aims to understand the algo-
rithms implemented by neural networks (Olah et al., 2017;
Elhage et al., 2021; Réuker et al., 2023; Olah et al., 2020;
Meng et al., 2023; Geiger et al., 2021; Wang et al., 2022;
Conmy et al., 2024). A key challenge in mechanistic inter-
pretability is that neurons tend to fire on many unrelated
inputs (Fusi et al., 2016; Nguyen et al., 2016; Olah et al.,
2017; Geva et al., 2021; Goh et al., 2021) and any appar-
ent circuits in the model often do not show a single clear
functionality and do not have clear boundaries separating
them from the rest of the network (Conmy et al., 2023; Chan
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et al., 2022).

We suggest that a central problem for current methods of
reverse engineering networks is that neural networks are
degenerate: there are many different choices of parameters
that implement the same function (Wei et al., 2022; Watan-
abe, 2009). For example, in a transformer attention head,
only the product Woy = Wo Wy, of the Wy, and W ma-
trices influences the network’s output; thus, many different
choices of Wy and Wy, are parameterizations of the same
network (Elhage et al., 2021). This degeneracy makes pa-
rameters and activations an obfuscated view of a network’s
computational features, hindering interpretability. While we
have workarounds for known architecture-dependent degen-
eracies such as the Wy case, Singular Learning Theory
(SLT, Watanabe, 2009; 2013) suggests that we should expect
additional degeneracy in trained networks that generalize
well.

SLT quantifies the degeneracy of the loss landscape around
a solution using the local learning coefficient (LLC) (Lau
et al., 2023; Watanabe, 2009; 2013). More degenerate so-
lutions lie in broader ‘basins’ of the loss landscape, where
many alternative parameterizations implement a similar
function. Networks with lower LLCs are more degener-
ate, implement more general algorithms, and generalize
better to new data (Watanabe, 2009; 2013). These predic-
tions of SLT are only straightforwardly applicable to the
global minimum in the loss landscape; a generalization is
required to apply these insights to real networks.

In this paper we make the following contributions. First,
in Section 2 we propose changes to SLT to make it useful
for interpretability on real networks. Then, in Section 3 we
characterize three ways in which neural networks can be
degenerate. Finally in Section 4, we propose a practical
technique for removing some of these degeneracies in the
form of the interaction basis.

Additionally, in Appendix A, we prove a link between some
of these degeneracies and sparsity in the interactions be-
tween features, and in Appendix B, we develop a technique
for searching for modularity based on its relation to degen-
eracy in the loss landscape.
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2. Modifying Singular Learning Theory for
interpretability

If a neural network’s parameterisation is degenerate, this
means there are many choices of parameters that achieve
the same loss. At a global minimum in the loss landscape,
more degeneracy in the parametrisation implies that the
network lies in a broader basin of the loss. We can quantify
how broad the basin is using Singular Learning Theory
(SLT, Watanabe 2009; 2013; Wei et al. 2022). Appendix C
provides a brief review of overview of key concepts from
the SLT literature hat we will make use of.

The most important quantity in SLT for our purposes is the
local learning coefficient (LLC, denoted by 5\). We define
a data distribution x ~ X and a family of models with
N parameters, parameterised by a vector  in a parameter
space © C RY. We also define a population loss function
L(6]X) which is normalised so that L(6y|X) = 0 at global
minima #y = arg ming L(6]X). Then ) is defined as (Lau
et al., 2023):!

N d
A(07) = gg% {Gde long*(e)] . (1

where V (€) is the volume of parameter space with loss less
than € in a neighbourhood Oy« C © of a particular mini-
mum 6*.:

V- (€) = / do @)
{0€©y=: L(6)<L(0*)+e€}

We would like to use the LLC to quantify the number of de-
grees of freedom in the parameterisation of a neural network
— the number of ways the parameters in a neural network
can be changed while still implementing the same function,
or at least a highly similar function. However, there are
some obstacles to using the LLC for this purpose:

1. The LLC A\(#*) measures the size of the region of equal
loss around a particular local minimum 6* € © in the
loss landscape. This loss landscape is defined by a loss
function and a dataset of inputs and labels. Unless the
network achieves optimal loss on this dataset, points
in the region could have equal loss even though they
correspond to different functions, if these functions
achieve the same average performance over the dataset.
We do not want our measure of the number of degrees
of freedom to include different functions which achieve
the same overall loss.

2. The local learning coefficient is only well defined at a
local minimum of the loss, but we frequently want to

!See the original paper for a more rigorous definition of the
LLC.

interpret neural networks that have not been trained to
convergence and are not at a minimum of the loss on
their training distribution.

3. We would like to be able to consider two very similar
but not identical functions to be the same function, if
they only differ in ways that can be considered noise.
This is partially because, after finite training time, a
network will not have fully converged on the cleanest
version of an algorithm without any noise’. However,
the formal approach of SLT defines the LLC in the
limit of infinite training data. This means that the LLC
only contains information about exact degeneracies
in the parameterization. Instead, we would prefer to
work with a modified LLC which quantifies the num-
ber of parameterization choices which correspond to
approximately identical functions.

We introduce the behavioral loss as a resolution to problems
(1) and (2) in Section 2.1, and finite data SLT as a resolution
to problem (3) in Section 2.2. Together, these concepts will
allow us to define the effective parameter count, a measure
of the number of computationally-relevant parameters in the
network. If we achieved our goal of a fully parameterisation-
invariant representation of a neural network, its explicit
parameter count would equal its effective parameter count.

2.1. Behavioral loss

In this section, we describe how we can define the local
learning coefficient of a network to avoid problems 1 and 2
listed above. We want to define a new loss function and cor-
responding loss landscape for the sake of the SLT formalism
(we do not train with this loss) such that all the parameter
choices in a region with zero loss correspond to the same
function on the training dataset: the same map of inputs to
outputs. This loss function, which we call the Behavioral
Loss, L, is defined with respect to an original neural net-
work with an original set of parameters 6*, and defines how
similar the function f, implemented by a different set of
parameters € is to the original function fy-:

1
Lp(6¢". D) = — Do llfo(z) = fo- ()7 3)
z€D

where D is the training dataset and ||v|| denotes the £2-norm
of v3. By definition, this loss landscape always has a global
minimum at the parameters the model actually uses 6 = 6%,
solving problem 2 above. Additionally, parameter choices

YIndeed, sometimes it is possible to remove this noise and
improve performance (Nanda et al., 2023)

3We arbitrarily chose an MSE loss here, but conceptually we
require a loss which is non-negative and satisfies identity of indis-
cernibles: L =0 <= Vax : fy(x) = fp= (). For example, when
studying an LLM, it may be more suitable to use KL-divergence.
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which achieve 0 behavioral loss must have the same input-
output behaviour as f; on the entire training dataset, solving
problem 1. Note that achieving zero behavioral loss relative
to a model with parameters 6* is a stricter requirement than
achieving the same loss as the model with parameters 8* on
the training data. Therefore, the behavioral loss LLC A B
will be equal to, or higher than the training loss LLC A

2.2. Singular learning theory at finite data

Next we want to resolve the problem that standard SLT
formulae concern only the limit of infinite data when the
model is certainly at a local minimum of the loss landscape.
We would like to think of a neural network trained on a
finite amount of data as implementing a core algorithm we
are interested in reverse engineering, plus some amount of
‘noise’ which may vary with the parameterisation and which
is not important to interpret. For example, in a modular
addition transformer (Nanda et al., 2023), there are parts
of the network which can be ablated to improve loss: these
parts of the network may be present because the model
has not fully converged to a minimum yet. In this case,
if we have two transformers trained on modular addition
which have the same input-output behaviour after we have
ablated parts to improve performance, then we would like to
consider these models as implemtenting the same function
‘up to’ noise before we ablate those parts.

