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ABSTRACT

Methods with adaptive scaling of different features play a key role in solving
saddle point problems, primarily due to Adam’s popularity for solving adversarial
machine learning problems, including GANS training. This paper carries out
a theoretical analysis of the following scaling techniques for solving SPPs: the
well-known Adam and RmsProp scaling and the newer AdaHessian and OASIS
based on Hutchison approximation. We use the Extra Gradient and its improved
version with negative momentum as the basic method. Experimental studies on
GANs show good applicability not only for Adam, but also for other less popular
methods.

1 INTRODUCTION

In this paper, we focus on the saddle point problem (SPP):

min
x∈Rdx

max
y∈Rdy

f(x, y). (1)

It has been of concern to the applied mathematics community for a long time. For example, SPPs
arise in game theory, optimal control and equilibrium search in economics (Neumann & Morgenstern,
1944; Harker & Pang., 1990; Facchinei & Pang, 2003). The problem (1) is now even more widespread
due to the current interest in solving adversarial formulations in machine learning. One of the
brightest representatives of such tasks is Generative Adversarial Networks (GANs) (Goodfellow et al.,
2014). The main and most popular method of training GANs is Adam (Kingma & Ba, 2015).

Since its appearance, Adam has become a cornerstone learning method not only for GANs but also,
for example, for NLPs (Lan et al., 2020) or models with attention (Zhang et al., 2020). There are
two features that distinguish Adam from SGD: a heavy-ball momentum as well as a gradient scaling.
If momentum is more or less the standard acceleration approach, then scaling is precisely the key
of Adam that allows it to be robust. Scaling is often also referred to as adaptivity, but it is different
from classical adaptivity, where we simply recalculate the stepsize using information from previous
iterations. Scaling modifies the entire gradient by multiplying each component by a different value.
Adam was not the first method to use scaling (Duchi et al., 2011; Zeiler, 2012), but the Adam update
is the most popular amongst the community.

While Adam was gaining its practical relevance, it was also explored from a theoretical point of
view for minimization problems (Reddi et al., 2019; Défossez et al., 2020). Moreover, Adam and its
modifications appear in many theoretical papers on SPPs and GANs training. The most famous of
these works follow the same pattern (Daskalakis et al., 2017; Gidel et al., 2018; Mertikopoulos et al.,
2018; Chavdarova et al., 2019; Liang & Stokes, 2019; Peng et al., 2020). The authors propose studies
for methods without scaling, and then without theoretical justifications transfer the new features to
Adam and obtain a new more powerful method. For example, (Gidel et al., 2018) adapts the classical
and optimal method for SPPs, the Extra Gradient method, and obtains Extra Adam. But while Adam
is a good framework into which some theoretical hints and intuitions can be inserted, up to the current
time, other methods with scaling are hardly mentioned in the SPPs literature from a theoretical point
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of view. Recently, papers on scaling algorithms that provide guarantees of convergence have begun
to appear (Liu et al., 2019; Dou & Li, 2021; Barazandeh et al., 2022). Despite the recent progress,
there are still many disadvantages to these methods that should be addressed.

1.1 OUR CONTRIBUTION AND RELATED WORKS

Eight methods with theory. In this paper, we present eight methods with scaling for solving (1). In
fact, we give two general methods in which different types of scaling can be substituted. We analyze
four popular types of scaling in this paper, although the universality of the analysis allows exploring
other scaling approaches. Theoretical convergence guarantees for these methods are provided in the
strongly convex–strongly concave, convex–concave, and non-convex–non-concave (Minty) cases of
the problem (1).

Extra Gradient. Our first method (Algorithm 1) is based on the Extra Gradient method (Korpelevich,
1976; Nemirovski, 2004; Juditsky et al., 2008), an optimal and frequently used method for SPPs. The
key feature of this method is the so-called extrapolation/extra step. We add scaling to this method.
Unlike most of the works (Daskalakis et al., 2017; Gidel et al., 2018; Mertikopoulos et al., 2018;
Chavdarova et al., 2019; Liang & Stokes, 2019; Peng et al., 2020) which connect Extra Gradient and
its modifications with Adam-based methods, we use the same scaling in both Extra Gradient steps and
obtain to some extent a method that has not been encountered before. Consequently, the theoretical
analysis for this kind of method is done for the first time and does not coincide, for example, with the
analysis from (Liu et al., 2019; Dou & Li, 2021).

Single call with momentum. Our second algorithm is an improved version of the first one.

Primarily, we solve the global problem of the Extra Gradient method – the double calling of gradients
at each iteration. We use a single call approach that allows us to compute the gradient once. Such
methods without scaling were explored e.g., in (Popov, 1980; Mokhtari et al., 2020; Hsieh et al.,
2019).

Secondly, we add momentum. Methods with momentum have been partially investigated for SPPs.
In paper (Gidel et al., 2019), the authors show that for SPPs (including training GANs), one should
use negative momentum because classical positive (heavy-ball) momentum can be not only useless
but have a negative effect. One can also note that negative momentum was used in works (Alacaoglu
& Malitsky, 2021) and (Kovalev et al., 2022) to obtain optimal stochastic variance reduced methods
for SPPs.

Scalings. As noted above, we consider different types of scaling approaches: two types of Adam-
based scaling (Adam (Kingma & Ba, 2015) itself, as well as RMSProp (Tieleman et al., 2012)) and
two types of rather new Hutchinson’s approximation (Bekas et al., 2007) scalings (AdaHessian (Yao
et al., 2020) and OASIS (Jahani et al., 2021)). None of these methods have been analyzed theory-wise
for SPPs before. Moreover, methods based on Hutchinson’s approximation are found for the first
time in an application to SPPs. Note that AdaHessian (Yao et al., 2020) does not provide convergence
analysis at all (not even for minimization problems).

Table 1: Comparison of scaled methods with theoretical analysis for SPPs.
Method Reference Scaling Single call? Momentum Assumptions

OAdaGrad (Liu et al., 2019) AdaGrad yes no bounded gradients

Extra Gradient AMSGrad (Dou & Li, 2021) Adam-based no positive bounded gradients

AMMO (Barazandeh et al., 2022) Adam-based no positive no theory (1)

Extra Adam/RMSProp Ours Adam-based no no bounded gradients

Extra AdaHessian/OASIS Ours Hutchinson no no

SCM Extra Adam/RMSProp Ours Adam-based yes negative bounded gradients

SCM Extra AdaHessian/OASIS Ours Hutchinson yes negative
(1) There is a theory in the paper, but it raises serious concerns.

Main competitors. One can highlight three main papers that also deal with the theoretical analysis
of methods with scaling for SPPs. We give a comparison in Table 1.

The work (Liu et al., 2019) presents an analysis of the Optimistic version of AdaGrad. The Optimistic
approach is a single call, making the method more robust and faster in computation. Meanwhile, the
authors do not add momentum to this method. The authors also need gradient boundedness as an
assumption in the theoretical analysis; we do not need to make such an additional assumption for
Hutchinson scaling methods.
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The authors of (Dou & Li, 2021) propose an analysis for the Adam-Based (but not Adam) method.
Their method is based on the Extra Gradient method with the AMSGrad update (Reddi et al., 2019).
Unlike some of our methods and the method from paper (Liu et al., 2019), this method is not single-
call, which in practice can slow down the running time by almost a factor of two. In this paper, the
boundedness of the gradients is assumed.

Finally, both papers (Liu et al., 2019) and (Dou & Li, 2021) give convergence only in the non-convex
case. We give an analysis for the strongly-convex and convex cases as well. It seems that this is
the way to see a more complete picture of how the methods work. This is due to the fact that any
guarantees in the non-convex case (not only for SPPs but also for minimization problems) are just
convergence to some (most likely the nearest) stationary point, but in practice, for neural network
problems, we converge not just to some stationary point, but probably to a good neighborhood
of global solution. The practical behavior of the methods lies somewhere between the general
non-convex and convex cases.

The paper (Barazandeh et al., 2022) presents several Adam-based methods, but its theoretical
foundation is disturbing. We found no proofs in the paper (the authors refer to the arxiv version,
which does not exist at the current moment). Moreover, the theorems postulate convergence but not
the rate of convergence.

Practical performance. In practice, we explore four methods of scaling (RMSProp, Adam, AdaHes-
sian, OASIS) for training GANs. We test how these methods are affected by the extra step technique
that arises from the theory. We further investigate the effect of negative momentum on final learning
results.

2 PROBLEM SETUP AND ASSUMPTION

We write ⟨x, y⟩ =
∑d

i=1 xiyi to denote the standard inner product of vectors x, y ∈ Rd, where
xi corresponds to the i-th component of x in the standard basis in Rd. This induces the standard
ℓ2-norm in Rd in the following way: ∥x∥ =

√
⟨x, x⟩. For a given positive definite matrix D ∈ Sd

++,
the weighted Euclidean norm is defined to be ∥x∥2D = ⟨x,Dx⟩, where x ∈ Rd. We also introduce
λmax(D) as the maximum eigenvalue of D, λmin(D) as the minimum eigenvalue of D. Using this
notation, for a given matrix A ∈ Rd×d, we define the spectral norm as ∥A∥ =

√
λmax (ATA), and

the infinity norm as ∥A∥∞ = max1≤i≤d

∑d
j=1 |aij |, where {aij}n,ni=1,j=1 are elements of A. The

symbol ⊙ denotes the component-wise product between two vectors, and diag(x) denotes the d× d
diagonal matrix whose diagonal entries are the components of the vector x ∈ Rd.

We consider the problem (1) and assume that for the function f(x, y) we have only access to stochastic
oracle f(x, y, ξ). For example, ξ could be the number of the batch for which the loss is computed.
Additionally, only stochastic gradients are available ∇xf(x, y, ξ), ∇yf(x, y, ξ). Next, we list the
main assumptions on (1) and stochastic gradients.
Assumption 1 (Convexity-concavity). We consider three cases of convexity-concavity of (1).

(SC) Strong convexity– strong concavity. The function f is µ-strongly convex–strongly concave,
i.e. for all x1, x2 ∈ Rdx and y1, y2 ∈ Rdy we have

⟨∇xf(x1, y1)−∇xf(x2, y2), x1 − x2⟩ − ⟨∇yf(x1, y1)−∇yf(x2, y2), y1 − y2⟩
≥ µ

(
∥x1 − x2∥2 + ∥y1 − y2∥2

)
.

(2)

(C) Convexity–concavity. The function f is convex–concave, i.e. for all x1, x2 ∈ Rdx and
y1, y2 ∈ Rdy we have

⟨∇xf(x1, y1)−∇xf(x2, y2), x1 − x2⟩ − ⟨∇yf(x1, y1)−∇yf(x2, y2), y1 − y2⟩ ≥ 0. (3)

(NC) Non-convexity–non-concavity (Minty). The function f satisfies the Minty condition, if and
only if there exists x∗ ∈ Rdx and y∗ ∈ Rdy such that for all x ∈ Rdx and y ∈ Rdy we have

⟨∇xf(x, y), x− x∗⟩ − ⟨∇yf(x, y), y − y∗⟩ ≥ 0. (4)

The last assumption is not a general non-convexity–non-concavity, but it is firmly associated and
regarded in the literature as a good relaxation of non-convexity–non-concavity. (4) can be found
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under the names of the Minty or variational stability condition (Minty, 1962; Liu et al., 2019; Hsieh
et al., 2020; Dou & Li, 2021; Diakonikolas et al., 2021).
Assumption 2 (L-smoothness). For any ξ the function f(x, y, ξ) is L-smooth, i.e. for all x1, x2 ∈
Rdx and y1, y2 ∈ Rdy we have

∥∇xf(x1, y1, ξ)−∇xf(x2, y2, ξ)∥2 + ∥∇yf(x1, y1, ξ)−∇yf(x2, y2, ξ)∥2

≤ L2
(
∥x1 − x2∥2 + ∥y1 − y2∥2

)
.
(5)

Assumption 3 (Bounded variance). Stochastic gradients of ∇xf(x, y, ξ), ∇yf(x, y, ξ) are unbi-
ased and their variance are bounded, i.e. there exists σ2 ≥ 0 such that for all x ∈ Rdx and y ∈ Rdy

we have

E [∇xf(x, y, ξ)] = ∇xf(x, y), E [∇yf(x, y, ξ)] = ∇yf(x, y),

E
[
∥∇xf(x, y, ξ)−∇xf(x, y)∥2 + ∥∇yf(x, y, ξ)−∇yf(x, y)∥2

]
≤ σ2

b
,

(6)

where the parameter b stands for the size of the batch in the stochastic gradients.

3 SCALED METHODS

Unlike SGD-type methods that use a stochastic gradient gt for an update, scaled methods additionally
compute a so-called preconditioning matrix D̂t and produce a scaled gradient ĝt = D̂−1

t gt. For SPPs,
obtaining preconditioning matrices can be written as follows:

(Dx
t )

2 = βt(D
x
t−1)

2 + (1− βt)(H
x
t )

2, (Dy
t )

2 = βt(D
y
t−1)

2 + (1− βt)(H
y
t )

2, (7)

where βt ∈ [0; 1] is a preconditioning momentum parameter (typically close to 1), (Hx
t )

2, (Hy
t )

2,
(Dx

0 )
2 and (Dy

0)
2 are some diagonal matrices. The update (7) is satisfied by Adam-based methods

with (Hx
t )

2 = diag(∇xf(xt, yt, ξ
D
t ) ⊙ ∇xf(xt, yt, ξ

D
t )) and (Hy

t )
2 = diag(∇yf(xt, yt, ξ

D
t ) ⊙

∇yf(xt, yt, ξ
D
t )) (here ξDt is an independent random variable specially generated to calculate

Hx
t and Hy

t ), e.g. the original Adam (Kingma & Ba, 2015) (βt = β−βt+1

1−βt+1 ) and the earlier
method, RMSProp (Tieleman et al., 2012) (βt ≡ β). The rule (7) also applies to AdaHes-
sian (Yao et al., 2020) – method with Hutchinson scaling, here one should take βt = β−βt+1

1−βt+1 ,
(Hx

t )
2 = diag(vxt ⊙ ∇xxf(xt, yt, ξ

D
t )vxt )

2 and (Hy
t )

2 = diag(vyt ⊙ ∇yyf(xt, yt, ξ
D
t )vyt )

2, where
vxt , v

y
t are from Rademacher distribution.1 Let us stress that despite AdaHessian includes a stochastic

Hessian, it does not need to be calculated explicitly as it needs just Hessian-vector product. Hence,
the matrices Hx

t and Hy
t can be computed by performing back-propagation twice: firstly, we compute

the stochastic gradients ∇xf(xt, yt, ξ
D
t ) and ∇yf(xt, yt, ξ

D
t ), then compute the gradients of the

functions ⟨∇xf(xt, yt, ξ
D
t ), vxt ⟩ and ⟨∇yf(xt, yt, ξ

D
t ), vyt ⟩.

The following update can be used as an analogue of (7):

Dx
t = βtD

x
t−1 + (1− βt)H

x
t , Dy

t = βtD
y
t−1 + (1− βt)H

y
t . (8)

For example, such a rule is augmented by OASIS (Jahani et al., 2021) with βt ≡ β and
Hx

t = diag(vxt ⊙ ∇xxf(xt, yt, ξ
D
t )vxt ) and Hy

t = diag(vyt ⊙ ∇yyf(xt, yt, ξ
D
t )vyt ). It turns out

that expression (8) can easily be calculated by differentiating twice. Firstly, we find ∇xf(xt, yt, ξ
D
t ),

and then we compute the gradient again, but for (∇xf(xt, yt, ξ
D
t ))T vxt . As a result, we have

∇xxf(xt, yt, ξ
D
t )vxt . Using the component-wise product between vxt and ∇xxf(xt, yt, ξ

D
t )vxt , we

get the diagonal of Dx
t .

Moreover, (8) is a good approximation of the Hessians’ diagonals. Indeed, it is easy to see that in
the expectation the non-diagonal elements of the matrices Dx

t , Dy
t are equal to 0 and the diagonal

elements are equal the corresponding Hessians’ elements.

