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Supplementary Material

Organization In Appendix A, we state some elementary probabilistic facts. The next two sections
focus on proving our lemma on noisy location estimation. In Appendix B, we prove some critical
lemmas used in the proof, and in Appendix C, we present the complete version of our location
estimation algorithm, while addressing some typos in the main text. We mention some typos in
footnotes and correct other minor typos without a mention.

Moving forward, in Appendix D, we introduce an algorithm and prove a hardness result for the
specific version of list-decodable mean estimation we consider, which differs from prior work. Finally,
in Appendix E, we state the final guarantees we can get for the problem of list-decodable stochastic
optimization, incorporating our lemma from Appendix D.

A Elementary Probability Facts

In this section, we recall some elementary lemmas from probability theory.

Lemma A.1 (Hoeffding). Let X1, ... X,, be independent random variables such that X; € [a;, b;].
Let S, := 13" | X, then forallt >0

2n2t?
Pr[|S, — E[Sy]| > 1] < exp (n) :
> i1 (bi — ai)?
Lemma A.2 (Multivariate Chebyshev). Let X1, ..., X,, be independent random variables drawn

from D where D is a distribution over R such that Ex..p[X] = 0 and Ex..p[|| X ||?] < 02. Let
Sy = =3 X, then forall t > 0

Pr[|| Sy > t] < 0 /mt*.
Proof. We first prove the following upper bound,

E[| X icpm Xi - 0] - E[>; ;(Xi-v)(Xj - v)]

1
Pr |V =1.|— X; - >t <
r | Vo ||v]| - Z] v

m?2 t2 m?2 t2
i€[m
25 BEl(X - 0)(X5 o)) 3 E[(X-0)?] 3 E(XG]]
< 2 42 < 2 42 < 2 12
m=t m=t m=t
mo? o2

m2t2 mi2’

Since the inequality holds for all unit v, it also holds for the unit v in the direction of .S,,,, completing
the proof. O

Fact A.3 (Inflation via conditional probability). Let y be a random variable with mean p and variance
o2 and let € be an arbitrary random variable independent of y, then

Pr¢ € (a,0)] < (1+2/A%)Pr[¢ +y € (a+pu—cA b+ pu+cA)
< (L+2/A%)Prle+y € (a—|ul — oAb+ |p| +]oAl)] .

Proof. To do this, we inflate the intervals and use conditional probabilities.

Pri¢ € (a,b)] =Prié+yec(a+p—cAb+pu+cA)||ly—pl < o4
_Prlf+ycat+p—ocAb+pu+oA)and |y —p| < oA
- Pr(ly — pu| < 0 4]
<(1-1/A)"'Pri¢+ye(a+p—0cAb+p+oA)and|y — p| < oA
<(1+2/A%)Prl¢+yc(atpu—ocAb+u+aA).

The second inequality above follows from observing that we are simply lengthening the interval.

We will often use the second version for ease of analysis. O
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B Useful Lemmas

In this section, we present some helpful lemmas for the algorithm on noisy one-dimensional location
estimation.

To recap the setting: We can access samples from distributions £ + y and £ + 3’ + t. Here,
Pr[¢ = 0] > «, y and g’ are distributions with zero mean and bounded variance, and ¢ € R is an
unknown translation. Our objective is to estimate the value of ¢.

B.1 Useful Lemma for Rough Estimation

Our algorithm for one-dimensional location estimation consists of two steps. In the first step, we
obtain an initial estimate of the shift between the two distributions by computing pairwise differences
of samples drawn from each distribution. This involves taking the median of the distribution of x + y,
where z is symmetric and y has mean 0 and bounded variance.

The following lemma demonstrates that the median of this distribution is at most O(oca~'/2), where
o is the standard deviation of y. Furthermore, this guarantee cannot be improved.

Fact B.1 (Median of Symmetric + Bounded-variance Distribution). Let x be a random variable
symmetric around 0 such that o € (0,1), Pr[x = 0] > «. Let y be a random variable with mean 0
and variance o2. If S is a set of O(1/a?1og(1/6)) samples drawn from the distribution of T + v,
|median(S)| < O(oa~1/?).

This guarantee is tight in the sense that there exist distributions /or x and y satisfying the above
constraints, such that median(x + y) can be as large as Q(ca=1/2).

Proof. We show that Pr[z +y < —O(o/v/a)] < 0.5 and Pr[z + y > O(0//a)] < 0.5, as a result,
|median(z 4+ y)| < O(o/+/a). We will later transfer this guarantee to the uniform distribution over
the samples.

Applying Fact A.3 to the first probability, we see that Pr[z + y < —O(co/v/@)] < (1 + ) Pr[z <
—O(o/Va)].

Since Pr[z = 0] > a, we see that Pr[z < 0] < 1/2 — o,

andso Prz+y < —O(0/y/@)] < (1+a)(0.5—a) = 0.5—a+0.5a—a? = 0.5—0.5a—a? < 0.5.
The upper bound follows similarly.

Since Pr[z = 0] > a and Pr[ly| < O(c/+/a)] > 1 — a, we see Pr[|z + y| < O(c/v/a)] > a/2.
Hoeffding’s inequality (Lemma A.1) now implies that the empirical median also satisfies the above
upper bound as long as the number of samples is greater than O(1)/a? log(1/6).

