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Abstract

In this paper, we study the problem of learning in quantum games with scalar,
payoff-based feedback. For concreteness, we focus on the widely used matrix
multiplicative weights (MMW) algorithm and, instead of requiring players to have
full knowledge of the game (and/or each other’s chosen states), we introduce a suite
of minimal-information matrix multiplicative weights (3MW) methods tailored to
different information frameworks. The main difficulty to attaining convergence in
this setting is that, in contrast to classical finite games, quantum games have an
infinite continuum of pure states (the quantum equivalent of pure strategies), so
standard importance-weighting techniques for estimating payoff vectors cannot be
employed. Instead, we borrow ideas from bandit convex optimization and we design
a zeroth-order gradient sampler adapted to the semidefinite geometry of the problem
at hand. As a first result, we show that the 3MW method with deterministic payoff
feedback retains the O(1/VT) convergence rate of the vanilla, full information
MMW algorithm in quantum min-max games, even though the players only observe
a single scalar. Subsequently, we relax the algorithm’s information requirements
even further and we provide a 3MW method that only requires players to observe a
random realization of their payoff observable, and converges to equilibrium at an
O(T~'/%) rate. Finally, going beyond zero-sum games, we show that a regularized
variant of the proposed 3MW method guarantees local convergence with high
probability to all equilibria that satisfy a certain first-order stability condition.

1 Introduction

The integration of quantum information theory into computer science and machine learning [4, 39, 49]
has the potential to disrupt the field by providing faster and more efficient computing resources, new
encryption and security protocols, and improved machine learning algorithms, enabling advancements
in areas such as quantum cryptography, shadow tomography, QGANs, and adversarial learning
[1, 11, 14, 31]. As a well-known example, Google’s “Sycamore” 54-qubit processor recently
showcased this “quantum advantage” by training an autonomous vehicle model in less than 200
seconds [4], a fact made possible by the ability of quantum computers to prepare superpositions
of qubits that exceed the operational capabilities of standard Boolean gates. [By contrast, classical
computers are limited by their binary alphabet and memory structure in this regard.]

Deploying such models within a multi-agent context, such as the utilization of QGANS or autonomous
vehicles, leads to a significant transformation compared to classical non-cooperative environments.
This shift primarily arises due to the inherent properties of quantum systems, namely the decoherence
and entanglement principle. Specifically, these quantum notions enable quantum players to possess
an edge over "classical" ones, attaining greater payoffs than would be achievable [16, 36]. This
phenomenon occurs due to the disparity in probabilistic mixing between the quantum and classical
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domains. Unlike classical games, where a mixed strategy is a probabilistic mixture of the underlying
pure strategies, quantum games utilize mixed states, which represent probabilistic mixtures of
quantum projectors. As a consequence, a mixed quantum state can yield payoffs that cannot be
expressed as a convex combination of classical pure strategies.

In light of this, quantum learning has drawn significant attention in recent years [2, 21, 22, 27, 28, 46].
In a multi-agent context, the most widely used framework is the so-called matrix multiplicative
weights (MMW) algorithm [2, 12, 21, 22, 29]: First introduced by Tsuda et al. [45] in the context
of matrix and dictionary learning, MMW can be viewed as a semidefinite analogue of the standard
Hedge / EXP3 methods for multi-armed bandits [6, 30, 47], and is a special case of the mirror descent
family of algorithms [37]. Specifically, in the contrete setting of two-player, zero-sum quantum games,
Jain & Watrous [21] showed that players using the MMW algorithm can learn an g-equilibrium
in O(1/&?) iterations — or, in terms of speed of convergence after T iterations, they converge to

equilibrium at a O(1/VT) rate.

To the best of our knowledge, this result remains the tightest known bound for Nash equilibrium
learning in quantum games. Following the work of [21], Jain et al. [22] studied its continuous-time
analogue — the quantum replicator dynamics (QRD) — in quantum min-max games, focusing on the
recurrence and volume conservation properties of the players’ actual trajectory of play. Going beyond
quantum min-max games, [32] examined the convergence of learning under the dynamics of “follow
the quantum leader” (FTQL), a class of continuous-time dynamics that includes the continuous-time
analogue of MMW as a special case. Their main result was that the only states that are asymptotically
stable under the (continuous-time) dynamics of FTQL are those that satisfy a certain first-order
stationarity condition known as variational stability. In a similar line of work, Lin et al. [29] studied
the continuous-time QRD, and discrete-time MMW dynamics in quantum potential games, utilizing
a Riemannian metric to obtain a gradient flow.

Our contributions in the context of previous work. Importantly, all works mentioned above,
in both continuous and discrete time, assume full information, i.e., players have access to their
individual gradients — which, among others, might imply that they have full knowledge of the game.
However, this condition is rarely met in online learning environments where players only observe their
in-game payoffs; this is precisely the starting point of our paper which aims to derive a convergent
payoff-based, gradient-free variant of MMW algorithm for learning in quantum games.

A major roadblock in this is that standard approaches from learning in finite games fail in the quantum
setup for two reasons: First and foremost, there is a continuum of pure states available to every player,
unlike classical finite games where there is only a finite set of pure actions. Second, even after the
realization of the pure states of the players, there is an inherent uncertainty and randomness due to the
payoff-generating quantum process (an aspect that has no classical counterpart). To overcome this
hurdle, we employ a continuous-action reformulation of quantum games, and we leverage techniques
from bandit convex optimization for estimating the players’ payoff gradients.

Our first contribution is a variant of MMW that only requires mixed payoff observations and achieves
an O(1/VT) equilibrium convergence rate in two-player zero-sum quantum games, matching the
rate of the full information MMW in [21]. Then, to account for information-starved environments
where players are only able to observe their in-game, realized payoff observable, we also develop a
bandit variant of MMW which utilizes a single-point gradient estimation technique in the spirit of
[43] and achieves an O(T~'/#) equilibrium convergence rate. Finally, we also examine the behavior
of the MMW algorithm with bandit information in general N-player games, where we show that
variationally stable equilibria are locally attracting with high probability.

As far as we are aware, there are no comparable convergence results in the literature, a fact we believe
opens an intriguing research agenda for equilibrium learning in quantum games.

2 Problem setup and preliminaries

We begin by reviewing some basic notions from the theory of quantum games, mainly intended to set
notation and terminology; for a comprehensive introduction, see [19]. To streamline our presentation,
we introduce the various primitives of quantum games in a 2-player setting; the extension to the
general case is straightforward, but the notation heavier, so we postpone this until needed.
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Notation. Given a (complex) Hilbert space H, we will use Dirac’s bra-ket notation and write |i/)
for an element of H and (y| for its adjoint; otherwise, when a specific basis is implied by the context,
we will use the dagger notation “4” to denote the Hermitian transpose ¢ of . We will also write
H¢ for the space of d x d Hermitian matrices, and H¢ for the cone of positive-semidefinite matrices

in HY. Finally, we denote by ||A||r = v/tr[ATA] the Frobenius norm of A in H¢.

Quantum games. Following [16, 19], a 2-player quantum game consists of the following:

1. Each player i € A := {1,2} has access to a complex Hilbert space H; = C% describing the
set of (pure) quantum states available to the player (typically a discrete register of qubits). A
quantum state is an element y; of H; with unit norm, so the set of pure states is the unit sphere
W, = {¢; € H;: lillp = 1} of H;. We will write ¥ := ¥; X ¥, for the space of all ensembles
W = (Y1, Y») of pure states y; € P; that are independently prepared by each player.

2. The rewards that players receive are based on their individual payoff functions u; : ¥ — R, and
they are derived through a positive operator-valued measure (POVM) quantum measurement
process. Following [13], this unfolds as follows: Given a finite set of measurement outcomes €
that a referee can observe from the players’ quantum states (e.g., measure a player-prepared qubit
to be “up” or “down”), each outcome w € Q is associated to a positive semi-definite operator
P, : H — H defined on the tensor product H = H| ® H, of the players’ individual state spaces.
We further assume that X, <o P, = I so the probability of observing w € Q at state y € ¥ is
Py () = (Y1 @ Y2|Pul1 ® ¥2).

The payoff of each player is then generated by this measurement process via a payoff observable
U;: Q — R: specifically, the measurement w is drawn from Q based on the players’ state profile
W = (Y1,¥7), and each player i € N receives as reward the quantity U;(w). Accordingly, the
player’s expected payoff at state v € ¥ will be u; (¥) = (U;) = X, Po, (W) Ui (w).

A quantum game is then defined as a tuple Q = Q(N, ¥, u) with players, states, and payoff as above.

Mixed states. Apart from pure states, each player i € N may prepare probabilistic mixtures
thereof, known as mixed states. These mixed states differ from mixed strategies used in classical,
finite games as they do not correspond to convex combinations of their pure counterparts; instead,
given a family of pure quantum states y;,, € V; indexed by @; € A;, a mixed state is described by a
density matrix of the form

Xi = Z(l,— EA[ xi(l[ |l!/i(l[><lvbi(l[| (l)

where the mixing weights x;o, > 0 of each y;,, are normalized so that tr X; = 1. By Born’s rule, this
means that if each player i € A prepares a density matrix X; as per (1), the probability of observing
w € Qunder X = (X1, X;) will be

Pw(X) = Z Z xl,mx2,azpw(lp(l)- )
[e3] E.A1 [0%) E.Az
where o = Y14, ® Y2,q,. Therefore, in a slight abuse of notation, the expected payoff of player
i € N under X will be u;(X) = 3 yea Xouti (Y o). which, equivalently, can be written as:
ui(X) = > Ui(w) [Py, X1 ® Xa] = tr[W; X ® X (3)
we
where the tensor W; = 3 ,c0 U;(w)P,, € H incorporates all the payoff information of the game

and is the quantum equivalent of the “payoff matrix” of player i € A/. In light of this, (3) gives a
clearer and more succint representation of the payoff structure of Q — see also Eq. (5) below.