To make the matrix positive definite, one can use the following transformation that is common in
literature:

(D̂x
t )ii = max {e, |(Dx

t )ii|} , (D̂y
t )ii = max {e, |(Dy

t )ii|} , (9)

1All components of vectors vxt , v
y
t are independent and equal to ±1 with probability 1/2.
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where e is a positive parameter. It was suggested e.g., in the original Adam paper (Kingma &
Ba, 2015). Subsequently, the critical necessity of (9) was shown in (Reddi et al., 2019). One can
alternatively define (D̂x

t )ii = |(Dx
t )ii| + e and (D̂y

t )ii = |(Dy
t )ii| + e. It can be seen that all of

the above scaling approaches construct diagonal matrices with positive elements. We formulate the
properties of such matrices via the following lemma.
Lemma 1. Let us assume that Dx

0 , Dy
0 and for all t the Hx

t , Hy
t are diagonal matrices with elements

not greater than Γ in absolute value. Then for matrices D̂x
t , D̂y

t obtained by rules (7) – (9), the
following holds

1) D̂x
t , D̂y

t are diagonal matrices with non-negative elements and eI ≼ D̂x
t ≼ ΓI , eI ≼ D̂y

t ≼ ΓI;

2) D̂x
t+1 ≼

(
1 + (1−βt+1)Γ

2

2e2

)
D̂x

t and D̂y
t+1 ≼

(
1 + (1−βt+1)Γ

2

2e2

)
D̂y

t for (7);

3) D̂x
t+1 ≼

(
1 + 2(1−βt+1)Γ

e

)
D̂x

t and D̂y
t+1 ≼

(
1 + 2(1−βt+1)Γ

e

)
D̂y

t for (8).

Let us formally prove that all scalings: Adam, RMSProp, AdaHessian, and OASIS, satisfy the
conditions of Lemma 1.
Lemma 2. Let Assumption 2 be satisfied, then the AdaHessian and OASIS preconditioners
satisfy the conditions of the Lemma 1 with Γ =

√
dx + dyL. If ∥∇xf(x, y, ξ)∥ ≤ M and

∥∇yf(x, y, ξ)∥ ≤ M for all x, y, ξ, then the Adam and RMSProp preconditioners satisfy the
conditions of the Lemma 1 with Γ = M .

Algorithm 1 Scaled Stochastic Extra Gradient

1: Input: initial point x0, y0
2: for t = 0, 1, 2, . . . T − 1 do
3: Generate independently ξDt for D̂x

t , D̂
y
t

4: Compute D̂x
t and D̂y

t according to (7)–(9)
5: Generate independently ξt for

∇xf(xt, yt, ξt),∇yf(xt, yt, ξt)

6: xt+1/2 = xt − γ(D̂x
t )

−1∇xf(xt, yt, ξt)

7: yt+1/2 = yt + γ(D̂y
t )

−1∇yf(xt, yt, ξt)
8: Generate independently ξt+1/2 for

∇xf(xt+1/2, yt+1/2, ξt+1/2), ∇yf(xt+1/2, yt+1/2, ξt+1/2)

9: xt+1 = xt − γ(D̂x
t )

−1∇xf(xt+1/2, yt+1/2, ξt+1/2)

10: yt+1 = yt + γ(D̂y
t )

−1∇yf(xt+1/2, yt+1/2, ξt+1/2)
11: end for

The rule chains (7) + (9) or (8)
+ (9) allow to construct precon-
ditioning matrices. Next, we
present Algorithm 1. As men-
tioned in Section 1.1, we use the
stochastic Extra Gradient as the
base algorithm. Such an algo-
rithm is a modification of SGD
for SPPs. Its main difference
is the presence of an extrapola-
tion step (lines 6 and 7) before
the main update (lines 9 and 10).
This complicates the algorithm,
because it is necessary to double
count the gradient at each iter-
ation, but meanwhile the origi-
nal SGD is not optimal for SPPs.
Moreover, it can perform worse and diverge even on the simplest problems (see Sections 7.2 and 8.2
of (Goodfellow, 2016)). We add the same preconditioners to both steps of the Extra Gradient. These
matrices are computed at the beginning of each iteration (lines 3 and 4).

The following theorem gives a convergence estimate for Algorithm 1.
Theorem 1. Consider the problem (1) under Assumptions 2 and 3 and conditions of Lemma 1. Let
{xt, yt} and {xt+1/2, yt+1/2} be the sequences generated by Algorithm 1 after T iterations. Also
assume that the sequence {βt} is not random and γ ≤ e

4L . Then,

• under Assumption 1(SC) it holds that

E
[
R2

t+1

]
≤αtE

[
R2

t

]
+ θt, (10)

with αt =
(
1− γµ

Γ + (1− βt+1)C
)

and θt =
6σ2(1+(1−βt+1)C)γ2

be ;

• under Assumption 1(C) with ∥xt∥ ≤ Ω, ∥yt∥ ≤ Ω for all t ≥ 0 it holds that

E
[
gap(xavg

T , yavgT )
]
≤ 3ΓΩ2

γT
+

2CΓΩ2

γT

T∑
t=1

(1− βt) +
4γσ2

eb
; (11)
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• under Assumption 1(NC) with ∥xt∥ ≤ Ω, ∥yt∥ ≤ Ω for all t ≥ 0 it holds that

E
[
∥∇xf(x̄T , ȳT )∥2 + ∥∇yf(x̄T , ȳT )∥2

]
≤ 12Γ2Ω2

γ2T
+

21Γσ2

eb
+

12CΓ2Ω2

γ2T

T∑
t=1

(1− βt).

(12)

Here we use R2
t = ∥xt − x∗∥2

D̂x
t

+ ∥yt − y∗∥2
D̂y

t

, gap(x, y) = max
y′∈Y

f (x, y′) − min
x′∈X

f (x′, y),

xavg
T = 1

T

∑T−1
t=0 xt+1/2, yavgT = 1

T

∑T−1
t=0 yt+1/2, (x̄T , ȳT ) is picked uniformly from all (xt, yt),

C = Γ2

2e2 for (7) or C = 2Γ
e for (8).

The estimate (11) uses a so-called gap function on some bounded set X × Y . Eventhough we solve
the problem (1) on the whole set Rdx × Rdy , this is permissible, since such a version of the criterion
is valid if the solution x∗, y∗ lies in X × Y; for details see (Nesterov, 2007).

Depending on the choice of βt, we can get convergence for the four methods that are given before. In
particular we can estimate the number of iterations to find a solution with ε precision (in the strongly
convex–strongly concave case this means that ∥xt − x∗∥2 + ∥yt − y∗∥2 ∼ ε, in the convex–concave
that gap(x, y) ∼ ε, and in the non-convex–non-concave that ∥∇xf(x, y)∥2 + ∥∇yf(x, y)∥2 ∼ ε2).
Corollary 1 (RMSProp and OASIS). Under the assumptions of Theorem 1 let additionally take
βt ≡ β. Then, the number of iterations to achieve ε-solution (in expectation)

• in the strongly convex–strongly concave case with β ≥ 1− eγµ
2ΓC is Õ

(
ΓL
eµ log 1

ε + Γ3σ2

e2bµ2ε

)
;

• in the convex–concave case with β ≥ 1− 1
CT is O

(
ΓLΩ2

eε + Γσ2Ω2

ebε2

)
;

• in the non-convex–non-concave case with β ≥ 1− 1
CT and b ∼ Γσ2

eε2 is O
(

Γ2L2Ω2

e2ε2

)
.

Corollary 2 (Adam and AdaHessian). Under the assumptions of Theorem 1, let additionally take
βt =

β−βt+1

1−βt+1 . Then, the complexities to achieve ε-solution (in expectation)

• in the str. convex–str. concave case with β = 1−
(

γµ
2ΓC

)2
is O

(
C2Γ3L2Ω2

e3µ2ε + C4Γ5σ4Ω2

e5b2µ4ε3

)
;

• in the convex–concave case with β = 1− 1
T is O

(
C2Γ2L2Ω4

e2ε2 + C2Γ2σ4Ω4

e2b2ε4

)
;

• in the non-convex–non-concave case with β = 1− 1
T and b ∼ Γσ2

eε2 is O
(

C2Γ4L4Ω4

e4ε4

)
.

Corollaries 1 and 2 together with of Lemma 2 give a complete picture for the 4 methods based on
Algorithm 1 with Adam, RMSProp, AdaHessian and OASIS scalings.

Discussion. The following is a brief observation of our results.

• In our theoretical estimates, the convergence of methods with time-variable βt is worse than for
methods with constant β. This is observed in other papers as well (Reddi et al., 2019; Défossez et al.,
2020; Dou & Li, 2021). Typically, methods with time-variable βt perform their best in practical
problems. But in our experiments (Appendix 5), the performance is the same; RMSProp outperforms
Adam, and OASIS wins over AdaHessian.

• For all methods, we need to get the β reasonably close to 1. The same is observed in Adam’s
analysis for minimization problems (Défossez et al., 2020). Moreover, such a choice is confirmed in
the experiments, both in ours and in the classical settings of Adam-based methods (Kingma & Ba,
2015) (recommend β = 0.999).

• It is interesting to see how our estimates depend on the dimension d = dx + dy. This is relevant
especially for large size problems. The dependence on d appears in the constants Γ and C (Lem-
mas 1,2). For OASIS and AdaHessian, Γ ∼

√
d, but for Adam and RMSProp there is no dependence

on d. This differs from the results of earlier papers (Défossez et al., 2020; Liu et al., 2019; Dou &
Li, 2021), where the convergence estimate for the Adam-based methods depends on d more often
linearly.
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• As noted earlier, our analysis is universal for any scaled method for which Lemma 1 holds.

• Among the problems of analysis, let us highlight the use of ∥xt∥ ≤ Ω, ∥yt∥ ≤ Ω. Only in the
strongly convex – strongly concave case is it avoided. At the moment this assumption can be found
in the literature on saddle point problems, moreover, all the papers (Liu et al., 2019; Dou & Li, 2021)
on methods with scaling also use it.

4 MAKE SCALED METHODS MORE ROBUST

Algorithm 2 Scaled Stochastic Single Call Extra Gradient with
Momentum

1: Input: initial point x0 = wx
0 , y0 = wy

0 , learning rate γ, probability p ∈ [0; 1]
2: for t = 0, 1, 2, . . . T − 1 do
3: Compute the preconditioners D̂x

t−1/2 and D̂y
t−1/2 according to (7)–(9)

4: xt+1/2 = xt − γ(D̂x
t−1/2)

−1∇xf(xt−1/2, yt−1/2, ξt−1/2)

5: yt+1/2 = yt + γ(D̂y
t−1/2)

−1∇yf(xt−1/2, yt−1/2, ξt−1/2)

6: Generate ξt+1/2 for ∇xf(xt+1/2, yt+1/2, ξt+1/2), ∇yf(xt+1/2, yt+1/2, ξt+1/2) and D̂x
t+1/2, D̂

y
t+1/2

7: xt+1 = xt + η(D̂x
t−1/2)

−1(wx
t − xt)− γ(D̂x

t−1/2)
−1∇xf(xt+1/2, yt+1/2, ξt+1/2)

8: yt+1 = yt + η(D̂y
t−1/2)

−1(wy
t − yt) + γ(D̂y

t−1/2)
−1∇yf(xt+1/2, yt+1/2, ξt+1/2)

9: wx
t+1, w

y
t+1 =

{
xt, yt, with probability p

wx
t , w

y
t , with probability 1− p

10: end for

Algorithm 1 as well as Extra Gradient has an important disadvantage, two gradient calculations per
iteration. The next method (Algorithm 2) uses the so-called Optimistic approach (Popov, 1980),
which solves the problem of Extra Gradient mentioned above. The difference from Algorithm 1 is
that in the extrapolation step (lines 4 and 5) we use the gradients from the previous main update (lines
7 and 8) instead of the new gradients at point xt, yt. Also Algorithm 2 adds momentum as a useful
tool (lines 7 and 8). We use negative momentum with a random update (line 9). The same momentum
is investigated in (Alacaoglu & Malitsky, 2021; Kovalev et al., 2022). The usefulness of negative
momentum for GANs training is discussed by (Gidel et al., 2019). Both modifications of Algorithm
2 are of a practical nature. From the theoretical point of view, they do not give any improvement
in terms of convergence estimates, including the fact that saddle problems cannot be accelerated in
terms of ε as minimization problems (Ouyang & Xu, 2019).

Similar to Algorithm 1, we give a convergence theorem and its corollaries for Algorithm 2.
Theorem 2. Consider the problem (1) under Assumptions 2 and 3 and conditions of Lemma 1. Let
{xt, yt} and {xt+1/2, yt+1/2} be the sequences generated by Algorithm 2 after T iterations. Then,
with γ ≤ e

10L , η ≤ ep and p ≤ 1
4

• under Assumption 1(SC) it holds that

E [Ψt+1] ≤αtE [Ψt] +
12σ2 (1 + (1− βt+1)C) γ2

eb
, (13)

with αt = max
{(

1− γµ
2Γ + (1− βt+1)C

)
;
(
1− γµp

2η+γµ

)}
and θt =

12σ2(1+(1−βt+1)C)γ2

eb ;

• under Assumption 1(C) with ∥xt∥ ≤ Ω and ∥yt∥ ≤ Ω for all t ≥ 0 it holds that

E
[
gap(xavg

T , yavgT )
]
≤ 50ΓΩ2

γT
+

18CΓΩ2

γT

T∑
t=1

(1− βt) +
55γσ2

eb
; (14)

7
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• under Assumption 1(NC) with ∥xt∥ ≤ Ω and ∥yt∥ ≤ Ω for all t ≥ 0 it holds that

E[∥∇xf(x̄T−1/2, ȳT−1/2)∥2 + ∥∇yf(x̄T−1/2, ȳT−1/2)∥2]

≤ 96Γ2Ω2

γ2T
+

48ΓL2Ω2

eT
+

32Γ2CΩ2

γ2T

T∑
t=1

(1− βt) +
105Γσ2

eb
.

(15)

Here we use Ψt+1 defined in (28), (x̄T−1/2, ȳT−1/2) is picked uniformly from all (xt−1/2, yt−1/2).
Other notations are similar to Theorem 1.

Corollary 3 (RMSProp and OASIS). Under the assumptions of Theorem 2 let additionally take
βt ≡ β. Then, the number of iterations to achieve ε-solution (in expectation)

• in the strongly convex–strongly concave case with β ≥ 1− γµ
4ΓC is Õ

([
p+ ΓL

eµ

]
log 1

ε + Γ2σ2

ebµ2ε

)
;

• in the convex–concave case with β ≥ 1− 1
CT is O

(
ΓLΩ2

eε + Γσ2Ω2

ebε2

)
;

• in the non-convex–non-concave case with β ≥ 1− 1
CT and b ∼ Γσ2

eε2 is O
(

Γ2L2Ω2

e2ε2

)
.

Corollary 4 (Adam and AdaHessian). Under the assumptions of Theorem 2, let additionally take
βt =

β−βt+1

1−βt+1 . Then, the complexities to achieve ε-solution (in expectation)

• in the str. convex–str. concave case with β = 1 −
(

γµ
4ΓC

)2
is O(C

2Γ3L2Ω2

e3µ2ε + C2Γ2L2Ω2

e2µ2ε +
C2Γ2LΩ2

e2pµε + C4Γ5σ4Ω2

e5µ4b2ε3 + C4Γ2σ4Ω2

e2µ4b2ε3 + (C
5Γ4σ2Ω4

e4µ2p3bε3 )
1/2);

• in the convex–concave case with β = 1− 1
T is O

(
C2Γ2L2Ω4

e2ε2 + C2Γ2σ4Ω4

e2b2ε4

)
;

• in the non-convex–non-concave case with β = 1− 1
T and b ∼ Γσ2

eε2 is O
(

C2Γ4L4Ω4

e4ε4

)
.

The estimates obtained are very similar to Section 3. The same observations can be made about these
results as those given in Section 3 after Corollary 2.

5 EXPERIMENTS

This section provides extensive experiments and compares the considered optimization methods for
training GANs.

5.1 SETUP

Datasets. We use the standard dataset for training GANs, CIFAR-10 (Krizhevsky et al., 2009) that
has 50k of 32x32 resolution images in the training set and 10k images in the test.

Metrics. We use Inception score (IS) (Salimans et al., 2016) and Frećhet Inception distance (FID)
(Heusel et al., 2017) as the most common metrics for assessing image synthesis models.

GAN architectures. We implemented ResNet architectures for the generator and the discriminator
from (Miyato et al., 2018). See details in Appendix A.

Optimization methods. We employ RMSProp, Adam, AdaHessian, and OASIS, its extragradient
versions Extra RMSProp, Extra Adam, Extra AdaHessian, and Extra OASIS. Additionally, we
implement OASIS with momentum and Extra OASIS with momentum. We compute the uniform
average and exponential moving average (EMA) of weights as well-known techniques to yield faster
convergence. The hyperparameter settings of the methods are given in Appendices A.