To see that this is tight, consider the distribution centered at 0, whose density function is 2/(y + 2)3
in the range [1, 00), and is 0 otherwise.

Call this D,,-s. Observe that Prp [z > 1] < O(1) [y *dy = C/*.

Let x be a symmetric distribution whose distribution takes the value 0 with probability o and takes
the values +a~1/2100C"/2 4 10 with probability 0.5(1 — «).

We show that the median of the distribution of x + y where y is drawn from D,,s, is larger than
Qa=1/?).

To see this, we show that the probability that = + y takes a value smaller than 100a~"/2C"/2 is less
than half, implying that the median has to be larger than this quantity.

r takes three values. Note that y + 100~ '/2C'/? + 12 places no mass in the region
(—00,100a~1/2C1 /2 4 10]. So to estimate the probability that 2 + ¥ takes a value smaller than
100a~'/2C"/2 4 10, we only need to consider contributions from the other two possible values. By
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choosing o small enough, so that 100a—1/2C/2 > 10, we see
Pr[z +y < 100a~ /202 4+ 10]
< 0.5(1 — a) Pr[y < 2000~ Y2CY% 4 20] 4+ a Pr[y < 100a~ Y2012 4+ 10]
< 0.5(1 — a)(1 — C/(200a~12C2 4 20)2) + a1 — C/(100a~1/2C*2 410)?)
< 0.5(1 —a)(1 — al/?/(400)%) + «
< 0.5+ 0.5 — '/ /8 - (400%) .

We are done when 0.5cc — o'/2/8 - (4002) < 0, this happens for a'/2 < 2/(8 - (4002)). O

B.2 Useful Lemma for Finer Estimation

In the second step of our location-estimation lemma, we refine the estimate of ¢. To do this, we first
re-center the distributions based on our rough estimate, so that the shift after re-centering is bounded.
Then, we identify an interval I centered around 0 such that, when conditioning on £ + z falling within
this interval, the expected value of £ + 2z remains the same as when conditioning on ¢ falling within
the same interval. This expectation will help us get an improved estimate, which we use to get an
improved re-centering of our original distributions, and repeat the process.

To identify such an interval, we search for a pair of bounded-length intervals equidistant from the
origin (for e.g. (—100, —50) and (50, 100)) that contain very little probability mass. By doing so,
when z is added to &, the amount of probability mass shifted into the interval (—5¢, 50) z remains
small.

In this subsection, we prove Lemma B.2, which states that any positive sequence which has a finite
sum must eventually have one small element. The lemma also gives a concrete upper bound on which
element of the sequence satisfies this property.

Lemma B.2. a; > 0 forall i and >";-, a; < C for some constant C. Also, suppose we have

n € [0, 1]. Then there is ani such that 1 < L < i < (C/ag + L)/ such that ia; < 772;:1 aj.

Consider a partition of the reals into length L intervals. In our proof, we will use Lemma B.2 on the
sequence a;, where a; corresponds to an upper bound on the mass of £ contained in the ¢-th intervals
equidistant from the origin on either side, and the mass that crosses them (i.e., the mass of ¢ that is
moved either inside or out of the interval when z is added to it).

We need the following calculation to prove Lemma B.2.
Notation: For integer 7 > 1 and 7 € (0, 1), define (i —n)! := II5_, (§ — 7).

Fact B.3. Let Aj, :=1+ Zf:_ll 77((;_771)),' Then, fork > 2, A, = (k—1)!/(k—1—n)l.

Proof. We prove this by induction. By definition, our hypothesis holds for A5 because Ay =
1+n/1—n)=1/1-n) =(2-1)!/(2—1—mn)!. Suppose it holds for all 2 < ¢ < k. We then
show that it holds for t = k + 1.

t—1)! kE—1)!
Ak+1_1+tz=:1n(g—77))' _Ak+n(l(c—n?
(k=) +77(k—1)'_ (k—1)! <+n>

0
Proof of Lemma B.2 Let U = (C/ag + L)*/" and suppose towards a contradiction that there is

no such ¢ that satisfies the lemma. Specifically, all integers i € [1,U], we will assume that for
ia; > 1y, a;. We then show that this implies i'~"a; > 7njao for all 7 in the range.
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Consider the inductive hypothesis on ¢ given by a; > n% - agp. The base case when ¢t = 1 is true

since a; > nag/(1 — n) by our assumption. Suppose the inductive hypothesis holds for integers
t € [1,k — 1]. We show this for ¢ = k below.

akzrjnzat

IV
™ o
(=)
3
VR
—
Jr
=
|M|
L
Ai
Tﬂ-
S
v

N t=1
oy (=D
~ T =]

The final equality follows from Fact B.3 which states that (k — 1)!/(k—1—n)! =1+ Zf 11 77((tt Ut
Simplifying this further, we see that since (i — ) > i exp(—n/i) forall ¢ € [1, k],

(k—1)
a = aon k—n)!
(k—1)!
= Wexp(=n/k)
k
> aon (1/k) (1/ exp(=n(_ 1/1)))
i=1

> aon (1/k) (1/ exp(—nlog(k)/20))
> (ao/2)n (1/k~7/%0) .
Finally, observe that

U U
C=> a;>aony (1/i*71)
i=L i=L

U
> aon/ (1/z'=") dx
L
= ao(U" — Ln).