Contrasting to other classes of games. The expression for a player’s expected payoff under a
mixed state appears similar to mixed extensions of classical finite games, but this similarity is only
skin-deep. The key conceptual differences with classical, finite games are as follows:

1. There is an infinite continuum of pure states iy € ¥; by contrast, in finite normal form games,
there is always a finite number of strategies.

2. The decomposition (1) of a density matrix into pure states is not exclusive; there can be different
sets of pure states and corresponding mixing weights that produce the same density matrix.

3. The superposition Ay + (1 — )y’ of two pure states ¢ and /' may lead to quantum interference
terms of the form |y)(y’| and |¢") (| in the induced payoff; this has no analogue in finite games.



135
136
137

139
140

141

142
143
144

145
146
147

148
149

151

152
153

154
155
156
157

158

159

160
161
162

163
164
165
166

167
168
169
170
171

172
173

Continuous game reformulation. In view of the above, treating a quantum game as a “tensorial”
extension of a finite game can be misleading. For our purposes, it would be more suitable to treat a
quantum game as a continuous game where each player i € A controls a matrix variable X; drawn
from the “spectraplex” defined as X'; = {X; € ]Hf" : tr X; = 1}. In this interpretation, the players’
payoff functions u;: X = X'| X X — R are linear in each player’s density matrix X; € X;,i € N.
Since uy, uy are linear in X and Xj, the individual payoff gradients of each player will be given by

Vi(X) = Vxrui(X) = Wi I Xy) and  Va(X) = Vxrur(X) = Wa (X @ 1) 4)
so we can further write each player’s payoff function as
u(X) =tr[ X Vi(X)] and up(X) =tr[X,V2(X)] forall X e X. (®)]

Since & is compact and each u; is multilinear in X, the players’ payoff functions are automatically
bounded, Lipschitz continuous and Lipschitz smooth, i.e., there exist constants B;, G; and L;, i € N,
such that, for all X, X’ € X, we have:

1. Boundedness: lu; (X)| < B;
2. Lipschitz continuity: lui (X) —u; X)) < Gi|IIX-X'||r
3. Lipschitz smoothness:  ||V;(X) = V;(X)|lr < Li|IX - X'||F

Nash equilibrium. The most widely used solution concept in game theory is that of a Nash
equilibrium (NE). In our context, it is mixed profile X* € X’ from which no player has incentive to
deviate, i.e., uy (X*) > u1(Xy; X3) and u2(X*) > un(X(; Xp) for all Xy € X'y, X, € X». Since X; is
convex and u; linear in X;, the existence of Nash equilibria follows from the Debreu’s theorem [15].

Zero-sum quantum games. In the case where u; = —u», and setting £: X | X X, — R, the Nash
equilibria points of Q are the saddle points of L, i.e., the solutions of the minimax equality
L* = max min £(X;,X;) = min max L£(X;,X>) (6)
X1eX XeX, X,eX;, X1€X,
where the quantity £* is often called the value of the game. The set of Nash equilibria is nonempty
due to Sion’s minimax theorem [42] for the bilinear function £. Finally, for (X7, X;) a NE-point,
we readily get that £(X7, X;) = maxx, ex, £(X1, X*z‘) = minx,ex, L‘(XT, X>»), and we define the
duality gap of X = (X, X,) with respect to £ as the quantity:
Gap (X) = L(X],Xz) = L(X1,X3) )

In particular, X* is an &-Nash equilibrium of Q if and only if Gap . (X*) < e.

3 The matrix multiplicative weights algorithm

Throughout the sequel, we will focus on how the players of a quantum game can learn a Nash
equilibrium. In the context of two-player, zero-sum quantum games, the state-of-the-art method is
based on the so-called matrix multiplicative weights (MMW) algorithm [21, 23, 45] which updates as

exp(Yi,)
tr[exp(Y,vJ)]
In the above, (a) X; = (Xi,,X»,) denotes the players’ density matrix profile at each stage
t =1,2,... of the process; (b) V;(X;) is the payoff gradient of player i € A under X;; (¢) Y; is
an auxiliary state matrix that aggregates gradient steps over time; and (d) y, > 0, =1,2,...,isa
learning rate (or step-size) parameter that can be freely tuned by the players.

Yi =Y +7:Vi(Xy) Xi: = MMW)

As we mentioned in the introduction, this algorithm has a long history in the learning literature, going
back at least to [7, 45] for matrix learning. Importantly, as stated, (MMW) requires full information at
the player end: specifically, at each stage t = 1,2, ... of the process, each player i € A/ must receive
their individual payoff gradient V;(X;) in order to perform the gradient update step in (MMW).
Under this assumption, Jain & Watrous [21] showed that the induced empirical frequency of play

_ 1
Xr =5 2, X 8)

converges to NE at a rate of O(1/VT). Formally, adapted to our setting and notation, Jain & Watrous
[21] provide the following explicit guarantee:
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Theorem 1 (Jain & Watrous [21]). Suppose that each player of a 2-player zero-sum game Q follows

(MMW) for T epochs with learning rate y = G~'\[2H T where H = log(d,d,). Then the players’
empirical frequency of play enjoys the bound

Gap,(Xr) < GN2H/|T )
In particular, if MMW) is run for T = O(1/&?) iterations, Xy will be an &-Nash equilibrium of Q.

To the best of our knowledge, the above guarantee of Jain & Watrous [21] remains the tightest
known bound for Nash equilibrium learning in 2-player zero-sum quantum games. At the same
time, Theorem 1 relies crucially on the players having full information on their individual gradients —
which, among others, might entail full knowledge of the game, full observation of the other player’s
density matrix, etc. Our goal in the sequel will be to relax precisely this assumption and develop a
payoff-based, gradient-free variant of (MMW) that can be employed without stringent information
and observability requirements as above.

4 Matrix learning without matrix feedback

As we stated above, an online learning framework, it is more realistic to assume that players observe
only the outcome of their actions — i.e., their individual payoffs. In this information-starved, payoft-
based learning setting, our main goal will be to employ a minimal-information matrix multiplicative
weights (3MW) algorithm that updates as
Yo =Yoo vV, X, = —2e) (BMW)
i,t+1 — Li;¢ tVi,t Lt~ T 1 < <1
tr [exp(Yi,,)]
where Vl-, ; is some payoft-based estimate of the payoff gradient V;(X;) of player i at X;, and all
other quantities are defined as per (MMW). In this regard, the main challenge that arises is how to
reconstruct each player’s payoff gradient matrices when this information is not readily available by
an oracle (or other full-information mechanism).

4.1. The classical approach: Importance weighted estimators. In the context of classical, finite

games and multi-armed bandits, a standard approach for reconstructing Vi,, is via the so-called
importance weighted estimator (IWE) [8, 10, 26]. To state it in the context of finite games, assume
that each player has at their disposal a finite set of pure strategies a; € A;, and if each player plays
&; € Aj;, then, in obvious notation, their individual payoff will be #; = u;(&;; &—;). Then, if each
player is using a mixed strategy x; € A(A;) to draw their chosen action &;, the importance weighted
estimator (IWE) for the payoff of the (possibly unplayed) action «; € A; of player i is defined as
Ha;=a;
WEgy = MO =0 6 ) forallay e A, (IWE)
i(]/i

with the assumption that x; has full support, i.e., each action @; € A; has strictly positive probability
Xia; Of being chosen by the i-th player.!

This approach has proven extremely fruitful in the context of multi-armed bandits and finite games
where (IWE) is an essential ingredient of the optimal algorithms for each context [5, 8, 26, 50].
However, in our case, there are two insurmountable difficulties in extending (IWE) to a quantum
context: First and foremost, the quantum regime is characterized by a continuum of pure states with
highly correlated payoffs (in the sense that quantum states that are close in the Bloch sphere will have
highly correlated POVM payoff observables); this comes in stark contrast to the classical regime of
finite normal-form games, where players only have to contend with a finite number of actions (with
no prior payoff correlations between them). Secondly, even after the realization of the pure states of
the players, there is an inherent uncertainty and randomness due to the quantum measurement process
that is invovled in the payoff-generating process; as such, the players’ payoffs are also affected by an
exogenous source of randomness which is altogether absent from (IWE).

Our approach to tackle these issues will be to exploit the reformulation of a quantum game as a
continuous game with multilinear payoffs over the spectraplex (or, rather, a product thereof), and
use ideas from bandit convex optimization — in the spirit of [17, 25] — to estimate the players’ payoff
gradients with minimal, scalar information requirements.

The assumption that xi,¢ has full support is only for technical reasons. In practice, it can be relaxed by using
IWE with explicit exploration — see [26] for more details.
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4.2. Gradient estimation via finite-difference quotients on the spectraplex. To provide some
intuition for the analysis to come, consider first a single-variable smooth function f: R — R and a
point x € R. Then, for error tolerance 6 > 0, a two-point estimate of the derivative of f atx is given

by the expression
c_ f+8) - f(x=0)

¥ = 2% (10)
Going to higher dimensions, letting f : R¢ — R be a smooth function, {e, ..., eq} be the standard
basis of R? and s drawn from {e1,...,eq} uniformly at random, the estimator
A d
fo= 35l f G+ d5) = flx=69)]s an

is a O(6)-approximation of the gradient, i.e., |[Es[fx] = V.f(x)|lr = O(6). This idea is the basis of
the Kiefer—Wolfowitzs stochastic approximation scheme [24] and will be the backbone of our work.

Now, to employ this type of estimator for a function over the set of density matrices X in HY, we
need to ensure two things: (i) the feasibility of the sampling direction, and (ii) the feasibility of the
evaluation point. The first caveat is due to the fact that the set of the density matrices forms a lower
dimensional manifold in the set of Hermitian operators, and therefore, not all directions from a base
of H¥ are feasible. The second one is due to the fact that X’ is bounded, thus, even if the sampling
direction is feasible, the evaluation point can lie outside the set X. We proceed to ensure all this in a
series of concrete steps below.