5.2 RESULTS

The goal of the first experiment is to investigate the four methods for which we give a theory.
These include the popular and one of the best-known methods, Adam (the benchmark for the other
competitors), the known, but less popular RMSProp, and the very new and never used for GANs
training methods with scaling (OASIS and AdaHessian).

For each of the optimizers, we have implemented two versions: classical and with extra step (both
Algorithm 1 and Algorithm 2 have extra steps). We compare how the qualities of the four different

8
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scaling approaches relate to each other and also verify the popular idea in the community that using
extra step is a necessary trick to increase the learning quality (Mertikopoulos et al., 2018; Gidel et al.,
2018; Chavdarova et al., 2019; Liu et al., 2019; Dou & Li, 2021). See results in Table 2 and Figure 1.
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Figure 1: Averaged dynamics of FID and IS change by epoch number
for different optimizers from Tables 2 and 3.

We see that three optimiz-
ers out of four performed
well. The not very popu-
lar scaling techniques OA-
SIS and RMSProp perform
better than state-of-the-art
Adam. The use of the extra
step technique can provide
improvement but is not an
important element for the
optimizer.

In the second group of ex-
periments, we decided to in-
vestigate the OASIS scaling
technique in more detail, as
it is new to GANs in comparison to Adam and RMSProp, and also showed good results in the first
group of experiments. In particular, we explore how OASIS is affected by negative momentum and
the combination of extra step and negative momentum (Algorithm 2). See results in Table 3 and
Figure 1.

We can see that negative momentum can indeed increase the quality of learning, sometimes its
combination with extra step is also useful.

Table 2: Comparisons of the considered optimization methods and their extragradient versions using
FID and IS, scores obtained at the end of training. EMA and uniform avg denote as exponential
moving average and uniform averaging, respectively. Results are averaged over 5 runs. We run each
experiment for 500k iterations. For each column the best score is in bold along with any score within
its standard deviation reach.

Fréchet Inception distance ↓ Inception score ↑

CIFAR-10 no avg EMA uniform avg no avg EMA uniform avg

RMSProp 14.54 ± 0.55 12.42 ± 0.08 11.14 ± 0.10 8.15 ± 0.07 8.27 ± 0.03 8.87 ± 0.03

Adam 14.57 ± 0.96 12.27 ± 0.07 10.87 ± 0.05 8.05 ± 0.12 8.20 ± 0.05 8.77 ± 0.06

AdaHessian 39.54 ± 4.43 37.71 ± 0.20 53.96 ± 0.19 6.92 ± 0.06 6.85 ± 0.06 6.52 ± 0.05

OASIS 15.76 ± 0.28 13.93 ± 0.13 14.96 ± 0.08 8.26 ± 0.05 8.41 ± 0.02 8.74 ± 0.03

Extra RMSProp 13.68 ± 0.37 12.08 ± 0.07 11.42 ± 0.05 8.14 ± 0.09 8.30 ± 0.02 8.80 ± 0.02

Extra Adam 14.41 ± 0.36 12.87 ± 0.10 11.09 ± 0.03 8.02 ± 0.05 8.13 ± 0.04 8.72 ± 0.04

Extra AdaHessian 40.11 ± 0.50 40.51 ± 0.43 55.46 ± 0.38 6.72 ± 0.06 6.66 ± 0.04 5.98 ± 0.03

Extra OASIS 15.51 ± 0.25 13.79 ± 0.09 13.95 ± 0.09 8.11 ± 0.06 8.20 ± 0.01 8.73 ± 0.03

Table 3: Comparisons of the OASIS and OASIS with momentum (OASIS-M) optimization methods
and their extragradient versions using FID and IS, scores obtained at the end of training. EMA and
uniform avg denote as exponential moving average and uniform averaging, respectively. Results are
averaged over 5 runs. We run each experiment for 500k iterations. For each column the best score is
in bold along with any score within its standard deviation reach.

Fréchet Inception distance ↓ Inception score ↑

CIFAR-10 no avg EMA uniform avg no avg EMA uniform avg

OASIS 15.76 ± 0.28 13.93 ± 0.13 14.96 ± 0.08 8.26 ± 0.05 8.41 ± 0.02 8.74 ± 0.03

OASIS-M 15.38 ± 0.23 13.54 ± 0.10 13.91 ± 0.17 8.14 ± 0.04 8.31 ± 0.03 8.77 ± 0.02

Extra OASIS 15.51 ± 0.25 13.79 ± 0.09 13.95 ± 0.09 8.11 ± 0.06 8.20 ± 0.01 8.73 ± 0.03

Extra OASIS-M 16.10 ± 0.70 14.32 ± 0.22 17.70 ± 0.27 8.26 ± 0.06 8.35 ± 0.04 8.86 ± 0.03
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Alexandre Défossez, Léon Bottou, Francis Bach, and Nicolas Usunier. A simple convergence proof
of adam and adagrad. arXiv preprint arXiv:2003.02395, 2020.

Jelena Diakonikolas, Constantinos Daskalakis, and Michael Jordan. Efficient methods for struc-
tured nonconvex-nonconcave min-max optimization. In International Conference on Artificial
Intelligence and Statistics (AISTATS), pp. 2746–2754. PMLR, 2021.

Zehao Dou and Yuanzhi Li. On the one-sided convergence of adam-type algorithms in non-convex
non-concave min-max optimization. arXiv preprint arXiv:2109.14213, 2021.

John Duchi, Elad Hazan, and Yoram Singer. Adaptive subgradient methods for online learning and
stochastic optimization. Journal of Machine Learning Research, 12(7):2121–2159, 2011.

Francisco Facchinei and Jong-Shi Pang. Finite-Dimensional Variational Inequalities and Comple-
mentarity Problems. Springer Series in Operations Research. Springer, 2003.
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A EXPERIMENTS

A.1 IMPLEMENTATION DETAILS

In our implementation of experiments we use the PyTorch2 framework. For the computation of the
FID and IS metrics we utilize the the package pytorch gan metrics3 that reproduces the original
Tensorflow implementation in PyTorch. We provide all source code of our experiments as a part of
supplementary material. We also attach configuration files for each model to run its training with
specified hyperparameters.

A.2 ARCHITECTURES

We replicate the experimental setup as in (Miyato et al., 2018; Chavdarova et al., 2019). We use
ResNet architectures for the generator G and the discriminator D as described in Table 4.

BN

ReLU

Conv

BN

ReLU

Conv

Figure 2: ResBlock
architecture. For the
discriminator we re-
moved BN layers in
ResBlock.

Table 4: ResNet architectures for CIFAR10 dataset. We use similar architec-
tures to the ones used in (Miyato et al., 2018).

z ∈ R128 ∼ N (0, I)

dense, 4× 4× 256

ResBlock up 256

ResBlock up 256

ResBlock up 256

BN, ReLU, 3×3 conv, 3 Tanh

(a) Generator

RGB image x ∈ R32×32×3

ResBlock down 128

ResBlock down 128

ResBlock 128

ResBlock 128

ReLU

Global sum pooling

dense → 1

(b) Discriminator

A.3 TRAINING LOSSES

For training we use the hinge version of the non-saturating adversarial loss as in (Miyato et al., 2018):

LD = Ex∼qdata(x) [min (0,−1 +D(x))] + Ez∼p(z) [min (0,−1−D (G(z)))] (16)

LG = −Ez∼p(z) [D (G(z))] , (17)

A.4 HYPERPARAMETERS

Table 5 lists the hyperparameters we used to obtain the reported results on CIFAR-10 dataset. These
values were tuned for each method independently. D steps means the number of the discriminator
steps per one generator step. eps denotes the threshold in OASIS algorithm that is used to clip the
diagonal elements of the Hessian. hess upd each means how often we update the diagonal elements
of the Hessian.

2https://pytorch.org
3https://pypi.org/project/pytorch-gan-metrics/
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Table 5: Hyperparameters we used for CIFAR-10 dataset.

Hyperparameters

Method lrG lrD β1 β2 D steps batch size eps hess upd each

RMSProp 0.0002 0.0002 – 0.999 5 64 – –

Adam 0.0002 0.0002 0.0 0.999 5 64 – –

AdaHessian 0.0002 0.0002 0.0 0.999 5 64 – 20

OASIS 0.0002 0.0002 0.0 0.999 5 64 0.01 20

Extra RMSProp 0.0002 0.0002 – 0.999 5 64 – –

Extra Adam 0.0002 0.0002 0.0 0.999 5 64 – –

Extra AdaHessian 0.0002 0.0002 0.0 0.999 5 64 – 20

Extra OASIS 0.0002 0.0002 0.0 0.999 5 64 0.01 20

OASIS-M 0.0002 0.0002 0.1 0.999 5 64 0.01 20

Extra OASIS-M 0.0002 0.0002 0.1 0.999 5 64 0.01 20

A.5 TOTAL AMOUNT OF COMPUTE RESOURCES

We run our experiments on Tesla V100 GPUs. We used approximately 2500 GPU hours to obtain the
reported results.

A.6 SAMPLES OF THE TRAINED GENERATORS

We show random samples of the trained generators for each method. We chose the best averaging
strategy for each algorithm based on the visual quality. The provided samples are in Figures 3-12.

Figure 3: Samples produced by the generator trained by the RMSProp algorithm using uniform
average on the weights.
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Figure 4: Samples produced by the generator trained by the Adam algorithm using uniform average
on the weights.

Figure 5: Samples produced by the generator trained by the AdaHessian algorithm using exponential
moving average on the weights.

Figure 6: Samples produced by the generator trained by the OASIS algorithm using exponential
moving average on the weights.

Figure 7: Samples produced by the generator trained by the Extra RMSProp algorithm using uniform
average on the weights.
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Figure 8: Samples produced by the generator trained by the Extra Adam algorithm using uniform
average on the weights.

Figure 9: Samples produced by the generator trained by the Extra AdaHessian algorithm using
exponential moving average on the weights.

Figure 10: Samples produced by the generator trained by the Extra OASIS algorithm using exponential
moving average on the weights.

Figure 11: Samples produced by the generator trained by the OASIS-M algorithm using exponential
moving average on the weights.
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Figure 12: Samples produced by the generator trained by the Extra OASIS-M algorithm using
exponential moving average on the weights.
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B TECHNICAL LEMMA
Lemma 3. For any T ∈ N, we get(

1− 1

T

)√
T

≤ 1− 1

2
√
T
. (18)

Proof: We start from the inequality that for all x ∈ R it holds 1 + x ≤ exp(x). Hence, for x = − 1
T

we have (
1− 1

T

)√
T

≤ exp

(
−
√
T

T

)
= exp

(
− 1√

T

)
. (19)

Using the Taylor expansion of exp(x) =
∑∞

n=0
xn

n! with x = − 1√
T

, we obtain

exp

(
− 1√

T

)
= 1− 1√

T
+

1

2T
− 1

6T
√
T

+

∞∑
n=4

(−1)n

n! · Tn/2

One can note that for T ≥ 1:

1

2T
− 1

6T
√
T

+

∞∑
n=4

(−1)n

n! · Tn/2
≤ 1

2T
≤ 1

2
√
T
.

Therefore,

exp

(
− 1√

T

)
≤ 1− 1√

T
+

1

2
√
T

= 1− 1

2
√
T
. (20)

Combining the inequalities (19) and (20), we have:(
1− 1

T

)√
T

≤ exp

(
− 1√

T

)
≤ 1− 1

2
√
T
.

This finishes the proof. □

C MISSING PROOFS

C.1 PROOF OF LEMMA 1

1) It is easy to see that due to the fact that all matrices Hx
t and Dx

0 are diagonal, then based on rules
(7) and (8), we can conclude that all matrices Dx

t are also diagonal. Again from rules (7), (8) and
βt ∈ [0; 1], we get that all elements of Dx

t matrices are not greater than Γ in absolute value. (9) gives
that D̂x

t matrices are diagonal and their elements from e to Γ. This completes the proof. Similar
proof for the variable y. □

2) We start from simple steps:

eI ≼ D̂x
t+1 = D̂x

t + D̂x
t+1 − D̂x

t = D̂x
t + (D̂x

t+1 − D̂x
t )(D̂

x
t+1 + D̂x

t )(D̂
x
t+1 + D̂x

t )
−1.

Since matrices D̂x
t+1 and D̂x

t are diagonal, we have that D̂x
t+1D̂

x
t = D̂x

t D̂
x
t+1 and then

eI ≼ D̂x
t+1 = D̂x

t + ((D̂x
t+1)

2 − (D̂x
t )

2)(D̂x
t+1 + D̂x

t )
−1

≼ D̂x
t + ∥(D̂x

t+1)
2 − (D̂x

t )
2∥∞∥(D̂x

t+1 + D̂x
t )

−1∥∞I.

All diagonal elements of D̂x
t+1 and D̂x

t are positive from e to Γ, it means that ∥(D̂x
t+1+ D̂x

t )
−1∥∞ ≤

1
2e . Hence,

eI ≼ D̂x
t+1 ≼ D̂x

t +
1

2e
∥(D̂x

t+1)
2 − (D̂x

t )
2∥∞I.

One can note the following:

18



Published as a conference paper at ICOMP 2024

• if ((Dx
t+1)

2)ii ≥ e2 and ((Dx
t )

2)ii ≥ e2 then |((D̂x
t+1)

2)ii − ((D̂x
t )

2)ii| = |((Dx
t+1)

2)ii −
((Dx

t )
2)ii|;

• if ((Dx
t+1)

2)ii ≥ e2 and ((Dx
t )

2)ii < e2 then |((D̂x
t+1)

2)ii − ((D̂x
t )

2)ii| ≤ |((Dx
t+1)

2)ii −
((Dx

t )
2)ii|;

• if ((Dx
t+1)

2)ii < e2 and ((Dx
t )

2)ii ≥ e2 then |((D̂x
t+1)

2)ii − ((D̂x
t )

2)ii| ≤ |((Dx
t+1)

2)ii −
((Dx

t )
2)ii|;

• if ((Dx
t+1)

2)ii < e2 and ((Dx
t )

2)ii < e2 then |((D̂x
t+1)

2)ii − ((D̂x
t )

2)ii| = 0 ≤ |((Dx
t+1)

2)ii −
((Dx

t )
2)ii|.

Hence,

eI ≼ D̂x
t+1 ≼ D̂x

t +
1

2e
∥(Dx

t+1)
2 − (Dx

t )
2∥∞I

= D̂x
t +

1− βt+1

2e
∥(Hx

t )
2 − (Dx

t )
2∥∞I

All diagonal elements of (Hx
t )

2 and (Dx
t )

2 are from 0 to Γ2, then

eI ≼ D̂x
t+1 ≼ D̂x

t +
(1− βt+1)Γ

2

2e
I.

Finally, using that I ≼ 1
e and get

eI ≼ D̂x
t+1 ≼

(
1 +

(1− βt+1)Γ
2

2e2

)
D̂x

t .

Similar proof for the variable y. □

3) We start from simple steps:

eI ≼ D̂x
t+1 = D̂x

t + D̂x
t+1 − D̂x

t .

Then,

eI ≼ D̂x
t+1 ≼ D̂x

t + ∥D̂x
t+1 − D̂x

t ∥∞I.

One can note the following:

• if (Dx
t+1)ii ≥ e and (Dx

t )ii ≥ e then |(D̂x
t+1)ii − (D̂x

t )ii| = |(Dx
t+1)ii − (Dx

t )ii|;

• if (Dx
t+1)ii ≥ e and (Dx

t )ii < e then |(D̂x
t+1)ii − (D̂x

t )ii| ≤ |(Dx
t+1)ii − (Dx

t )ii|;

• if (Dx
t+1)ii < e and (Dx

t )ii ≥ e then |(D̂x
t+1)ii − (D̂x

t )ii| ≤ |(Dx
t+1)ii − (Dx

t )ii|;

• if (Dx
t+1)ii < e and (Dx

t )ii < e then |(D̂x
t+1)ii − (D̂x

t )ii| = 0 ≤ |(Dx
t+1)ii − (Dx

t )ii|.
Hence,

eI ≼ D̂x
t+1 ≼ D̂x

t + ∥Dx
t+1 −Dx

t ∥∞I

= D̂x
t + (1− βt+1)∥Hx

t −Dx
t ∥∞I

All diagonal elements of Hx
t and Dx

t are from −Γ to Γ, then

eI ≼ D̂x
t+1 ≼ D̂x

t + 2(1− βt+1)ΓI.