If ao(U" — L") > C, we have a contradiction, since Y .-, a; < C. This follows when U >
(C/ag + L)'/, O

C Noisy Location Estimation

In this section, we state and prove the guarantees of our algorithms for noisy location estimation
(Lemma 3.1 and Lemma 3.5).

C.1 One-dimensional Noisy Location Estimation

Throughout the technical summary and some parts of the proof, we make the assumption that the
variables y and y’ were bounded. Extending this assumption to bounded-variance distributions
requires significant effort.

Our algorithm for one-dimensional noisy location estimation (Algorithm 4) can be thought of as a
two-step process. The first step involves a rough initial estimation algorithm, while the second step
employs an iterative algorithm that progressively refines the estimate by a factor of 7 in each iteration.

Due to space limitations and for ease of exposition, the algorithm we present in the main body is a
sketch of the refinement procedure.

In this Algorithm 4 , we introduce the definition of P (the empirical estimate of 15(~)), which is an
upper bound on the probability mentioned earlier. This probability can be calculated using samples
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from & + z and £ + 2’. Additionally, we incorporate the iterative refinement process within the
algorithm.

Algorithm 4 One-dimensional Location Estimation: Shift1D(S1, Se, 7, 0, &)

Input: Sample sets Sy, So C R? of size m, a, 7 € (0,1), 0 > 0

1. Let T' = O(log; ;,,(1/c)). For j € {1,2}, partition S; into 7" equal pieces, SJ(-i) fori € [T].
2D={a—blac s besM).
3. t(1) := median(D).
4.Set A=0(1/\/a).
5. Repeat steps 6 to 12, for ¢ going from 2 to T*:
6.8 =8 ¢ (i —1).
7. For j € {1,2}
P;(i) == O(1) Pr |z € Ao(i—5,i+5)]
rNSjl
i1
+0(1) Y (1/(i=9)?) Pr [z € Ajo + Ao[-4,5)]
j=1 z~S;

8. Let P(i) = Py(i) + P5(i).
9. Identify an integer k € [1/(an), (O(1)/an)*/"] such that

P(k) <n Z Pr [|z| € Ack] £ O(n/7).
jeqrey o5y’

10. #(3) :==t'(i — 1) + E, [2]|z] < Aok] — E
12. A :=nA.

11. Return ¢/ (T")

z | |z] < Ack].

NSY) ZNSS') [

Lemma C.1 (One-dimensional location-estimation). There is an algorithm (Algorithm 4) which,
given poly((O(1)/na) /" log(1/6nc)) samples of the form & +y +t and & + 3/, where t € R is
an unknown translation, runs in time poly((O(1)/na)'/",log(1/6nc)) and recovers t' such that
[t —t'| < O(no).

Proof. Our proof is based on the following claims:

Claim C.2 (Rough Estimate). There is an algorithm which, given m = O((1/a*) log(1/4))
samples of the kind € +y +t and £ + ', where t € R is an unknown translation, returns t.. satisfying
[t —t| < O(ca™1/2). 2

Claim C.3 (Fine Estimate). Suppose z,z' have means bounded from above by Ac
and variances at most o and suppose o € (0,1) and n € (0,1/2). Then in
poly((O(1)/an)/", log(1/éne)) samples and poly((O(1) /an)*/",log(1/dna)) time, it is possible
to recover k € [1/na, (O(1) /na)®Y/™)] such that

El¢+2 | |6+ 2| < Aok] — Bl¢ + 2/ | | + 2| < Aok] = E[z] — E[2'] £ 77 (A0).

Using Claim 3.2, we first identify a rough estimate ¢/, satisfying |, — t| < O(ca~'/?). This allows
us to re-center y'. Let the re-centered distribution be denoted by 2’ = ' and z = y + ¢ — ¢... Then z

and 2’ are such that E[z] and E[2'] are both at most O(ca~'/2) in magnitude, and have variance at

most o2,

Claim 3.4 then allows us to estimate t; such that |(E[z] = E[2']) —t| = [t—t. —t| <1 O(ca™1/?).

Setting ' = t]. + t',, we see that our estimate ¢’ is now 7) times closer to ¢ compared to ..

—1/2

>Typo in main body: Missing o term.
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To refine this estimate further, we can obtain fresh samples and re-center using ¢’ instead of ¢...
Repeating this process O(log; /,(1/a)) = O(log, («)) times is sufficient to obtain an estimate that

incurs an error of 7 - nlogn(al/2) -O(ca=1?) < O(no).

This results in a runtime and sample complexity that is only O(log; ,, (1/c)) times the runtime and
sample complexity required by Claim 3.4. This amounts to the final runtime and sample complexity

being poly((O(1)/an)'/", log(1/dna)).
We now prove Claim 3.2 and Claim 3.4.

Claim 3.2 shows that the median of the distribution of pairwise differences of £ + 3 + ¢ and £ + 3/
estimates the mean up to an error of o~ /2.

Proof of Claim 3.2 Let §~ be a random variable with the same distribution as £ and independently
drawn. We have independent samples from the distributions of £ + y + ¢ and £ + ’. Applying
Fact B.1 to these distributions, we see that if we have at least O(1/a*)log(1/8) samples from the

distribution of (€ — £) + (y — y/') + t, these samples will have a median of ¢ + O(c'/\/a). O

Proof of Claim 3.4 To identify such a k, the idea is to ensure that E[§ + z | |£ + z| < Ack] =
E[£+ z | [£] < Ack] £ O(Ano) = E[¢ | |€| < Acok] + E[z] &+ O(Ano), and similarly for z’. The
theorem follows by taking the difference of these equations.