Sampling Directions. We begin with the issue of defining a proper sampling set for the estimator’s
finite-difference directions. To that end, we will first construct an orthonormal basis of the tangent
hull 2 = {Z € HY . «wZ = 0} of X, i.e., the subspace of traceless matrices of H?. Note that if
Z € Z then for any X € H? it holds (a) X + Z € H?, and (b) tr[X + Z] = tr[X].

Denoting by Ai, € H? the matrix with 1 in the (k, £)-position and 0’s everywhere else, it is easy to
see that the set {{A.f.f}?:l {ereti<es {ék(i}k<[} is an orthonormal basis of H?, where

1 1 i i
eke = —Are+ —Ape and  €xp = —Akr — —Ask (12)
v v
for 1 < k < € < d, where i is the imaginary unit with i> = —1. The next proposition provides a basis
for the subspace Z, whose proof lies in the appendix.
Proposition 1. Let E; be defined as E; = .(1‘ S (A“ +eo A - jA,-+1,j+1) forj=1,...,d-1
‘ JG+ . ‘
Then, the set £ = {{Ej };.’;11, {eretr<e, {ék[}k<[} is an orthonormal basis of Z.

In the sequel, we will use this basis as an orthnormal sampler from which to pick the finite-difference
directions for the estimation of V.

Feasibility Adjustment. After establishing an orthonormal basis for Z as per Proposition 1, we
readily get that for any X € X, any Z € £* := {{iEj};.l:‘ll, {+ere}i<r, {£8ke i<} and 6 > 0, the
point X + § Z belongs to Z. However, depending on the value of the exploration parameter ¢ and the
distance of X from the boundary of X', the point X + 6Z € H? may fail to lie in X’ due to violation
of the positive-semidefinite condition. On that account, we now treat the latter restriction, i.e., the
feasibility of the evaluation point.

To tackle this, the idea is to transfer the point X toward the interior of X and move along the sampled
direction from there. For this, we need to find a reference point R € ri(X’) and a “safety net” r > 0
such that R + rZ € X for any Z € £*. Then, for 6 € (0, r), the point

)
X =X+ -(R-X) (13)
r
lies in ri(X), and moving along Z € £*, the point X(®) +§Z = (1 — g)X + g(R + rZ) remains

in X as a convex combination of two elements in X'. The following proposition provides an exact
expression for R and r, which we will use next to guarantee the feasibility of the sampled iterates.

Proposition 2. Let R = é Z?:] Ajj. Then, forr = min{ d(ld ok g} it holds that R + rZ € X for

any direction Z € E*.
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5 Bandit learning in zero-sum quantum games

With all these in hand, we are now ready to proceed to the presentation of the MMW with limited
feedback information. To streamline our presentation, before delving into the more difficult “bandit
feedback” case — where each player i € A only observes the realized payoff observable U; (w) — we
begin with the simpler case where players observe their mixed payoffs u; at a given profile X € X.

5.1. Learning with mixed payoff observations. Our main idea to exploit the observation of mixed
payoffs and the finite-difference sampling to the fullest will be to introduce a “coordination phase”
where players take a sampling step before updating their state variables and continue playing. In
more detail, we will assume that players alternate between an “exploration” and an “exploitation”
update that allows them to sample the landscape of L efficiently at each iteration. Concretely, writing
X, and ¢, for the players’ state profile and sampling radius ¢, at stage t = 1,2, ..., the sequence of
events that we envision proceeds as follows:

Step 1. Draw a sampling direction Z; ; € & and s;; € {1} uniformly at random.
Step 2. (a) Play Xl(f) + ;. 0; Z; ; and observe ui(Xt(é) +5;0:Z;).
(b) Play X\ — s5;, 6, Z;, and observe u;(X\” - 5,6,Z).
Step 3. Approximate V;(X;) via the two-point estimator (2PE):
. D;
Vii=—
N6,

where D; = dl.2 — 1 is the dimension of H% , and D := max;enr D;.

wi (X' +5,6,2) —ui (X0 = 5,6,2) | 5042, (2PE)

The main guarantee of the resulting algorithm (3MW) + (2PE) may then be stated as follows:

Theorem 2. Suppose that each player of a 2-player zero-sum game Q follows (3MW) for T epochs
with learning rate y, sampling radius 6, and gradient estimates provided by (2PE). Then the players’
empirical frequency of play enjoys the duality gap guarantee

_ H
E[Gap, (Xr)] < v 8D>G*y + 16DLs (14)
b4

where H = log(dd,). In particular, for y = (DG)~'\JH/(8T) and § = (G /L)+/H/(8T), the players
enjoy the equilibrium convergence guarantee

E|[Gap,(Xr)| < 8DG+2H/T. (15)

Compared to Theorem 1, the convergence rate (15) of Theorem 2 is quite significant because it only
differs by a factor which is linear in the dimension of the ambient space and otherwise maintains
the same O(VT) dependence on the algorithm’s runtime. In this regard, Theorem 2 shows that
the “explore-exploit” sampler underlying (2PE) is essentially as powerful as the full information
framework of Jain & Watrous [21] — and this, despite the fact that players no longer require access to
the gradient matrix V of L. This echoes a range of previous findings in stochastic convex optimization
for the efficiency of two-point samplers [3, 41], a similarity we find particularly surprising given the
stark differences between the two settings — non-commutativity, min-max versus min-min landscape.
The key ingredients for the equilibrium convergence rate of Theorem 2 are the two technical results
below. The first is a feedback-agnostic “energy inequality” which is tied to the update structure of
(MMW) and is stated in terms of the quantum relative entropy function

D(P,X) =tr[P(logP — log X)] (16)
for P, X € X with X > 0. Concretely, we have the following estimate.
Lemma 1. Fix some P € X, and let X;,X;41 be two successive iterates of (3MW), without any

assumptions for the input sequence V;. We then have

2
~ Vi e
D(P,X.1) < D(P,X,) + 7, [V (X, = P)] + [Vl (17)

The proof of Lemma 1 follows established techniques in the theory of (MMW), so we defer a detailed
discussion to the appendix. The second result that we will need is tailored to the estimator (2PE) and
provides a tight estimate of its moments conditioned on the history F; = F(X{,...,X;) of X;.
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Algorithm 1: MMW with bandit feedback

1: Input: Y| < 0; safety parameter r; and anchor point R;, i € \; step-size y;; sampling radius d;
2: fort=1,2,... do simultaneously for all i € N
3: Set X; ; = exp(Y; ) /tr[exp(Y; )].

4 Sample Z; ; uniformly from £7.
50 PlayX\? +6,2;,.

6: Observe U; (w;).

7: SetV;; :=D;/6; Ui(wr)ZLiy;.

8:  UpdateY; 41 < Yis+v: Vi,
9: end for

Proposition 3. The estimator (2PE) enjoys the conditional bounds
(i) B[V, | F]-V(X,)|, <4DLS; and (ii) E[|IV,||%|F] < 16D*G* (18)

The defining element in Proposition 3 is that even though the estimator (2PE) is biased, its second
moment is bounded as O(1). This is ultimately due to the multilinearity of the players’ payoff
functions and plays a pivotal role in showing that the duality gap of X; under (3MW) is of the same
order as under (MMW), because the bias can be controlled with affecting the variance of the estimator.
We provide a detailed proof of Lemma 1, Proposition 3, and Theorem 2 in the appendix.

5.2. Learning with bandit feedback. Despite its strong convergence guarantees, a major limiting
factor in the applicability of Theorem 2 is that, in many cases, the game’s players may only be able to
observe their realized payoff observables U, (w), and their mixed payoffs u;(X) could be completely
inaccessible. In particular, as we described in Section 2, each outcome w € Q of the POVM occurs
with probability P, (X;) under the strategy profile X;. Accordingly, if this is the only information
available to the players, they will need to estimate their individual payoff gradients through the single
observation of the (random) scalar U; (w;) € R. In view of this, inspired by the single-point stochastic
approximation approach of [17, 43] for single-agent online optimization problems with perfect value
queries, we will consider the following sequence of events:

Step 1. Each player draws a sampling direction Z; ; € &;" uniformly at random.
Step 2. Each player plays X;,f) +0:Zi;.

Step 3. Each player receives U; (wy).

Step 4. Each player approximates V;(X;) via the the one-point estimator (1PE):
D;
o
In this case, the players’ gradient estimates may be bounded as follows:

Vi = —Ui(w) Zi, (IPE)

Proposition 4. The estimator (1PE) enjoys the conditional bounds
() IE(V: | F] = VXD)lF <4DLS; and (i) E[IV:|7|F] <4D*B*/5;.  (19)

The crucial difference between Propositions 3 and 4 is that the former leads to a gradient estimator
with O(1) variance and magnitude, whereas the magnitude of the latter is inversely proportional
to §;; however, since ¢, in turn controls the bias of the gradient estimator, we must now resolve a
bias-variance dilemma, which was absent in the case of (2PE). This leads to the following variant of
Theorem 2 with bandit, realization-based feedback:

Theorem 3. Suppose that each player of a 2-player zero-sum game Q follows (3MW) for T epochs
with learning rate vy, sampling radius 6, and gradient estimates provided by (1PE). Then the players’
empirical frequency of play enjoys the duality gap guarantee
H | 2D’B%y

E[Gap,(X7r)] < v 5 +16DLs (20)

where H =log(d,d5). In particular, for y = (%)3/4 2D\1/ﬁ and 6 = (%)1/4\[%, the players enjoy

the equilibrium convergence guarantee:

23/48H'4DVBL

E[Gap,(Xr)] < ———7

2y
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An important observation here is that the players’ equilibrium convergence rate under (3MW) + (1PE)
no longer matches the convergence rate of the vanilla MMW algorithm (Theorem 1). The reason
for this is the bias-variance trade-off in the estimator (1PE), and is reminiscent of the drop in the
rate of regret minimization from O(7'/?) to O(T?3) under IWE) with bandit feedback and explicit
exploration in finite games. A kernel-based approach in the spirit of Bubeck et al. [9] could possibly
be used to fill the O(T'/#) gap between Theorems 1 and 3, but this would come at the cost of a
possibly catastrophic dependence on the dimension (which is already quadratic in our setting). This
consideration is beyond the scope of our work, but it would constitute an important future direction.