In this section, we sketch how to modify SLT so that the LLC
becomes a measure of how many different parameterisations
implement nearly the same function, rather than exactly
the same function. In this way, we can numerically vary
how much the functions two different parameterisations
implement are allowed to differ from each other on the
training data.

We start by explaining why SLT takes the limit e — 0 in
the definition of the LLC (equation 1). SLT is a theory
of Bayesian learning machines: learning machines which
start with some prior over parameters which is nonzero
everywhere ¢ : © — (0, 1), and which learn by performing
a Bayesian update on each datapoint they observe. After a
dataset D,, of n datapoints, the posterior distribution over
parameters is:

p(Dn)
where L(6| D,,) is the negative log likelihood of the dataset
given the model fy, which we identify with the loss function

when making a connection between Bayesian learning and
SGD (Murphy, 2012), and p(D,,) is a normalisation factor.

p(0| Dn) = 4

The exponential dependence on n ensures that in the limit
n — 00, a Bayesian learning machine’s posterior is only
nonzero at points of minimum loss. This means that the
asymptotic behaviour of the learning machine depends only

on properties of the loss landscape that are asymptotically
close to having zero loss. This is the reason that we take
€ — 0 in the definition of the learning coefficient.

However, since the parameters 6* we find after finite steps
of SGD correspond to an algorithm plus noise, we want
to consider the size of the region of parameter space that
achieves a behavioral loss less than the noise size. From
a bayesian learning perspective, in equation 4, we can see
that for large but finite number of data points, most of the
posterior concentrates around the regions of low loss, but
it does not fully concentrate on the region with exactly
minimum loss.

Therefore, we simply refrain from taking the limit as the loss
scale € goes to 0 in the definition of the learning coefficient,
and consider the learning coefficient at a particular loss
scale:

d
Ae) := €5 log V(e) 5)

To understand how the learning coefficient can vary with ep-
silon, consider an illustrative example: an extremely simple
setup with a single parameter w € R, and a loss function
L(w) = 2w? + w* with ¢ < 1. This is a toy model of a
scenario where there is a very small quadratic term in the
learning coefficient. This term is only ‘visible’ to the learn-
ing coefficient when we zoom in to very small loss values.
To see this, we must the calculate how the local volume
(equation 2) depends on the loss scale e. For large € > ct,
the quartic term dominates the loss and the region of loss
less than e is roughly the interval [—€7,e7]. This gives
V(€) ~ 2¢1 so the learning coefficient is A(e > ¢7) = 3
the same as if the quadratic term were not present. On the
other hand, for small enough ¢ < ci, the quadratic term
becomes visible: V(e) a2 2¢2 /¢, 50 A(e < ¢7) = .

Determining how to choose an appropriate cutoff € is still
an open problem. We suggest that researchers choose the
value of the behavioral loss cutoff in the context of the
question they would like to answer. For example, if one
trains multiple models with different seeds on the same task,
then the appropriate loss cutoff may be on the order of the
variance between the seeds.

Finally, we are able to quantify the amount of degeneracy in
a neural network. We define the Effective Parameter Count
of a neural network fy- at noise scale € as two times the
local learning coefficient A (€) of the behavioral loss with
respect to the network at noise scale epsilon.

Neff(ﬁ) = 2)\3(6) (6)

We conjecture that a fully parameterisation invariant rep-
resentation of a neural network which captures all the be-
haviour up to noise scale e would require Neg(€) parameters.
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3. Internal structures that contribute to
degeneracy

In this section, we will show three ways the internal structure
of neural networks can induce degrees of re-parametrization
freedom Ny in the loss landscape. Since Negr = N — Niree,
this is equivalent to showing three ways the internal struc-
tures of neural networks determine their effective parameter
count. We do not expect that these three sources of re-
parametrization freedom offer a complete account of all
degeneracy in real networks. They are merely a starting
point for relating the degeneracy of networks to their com-
putational structure at all.

For ease of presentation, most of the expressions in this sec-
tion are only derived for the example case of fully connected
networks. They can be generalized to transformers, though
we do not show this explicitly here.

In Section 3.1, we show a relationship between the effective
parameter count and the dimensions of the spaces spanned
by the network’s activation vectors (Section 3.1.1) and Ja-
cobians (Section 3.1.2) recorded over the training data. In
Section 3.2, we show a relationship between the number of
distinct nonlinearities implemented in a layer of the network
on the training data and the effective parameter count.

3.1. Activations and Jacobians

In this section, we show how a network having low di-
mensional hidden activations or Jacobians leads to re-
parametrisation freedom.

We begin by bringing the network’s Hessian, which gives the
first non-zero term in the Taylor expansion of the loss around
an optimum (see Appendix C) into a more convenient form.
Each local free direction in the loss landscape corresponds
to an eigenvector of the Hessian with zero eigenvalue.*
Therefore, the rank of the Hessian can be used to obtain a
lower bound for the learning coefficient.

Consider the Hessian of a fully connected network, with
parameters at the global miniumum 6 = 6* and behavioural
loss L (0|6*, D). Using the chain rule, the Hessian can be
written:

02Lg (0]6*,D)

l 14
00;,;00% 50 |y_p-

_y 5 PLo (08 D)| Df () D))
8,](‘]?1“01 aflﬁnal 69,5:7]/ ae'lL,j

z€D k,k’ 0=6*

As our loss is MSE 3 and derivatives are 0 at the minimum

“The reverse does not hold, due to higher order terms in the
expansion. See (Watanabe, 2009; 2013).
3For different behavioral losses such as KL divergence, the ex-

this equals

l l
hm] ) af hnal( )
(N

forl =1,.. . lna; j=1,...,d5 i =1,...,d7T". Thus,

the Hessian is equal to a Gram matrix of the network’s
lg

Afym
801
the weight gradlents over the training set D corresponds to
zero eigenvalues in the Hessian.

weight gradients

, and linear dependence of entries of

We can apply the chain rule again to rewrite the gradient
vector on each datapoint as an outer product of Jacobians
and activations:

afliﬁnal(z) _ aflﬁnal( )
a9; ; opit!

fi(x) ®)
where the Jacobian is taken with respect to preactivations to

layer [ + 1:
P (2) = W'f! () f ©)
Thus, every degree of linear dependence in the activations f jl

Lfinal
—k— in alayer of the network also causes de-

Lfinal
grees of linear dependence in the weight gradient T()

of the network, potentially resulting in re- parametrlsatlon
freedom for the network. In the next two sections, we ex-
plore how linear dependence in the activations and Jacobians
respectively impact the effective parameter count.

