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A Proof of Proposition I

In what follows, we formally prove and restate Proposition [I] which shows that Automaton Con-
strained Q-Learning (ACQL), under mild conditions, is guaranteed to return the optimal policy. Our
proof is based on the proof of convergence for Q-learning using stochastic approximation theory in
[L]], extended with the theory of stochastic approximation under multiple timescales described in
Chapter 6 of [2]]. Refer also to [3H5] for similar analyses. The outline of the section is as follows:

1. Express ACQL as a stochastic approximation algorithm [1}, 2.

2. Show that Q¢ and Q)" converge to an optimal fixed point for any fixed safety discount factor
7. € (0,1).

3. Restate our Proposition [I]and prove it by showing that as 7. — 1, Q" and Q° converge to
the optimal state-action value function QQ"* and its corresponding optimal (undiscounted)
state-action safety function Q<*.

A.1 Setup

Assumption 1. The augmented Constrained Markov Decision Process (CMDP) M# =
(SA, A, TA, dit,r?, A, 7, L) for ACQL is defined on a finite state space S* and action space
A. For every state s € S and action a € A, there is an associated bounded deterministic reward
rsa = 7°(5,a) and bounded constraint feedback c,, = c*(s,a) observed if action a is applied at
state s.

Under Assumption |1} Q¢ and Q" are vectors in R? where d = |S# x A| is finite. The ACQL
algorithm can be modeled as a distributed, asynchronous series of noisy updates to components of
Q°and Q".

Assumption 2. For each state-action pair (s,a) € S x A, there are an infinite number of updates
applied to the components Q) , and Q5 .

The updates to these components are given by

Caln 1) = Q5o () + a(n) [ (1= 7e)ean + e min{ean, Qo (M)}) = Q5u(n)] and
ey

Laln 1) = QLo(1) 4+ b(n) [(raa +7Q (1)) = Qi ()] @)

where s” is a randomly sampled next state following the state s and action a. The elements of
Q°(n) and Q" (n) are potentially taken from older iterations Qf , (vs,o(n)) and Q% ,(vs,a(n)) where
Vs o(n) is an integer satisfying 0 < v, ,(n) < n. Recall that the policy 7 here is defined as
argmaxg.ge s, Q;a in terms of Q¢ and Q". However, we assume that old information is eventually
discarded as n — oc.
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Assumption 3. For all (s, a), lim,, o0 Vs o(n) = 00.

Assumption [3]is necessary to prove the convergence of distributed asynchronous stochastic approxi-
mation algorithms usmg outdated values (Q° and Q") [[1}16]]. Using Q€ is additionally necessary to
define the operator in (@) such that a fixed policy 7 can be used to prove the contraction property in
LemmalTl

We also update +, infinitely often with

Ye(n+1) =ve(n) + c(n) [(1 = 7e(n)) = ve(n)] . 3)

and assume that its updates are synchronized with the index n for the updates to the components of
Q°and Q".

Assumption 4. The step sizes a(n), b(n), and c(n) for the above updates satisfy

Z a(n Z b(n Z c(n) = o0
n=0 n=0 n=0
Yo am)? )y b(n)? Y e(n)?

b(n) € o(a(n)), and c(n) € o(b(n)).

Now, let g : RYxR? xR — R%and h : R x R? x R — R be operators defined for each component

(s,a) as
Js, a(Q Qc’ 'Yc) = (1 - ’Yc)csa + ’Yc |:m1n{csaa QS (s’ )} (4)
s a(QT Qca')/c) =Tgq + ’YE |:Qs (s’ )i| : (5)

Define a third mapping f(Q", Q% v.) = 1 — .. Without loss of generality, we express all the
operators as mappings from R? x R% x R to consider them as a coupled mapping from R24+1! to
R24+1, Finally, define two martingale difference sequences

Msc,a(n + ]‘) = Ye min{csaa Qi/ﬂr(s/) (n)} —Ye E [min{csav Qg’,ﬂ'(s’) (n)}j| and (6)
s
M o(n+ 1) = 3Q (1) = VE | QL ey ()] - O]