Before we proceed, we will need the following definitions: let P (4, z) be defined as follows:

P(i,z) :=Pr[|¢| € Ao(i — 1,3+ 1)]
+ Pr[|€] < Aio, |€ + z| > Aio]| + Pr[|] > Aio, |£ + 2| < Aio] .

This will help us bound the final error terms that arise in the calculation. We will need the following
upper bound on P(i,z) + P(i,2’).

Claim C.4. There exists a function P:N— Rt satisfying:

1. Foralli € N, P(i) > P(i, z) + P(i, z') which can be computed using samples from & + z
and £ + 7.

2. Thereisak € [(1/an), (C/a + 1/an)/"] such that kP(k) < 772?:1 P(k).
3. 320 P(k) = O(Pr(|¢ + 2| < Aok] + Pr[|¢ + 2| < Aok]).

4. With probability 1 — 6, for all i < (O(1) /na)®M/1, P(i) can be estimated to an accuracy
of less than O(n/i) by using poly((O(1)/na)/" log(1/5an)) samples from & + = and
E+ 2.

We defer the proof of Claim C.4 to Appendix C.2, and continue with our proof showing that
E[+ 2z | €+ 2| < Ack] = E[¢ | |£] < Ack] for k satisfying the conclusions of Claim C.4. To this
end, observe the following for f (&, z) being either 1 or £ + 2.

[E[f(£,2) 15| < 0d)] = E[f (S, 2) 1(|§ + 2] < o)
< [B[f(§,2) 1€ + 2| > oi) 1([¢] < od)]| + [E[f (€, 2) 1(I§ + 2| < o) 1(|¢] > od)]|.

By setting f(&, z) := 1 and considering the case where i = k satisfies the conclusions of Claim C .4,
we can bound the “error terms"

Pr(|¢ + 2| < Aok and |¢| > Aok] and Pr[|€ 4 2| > Aok and |¢| < Aok] in terms of P(k).

Furthermore, P (k) itself is upper bounded by O(n/k)(Pr[|¢ + z| < Ack] + Pr[|€ + 2/| < Ack]) as
per Item 2 and Item 3. Putting these facts together, we have that

[Pr{lé] < Aok] — Pr(l¢ + 2| < Aok]
= O(n/k)(Pr[|€ + 2| < Aok] + Pr[|¢ + 2| < Ack]).
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A similar claim holds for the distribution over z’. An application of the triangle inequality now
implies

|Pr(|¢ + 2/| < Aok] — Pr[|€ + 2| < Aok]|

=O0(n/k) (Pr[|¢ + 2| < Ack] + Pr[|¢ 4+ 2'| < Ack]).

If [A— B| < 7(A+ B)itfollows that (1—7)/(1+7) < A/B < (1+7)/(1—7). For7 € (0,1/2],
this means A = ©(B). Applying this to our case, we can conclude that Pr[|€ 4+ 2/| < Aok| =
O(Pr[| + z| < Ack]). Substituting this equivalence back into the previous expression, we obtain:

[Pr{lg] < Aok] — Pr(|§ + 2| < Aok]| = O(n/k) (Pr(|§ + 2| < Adk]) . ¢y

Similarly, when f(&,2) := & + z, we need to control the error terms: E[( + 2z) 1(|¢ + 2] <
Ack) 1(|¢| > Ack)] and E[(€ + 2) 1(|¢ + 2| > Ack) 1(|¢]| < Aok)].

Observe that (£ + z) 1(|§ + 2| < Ack) 1(|¢] > Ack) has a nonzero value with probability at most

E[1(|¢ + z| < Ack) 1(|¢] > Aok)] < P(k). Also, the magnitude of (£ + z) in this event is at most
Ack. Putting these together, we get that

k
E[(€ + 2) L(I& + 2| < Aok) 1(|¢] > Aok)]| < AckP(k) < O(Aon) S P(j
j=1

Unfortunately, we cannot use the same argument to bound E[(+2) 1(|{+2| > Ack) 1(|¢| < Adk)],
since | + z| is no longer bounded by Aok in this event. However, we can break the sum £ + z as
follows: £ + z = £ + 21(|z| > Aok) + 21(|z| < Ack). This allows us to get the following bound:

E[(§ + 2) 1(|¢ + 2| > Aok) 1(|¢] < Aok)]

< 240kP(k) + E[z 1(|z| > Ack) 1(€ + z| > Ack) 1(|¢| < Ack)]
< 2A0kP(k) + E[z 1(|z| > Ack)]

< 2A0kP(k) + Aok

k
O(Ano Z )+ O(Anoa),

where the third inequality follows by an application of Chebyshev’s inequality, and the final inequality
follows by choosing k > 1/(na).