. 1¢]
or Jacobians /,
Op;

3.1.1. ACTIVATION VECTORS SPANNING A LOW
DIMENSIONAL SUBSPACE

Looking at equation 8, each degree of linear dependence of
the activations fjl» in a hidden layer [ of width d' over the
training dataset D,

> ¢ifix) =0VzeD, (10)

J

corresponds to d'+! linearly dependent entries in the weight

o1
20!
value zero, and d'** fully independent free directions in the
loss landscape than span a fully free d'+! dimensional hyper-
plane. So the effective parameter count N.g will be lower
than the nominal number of parameters in the model N
by d!*! for each such degree of linear dependence in the
hidden representations.

gradient , d"t1 eigenvectors of the Hessian with eigen-

pression would look slightly different, but the story of this section
would be largely the same.

Throughout this paper, we have added the bias into a new
zeroth column of the weights and added a zeroth coordinate to the
activation vector, so that W} 0= = b\ and Vz : fi(x) = 1. Now

o Wiifj(@) = 35 LWL+ b= plt
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More generally, we can take a PCA of the activation vectors
in layer [ by diagonalising the Gram matrix of activations

Gl = L3 f @@ = v DLy

- g;; (2)f' (z) 5 a1
If there is linear dependence between the activations on
the dataset, some of the singular values (eigenvalues of GH
will be zero. If we transform into rotated layer coordinates
fi(z) = U'fl(z), W' = WU, then the parameters of
the transformed weight matrix in rows which connect to the
directions with zero variance can be changed freely without
changing the product Wf'.

In reality, a gram matrix of activation vectors will never
have eigenvalues that are exactly 0. However, if a particu-

- 2
lar eigenvalue has size \/}L D oweD (f;(:c)) = O(€") for
some € < 1, changing the transformed parameters inside
=4 1 .
Wby O(ez~*) only impacts the loss L by O(e).

This suggests that, under the finite-data SLT picture intro-
duced in Section 2.2, singular values of the set of activation
vectors that are less than €2 for noise scale € result in a lower
effective parameter count, with d'*! effective parameters
less for every small singular value. So, if we view the PCA
components in a layer / as the "elementary variables’ of that
layer, then the fewer elementary variables the network has
in total, the lower the effective parameter count will be.

The work presented in this section is related to (Elisenda
Grigsby et al., 2023). They studied similar degeneracies
in an MLP-only ReL.U-only setting. Our work applies to
other architectures and activation functions, and considers
the behavior on the training distribution rather than arbitrary
inputs.

Relationship to weight norm One might be concerned
that linear dependencies between the activation vectors on
the training dataset might not hold for activation vectors
outside the training dataset, such that the entries of the
weight matrix that we are treating as free do in fact affect
the off-distribution outputs of the network.

However, SOTA optimisers often use weight decay or ¢2
weight regularisation during training to improve network
generalization (Loshchilov and Hutter, 2019). This biases
training towards networks with a smaller total £>-weight
norm, ||0]]2 = ;ﬁ:i |W!||p. Since the Frobenius norm
||[W!||F is invariant under orthogonal transformations, this
is equivalent to biasing training towards low ||TW!|| . Since
the entries of W' which connect to the zero principal compo-
nents do not affect the output, the training will be biased to
push them to 0. This is an example of weight regularisation
improving generalisation performance: if, at inference time,
an activation vector has variation in a direction not seen dur-
ing training, a regularised model ignores that component.

3.1.2. JACOBIANS SPANNING A LOW DIMENSIONAL
SUBSPACE

We have shown that if the set of activation vectors in some
layer have linear dependence over a dataset, then some
parameters are free to vary without affecting outputs on that
dataset. A similar story can be told when the Jacobians

T affﬁnz\l (I)

8p§+1
with the activations, we look for zero eigenvalues in the
gram matrix of the Jacobians:

1
K= DSOS = RUDLR )
z€D g

do not span the full space of the layer. As

Any zero eigenvalue in this gram matrix leads to d' zero
eigenvalues in the Hessian, analogous to the previous sec-
tion. We can transform into rotated layer coordinates
Wl = RW!, J' = J'R'R' and the parameters of the
transformed weight matrix in columns which connect to
the directions with zero variance can be changed freely
without changing the product J'W!. However, unlike with
the activation PCA components, the d' free directions in
the Hessian from Jacobians spanning a low-dimensional
subspace may not always correspond to d’ full degrees of
freedom in the parametrization. This is due to the potential
presence of terms above second order in the perturbative ex-
pansion around the loss optimum, which can cause the loss
to change if the parameters are varied along those directions
despite the Hessian being zero (Watanabe, 2009).

Jacobians between hidden layers Note that we can de-
compose each Jacobian from layer [ to layer Iy, into a
product of Jacobians between adjacent layers by the chain
rule:

Oftma () Oftma (1) Oftma—1 ()
Bpl*l T Ofla—1  Gflana—2

(3

Of'2(z) Of1 1 ()
Ofi+1 pltl

(13)

Thus, any rank drop in a gram matrix of Jacobians from

layer [ + k to layer [ 4+ k + 1 necessarily also leads to a

rank drop in the gram matrix of the Jacobians from layer [
to layer lgp,, and thus d' zero eigenvalues in the Hessian.

3.2. Synchronized nonlinearities

In this section, we demonstrate a third example of internal
structure that affects the effective parameter count of the
model. The two examples we presented in the previous
sections might be thought of as showing how the network
having fewer relevant variables in its representation in a
layer leads to more degeneracy. The example we present
in this section shows how the network performing “fewer
operations” leads to more degeneracy.

In a dense layer with piecewise linear activation functions
(ReLU or LeakyReL.U), the effective parameter count is
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reduced if two neurons have the same set of data points for
which they are ‘on’ and ‘off’. We call neurons with this
property synchronized with each other. For simplicity, in
this section, we will consider a dense feedforward network
with ReLU nonlinearities at each layer, and the same hidden
width d throughout.

We define the neuron firing pattern

r(z —Mi

where pl(z) = 3 ; Wf;l f;_l(x) is the preactivation of
neuron ¢. We call two neurons ¢ and j synchronized if they
always fire simultaneously on the training data, ri(z) =
r(z)Vz € D.

fpi(z) #0, elseri(z) =1,  (14)

All synchronized As a pedagogical aid, and to demon-
strate a point on how the effective parameter count is invari-
ant to linear layer transitions, we first consider the case of
all the neurons in layer [ + 1 being synchronized together
in the same firing pattern r/*1(z). Then we can write:

£142() = ReLU (W' ReLUOV' (1))

= ReLU (W't (2) Wil (2)) | (1)
meaning W' and W+! effectively act as a single d x d
dimensional matrix W = W!T1W!. Thus, any setting of
the weights W' and W't that yield the same W do not
change the network’s outputs on the training data, so long
as we avoid changing any of the rl+1( ). We can ensure
that the 1™ (2) do not change as we vary the weights by
restricting ourselves to alternate weight matrices

Wit 5 witle—t wt — ow! (16)

with C invertible and C; ; > 0V, j.

Note that a linear layer (without activation function, i.e.
fi = pi) is just a special case of all neurons being synchro-
nized Vi, z : 77! (z) = 1. When W is full rank, the drop
in the effective parameter count from full synchronisation is
the number of parameters in layer [. So we see that from the
perspective of the effective parameter count, linear transi-
tions ‘do not cost anything” — including the linear transition
in the model does not meaningfully increase the effective
parameter count compared to skipping the layer entirely.
We are simply passing variables to the next layer without
computing anything new with them.’