6 Bandit learning in N-player quantum games

We conclude our paper with an examination of the behavior of the MMW algorithm in general,
N-player quantum games. Here, a major difficulty that arises is that, in stark contrast to the min-max
case, the set of the game’s equilibria can be disconnected, so any convergence result will have to
be, by necessity, local. In addition, because general N-games do not have the amenable profile of a
bilinear min-max problem — they are multilinear, multi-objective problems — it will not be possible
to obtain any convergence guarantees for the game’s empirical frequency of play (since there is no
convex structure to exploit). Instead, we will have to focus squarely on the induced trajectory of play,
which carries with it a fair share of complications.

Inspired by the very recent work of [32], we will not constrain our focus to a specific class of games,
but to a specific class of equilibria. In particular, we will consider the behavior of MMW-based
learning with respect to Nash equilibria X* € X’ that satisfy the variational stability condition

r[VX)(X-X")] <0 forall X € U\{X"}. (VS)

This condition can be traced back to [35], and can be seen as a game-theoretic analogue of first-order
stationarity in the context of continuous optimization, or as an equilibrium refinement in the spirit
of the seminal concept of evolutionary stability in population games [33, 34].> Importantly, as was
shown in [32], variationally stable equilibria are the only equilibria that are asymptotically stable
under the continuous-time dynamics of the “follow the regularized leader” (FTRL) class of learning
policies, so it stands to reason to ask whether they enjoy a similar convergence landscape in the
context of bona fide, discrete-time learning with minimal, payoff-based feedback.

Our final result provides an unambiguously positive answer to this question:?

Theorem 4. Fix some tolerance level 1 € (0, 1) and suppose that the players of an N-player quantum
game follow (BMW) with bandit, realization-based feedback, and surrogate gradients provided by
the estimator (1PE) with step-size and sampling radius parameters such that

(i) 22,y =00, (i) X2, 716 < oo, and (ii) T2, v7/6} < oo. (22)
If X* is variationally stable, there exists a neighborhoold U of X* such that
P(im; 0 Xy =X*) = 1 = whenever X; € U. (23)

It is worth noting that the last-iterate convergence guarantee of Theorem 4 is considerably stronger
than the time-averaged variants of Theorems 1-3, and we are not aware of any comparable conver-
gence guarantee for general quantum games. [Trivially, last-iterate convergence implies time-averaged
convergence, but the converse, of course, may fail to hold] As such, especially in cases that require
to track the trajectory of the system or the players’ day-to-day rewards, Theorem 4 provides an
important guarantee for the realized sequence of events.

On the other hand, in contrast to Theorem 4, it should be noted that the guarantees of Theorems 1-3
are global. Given that general quantum games may in general possess a large number of disjoint
Nash equilibria, this transition from global to local convergence guarantees seems unavoidable. It is,
however, an open question whether (VS) could be exploited further in order to deduce the rate of
convergence to such equilibria; we leave this as a direction for future research.

2]t should be noted here that, if reduced to the simplex, the stability condition (VS) is exactly equivalently to
the variational characterization of evolutionarily stable states due to Taylor [44].

3Strictly speaking, the algorithms (3MW) and (1PE) have been stated in the context of 2-player games. The
extension to N-player games is straightforward, so we do not present it here; for the details (which hide no
subtleties), see the appendix.
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Appendix

In the series of technical appendices that follow, we provide the missing proofs from the main part of
our paper, and we provide some numerical illustrations of the performance of the proposed algorithms.
As a roadmap, we begin in Appendix A with some auxiliary results that are required throughout
our analysis. Subsequently, in Appendices B-D, we provide the proofs of the results presented in
Sections 4-6 respectively. Finally, in Appendix E, we provide a suite of numerical experiments to
assess the practical performance of (3MW) using the estimators (2PE) and (1PE), and we compare it
with the full information setting underlying (MMW).

A Auxiliary Results

We now introduce some notation for quantum games in a N-player setting, and explain how the
extension from the 2-player setting is straightforward.

N-player quantum games. First of all, a quantum game Q consists of a finite set of players
i e N={1,...,N}, where each player i € N has access to a complex Hilbert space #; = C%. The
set of pure states is the unit sphere ¥; := {¢; € H; : ||;llr = 1} of H;. We will write ¥ := [1; ¥; for
the space of all ensembles ¢ = (¥, ..., ) of pure states y; € ¥; that are independently prepared
by eachi € V.

In analogy with the 2-player case, each outcome w € € is associated to a positive semi-definite
operator P,,: H — “H defined on the tensor product H = &®; H; of the players’ individual state
spaces; we further assume that 3 ,,co P, = 1, thus, the probability of observing w € Q at state y € ¥
is

Po(@)=W1® - @YnIPulY1®-- @ ¢n) (A1)
and, the player’s expected payoff at state ¢ € ¥ will be
ui () =Ui) = 3, Po W) Ui(w) (A2)

Similarly to the 2-player setting, if each player i € N prepares a density matrix X; as per (1), the
expected payoff of player i € N under X = (X{,...,Xy) will be

ui(X) = > Ui(w)r[P,X; ® - @ Xy ] =tr[W; X; @ -+ - @ X ] (A.3)

we

where W; = 3 ,cq Ui (w)P,, € H fori € N. Finally, we denote by V;(X) the individual payoff
gradient of player i under X as

Vi(X) = Vxrui(X) (A4)

All other notions are extended, accordingly. o

As noted in Section 2, we define the norm ||A||r = \/tr[ATA] forany A € H% i.e., (H%,|-||r) is an
inner-product space. With a slight abuse of notation, we define for X = (Xj,...,Xy) € X its norm

as:
N
IXIlF =4[ D IXlI3 (A.5)
i=1

Lemma A.1. Forany X; € X;, it holds || X;||r < 1, and diam(X) = 2/N.

Proof. For the first part, since X; € X;, it admits an orthonormal decomposition OAQT such that
00" =070 =Tand A = diag(4,, . .., A4) with z;’;l A; =1,and A; > 0 for all j. Hence

d; d;
IX:[1% = o[XX,] = tr[ QAQTQAQT] = tr[QA?QT] = D A2 < > ;=1 (A.6)
j=1 j=1

where the last inequality holds, since 0 < 4; < 1, and the result follows.
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For the second part, letting X = (X, ..., Xy) and X' = (X’ ..., X;V) be two points in X', we have

i=1

N N
IX - X'l = \/Zuxi - X7 < \/Z@uxin% +2IIX/II}) < 2VN (A7)
i=1
and since the equality is attained, we get the result. [

Our next result concerns the quantum relative entropy

N
D(P,X) = > D;(P;,X;) (A.8)

i=1
where P = (Py,...,Py) e X and X = (X{,...,Xy) €r1i(X) and

D;(P;,X;) = tr[P;(log P; — log X;)] (A9)
The lemma we will require is a semidefinite version of Pinsker’s inequality which reads as follows:
Lemma A.2. Forall P € X and X € ri(X) we have

1
D(P,X) > EIIP—XII% (A.10)

Proof. Focusing on player i € A/, we will show first that
1
Di(P;,X;) = SIP; = X[ (A1)
forallP = (Py,...,Py) e X and X = (Xj,...,Xy) €r1i(X).

To this end, we define the function #; : ]Hf" — R as h;(X;) = tr[X; log X;], which is 1-strongly
convex with respect to the nuclear norm ||-||; [48], and since ||X;||; > ||X;||F for all X; € X;, we
readily get that h; is 1-strongly convex with respect to the Frobenius norm, as well.

Letting Vh;(X;) = logX; + I, by 1-strong convexity, we have for P = (Py,...,Py) € X and
X = (X], - ,XN) € I"I(X)

B 2 1)+ e[V (X0) (P = X)) + 3 1P = Xl

1
= tr[X; log X;] + tr[(P; — X;) log X;] + tr[P; — X;] + §||Pi - X ll7

1

= r[P; log X;] + [P - X% (A.12)

where we used that tr[P; — X;] = 0. Hence, by reordering, we automatically get that

1
Di(P;,X;) 2 S [IP; = Xl (A.13)
Therefore, we have:
1 2 1 2
D(P.X) > 3 > IIP: = Xl = 5P - Xl[% (A.14)
i=1

and the proof is completed. [

B Onmitted proofs from Section 4

In this appendix, we develop the basic scaffolding required for the estimators (2PE) and (1PE). We
begin with the construction of the estimators’ sampling basis, as encoded in Proposition 1, which we
restate below for convenience:

Proposition 1. Let E; be defined as E; = \/j('j_ﬂ)(A” +o kA= jAj ) forj=1,...,d-1.
Then, the set £ = {{Ej };.l:’ll ,{eretr<e, {ék[}kd} is an orthonormal basis of Z.