Putting everything together, we see
k
E[(¢ +2) 1| + 2| < Aok)] = E[(€ + 2) 1(|¢| < Aok)] £ O(Aona + Aon Y P(j). ()
j=1
To finally compute the conditional probability, we use Equation (1) and Equation (2) to get
E[(¢ +2) 1(|¢ + 2| < Aok)] £ O(dona + Aoy 37, P(5)
Pr(¢] < Aok]
E[(¢ +2) 1(|¢ + 2| < Aok)] £ O(dona + Aoy 37, P(j)
(1+0O(n/k)) Pr[|{ + 2| < Ack]
=1 —06/k)) E[(§+2) | ¢+ 2] < Aok]
Aona + AonPr[|€ + z| < Ack]
+0(1) Pr[|€ + z| < Aok]
=E[({+2) | |£+ 2| < Ack] £ O(Ano) ,

where the second inequality is a consequence of Item 3, and the last is due to the fact that Pr[|€ + z| <
Ack] > a/2 whenever k > 2, which follows from an application of Fact A.3 while noting the fact
that Pr[¢ = 0] > a.

Taking a difference for the above calculations for z and z’, we see that,
E[(§+2) | [§ + 2] < Aok] — E[(§ + &) | [§ + 2| < Aok] = E[2] — E[2] + O(Ano).

E[(§+2) | [¢] < Aok] =
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Consider this final error, and let O(Ano) < CAno for some constant C. Repeating the above
argument initially setting = n’/C', where C is the constant gives us the guarantee we need.

Finally, we estimate the runtime and sample complexity of our algorithm. The main bottleneck in our
algorithm is the repeated estimation of P(¢) and estimation of E[(§ + 2) | |£ + z| < Ack].

According to Item 4, each time we estimate 15(1) to the desired accuracy, we draw
poly((O(1)/an)'/", log(1/éna)) samples.

An application of Hoeffding’s inequality (Lemma A.l) then allows us to estimate the con-
ditional expectation E[(§ + 2z) | |£ + z| < Ack] to an accuracy of nAc by drawing
poly((O(1)/an)/", log(1/éna)) samples as well. The exponential dependence here comes from
the exponential upper bound on k.

O

C.2 Proof of Claim C.4

In this section, we prove the existence of P(-) which is an upper bound on P(i, z) + P(i, z), which
we can estimate using samples from £ + z and £ + 2.

Proof of Claim C.4
Proof of Item I
Recall the definition of P(i, z).

P(i,z) :=Pr[|¢| € Ao(i —1,i+1)]
+ Pr[|¢| < Aio, € + z| > Aio] + Pr[|§| > Aio, | + 2| < Aio] .

For Item 1 to hold, we need to define P(4) to be an upper bound on P(i, z) + P(i, 2') which can be
computed using samples from £ + z and £ + 2’. To this end, we bound P(i, z) as follows. First, note
that we can adjust the endpoints of the intervals to get

P(i,z) < 3Pr[|g| € Ao(i—1,i+1)]
+Pr{l¢] < A(i — 1)0,|§ + 2| > Aio] + Pr[|¢]| > A(i + 1)o, [ + 2| < Aio] .

Then, we partition the ranges in the definition above into intervals of length Ao to get:

P(i,z) < 3Pr[|¢] € Ao(i —1,i + 1)]
1—2
+ ) Prll¢] € Ajo + [0, Ao), [¢ + 2| > Aio]
j=1
1—1
+ > Pr(le] > A+ 1o, [€ + 2| € Ajo + [0, Ao)].
j=1

Next, an application of the triangle inequality to || € Ajo + [0, Ao) and | + z| > Aio implies
that |z| > A(i — j — 1)o. Similarly, the same kind of argument when || > A(i + 1)o and
|€ + z| € Ajo + [0, Ao) demonstrates that |—z| = |§ + z — &| > A(i — j)o. We then use Fact A.3
to move from |£ + z| to |£] in the third term.

P(i,z) < 3Pr[|¢| € Ao(i — 1,i + 1)]

1—2
+ Y Pr(l¢] € Ajo + Ao[0,1),|2] > (i — j — 1)Ao]
j=1
i—1
+0(1) ) Prll¢] € Ajo + Ac[-2,3),|2| > (i — j)Ao] .
j=1
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An application of Chebyshev’s inequality to z, using the independence of z and &, gives that
P(i,z) < 3Pr[|¢| € Ao(i—1,i+1)]
i—2
+0(1) S_(1/(i — j — 1)*) Pr[i¢] € Ajo + Aal0, 1)
j=1
i—1
+0(1) S (1/( — j)*) Prli¢] € Ajo + Ao[-2,3)] .
j=1
Another application of Fact A.3 applied to (£ + z) — z then gives us
P(i,z) < 3Pr[|¢| € Ao (i — 5,1+ 5)]
i—2

+0(1)) (1/(i = —1)*) Pr[|¢ + 2| € Ajo + Ac[-2,3)]
j=1
i—1
+0(1) Y (1/(i = 5)*) Prll¢ + 2| € Ajo + Ao[-4,5)].
j=1
Finally, extending all intervals so that they match, and observing that Z (1 J(i—j—1)?)Pr[|€ +
z| € Ajo+ Ao[-2,3)] < Z;;ll(l/(z — §)?) Pr[|€ + 2| < Ajo + Aa[—4,5)], we get
P(i,z) < O(1) Px[|¢| € Ao(i —5,i +5)]
i—1

+0(1)> (1/(i — 5)*) Pr[|§ + 2| € Ajo + Ao[—4,5)].

j=1

We now let P(i, z) denote the final upper bound on P(i, z). The value of having P(i, z) is that it can
be computed using samples from & + z.