Finally, using that I ≼ 1
e and get

eI ≼ D̂x
t+1 ≼

(
1 +

2(1− βt+1)Γ

e

)
D̂x

t .

Similar proof for the variable y. □
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C.2 PROOF OF LEMMA 2

1) OASIS: Hx = diag(qx), where qx = (vx ⊙∇2
xxf(x, y, ξ)v

x) with Rademacher vector v. Hx is
diagonal from the definition. Moreover,

∥Hx∥2∞ = ∥qx∥2∞ ≤

max
i

 dx∑
j=1

|(∇2
xxf(x, y, ξ))ij |

2

≤ max
i

 dx∑
j=1

|(∇2
xxf(x, y, ξ))ij |

2

≤ max
i

dx dx∑
j=1

(∇2
xxf(x, y, ξ))

2
ij


≤ dx

dx∑
i=1

dx∑
j=1

(∇2
xxf(x, y, ξ))

2
ij

= dx∥∇2
xxf(x, y, ξ)∥22 ≤ dxL

2.

Finally, we have ∥Hx∥∞ ≤
√
dxL = Γ. Similar proof for the variable y.

2) AdaHessian: (Hx)2 = diag(vx ⊙ vx). The proof can be given in a similar way to the previous
point.

3) Adam: (Hx)2 = diag(∇xf(x, y, ξ)⊙∇xf(x, y, ξ)). Hx is diagonal from the definition. More-
over, using diagonal structure of Hx and (Hx)2,

∥Hx∥2∞ = ∥(Hx)2∥∞ = ∥diag(∇xf(x, y, ξ)⊙∇xf(x, y, ξ))∥∞
= ∥∇xf(x, y, ξ)⊙∇xf(x, y, ξ)∥∞
= ∥∇xf(x, y, ξ)∥2∞
≤ ∥∇xf(x, y, ξ)∥2 ≤ M2.

Finally, we have ∥Hx∥∞ ≤ M = Γ. Similar proof for the variable y.

4) RMSProp: (Hx)2 = diag(∇xf(x, y, ξ) ⊙ ∇xf(x, y, ξ)). The proof can be given in a similar
way to the previous point. □

C.3 PROOF OF THEOREM 1

We start with additional notation:

F (zt) = F (xt, yt) =

(
∇xf(xt, yt)

−∇yf(xt, yt)

)
, gt =

(
∇xf(xt, yt, ξt)

−∇yf(xt, yt, ξt)

)
,

V̂t =

(
D̂x

t 0

0 D̂y
t

)
.

For the matrices {V̂t} we can prove an analogue of Lemma 1. With new notation Algorithm 1 can be
rewritten as follows:

zt+1/2 = zt − γt(V̂t)
−1gt

zt+1 = zt − γt(V̂t)
−1gt+1/2.

This is the notation we will use in the proof. Before prove Theorem, we consider the following
lemma:
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Lemma 4. Let z, y ∈ Rn and D ∈ Sd
++. We set z+ = z − y, then for all u ∈ Rn:

∥z+ − u∥2D = ∥z − u∥2D − 2⟨y, z+ − u⟩D − ∥z+ − z∥2D.

Proof of Lemma: Let us consider the following chain:

∥z+ − u∥2D = ∥z+ − z + z − u∥2D
= ∥z − u∥2D + 2⟨z+ − z, z − u⟩D + ∥z+ − z∥2D
= ∥z − u∥2D + 2⟨z+ − z, z+ − u⟩D − ∥z+ − z∥2D
= ∥z − u∥2D + 2⟨z+ − (z − y), z+ − u⟩D − 2⟨y, z+ − u⟩D − ∥z+ − z∥2D
= ∥z − u∥2D − 2⟨y, z+ − u⟩D − ∥z+ − z∥2D.

□

Proof of Theorem 1: Applying the previous Lemma with z+ = zt+1, z = zt, u = z, y =

γV̂ −1
t gt+1/2 and D = V̂t, we get

∥zt+1 − z∥2
V̂t

= ∥zt − z∥2
V̂t

− 2γ⟨V̂ −1
t gt+1/2, zt+1 − z⟩V̂t

− ∥zt+1 − zt∥2V̂t

= ∥zt − z∥2
V̂t

− 2γ⟨gt+1/2, zt+1 − z⟩ − ∥zt+1 − zt∥2V̂t
,

and with z+ = zt+1/2, z = zt, u = zt+1, y = γV −1
t gt, D = V̂t:

∥zt+1/2 − zt+1∥2V̂t
= ∥zt − zt+1∥2V̂t

− 2γ⟨V̂ −1
t gt, zt+1/2 − zt+1⟩V̂t

− ∥zt+1/2 − zt∥2V̂t

= ∥zt − zt+1∥2V̂t
− 2γ⟨gt, zt+1/2 − zt+1⟩ − ∥zt+1/2 − zt∥2V̂t

.

Next, we sum up the two previous equalities

∥zt+1 − z∥2
V̂t

+ ∥zt+1/2 − zt+1∥2V̂t
=∥zt − z∥2

V̂t
− ∥zt+1/2 − zt∥2V̂t

− 2γ⟨gt+1/2, zt+1 − z⟩ − 2γ⟨gt, zt+1/2 − zt+1⟩.

A small rearrangement gives

∥zt+1 − z∥2
V̂t
+∥zt+1/2 − zt+1∥2V̂t

=∥zt − z∥2
V̂t

− ∥zt+1/2 − zt∥2V̂t

− 2γ⟨gt+1/2, zt+1/2 − z⟩ − 2γ⟨gt − gt+1/2, zt+1/2 − zt+1⟩
≤∥zt − z∥2

V̂t
− ∥zt+1/2 − zt∥2V̂t

− 2γ⟨gt+1/2, zt+1/2 − z⟩

+ γ2∥gt+1/2 − gt∥2V̂ −1
t

+ ∥zt+1/2 − zt+1∥2V̂t
.

And then

∥zt+1 − z∥2
V̂t

≤∥zt − z∥2
V̂t

− ∥zt+1/2 − zt∥2V̂t
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+ γ2∥gt+1/2 − gt∥2V̂ −1
t

.

Next, we use that V̂ −1
t ≼ 1

eI and get

∥zt+1 − z∥2
V̂t

≤∥zt − z∥2
V̂t

− ∥zt+1/2 − zt∥2V̂t
− 2γ⟨gt+1/2, zt+1/2 − z⟩+ γ2

e
∥gt+1/2 − gt∥2

≤∥zt − z∥2
V̂t

− ∥zt+1/2 − zt∥2V̂t
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+
3γ2

e
∥F (zt+1/2)− F (zt)∥2 +

3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
3γ2

e
∥F (zt)− gt∥2.

Smoothness of function f (Assumption 2) gives

∥zt+1 − z∥2
V̂t

≤∥zt − z∥2
V̂t

− ∥zt+1/2 − zt∥2V̂t
− 2γ⟨gt+1/2, zt+1/2 − z⟩
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+
3γ2L2

e
∥zt+1/2 − zt∥2 +

3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
3γ2

e
∥F (zt)− gt∥2

=∥zt − z∥2
V̂t

− ∥zt+1/2 − zt∥2V̂t
− 2γ⟨F (zt+1/2), zt+1/2 − z⟩

+
3γ2L2

e
∥zt+1/2 − zt∥2 +

3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
3γ2

e
∥F (zt)− gt∥2 + 2γ⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩. (21)

Strongly convex–strongly concave case. We substitute z = z∗ and take the total expectation of both
sides of the equation

E
[
∥zt+1 − z∗∥2

V̂t

]
≤E

[
∥zt − z∗∥2

V̂t

]
− E

[
∥zt+1/2 − zt∥2V̂t

]
− 2γE

[
⟨F (zt+1/2), zt+1/2 − z∗⟩

]
+

3γ2L2

e
E
[
∥zt+1/2 − zt∥2

]
+

3γ2

e
E
[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e
E
[
∥F (zt)− gt∥2

]
+ 2γE

[
⟨F (zt+1/2)− gt+1/2, zt+1/2 − z∗⟩

]
.

Next, using the property of the solution z∗: ⟨F (z∗), zt+1/2 − z∗⟩ = 0, and get

E
[
∥zt+1 − z∗∥2

V̂t

]
≤E

[
∥zt − z∗∥2

V̂t

]
− E

[
∥zt+1/2 − zt∥2V̂t

]
− 2γE

[
⟨F (zt+1/2)− F (z∗), zt+1/2 − z∗⟩

]
+

3γ2L2

e
E
[
∥zt+1/2 − zt∥2

]
+

3γ2

e
E
[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e
E
[
∥F (zt)− gt∥2

]
+ 2γE

[
⟨F (zt+1/2)− gt+1/2, zt+1/2 − z∗⟩

]
=E

[
∥zt − z∗∥2

V̂t

]
− E

[
∥zt+1/2 − zt∥2V̂t

]
− 2γE

[
⟨F (zt+1/2)− F (z∗), zt+1/2 − z∗⟩

]
+

3γ2L2

e
E
[
∥zt+1/2 − zt∥2

]
+

3γ2

e
E
[
Et+1/2

[
∥gt+1/2 − F (zt+1/2)∥2

]]
+

3γ2

e
E
[
Et

[
∥F (zt)− gt∥2

]]
+ 2γE

[
⟨Et+1/2

[
F (zt+1/2)− gt+1/2

]
, zt+1/2 − z∗⟩

]
.

Assumptions 1 and 3 on strongly convexity - strongly concavity and on stochastisity give

E
[
∥zt+1 − z∗∥2

V̂t

]
≤E

[
∥zt − z∗∥2

V̂t

]
− E

[
∥zt+1/2 − zt∥2V̂t

]
− 2γµE

[
∥zt+1/2 − z∗∥2

]
+

3γ2L2

e
E
[
∥zt+1/2 − zt∥2

]
+

6γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t

]
− E

[
∥zt+1/2 − zt∥2V̂t

]
− γµE

[
∥zt − z∗∥2

]
+

(
2γµ+

3γ2L2

e

)
E
[
∥zt+1/2 − zt∥2

]
+

6γ2σ2

eb
.

With 1
Γ V̂t ≼ I ≼ 1

e V̂t, we get

E
[
∥zt+1 − z∗∥2

V̂t

]
≤
(
1− γµ

Γ

)
E
[
∥zt − z∗∥2

V̂t

]
−
(
1− 2γµ

e
− 3γ2L2

e2

)
E
[
∥zt+1/2 − zt∥2V̂t

]
+

6γ2σ2

eb
.
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The choice of γ ≤ min
{

e
4µ ;

e
3L

}
move us to

E
[
∥zt+1 − z∗∥2

V̂t

]
≤
(
1− γµ

Γ

)
E
[
∥zt − z∗∥2

V̂t

]
+

6γ2σ2

eb
.

Lemma 1 with C = Γ2

2e2 for (7) and C = 2Γ
e for (8) gives

E
[
∥zt+1 − z∗∥2

V̂t+1

]
≤ (1 + (1− βt+1)C)E

[
∥zt+1 − z∗∥2

V̂t

]
.

Then we have

E
[
∥zt+1 − z∗∥2

V̂t+1

]
≤
(
1− γµ

Γ

)
(1 + (1− βt+1)C)E

[
∥zt − z∗∥2

V̂t

]
+

6γ2σ2

eb
(1 + (1− βt+1)C) .

This completes the proof of the strongly convex-strongly concave case. □

Convex–concave case. We start from (21) with small rearrangement

2γ⟨F (zt+1/2), zt+1/2 − z⟩ ≤∥zt − z∥2
V̂t

− ∥zt+1 − z∥2
V̂t

− ∥zt+1/2 − zt∥2V̂t

+
3γ2L2

e
∥zt+1/2 − zt∥2 +

3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
3γ2

e
∥F (zt)− gt∥2 + 2γ⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩.

With I ≼ 1
e V̂t and Lemma 1 with C = Γ2

2e2 for (7) and C = 2Γ
e for (8), we get

2γ⟨F (zt+1/2), zt+1/2 − z⟩ ≤∥zt − z∥2
V̂t

− (1 + (1− βt+1)C)
−1 ∥zt+1 − z∥2

V̂t+1

−
(
1− 3γ2L2

e2

)
∥zt+1/2 − zt∥2V̂t

+
3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
3γ2

e
∥F (zt)− gt∥2 + 2γ⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩.

Next, we sum over all t from 0 to T − 1 and take maximum on Z

2γmax
z∈Z

1

T

T−1∑
t=0

⟨F (zt+1/2), zt+1/2 − z⟩

≤max
z∈Z

1

T

T−1∑
t=0

[
∥zt − z∥2

V̂t
− (1 + (1− βt+1)C)

−1 ∥zt+1 − z∥2
V̂t+1

]
−
(
1− 3γ2L2

e2

)
1

T

T−1∑
t=0

[
∥zt+1/2 − zt∥2V̂t

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥F (zt)− gt∥2

]
+max

z∈Z

1

T

T−1∑
t=0

[
2γ⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

]
.

(22)

Then, by xavg
T = 1

T

∑T−1
t=0 xt+1/2 and yavgT = 1

T

∑T−1
t=0 yt+1/2, Jensen’s inequality and convexity-

concavity of f :

gap(zavgT ) ≤ max
y′∈Y

f

(
1

T

(
T−1∑
t=0

xt+1/2

)
, y′

)
− min

x′∈X
f

(
x′,

1

T

(
T−1∑
t=0

yt+1/2

))

≤ max
y′∈Y

1

T

T−1∑
t=0

f(xt+1/2, y
′)− min

x′∈X

1

T

T−1∑
t=0

f(x′, yt+1/2).
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Given the fact of linear independence of x′ and y′:

gap(zavgT ) ≤ max
(x′,y′)∈Z

1

T

T−1∑
t=0

(
f(xt+1/2, y

′)− f(x′, yt+1/2)
)
.

Using convexity and concavity of the function f :

gap(zavgT ) ≤ max
(x′,y′)∈Z

1

T

T−1∑
t=0

(
f(xt+1/2, y

′)− f(x′, yt+1/2)
)

= max
(x′,y′)∈Z

1

T

T−1∑
t=0

(
f(xt+1/2, y

′)− f(xt+1/2, yt+1/2) + f(xt+1/2, yt+1/2)− f(x′, yt+1/2)
)

≤ max
(x′,y′)∈Z

1

T

T−1∑
t=0

(
⟨∇yf(xt+1/2, yt+1/2), y

′ − yt+1/2⟩+ ⟨∇xf(xt+1/2, yt+1/2), xt+1/2 − x′⟩
)

≤ max
z∈Z

1

T

T−1∑
t=0

⟨F (zt+1/2), zt+1/2 − z⟩. (23)

Combining (22) and (23), we get

2γgap(zavgT ) ≤max
z∈Z

1

T

T−1∑
t=0

[
∥zt − z∥2

V̂t
− (1 + (1− βt+1)C)

−1 ∥zt+1 − z∥2
V̂t+1

]
−
(
1− 3γ2L2

e2

)
1

T

T−1∑
t=0

[
∥zt+1/2 − zt∥2V̂t

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥F (zt)− gt∥2

]
+max

z∈Z

1

T

T−1∑
t=0

[
2γ⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

]
.

The choice of γ ≤ e
2L gives

2γ · gap(zavgT ) ≤max
z∈Z

1

T

T−1∑
t=0

[
∥zt − z∥2

V̂t
− (1 + (1− βt+1)C)

−1 ∥zt+1 − z∥2
V̂t+1

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥F (zt)− gt∥2

]
+max

z∈Z

1

T

T−1∑
t=0

[
2γ⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

]
≤max

z∈Z

[
∥z0 − z∥2

V̂0

T
+ (1 + (1− βt+1)C)

−1
(1− βt+1)C · 1

T

T−1∑
t=1

∥zt − z∥2
V̂t

]

+
3γ2

e

1

T

T−1∑
t=0

[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥F (zt)− gt∥2

]
+

1

T

T−1∑
t=0

[
2γ⟨F (zt+1/2)− gt+1/2, zt+1/2⟩

]
+max

z∈Z

[
2γ⟨ 1

T

T−1∑
t=0

[F (zt+1/2)− gt+1/2],−z⟩

]
.