Proof. First of all, note that
0 if€#m

B.1
Akn if€{ =m ( )

AreApn = {
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Unit norm. To begin with, we will show that all elements in £ have unit norm. Indeed, we have:

e Forj=1,...,d -1, we have:

1
IE; |17 :tr[E}Ej] D" ZAkk_]A(;+1)(;+l) ZAkk_JA(1+l)(/+l)
JG+1) -
! ZAkkﬂ AGan G G+H=1 (B2
](]"‘1) ST ](]+1)
e For k < ¢, we have:
lexell tr[ee]t[( A+1A)(1A +1A)]
kelly = ke ok + —=Are || —=Ake + —=Ask
Pk V2 V2 2 V2
1 1 1
r[ Kk + 5 a’} 2t2 (B.3)

e For k < ¢, we also have:
I I I I
Exell3 = tr[&] &xe] = tr[(__At’k + —Akf)(—Akf - _At’k)]
F ke 5 \2
t lA + —A ! + ! 1 (B.4)
=tr| — — = — - = .
5 Akk el 5

Orthogonality. Now, we will show that any two elements of £ are orthogonal to each other.

e For m < n, we have:

1 m n
[E' E,] = tr A — mA 1 1 Ak — nA 41 1
mLn \/m(m n 1)\/’1(” " 1) ; (m+1) (m+1) ; (n+1) (n+1)
‘l m
= tr Ark — mA (i1 1
ym(m+ 1)/n(n+1) (; et (s ))l
1
= (m-m)=0 (B.5)
\/m(m+ 1)\/n(n+ 1)
e For k < ¢, we have:
tr[e*é]tr[(lA +1A)(iA IA)]
kel = — Ak + —=Ake || —=Ake — Lk
ke Rl | NG
i i
Ave — —A ——==0 B.6
[2 =5 kk] 773 (B.6)
* For (k,¢) # (m,n) with k < £ and m < n, we have:
tr[eT e ] —tr[eT 8 ] —tr[éT 8 ] -0 (B.7)
k[ mn - k{’ mn - k{’ mn - .

since all the nonzero terms in ez £€mn> ez €mn and éz €mn are of the form ¢ - A, for some ¢ € C,

and @, 8 € {k,¢,m,n} with @ # B. Thus, tr[c . Aaﬁ] = 0, since all the diagonal elements are equal
to 0. Note that it is not possible to have @ = 8 because this would imply that (k, £) = (m, n).

e Fork<f¢andj=1,...,d -1, we have:
i _olat _
te|ef, B | = [l By | =0 (B.8)

since the non-zero terms of both ez Ej and éz  E; are of the form Ay, Agy, for k # nand € # m.
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569

570
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572

We thus conclude that any two elements of £ are orthogonal.

Finally, it is clear £ C aff(X)), since £ € HY and tr[exs] = tr[ér/] = tr[Ej] =0,fork <¢
and j = 1,...,d — 1. Therefore, the elements in £ form an orthonormal basis of aff(X) and
dim(aff (X)) = d* - 1. [

We now proceed with the construction of the precise “safety net” that guarantees that the sampling
perturbation of the gradient estimator remains within the problem’s feasible region. Again, for
convenience, we restate the relevant result below:

Proposition 2. Let R = é Z;l:l Ajj. Then, forr = min{ m, \/75}, it holds that R + rZ € X for

any direction Z € £*.

Proof. To begin with, it is clear that R € H? and tr[R] = Z?:l 1/d = 1. Moreover, for any
u € C4\ {0}, we have:

. 1 &
'R = — ; 2 > O B9
u'Ru = - ;W jl (B.9)
where |u| is the modulus of the complex number u; € C. Therefore, R is positive definite, i.e., lies
in ri(X).

Now, we need to find r > 0 such that
R+rZe X (B.10)

for any Z € £*.

It is clear that for any Z € £*, we have tr[R + rZ] = tr[R] = 1, since tr[Z] = 0. Hence, it remains to
consider the positive semi-definite constraint. For this, we will use the following identities, for k < ¢:

MT(Ak{ + App)u = tgup + iguy = 2Re(figuy) (B.11)

and
M%(Z.Ak[ —iAp)u = i(dxup — deur) = -2Im(itguy) (B.12)

* ForZ = \%(Akg +Asr) and u € €4\ {0}, and using (B.11), we have:

u'(R+rZ)u = Z|MJ|2 2Re(ukug)

rd
Z Ju ;|2 +- |uk|2+|ug|2+—2Re(ukug) (B.13)
J¢k £ \/5

If Re(iixue) > 0, we get that uf (R + rZ)u > 0, while if Re(iiguy) < 0 and r < V2/d:

1 1
"(R+rZu > — 12+ =|ug +ue> =0 B.14
u'(R+r )u_dj;kjflujl Sl +uel” > (B.14)

Hence, for r < V2/d, and Z = %(Akg + Ask), we have that u” (R + rZ)u > 0 for all u € C%.

e ForZ = ——(Ak[ + Agr), we have
u'(R+rZyu lim I — L 2Re(igur)
== "= — kue
=
2 » rd
Z |uj| + |uk| + |ugl” — —2Re(ukug) (B.15)
j:ﬁk ¢ \/E

If Re(iigue) < 0, we get that uf (R + rZ)u > 0, while if Re(iigue) > 0 and r < V2/d:

T(R+rZ)u> - Z Jut | +—|uk—u5|2>0 (B.16)
]#k l
Hence, for r < V2/d, and Z = ——(Ak[ +Asx), we have that u (R +rZ)u > 0 for all u € C<.
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573 » ForZ = %(Ak{; — Agx) and u € €4\ {0}, and using (B.11), we have:
(R4 rZyu = zd]m P2~ L 2Im(iguy)
=7 il - = kue
d< \/5
== Z |uj|? += |uk|2+|ug|2— —dZIm(ukug) (B.17)
! V2

J#k 4

574 If Im(itgue) < 0, we get that u” (R + rZ)u > 0, while if Im(ﬁkug) > 0and r < V2/d:

T(R+rZ)u>EJiZk:€|uj| +— |uk+lug| >0 (B.18)

575 Hence, for r < V2/2d, and Z = %(Ak(; — Ask), we have that u® (R +rZ)u > 0 for all u € €.

s76 * ForZ = ——(Ak[ — Agx) and u € €2\ {0}, and using (B.11), we have:
u' (R+rZ)u ! im 1 + r 2Im (i ue)
=- ] —_ klUe
d = J \/5
=_ Z |u;|? +- |uk|2+|ug|2+—d21m(ukug) (B.19)
! V2

j¢k 4

577 If Im(itgue) > 0, we get that u’ (R + rZ)u > 0, while if Im(ﬁkug) <0andr < V2/d:

W (R+rZ)u > 3 > gl + = |uk —iu (B.20)
j#k, £
578 Hence, for r < V2/2d, and Z = ——(Akg — A¢x), we have that u™ (R +rZ)u > 0 for all u € C.

579 ¢ ForZ =

1 . _
oy (At A = jAGa ), we have:

. 14
u'(R+rZ)u=- E ug ) +
dk:l

Z| —|Mj+1|2
\/J(J"'l) = Vi +1)

== Z i |* + Zl Kl? + ( )|u,»+1|2 (B.21)
d i \/](] +1) &= Vi(
580 Thus, we need to ensure that
1 .
J7 (B.22)

-
d \iGG+1)
581 forall j =1,...,d—1. Because the function x — +/x(x + 1)/x is decreasing, it obtains the smallest

582 value from x = d — 1. Therefore, for r < 1/+/d(d — 1), we readily obtain that u¥ (R + rZ)u > 0 for
583 allu € C4.

584 * ForZ = —

(All +or Ay —jA(j+1)(j+1)), we have:

VJ(J+1)
] o
W' (R+rZ)u = Z|Mk|2 Z|Mk| + —|”j+1|2
ViG+1D = JG+1)
J .
i |* + ur|* + —=—Iuju1’ (B.23)
(d \/J(J"‘l)kZ:; §+1 \/(J“‘])
585 Thus, we need to ensure that
1
R S (B.24)
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forall j =1,...,d — 1. Because it holds that

1 1 i
d \iG+D 4 G+
we obtain the inequality for free by the previous case, i.e., for r < 1/4/d(d - 1).
Therefore, for
1 2
r = min{ ————, £ (B.26)
dd-1) d
we readily obtain that u" (R + rZ)u > 0 for all u € C¢, and our proof is complete. [

C Omitted proofs from Section 5

Our aim in this appendix will be to prove the basic guarantees of (3MW) with payoff-based feedback.
The structure of this appendix shadows that of Section 5 and is broken into two parts, depending on
the specific type of input available to the players. The only point of departure is the energy inequality
of Lemma 1, which is common to both algorithms, and which we restate and prove below:

Lemma 1. Fix some P € X, and let X;,X;+1 be two successive iterates of (3MW), without any
assumptions for the input sequence V;. We then have

2
D(P,Xeu1) < D(P.X0) + 7, [V, (X, = P)] + 210, . a7

Proof. By the definition of D, it is easy to see that for P € X and X, X’ € ri(X), we have
D[P, X") =DP,X)+D(X,X’) +tr[(log X’ —log X)(X - P)] (C.1)
Since VA(X) = log X + L, the above equality can be written as:
D(P,X")=D(P,X) + D(X,X") + tr[(VA(X") = VA(X))(X - P)] (C2)

Setting X as X;1, and X’ as X;, and invoking the easily verifiable fact that VA(X,,1)-Vha(X;) = y,vt,
we get

D(P,X;) = D(P,Xs41) + D(Xp41, X)) = ¥ tr[V, (Xpa1 = P)] (C.3)
and hence:

D(P,X41) = D(P,X,) — D(Xy41,X,) + ¥, tr[V, (Xp41 — P)]

1 N
< D(P.X) = S 1Xeet = Xellf + 7, [V, (X1 = P)]
1 N N
=D(P,X;) - §||Xt+1 - Xt”%? + Y tr[ Vi (X = P)] + 9 tr[V: (X1 — X7) ]
2
~ Y: &
<D(P,X,) +y, [V, (X, - P)] + 7’||Vt||"‘p (C4)

where the first inequality holds due to Lemma A.2, and in the last step we used that ||-||r is an
inner-product norm on X, so

1 Y2 . A
SIXeet = XellF + T IVellE 2 7o Ve (X = X)) (C5)

This concludes our proof. [
With this template inequality in hand, we proceed with the guarantees of (3MW) in the next sections.

