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A Experimental Details

A.1 Experimental details on classifying MNIST digits

Preprocessing data. We first preprocess the training data, i.e. digits {0, 1,2} by centering: x; <
x; — &, where & = Zie[n] x;/n is the global mean image of the entire training data. Then we

have plotted the normalized correlation matrix K T2 ”z—;u

>} ] of the centered data, showing
1,1 €[n

in Figure 2(a) that two data points of the same digit are likely to have a positive correlation and
those different digits are likely to have negative correlations. This suggests that the orthogonality
separability assumption in Assumption [I]is approximately satisfied.

Training. Given the centered data, for a two-layer ReLU network (2) of width-50, we initialize all
entries of the network weights with i.i.d. Gaussians with variance 10~%. Then we run SGD of batch
size 1000 with learning rate 0.1 for 50 epochs. For the trained network, we visualize the output neuron
weights v;, j € [h] and determine the N, by letting N}, = {j € [h] : k = arg maxy (€, v;)}, then
jeN;, Wi

_ for each group Ny, as

also visualize the average direction of the input neuron weights T ool
JENE 7

shown in Figure 2{b).

A.2 Experimental details on normalization layers

Modified ResNet. We take the ResNet18 and ResNet50 implementations (The first conv layer
is modified to accommodate MNIST and CIFARI10 input sizes) in Pytorch and replace the final
linear classifier with a two-layer ReLU network of width-1000, and also add a normalization layer
(Identity/None, LayerNorm, or RMSNorm) between the classifier and the feature extractor. The
initialization follows the Pytorch default.

Training. For each choice of (model: ResNet18, ResNet50)-(Dataset: MNIST, CIFAR10), we repeat
5 runs (with different random seeds) of SGD of batch size 128 and learning rate 0.1 (for ResNet18)
and 0.02 (for ResNet50) with momentum 0.95 for 50 epochs; and for every 20 epochs, we reduce the
learning rate to 0.1 of its current value. We plot the NC metrics and test accuracy against training
epochs in Figure 3]

Within-class Variability Collapse Class Means Separation Self-duality 99 Test Accuracy
6
0.15 0.5 - ;\:
S See——x
50.10 \,\K Soa 005 N\"\,\\_*M 704 /" Nommalization
“ \\aﬁ_\__’ “ ~ So02f A e
0.05 03 0.4 L g9%. | RMSNorm
< —— LayerNorm
0 20 %0 0 20 g 0 20 E 905 20 %
Epoch Epoch Epoch Epoch
lVglithin-class Variability Colla; Class Means Separation | Self-duality Test Accuracy
: : =80
Dﬁ
~ 1.0 en 1.0 270 Normalization
% LZ) s —— LayerNorm
0.5 0.5 § RMSNorm
60 B
g Z None
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Figure 4: Measuring NC in trained modified ResNet50 on MNIST (top) and CIFAR10 (bottom)

NC metrics. The NC metrics follow those used in prior works except for the projected self-duality.

Given the class means ¢y = W and global mean ¢ = Zszl ¢/ K, NCl is defined to

St Diex,, lbo (@) —dnll®/|Zr|
Yo low—al

NC2 is defined to be the proximity of the gram matrix of the class mean directions to the identity

matrix ||ﬁ - \/%IHF, where G = [¢; - J)K]T [¢1 -+ K]. NC3is defined to be

. = —— . 5t -
the proximity of V'@ to an identity matrix || ﬁ - \/%EH P

In the main paper, we have only provided the plot for ResNet18. We show the plot for ResNet50 in
Figure ]

be the ratio between intra-class variance and the inter-class variance
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s+ B Neural Alignment under Multi-class Orthogonally Separable Data

835 B.1 Basics on neuron dynamics under multi-class problems

gss The differential inclusion 8 € —VoL(0) gives rise to the following characterization of the time
837 derivatives of neuron weights Vj € [h]:

Z &ij (Yi — 9i,v5) @i, (20)
Z&U ) (x5, w;) @1)
=1, (i,w;) >0
where &;; ¢ € [0,1], (x;,w;) =0, 9; = Softmax(f(x;;8))
=0, <£Ci7'l,Uj> <0

gss It will become clear soon that it is convenient to decompose the weight dynamics into those of the
83 weight norm and of the weight direction, for which we use the balancedness that ||w;|| = ||v;|, Vj:

(weight norm dynamics)

d d = .
lost? (atso 1012 ) =23 5t ) (i)
i=1
- v, w;
=236 (w00 72 ) (o o ) By lPs @2
; ’ [l o] [l /7
(input neuron angular dynamics)

dwj
@ Ty~ 1 ooy Hzf” B

= I, qu<yz o ol >w (23)

(output neuron angular dynamics)

d v,
— i = oy, &ii(y (i, wj)
dt [lv, ]| — IIUJII Z ’ ’
Z & <a: ] > (i — ), (24)
ss0  where I, := (I e Hz) denote the project matrix onto the orthogonal complement of .

ss1 By inspecting (22)(23)(24), we note that the dynamic of each neuron pair (w;,v;) is almost de-
s42 coupled from each other except for the interaction through ;.7 € [n]. Interestingly, at the early
843 phase of the GF, (we will show that) the norm of the weights remains close to zero, resulting in
844 Y; ~ ]1( 1,Vi € [n] thus fully decouples the neuron pair dynamics, the precise statement on such an
845 approximation y; ~ ?1 is as follow:
g6 Lemmal. ||g; — +1|| < \/—RH]"(:I:Z,O)H whenever || f (z;;6)|| < 1.
847 Proof. First of all, we have
-1 >0
|exp(z) — 1| = max{exp(z) — 1,1 —exp(z)} = {ixp(!j:lp)(p]), z 0"

g4 We always have 1 — exp(—|z|) < |z|. Moreover, whenever |z| < 1, we have exp(|z]|) — 1 < 2|z|.
g4s9 Therefore, we conclude that
lexp(z) — 1] < 2[z|, V|z[ < 1. (25)
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With (23), whenever || f(z;; 0)|| < 1, we have
max | exp([ (@:; 0))¢) — 1] < 2max [f wi; O)il < 2 (i: 0)]. 26)