The updates to v¢ are deterministic. Using the above, we can express the three ACQL updates (TJ),
@), and @) as
Can+1) = Q¢ (n) + a(n) [9:.0(Q"(n), Q°(n),7e(n)) — QS () + M{,(n+1)] . (8)
a(n+1) = QLa(n) +b(n) [hea(Q7(n), Q%(n),7e(n) — Q% o(n) + M{y(n+ 1], (9)
e+ 1) = 7e(n) + c(n) [F(Q" (n), Q°(n), 7e(n) — 7e(m)]. (10)

Under the above assumptions and formulation, ACQL can now be analyzed as a distributed stochastic
approximation algorithm under three timescales.

)

A.2 Convergence of )" and Q¢ under a fixed ~,

Since the update to 7, happens much more slowly than the updates to Q" and QQ°—formally, the
step size ¢(n) for 7. shrinks faster than both b(n) and a(n)—we can treat -y, as approximately fixed
while analyzing the behavior of Q" and Q°. This allows us to study the convergence of Q" and Q¢
assuming that . is a constant value in the interval (0, 1).

Lemma 1. The mapping ¢ = g(Q", -, ) : R? — R4, for some fixed Q", some fixed feasible policy
7 (e.g., a policy based on Q¢ and Q" as in ACQL), and ~y. € (0, 1), is a contraction mapping.
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Proof.

19°(Q) 5,0 — gc(Qc)s,a| = "Yc}gf {min{csa’ Qg',ﬂ'(s’)}} —7E [min{csm Qg’,ﬂ(s’)}] |

s’/

= Ye E |:| min{csa, Qg’,w(s’)} - min{csa, Qg’,ﬂ'(s/)H]

2B [1Q ey —~ Qo] (Imin{a, b} — minfa,c}| < b~ e
<71Q° — QCHOO
Therefore, ||g°(Q°) — 9°(Q°)||se < Yel|Q° = Q°]|sc- O

Lemma 2. As n — oo, Q°(n) converges to a fixed point \1(Q", v..) for some fixed Q" and ~..

Proof. The convergence of Q¢ for a fixed Q" and ~. follows from Theorem 3 (convergence of
distributed stochastic approximation algorithms for a contraction mapping) in [[L]. Assumptions 1, 2,
and 3 in [1]] are satisfied due to our Assumptions E] and the definitions of M ,, M{ , in (6) and

(7). Furthermore, the contraction property of g¢ (Lemmal/[I)) is enough to satisfy Assumption 5 in [1].
Under these conditions, Theorem 3 in [1] holds true. O

Lemma 3. As n — oo, Q"(n) updated with ) using a fixed Q°(n) = A\ (Q"(n),c), such that
there is a feasible action in every state, converges to the optimal value function QI{L

Proof. The mapping h"” = h(-, Q¢,~.) : R — R for a fixed Q¢ = A\(Q",.) is a typical Bellman
operator for a fixed policy using only actions from a constant non-empty subset of .4 for each state s.
As aresult, Theorem 4 (convergence of standard Q-learning) in [1]] applies. O

Lemma 4. Q" (n) and Q°(n) asymptotically approach QT% and QS = )\1(62;':, Ye) asn — oo.

Proof. Lemmas [2and [3]serve to satisfy Assumptions 1 and 2 in Chapter 6 of [2]]. The boundedness
of our rewards and constraint signals also result in a bounded Q" (n) and Q¢(n), which satisfies
Assumption 3 in Chapter 6 of [2]]. The proof follows from Theorem 2 (convergence of two-timescale
coupled stochastic approximation algorithms) in the same chapter. O

A.3 Convergence of (Q",Q°) and ~,

We can apply a similar two-timescale argument now using 7. on the slower timescale and
(Q"(n),Q%(n)) on the faster timescale. The condition that the faster timescale converges to a
fixed point A2(7.) for a static ~. is shown in Lemma For the condition that the slower timescale
converges to a fixed point with (Q"(n), Q°(n)) = Aa(7.)) is true trivially because v, converges
without depending on (Q"(n), Q¢(n)) at all.

Lemma 5. ~,. converges to 1 as n — oc.