17



606
607

608

609

610

611

612

613

614
615

616

617
618
619

620

621
622

623

C.1. Learning with mixed payoff observations. We begin with the statistics of the 2-point sampler
(2PE), which we restate below:

Proposition 3. The estimator (2PE) enjoys the conditional bounds

@) B[V, 1 7] -VX)|, <4DLs, and (i) E[|IV,||}|F] < 16D°G? (18)
Proof. We prove each part separately.
(i) LetE ”(+) and B H( ) be defined for all players i € {1,2} as
g =X+, ,6tZl~ ) X
=5i:0:Lis + — (R Xi:) =0; [sl L+ — (R X; t)} (C.6)
and

—( 1
:' (X(é) §i10:Lis) —Xip =6 | =i Lis + ;(Ri - Xi,t)] (C.7)
1

Taking a first-order Taylor expansion of u;, we obtain:

wi (X! +506,20) = ui (X)) + > tr[VXTu (X)'ES |+ Ra(E) (C.8a)
JeN
and
(XSO = 5,6,2,) = ui (X)) + > tr[VXTu x,)tet )] +Ry(ED) (C.8b)
JEN

where R, (-) is the 2nd order Taylor remainder. Now, for j # i € A, since s; ; i$ zero-mean
and independent of any other process:

[tr[VxTM (Xy) (H('Jr) - E;,_,))]Si,rzi,t

f,] -0 (C.9)

—(+ —_(—
H( ) :gt =2s;40:Z;;, we have:

and using that B

>

]E[tr[VXlTui(Xt) ('—(+) E )]Sl tZt t

E}:EMW&&ﬁ@&ﬁlmH&Jm|ﬁ]
=26, B[tr[Vi(X)Z; |57, Zi. | F]
=26, B[tr[Vi(X,)Zi ] Zi, | Fi]

20
= [ Vi(X) 'w]w
i WES,‘
20 . 20
= 5 proje, (Vi(X0) = Wm>mm
1

where in the last step, with a slight abuse of notation, we identify projg, (V;(X;)) with V;(X;).
The reason for this is that we apply the differential operator V;(X;) only on elements of X;,
and thus, we can ignore the component of V;(X;) that is orthogonal to span(&;).

Moreover, we have that

mm%wuwha# (C.11)
and similarly, we get the same bound for |R2(”( ))l. Therefore, in light of the above, we obtain
the bound:

1
”]E[ it | Fe]l = ViX)|lF < EDiL(St (C.12a)
and, hence
. V2
E[V: [ F:] = VX)IlF < TDL‘S’ (C.12b)
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(ii) By the definition of \A’i,,, we have:
. D;
Viallr = 55 |us Xy + 506, Z0) =i (K1)~ 5.6, Zo)| st Ziall
t
D.
< jGIlEst 8, L:\|lr < V2D,G (C.13)
t

and therefore, we readily obtain that:

E[IVi )% | F] < 2D%G? (C.14)

SO
E[IV.I% | 7] < 4D*G? (C.15)
and our proof is complete. [

With all these technical elements in place, we are finally in a position to prove our convergence
result for (3MW) run with 2-point gradient estimators. As before, we restate our result below for
convenience:

Theorem 2. Suppose that each player of a 2-player zero-sum game Q follows (3MW) for T epochs
with learning rate y, sampling radius 6, and gradient estimates provided by (2PE). Then the players’
empirical frequency of play enjoys the duality gap guarantee

_ H
E[Gap,(X7)] < v 8D>G?y + 16DL6 (14)

where H = log(dd,). In particular, for y = (DG)™'\/JH/(8T) and § = (G/L)\/H/(8T), the players
enjoy the equilibrium convergence guarantee

E|[Gap,(Xr)| < 8DG+2H/T. (15)

Proof. Let X* € X be a NE point. By Lemma 1 for P = X*, and setting F; := D(X*,X;) for all
t=1,2..., we have

2

val * Y N
Frot < F+yoo[ V] (X = X1+ VG (C.16)
or, equivalently
AR e 1 Y 12
[V, (X" -Xy)] < y_(Ft = Fe) + S IVille (C.17)
t
Summing over the whole sequence t = 1,...,T, we get:
I e L 1L .
2V =X)] < > —(Fr = Fu) + 5 2 vlIVillz (C.18)
t=1 =1 Yt 2 =1
which can be rewritten by setting yy = oo, as:
T . T 1 1 1 T A s
D ulVi(X =X < ZE(— - )+—Zyt||vt||p (C.19)
t=1 =1 Yr o Vi-1 2 P
Decomposing V, as
V. =V(X,) +b, +U, (C.20)

with
(i) b, = ]E[Vt |«7:t] -V(Xy)
(ll) U[ = V, —IE[Vt |‘Fl]
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645 equation (D.18) becomes:

T
SV (8 X1 D[ L - L) 3 i

t=1 Vi Yi-1 t=1

+ Z tr[b] (X, — X*)] + i (U] (X, - X")]
=1

t=1

T
‘] 2
; (% 7;1) Z‘}’t” t”
+4Z||bt||p + Ztr[UZ X, - X")] (C21)
t=1 t=1

e46 The left-hand side (LHS) of (D.20) gives:

T T T
> u[VX) (X = X)) = D [Vi(X) (X} = X)) + D tr[Va(X0) (X5 — Xa,0)]

t=1

~
—
~

—

T T
= > (wr (X], Xa,0) —ur (Xp)) + D (2 (X1, X5) — ua (X))

t=1

~
1l
—_

T
= > (LX), X0,) - L(X1,1,X3)) (C.22)
t=1
647 Hence, dividing by 7', we get:
_ _ 1 L .
L] Xor) - LX17,X5) < 2 > [ VX)) (X - X))] (C.23)
t=1

648 Or, equivalently,

T
Gap,(Xr) < 2 [V(X)T (X" - X))]
. T
< = F, Vv,
<72 ,(% - 1) Z%II 17
4 T
7 2llbille + Ztr (U] (X; — X")] (C.24)
t=1 t=1

649 Now, we focus on the right-hand side (RHS) of (D.20). Specifically, we have:
E[tr[U] (X, - X")]] = B[E[tr[U] (X, - X*)] | F]] =0 (C.25)
650 since X, is F;-measurable and E[U, | F;] =0

651 Moreover, by Proposition 3, we have:

1bicllF = |E[Vii | Fi] = Vi(Xo)|| < 2D;L6, (C.26a)
652 and
E|IV:ll7 | = B[B[I9:]5 1 7] < 4?6 (C.26b)
ess  Hence, taking expectation in (D.20), we obtain:
E[Gap, (X1)] < %iﬁ[m(i - ) - i BIIV 31+ 7 iﬂa [}
=1 Yo vea1)] 2T 5 TS
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Setting y; = y and §; = §, we obtain:

E[Gap,(Xr)] < % +8D*G*y +16DLs (C.28)
and finally, noting that
Fi = D(X*, X)) < log(d,d,) (C.29)
we get:
E[Gap, (Xr)] < % +8D*G*y + 16DLs (C.30)

for H = log(d,d,). Hence, after tuning vy to optimize this last expression, our result follows by
. 2
settmgy:,/STg—sz andé:,/gLZI;. [

C.2. Learning with bandit feedback. We now proceed with the more arduous task of proving the
bona fide, bandit guarantees of (3MW) with 1-point, stochastic, payoff-based feedback. The key
difference with our previous analysis lies in the different statistical properties of the 1-point estimator
(1PE). The relevant result that we will need is restated below:

Proposition 4. The estimator (1PE) enjoys the conditional bounds

(i) NE[V,|F]-VX)llr <4DLS; and (ii) E[|IV/|7|F] <4D*B*/s7.  (19)

Proof. We prove each part separately.
(i) Let E; ; be defined for all players i € N:

- 0 1
Eir = Xiff) =X =06:Zis+ f(Ri - Xi) =0 [Zi,t + ;(Ri - Xi,t)] (C.31)
v L
Taking a first-order Taylor expansion of u;, we obtain:
ui(X(? +6,2,) = wi(X) + 3 |V (X) 15y | + Ra(E) (C.32)
JeN

Since E[U;(wy) | Ft, Z,] = u(Xt(é) + 6;Z;), combining it with (D.3), we readily get:
~ D;
EVis | FiZe] = Stui(X[” +6,2,) Zi. (C.33)
t
D; D; D;
= LX) Zis + S5 S | Vg (X0) 8 | 2 + S REDZ0s (C34)
Oy 61 fonr J Oy
Now, because IE[Zi,, \]—}] =0 and Z, ; is sampled independent of any other process, we have:
]E[Mi(xt)zi,t |~Ft] =u;(X;) ]E[Zi,t |~7:t] =0 (C.35)
andfor j #i e N:

]E[tI'I:VXjTui (Xz)TEj,th Zi,t

J—}] -0 (C.36)

Therefore, we obtain:

E| 3 | Vxrui(X) 8|2 | 72| = o[ Vi(X) 54200 | F]
JEN :
=0y IE[tr[V,-(Xt)TZ,‘J]Z,'J | ‘Ft]
- [ Vi(X)'Tw|w
i WEg,'
= O i (Vi(X0) = 20v,(x C.37
—D—iPTOJg,.( l( t))—D_i l( t) (C.37)
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671 where in the last step, we identify projg, (V;(X;)) with V;(X;), as explained in the proof of
672 Proposition 3. Moreover, we have that

Ro(2)] < ZIE 1 < 167 (C38)
673 In view of the above, we have:
IE[Vi: | Fi] = ViXo)llF = DiLs; (C.39)
674 and, therefore,
IELV: | ] = V(X0)llF = V2DLS, (C40)