Now we bound |§; — + 1| using entrywise bound. Notice that

(9], — &| = ’ exp([f (2:;0)]x) L‘
’ Ek/ 1 exp([f(whe)]k/) K
1+ (exp([f(2i;0)]r)—1) 1

K (exp([f(@i30)])-1) K

_ | K(exp([f (2::0)]6) =D =32 _ (exp([f (x::0)],1)~1)
K(K+3205_, (exp([f (@4:6)],/)—1))

Klexp([f (2::0)16) —1+305 _ lexp([f (2::0)],) =1

<

= K(K=35_, lexp([f(2:;60)],)—1])

® kw0 (rI<d)

< il T L f (s 0)]) @7)
Finally, we have ||§; — +1[| < VK max; |[§:], — | < Sl f (@i 0)]. O

B.2 Analyzing neuron dynamics during alignment phase

In this section, we show the formal statements for the alignment dynamics we have introduced in
(16)(17). During the early phase of the GF training, the norms of the weights remain small (Lemma
[2), leading to an approximate alignment dynamics in Lemma [3] which will be crucial for subsequent
analysis.

Lemma 2. Given some balanced, e-small initialization 0(0) with € <
to the GF dynamics (3) satisfies that Vt < —~— =T,

W%, any solution 0(t)

Xmax 1 g f

llw; (8)[* = [v;(®)]1* < % Vielh], |[If(zi;00t)] < 2XmaxVh. (28)

The alignment phase refers to the tralnlng phase until 7' = log e With Lemma (2)), we can

approximate the angular dynamics < 5 Hw I and 4 throughout the ahgnment phase as follow:

dt Hv Il
Lemma 3. Given some balanced, ¢-small lnltlallzatzon 0( ) with e < 5 XV A solution 0(t)
to the GF dynamics (3) satisfies that ¥Vt < =T,

4nX . log Vhe
16
anaxﬁ7 vj E [h}7

d wy L \/ﬁ - <~ v; >

- —1I — i By, —2— .

dt Jlw; | ‘”j< K 28\ Bue e )| < TR

d wv;

@Ilvj” — 11, (FZ&] <a:z, >Eyz> H \FenXmax\f vj € [h]

Proof of Lemma[2] From Section[B.T, we have
d - v, W
— [Jw,]|* = 2 fz"<yz‘—?)i,]><wi,J>|w‘H2 (29)
de” ; ’ Al [yl /7
Let T := inf{t : max;|f(x;;0(t))| > 2¢XmaxV'h}, then V¢ < T, j € [h], we have
d 2 - ~ v,
ailol® =236 (yi = 9 12y ) (s 7oy ) N 2
1=
<2316 (i = 9 72| | (s iy )| e 2
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(F + (@i 0)])) X

(Xmax - %) |lw;|? < 2n (Xmax n %) losl2 GO)
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I
—

IA
[\
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s
Il
-
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N
Il
_

Let 7; := inf{t : |Jw; ()|* > ﬁ} and let j* := arg min; 7;. Then 7;+ = min; 7; < T, which can
be shown by contradiction:

Suppose Tj« > T, then att = T' < 7;, by the definition of 7;«, we have max; [|w;||? < ﬁ,
and by the definition of 7" and the continuity of 8(¢) w.r.t. ¢, 3i* € [n] such that | f(x;+;0(T))| =
26Xmaxx/ﬁ, therefore,

26X naxVh = |f(zi-; 0(T))| = Z §irjvj (wj, Ti+)

€[h]
< “jlllvj | lw; || ||a;-
J€(h]
<Y Xmax|w;[|* < hXomax ma lw; 12, (3D
J€Elh]

which suggests that max ;¢ [|w;||* > % a contradiction.
Now for ¢t < 7« < T, we have
d
T
By Gronwall’s inequality, we have V¢ < 7;-

lw;-(£)]|? < exp <2n (Xmax + 166)&‘%"\F> t) lw;-(0)]|* < exp (2n (Xmax + %) t) 2.

then by the continuity of ||w;-(¢)||%, we have
2n (Xmax + 7166)3%"%) Tj*) €?

166Xmax\/ﬁ 1 1 2
2n (Xmax + = ) x. - log m) €

(
(
(3 + 20) g 2
(

SeXplogl)z—E

1P < 20 (X + 228 |2 (32)

A 1 1
Suppose 7+ < X log Tie

N

®

s
o

where the last inequality is due to € < VK N This leads to a contradiction. Therefore, one must

16 XmaxVh
have T' > 7j- > g-x—log (ﬁ) This finishes the proof. O

Proof of Lemma[3] We have shown in Section [B.T that
R <Xn25 <yi —y”f>sc> . (33)
at oy | = s { 250 o]

Therefore, V < T,

by = T (S0 € (v — 9 iy ) @)
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= Hij (Z?—l €1J< (yz - %1) +(%1 - Qz)a ‘Zj” >wz>
_ /Kgléyi
= H’lJIJj (\/ % Z?:l €ij <Eyz7 ”Zﬁ> wi) + Hi)j (Z?_1 Ezy<([1(1 - yi)7 H:j:H

Finally, we have

1

e — 10, (V55 S & ( By o) )|
= ‘Hij<2?_1€ij<( 1-19i), v, |>33z>

" R (Lemma (Lemma
<Yzl =gl <7 FenXmaxllf(zs0)] <7 JERenXivh, (34

where we note that applying Lemma[requires | f(;;0)| < 1, which is guaranteed by Lemma[
i 1
and our choice € < X Vi We have shown the approx1mat10n error bound for 4 a5 Hw T A similar

bound can be derived for 4 % O
dt [yl

B.3 Neural alignment under multi-class orthogonally separable data

Sufficient statement for Proposition 1} It is easy to check that the following proposition is sufficient
for Proposition [I]to hold.
Proposition 3 (Sufficient statement for Proposition|l). Let K > 2. Given orthogonally separable

data (Assumption |Z) with ﬁ < 2K — 3, where XmLX = max,e[n] ||wl|| and Xmln =

min;e|y) |
small e, for any solutzon 0(t),t>010 () and any j € Ny, k € [K), define

Tr, =inf{t > 0: || = |Ti|, |27 | = 0,VK # k}, (35)

>0, Viel;

then Vt =T, we have 2,07 = |k, |27 | = 0, VK" # k, thus wk(t)T:l:i{< 0, Vi,

,Vien).