One can note that (1 + (1− βt+1)C) ≥ 1, and get

2γ · gap(zavgT ) ≤max
z∈Z

[
∥z0 − z∥2

V̂0

T
+

1

T

T−1∑
t=1

(1− βt+1)C∥zt − z∥2
V̂t

]
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+
3γ2

e

1

T

T−1∑
t=0

[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥F (zt)− gt∥2

]
+

1

T

T−1∑
t=0

[
2γ⟨F (zt+1/2)− gt+1/2, zt+1/2⟩

]
+max

z∈Z

[
2γ⟨ 1

T

T−1∑
t=0

[F (zt+1/2)− gt+1/2],−z⟩

]
.

Next, we use V̂t ≼ ΓI and the fact that iterations and the set Z are bounded: ∥zt∥, ∥z∥ ≤ Ω

2γ · gap(zavgT ) ≤max
z∈Z

[
Γ∥z0 − z∥2

T
+

1

T

T−1∑
t=1

(1− βt+1)CΓ∥zt − z∥2
]

+
3γ2

e

1

T

T−1∑
t=0

[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥F (zt)− gt∥2

]
+

1

T

T−1∑
t=0

[
2γ⟨F (zt+1/2)− gt+1/2, zt+1/2⟩

]
+max

z∈Z

[
2γ⟨ 1

T

T−1∑
t=0

[F (zt+1/2)− gt+1/2],−z⟩

]

≤4ΓΩ2

T
+

1

T

T−1∑
t=1

4(1− βt+1)CΓΩ2

+
3γ2

e

1

T

T−1∑
t=0

[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e

1

T

T−1∑
t=0

[
∥F (zt)− gt∥2

]
+

1

T

T−1∑
t=0

[
2γ⟨F (zt+1/2)− gt+1/2, zt+1/2⟩

]
+max

z∈Z

[
2γ⟨ 1

T

T−1∑
t=0

[F (zt+1/2)− gt+1/2],−z⟩

]
.

Next, we take a full expectation and use Assumption 3

2γ · E [gap(zavgT )] ≤4ΓΩ2

T
+

1

T

T−1∑
t=1

4(1− βt+1)CΓΩ2

+
3γ2

e

1

T

T−1∑
t=0

[
E
[
∥gt+1/2 − F (zt+1/2)∥2

]]
+

3γ2

e

1

T

T−1∑
t=0

[
E
[
∥F (zt)− gt∥2

]]
+

1

T

T−1∑
t=0

E
[
2γ⟨F (zt+1/2)− gt+1/2, zt+1/2⟩

]
+ E

[
max
z∈Z

[
2γ⟨ 1

T

T−1∑
t=0

[F (zt+1/2)− gt+1/2],−z⟩

]]

≤4ΓΩ2

T
+

1

T

T−1∑
t=1

4(1− βt+1)CΓΩ2 +
6γ2σ2

eb

+ E

[
max
z∈Z

[
2γ⟨ 1

T

T−1∑
t=0

[F (zt+1/2)− gt+1/2],−z⟩

]]
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≤4ΓΩ2

T
+

1

T

T−1∑
t=1

4(1− βt+1)CΓΩ2 +
6γ2σ2

eb

+ E

max
z∈Z

 1

T

∥∥∥∥∥γ
T−1∑
t=0

F (zt+1/2)− gt+1/2

∥∥∥∥∥
2

V̂ −1
t

+
∥z∥2

V̂t

T


≤4ΓΩ2

T
+

1

T

T−1∑
t=1

4(1− βt+1)CΓΩ2 +
6γ2σ2

eb

+ E

max
z∈Z

 1

eT

∥∥∥∥∥γ
T−1∑
t=0

F (zt+1/2)− gt+1/2

∥∥∥∥∥
2

+
Γ∥z∥2

T

 . (24)

With unbiasedness and independence of all F (zt+1/2)− gt+1/2, we get

2γ · E [gap(zavgT )] ≤4ΓΩ2

T
+

1

T

T−1∑
t=1

4(1− βt+1)CΓΩ2 +
6γ2σ2

eb

+max
z∈Z

Γ∥z∥2

T
+

γ2

eT

T−1∑
t=0

E
[∥∥F (zt+1/2)− gt+1/2

∥∥2]
≤5ΓΩ2

T
+

1

T

T−1∑
t=1

4(1− βt+1)CΓΩ2 +
7γ2σ2

eb
.

Here we additionally use Assumption 3. Finally,

E [gap(zavgT )] ≤3ΓΩ2

γT
+

2CΓΩ2

γT

T∑
t=2

(1− βt) +
4γσ2

eb
.

This completes the proof of the convex-concave case. □

Non-convex–non-concave case. We start from (21), substitute z = z∗ and take the total expectation
of both sides of the equation

E
[
∥zt+1 − z∗∥2

V̂t

]
≤E

[
∥zt − z∗∥2

V̂t

]
− E

[
∥zt+1/2 − zt∥2V̂t

]
− 2γE

[
⟨F (zt+1/2), zt+1/2 − z∗⟩

]
+

3γ2L2

e
E
[
∥zt+1/2 − zt∥2

]
+

3γ2

e
E
[
∥gt+1/2 − F (zt+1/2)∥2

]
+

3γ2

e
E
[
∥F (zt)− gt∥2

]
+ 2γE

[
⟨F (zt+1/2)− gt+1/2, zt+1/2 − z∗⟩

]
=E

[
∥zt − z∗∥2

V̂t

]
− E

[
∥zt+1/2 − zt∥2V̂t

]
− 2γE

[
⟨F (zt+1/2), zt+1/2 − z∗⟩

]
+

3γ2L2

e
E
[
∥zt+1/2 − zt∥2

]
+

3γ2

e
E
[
Et+1/2

[
∥gt+1/2 − F (zt+1/2)∥2

]]
+

3γ2

e
E
[
Et

[
∥F (zt)− gt∥2

]]
+ 2γE

[
⟨Et+1/2

[
F (zt+1/2)− gt+1/2

]
, zt+1/2 − z∗⟩

]
.

Assumptions 1 and 3 on non-convexity–non-concavity and on stochastisity give

E
[
∥zt+1 − z∗∥2

V̂t

]
≤E

[
∥zt − z∗∥2

V̂t

]
− E

[
∥zt+1/2 − zt∥2V̂t

]
+

3γ2L2

e
E
[
∥zt+1/2 − zt∥2

]
+

6γ2σ2

eb
.

With eI ≼ V̂t, we get

E
[
∥zt+1 − z∗∥2

V̂t

]
≤E

[
∥zt − z∗∥2

V̂t

]
−
(
1− 3γ2L2

e2

)
E
[
∥zt+1/2 − zt∥2V̂t

]
+

6γ2σ2

eb
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=E
[
∥zt − z∗∥2

V̂t

]
−
(
1− 3γ2L2

e2

)
γ2E

[
∥gt∥2V̂ −1

t

]
+

6γ2σ2

eb
.

With γ ≤ e
3L we get

E
[
∥zt+1 − z∗∥2

V̂t

]
≤E

[
∥zt − z∗∥2

V̂t

]
− 2γ2

3
E
[
∥gt∥2V̂ −1

t

]
+

6γ2σ2

eb
.

Lemma 1 with C = Γ2

2e2 for (7) and C = 2Γ
e for (8) gives

(1 + (1− βt+1)C)
−1 E

[
∥zt+1 − z∗∥2

V̂t+1

]
≤E

[
∥zt − z∗∥2

V̂t

]
− 2γ2

3
E
[
∥gt∥2V̂ −1

t

]
+

6γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t

]
− 2γ2

3
E
[
∥gt∥2V̂ −1

t

]
+

6γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t

]
− 2γ2

3Γ
E
[
∥gt∥2

]
+

6γ2σ2

eb
.

In the last step we use that 1
ΓI ≼ V̂ −1

t . Then, using Assumption 3, we have

(1 + (1− βt+1)C)
−1 E

[
∥zt+1 − z∗∥2

V̂t+1

]
≤E

[
∥zt − z∗∥2

V̂t

]
− γ2

3Γ
E
[
∥F (zt)∥2

]
+

2γ2

3Γ
E
[
∥gt − F (zt)∥2

]
+

6γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t

]
− γ2

3Γ
E
[
∥F (zt)∥2

]
+

7γ2σ2

eb
.

Small rearrangement gives

γ2

3Γ
E
[
∥F (zt)∥2

]
≤E

[
∥zt − z∗∥2

V̂t

]
− (1 + (1− βt+1)C)

−1 E
[
∥zt+1 − z∗∥2

V̂t+1

]
+

7γ2σ2

eb
.

Summing over all t from 0 to T − 1 and averaging, we get

γ2

3Γ
· E

[
1

T

T−1∑
t=0

∥F (zt)∥2
]
≤
E
[
∥z0 − z∗∥2

V̂0

]
T

+
7γ2σ2

eb

+
1

T

T−1∑
t=1

(1 + (1− βt+1)C)
−1

(1− βt+1)CE
[
∥zt − z∗∥2

V̂t

]
≤Γ∥z0 − z∗∥2

T
+

7γ2σ2

eb

+
1

T

T−1∑
t=1

(1 + (1− βt+1)C)
−1

(1− βt+1)CΓE
[
∥zt − z∗∥2

]
.

Here we use V̂t ≼ ΓI . With the fact that iterations are bounded: ∥zt∥ ≤ Ω, we obtain

γ2

3Γ
· E

[
1

T

T−1∑
t=0

∥F (zt)∥2
]
≤4ΓΩ2

T
+

7γ2σ2

eb

+
1

T

T−1∑
t=1

(1 + (1− βt+1)C)
−1 · 4(1− βt+1)CΓΩ2.

One can note that (1 + (1− βt+1)C) ≥ 1, and get

γ2

3Γ
· E

[
1

T

T−1∑
t=0

∥F (zt)∥2
]
≤4ΓΩ2

T
+

7γ2σ2

eb
+ 4CΓΩ2 · 1

T

T−1∑
t=1

(1− βt+1).
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Finally,

E

[
1

T

T−1∑
t=0

∥F (zt)∥2
]
≤12Γ2Ω2

γ2T
+

21Γσ2

eb
+

12CΓ2Ω2

γ2
· 1
T

T∑
t=1

(1− βt).

If we choose z̄T randomly and uniformly, then E
[
∥F (z̄T )∥2

]
≤ E

[
1
T

T−1∑
t=0

∥F (zt)∥2
]

and

E
[
∥F (z̄T )∥2

]
≤12Γ2Ω2

γ2T
+

21Γσ2

eb
+

12CΓ2Ω2

γ2
· 1
T

T∑
t=1

(1− βt).

This completes the proof of the non-convex-non-concave case. □

C.4 PROOF OF COROLLARY 1

Strongly convex–strongly concave case. With βt ≡ β ≥ 1− γµ
2ΓC , we have (10) in the following

form

E
[
R2

t+1

]
≤
(
1− γµ

2Γ

)
E
[
R2

t

]
+

12γ2σ2

eb
.

Running the recursion, we have

E
[
R2

T

]
≤
(
1− γµ

2Γ

)T
E
[
R2

0

]
+

12γ2σ2

eb

T−1∑
t=0

(
1− γµ

2Γ

)t
≤
(
1− γµ

2Γ

)T
E
[
R2

0

]
+

12γ2σ2

eb

∞∑
t=0

(
1− γµ

2Γ

)t
≤
(
1− γµ

2Γ

)T
E
[
R2

0

]
+

24Γγσ2

ebµ

≤ exp

(
−γµT

2Γ

)
E
[
R2

0

]
+

24Γγσ2

ebµ
.

Finally, we need tuning of γ ≤ e
4L :

• If e
4L ≥ 2Γ ln(max{2,ebµ2R2

0T/(48Γ2σ2)})
µT then γ =

2Γ ln(max{2,ebµ2R2
0T/(48Γ2σ2)})

µT gives

Õ
(
exp

(
− ln

(
max{2, ebµ2R2

0T/(48Γ
2σ2)}

))
R2

0 +
Γ2σ2

eµ2T

)
= Õ

(
Γ2σ2

ebµ2T

)
.

• If e
4L ≤ 2Γ ln(max{2,ebµ2R2

0T/(48Γ2σ2)})
µT then γ = e

4L gives

Õ
(
exp

(
−eµT

8ΓL

)
R2

0 +
Γγσ2

ebµ

)
≤ Õ

(
exp

(
−eµT

8ΓL

)
R2

0 +
Γ2σ2

ebµ2T

)
.

What in the end gives that

E
[
R2

T

]
= Õ

(
exp

(
−eµT

8ΓL

)
R2

0 +
Γ2σ2

ebµ2T

)
.

This completes the proof of the strongly convex–strongly concave case. □

Convex–concave case. With βt ≡ β ≥ 1− 1
CT , we have (11) in the following form

E [gap(xavg
T , yavgT )] ≤3ΓΩ2

γT
+

2ΓΩ2

γT
+

4γσ2

eb
.

If γ = min
{

e
2L ;

√
ΓebΩ
σ
√
T

}
, then

E [gap(xavg
T , yavgT )] =O

(
ΓLΩ2

eT
+

√
ΓσΩ√
ebT

)
.
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This completes the proof of the convex–concave case. □

Non-convex–non-concave case. With βt ≡ β ≥ 1− 1
CT , we have (12) in the following form

E
[
∥∇xf(x̄T , ȳT )∥2 + ∥∇yf(x̄T , ȳT )∥2

]
≤24Γ2Ω2

γ2T
+

21Γσ2

eb
.

The choice of γ = e
3L gives

E
[
∥∇xf(x̄T , ȳT )∥2 + ∥∇yf(x̄T , ȳT )∥2

]
≤240Γ2L2Ω2

e2T
+

21Γσ2

eb
.

The batch size b ∼ Γσ2

eε2 completes the proof of the non-convex–non-concave case. □

C.5 PROOF OF COROLLARY 2

Strongly convex–strongly concave case. We start from (10) with the small rearrangement

γµ

2Γ
E
[
R2

t

]
≤
(
1− γµ

2Γ
+ (1− βt+1)C

)
E
[
R2

t

]
− E

[
R2

t+1

]
+

6γ2σ2

eb
(1 + (1− βt+1)C) .

Summing over all t from 0 to T − 1 and averaging, we get

γµ

2ΓT
E

[
T−1∑
t=0

∥zt − z∗∥2
V̂t

]
≤
E
[
∥z0 − z∗∥2

V̂0

]
T

+
1

T

T−1∑
t=0

(
(1− βt+1)C − γµ

2Γ

)
E
[
∥zt − z∗∥2

V̂t

]
+

6γ2σ2

eb
· 1
T

T−1∑
t=0

(1 + (1− βt+1)C) .

Using eI ≼ V̂t ≼ ΓI and ∥zt∥ ≤ Ω, we have

eγµ

2ΓT
E

[
T−1∑
t=0

∥zt − z∗∥2
]
≤4ΓΩ2

T
+

1

T

T∑
t=1

(
(1− βt)C − γµ

2Γ

)
E
[
∥zt−1 − z∗∥2

V̂t−1

]
+

6γ2σ2

eb
· 1
T

T∑
t=1

(1 + (1− βt)C) .

Let us define α =
(

2ΓC
γµ

)2
. Then, 1− βt =

1−β
1−βt+1 with β = 1− 1

α . (18) gives

β
√
α ≤ 1− 1

2
√
α
.

And hence, for all t ≥
√
α

1− βt ≤
2
√
α

α
=

2√
α

=
γµ

2ΓC
.

Then we get

eγµ

2ΓT
E

[
T−1∑
t=0

∥zt − z∗∥2
]
≤4ΓΩ2

T
+

1

T

√
α∑

t=1

(
(1− βt)C − γµ

2Γ

)
E
[
∥zt−1 − z∗∥2

V̂t−1

]
+

6γ2σ2

eb
· 1
T

T∑
t=1

(1 + (1− βt)C)

≤4ΓΩ2

T
+

1

T

√
α∑

t=1

4CΓΩ2 +
6γ2σ2

eb
· 1
T

T∑
t=1

(1 + (1− βt)C)

≤4ΓΩ2

T
+

4CΓΩ2

T
· 2ΓC
γµ

+
6γ2σ2

eb
· 1
T

T∑
t=1

(1 + (1− βt)C)
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≤12C2Γ2Ω2

γµT
+

12Cγ2σ2

eb
.

Then,

E

[
1

T

T−1∑
t=0

∥zt − z∗∥2
]
≤24C2Γ3Ω2

eγ2µ2T
+

24ΓCγσ2

e2µb
.