675 (ii) By the definition of \A/i,,, we have:

A D; D;B
¥ialle = S (X 4.6 20)| il < = (€41
51 6[
676 and therefore, we readily obtain that:
. 2p?
E[IViill | 7] < = (C42)
t
677 We thus obtain
. 2D*B?
E[IV. 17 | 7] < = (C.43)
t
678 and our proof is complete. [

679 The only step missing is the proof of the actual guarantee of (3MW) with bandit feedback. We restate
680 and prove the relevant result below:

68t Theorem 3. Suppose that each player of a 2-player zero-sum game Q follows 3MW) for T epochs
682 with learning rate y, sampling radius 0, and gradient estimates provided by (1PE). Then the players’
683 empirical frequency of play enjoys the duality gap guarantee

_ H 2D’B%y
E[Gap,(X7)] < 7_T 5— +16DL6S (20)

684 where H =log(ddy). In particular, fory = (%)3/4 2D\1/ﬁ and 6 = (%)1/44%, the players enjoy

685 the equilibrium convergence guarantee:

_ 2314 8HY*DVBL
]E[Gap,;(XT)] < T 21

686 Proof. Following the same procedure as in the proof of Theorem 2, we readily obtain:

T
Gap, (Xr) —Z [V(X) (X" -X,)]

IN

T4

T

- t Vt
< TZZIL (% o l) Zyu 1%
4 T
?Z|btl|p+—2tr (U] (X; - X")] (C.44)
=1 =1
687  Now, we have:
E[tr[U] (X, - X")]] = E[E[t[U] (X, - X")] | F]] =0 (C.45)

ess since X, is JF;-measurable and E[U; | F;] =0
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Moreover, by Proposition 4, we have:

1bicllr = [E[Vie | ] = Vi(Xo)|| < 2D;iL5, (C.46)
and
EVil7| = B[E[ 90l 1 7| < Db (C.47)
: : 52

Hence, taking expectation in (D.34), we obtain:

_ 1 1 L R 4 I
BlGape (k)] < 3 S 1A - L) 2SSy BSR4 £ D Elle )
- t= t=
1 L 1 1 2D’B> Ly, 16DL L
< => E[F]|— - + =+ — 0 (C.48)
T;‘ [’](% %—1) T oHer T ;‘ '

Setting y; =y and §; = 6, we obtain:
E[F] 2D232y

E[Gap,(X7)] < e +16DLs (C.49)
and finally, noting that
E[Fi] = D(X", X)) < log(dd>) (C.50)
we get:
H 2D’B?
Y 116DLs (C.51)

]E[Gapﬁ(XT)] < y_T+ 52

where H = log(dd>). Hence, after tuning y and § to optimize this last expression, our result follows
. 3/4 1/4
by setting y = (&) 2Dxl/ﬁ and 6 = () "\ & ]

D Omitted proofs from Section 6

We provide first the bounds of the estimator (1PE) in a N-player quantum game. Formally, we have:
Lemma D.1. The estimator (1PE) in a N-player quantum game Q enjoys the conditional bounds
D’B’N

57

A 1 A
(D) B[V, | F]-VX)lF < EDLNM& and (i) E[IV|7]F] < (D.1D

Proof. We prove each part separately.
(i) Let Z;; be defined for all players i € \:

Eir= X,((,S) —Xir=06:Zis + — (R Xi) =6:|Z

(R - Xl-,,)] (D2)

Taking a 1st-order Taylor expansion of u;, we obtain:

w(X(0 48,2, = (X)) + 3 | Vg (X)) 8y | + Ra(E) (D3)
JeEN

Since E[U; (w;) | Fr. Z] = u(X'®) +6,Z,), combining it with (D.3), we readily get:

N D;
E[Vi | F:,Z,] = _lui(Xz(6) +0:2:) Zi;

D; D;
= S (X)Zi+ 503 ] Vg (X 2 | 2+ S RA(E0 2 (D)
6 JEN
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Now, because ]E[Zi,t \]—',] =0 and Z; ; is sampled independent of any other process, we have:
]E[ui(xt)zi,t |-7:z] =u;(X;) ]E[Zi,t |-7:t] =0 (D.5)
and for j #i € N:

]E[tI'[VXjT_M,‘ (Xz)TEj,th Zi,t

]—'t] -0 (D.6)

Therefore, we obtain:

E Z tl"[VXJT_I/ti(Xt)TEj,z]Zi,t | F

JEN

= ]E[tr[Vi(X;)TEi,t]Zi,t | Ft]

=0 ]E[tr[Vi(Xt)TZi,t]Zi,t | ]:t]

1)
=L [ Vi(X)'w]w
i WES,‘
O proje, (Vi(X)) = 2LVi(X) (D7)
= — pro i = —V; .
D; Proje, t D, t
where in the last step, we identify projg, (V;(X;)) with V;(X;), as explained in the proof of
Proposition 3. Moreover, we have that
- L. _ 2 1 2
IR2(E))| < FIIEH} < 5LNG; (D.8)
In view of the above, we have:
N 1
IE[Vi: | F] = Vi(X)lF < ED[LN(S, (D.9)
and, therefore,
. 1
IELV | 7] = VX)llr < 5DLN*25, (D.10)
(ii) By the definition of \A/i,,, we have:
N D; D;B
1Vialle = s (X0 +60 20)| Wil < = (D.11)
t t
and therefore, we readily obtain that:
A 2p2
E[IVi 7| F] < (lsz (D.12)
t
Hence, ultimately, we get the bound
. D?B*N
B[Vl | 7] < —— (D.13)
t
and our proof is complete. [

With all this in hand, we are finally in a position to proceed with the proof of Theorem 4, which we
restate below for convenience:

Theorem 4. Fix some tolerance level n € (0, 1) and suppose that the players of an N-player quantum
game follow (3MW) with bandit, realization-based feedback, and surrogate gradients provided by
the estimator (1PE) with step-size and sampling radius parameters such that

(i) 22y =00, (i) X2, 716, < oo, and (ii) T2, v7/67 < oo. (22)
If X* is variationally stable, there exists a neighborhoold U of X* such that
Pim; 0 X; =X*) > 1 = whenever X; € U. (23)
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Proof. Since X* is variationally stable, there exists a neighborhood U s of it such that
tr[V(X)(X - X")] <0 forall X € Uy \{X"}. (D.14)

For any &’ > 0, defining
U, ={XeXxX:pXxX"X)<e'} (D.15)

we readily obtain by the continuity of X — D(X*, X) at X* that there exists a neighborhood U . of
X* such that U o C U. Note that if &) < &, we automatically get that U ., C U ,.

In view of this, we let X| € U -4 €U € Uys. We divide the rest of the proof in steps.
Step 1. Deriving the general energy inequality

By Lemma 1 we have that:
2
* * X * Y Y
DX, Xs1) < DX, X) +y, e[V (X = X9+ V1T (D.16)

Decomposing V, into
V., =V(X,) +b; + U, (D.17)
as per (C.20) and applying (D.16) inequality iteratively, we get that

. ) d . 1 .
D(X*, Xp41) < D(X5, X1) + D s [ Vs (X = X)] + 3 AN
s=1

s=1

< D(X", X)) + Ztl Ys [ V(X)) (X = X)) + Ztl s tr[bs(Xs — X)]

s=1 s=1

t . 1 t A
+ 2y rlUs (X =XT 4 5 3000V
5= s=

t t
< DX X)) + Dy tr[ VX)) (Xg = X + D ¥sllbslle 11X = X7

s=1 s=1

O e N
¥s t[Us(Xs =X+ 2 2 7Vl
s=1

3
+

s=1

t

< DX, Xy) + Z s r[V(X5) (X5 — X)] + diam(X) Z Ysllbslle

s=1 s=1
t 1 t 21 5
+ 257 olUs (X =XO] + 3 > v IVl (D.18)
s=1 s=1

Defining the processes W;, M; and Z; fort = 1,2,... as

1< ~
¥, = 5 IVl (D.192)
s=1
t
M; = Z vs tr[Us (X — X*)] (D.19b)
s=1
t
Z = diam(X) > ysllbsllF (D.19¢)
s=1

equation (D.18) can be rewritten as

1
D(X*,Xp1) < DX X)) + 2 75 t[ VX)X = X) + Z, + M, +¥,  (D20)

s=1

Step 2. Bounding the noise terms

Let £ > 0 as defined in the beginning of the proof.
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» Regarding the term Z;, it is clear that the process {Z, : r > 1} is a sub-martingale. Hence,
by Doob’s maximal inequality for sub-martingales [20], we get that:

]P(susz > 8/4) < Elz]
s<t el4
_ diam() 25y vs ElllbslIF]
- el/4
_ diam(X) 32, v Efflblr]
- el4
diam(X) 372, v: E[E[|[b/||F | F¢]]
- el4
L 2diam(X)DLN3? 52 7.6, D21
&
By ensuring that
0 en
;”5’ = §diam(X)DLN (b-22)
and taking ¢ go to oo, (D.21) becomes:
]P(sup Z: > 5/4) <n/3 (D.23)
t>1

* Similarly, it is clear that the process {W; : ¢ > 1} is a sub-martingale. Following the same
procedure, by Doob’s maximal inequality for sub-martingales [20], we get that:

)<1E[‘Pt] L2t RE[IVIE]

]P(sup Y, >¢e/4

s<t e/4 ~ /4
_ iz RE(VIG]
- e/4
ZDZBZN oo 2 62
< RN (D.24)
e
By ensuring that
22 en
0f £ ——— D.25
tZZIJYI/ 6D2B2N ( )
and taking t — oo, (D.24) becomes:
IP(sup ¥, > 8/4) <n/3 (D.26)
r>1

* Finally, regarding the term M,, the process {M, : t > 1} is a martingale. Following the
same procedure, by Doob’s maximal inequality for martingales [20], we get that:

) _BM) XL _ VP E[r[Us(Xs - X9)]?]