Synchronized blocks Now, we consider the general case
of arbitrary neuron pairs in a layer being synchronized or
approximately synchronized. We can organise neurons into

"See (Aoyagi, 2024) for a more complete treatment of effective
parameter counts in deep linear networks.

sets Sy, a = 1, ... amax, With the same activation patterns
ZSH( ) for all neurons in the set. We call these sets synchro-

nized blocks. This works because synchronisation is a transi-

tive property, if i1 (z) = 75 (z) and 77 (z) = riT (),
then 7™ (z) = ri ! (x).

Each neuron belongs to one block, so o™}

Sa| = d and

@max

[i**(x) = ReLU ZZ ) Do W W £ ()
J

k€S,

We can replace W't — WH1C—1 W — CW!, where
the matrix C' has a block-diagonal structure with invertible
blocks Cp,) € RISalxISal and Cla)kr, e > 0 forall k, k' €
(L,...,|Sal)-

Just as we do not expect activations and gradients to have
exact rank drops, we do not expect exact neuron synchro-
nisation to be common in real models. Instead, we can
consider two neurons to be approximately synchronized if
their activations only meaningfully differ on a few data-
points. Numerically, we can define:

DD
€D i,i' €S, (17)
2
(ritH (@)pi (@) = i (@) (@)
If |r!*+1|2 is non-zero but small, choosing different weight

matrices as above will only increase the loss by an amount
proportional to O(|rk1]2).

‘ l+1|2

Degeneracy counting For each pair of synchronized neu-
rons 77 (2), i (), we can set a pair of off-diagonal
entries Cy, i/, Ci i in C' to arbitrary positive values when
we change the weights to W!1C~! and CW'. If W' is
full rank, the rows k and %’ are linearly independent, so
this synchronized pair will result in two free directions in
parameter space. Thus, we have as many free directions in
parameter space as we have synchronized neurons. We can
also count this as the number of the synchronized neurons

in each block squared

Qmax

=[S (18)
a=1

We then see that N'*! is highest if all the neuron firing
patterns are synchronized, and lowest when all neurons
have different firing patterns.

Nl+1

However, W' is not always full rank. Further, if we want
to combine the degrees of freedom from neuron synchroni-
sation with other degrees of freedom from this section, we
have to be careful to avoid double-counting. If the activa-
tions in layer [ lie in low-dimensional subspaces, then some
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of the d? degrees of freedom above may already have been
accounted for. If we remove those double-counted degrees
of freedom and control for the rank of W', each synchro-
nized block only provides additional degrees of freedom
equal to the dimensionality of the space spanned by the pre-
activations of block S, over the dataset D squared, which
we denote

shtl .= dim(span{p,™|k € S,}). (19)

So more generally, the additional amount of degeneracy the
effective parameter count is lowered by will be

= (shH)2. (20)

a

Nl+1

The trivial case of self-synchronisation ¢ = 4’ is not ex-
cluded here in this formula. It corresponds to the generic
freedom to vary the diagonal entries of C, C}, , of a ReLU
layer: scaling all the weights going into a neuron by
Cp.r € R and scaling all the weights out of the neuron by
1/Cl . does not change network behavior.

Attention A similar dynamic holds in the attention layers
of transformers, with the attention patterns of different atten-
tion heads playing the role of the ReL'U activation patterns.
If two different attention heads hq, ho in the same attention
layer have synchronized attention patterns on the training
data set, their value matrices I/V‘}}1 , W‘@z can be changed to
add elements in the span of the value vectors of one head
to the other head, with the output matrices Wh1 , W£2 that
project results back into the residual stream belng modified
to undo the change. If W"}l, W"}Q are full rank, this results
in 2d2,,, degrees of freedom in the loss landscape for each
synchronized attention head, in addition to the generic dz,,,
degrees of freedom per attention head that are present in
every transformer model. If W@l , WGQ is not full rank, we
account for this similarly as we did with the neurons above.

4. The Interaction Basis

In this section, we propose a technique for representing a
neural network as an interaction graph that is invariant to
reparameterisations that exploit the freedoms in Sections
3.1.1 and 3.1.2. The technique consists of performing a basis
transformation in each layer of the network to represent the
activations in a different basis that we call the Interaction
Basis.

This basis transformation removes degeneracies in activa-
tions and Jacobians of the layer to make the basis smaller.
The basis is also intended to ‘disentangle’ interactions be-
tween adjacent layers as much as possible.

To find a transformation of network weights and activations
that is invariant to reparameterisations based on low-rank

activations or low-rank Jacobians, we take the network Hes-
sian (equation 7), and use equation 8 to rewrite it as

(@Y Of () O™ ()

LU 0* 1 l l
HL] Z']' ) = % a;fj(‘r)f] ( ) 8pl+1 apii+1
2D

Next, we make two presumptions of independence (Chris-
tiano et al., 2022), assuming that

1. We can take expectations over the activations and Jaco-
bians in each layer independently

2. Different layers are somewhat independent such that
the Hessian eigenvectors can be largely localised to a
particular layer

Both of these assumptions are investigated in (Martens and
Grosse, 2020), who test their validity in small networks and
use it to derive a cheap approximation to the Hessian and
its inverse.

This allows us to approximate the Hessian as

> f}(m)f}f(w)]

1 1
Hll 9* ~ 8 | =
iz (07) = 5001 l”

z€D (22)
Z Z aflﬁml aflﬁml( ) -
e ® opitt op!

This effectively turns the Hessian into a product of two
matrices, a gram matrix of activations in each layer

1
Gl = > @) () (23)
€D

and a Gram matrix of Jacobians with respect to the next
layer’s preactivations

lnnal af‘lhnal( )
Z Z l+1 a lj—l

wED k

(24)

We can then find the eigenvectors of this approximated
Hessian by separately diagonalising these two matrices.

We would like to find a basis for f' that excludes directions
connected exclusively to zero eigenvectors of the Hessian.
That is, we want to exclude directions in f ! that lie along
zero eigenvectors of G, and directions that are mapped by
the weight matrix W' to lie along zero eigenvectors of K.

To do this, we can backpropagate the Jacobians in equation
24 one step further to include the weight matrices W':

8flﬁnd1 flﬁml( )
u’ = Z Z 8fl afll/ (25)
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and then search for a basis in f! that diagonalises M' and
G at the same time. This basis will have one basis vector
less for each zero eigenvalue of the Gram matrices of the
activations and Jacobians, respectively. It will also exclude
directions that lie in the null space of TW'.

The matrices Gl, M are symmetric, SO we can write Gl =
U DLUY and M! = V" DL, V! for diagonal D, Dy
and orthogonal U!, V',

We can find a basis transformation f = C'f! in which both
G' and M are diagonal, in two steps:

1. Apply a whitening transformation with respect to G':

el L 1/2\
f' = (DG ) U', where + denotes the Moore-

Penrose pseudoinverse. If the activations in layer [
do not span the full activation space, then the gram
matrix G! is not full rank, and some diagonal entries of
Dé; are zero. By choosing this pseudoinverse, we ef-
fectively eliminate all the degeneracies from low-rank
activations. In this basis, G!; = &;;

2. Now that G! is whitened, we can apply the trans-
formation by V! which diagonalises M without un-
diagonalisng G since the identity matrix is isotropic.®
At this point both M' and G! are diagonal and C" is
defined up to multiplication by a diagonal matrix. We

1/2

+
choose to multiply at the end by (Déw ) because

this eliminates degeneracies from low rank Jacobians.