Therefore, we can study the dynamic behavior of each neuron pair individually, for convenience,
let j € Ny, and we drop the index ;.

For a neuron pair (w, v), we have defined the following:

w . . .
o = <wi, ||w> , (alignment between input neuron and ¢-th data)
B == < Yi, — o] > (alignment between output neuron and ¢-th label)
¥ ={i €Iy : a; > 0}, (number of active data points in k-th class)

and
= Z o = Z oy , (alignment between input neuron and k-th class)
€L 1€Lg:a; >0
———
we mostly use this notation for clarity

By := <ek7 o] > (alignment between output neuron and k-th class)

Overview of the proof of Proposmonl_1 First, we utilize the alignment dynamics in Lemma 3, to
show that (Recall that T' = log —=)

Lemma 4. Given a neuron (wj7 v;),j € Nk, during the alignment phase t < min{T},, T}, the
following holds:
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) > 1.

1 Hv 0 remains close to its target pseudo-label: B > 1 — R=T)

2. Hw [ remains close to its target class: A =23 0 Arr = Ae(0) — 2325 Ai (0);

3. Neuron H H does not deactivate data from target class, nor activate data from non-target class:

17| > |zw<0>| and |T| < [T |, VK # k.

The characterizations in |4 suggest that the neuron weight directions {HZ—JH, H:—JH} remains close
J J

to the attractor {&y, €}, and as the weights move closer to the attractor, |Z, ’ | increases to |Zj|,

and |Z,, | decreases to 0. When the initialization scale ¢ is sufficiently small so that 7 is large, this
Lemma will show that 7', is finite, and we will provide an upper bound.

Then the following lemma shows that the desired property for neuron (w;, v;) still holds after T;: k-

Lemma 5. for any neuron (vj, w;), j € Ny, we have ¥t > T, :

1. HE—JH remains close to its target pseudo-label: sz > %
J

2. H:Zijl\ is exclusively activated by data from its target class: |I,?| = Ny, |Z.’ | = 0,Vk' # k.
J

The remaining parts of this section are dedicated to proving these two Lemmas. The next section will
formally prove Proposition 3] thereby proving Proposition|T}

B.3.1 Proof of Lemmal

Basic dynamics. The main proof concerns the time derivatives of the alignment to classes
%A;€7 %Bk. With Lemma we have their approximations during the alignment phase:

aAk = DicTprai>0 Tl

= D ieTiiai>0 <w2, diul>

= Sieriaso (w0 (V52 iy & (Bye, iy ) v ) ) + 0 (36)
VES Siezanmo (@0 T (i &) + O(c)
= \/gzielk:ai>0 Dira, >0 (®i, &vair) — ai§pair) Bir + Ole) (37)
= \/gziezk:apo di<w<K Zi'ezk,:a,i,zo (@i, & i) — iyair) By + O(e)
= @Zlgk/gl( D ieThiai>0 2uireTy a, >0 (®ir &) — iy i) By + O(e) (38)
\/gzhgk/g( B (Zielk:ozi>0 2ireT, o, >0 (®i, & i) — aifz"ai')) + O(e)
= \/@ng/gk By <<Zi61k:ai>0 i, Zi/ezk,:ai,zo fi’mi/>

- (Zielk:ai>0 O‘i) (Ei'ezkl;ai,zo fz"%‘/)> + O(e)

@Zlgk’SK By (<Zi€Ik:a7¢>O L Zi/EIkl:ai/ZO fz"wi’> - AkAk/) +O(e),
(39

s17 where (39) uses the simple fact that 3 0, o7 ., 50 & =X ier, 0,50 @i = Awr, (38) uses the

918

919

fact that 3;; = <E'yi/, H%\I> = <ék/, H%\I> ifi’ € Iy, uses the fact that & = 0if oy < 0, and
(36) uses Lemma 3] with the O(€) term being

ZieIk:ai>0 <w“ diL HJ_ (\/721/ 1 & <Ey1/, Tl > Ty >> )
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whose norm can be upper bounded as follows:

d _w K— n n v
Hziezm.w <wi»am—ﬂi (\/lez":1 37 <Eyzm> ) H

< iy [l Hdt Tlwll — 1L, (\/ % Dir—1 & <Eyi/, ﬁ> mz/) H = %EnQXrgﬁqx\/E-

and

- o

(Bl
Q—‘g_

)

- (et (S o) ) 010

= VE (a0 (Sicpar Sien, a0 0iBu1 ) ) +0(0)

= 5 (e T (L1 cwcic Ciezy a0 ién ) ) + O(e)

= \/gzlswsx ez, a0 (€ My éw) ai + O(e)

= B Sicper (1) — BiBi) Sier, o i + O(6)

= /B Sicper A (8. éx) — BiBi) +O(6)

= 5 (A= B + S Aw (— 75 — BiBr) ) + 0(0), (40)

where multiple facts used to derive (39) are also used here, and in (40), the O(e) has its norm upper

bounded by J-enXy, Vh.

Axuillary Lemmas. The following lemmas will be needed.

Lemma 6. Given By, k = 1,--- | K defined for a single neuron pair (w,v), we have

—2(1 = By) — g < Bw <2(1—By) —

Proof. With the following basic derivation

Kl’

Y, K'with k' # k.