Finally, γ = min
{

e
4L ;

3

√
CΓ2Ω2eb
µσ2T

}
gives

E

∥∥∥∥∥ 1T
T−1∑
t=0

zt − z∗

∥∥∥∥∥
2
 ≤ E

[
1

T

T−1∑
t=0

∥zt − z∗∥2
]
=O

(
C2Γ3L2Ω2

e3µ2T
+

(
C4Γ5σ4Ω2

e5µ4b2T

)1/3
)
.

This completes the proof of the strongly convex–strongly concave case. □

Convex–concave case. With βt =
β−βt+1

1−βt+1 we get (11) in the following form

E [gap(xavg
T , yavgT )] ≤3ΓΩ2

γT
+

4γσ2

eb
+

2(1− β)CΓΩ2

γT

T∑
t=1

1

1− βt+1

≤3ΓΩ2

γT
+

4γσ2

eb

+
2(1− β)CΓΩ2

γT

√
T∑

t=1

1

1− β
+

2(1− β)CΓΩ2

γT

T∑
t=1

1

1− β
√
T

≤3ΓΩ2

γT
+

4γσ2

eb

+
2CΓΩ2

γ
√
T

+
2(1− β)CΓΩ2

γT

T∑
t=1

1

1− β
√
T
.

Next, we substitute β = 1− 1
T . From (18) we get that β

√
T ≤ 1− 1

2
√
T

. Then, we get

E [gap(xavg
T , yavgT )] ≤3ΓΩ2

γT
+

4γσ2

eb

+
2CΓΩ2

γ
√
T

+
4(1− β)CΓΩ2

√
T

γ

≤3ΓΩ2

γT
+

4γσ2

eb
+

2CΓΩ2

γ
√
T

+
4CΓΩ2

γ
√
T

.

It means that

E [gap(xavg
T , yavgT )] =O

(
CΓΩ2

γ
√
T

+
γσ2

eb

)
.

With γ = min
{

e
2L ;

√
CΓebΩ
σT 1/4

}
E [gap(xavg

T , yavgT )] =O

(
CΓLΩ2

e
√
T

+

√
CΓebσΩ

eT 1/4

)
.

This completes the proof of the convex–concave case. □

Non-convex–non-concave case. With βt =
β−βt+1

1−βt+1 we get (12) in the following form

E
[
∥∇xf(x̄T , ȳT )∥2 + ∥∇yf(x̄T , ȳT )∥2

]
≤12Γ2Ω2

γ2T
+

21Γσ2

eb
+

12(1− β)CΓ2Ω2

γ2T

T∑
t=1

1

1− βt+1
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≤12Γ2Ω2

γ2T
+

21Γσ2

eb
+

12(1− β)CΓ2Ω2

γ2T

√
T∑

t=1

1

1− β

+
12(1− β)CΓ2Ω2

γ2T

T∑
t=1

1

1− β
√
T

≤12Γ2Ω2

γ2T
+

21Γσ2

eb
+

12CΓ2Ω2

γ2
√
T

+
12(1− β)CΓ2Ω2

γ2
· 1

1− β
√
T
.

Next, we substitute β = 1− 1
T . From (18) we get that β

√
T ≤ 1− 1

2
√
T

. Then, we get

E
[
∥∇xf(x̄T , ȳT )∥2 + ∥∇yf(x̄T , ȳT )∥2

]
≤12Γ2Ω2

γ2T
+

21Γσ2

eb
+

12CΓ2Ω2

γ2
√
T

+
24CΓ2Ω2

γ2
√
T

≤48CΓ2Ω2

γ2
√
T

+
21Γσ2

eb
.

The batch size b ∼ Γσ2

eε2 and γ = e
3L complete the proof of the non-convex–non-concave case. □
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C.6 PROOF OF THEOREM 2

We start the same way as in the proof of Theorem 1. Applying Lemma 4 with z+ = zt+1, z = zt,
u = z, y = −η(V̂t−1/2)

−1(wt − zt) + γV̂ −1
t−1/2gt+1/2 and D = V̂t−1/2, we get

∥zt+1 − z∥2
V̂t−1/2

=∥zt − z∥2
V̂t−1/2

+ 2η⟨wt − zt, zt+1/2 − z⟩

− 2γ⟨gt+1/2, zt+1 − z⟩ − ∥zt+1 − zt∥2V̂t−1/2
,

and with z+ = zt+1/2, z = zt, u = zt+1, y = γV −1
t−1/2gt−1/2, D = V̂t−1/2:

∥zt+1/2 − zt+1∥2V̂t−1/2
= ∥zt − zt+1∥2V̂t−1/2

− 2γ⟨gt−1/2, zt+1/2 − zt+1⟩ − ∥zt+1/2 − zt∥2V̂t−1/2
.

Next, we sum up the two previous equalities

∥zt+1 − z∥2
V̂t−1/2

+ ∥zt+1/2 − zt+1∥2V̂t−1/2
=∥zt − z∥2

V̂t−1/2
− ∥zt+1/2 − zt∥2V̂t−1/2

− 2γ⟨gt+1/2, zt+1 − z⟩
− 2γ⟨gt−1/2, zt+1/2 − zt+1⟩
+ 2η⟨wt − zt, zt+1/2 − z⟩.

A small rearrangement gives

∥zt+1 − z∥2
V̂t−1/2

+∥zt+1/2 − zt+1∥2V̂t−1/2

=∥zt − z∥2
V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2

− 2γ⟨gt+1/2, zt+1/2 − z⟩ − 2γ⟨gt−1/2 − gt+1/2, zt+1/2 − zt+1⟩
+ 2η⟨wt − z, zt+1/2 − z⟩+ 2η⟨z − zt, zt+1/2 − z⟩

≤∥zt − z∥2
V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+ γ2∥gt+1/2 − gt−1/2∥2V̂ −1
t−1/2

+ ∥zt+1/2 − zt+1∥2V̂t−1/2

+ η∥wt − z∥2 + η∥zt+1/2 − z∥2 − η∥zt+1/2 − wt∥2

− η∥z − zt∥2 − η∥zt+1/2 − z∥2 + η∥zt+1/2 − zt∥2

≤∥zt − z∥2
V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+ γ2∥gt+1/2 − gt−1/2∥2V̂ −1
t−1/2

+ ∥zt+1/2 − zt+1∥2V̂t−1/2

+ η∥wt − z∥2 − η∥z − zt∥2 + η∥zt+1/2 − zt∥2 − η∥zt+1/2 − wt∥2.

And then,

∥zt+1 − z∥2
V̂t−1/2

≤∥zt − z∥2
V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+ γ2∥gt+1/2 − gt−1/2∥2V̂ −1
t−1/2

+ η∥wt − z∥2 − η∥z − zt∥2 + η∥zt+1/2 − zt∥2 − η∥zt+1/2 − wt∥2

≤∥zt − z∥2
V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+
γ2

e
∥gt+1/2 − gt−1/2∥2

+ η∥wt − z∥2 − η∥z − zt∥2 + η∥zt+1/2 − zt∥2 − η∥zt+1/2 − wt∥2

≤∥zt − z∥2
V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+
3γ2

e
∥F (zt+1/2)− F (zt−1/2)∥2 +

3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
3γ2

e
∥F (zt−1/2)− gt−1/2∥2
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+ η∥wt − z∥2 − η∥z − zt∥2 + η∥zt+1/2 − zt∥2 − η∥zt+1/2 − wt∥2. (25)

Using smoothness of f and the update of Algorithm 2

∥F (zt+1/2)− F (zt−1/2)∥2

≤L2∥zt+1/2 − zt−1/2∥2

≤2L2∥zt+1/2 − zt∥2 + 2L2∥zt − zt−1/2∥2

≤2L2∥zt+1/2 − zt∥2 +
2L2

e
∥zt − zt−1/2∥2V̂t−3/2

≤2L2∥zt+1/2 − zt∥2

+
2L2

e
∥zt−1 + η(V̂t−3/2)

−1(wt−1 − zt−1)− γ(V̂t−3/2)
−1gt−1/2 − zt−1 + γ(V̂ x

t−3/2)
−1gt−3/2∥2V̂t−3/2

≤2L2∥zt+1/2 − zt∥2

+
2L2

e
∥η(wt−1 − zt−1)− γgt−1/2 + γgt−3/2∥2V̂ −1

t−3/2

.

Hence,

∥F (zt+1/2)− F (zt−1/2)∥2 ≤2L2∥zt+1/2 − zt∥2

+
2L2

e2
∥η(wt−1 − zt−1)− γgt−1/2 + γgt−3/2∥2

≤2L2∥zt+1/2 − zt∥2 +
4L2η2

e2
∥wt−1 − zt−1∥2

+
4L2γ2

e2
∥gt−1/2 − gt−3/2∥2

≤2L2∥zt+1/2 − zt∥2 +
4L2η2

e2
∥wt−1 − zt−1∥2

+
12L2γ2

e2
∥F (zt−1/2)− F (zt−3/2)∥2

+
12L2γ2

e2
∥gt−1/2 − F (zt−1/2)∥2

+
12L2γ2

e2
∥F (zt−3/2)− gt−3/2∥2. (26)

Combining (25) and (26), we have

∥zt+1 − z∥2
V̂t−1/2

+
3γ2M

e
∥F (zt+1/2)− F (zt−1/2)∥2

≤∥zt − z∥2
V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+
3γ2

e
∥F (zt+1/2)− F (zt−1/2)∥2 +

3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
3γ2

e
∥F (zt−1/2)− gt−1/2∥2

+ η∥wt − z∥2 − η∥z − zt∥2 + η∥zt+1/2 − zt∥2 − η∥zt+1/2 − wt∥2

+
6γ2L2M

e
∥zt+1/2 − zt∥2 +

12γ2L2η2M

e3
∥wt−1 − zt−1∥2

+
36γ4L2M

e3
∥F (zt−1/2)− F (zt−3/2)∥2

+
36γ4L2M

e3
∥gt−1/2 − F (zt−1/2)∥2 +

36γ4L2M

e3
∥F (zt−3/2)− gt−3/2∥2.

Here M is some positive constant, which we will define later. Next, we get

∥zt+1 − z∥2
V̂t−1/2

+
3γ2M

e
∥F (zt+1/2)− F (zt−1/2)∥2
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≤∥zt − z∥2
V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2
− 2γ⟨gt+1/2, zt+1/2 − z⟩

+
3γ2

e
∥F (zt+1/2)− F (zt−1/2)∥2 +

3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
3γ2

e
∥F (zt−1/2)− gt−1/2∥2

+ η∥wt − z∥2 − η∥z − zt∥2 + η∥zt+1/2 − zt∥2 −
η

2
∥zt − wt∥2

+ η∥zt+1/2 − zt∥2

+
6γ2L2M

e
∥zt+1/2 − zt∥2 +

12γ2L2η2M

e3
∥wt−1 − zt−1∥2

+
36γ4L2M

e3
∥F (zt−1/2)− F (zt−3/2)∥2

+
36γ4L2M

e3
∥gt−1/2 − F (zt−1/2)∥2 +

36γ4L2M

e3
∥F (zt−3/2)− gt−3/2∥2.

Small rearrangement gives

∥zt+1 − z∥2
V̂t−1/2

+
3γ2(M − 1)

e
∥F (zt+1/2)− F (zt−1/2)∥2 +

η

2
∥zt − wt∥2

≤∥zt − z∥2
V̂t−1/2

− η∥zt − z∥2 + η∥wt − z∥2 − 2γ⟨gt+1/2, zt+1/2 − z⟩

+
12γ2L2M

(M − 1)e2
· 3γ

2(M − 1)

e
∥F (zt−1/2)− F (zt−3/2)∥2 +

12γ2L2η2M

e3
∥zt−1 − wt−1∥2

+
6γ2L2M

e
∥zt+1/2 − zt∥2 + 2η∥zt+1/2 − zt∥2 − ∥zt+1/2 − zt∥2V̂t−1/2

+
3γ2

e
∥gt+1/2 − F (zt+1/2)∥2 +

3γ2

e
∥F (zt−1/2)− gt−1/2∥2

+
36γ4L2M

e3
∥gt−1/2 − F (zt−1/2)∥2 +

36γ4L2M

e3
∥F (zt−3/2)− gt−3/2∥2.

With M = 2, γ ≤ e
10L and η ≤ ep ≤ e

4 , we have 12γ2L2M
(M−1)e2 ≤ 1

2 and 12γ2L2ηM
e3 ≤ 1

4 . Then,

∥zt+1 − z∥2
V̂t−1/2

+
3γ2

e
∥F (zt+1/2)− F (zt−1/2)∥2 +

η

2
∥zt − wt∥2

≤∥zt − z∥2
V̂t−1/2

− η∥zt − z∥2 + η∥wt − z∥2 − 2γ⟨gt+1/2, zt+1/2 − z⟩

+
1

2
· 3γ

2

e
∥F (zt−1/2)− F (zt−3/2)∥2 +

1

2
· η
2
∥zt−1 − wt−1∥2

+
e

4
∥zt+1/2 − zt∥2 +

e

2
∥zt+1/2 − zt∥2 − ∥zt+1/2 − zt∥2V̂t−1/2

+
3γ2

e
∥gt+1/2 − F (zt+1/2)∥2 +

3γ2

e
∥F (zt−1/2)− gt−1/2∥2

+
3γ2L2

e
∥gt−1/2 − F (zt−1/2)∥2 +

3γ2L2

e
∥F (zt−3/2)− gt−3/2∥2.

Using I ≼ 1
e V̂t−1/2, we obtain

∥zt+1 − z∥2
V̂t−1/2

+
3γ2

e
∥F (zt+1/2)− F (zt−1/2)∥2 +

η

2
∥zt − wt∥2

≤∥zt − z∥2
V̂t−1/2

− η∥zt − z∥2 + η∥wt − z∥2 − 2γ⟨gt+1/2, zt+1/2 − z⟩

+
1

2
· 3γ

2

e
∥F (zt−1/2)− F (zt−3/2)∥2 +

1

2
· η
2
∥zt−1 − wt−1∥2

+
1

4
∥zt+1/2 − zt∥2V̂t−1/2

+
1

2
∥zt+1/2 − zt∥2V̂t−1/2

− ∥zt+1/2 − zt∥2V̂t−1/2
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+
3γ2

e
∥gt+1/2 − F (zt+1/2)∥2 +

3γ2

e
∥F (zt−1/2)− gt−1/2∥2

+
3γ2

e
∥gt−1/2 − F (zt−1/2)∥2 +

3γ2

e
∥F (zt−3/2)− gt−3/2∥2

≤∥zt − z∥2
V̂t−1/2

− η∥zt − z∥2 + η∥wt − z∥2 − 2γ⟨gt+1/2, zt+1/2 − z⟩

+
1

2
· 3γ

2

e
∥F (zt−1/2)− F (zt−3/2)∥2 +

1

2
· η
2
∥zt−1 − wt−1∥2

− 1

4
∥zt+1/2 − zt∥2V̂t−1/2

+
3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
6γ2

e
∥F (zt−1/2)− gt−1/2∥2 +

3γ2

e
∥F (zt−3/2)− gt−3/2∥2. (27)

Strongly convex–strongly concave case. We substitute z = z∗ and take the total expectation of both
sides of the equation

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
− 2γE

[
⟨Et+1/2

[
gt+1/2

]
, zt+1/2 − z∗⟩

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− 1

4
E
[
∥zt+1/2 − zt∥2V̂t−1/2

]
+

3γ2

e
E
[
∥gt+1/2 − F (zt+1/2)∥2

]
+

6γ2

e
E
[
∥F (zt−1/2)− gt−1/2∥2

]
+

3γ2

e
E
[
∥F (zt−3/2)− gt−3/2∥2

]
.

Next, using the property of the solution z∗: ⟨F (z∗), zt+1/2 − z∗⟩ = 0, and get

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
− 2γE

[
⟨F (zt+1/2)− z∗, zt+1/2 − z∗⟩

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− 1

4
E
[
∥zt+1/2 − zt∥2V̂t−1/2

]
+

3γ2

e
E
[
∥gt+1/2 − F (zt+1/2)∥2

]
+

6γ2

e
E
[
∥F (zt−1/2)− gt−1/2∥2

]
+

3γ2

e
E
[
∥F (zt−3/2)− gt−3/2∥2

]
.