We call the basis £/ = (Dgwl/ 2) Ty (DlGl/ 2) " U the
interaction basis. If our two presumptions of independence
held exactly, basis vectors in this basis would be aligned
with the directions that affect the output most. We conjecture
that if we apply the interaction basis transformation to a real
neural network, the resulting representation is likely to be
more interpretable. The interaction basis is invariant to
invertible linear transformations,’ meaning the basis itself
is a largely coordinate-independent object, much like an
eigendecomposition (Appendix D).

We made two simplifying assumptions of independence
about the Hessian to motivate this basis. While they have
been used in other contexts to some success, these are still
strong assumptions. Future work might investigate alterna-
tive techniques for finding a basis without these assumptions.
This might only be possible with an overcomplete basis, con-
necting the framework of this paper to superposition.

$We need to be careful which coordinate basis we are working
in: the entries of V! in the basis that whitens G and in the standard
basis are different.

Technically, it is only invariant to up to the uniqueness of the
eigenvectors of a certain matrix. But that usually just amounts to
freedom under reflections of coordinate axes in practice.

5. Related Work

Explaining generalisation The inductive biases of deep
neural networks that leads them to generalise well past their
training data has been an object of extensive study (Zhang
et al., 2021). Attempts to understand generalisation involve
studying simplicity biases (Mingard et al., 2021) and are
closely related to attempts to quantify model complexity,
for example via VC dimension (Vapnik, 1998), Radamacher
complexity (Mohri et al., 2018) and other less widely known
methods (Liang et al., 2019; Novak et al., 2018).

Singular Learning Theory This paper is heavily influ-
enced by Singular Learning Theory (Watanabe, 2009) which
uses the local learning coefficient (Lau et al., 2023) to quan-
tify the effective number of parameters in the model via
the flatness of minima in the loss landscape. The flatness
of minima has been found to predict model generalisation,
for example on CIFAR-10 networks (Li et al., 2018). SLT
has been used to study the formation of internal structure in
neural networks (Chen et al., 2023; Hoogland et al., 2024).
Hoogland et al. (2023) propose understanding the internals
of neural networks through the geometry of their loss land-
scapes as a research direction.

Local structure of the loss landscape Other works have
investigated the structure of neural network loss landscapes
and their degeneracies around solutions found in training.
Martens and Grosse (2020) proposed that the Hessian ma-
trix of MLPs can be approximated as being factorisable
into independent outer products of activations and gradients,
and that its eigenvectors might be approximated as being
localised in particular layer of the network. This approxima-
tion was later extended to CNNs, RNNs, and transformers
(Grosse and Martens, 2016; Martens et al., 2018; Grosse
et al., 2023). Wang et al. (2019) use this approximation to
compress models by pruning weights along directions with
small Hessian eigenvalues. For deep linear networks, an an-
alytical expression for the learning coefficient was derived
in (Aoyagi, 2024). Carrol (2021) investigate degeneracies
in the loss for ReLU MLP models, while Farrugia-Roberts
(2022) do so for one-layer tanh networks. Draxler et al.
(2019) find most minima in the loss landscape are connected
by a continuous path of minimum loss in CIFAR models.

6. Conclusion

We introduced the idea that the presence of degeneracy in
neural networks’ parameterizations may be a source of chal-
lenges for reverse engineering them. We identified some of
the sources of this degeneracy, and suggested a technique
(the interaction basis) for removing this degeneracy from
the representation of the network. We argued that this rep-
resentation is likely to have sparser interactions, and we
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introduced a formula for searching for modules in the new
represenation of the network based on a toy model of how
modularity affects degeneracy.

7. Impact statement

Our work presents fundamental research in mechanistic
interpretability. Interpretability aims to improve our under-
standing of the inner workings of neural networks, which
may help understand issues with Al systems and align future
powerful Al systems with human values.
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A. Interaction sparsity from parameterisation-invariance

In the introduction, we argued that if we can represent a neural network in a parameterisation-invariant way, then this
representation is likely to be a good starting point for reverse-engineering the computation in the network. The intuition
behind this claim is that in the standard representation, parts of the network which do not affect the outputs act to obfuscate
and hide the relevant computational structure — once these are stripped away, computational structure is likely to become
easier to see. One way this could manifest is through the new representation having greater interaction sparsity.

In this section, we demonstrate that picking the right representation can indeed lead to sparser interactions throughout
the network. Specifically, we show that we can find a representation such that, for every drop in the effective parameter
count caused by either (a) activation vectors not spanning the activation space (Section 3.1.1) or (b) neuron synchronisation
(Section 3.2), there is at least one pair of basis directions in adjacent layers of the network that do not interact.

The role of this section is to provide a first example of a representation of a network which has been made invariant to
some reparameterisations, and show that this representation has correspondingly fewer interactions between variables. The
algorithm sketch used to find the representation here is not very suitable for selecting sparsely connected bases in practical
applications, since it is somewhat cumbersome to extend to non-exact linear dependencies. We introduce a way to choose a
basis for the activations spaces that is more suitable for practical applications in Section 4.

Consider a dense feedforward network with ReLU activation functions, with Ng.. degrees of freedom in its parameterization
that arise from a combination of

1. The gram matrix of activation vectors in some layers being low rank, see Section 3.1.1.

2. Blocks of neurons being synchronized, see Section 3.2.
We will now show that we can find a representation of the network that

1. exploits the degrees of freedom due to low-dimensional activations to sparsify interactions through a re-parametrisation.

2. exploits the degrees of freedom from neuron synchronisation to sparsify interactions through a coordinate transforma-
tion, without losing the sparsity gained in step 1.

Sparsifying using low dimensional activations Here, we show how to exploit the degrees of freedom in the network due
to low-dimensional activations in the input layer to sparsify interactions.

Suppose that the gram matrix of activations f(!) (z) of the input layer, GV = L 3~ fi(l)(x)fj(l) (x) is not full rank. This

means that we can take a set of rank (G (1)) neurons as a basis for the space. This will be fewer neurons than the width d(!)
of the input payer. Writing

rank(G(1)>
Vj € (rank (G(1)> + 1, dD) iD= ST (et (26)
i=1
we can replace the weights W (1) with new weights
1 Fieol )
W(l) = WZ(J : + Zk:rank(G<1))+1(ck)jWi 1 < J < rank (G(l)) (27)
“ 0 rank (G(l)) <j< d®

In this way we can disconnect (d(*) — rank (G(l))) many neurons from the next layer without changing the activations
in layer 2 at all on the training dataset, since WM (1) = WO £ For every degree of linear dependence we may have
had in layer 1, we now have d(®) weights set to zero, where d? is the width of the second MLP layer. Since two neurons
that are connected by a weight of 0 do not interact, this means that we can associate each drop in the effective parameter
count caused by linear dependence between activations in layer 1 with a pair of nodes in the interaction graph which do not
interact.
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Sparsifying using synchronized neurons Now, we show that we can exploit the degrees of freedom in the network from
the synchronisation of neurons in the first hidden layer to sparsify interactions without losing any of the sparsity we gained
in the previous step.

Taking the example of the second layer f(2), we want to find a new coordinate basis £ = C?£(2) in which there is at
least one pair of variables ( f,i(2)7 f;l)) that does not interact for each drop in the effective parameter count caused by neuron
synchronisation.