P(i,z) :== O(1) Pr[|¢| € Ao (i — 5,0 + 5)]
i—1
+0(1)Y_(1/(i = )*) Prll¢ + 2| € Ajo + Ao[-4,5)] .
j=1
We defined P(i) = P(i,z) + P(i, 7).
Proof of Item 2:
First observe that >~ | P (1) < C for some constant C. It is clear that this is true of the first term,

since every interval will get over-counted at most 10 times. To see that the second term can be
bounded, observe that

oco 1—1

> (1= 5)?) Prll + 2| € Ajo + Ao[—4,5)]

1=1 j=1

ZZ 1/(i — 5)2) Pr[lé + 2| € Ajo + Ao[—4,5)]

8

<ZP1"[|§+Z|€A]0+AU 21/27‘7 =0(1).

j=1 i=1
The first inequality follows by extending the limits of summation.

The final inequality follows from the fact that the total probability is at most 1, every interval of size
o gets over-counted at most finitely many times, and the fact that >~ ° 1/k* = O(1).

Item 2 now follows from the fact that P (1), > 1is a positive sequence that sums to a finite quantity,

and P (1) > /2, since the interval ]5(1) upper bounds is contains at least a constant fraction of the
mass of £ at 0 that is moved by z, 2/, and Pr[¢ = 0] > «.
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Applying Lemma B.2, we get our result.
Proof of Item 3:

Let k be such that Item 2 holds, i.e. kP(k) < n Z?Zl P(k), then the goal is to show 25:1 P(k) =
O(Pr[|§ + z| < Aok] + Pr[|§ + 2| < Ack]).

We first consider the sum over %, of ]5(2', z). It is easy to see that this is
k ~
> P(i,z) = O(1) Prll¢ + 2| < Ao(k +5)]
i=1
ki1

+0(1)Y D (1/(i = j)*) Pr[l€ + 2| € Ajo + Ao[-4,5)] .

i=1 j=1

The first term on the RHS is almost what we want. We now show how to bound the second term,

.
Z > (/i = §)*) Prll + 2| € Ajo + Ao[—4,5)]

i=1 j=1
k—1 k

<Y (/=) Pr[l¢ + 2| € Ajo + Ao[—4,5)]
J=1i=0;i#]
k—1 k

=3 Pr[|{+ 2| € Ajo + Ao[-4,5)] > (1/(i—j)?)
j=1 i=05i]

<0(1) Y Pr[|€+ z| € Ajo + Ac[—4,5)]
j=1
< O(1) Pr[[¢+ 2| < A(k +5)a] .

The first inequality holds since any pair of (4, j) that has a nonzero term in the first sum will also
occur in the second sum, and all terms are non-negative.

The second equality is just pulling the common j term out.
The third inequality follows from the fact that >, 1/i* = O(1).

The fourth inequality follows from the fact that each o-length interval is overcounted at most a
constant number of times.

This allows us to bound Zle P(i,2) by O(Pr[|¢ 4+ z| < Ac(k + 5)]) overall. Similarly for
S_i, P(i, 2'), we can obtain a bound of O(Pr[|€ + #'| < Ao (k + 5)]). Putting these together, we

see Zle P(i) < O(Pr|¢ + 2| < Ao(k+5)]+Pr{|¢ +2'| < Ao(k +5)]). Finally, to get the upper
bound claimed in Item 3, observe that

Pr(|¢ + z| < Ao(k + 5)] + Pr[|¢ 4+ 2| < Ao(k +5)]
=Pr[|¢ + 2| < Ao(k — 4)] + Pr[|¢ + 2'| < Ao(k — 4)]
+Pr[|¢ + 2| € Ao(k — 4,k + 5)] + Pr[| + 2| € Ao(k — 4,k + 5)]
< Pr[|¢ + 2| < Ao(k —4)] + Pr[|¢ + 2'| < Ao(k — 4)]
+ P(k)
< Prl€+ 2| < Ao(k — 4)] + Pr(l¢ + 2'| < Ao(k — 4)]
+ O(n/k)(Pr[|¢ + 2| < Ao(k +5)] + Pr[|€ + 2| < Ao (k + 5)]) .

Rearranging the inequality and by scaling 7 such that that O(n/k) < 1/2, we see that Pr[|€ 4 z| <
Ao (k+5)]+Pr(|+ 2| < Ao(k+5)] = O(Pr(|¢+2] < Ao(k—4)|+Pr[[{+2'] < Ao(k—4)]) =
O(Pr[|€ + 2| < Aok] + Pr[|€ + #/| < Ack]), completing our proof of Item 3.

Proof of Item 4:
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Finally, to see Item 4 holds, observe that 0 < P(i) < O(1). Let B = (O(1)/na)/" denote the
maximum index before which we can find a k such that kP(k) < n Zle P(i). Now, To estimate

P(i) empirically, we partition the interval (—B Ao, BAo) into B intervals of length Ao each, and
estimate the probability of £ 4 z falling in each interval. If we estimate each of these probabilities to

an accuracy of 77/(100 B), we can estimate P(7) to an accuracy of O(n/4).

An application of Hoeffding’s inequality (Lemma A.1) tells us that each estimate will require
O(B?/n?log(1/6)) samples. Taking a union bound over all these intervals, we see that we will
require O(B?/n*log(B/§)) samples.