Assumptions 1 and 3 on strongly convexity - strongly concavity and on stochastisity give

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
− 2γµE

[
∥zt+1/2 − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− 1

4
E
[
∥zt+1/2 − zt∥2V̂t−1/2

]
+

12γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
− γµE

[
∥zt − z∗∥2

]
+ 2γµE

[
∥zt+1/2 − zt∥2

]
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+
1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− 1

4
E
[
∥zt+1/2 − zt∥2V̂t−1/2

]
+

12γ2σ2

eb
.

Using I ≼ 1
e V̂t−1/2, we obtain

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− (η + γµ)E

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
−
(
1

4
− 2γµ

e

)
E
[
∥zt+1/2 − zt∥2V̂t−1/2

]
+

12γ2σ2

eb
.

With γ ≤ e
8µ ,

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− (η + γµ)E

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
+

12γ2σ2

eb
.

The update of wt+1 gives

η + γµ/2

p
E
[
∥wt+1 − z∗∥2

]
=

η + γµ/2

p
E
[
Ewt+1

[
∥wt+1 − z∗∥2

]]
=
(
η +

γµ

2

)
E
[
∥zt − z∗∥2

]
+

(1− p)(η + γµ/2)

p
E
[
∥wt − z∗∥2

]
.

Connecting with the previous equation, we get

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

η + γµ/2

p
E
[
∥wt+1 − z∗∥2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− γµ

2
E
[
∥zt − z∗∥2

]
+ (1− p) · η + γµ/2

p
E
[
∥wt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
+

12γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t−1/2

]
− γµ

2
E
[
∥zt − z∗∥2

]
+

(
1− pγµ

2η + γµ

)
· η + γµ/2

p
E
[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
+

12γ2σ2

eb
.
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Using 1
Γ V̂t−1/2 ≼ I , we get

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

η + γµ/2

p
E
[
∥wt+1 − z∗∥2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤
(
1− γµ

2Γ

)
E
[
∥zt − z∗∥2

V̂t−1/2

]
+

(
1− pγµ

2η + γµ

)
η + γµ/2

p
E
[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
+

12γ2σ2

eb
.

Lemma 1 with C = Γ2

2e2 for (7), C = 2Γ
e for (8) and Bt+1 = (1 + (1− βt+1)C) gives

1

Bt+1
E
[
∥zt+1 − z∗∥2

V̂t+1/2

]
+

η + γµ/2

p
E
[
∥wt+1 − z∗∥2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

η + γµ/2

p
E
[
∥wt+1 − z∗∥2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤
(
1− γµ

2Γ

)
E
[
∥zt − z∗∥2

V̂t−1/2

]
+

(
1− pγµ

2η + γµ

)
η + γµ/2

p
E
[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
+

12γ2σ2

eb
.

And then,

E
[
∥zt+1 − z∗∥2

V̂t+1/2

]
+

(η + γµ/2)Bt+1

p
E
[
∥wt+1 − z∗∥2

]
+

3γ2Bt+1

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

ηBt+1

2
E
[
∥zt − wt∥2

]
≤
(
1− γµ

2Γ

)
Bt+1E

[
∥zt − z∗∥2

V̂t−1/2

]
+

(
1− pγµ

2η + γµ

)
(η + γµ/2)Bt+1

p
E
[
∥wt − z∗∥2

]
+

1

2
· 3γ

2Bt+1

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· ηBt+1

2
E
[
∥zt−1 − wt−1∥2

]
+

12γ2σ2Bt+1

eb
.

One can note that in Section 3 we use βt ≡ β or βt =
β−βt

1−βt . For such βt, it holds that Bt+1 ≤ Bt.
Then,

E
[
∥zt+1 − z∗∥2

V̂t+1/2

]
+

(η + γµ/2)Bt+1

p
E
[
∥wt+1 − z∗∥2

]
+

3γ2Bt+1

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

ηBt+1

2
E
[
∥zt − wt∥2

]
≤
(
1− γµ

2Γ

)
BtE

[
∥zt − z∗∥2

V̂t−1/2

]
+

(
1− pγµ

2η + γµ

)
(η + γµ/2)Bt

p
E
[
∥wt − z∗∥2

]
+

1

2
· 3γ

2Bt

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· ηBt

2
E
[
∥zt−1 − wt−1∥2

]
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+
12γ2σ2Bt+1

eb
.

The notation

Ψt+1 =∥zt+1 − z∗∥2
V̂t+1/2

+
(η + γµ/2)Bt+1

p
∥wt+1 − z∗∥2

+
3γ2Bt+1

e
∥F (zt+1/2)− F (zt−1/2)∥2 +

ηBt+1

2
∥zt − wt∥2

gives

E [Ψt+1] ≤max

[(
1− γµ

2Γ

)
(1 + (1− βt+1)C) ;

(
1− 1

2η
γµp + 1

p

)
;
1

2

]
· E [Ψt] +

12γ2σ2Bt+1

eb
.

This completes the proof of the strongly convex–strongly concave case. □

Convex–concave case. We start from (27) with small rearrangement

2γ⟨F (zt+1/2), zt+1/2 − z⟩ ≤∥zt − z∥2
V̂t−1/2

− ∥zt+1 − z∥2
V̂t−1/2

+
η

p
∥wt − z∥2 − η

p
∥wt+1 − z∥2

+
η

p
∥wt+1 − z∥2 − η∥zt − z∥2 − (1− p)

η

p
∥wt − z∥2

+
1

2
· 3γ

2

e
∥F (zt−1/2)− F (zt−3/2)∥2 −

3γ2

e
∥F (zt+1/2)− F (zt−1/2)∥2

+
1

2
· η
2
∥zt−1 − wt−1∥2 −

η

2
∥zt − wt∥2

+ 2γ⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

+
3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
6γ2

e
∥F (zt−1/2)− gt−1/2∥2 +

3γ2

e
∥F (zt−3/2)− gt−3/2∥2.

With I ≼ 1
e V̂t and Lemma 1 with C = Γ2

2e2 for (7) and C = 2Γ
e for (8), we get

2γ⟨F (zt+1/2), zt+1/2 − z⟩ ≤∥zt − z∥2
V̂t−1/2

− (1 + (1− βt+1)C)
−1 ∥zt+1 − z∥2

V̂t+1/2

+
η

p
∥wt − z∥2 − η

p
∥wt+1 − z∥2

+
η

p
∥wt+1 − z∥2 − η∥zt − z∥2 − (1− p)

η

p
∥wt − z∥2

+
1

2
· 3γ

2

e
∥F (zt−1/2)− F (zt−3/2)∥2 −

3γ2

e
∥F (zt+1/2)− F (zt−1/2)∥2

+
1

2
· η
2
∥zt−1 − wt−1∥2 −

η

2
∥zt − wt∥2

+ 2γ⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

+
3γ2

e
∥gt+1/2 − F (zt+1/2)∥2

+
6γ2

e
∥F (zt−1/2)− gt−1/2∥2 +

3γ2

e
∥F (zt−3/2)− gt−3/2∥2.

Next, we sum over all t from 0 to T − 1

2γ · 1
T

T−1∑
t=0

⟨F (zt+1/2), zt+1/2 − z⟩

≤
∥z0 − z∥2

V̂−1/2

T
+

1

T

T−1∑
t=1

(1− βt+1)C∥zt − z∥2
V̂t−1/2
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+
η∥w0 − z∥2

pT
+

3γ2

2eT
∥F (z−1/2)− F (z−3/2)∥2 +

η

4T
∥z−1 − w−1∥2

− η

4T

T−1∑
t=1

∥zt − wt∥2

+
η

p
· 1
T

T−1∑
t=0

[
∥wt+1 − z∥2 − p∥zt − z∥2 − (1− p)∥wt − z∥2

]
+ 2γ · 1

T

T−1∑
t=0

⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

+
3γ2

e

1

T

T−1∑
t=0

∥gt+1/2 − F (zt+1/2)∥2

+
6γ2

e

1

T

T−1∑
t=0

∥F (zt−1/2)− gt−1/2∥2 +
3γ2

e

1

T

T−1∑
t=0

∥F (zt−3/2)− gt−3/2∥2. (28)

The fact V̂t ≼ ΓI gives

2γ · 1
T

T−1∑
t=0

⟨F (zt+1/2), zt+1/2 − z⟩

≤Γ∥z0 − z∥2

T
+

Γ

T

T−1∑
t=1

(1− βt+1)C∥zt − z∥2

+
η∥w0 − z∥2

pT
+

3γ2

2eT
∥F (z−1/2)− F (z−3/2)∥2 +

η

4T
∥z−1 − w−1∥2

+
η

p
· 1
T

T−1∑
t=0

[
∥wt+1 − z∥2 − p∥zt − z∥2 − (1− p)∥wt − z∥2

]
+ 2γ · 1

T

T−1∑
t=0

⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

+
3γ2

e

1

T

T−1∑
t=0

∥gt+1/2 − F (zt+1/2)∥2

+
6γ2

e

1

T

T−1∑
t=0

∥F (zt−1/2)− gt−1/2∥2 +
3γ2

e

1

T

T−1∑
t=0

∥F (zt−3/2)− gt−3/2∥2.

Taking maximum on Z , using (23) and taking the full expectation, we obtain

2γE [gap(zavgT )] ≤max
z∈Z

Γ∥z0 − z∥2

T
+ E

[
max
z∈Z

Γ

T

T−1∑
t=1

(1− βt+1)C∥zt − z∥2
]

+max
z∈Z

η∥w0 − z∥2

pT
+

3γ2

2eT
∥F (z−1/2)− F (z−3/2)∥2 +

η

4T
∥z−1 − w−1∥2

+
η

p
· E

[
max
z∈Z

1

T

T−1∑
t=0

[
∥wt+1 − z∥2 − p∥zt − z∥2 − (1− p)∥wt − z∥2

]]

+ 2γ · E

[
max
z∈Z

1

T

T−1∑
t=0

⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

]

+
3γ2

e

1

T

T−1∑
t=0

E
[
∥gt+1/2 − F (zt+1/2)∥2

]
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+
6γ2

e

1

T

T−1∑
t=0

E
[
∥F (zt−1/2)− gt−1/2∥2

]
+

3γ2

e

1

T

T−1∑
t=0

E
[
∥F (zt−3/2)− gt−3/2∥2

]
.

Next, we use Assumption 3 and the fact that iterations and the set Z are bounded: ∥zt∥, ∥z∥ ≤ Ω

2γE [gap(zavgT )] ≤4ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
4ηΩ2

pT
+

6γ2L2Ω2

eT
+

ηΩ2

T
+

12γ2σ2

eb

+
η

p
· E

[
max
z∈Z

1

T

T−1∑
t=0

[
∥wt+1 − z∥2 − p∥zt − z∥2 − (1− p)∥wt − z∥2

]]

+ 2γ · E

[
max
z∈Z

1

T

T−1∑
t=0

⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩

]
.

One can estimate E
[
max
z∈Z

1
T

T−1∑
t=0

⟨F (zt+1/2)− gt+1/2, zt+1/2 − z⟩
]

the same way as (24)

2γE [gap(zavgT )]

≤4ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
4ηΩ2

pT
+

6γ2L2Ω2

eT
+

ηΩ2

T
+

12γ2σ2

eb

+
η

p
· E

[
max
z∈Z

1

T

T−1∑
t=0

[
∥wt+1 − z∥2 − p∥zt − z∥2 − (1− p)∥wt − z∥2

]]

+
ΓΩ2

T
+

γ2σ2

eb

≤5ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
4ηΩ2

pT
+

6γ2L2Ω2

eT
+

ηΩ2

T
+

13γ2σ2

eb

+
η

p
· E

[
max
z∈Z

1

T

T−1∑
t=0

[
∥wt+1 − z∥2 − p∥zt − z∥2 − (1− p)∥wt − z∥2

]]

=
5ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
4ηΩ2

pT
+

6γ2L2Ω2

eT
+

ηΩ2

T
+

13γ2σ2

eb

+
η

p
· E

[
max
z∈Z

1

T

T−1∑
t=0

[
−2⟨pzt + (1− p)wt − wt+1, z⟩ − p∥zt∥2 − (1− p)∥wt∥2 + ∥wt+1∥2

]]

=
5ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
4ηΩ2

pT
+

6γ2L2Ω2

eT
+

ηΩ2

T
+

13γ2σ2

eb

+
η

p
· E

[
max
z∈Z

1

T

T−1∑
t=0

[−2⟨pzt + (1− p)wt − wt+1, z⟩]

]

+
η

p
· E

[
1

T

T−1∑
t=0

[
−p∥zt∥2 − (1− p)∥wt∥2 + ∥wt+1∥2

]]
.

One can note that by definition wt+1: E
[
p∥zt∥2 + (1− p)∥wt∥2 − ∥wt+1∥2

]
= 0

2γE [gap(zavgT )] ≤5ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
4ηΩ2

pT
+

6γ2L2Ω2

eT
+

ηΩ2

T
+

13γ2σ2

eb

+
η

p
· E

[
max
z∈Z

1

T

T−1∑
t=0

[−2⟨pzt + (1− p)wt − wt+1, z⟩]

]
.
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With γ ≤ e
10L and η ≤ ep ≤ e ≤ Γ, we get

2γE [gap(zavgT )] ≤11ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb

+
2η

pT
· E

[
max
z∈Z

[
⟨
T−1∑
t=0

(wt+1 − pzt − (1− p)wt), z⟩

]]

≤11ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb

+
2η

pT
· E

max
z∈Z

∥∥∥∥∥
T−1∑
t=0

(wt+1 − pzt − (1− p)wt)

∥∥∥∥∥
2

+ ∥z∥2
 .

Again with the fact that E [pzt + (1− p)wt − wt+1] = 0.

2γE [gap(zavgT )] ≤11ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb
+

2η

pT
max
z∈Z

∥z∥2

+
2η

pT
· E

[
T−1∑
t=0

∥wt+1 − pzt − (1− p)wt∥2
]

≤13ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb

+
2η

pT
· E

[
T−1∑
t=0

∥wt+1 − pzt − (1− p)wt∥2
]

=
13ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb

+
2η

pT
· E

[
T−1∑
t=0

Ewt+1

[∥∥wt+1 − Ewt+1
[wt+1]

∥∥2]]

=
13ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb

+
2η

pT
· E

[
T−1∑
t=0

Ewt+1

[
∥wt+1∥2

]
−
∥∥Ewt+1 [wt+1]

∥∥2]

=
13ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb

+
2η

pT
· E

[
T−1∑
t=0

[
(1− p) ∥wt∥2 + p ∥zt∥2

]
− ∥pzt + (1− p)wt∥2

]

=
13ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb

+
2η

pT
· E

[
T−1∑
t=0

(1− p)p ∥zt − wt∥2
]

≤13ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb
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+ 8 · E

[
η

4T

T−1∑
t=0

∥zt − wt∥2
]
. (29)

It remains to estimate E
[

η
4T

T−1∑
t=0

∥zt − wt∥2
]

. For this, we substitute z = z∗ and take the expectation

2γ · 1
T

T−1∑
t=0

E
[
⟨F (zt+1/2), zt+1/2 − z∗⟩

]

≤
E
[
∥z0 − z∗∥2

V̂−1/2

]
T

+
1

T

T−1∑
t=1

(1− βt+1)CE
[
∥zt − z∗∥2

V̂t−1/2

]
+

ηE
[
∥w0 − z∗∥2

]
pT

+
3γ2

2eT
∥F (z−1/2)− F (z−3/2)∥2 +

η

4T
∥z−1 − w−1∥2

− E

[
η

4T

T−1∑
t=1

∥zt − wt∥2
]

+
η

p
· 1
T

T−1∑
t=0

E
[
∥wt+1 − z∗∥2 − p∥zt − z∗∥2 − (1− p)∥wt − z∗∥2

]
+ 2γ · 1

T

T−1∑
t=0

E
[
⟨F (zt+1/2)− gt+1/2, zt+1/2 − z∗⟩

]
+

3γ2

e

1

T

T−1∑
t=0

E
[
∥gt+1/2 − F (zt+1/2)∥2

]
+

6γ2

e

1

T

T−1∑
t=0

E
[
∥F (zt−1/2)− gt−1/2∥2

]
+

3γ2

e

1

T

T−1∑
t=0

E
[
∥F (zt−3/2)− gt−3/2∥2

]
.