Proof. The update in (T0) is a discretization of the ODE ~.(t) = 1 — ~.(t). The solution to this ODE
isv.(t) =1 — (1 —7.(0))e", which asymptotically approaches 1 as ¢ — oc. O

Finally, similar to Proposition 1 in [[7], we observe that lim,,; g ,(Q°) = min{cs., Es Q% 7T(s/)}

yields a fixed point at (5%, = Er~r [Milse(o,00] Csay |so = s,a0 = a] matching the undiscounted
minimum-safety constraint (Equation (2)) in our main paper). Using this fact and another application
of Theorem 2 in [2]], we can prove our Proposition [I]

Proposition 1. Let M be an augmented CMDP with |S?| < oo, | A| < 0o, and vy € [0,1), and let
Q°(n) and Q" (n) be models for the state-action safety and value functions indexed by n. Assume
they are updated using Robbins-Monro step sizes a(n) and b(n), respectively, with b(n) € o(a(n))
according to (1) and @)). Assume that ~y.(n) is also updated with step sizes c(n) such that v.(n) — 1
and c(n) € o(b(n)). Then Q°(n) and Q" (n) converge to Q* and Q™ almost surely as n — oc.
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Proof. By Theorem 2 from Chapter 6 of [2], whose conditions are satisfied by Lemmas ] and [35]
the coupled iterates (y.(n), Q" (n), Q°(n)) converge almost surely to a fixed point (1, A2(1)) with
A2(7e) = (@ A (QLF,7e)) asm — oo Asve — 1, Q°(n) = Mi(QLF,.) also converges to
Eron [minte[o’oo] Csa,|S0 = $,a0 = a] with the policy 7 determined by lim,, s, Q"(n) = Q"*.
Therefore, the algorithm attains the optimal state-action value function and the corresponding optimal
(undiscounted) state-action safety function Q<. O]

B Additional ACQL Details and Pseudocode

Algorithm 1 Automaton Constrained Q-Learning

Require: An MDP M = (S, A, T,dy,r,7), an Signal Temporal Logic (STL) specification ¢ € P,
a safety limit L € [—1, 1], a learning rate «, an interpolation factor A

1: A < TRANSLATE(¢) > Sec. 4.1
2: S, G < PARTITION(A)
30 MA — (SA A TA s A, cA 7y, L) > Sec. 4.1
4: Qf,Qy, < MAKENETWORKS(S4, A)
5: 00,9«
6: R < MAKEREPLAYBUFFER
7. forj=1,...,N do
8: Ve < SAFETYGAMMASCHEDULER(j)
9: j (SA) < arg ma‘Xa:Qg(sA,a)>T QQ(SA, CL)
10: 7 <+ GETTRAJECTORY (M, 7))
11: R+ RUT.
12: B ~ R
13: B} < RELABEL(BT)
14: for:=1,..., M do
15: B; %{(sf,at,rt,ct,sf_,_l)}wB;
16: 0 < 0 —aVeLs,(0)
17: Y —aVyLi,(Y)
18: O+ 1—=XN0+X0,¢ <« (1 =N+ ¢
19: end for
20: end for

Training Summary Algorithm [T]describes the full ACQL procedure. Our algorithm requires a
base Markov Decision Process (MDP) M, an STL specification ¢, a safety limit L € [-1,1], a
learning rate «, and an interpolation factor A as input. We translate ¢ into an automaton A (Line 1)
that is partitioned to produce the mappings S and GG (Line 2). These mappings and the automaton
are combined with the input MDP to create the augmented CMDP in Line 3. The new state space
S of the CMDP and the action space A are used to create the parameterized functions Qp and @y,
with their initial parameters ¢ and 1), in Line 4. The initial parameters are copied to initialize the
target parameters ¢ and 1) (Line 5), and an empty replay buffer is initialized (Line 6). The algorithm
proceeds to iterate for /N epochs indexed by j. At each epoch, we obtain a value for the safety
discount factor -, in Equation () in Section#.2]of our main paper, which asymptotically approaches
1.0 as training progresses (Line 8). The policy 7; for the epoch is defined as the function selecting
the most-rewarding action according to (7, constrained by Qg (Line 9). A trajectory 7 is collected
according to an epsilon-greedy version of this policy (Line 10), and this trajectory is added to the
replay buffer (Line 11). We sample a batch of trajectories 5] and relabel them (Line 12-13). Finally,
we sample M mini-batches of transitions 3; from the relabeled trajectories (Line 15) and compute the
Bellman losses for both Qf and @7, over each mini-batch, with which we optimize their parameters
via gradient descent (Lines 16-17). After each step, the target parameters  and 1) are updated toward
the optimized parameters by the interpolation factor A (Line 18). As the loop proceeds, the policy 7;
converges to an effective and safe policy for the task specified by ¢ and M.