6. 2N P —6, e Nlé Y —6.4+éN=(é6., Y —&,.)— L _
By = <ek’a H”H> <ek/7 To — €k + ek> <ek/7 Tol — €k + ek> = <ek’a Toll ek> K_1°

the desired result comes from the fact that ‘<ék/, ﬁ — ék>‘ < ‘

H%H—ékH —21-B,). O

Lemma 7. Given a dataset that satisfies Assumption[I} then the following is true:

e Yk and some a;, Vi € Iy, we have

|| ZiGIk, aiwiH Z Vv Hs ZiGIk aiXmin ; (41)

* Vk # k' and some a;,by > 0,Vi € Iy, i’ € Ty, we have

<Zi€l’k G, Y e, bi'f’?z"> < —pall Lier, willll ez, bz - (42)

Proof. For the first inequality,

> ez, @izl = \/Ziezk ailleill? + 32, aiaj (@i, x;)

> \/Zielk @G pus|[@l|? + 25 @i s il |

> V Ms \/Ziezk alz + Zi;ﬁj aianmin = VHs ZiEIk aiXmin .

For the second inequality,

<Zi€zk @i, Ei'eIk/ bi’wi’> = ZieIk,i’eIk/ a;by (T, @)

26
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Lemma 8. Given {z;,i € T} with (z;,z;) <0,Yi,j € Z,i # j, then ||, 7 zil| < /> ez ll2il]%

Proof. || Siez 2l = \/Siez 1512 + oy (6 23) < v/ Siez T =

Lemma 9. Given a dataset that satisfies Assumption |I, 30 < ¢ < 1 such that Vk € [K] and
Vw € {z: 0 < |Z7| < |Z|}, we have Hziezk:apo xi||” — A? > pX2,.¢

Proof. Notice that
2 2 2 2ieT, ia;>0 Ti 2
||Zi€Zk:Oé'i>0mi|| —‘Ak - ||Ziezk:ai>0mi|| <1— <H‘1157H7 ||Eiezl;;a:>0wi“> >

(Lemma ; T 2
N m/J,Sanin (1 _ <L Zlezk1&i>0 > ) ) (43)

Twl* TS iezya;50 @il

2
However, the nonnegative quantity (1 — < w ZicTyiazo > can not be zero: Suppose it

lwll” 12 ez, 0, >0 ®ill
is zero, then w o< £, 7 ., i, which corresponds to either [Z7| = 0 or [Zf| = |Z;|, a
contradiction. We let its lowest value be ¢ > 0. This finishes the proof. O

The proof. Now we are ready to prove Lemma 4}

Proof of Lemma[] We define the following:

leinf{t20:6k<1—m},
7o = inf {t >0 Ap =250 Ar < AR(0) =25, A (0)} :
T3 = inf {t >0: |7 < \I;”(O)\ or 29| > |Iu,’(0)| for some k’} .

Then it suffices to show that min{71, 72,73} > min{77,, 7'}, for which we prove them by contra-

()
diction. Note: In the proof we will use ' >'" to represent an inequality that holds when c is
sufficiently small.

Case 1: min{m, 72,73} = 71.

At 71, by the continuity of By, we must have B, (11) = 1 — m Suppose 71 < min{77,, T},
then we have the following derivation

d

—B

S

(Lemma@

> VE (A1 = B + S A (— x5 — B (20-B) - 25) ) + 0(0)
- JEL (A6 = B2) =240 Av (51755 + Bul1 = By)) ) + O(e)

= 52 (A 2T A ) (1= BY) 4250 40 Av (1- B — 585 — Bu(1 - B1)) ) + 0(¢)

(t:Tl)

> = («41« =23 Ak') ToT T2 0k Ak (2(%—1) (1 B %K;—l)» + 0t
(r2271)

ST B (A0 - 25 A (0)) iy +O(0)

s )

\/@ (Ak(o) =22 prpn Aw (O)) ®o1 ~ VR KmacVh 2 0. “
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o409 The definition of 7 suggests that B, must drop below 1 — right after t = 71, which contradicts

1
AR-T)
950 that %Bk‘ t—r, = 0. Therefore min{7y, 72,73} > min{7};, 7T} can not be true under the case when
051 min{m, 7, T3} = 71.

952 Case 2: min{ry, 72,73} = 7o.

953 Again, we derive a contradiction by supposing 72 < min{7™*,T'}. Since min{7y, 72, 73} = 72, at »
954 we still have B, > 1 — ﬁ > 0, and by Lemma|§|, we also have By < 2(1 — By) — ﬁ <0.

955 Starting from (39) restricted to ¢ = 75, we have for the target class,

d
e

t=To

Y Klgl Zlgk’gK By <<Ziezk:a,>o L, Zi’eIk/:ai/ZO 5i"”l"> - AkAk") +O(e)
K— 2
Y. Kl B, ( Hziezk:apo wZH — A7 + <Zi€Ik:ozi>0 i, Zi’GIk:ai/:O fi’wi’>)
>0

>0
/K-1
i\ ' Zk’;ﬁk By ( <Zi€l’k:ai>0 L, Zi/ezk,:ai,zo fi’wi’> — A Ay ) + O(f) )
<0 >0

<0

> /528 (|| Siepaso @il — 42) + 000, (45)

956 and for non-target classes, we have

t=r

2
Y KIEI Zk #k Z1gk~gK By (<Zielk/:ai>0 Li, Zi/ezk,,:ai/zo fi’fci’> - Ak/-Ak'”) + O(E)
K-1
V'K Zk/;ék B, < <Zi€Ik:a7¢ >0 L Zi/EIk/:ai/ZO gi’wi’> - Ak’Ak>
+ 4/ =L Dok ke 2 2k B ( <ZiEIk/:ai>0 Tiy ) €T 0, >0 gi’mi’> - Ak’Ak”> + O(e)
= V5 e B (S %, Eoy
K k' #£k Pk 1€L,:a; >0 T L' €T, 2y >0 S P