Assumptions 1 (convexity), 3 and the fact: E
[
p∥zt∥2 + (1− p)∥wt∥2 − ∥wt+1∥2

]
= 0, give

E

[
η

4T

T−1∑
t=1

∥zt − wt∥2
]
≤
E
[
∥z0 − z∗∥2

V̂−1/2

]
T

+
1

T

T−1∑
t=1

(1− βt+1)CE
[
∥zt − z∗∥2

V̂t−1/2

]
+

ηE
[
∥w0 − z∗∥2

]
pT

+
3γ2

2eT
∥F (z−1/2)− F (z−3/2)∥2 +

η

4T
∥z−1 − w−1∥2

+
12γ2σ2

eb

≤4ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
4ηΩ2

pT
+

3γ2L2Ω2

2eT
+

ηΩ2

T
+

12γ2σ2

eb
.

(30)
Combining (29) and (30), we get

2γE [gap(zavgT )] ≤13ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
13γ2σ2

eb

+ 8 ·

[
4ΓΩ2

T
+

4CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
4ηΩ2

pT
+

3γ2L2Ω2

2eT
+

ηΩ2

T
+

12γ2σ2

eb

]

≤100ΓΩ2

T
+

36CΓΩ2

T

T−1∑
t=1

(1− βt+1) +
110γ2σ2

eb
.

Finally, we have

E [gap(zavgT )] ≤50ΓΩ2

γT
+

18CΓΩ2

γT

T∑
t=1

(1− βt) +
55γσ2

eb
.
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This completes the proof of the convex–concave case. □

Non-convex–non-concave case. We start from (27), substitute z = z∗ and take the total expectation
of both sides of the equation

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
− 2γE

[
⟨F (zt+1/2), zt+1/2 − z∗⟩

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− 1

4
E
[
∥zt+1/2 − zt∥2V̂t−1/2

]
+

3γ2

e
E
[
∥gt+1/2 − F (zt+1/2)∥2

]
+

6γ2

e
E
[
∥F (zt−1/2)− gt−1/2∥2

]
+

3γ2

e
E
[
∥F (zt−3/2)− gt−3/2∥2

]
.

Assumptions 1 and 3 on non-convexity–non-concavity and on stochastisity give

E
[
∥zt+1 − z∗∥2

V̂t−1/2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− γ2

4
E
[
∥gt−1/2∥2V̂ −1

t−1/2

]
+

12γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− γ2

4Γ
E
[
∥gt−1/2∥2

]
+

12γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− γ2

8Γ
E
[
∥F (zt−1/2)∥2

]
+

γ2

4Γ
E
[
∥gt−1/2 − F (zt−1/2)∥2

]
+

12γ2σ2

eb

≤E
[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− γ2

8Γ
E
[
∥F (zt−1/2)∥2

]
+

13γ2σ2

eb
.

Here we additionally use 1
ΓI ≼ V̂ −1

t−1/2. Lemma 1 with C = Γ2

2e2 for (7), C = 2Γ
e for (8) and

Bt+1 = (1 + (1− βt+1)C) gives

1

Bt+1
E
[
∥zt+1 − z∗∥2

V̂t+1/2

]
+

3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

η

2
E
[
∥zt − wt∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
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− γ2

8Γ
E
[
∥F (zt−1/2)∥2

]
+

13γ2σ2

eb
.

Next, after small rearrangement, we obtain

γ2

8Γ
E
[
∥F (zt−1/2)∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− 1

Bt+1
E
[
∥zt+1 − z∗∥2

V̂t+1/2

]
− ηE

[
∥zt − z∗∥2

]
+ ηE

[
∥wt − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
− 3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− η

2
E
[
∥zt − wt∥2

]
+

13γ2σ2

eb
.

The update of wt+1 gives
η

p
E
[
∥wt+1 − z∗∥2

]
=

η

p
E
[
Ewt+1

[
∥wt+1 − z∗∥2

]]
= ηE

[
∥zt − z∗∥2

]
+

(1− p)η

p
E
[
∥wt − z∗∥2

]
.

Connecting with the previous equation, we get

γ2

8Γ
E
[
∥F (zt−1/2)∥2

]
≤E

[
∥zt − z∗∥2

V̂t−1/2

]
− 1

Bt+1
E
[
∥zt+1 − z∗∥2

V̂t+1/2

]
+

η

p
E
[
∥wt − z∗∥2

]
− η

p
E
[
∥wt+1 − z∗∥2

]
+

1

2
· 3γ

2

e
E
[
∥F (zt−1/2)− F (zt−3/2)∥2

]
− 3γ2

e
E
[
∥F (zt+1/2)− F (zt−1/2)∥2

]
+

1

2
· η
2
E
[
∥zt−1 − wt−1∥2

]
− η

2
E
[
∥zt − wt∥2

]
+

13γ2σ2

eb
.

Summing over all t from 0 to T − 1 and averaging, we get

γ2

8Γ
· E

[
1

T

T−1∑
t=0

∥F (zt−1/2)∥2
]
≤
E
[
∥z0 − z∗∥2

V̂−1/2

]
T

+
1

T

T−1∑
t=1

Bt − 1

Bt
E
[
∥zt − z∗∥2

V̂t−1/2

]
+

η

p
E
[
∥w0 − z∗∥2

]
+

3γ2

2e
E
[
∥F (z−1/2)− F (z−3/2)∥2

]
+

η

4
E
[
∥z−1 − w−1∥2

]
+

13γ2σ2

eb
.

With the fact that iterations are bounded: ∥zt∥ ≤ Ω, we obtain

γ2

8Γ
· E

[
1

T

T−1∑
t=0

∥F (zt−1/2)∥2
]
≤4ΓΩ2

T
+

8ηΩ2

pT
+

12γ2L2Ω2

2eT
+

13γ2σ2

eb

+
4ΓΩ2

T

T−1∑
t=1

(1− βt)C

1 + (1− βt)C

≤4ΓΩ2

T
+

8ηΩ2

pT
+

12γ2L2Ω2

2eT
+

13γ2σ2

eb

+
4ΓCΩ2

T

T−1∑
t=1

(1− βt).
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Here we use (1 + (1− βt)C) ≥ 1. With η ≤ ep, we get

E

[
1

T

T−1∑
t=0

∥F (zt−1/2)∥2
]
≤96Γ2Ω2

γ2T
+

48ΓL2Ω2

eT
+

32Γ2CΩ2

γ2T

T−1∑
t=1

(1− βt) +
105Γσ2

eb
.

If we choose z̄T−1/2 randomly and uniformly, then E
[
∥F (z̄T−1/2)∥2

]
≤ E

[
1
T

T−1∑
t=0

∥F (zt−1/2)∥2
]

and

E
[
∥F (z̄T−1/2)∥2

]
≤96Γ2Ω2

γ2T
+

48ΓL2Ω2

eT
+

32Γ2CΩ2

γ2T

T−1∑
t=1

(1− βt) +
105Γσ2

eb
.

This completes the proof of the non-convex–non-concave case. □

C.7 PROOF OF COROLLARY 3

Strongly convex–strongly concave case. With βt ≡ β ≥ 1− γµ
4ΓC , we have (13) in the following

form

E [Ψt+1] ≤max

[(
1− γµ

4Γ

)
;

(
1− 1

2η
γµp + 1

p

)]
· E [Ψt] +

24γ2σ2

eb
.

Running the recursion, we have

E [ΨT ] ≤max

(1− γµ

4Γ

)T
;

(
1− 1

2η
γµp + 1

p

)T
 ·Ψ0

+
12γ2σ2

eb

T−1∑
t=0

max

(1− γµ

4Γ

)t
;

(
1− 1

2η
γµp + 1

p

)t


≤max

[
exp

(
−γµT

4Γ

)
; exp

(
− 1

2η
γµp + 1

p

)]
·Ψ0 +

48Γγσ2

ebµ
+

48ηγσ2

epµb
+

24γ2σ2

epb
.

Finally, we need tuning of γ ≤ e
10L :

• If e
10L ≥ 4Γ ln(max{2,ebµ2Ψ0T/(48Γ2σ2)})

µT then γ =
2Γ ln(max{2,ebµ2R2

0T/(48Γ2σ2)})
µT gives

Õ
(
exp

(
− ln

(
max{2, ebµ2R2

0T/(48Γ
2σ2)}

))
R2

0 +
Γ2σ2

eµ2T

)
= Õ

(
Γ2σ2

ebµ2T

)
.

• If e
10L ≤ 4Γ ln(max{2,ebµ2R2

0T/(48Γ2σ2)})
µT then γ = e

10L gives

Õ
(
exp

(
− eµT

40ΓL

)
Ψ0 + exp

(
−epµT

40ηL

)
Ψ0 + exp (−p)Ψ0 +

Γγσ2

ebµ

)
≤ Õ

(
exp

(
− eµT

40ΓL

)
Ψ0 + exp

(
−epµT

40ηL

)
Ψ0 + exp (−p)Ψ0 +

Γ2σ2

ebµ2T

)
.

What in the end with η ≤ ep ≤ e gives that

E [ΨT ] = Õ
(
exp

(
− eµT

40ΓL

)
Ψ0 + exp

(
− µT

40L

)
Ψ0 + exp (−p)Ψ0 +

Γ2σ2

ebµ2T

)
.

This completes the proof of the strongly convex–strongly concave case. □

Convex–concave case. With βt ≡ β ≥ 1− 1
CT , we have (14) in the following form

E [gap(xavg
T , yavgT )] ≤68ΓΩ2

γT
+

55γσ2

e
.
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If γ = min
{

e
10L ;

√
ΓebΩ
σ
√
T

}
, then

E [gap(xavg
T , yavgT )] =O

(
ΓLΩ2

eT
+

√
ΓσΩ√
ebT

)
.

This completes the proof of the convex–concave case. □

Non-convex–non-concave case. With βt ≡ β ≥ 1− 1
CT , we have (15) in the following form

E[∥∇xf(x̄T−1/2, ȳT−1/2)∥2 + ∥∇yf(x̄T−1/2, ȳT−1/2)∥2]

≤128Γ2Ω2

γ2T
+

48ΓL2Ω2

eT
+

105Γσ2

eb
.

The choice of γ = e
10L gives

E[∥∇xf(x̄T−1/2, ȳT−1/2)∥2 + ∥∇yf(x̄T−1/2, ȳT−1/2)∥2] ≤
1202Γ2L2Ω2

e2T
+

105Γσ2

eb
.

The batch size b ∼ Γσ2

eε2 completes the proof of the non-convex–non-concave case. □

C.8 PROOF OF COROLLARY 4

Strongly convex–strongly concave case. We start from (13) with small rearrangement

min

[
γµ

4Γ
;

1
4η
γµp + 2

p

]
E [Ψt] ≤max

[(
1− γµ

4Γ
+ (1− βt+1)C

)
;

(
1− 1

4η
γµp + 2

p

)]
· E [Ψt]

− E [Ψt+1] +
12γ2σ2 (1 + (1− βt+1)C)

eb
;

Summing over all t from 0 to T − 1 and averaging, we get

min

[
γµ

4Γ
;

1
4η
γµp + 2

p

]
E

[
1

T

T−1∑
t=0

Ψt

]

≤E [Ψ0]

T
+

1

T

T−1∑
t=0

(
(1− βt+1)C − γµ

4Γ

)
E [Ψt]

+
12γ2σ2

eb
· 1
T

T−1∑
t=0

(1 + (1− βt+1)C) .

Using eI ≼ V̂t ≼ ΓI and ∥zt∥ ≤ Ω, we have

min

[
eγµ

4Γ
;

e
4η
γµp + 2

p

]
E

[
1

T

T−1∑
t=0

∥zt − z∗∥2
]
≤20ΓΩ2

T
+

1

T

T∑
t=1

(
(1− βt)C − γµ

4Γ

)
E [Ψt]

+
12γ2σ2

eb
· 1
T

T∑
t=1

(1 + (1− βt)C) .

Let us define α =
(

4ΓC
γµ

)2
. Then, 1− βt =

1−β
1−βt+1 with β = 1− 1

α . (18) gives

β
√
α ≤ 1− 1

2
√
α
.

And hence, for all t ≥
√
α

1− βt ≤
2
√
α

α
=

2√
α

=
γµ

4ΓC
.
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Then we get

min

[
eγµ

4Γ
;

e
4η
γµp + 2

p

]
E

[
1

T

T−1∑
t=0

∥zt − z∗∥2
]

≤20ΓΩ2

T
+

1

T

√
α∑

t=1

(
(1− βt)C − γµ

4Γ

)
E [Ψt]

+
12γ2σ2

eb
· 1
T

T∑
t=1

(1 + (1− βt)C)

≤20ΓΩ2

T
+

1

T

√
α∑

t=1

20CΓΩ2 +
12γ2σ2

eb
· 1
T

T∑
t=1

(1 + (1− βt)C)

≤20ΓΩ2

T
+

20CΓΩ2

T
· 4ΓC
γµ

+
12γ2σ2

eb
· 1
T

T∑
t=1

(1 + (1− βt)C)

≤100C2Γ2Ω2

γµT
+

24Cγ2σ2

eb
.

Then,

E

[
1

T

T−1∑
t=0

∥zt − z∗∥2
]
=O

(
C2Γ3Ω2

eγ2µ2T
+

CΓγσ2

e2µb
+

C2Γ2Ω2

γ2µ2T
+

Cγσ2

eµb
+

C2Γ2Ω2

epγµT
+

Cγ2σ2

e2pb

)
.

Finally, γ = min
{

e
10L ;

3

√
CΓ2Ω2eb
µσ2T

}
E

∥∥∥∥∥ 1T
T−1∑
t=0

zt − z∗

∥∥∥∥∥
2
 ≤ E

[
1

T

T−1∑
t=0

∥zt − z∗∥2
]

=O

(
C2Γ3L2Ω2

e3µ2T
+

C2Γ2L2Ω2

e2µ2T
+

C2Γ2LΩ2

e2pµT
+

(
C4Γ5σ4Ω2

e5µ4b2T

)1/3

+

(
C4Γ2σ4Ω2

e2µ4b2T

)1/3

+

(
C5Γ4σ2Ω4

e4µ2p3bT 2

)1/3
)
.

This completes the proof of the strongly convex–strongly concave case. □

Convex–concave case. With βt =
β−βt+1

1−βt+1 we get (14) in the following form

E [gap(xavg
T , yavgT )] ≤50ΓΩ2

γT
+

55γσ2

eb

+
18(1− β)CΓΩ2

γT

√
T∑

t=1

1

1− β
+

18CΓΩ2

γT

T∑
t=1

1

1− β
√
T

≤50ΓΩ2

γT
+

55γσ2

eb

+
18CΓΩ2

γ
√
T

+
18(1− β)CΓΩ2

γT

T∑
t=1

1

1− β
√
T
.

Next, we substitute β = 1− 1
T . From (18) we get that β

√
T ≤ 1− 1

2
√
T

. Then, we get

E [gap(xavg
T , yavgT )] ≤50ΓΩ2

γT
+

55γσ2

eb
+

54CΓΩ2

γ
√
T

.
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It means that

E [gap(xavg
T , yavgT )] =O

(
CΓΩ2

γ
√
T

+
γσ2

eb

)
.

With γ = min
{

e
10L ;

√
CΓebΩ
σT 1/4

}
E [gap(xavg

T , yavgT )] =O

(
CΓLΩ2

e
√
T

+

√
CΓebσΩ

eT 1/4

)
.

This completes the proof of the convex–concave case. □

Non-convex–non-concave case. With βt =
β−βt+1

1−βt+1 we get (15) in the following form

E[∥∇xf(x̄T−1/2, ȳT−1/2)∥2 + ∥∇yf(x̄T−1/2, ȳT−1/2)∥2]

≤96Γ2Ω2

γ2T
+

48ΓL2Ω2

eT
+

32(1− β)Γ2CΩ2

γ2T

T∑
t=1

1

1− βt
+

105Γσ2

eb

≤96Γ2Ω2

γ2T
+

48ΓL2Ω2

eT
+

105Γσ2

eb

+
32(1− β)Γ2CΩ2

γ2T

√
T∑

t=1

1

1− β
+

32(1− β)Γ2CΩ2

γ2T

T∑
t=1

1

1− β
√
T
.

Next, we substitute β = 1− 1
T . From (18) we get that β

√
T ≤ 1− 1

2
√
T

. Then, we get

E[∥∇xf(x̄T−1/2, ȳT−1/2)∥2 + ∥∇yf(x̄T−1/2, ȳT−1/2)∥2]

≤96Γ2Ω2

γ2T
+

48ΓL2Ω2

eT
+

105Γσ2

eb
+

96Γ2CΩ2

γ2
√
T

.

The batch size b ∼ Γσ2

eε2 and γ = e
10L complete the proof of the non-convex–non-concave case. □
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