Automaton Analysis To better illustrate the initial automaton analysis in ACQL (Line 2), consider
the automaton in Figure[I} There is only one non-accepting sink-components of this automaton, and
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=(p1 V p2) A —ps —p3 1

Figure 1: Automaton for the task “Reach goal g; or go while never entering an unsafe-region u;.
Then reach gs.”, where achieving the goal g; corresponds to the atomic proposition p; and entering uy
corresponds to p4. The full Linear-time Temporal Logic (LTL) expression is —py U ((p1Vp2)AoOps).
The proposition p4 is only relevant to the task’s safety constraint, and the propositions p;, p2, and ps
are only relevant to the task’s liveness constraints.

it is the component consisting of the single node ¢3. For g, there is only one transition into this
component via the edge labeled by p4, so the safety for gy condition is S(gg) = —p4. For ¢; and
q2, there are no transitions to a non-accepting sink-component and so their safety conditions are
S(q1) = S(g2) = 1, meaning that the safety condition is trivially satisfied at all times in those states.
For completeness, we also consider the unsafe states themselves as having safety conditions equal
to the conjunction of their negated incoming transitions. Therefore, g3 also has the safety condition
S(g3) = —pa.

Now we can obtain the liveness constraints, which are summarized in the liveness condition mapping
O : Q@ — ® (See Section@.1]in our main paper). For g, the only remaining outgoing edge is the
one labeled —(p1 V pa) A —p4. Since S(go) = —p4, we can eliminate it from this transition predicate
to obtain O(qo) = (p1 V p2). For g1, one can simply obtain O(q;) = ps from its only outgoing
edge. For completeness, we also set O(g2) = ps using the incoming edges for ¢ since it is an
accepting state. This is purely to inform the agent of the goal associated with an accepting state once
it has reached it. From the above values for O, the mapping G can be defined by G(q0) = {91, 92},

G(q1) = {93} and G(q2) = {g3}.

Subroutines Algorithms and 4| present the pseudo-code for collecting trajectories in M4,
relabeling them with achieved goals, and computing the safety discount factor ..

The GetTrajectory function, in Algorithm 2} begins by sampling an initial state from the distribution
d4'. We also randomly sample positions from the environment to associate with each subgoal
proposition p € APype0a. This task randomization promotes collecting trajectories that explore a
greater portion of the state space through a variety of subgoal sequences, and we found that this was
necessary to stabilize training while using Hindsight Experience Replay (HER). We speculate that
the greater variety of state and subgoal combinations is needed to train a robust subgoal-reaching
policy. The agent proceeds to interact with the environment for a total of 7" steps. In a loop indexed
by ¢, actions are selected from an epsilon-greedy version of the input policy 7 (Line 5). The reward,
constraint feedback, and next state are observed (Lines 6-8) and stored in the trajectory 7 (Line 9).
After T steps have executed, the trajectory is returned.

The Relabel function, in Algorithm[3] takes a batch of trajectories B.. For each trajectory in the batch,
the function determines the final achieved state g’ and overwrites a single subgoal for every step in
the entire trajectory with ¢’. It also overwrites the reward for each step with 1 for steps that were
sufficiently close to ¢’ and O for steps that were not. We found that this relatively simple strategy,
despite the fact that trajectories were collected with multiple-subgoals in-mind, was sufficient to train
reliable goal-reaching policies.