To choose this basis, we start by finding all pairs of neuron firing patterns r¢(z) in layer 2 that are synchronized and group

them into sets of synchronized blocks. Continuing with the same notation as in Section 3.2, we denote the blocks of
synchronized neurons S,,a € (1,. .., Gmax), With size |S,|, and we use the notation M, [a] tO denote the matrix in R%a % 5a

with entries given by M;; Vi, j € S,. Then, we choose the transformation C (?) to be block diagonal

C? = : (28)
0 C?

[amax}

with the blocks given by the inverse'® of the | S, | x |S,| blocks of TW(1):

1
() _ (yis(L)
o =(wy) (29)
(1) (1)
oqg—1+1,04-1+1 T Wo'a,oa,rkl
O ; g : (30)
[a] . . :
WC(’i)—lJrl,cra e Wéi?ﬁa

foroq = > y_; S

This coordinate transformation will set one interaction to zero per drop in the effective parameter count caused by neuron
synchronisation. To see this, we first consider that C'>) commutes with the nonlinearity applied between layers 1 and 2, that

is

CDReLU (W(l)f(l)(x)) — ReLU (0<2>W<1>f<1>(;c)) 31)
for all . The product W) = C@ WO will thus have block diagonal entries equal to the identity W[Ezl]) = I|g,). This

. 2

means W (") will at minimum have an additional 3 “ (5512)) — d®) entries that are zero — one non-interacting pair of nodes
per degree of non-generic parametrization freedom caused by neuron synchronization, see equations 19, 20. These absent
interactions are distinct from those due to the activation vectors in layer 1 not spanning the full activation space we found in
the previous step. Thus, the minimum absent interactions add up to be equal or greater to the degrees of freedom in the loss

landscape stemming from low dimensional activations in the input layer f(!) or synchronized neurons in the first hidden
layer f(2).

Repeat for every layer Now, we can repeat the previous two steps for all layers, moving recursively from the input layer
to the output layer. We check if the activation vectors in layer 2 do not span the activation space and pick new weights 17/ (2)
accordingly. Then we check if any neurons in layer three are synchronized and transform £®) = c®®) accordingly. We
repeat this for every layer in the network.

We thus obtain new weight matrices, and a new basis for the activations of every layer in the network. Treating the new
basis vectors in each layer as nodes in a graph, we can build a graph representing the interactions in the network. This graph
will have two properties:

1. It has at least one interaction that is zero for every drop in the effective parameter count introduced by neuron
synchronisation or activation vectors spanning a low dimensional subspace

2. It is invariant to reparameterisations that exploit these degeneracies.

""Technically the pseudoinverse, because W[(al]) does not need to be invertible.
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w1

Figure 1: Example of a loss landscape with interacting free directions, from (Carroll, 2023), lightly edited. The loss does not change when
changing w; alone or w2 alone, so there are two free directions in the landscape. However, the loss does change when changing both w1
and wo together, so the set of zero loss is cross-shaped rather than spanning the whole plane. Thus, despite there apparently being two free
directions, the effective parameter count that characterises the dimensionality of the low loss volume is 1 rather than 0. Non-interacting
sets of parameters have no joined terms like this in the loss function, so their free directions always span full subspaces with each other.

B. Modularity may contribute to degeneracy

A core goal of interpretability is breaking up a neural network into smaller parts, such that we can understand the entire
network by understanding the individual parts. In this section we propose a particular notion of modularity that could be
used to identify these smaller parts. We argue that this notion of modularity is likely to occur in real networks due to its
relation to the LL.C.

The core claim of this section is that more modular networks are biased towards lower LLC. We argue that if modules in a
network interact less (i.e the network is more modular) this yields a higher total degeneracy and thus a lower LLC. Each
module has internal degeneracies: if two modules do not interact then the degeneracies in each are independent of each
other, so the total amount of degeneracy in the network (from these modules) is at least the sum of the amount of degeneracy
within each module. However, if the modules are interacting, then the degeneracies may interact with each other, and the
total amount of degeneracy in the network can be less. Therefore, networks which have non- or weakly- interacting modules
typically have more degeneracy and thus a lower LLC, which means that neural networks are biased towards solutions
which are modular.

The argument in this section does not preclude non-modular networks from having a lower LLC than modular networks
in any specific instance. Instead, this section presents an argument that, all else equal, modularity is associated with a
lower effective parameter count. This argument could fail in practice if more modularity turns out to increase the effective
parameter count of models for a different reason, or if real neural networks simply do not have low-loss modular solutions.

In Section B.1 we define interacting and non-interacting degeneracies, and show that the total degeneracy is higher in when
individual degeneracies do not interact. In Section B.2 we quantify how modularity affects the LLC by studying a series of
increasingly realistic scenarios. First, we consider the case of twomodules which do not interact at all in Section B.2.1. Then
we explore how to modify the analysis for modules which have a small number of interacting variables in Section B.2.2.
Finally, in Section B.2.3 we extend our analysis to allow for the strength of interactions to vary. We arrive at a modularity
metric which can be used to search for modules in a computational graph.

B.1. Interacting and non-interacting degeneracies

If a network’s parameterization has a degeneracy, then there is some way the parameters of the network can change without
changing the input-output behavior of the network. This change corresponds to a direction that can be traversed through the
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parameter space along which the behavioral loss stays zero. We call such a direction a free direction in the parameter space.
It’s also possible for a parameterization to have multiple degeneracies and thus multiple free directions.

We call a set of free directions non-interacting if traversing along one free direction does not affect whether the other
directions remain free. In this case, the set of non-interacting free directions span an entire free subspace of the parameter
space. In a parameter space with § = (wy, w, ws3) and loss given by L(w1,ws,w3) = w?, we are free to pick any value of
wy and w3 while remaining at the minimum of the loss provided that w; = 0. The area of constant loss is a 2-dimensional
plane.

The set of free directions is called interacting if traversing along one free direction does affect whether other directions
remain free. For an extreme example, consider the loss function L(wy,ws) = w%w% (figure 1) at its minimum (0,0). In this
case there are two free directions, but when we traverse along one free direction the other direction ceases to be free. The
area of constant loss does not span a full subspace (a 2-dimensional plane); here is resembles a cross (see Figure 1) which is
a 1-dimensional object.

We can explicitly calculate the number of degrees of freedom (the difference between the effective parameter count (equation
6) and the nominal parameter count) in each of these two loss landscapes. We find that the first landscape has two degrees of
freedom but the second has only one. These are two extremes of fully interacting and fully non-interacting free directions.
It is also possible to construct intermediate loss landscapes in which the number of degrees of freedom arising from two
free directions is a non-integer value between 1 and 2. In general, for a given set of free directions, the lowest the effective
parameter count can be is the non-interacting case.

B.2. Degeneracies in separate modules only interact if the modules are interacting

In this section we quantify the increase in the effective parameter count, and equivalently the LLC, from perfect and
near-perfect modularity. We show that a network consisting of non-interacting modules has a low effective parameter count,
and that a network with modules which interact through a single variable has only a slightly higher effective paraeter count.

Consider a modular neural network fy(x) consisting of two parallel modules M; and Ms. The modules take in different
variables x1, x5 from the input z = (x1, x3), and the output of the network is the concatenation of the module outputs
fo(x) = (Mq(x1), Ma(x2)). We assign every activation direction in the network to either M7 or Ms.