IP(sup Mg > 8/4) < IP(sulesl >e/d

s<t s<t B (8/4)2 - (5/4)2
. diam(X)? 2'_ y2 E[||Us 1% ]
- (8/4)2
diam(X)% % 2 1)’, [||Uz||%]

(g/4)?

< 4diam(X)? £, y2 E[IV/13]

B (g/4)?
2n2p2 2

 4diam(X)2DIBEN 37, 7 116 (D.27)
(g/4)?
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Step 3.

Step 4.

where we used the fact that

E[M?] =E| > yatr[Us(Xs = X)]? + > yiye r[Uk (X = X ] tr[Up (X, = X))
s=1 k<t
=E zt; YUy (X — X9)]? (D.28)
s=1

itself following from the total expectation
E[tr[Ur (X = X) ] tr[Up(Xe = X)]] = B[E[tr[Ux (Xi = X)] tr[Ue(Xe = X)] | F¢]]
= E[tr[Uk (Xk = X)] E[tr[Ue(Xe = XI)] | ]l

=0 (D.29)
Now, by ensuring that
O 2 /52 (e/4)n
0y < D.30
; Vil S A (X2 DPBN (D-30)
and taking ¢ go to co, (D.27) becomes:
]P(sup M, > 8/4) <n/3 (D.31)
21
Therefore, combining (D.23), (D.26) and (D.31) and applying a union bound, we get:
]P({supZ, > 8/4} U {sup ¥, > 8/4} U {sup M, > 8/4}) <n (D.32)
t>1 r>1 1>1

Thus, defining the event E := {suptzl Zi+¥, + M, < %g}, Eq. (D.32) readily implies that:
P(E)>1-7g (D.33)

X; € Uy with high probability
Since X € U zy4 € Uy, by induction on ¢ we have that under the event E
t
D(X*, X;41) < D(X*, X)) + Z ystr[VIX) Xy = X)] +Z, + M, + P, (D.34)
s=1
<+ +-4+Z=¢ (D.35)

where in the last step we used the inductive hypothesis that Xy € Uy forall s = 1,...,¢,
which implies tr[V(X;) (X — X*)] < 0. This implies that X;; € U ¢ € Uls.

Therefore, we obtain that X, € U C U, for all + > 1. For the rest of the proof we will
work under the event E.

Subsequential convergence

Now we will show that there exists a subsequence {X;, : k > 1} suct that limy_, X;, = X".
Suppose it does not. Then, this would mean that the quantity tr[ V(X;) (X; — X*)] is bounded
away from zero. Combining it with the fact that X; € U, for all > 0, we readily get that
there exists ¢ > 0 such that:

tr[VX,) (Xs = X9)] < —¢ (D.36)
Then, (D.20) would give:

t
DX" X)) S&-¢ 2% (D.37)

s=1

Hence, taking t — oo, and using that },5| y; = oo, we would get that D(X*,X;) — —oo,
which is a contradiction, since D (X*,X;) > 0.

Hence, there exists a subsequence {X;, : k > 1} suct that limy_,., X;, = X%, i.e.,
klim D(X*, X, ) =0. (D.38)
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765 Step 5. Existence of lim,_,, D (X", X;)

766 We define the sequence of events {E; : t > 1} as
E, = {Ssslj[_)l Zi+ ¥+ M < %s} fort > 2 (D.39)
767 and
Ey = {X| €U} (D.40)
768 Then we have that E; € F; and E; C {Xy; e Uy :s=1,...,1}.
769 Defining the random process {D, : t > 1} as
D; = D(X*,X,) 1, (D.41)
770 Then, by (D.16) we have
D(X*, Xp1) < DX, X)) + ;[ V(X)) (X; = X5)] + diam(X)y, |16 ]|
Fye U (X, = X1 + 52219 (D.42)
771 Multiplying the above relation with 1g,, and noting that 1g,,, < 1g,, since E;1 C E;, we

772 have

D1 < Dy +y, [ V(X)) (X, — X*)] 1 g, +diam(X)y,||b,||F 1E,
+ U (X, = X1 g, +372 19 3 1, (D.43)
< Dy + diam ()bl L, 70 01U (X, =X Ly #5721, (D44)
773 where in the last step we used that tr[V(X;)(X; — X*)] 1g, < 0. Therefore, we obtain that:
E[Dy1 | Fi] < Dy +diam(X)y, Lg, E[|lb,|lr | ] + %y? Lg, E[IV/IE | 7] (D45)

774 where we used that
E[u[V(X)(X; = X)] 1g, | F] = 1g E[u[VX) (X, - X)] | F]1=0  (D.46)

775 Therefore, {D~t > 1} is an almost super-martingale [40] and, thus, there exists D, with
776 D, finite (a.s.) and D; — Do, (as.).
777 Since E = N;»1 E;, we have:
P({lim; 0 D(X*, X ists} N E
]P( lim D(X*,X,) exists | E) _ Plim/ o DX, X;) exists} 0 E) (D.47)
P({lim,_,c D, exists} N E
- ({tim, ! JnE) =1 (D.48)
P(E)
778 Hence, lim;_,, D, exists on E and by Step 3 we readily get that lim,_,., D; = 0 on E. Thus,
779 by Lemma A.2, we get
lim X; = X* on the event E (D.49)
t—o0
780 and setting U = U /4, we obtain
IP(tlim X, = X) >1-p wheneverX, €. (D.50)
781 This concludes our discussion and our proof. [

722 E Numerical experiments

783 In this last appendix, we provide a series of numerical simulations to validate and explore the
784 performance of (MMW) with payoff-based feedback.
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Figure 1: Performance evaluation of the (3MW) with the (2PE) and (1PE) estimators and comparison with the
full information (MMW). The solid lines correspond to the mean values of the duality gap of each method, and
the shaded regions enclose the area of +1 (sample) standard deviation among the 10 different runs.

Game setup.  Our testbed is a two-player zero-sum quantum game, which is the quantum analogue
of a 2 X 2 min-max game with actions {a, @;} and {81, 82}, and payoff matrix

4,-4) (2,-2)
P=((—4,4) (—2,2)) (E.I)

In the quantum regime, the payoff information of the quantum game is encoded in the Hermitian
matrices Wy = diag(4,2,-4,-2), and W, = —W as per Eq. (3) in Section 2. By elementary
considerations, the action profile (a1, 3;) is a strict Nash equilibrium of the classical zero-sum game,
which corresponds to the pure quantum state with density matrix profile X* = (X7, X3) where

. (1 0 . (0 0
Xlz(o 0) and X2=(0 1) (E.2)

in the standard basis in which W and W, are diagonal.

Convergence speed analysis. In Fig. 1, we evaluate the convergence properties of (3MW) using
the estimators (2PE) and (1PE), and compare it with the full information variant (MMW). For each
method, we perform 10 different runs, with T = 10° steps each, and compute the mean value of the
duality gap as a function of the iteration r = 1,2,...,7T. The solid lines correspond to the mean
values of the duality gap of each method, and the shaded regions enclose the area of =1 (sample)
standard deviation among the 10 different runs. Note that the red line, which corresponds to the full
information (MMW), does not have a shaded region, since there is no randomness in the algorithm.
All the runs for the three different methods were initialized for Y = 0 and we used y = 1072 for
all methods. In particular, for (3MW) with gradient estimates given by (2PE) estimator, we used a
sampling radius § = 1072, and for (3MW) with (1PE) estimator, we used 6 = 10~! (in tune with our
theoretical results which suggest the use of a tighter sampling radius when mixed payoff information
is available to the players).

Figure 1 has several important take-aways. First and foremost, as is to be expected, the payoff-based
methods lag behind the full-information variant of (MMW); however, what is particularly surprising
is that the drop in performance is singularly mild. The 2-point variant of (3MW) only lags behind
(MMW) by a factor of approximately 15%, while the 1-point, stochastic bandit variant of (3MW),
despite lagging behind by more, still achieves essentially the same convergence speed (compare the
slopes in Fig. 1). This is the second important take-away from our numerical experiments. In all our
runs, the various algorithms achieved a rate of convergence closer to O(1/T'), which is significantly
faster than O(1/VT) and/or O(1/T"/*). This suggests that, in practice, the bandit variants of (MMW)
may yield excellent performance benefits, despite the high degree of uncertainty incurred by the
complete lack of information on the game being played.

29



814
815

817

818

820
821

822
823
824

(¢) BMW) with the (1PE) estimator

Figure 2: Trajectories of the three methods for different initial conditions. The red points correspond to player
1, and the blue points to player 2. The initial points of the red trajectories are marked with e, while the initial
points of the blue ones are marked with m.

Trajectory analysis. Finally, in Fig. 2, we provide a visualization of the actual trajectories of play
generated by the three methods with the same parameters as before, for different initial conditions.
The trajectories are presented in Bloch spheres [38], where the points |0) and |1) in the figure
correspond to the density matrices

|0>=((1) 8) and |1>=(8 (1)) (E3)

respectively. In all figures, the points in red indicate the trajectory of Player 1, while the points in
blue are for Player 2. The initial points of the red trajectories are marked with e, while the initial
points of the blue ones are marked with m. [Each column of Bloch spheres in Fig. 2 has the same
initial conditions.]

An important remark here is that, as suggested by Theorem 4, the trajectories of all methods converge
— and quite rapidly at that — to the game’s (strict) Nash equilibrium. In fact, given that the trajectories
converge to a pure state, this goes to explain the faster convergence rates observed in Fig. 1: instead
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of oscillating around a solution, the MMW orbits actually converge to equilibrium in this case,
so the trailing average converges at a much faster rate. This holds in all zero-sum games with a
pure equilibrium, thus indicating a very important class of zero-sum games where the worst-case
guarantees of MMW algorithms can be significantly improved.
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