K—1
+ K <Zk'¢k ZiEIk/:ai>0 Ty 3 grpr, Brr Zi'ezk,,;aﬂzo gi’mi'>

B (—BkAkrAk — S BkuAk/Ak//) +0(e) (46)
< /Bt (ape X2 B Sy TP + 725 X D ITEI2) + O(e). (47)

957 The last step to get (47) is to upper bound the three terms in (46) separately, which we defer to the
58 end of this proof. Combining @3))@7), and recalling the upper bound on the norm of the O(e) terms,
959 we have

(42D,

> /528 (| Sicraso il - 4)

2 (as X2iuBr = 227 X)) Loy [TEI = 32K en? X3,V

> /525 (| enesonil - 47)

2 (/J'dMSXr%lin (1 - ﬁ) - %Xiax) Zk’:k ‘I}c}”z - 32\/E€n2X§ﬂax\/E

>0
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()
> \/ ngl (1 - ﬁ) /'I/SXmlnC \/—ETLQXI:;&X\/E 2 0. (48)

The definition of 72 suggests that A, —2 3 ;. ;. Ap must drop below A, (0) =237, A (0) right
after t = 7, which contradicts that < 5 ( E— 2 Zk,# Akf)‘ > 0. Therefore min{ry, 72,73} >

t=T2
min{77;, T} can not be true under the case when min{ri, 72, 73} = 7.

Case 3: min{ry, 72, 73} = 73. Finally, it remains to exclude the case when min{7;, 72, 73} = 73 and
73 < min{7},, T}. Att = 73, either of the following must happen:

1. Ji € I, such that o; = 0 and %ai < 0;
2. 3i € Iy for some k' # k such that oi; = 0 and 4 s > 0;
However, at t = 73, Vi € 7}, we have

%O‘i}a:o

= (= dirin)
7 L (T ()
\/7 (@i, (351 & Bimir)) + Ole)

< (El, i€Ty,; >0 Elwl> + Zk’#k Bk/ <$i, Ei/ezk“ailz() é-i/wi/> ) + O(E)

. Jiin,

<0

<:c“ i€T),,i >0 fz‘-’Bz‘> + O(e)

(Lemmal7) (%)
2 % (1 - 2(K 1 ) |Ik( )|:u9 mln - fenXélax\/E > Ov (49)

therefore it can not be that 3i € Zj, such that o; = 0 and < i < 0. Next, Vi € Zy, k' # k, we have

d
dt
KK <w“ (Zz/ 1 é-’b i Ly >> + O(E)
KKl (Bk <m17 1€Zy,a; >0 gz z> + Zk';&k Bk/ <.’131', Zi’eIk/,ai/zo 51'/:132-/> ) + O(E)
" (Bk <w“ i€T0,0020 6% ’> + <wi’ Dokith D€L 0,20 3k/§i/$ﬂi/>> +O(e)
(Lemmal[7)
< \/: = paBrllxillll Xoiez, .50 Siill + il 2o 2k 2oiez,, o, 50 BeSomir|l | + O(e)
(Lemmal[7) 1 ,
< K\ NdMsBka1n|Ik| + ||5L'Z|| ” Zk/;ﬁk Zi/GIkl,ai/ZO B &y || + O(G)

(Lemma|3) K1 9 5
< VIR s BX Tl il [ | e 20 B2 ) + O(6)
\/ Q ( :ud:us[j’kaln|Ik| + Xmax\/Zk’;élg |Bk/ |2|Ik/ |2> + 0(6)

(m3<T1) K—1 1
< | — Balts (1 - m) X2l Tkl + 225 max\/ dowzk [T > ) + O(e)

(t 73) ()
U ENT )| = paps (1 X2, 4 2 X2 6 enX3 VR <0
( -1) min max f max

IN

(50)
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therefore it can not be that 3i € Z;+, k' # k such that o; = 0 and %ai > 0. By excluding both
scenarios, min{1, 72, 73} > min{77;, T’} can not be true under the case when min{71, 72, 73} = 73.
The proof is complete once we add the derivations for[47]

Complete the proof. Lastly, it remains to prove (47), which comes from the following derivations:
For the first term,

Zk’:k B, <Zi€Ik:(xi>0 Ty Zi’EIk/ 101 >0 5i/mi/>
< E :k,:k By, ( <Zi€1k:aq,>0 i, Zi/elk/:ai/>0 ‘Ei’> + <Zi€1k:(¥j>0 i, Zi/eIk/:ai/:O fi/wi’> )
>0

<0

< D=k Br <Ei€zkiai >0 Tis Ei’EIkuai/>0 wi’>

(Lemmal[7)
< a2k Bl Ziezicais0 Till | 2iez,, 0,50 o
(Lemmal[7)
< —aps X in Sopr—i Be| T 1 Z3
(r2<73)
< —pas X B Xy | T2

For the second term,
<Zk/5ﬁk Ziez}c”ai >0 L Zku?ék Bk” Zi’EIk//:ai/ >0 é"L.,:Ei/>
= <Ek}’75k Zielkz:ai>0 L, Zk";ﬁk Zi’EIk//:ai/ 20(_Bk”)§i'mi’>
<l Zk’;ﬁk ZiGIkz:ai>0 || | Zk”;ﬁk Zi’elku:ai/ZO(_Bk”)gi’wi' |
(Lemma@) 5 5 5
S k| iz o @illP St (B ez, 20 S |

(éemma@ = |Zw (2 X2 (L)ZZ | |2 X2 (51)
= k'#k / max K—1 k" #£k " max
< %Xglax Zk/:k |Il::9‘2 ’

where (51) uses that — 25 < By < 0,Vk' # k by Lemma@ And for the last term,

Zk/;ﬁk (_Bk;Ak:/Ak - Zk”;ﬁk Bk”Ak’Ak”)

(t=72)

S Ek/;,gk Ak/ (—QBk; Zk”;ﬁk .Akl/ — Zk)”;ﬁk Bk"AkJ”)
= Zk’;ﬁk Ak/ Zk”;ﬁk Ak” (_28k — Bk”)

(m2<m1)

é Zk';ﬁk Ak-’ Zk”;ﬁk Ak;” (_2 + %) S 0 .