We split the parameter space © into 3 subspaces: © = 01 ® Oy @ O19. 61 € O; are the parameters inside M,
(i.e.parameters that affect interactions between two activations within M), 05 is the space of the parameters inside M5, and
01,2 is the space of parameters which affect interactions between activations of both modules.

B.2.1. NON-INTERACTING CASE

We start by analyzing a network consisting of two perfectly separated modules; the values of activations in M; have no
effect on activations in M, i.e. 01,2 = 0 and the network output is given by

fo(x) = (M1 (01, 71), M2(02,22)). (32)

Consider now two free directions in parameter space, where one lies entirely in ©1, and the other lies entirely in ©. Since
M and M, share no variables and do not interact, there is no way for a change to parameters along one free direction
to affect the freedom of the other direction. Therefore, one dimensional degeneracies that are in different disconnected
modules must be non-interacting. By contrast, if M and M, were connected, their free directions could interact.

We break up the behavioral loss with respect to this network into three terms:
Lp(0|0*,D) = L1(01107, D) + La(62]605,D) + L12(01,02,0142|07,05,0,D) (33)

Ly and L are the parts of the behavioral loss than involve only 6; and 6, respectively, and L;,o contains all the other
parts. So long as we ensure #;.,5 = 0, we have L1, = 0. Then a calculation shows that the overall number of degrees of
freedom (Ngee = IV — Negr) for this behavioral loss, restricted to the subspace in which 61,5 = 0, is equal to the sum of the
number of degrees of freedom in each module.

There could be additional free directions involving moving 61,2 away from 0. These free directions are not guaranteed not
to interact with the free directions in each module, and our argument says nothing about how large additional contributions
to the effective parameter count from varying 6, .,o may be.
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B.2.2. ADDING IN INTERACTIONS BETWEEN MODULES

Next, we consider the case that there are a small set of activations vy, . . ., v, inside M that causally affect the value of some
activations inside M5 (due to not all the parameters in 61,5 being 0). This means that the two modules are now interacting
with each other. In that case, the only degeneracies in M7 which are guaranteed not to interact with the degeneracies in My
are those which do not affect the value of any of the v;.

Picture M, as a causal graph, where the nodes are activations and the edges are weights or nonlinearities. The nodes inside
M are connected to the ‘outside’ of M; via (a) the input layer, where M takes in inputs, (b) the output layer, where M
passes on its outputs, and (c) the ‘mediating’ nodes v; where variations affect what happens inside M. The free directions
inside M, that are guaranteed not to interact with free directions outside M are those directions that leave this entire
interaction surface invariant: the directions which do not change any of the mediating nodes as we traverse along them.
Each mediating node that is present is an additional constraint on which free directions are guaranteed to be non-interacting.
The more approximately independent nodes that are part of that interaction surface, the fewer free directions in M; might be
generically expected to satisfy these constraints.

In the previous section, we argued that the degrees of freedom of the network with noninteracting modules, restricted to
the subset of parameter space in which 01,2 = 0, was equal to the sum of the degrees of freedom in each module. In this
section, 67,5 # 0, but modifying the argument to restrict to the subset of parameter space in which 6;.,2 = 6], is not
sufficient to fix the argument, because the degeneracies interact.

To fix the argument, we introduce the constrained loss function for parameters in Mj:

1 m
L1.c (01107, D, v, vm) = L (64163, D) + SN (il 2) — vi(61,2))? (34)
i=1 x€D

This loss function is the same as the part of the behavioral loss that depends only on parameters in M7, except that it has
extra MSE terms added to ensure that the points with very small loss also preserve the values of v1, . . ., v, on all datapoints.
This means its learning coefficient is higher than for the unconstrained behavioral loss. The key property of the constrained
loss landscape is that free directions in are guaranteed to be non interacting with free directions in the loss landscape Lo.
Therefore, we are able to say that the total effective parameter count of the network consisting of two interacting modules,
when constrained to the subspace 01,2 = 67, really is twice the sum of the learning coefficient for the loss function Lo,
and for the loss function Ly ¢'!.

As before, there could be additional free directions involving moving 61,2 away from 607, ,, which may interact with the
free directions in each module. Since we have not characterized the effect of these free directions on the effective parameter
count, we cannot confidently conclude that networks with more separated modules reliably have lower effective parameter
counts overall. For example, it may be possible that on most real-world loss landscapes, there are many more non-modular
solutions than modular ones, and that typically the place in parameter space with lowest loss and lowest effective parameter
count is not modular. However, we are not aware of any compelling reason why non-modular networks have some advantage
in terms of having low effective parameter counts, to combat the advantage of modular networks discussed in this section.

B.2.3. VARYING THE STRENGTH OF AN INTERACTION

In the precious section, we discussed the case that two modules interact via m nodes. However, this model had no notion of
how strong an interaction is — every node inside M either is not on the interaction surface, or it is, and all nodes on the
interaction surface affects the nodes inside M5 the same amount. In real networks, the extent to which one activation can
affect another is continuous. Therefore, we’d like to be able to answer questions like the following:

Suppose that we have two networks both consisting of two modules, M and M,. In the first network, there is a
single node inside M7 that strongly influences M5, and in the second there are two nodes inside M that both
weakly influence M,. Which of these two networks is likely to have a lower effective parameter count?

In this section we’ll attempt to answer this question. To do so, we will make use of the notion of an effective parameter count
""For simplicity in this section, we have considered the case in which nodes in M; affect nodes in M but the converse is not true. If

we wanted interactions to be bidirectional, we could modify the argument of this section by introducing a second constrained loss function
Lo c.

16



Using Degeneracy in the Loss Landscape for Mechanistic Interpretability

at a finite loss cutoff € (Section 2.2). We show that the magnitude of the total connections through different independent
mediating nodes v, vy seems to add approximately logarithmically to determine the effective ‘size’ of the total interaction
surface between modules.

As before, we consider two modules M7 and M,, connected through a number of mediating variables vy, ..., v,, that
are part of M; and which M, depends on. Let each of these mediating variables connect to M through a single weight,
Wi, - .- ,U)nlz.

If w; is sufficiently small relative to the loss cutoff ¢, the connection between modules via v; will be so small that it can be
considered no connection at all from the perspective of interactions between free directions in different modules. This would
be if the loss increases when we traverse along both free directions simultaneously by an amount that is smaller than e.

Quantitatively, if we traverse along a free direction in © that changes the value of v;(6;|x), then for small enough € (and a
network with locally smooth-enough activation functions), the resulting change in the MSE loss of the whole network L will

be proportional to w?. If w; = O €z ) , that means the connection is ‘effectively zero’ relative to the given cutoff ¢, in the

sense that the volume of points with L(6) < ¢ is not substantially impacted by the terms in the loss involving w;.

Now we consider larger connections w; = ¢* with k; € (0, %) We can model this situation by taking the size of w; into
account in the constrained loss (equation 34). We define the weighted constrained loss by a sum over mean squared errors
for preserving each mediating variable, weighted by the size of the variable:

1m
Ly.c(64]0%,0F 0, D, 01, ..., 0m) = L1 (01105, D) + EZ > (il 7) — vi(6y,2))° (35)
i=1 zeD

where we’ve made L; ¢ depend on 67, here because w; are parameters in 07,,. We are interested then in how much
smaller the learning coefficient for loss landscape L is than the learning coefficient on landscape L ¢, as a function of loss
cutoff e. This depends heavily on the details of the model. If the constraints are completely independent, we could perhaps
model the presence of each constraint as destroying some number ~; of degrees of freedom compared to the model in which
the constraints were not present (and the modules were fully non-interacting).