Finally, another union bound over each i € [0, B] implies that we will need O(B?/n? log(B?/6))
samples.  Substituting the value of B back in, we see that this amounts to requiring
(O(1) /na)?/m log(1/nad) samples.

Estimating ]5(2) will take time polynomial in the number of samples, and so we take time
0(0(1)/na)H/m). 0

C.3 High-dimensional Noisy Location Estimation

In this section, we explain how to use our one-dimensional location estimation algorithm to get an
algorithm for noisy location estimation in d dimensions.

The algorithm performs one-dimensional location estimation coordinate-wise, after a random rotation.

We need to perform such a rotation to ensure that every coordinate has a known variance bound of

o/Vd.

Algorithm 5 High-dimensional Location Estimation: ShiftHighD(S1, S2, 7, 0, a)

input: Sample sets Sy, 5o C R? of size m,n € (0,1),0 > 0, a

1. Sample R; ; i.i.d. from the uniform distribution over {+1/v/d} for i, j € [d]

2. Represent S; and S5 in the basis given by the rows of R: r1,...,rg.
3. for i € [d] do

v} := Shift1D(S, - e;, S5 - €;,n,0(0/Vd), @)
end

4. Change the representation of v back to the standard basis.

5. Probability Amplification: Repeat steps 1-4, T' := O(log(1/0)) times to get C' := {v],...,v}}
6. Find a ball of radius O(no) centered at one of the v} containing > 90% of C. If such a vector
exists, set v’ to be this vector. Otherwise set v’ to be an arbitrary element of C.

5. Return v'.

Lemma C.5 (Location Estimation). Let y; := £+z; fori € {1,2} where Pr[§ = 0] > aand z; ~ D;
are distributions over R? satisfying Ep,[r] = 0 and Ep,[||z||?] < 02. Let v € R? be an unknown
shift. There is an algorithm (Algorithm 5), which draws m = poly((O(1)/na)*/",1log(1/dea))

samples each from yy and ys + v, runs in time poly(d, (O(1) /na)'/", log(1/dec’)) and returns v'
satisfying ||v" — v|| < O(no) with probability 1 — 4.

Proof. Consider a matrix R whose entries I?; ; are independently drawn from the uniform distribution
over +1/+/d. and whose diagonals are 1//d.

Our goal is to show that with probability at least 99%, the standard deviation of each coordinate of

Rz is bounded by O(c/v/d), i.e., the standard deviation of Rz - e; is at most O(c/+/d) for all integer
iin [d].

We can then amplify this probability to ensure that the algorithm fails with a probability that is
exponentially small.

23



772

773

774

775

776

777

778
779

780
781
782

783
784

785
786

787
788
789

790
791

792

793
794

795

796

797

798

799

800

801

802
803
804
805

806
807
808

To see this, observe that Rz - e; = r; - z, and so E,[r; - z] = 0.

El(ri-2)’] = ), RipRigElzpz]
p€ld],q€(d]

d
= Z E[z]]/d +2 Z Ri pRi g Blzpz]
i=1 p,q€ld],p<q
< (0?/d)+2 Z R pRi g Elzpz] -
p,q€ld],p<q
We now bound the second term with probability 99% via applying Chebyshev’s inequality. Observe
that E[z,z,] < /E[22] E[22] < ¢°. Since R;, and R; 4 are drawn independently and p # ¢, we see
that the variables R; ,R;  and R; ; R; ., pairwise independent for pairs (p, q) # (I, m), this implies
4

Pr(| 32, setapeq RipRiq Elzpzgl| > T] < dorggT)z By choosing T' = O(c?/d), we see that the
right-hand side above is at most 0.001/d.

A union bound over all the coordinates then tells us that with probability 99%, the variance of each
coordinate is at most O(c? /d).

Then, for each coordinate 4, we can identify v, = v; = O(no/ \/E) through an application of
Lemma 3.1. Putting these together with probability at least 99%, we find v’ satisfying ||v" — v]|? <
O(n?a?).

Changing between these basis representations maintains the quality of our estimate since the new
basis contains unit vectors nearly orthogonal to each other. With high probability, the inner products

between these are around O(1/+/d) for every pairwise comparison, so R approximates a random
rotation.

Probability Amplification: The current guarantee ensures that we obtain a good candidate with a
constant probability of success. However, for the final algorithmic guarantee, we need a higher
probability of success. To achieve this, we modify the algorithm as follows:

1. Run the algorithm T times, each time returning a candidate v; that is, with probability 99%,
within O(no) distance from the true solution.

2. Construct a list of candidates C' = {v], ..., v/} }.

3. Identify a ball of radius O(on) centered at one of the v} that contains at least 90% of the
remaining points.

4. Return the corresponding v/ as the final output.

5. If no such v exists, return any vector from C'.

Let E denote the event that a point is within O(no) to the true solution.

This will succeed with probability 1 — exp(—T'). To see why, observe the chance that we re-
cover (2/3)T vectors outside the event E is less than (0.01)%/3 T(Q/I,;T) < (0.047)T(T7;2) <

(0.047)T (27 /V/T) < (0.095). O

D List-Decodable Mean Estimation

This section presents an algorithm for list-decodable mean estimation when the inlier distribution
follows D,. Here, D, represents a set of distributions over R? defined as D, := {D | Ep[|z —
Ep[z]|?] < 0?}. In our setting, we receive samples from £ + z, where Pr[¢ = 0] > «, where « can
be close to 0. Our objective is to estimate the mean with a high degree of precision.