The SafetyGammaScheduler function, in Algorithm[d] generates values for -y, starting from an initial
value and gradually increasing toward 1.0 with exponential decay. To ensure accurate learning of
state-action safety function models, it was necessary to cap -, at a value slightly below 1.0.
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Algorithm 2 GetTrajectory

1: function GETTRAJECTORY(M?, 7)

2 5(()4 ~ d(l)q’ gi ~ P(g) for pi € APsubgoals
3 t<+ 0,7 ()

4 while ¢t < T do

5: ag ~ We—gr&edy(s?)

6: T 7"‘4(8247 at)

7 Cct — cA(sf‘,at)

8 StA+1 ~ TA(S?,C%)

9: T TU (58,7, ¢, ar)
10: t+—t+1

11: end while

12: return 7

13: end function

Algorithm 3 Relabel

1: function RELABEL(,)

2 for 7 € B, do

3 g’ + the final goal state achieved in 7.

4 for s, € 7 do

5: Replace g; in st with ¢’

6: r+ < 1if ¢ achieved in s;* and 0 otherwise.
7

8

9

0:

end for
end for
return 3,

10: end function

C Model Architectures, Environment Implementation Details, and
Hyper-Parameters

Model Architecture and Policy Our method trains two models: the state-action value function,
Q- and the state-action safety function, (5. Both models employ twin neural networks and use the
minimum of their predicted values to mitigate overestimation in value and safety estimation. For the
ablation study using a state-action sum-of-costs function, we likewise use twin networks, but instead
take the maximum of the two predictions to maintain a conservative (i.e., pessimistic) estimate.

To simplify handling multiple goals, pr is defined using a goal-conditioned state-action value
function model, Qgc : S x G x @ x A — R, parameterized by 1. At runtime, Qgc is called for
each subgoal g € ¢g*. This approach exploits the fact that goal-conditioned value functions form
a Boolean algebra under the min and max operators [, 9. For example, consider two subgoal
propositions p1, p2 € APubgoal- In the simplest case, when O(g) = p1, we compute Q7,((s, 91, q), )
as Qgc(s, g1,9,a). When O(q) = p1 A ps (i.e., both subgoals must be achieved to progress), we
compute the value as the minimum of Qgc(s, 91,4, a) and Qgc(s, 92,4, a). Conversely, when
O(q) = p1V p2 (i.e., achieving either subgoal suffices), the value is the maximum of Qgc(s, 91,4, a)

and Qgc(s, g2, q, a). This pattern generalizes to arbitrarily complex Boolean formulae, allowing us
to efficiently approximate (), using a single goal-conditioned network.

We also observed that, because liveness constraints are separated into the goal input, conditioning
behavior on the automaton state is only necessary when safety constraints differ between automaton
states. As a result, we do not require a distinct “mode” for every automaton state g € Q, but only for
each unique safety condition in the mapping S. To encode this, we train @}, using a multi-headed
neural network, where each output head corresponds to a distinct safety condition. For example, in
the automaton shown in Figure[T] the mapping S assigns states to one of two safety conditions: —py
or 1. Accordingly, Qgc has two output heads, selected based on the currently active safety condition.

In all ACQL experiments, Qgc shared a hidden layer of 256 neurons across all heads; each head

then had an additional hidden layer of 256 neurons. All layers used ReLU activations, and the final
output layer had |.A| neurons with no activation function.
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Algorithm 4 SafetyGammaScheduler

1: function SAFETYGAMMASCHEDULER(j)

2: X < j <+ update_period

3 y < 1.0 — (1.0 — init_value) - decay_rate*
max_value if y > max_value

4: return
0.W.

5: end function

The model Qg follows the same architecture as QZ, with a goal-conditioned, multi-headed neural
network, but differs in two key respects. First, for disjunctive goal conditions (p; V p2), the output
is defined as the minimum of Q5 (s, g1, ¢, a) and Q§° (s, g2, ¢, a), to ensure conservative safety
by taking the worst-case estimate across disjunctive paths. Second, QEC uses a different network
architecture: it has two shared hidden layers of 64 neurons each, and each output head includes two
additional hidden layers with 64 and 32 neurons, respectively. All layers use ReLU activations. The
final output layer consists of |.4| neurons with a tanh activation function.