Nesic = New + > %i-

Now, we seek an expression for 7; in terms of w;. Since we require L () < €, and each term in Lp is positive, we also
have that each constraint M S E must be smaller than e. Rearranging, we find that

= vil01,2))° = 7 =& (36)

z€D

Therefore, the weights €2¥¢ of each constraint effectively correspond to measuring the volume of points satisfying that
constraint at a larger loss cutoff & = €' ¥, Now, we make an assumption that if all the weights were 1, then each constraint
would be responsible for removing a similar number 7 of degrees of freedom from the network. In other words, each
constraint would restrict the volume of parameter space that achieves loss less than € by the same amount. Then, we can
rescale this region by the factor ¢! ~2*: and we find that:

- logw; \
—(1—2/%)7—(1—21;6)% (37

Therefore, the size of the logarithm of the weight w; relative to the logarithm of the cutoff € becomes a prefactor reducing
the number of degrees of freedom removed by constraint ¢. If w; = 1, then v; = 7, and if w; < e%, then v; = 0'3.

With this in mind, let us return to the question introduced at the start of this section. We will call the network with two
weak interactions between modules network A, with two mediating nodes v 4 1,v 4,2 and mediating weights w4 1 = w4 2.
Likewise, we denote the network with one strong interaction between modules by network B, with one mediating node vp

2We could also consider w; to be the sum of weights connecting node v; to Ma.
S . . .
BFor w; < 2, this is effectively zero from the resolution available at loss cutoff c.
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and one mediating weight wpg. How large must wp be compared to w 4,1 and w4 » for the interactions between modules in
network B to effectively remove the same number of degrees of freedom as the interactions between modules in network A?

Using equation 37, we find that
log (wl ) = log (w 1’1) + log <w 1’2> . (38)
€2 €2 €2

So, the analysis in this section implies that connections through different mediating nodes should be considered to add
together logarithmically for the purpose of estimating the number of interaction terms between degrees of freedom that
live in different modules. In practice, the constraints different mediating variables impose on the loss 35 are likely rarely
completely independent, so this should be seen as a rough approximation to be used as a starting guess for the relevant scale
of the problem.

If circuits in neural networks correspond to modules, the analysis in this section implies that we could identify circuits in
networks by searching for a partition of the interaction graph of the network into modules which minimises the sum of logs
of cutoff-normalised interaction strengths between modules.

C. Background: the local learning coefficient

The most important quantity in SLT is the learning coefficient \. We define a data distribution  ~ X and a family of models
with IV parameters, parameterised by a vector 6 in a parameter space © C RY. We also define a population loss function
L(6]X) which is normalised so that L(6p|X) = 0 at the global minimum 6y = arg min, L(6|X). Then X is defined as
(Watanabe, 2009): !4

d
A= lim {e log V(e)} ) (39)
e—0 | de
where V (€) is the volume of the region of parameter space © with loss less than e:

V(e) := do (40)

/{06@: L(0)<e}

The learning coefficient quantifies the way the volume of points with low loss changes as we ‘zoom in’ to lower and lower
loss.

Since the loss landscape can have many different solutions with minimum loss, this definition does not necessarily single
out a region corresponding to a single solution. Therefore (Lau et al., 2023) introduce the local learning coefficient (LLC,
denoted by \) as a way to use the machinery of SLT to study the loss landscape geometry in the neighbourhood of a
particular local minimum at 8* by restricting the volume in the definition of the learning coefficient to a neighbourhood of
that minimum O~ C © satisfying 6" = argminycg,. L(0|X). Then we define the local volume:

V- (€) = do A1)

./{06@9* :L(0)<L(6*)+e}

and the local learning coefficient:

A(0%) = lim {ed logVQ*(e)] . (42)
e—0 | de

The LLC is a measure of basin broadness, and SLT predicts that networks are biased towards points in the loss landscape
with lower learning coefficient.

To see why the LLC can be thought of as counting the degeneracy in the network, consider a network with NV parameters,
with Np.. degrees of freedom in the parameterisation (such that N, of the parameters can be freely varied together or
independently, without affecting the loss). Then, we can approximate the loss by a Taylor series around the minimum:

1 .
L(OIX) = L(07) + 5 (6 — 0 )T H(6°)(0 - 6%) + O(||6 — 6*[]°) (43)
4See (Watanabe, 2009) for a more rigorous definition of the learning coefficient.
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where H (6*) is the Hessian at the mininum. Consider the case that all functionally relevant parameters all contribute a
quadratic term to the loss to leading order, and degrees of freedom correspond to parameters which the loss does not depend
on at all. In this case, (Murfet, 2020) explicitly calculate the LLC, showing that it equals %(N — Niiee) — i.e. the LLC
counts the number of functionally relevant parameters in the model.

There is a sense that in such a model, the nominal parameter count is misleading, and if there are Ny, degrees of freedom
then there are effectively only N — Ny, actual parameters in the model. Indeed, this is the right perspective to take for
selecting a model class to fit data with. (Watanabe, 2013) demonstrates that for models with parameter-function maps
that are not one-to-one, the Bayesian Information Criterion (Schwarz, 1978), which predicts which model fit to given data
generalizes best (Hoogland, 2023), should be modified: the parameter count of the model N should be replaced with 2.

In this simple example, the LLC is equal to half the rank of the Hessian at the minimum, and one might wonder if these two
quantities are always related in this way. It turns out that they are only the same when the loss landscape can be written
locally as a sum of quadratic terms, but this isn’t always true. For example, the loss landscape could be locally quartic in
some directions, or the set of points with loss equal to 0 may form complicated self intersecting shapes like a cross. In these
cases, it is the LLC, not the rank of the Hessian, that measures how much freedom there is to change parameters and how
much we expect a particular model to generalise.

D. Invariance of the Interaction Basis under linear transformations

The Interaction Basis is largely a coordinate-independent object, in the sense that it is invariant under linear transformations.
If we apply a transformation ' — f Il% = RfL, W! — Wllz = W'R™! to the activation space, the final interaction basis is
unchanged (f Il% = f!) for any R € GL(R) up to trivial axis reflections, unless M' has repeated eigenvalues.

~ +
To show this, first note that in the whitened basis f! = (DlGl/ 2) Ut Gl is by definition always transformed to the
identity matrix

Gl = (Dg”2)+ UG ((Dgl/2)+ Ul>T ~1. (44)

So if we whiten after applying the transformation R, f ll? can only differ from f! by an orthogonal transformation. Call this
orthogonal matrix (). In the whitened basis, M Il% will then be:

Mb = QrM'QY. (45)

So M} and M only differ by an orthogonal transformation. The interaction basis will be the eigenbasis of M} and M!,
respectively. So long as a real matrix does not have degenerate eigenvalues, its eigendecomposition is basis invariant if
a convention for the eigenvector normalisation is chosen, up to reflections. So if M! does not have multiple identical
eigenvalues, the interaction basis we end up in is the same up to reflections whether we transformed with R first or not. If
M' does have identical eigenvalues, the basis will still be identical up to orthogonal transforms in the eigenspaces of M.
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