B.3.2 Proof of Lemmalf3

We will use the following lemma:
Lemma 10. For any © € S¥~1 such that (v,€é,) = B € [0, 1], then Vp such that p > 0, [p]; = 0,

and (p, 1) = 1, we have
| Sl — (0,9 < VI B2, 52)

Proof. First of all, since mings1[9]; < (p,?) < maxgs1[0]k, we know that

% — man>1[{’]k‘}

51 Lo [0 — (p.9)] < mave {| 2l — min o

)

< [P ] < s |
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Now given that (0, &)

Therefore,

H2k>1 (7] 1— 2 KH _ HB (Ek>1[el]kl _ [61]2 K) +

\/752‘ Ek>1 y ]kl [ 2:KH

~ Vi (1~ ﬁ11T) [yl | < VI llyt

Proof of Lemma[5] Without loss of generality, we prove this lemma for £ = 1. We define

Ty =inf{t > T}y : By < L2},
= inf{t > 77 [T,”| # [T or |Z,,7] # 0}

= B3, we can write ¥ = 3é1 + /1 — B2y*, where y* € SK~landy L é.

(Bt

lakl < V/1—p2.

O

We need to show that min{7y, 75} = co. We derive a contradiction by assuming it is finite.

Case one: min{7y, 7>} = T is finite

Assuming min{T},T>} = T is finite, our primary focus is the angular dynamics of

d v _

€L Y 0.
T = Lo, e, <f” nwjn>(el Yi)

and in particular those of its alignment with pseudo-label €1,

cap |
[Zje/\fl Vjw; wz} Y

4

v, [/~ d vy
aB/ = <eh& |v§n>

<é1,H¢j > e <w H;”—H> (e1— y)>

= it <93z', Hz;\|> <517H$j(€1 - ?Jz)> .

We shall focus on the term <é1,Hf,],(el — Qz)> For each i € I, we let z;, = [VWua,], =

then
1 YK | exp(zir) S exp(zik)
0 exp(zi2) _ exp(zi2)
_ S e | _ | TS, exp(zin)
0 exp(zik) __ exp(zik)
i exp(zik) SR, exp(zik)
Zk>1 CXP(EM)
1437551 exp(Zik)
~ i exp(Zi2)
(zik—zi1:=Zix) I+> 4~ exp(Zik)
_ exp(Zik)
Zk>1 exp(Zix)
ks exp(Zik) 0
1+>, . € Zi - -
1 Z§;>T§£€;(]})¢k} - eXP(Ziz)"Fﬁ Ek>1 exp(Zik)
_ | K11+, exp(Zir) + 1430551 exp(Zik)
1 Zk.>1 exp(Zik) —exp(Zir) + wiy Z’“?l exp(Zir)
K—1%, ., exp(Zir) I4+> > exp(Zik)
0
—exp(Z;2) 1
_ _2ks1ex¥P(Zik) K g 1 2> XPik) K1
- 1+Zk>1 exp( Lk) K-1 1 . ’
—exp(Zik) 1
> k>1exp(Zik) K-1
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thus we have

<ela >
0
——xP(i2) 1
S () S Sy ep(z) TR
I ks exp(Zik) ij” K—_1¢1

—exp(Zik)
Zk>1 exp(Zik) + K-1

0

— exp(Z;2) + Kl
2 et >

_ Zk 1 exp(Zix) 'UJ 2 ~ vj'”T Zk>1eXp(zik)
= 5 et | VR (B + <‘31’ (I_ |vjﬁ2) :

—exp(Zik) 1
piK)_’_ﬁ

xp(Zik)

2 k>1exp(

(Lemmal[T0) S o1 exp(Zik) K v; v; v;

> ety (VSO @ -5 1 - 57
_ D ks1exp(Zik) K v v

= e 1By (S 1- B2 -8

from which we see that at ¢ = T}, we have

d Y > W 2 k>1¢xXP(Zik) \/7( \/7
vj . x /K
at~j B]_J:g = ZZ:EIl < 3] HwJH 14> 451 exp(2)
N————

>0

contradicting the definition of 7.

Case two: min{7y,T>} = T> is finite

> k>1 exP(Zik) v vi 1 j
1+Zk:l>cl>1cxp(;zk) Kfl(l - (B]j)2) - Bjj (K1 Zk>1 |:HZJH:| Zk>1 2ps1©

(55)

) >0, (56)

Assuming min{7},T>} = T5 is finite, we shall focus on the time interval [T; s T2], when we have

Sw; = ie, (€1 — 90,03) @i = Yieq, (€1 — i 12y ) ol
From (54)), we have Vt < T,

(57)

exp(Zin) [y

Ay > k>1 exP(Zik) v i,
<el_y“ ||v§-n>—1+z>§>1exp (\/ ®-15; (K 1Zk>1{nv]u} — k1 zblexp(smk))

(L>emmam) Zk>1exp Zik) BvJ . . 'vJ)Q
= 1+> s 1exp(2) \ 'V K

(T1>T7) s exp(Zir) f NG

2 1+kz>:>1 exp(Z) (\/ ) > 0. (58)

Therefore, by the Fundamental Theorem of Calculus, we have
Tz v
(TQ) = ’l.l)j( ) =+ ZzeL / <€1 — Y, J> ||'Uj H x;, (59)
T, [[v;l
>0

which ensures that |Z, (T2) | = |Zk| and |Iw’ (T2) | = 0, contradicting to the definition of T5.
Therefore, the proof is finished by the fact that min{7, 7>} cannot be finite. O

B.4 Proof of Proposition 1]

As we have discussed in Appendix B3] it suffices to prove Proposition 3]
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Proof of Proposition[5] We have shown that before min{7, , T'}, the properties of the weights in
Lemma [ hold. We consider a sufficiently small € such that

Jeen? XD Vh < 3/ 52 (1 - sy ) HeX G (60)