The policy was implemented in terms of these two value functions according to the constrained
maximization 7(s) = argmax,.qe s,a)>1 @7 (8, a). In the case that no action was deemed feasible

by Q5. the safest action max, Q°(s, a) was chosen. The exploration policy Te—greedy Would behave
as above with probability 1 — €, and with probability € select a random action without considering

Q" or Q°.

Environment Implementation For our simulated experiment environments, we used the Brax
physics simulator [[10]] and assets provided in JaxGCRL [11] for the PointMass, Quadcopter, and Ant
environments. Acting in these environments was facilitated by a set of discrete actions corresponding
to movement in the cardinal directions. Specifically, the actions in the PointMass and Quadcopter
environments output a constant low-level action to accelerate in one of the four or six available
directions for 5 consecutive steps. The actions for our UR5e environment, which we used to train our
real-world-deployed policies, similarly moved the robot’s end effector in the 6 cardinal directions for
a single time step. The actions in the AntMaze environment were policies trained separately using
Proximal Policy Optimization (PPO) [[12]] for 50000000 environment interactions with the objective
of maximizing velocity in each of the four cardinal directions and would run for 4 consecutive steps
when executed. All further details regarding environment geometry and task definitions for our
simulated and real-world experiments are included in our|/Anonymized Code Repositoryﬂ

Hyper-Parameters Table[T|reports the hyperparameter values most commonly used in our experi-
ments, including hyperparameters for the safety gamma (v.) scheduler described in Appendix [B| For
a complete account of hyperparameters, as well as ACQL, baseline, and environment implementation
details, refer to our Anonymized Code Repositor

Table 1: Hyperparameter values used for experiments in Tables and[i] in our main paper

Hyperparameter Name Value
Episode length (T") 1000
Discount factor (vy) 0.99
Learning rate (o) 1-107*
e-greedy factor (e) 0.1
Safety limit (L) 0.0
Safety Gamma Init Value 0.80
Safety Gamma Update Period 250, 000
Safety Gamma Decay Rate 0.15
Safety Gamma Max. Value 0.98

Target parameter interpolation factor () 0.005

"https://anonymous.4open.science/t/acql-4B4C
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Compute Resource Requirements All experiments were conducted on a single NVIDIA RTX
3090 GPU (24 GB VRAM), using a local workstation equipped with an 12th Gen Intel i7-12700F
CPU, 32 GB RAM. No cloud services or compute clusters were used. Each individual experimental
run required approximately 30 minutes of compute time on the GPU. The full experiment grid consists
of 225 runs for the comparative analysis and 90 runs for the ablations, amounting to approximately 315
GPU-hours. Minor additional compute was used for initial hyperparameter tuning and development.

D Expanded Experimental Results

Figures [2] and [3] show the average reward and success rate throughout training for the baseline
comparison experiments summarized in Table[I] The Logical Options Framework (LOF) baseline
cannot be depicted on these plots as it does not learn a single policy in the same MDP as the
other methods, and instead learns a policy that chooses subgoal-specific options for an abstracted
state space Q x S, constructed from the automaton states Q and the finite set of states S, C S
corresponding to task subgoals. Figures[dand[5]show the average reward and success rate throughout
training for the experiments summarized in Table [2]in our main paper. The differences in amount
of training steps depicted by the figures is due to the different design and training pipelines that
the two algorithms observe. ACQL collects complete trajectories to store in the Replay Buffer and
Counterfactual Experiences for Reward Machines with Reward Shaping (CRM-RS) just collects
individual transitions. We want to highlight that our algorithm converges earlier during the training
and this difference does not play a significant role in the performance gap reported in Table 1.
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Figure 2: Average and one standard deviation of episode reward throughout training for the five runs
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runs per method that are summarized in TableElin our main paper.
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Figure 4: Average and one standard deviation of episode reward throughout training for the five runs
per ablation group that are summarized in TableElin our main paper.
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Figure 5: Average and one standard deviation of episode success rate throughout training for the five
runs per ablation group that are summarized in TableEl in our main paper.
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