Note that the guarantees provided by prior work do not directly apply to our setting. Prior work
examines a more aggressive setting where arbitrary outliers are drawn with a probability of 1 — a.
These outliers might not have the additive structure we have.
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Recall the definition of an («, (3, s)-LDME algorithm:

Definition D.1 (Algorithm for List-Decodable Mean Estimation). Algorithm A is an («, 3, s)-LDME
algorithm for D (a set of candidate inlier distributions) if with probability 1 — § 4, it returns a list L
of size s such that ming ez ||t — Bz~ plz]|| < B for D € D when given m 4 samples of the kind z 4 &
for z ~ D and Pr[§ = 0] > a. If 1 — a is a sufficiently small constant less than 1/2, then s = 1.

We now prove Fact 2.1 which we restate below for convenience.

Fact D.2 (List-decoding algorithm). There is an (a, o, O((1/ 04)2/ "))-LDME * algorithm for the

inlier distribution belonging to D, which runs in time O(d (1/04)2/" ) and succeeds with probability
1 — 4. Conversely, any algorithm which returns a list, one of which makes an error of at most O(no)
in o norm to the true mean, must have a list whose size grows exponentially in 1/n.

If 1 — « is a sufficiently small constant less than half, then the list size is 1 to get an error of
O(V1—ao).

Proof. Algorithm: Consider the following algorithm:

1. If « < cand ) > \/: Run any stability-based robust mean estimation algorithm from [10]
and return a singleton list containing the output of the algorithm.

2. Otherwise, for integer each i € [1,100(1/c)?/"" log(1/8)?] sample 1/5% samples and let
their mean be ;.

3. Return the list £ = {p; | i € [1,100(1/a)%/7" log(1/6)2]}.

If the algorithm returns in the first step, then the guarantees follow from the guarantees of the
algorithm for robust mean estimation from [10] (Proposition 1.5 on page 4).

Otherwise, observe that the probability that every one of 1/5? samples drawn is an inlier, is o'/ n*

Hence, with probability 1 — § we see that if we draw 1/ samples O((1/c)2/"" log(1/8)2) times,
there are at least O(log(1/9)) sets of samples containing only inliers. Then, the mean of one of these
concentrates to an error of O(no) by an application of Lemma A.2. More precisely, Lemma A.2
ensures that with probability 99%, the mean of a set of 1/7? inliers concentrates up to an error of
O(no). Repeating this log(1/d) times, and hence get our result.

Hardness: To see that the list size must be at least exp(1/7), consider the set of inlier distributions
given by {D; | s € {#1}?} where each Dj is defined as follows: D is a distribution over R? such
that each coordinate independently takes the value s; with probability 1/d, and 0 otherwise.

Each D, defined above belongs to D Nie=vyr since E,p_[z] = s/d and

U

0’ = B [lo—s/d|’] = Zwl(%s)i[(xi — 5i/d)’]

; =1
Z 1—1/d)(1/d)? + (1/d)(1 —1/d)* = (1 — 1/d).

We will set the oblivious noise distribution for each Dy to be —D,. Our objective is to demonstrate
that the distribution of Dy — Dy is the same for all s and is independent of s. This means that we
cannot identify s by seeing samples from D; — D;.

Then, since the means of D and D', for any distinct pair s, s’ € {41} differ by at least 1/d, if we
set d = 1/n we see that there are 2'/" possible different values of the original mean, each pair being
at least 7 far apart, which is larger than no? = (1 — 7).

We can assume, without loss of generality, that s = 1, where 1 represents the all-ones vector. Each
coordinate of Dy can be viewed as a random coin flip, taking the value 0 with probability 1 — 1/d
and 1 with probability 1/d.

3Typo in main body: 7 instead of the correct 7jo.
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The probability of obtaining the all-zeros vector is given by (1 — 1/d)¢, which approaches a constant
value for sufficiently large d, and so, Pr,..p_ [z = 0] > 0.001, i.e., the « for the oblivious noise is at
least a constant. In fact, it can be as large as 1/e > 0.35 for large enough d.

Let the oblivious noise be —D. Now, consider the distribution of x + y, where = follows the
distribution D and y follows the distribution —D. If we focus on the first coordinate, 1 + y;, we
observe that it follows a symmetric distribution over {—1, 0, 1} which does not depend on s;. Also,
each coordinate exhibits the same distribution, and they are drawn independently of one another.
Hence, the final distribution is independent of s, so we get our result. O

E Proof of Corollary 4.2

Below, we restate Corollary 4.2 for convenience.

Corollary E.1. Given access to oblivious noise oracle O, ¢ 5, a (O(no), €)-inexact-learner Ag
running in time Tc, there exists an algorithm that takes poly ((1/a)Y/™"  (O(1) /n)¥/" log(Te/Sna))
samples, runs in time T¢ - poly(d, (1/a)1/"2, (O(1)/n)Y/" log(1/nad)), and with probability 1 — &
returns a list L of size O((1/a)Y/"") such that minge,||Vf(z)|| < O(no) + e. Additionally, the
exponential dependence on 1/1 in the list size is necessary.

Proof. This follows by substituting the guarantees of Fact 2.1 for the algorithm A, g in Theorem 1.4.
O
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