2 X max|Zk| < 1 ) .

o
BT 1=y Jo X2nC = FXmax 08 Ve
Then we show that min{Tf,k’ T} = T’} by contradiction: Suppose that 7" < 1’7, , then during [0, 77,

we have, from (43),
- 2
AR > V 5t B (Hzielkzai>0 xil|” - Ai) +0(e),

> 52 (1 sy ) e X — Jeen? X3, VR

@, e
> 552 (1 s ) me X2 (62)

and

(61)

Then by the Fundamental Theorem of Calculus, we have

(ay
AR(T) = A0) + T/ 521 (1= 5y ) X200 = A) + Xl Tl . (63)

which is a contradiction, knowing that Ay, cannot exceed Xax|Zx|. Therefore, we must have
min{77,, T} =T, and T}, < T = - )gmx log ﬁ is finite. Then the rest of the Proposition |3
follows Lemma[3
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C Asymptotic Convergence Analysis under Multi-class Orthogonally
Separable Data

C.1 Basic results upon inter-class separation

With the loss decomposition upon inter-class separation, for which we have shown to persist after
T = max;, T},

N

K K
£0)=>" Lew (Yi, ViW X3) =3 log (yri ViW, i) | (64)

k=1 k=1i=1
It suffices to study the following GF on }_7* | lcg (Yri, VW) @yi):
Wi = XY - Vi)' Vi
Vi = (Vi — Vi) X{ W,
where Y}, = SoftmaxCol(V, W, X} (65)
The following basic results can be obtained from [[18} 24]
1. ||Wk||F7 H‘/k” — 00, V_Vk,‘_/k exist;
2. ‘7]:‘7]@ — W,:Wk = 0;
3. Wy, Vj, is a KKT point of
uin [Wilf+ [ Vil st [ViWy xils — [ViW i > 1.Vi € T, VI # k- (66)
ksVEk

C.2  Proof of Proposition

Our proof of Proposition 2] follows the same strategy as those in [15} (18], with the major difference
being that we are handling cross-entropy loss, in which we provide an extension of Lemma 2.11
in [18], stated as Lemma[I3] Lemma[I3]is central to our proof.

Lemma 11. Let v := mini << Yk, Where vy, := min;ez, (too i, i), then ¥ > s Xmin.

Proof. Forany 1 < k < K, Uoo ) = Y,
Vi € Iy,

iez, @iTis for some a; > 0, then immediately we have,

<ﬁ'oo,ka m1> = <Z’i'EIk ai’mi’;mi> Z ,USH Zi/ezk Qi1 Tq || szH Z ,Ustmin . (67)
O

Lemma 12. 7" := minge(x) minjg=1,¢ 1 a, Maxez, (€ ;) > 0

Proof. This result is from Lemma 2.10 in [[18]]. Note that the referenced Lemma requires an additional
assumption that the support vectors of x;, ¢ € 7}, span the ambient space, but the authors of [18] have
commented that this condition can be relaxed to the case that the span of support vectors is the span
of x;,1 € Iy, which is true here given the positive correlations between x;, ¢ € Z. O

Lemma 13. Given some ® = [0y, --,0k] € RP*XK and some 1 < k < K. Ifit
holds that 3k' # k, (0 — Op) oo > 0 and HH%LDC (0r — Or)|| sufficiently large, then

tr ((eklz - Y)TG)TH,J;OOX) < 0, where Y = SoftmaxCol(©T X).

Proof. 1t suffices to prove the case when k = 1 (We discuss the others at the end of the proof). We
start by the following derivations:

tr ((6115 - Y)TG)TH%LWX)

— s (feadl - V][0T X))
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= Y (e1 — 9,05 _x;)
= 20 (0= 5)0T T @i+ Y (~9) 0] )
_y (Crs exp(0] =) — exp(8) )0 Ty @ + 34, (— exp(6] )0 Ty _ i
=1 i exp(6] @)
_ Zn Dokt exp(6) ;) (61 — 6;) 15 _x;
= S exp(0] )
Zn Zk# exp(—(0; — 0x) "x;) (0, — Hk)—rﬂémwi
i=1 1—|—Z,€¢1 exp(—(01 — 0y) T x;)

exp(— )T )01 — ak) Hﬁ L
Zkaél Z 1 + Zk;ﬁl exp(— (01 — Or) T x;) . o

1040 For the k-th summand, let

i, = arg max (6 — Hk)THff;x xT;, (69)

1041 we have

Zn exp(—(0, — 0;)"x;)(0, — Ok)THigwa}i
i=1 L4204 exp(—(01 — 0k) Tx;)
exp(—(01 — O) @i ) (—(01 — Or) Ty _x;7)
= L+ 37 exp(— (01 — k) Tz
N Z exp(— (01 — 6i) Tx;) (01 — 0) T x; .
i:(01—0) TIIE__@:>0 1+ Zk;él exp(—(01 — 0g) T x;)

1042 One can upper bound these two terms separately as follows:
exp(— (01 — O) @i ) (—(01 — Or) Tl _a;x)
1+ 3 exp(— (01 — k) Ty
# exp(—(01 — ;) Txi ) (—(01 — 6;,) TTI; mzk)
+ exp(— (01 — Bk)THumwzk) exp(—(01 — 0r) "1l @;: )(— (61 — 0;) "I _air)
< — % exp(—7(61 — k) Taoo) exp(— (01 — Bk)THéoowi; (—(61 — Bk)TH%LOOwi;)
< —gexp (—7(01 — 0k) o) exp (YHI[TIE (61 — 6x)]|) vHITIg_ (61 — 6]l (70)
1043 and for the second term,
exp(f(Ol — Ok)Twi)(Ol — Ok)TH,J-;Mcci
Zz’:(el—ek)mgw ;>0 L+ s exp(—(01 — 0r) Tz;)
< D 01-0,) 1520 XP(—(01 = 0k) i) (01 — 0x) "TT _;

< Zi,(gl,gk)rnéwmizo exp(—(01 — 6x) "Tlg_x;) exp(— (61 — i) "TIg_x;) (61 — 0)) '3 _x;
< 200y TIE_ 220 XP(—7(01 0r) " too) exp(—(01 — ;) "% _a)(01 — 6;) T1I5
< i -0)TIE_220 XP(=7(01 — 6%) Too) ¢

<exp(—y(01 — O) ") 2 (71)

1044 Therefore, putting together, we have
tr ((6115 - Y)T@)Tngwx)
< e exp(—=v(01 — 0k) Tioo) (2 — 7 exp (v [Ty (61 — 01)]) v (1T (61 — 0)]])
= exp(—y(01 — O) "o (2 — g exp (v [T (61 — O)) v [Tz (61 — 6]
+ Zk#y exp(—y(61 — gk)T"]OO)%
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1048

1049
1050

1051

1052

1053

1054

1055

1056

1057
1058
1059

1060

1061

1062

1063

1064

exp(—vy(01—0,, Tﬁoo n n
= ey (2 — & ox (YT (81 — 00)) v ITTE (61 — 6)]) + 2
<0,

when [[II5_ (61 — 6;/)| is sufficiently large.

If k& # 1, consider the permutation matrix P; ., that swap the 1-st and k-th rows/columns of a matrix,
then

tr ((eklf - ffk)T@TngooX)

— tr ((eklz — V) TP © T X)

= tr ((Plerkl,TL — Py Vi) P @ TTIE X)

= tr ((e11} — SoftmaxCol(P1x® " X)) ' P1,© Il X) .

Following the derivations for the case k = 1 gives the desired result. O

Proof of Propowtzon@ Without loss of generality, We prove the case of £ = 1. The existence

{W17 Vi } is by [24]. We first show that W o u;g; , which is equivalent to the statement that

1T, Willr
HW1 =

= 0, and we prove by contradiction. Suppose %
u: waw," )
W = P, then for any € > 0, M > 0 exists T, »s > 0 such that
AN WLV,
VTHF IIWIVTH

> 0, which necessarily implies

that 3p > 0 such that

Vt > T, ., we have || L2 | < eand ||[W,V,"||r > M. We will make clear the

choice of € and M later.

Consider the time derivative of [|IIg_ W ||%:

|| Mg, Whllf = 2tr (Wi TI5_ §Wh)
= 2tr (WlTHng(ellg - Y)TV)
= 2tr ((ellf - Y)Tvlwﬁngwx)
We would like to use the result in Lemma[I3]so we should examine:
AT EU R AT A
= tr(llg_WiW, WiW,") = p|WiW," || > 0. (72)

Therefore, 30 > 0, k # 1 such that [|[II5_ W1 V{7 (e1 — e;,)||* = 6, otherwise, [|IIg_ W1V (e; —
eyl =0,k 75 1, which can not happen. Since e; — ey, k # 1 spans a k — 1-dimensional subspace
orthogonal to f the projection of HJ- W, VT onto this subspace is zero suggests I+ WlV1 is

rank-1 and all columns of V, are aligned with \/?, which contradicts our alignment result in Lemma

(these columns must have at least g cosine alignment with é;).

Then V¢t > T, , and for the k such that |1l W1 Vi (e — e)||? = 6, we have
[z Wiy (e — el

w,v,T
= g, jw vty (e — en) IPIWh VT

2
Az
> (I ey (en — en)| = v2¢) WA VLT3
2
Az
(HHuoc HWllVTH (er—ep)] — \/56) M? (73)
Choose sufficiently small € and sufficiently large M, we ensure that |13 W1 V{T (e1 — ey,) | is suffi-

ciently large to apply Lemmaso that & ||TIZ W ||3 = 2tr ((ellg - Y)Tvlwﬁngmx) <0.
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T, Willr

105 On the other hand, ||[W}]||% — oo, contradicting our assumption that AR

> 0. This proves
1066 that Wy o< u1gy .

1067 By balancedness VlTVl — Wl—'— W, = 0, we know that V; 'Elgir for some ©; € SE~1L. It remains
1068 to show that v; = é1, which is proved by again contradiction.

1069 Suppose U1 # €1, then 3k* such that [0y ]+ > [01]k, Vk # k*, k # 1, and not all equalities can be

1070 obtained. As a results, consider [0 —exp(Zi2) -+ —exp(Zik)|/s w=1 exp(Z;,) that appeared in
1071 (53), it converges to e+, Vi € [n]. Based on this, for any €1, €2, 3T, ¢, such that V¢ > T, .,, we have
1072 maxjen, ||H5ﬁ — 01| < e and max;c, [0 —exp(Zi2) - —exp(Zik)]/s,., exp(zar) —

1073 epx|| < ea. Therefore, for some j € [h] andt > T, e,, we have, from (55)
d o,
2 RBY
dt 7

_ /5. d v

- <e »dt o H>

—_ /s 1L

= <€17ij Yier, <93w Tw; |\> >

- S g -0

_ < T Tw; ||>Zk>1c"p(z”“) 1— (BY)2 e"p(z“ﬂ)[llv u]

- ZiEI1 1+Ek>lexp(zbk) ﬁ( 7( J ) )7 1 Zk>1 ||vJH Zk>1 Zk>1exp(ztk)
@i, oA ) sy exp(Zin) ) e 5

> D et < 1”+Jzuk>>1 ekx>pl(2ik) ( %(1 — (5’;])2) - B;’ <[’Ul]k* - 72'}?1_[11)1]’6 — €2 — 261>>

(€1, €2 sufficiently small)
S N

2 Ziefl 1+Jzk>1exp(§ik) ( ﬁ(l - (BJ )2)) ' (74)

1074 The right-hand side of is positive and © (1), by the fact that weight [|W ||, || V1 || grow at a rate
1075 O(log(t)). Therefore suggests the divergence of 13;”, a contradiction.

1076  Finally, we have shown W, Uuq ng_ and Vi x é; ng , and the same for other k. The choices of s
1077 are determined by the fact that Wy, V}, must be a KKT point of (66). O
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