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A Proofs

A.1 Proofs of results from Section [4]

A.1.1 Proof of Proposition 4.1
Proof. Reformulating (4.1)) we find that with probability at least 1 — § it holds that:

2||Flloo log(2/d
up (P = P,) ] < R(Fy) + YLl 08/0), (A1)
feF vn
Next, we compound the bounds for R(Fz). The optimum « > 0 in the first line of (4.2)) is the
one for which § = InN(F,a, || - [|o). Keeping in mind (4.6), we choose a = diam(Z)n~ @z
in (4.2), which gives (abbreviating d = ddimZ, D = diamZ2)

R(Fz) < D/nl/d+n’1/2/ (D/t)d/th:D/nl/d+(D/n)1/2/ 4247
Dn—1/4d n-1/d
_ D[, 2
= aa\tize)
Now the last equation and equation (A.1]) yield the claim. O

A.1.2 Proof of Proposition 4.2

We start with a preliminary result under hypotheses of strict equivariance. In this case,
we are able to use a change of variables to reduce the generalization error formula to an
equivalent one depending only on a measurable choice of G-orbit representatives of elements
from Z:

Proposition A.1. Let F be a set of G-invariant functions, and let Z° C Z be a choice of
G-orbit representatives for points in Z, such that (° : Z — Z° associating to each z € Z its
orbit representative 29, is Borel measurable. Let F° := {f|zo: f € F} and denote by °(D)
the image measure of D. Then for each n € N if {Z;}"_, are i.i.d. samples with Z; ~ D and
79 =% 0 Z;, we have

GenErr(F,{Z;}, D) = GenEre'D (F,{Z;}, D) = GenErr(F°,{2°},.°(D)).
Proof. For the first equality, we use the definition of GenErr and the change of variable
formula (3.1)) and the fact that G-invariant functions f satisfy f(Z) = E4[f(g - Z)]. For the

second equality, note that by hypothesis, for each f € F we have f(z) = f(g - z) for all
g € G,z € Z, in particular f(z) = f(:°(z)) and we conclude by a change of variable by the

map «° in the expectations from the definition of GenErrl@), O
Now the proof Proposition [£.2] combines the above idea with a simple extra step:

Proof of Proposition[{.Z: The proof uses the triangular inequality. For f € F and g € Stab.,
we have:

IPf = Pufl = [BAZ) - 3 1(2)

<

Blg- f(Z2)] = 39+ F(Z)| +2g-f ~ e
i=1

By averaging over g € Stab,, we obtain the inequality in the statement of the proposition. The
equality follows by a change of variable via map ¥, exactly as in the strategy of Proposition
O

A.1.3 Proof of Corollary and of the more general result of Theorem

In order to make the treatment better digestible, we first consider the intuitively simpler
case of strict equivariance, and then describe how to extend it to the more general case of
approximate and partial equivariance. In this case, if we restrict our equivariant functions to
only the space of orbit representatives Z°, the dimension counts from classical generalization
bounds of Proposition [{.1] improve as follows:
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Corollary A.2. Assume that F is composed of G-invariant functions and that dy :=
ddim(Z°) > 2. Also, denote Dg := diam(Z°). With the same notation as in Proposz'tion
and with the hypotheses of Proposition [{.1], for any probability distribution D over Z, the
following holds with probability at least 1 —§:

n

do (D"
GenErr(}',{Zi},D)gd()EQ< o) + 072/ Fll s log(2/9).

Proof. Due to Proposition [A.1) we only need to bound GenErr(F° {Z?} .°(D)). Thus it
suffices to apply Proposition [4.1| for the above function. We note that ||F°||s < || F||loo to
conclude. |

The drawback of the above Corollary, is that it leaves open the question of how to actually
bound the diameter and dimension of Z°, on which we do not have direct control. The next
steps we take consist precisely in translating the information from properties of G to relevant
properties of Z°.

A first, simpler, approach could be the following. Under the reasonable assumption that Z, Z°
have diameter greater than 1, the leading term on the left in Corollary is n—1/do Thus
the optimal choices of Z° are those which minimize the doubling dimension dy = ddim(Z°)
amongst sets of representatives of G-orbits. This is a weak regularity assumption, implying
that we want Z° to not oscillate wildly. The effect of G' on coverings is evident in case G,
Z0 are manifolds, and Z = Z° x G (see for the strictly equivariant case, and the more
general for the general case). Since ddim coincides with topological dimension, we
immediately have
do = d — dim(G).

Intuitively, the dimensionality of G can be understood as eliminating degrees of freedom
from Z, and it is this effect that improves generalization by n~1/(d=dim(&)) _ p—1/d

In order to include more general situations, we now describe a second, more in-depth approach.
We take a step back and rather than addressing direct diameter and dimension bounds
for Z°, we go "back to the source" of Proposition We update the bounds on covering
numbers of Z°, directly in terms of the G-action and of Z. The ensuing framework is robust
enough to later include, after a few adjustments, also the cases of partial and approximate
equivariance. Here is our fundamental bound, which generalizes and extends [49, Thm.3].

Theorem A.3. Assume that Z is a metric space with distance d and S C G is a subset of a
metric group G consisting of transformations g : Z — Z (with action denoted g - z := g(z))
for which there exists a choice of S-orbit representatives Zy C Z and a distance function
dg on S satisfying the following for L, L' € (0,+00] (with the conventions 1/ + oo := 0 and
N(X,0) := +o0, N(X, +0) :=0):

1. Forall 2, 2 € Zg and all g € S it holds that +d(z0, z)) < d(g-20,9-2) < L'd(z0, 2().

2. For all g,g' € S and 2,2, € Zy it holds that $+dc(g,g') < d(g - 20,9 - ) <
L'da(g:9')-

Then for each 6’ > 0 the following holds
N (20,28 L)N(S,26'L) < N(Z,8") < N (20,8 /2L YN (S,8' J2L"). (A.2)

Before the proof, we observe how Corollary can be recovered using the choice L > 0, L' =
+o00 in Theorem [A3

Proof of Corollary[{.3: We apply Theoremto S = Stab, and Zy = Z? as in the corollary
statement. Then we take § = 2L¢" in the conclusion (A.2)), and consider only the lower
bound inequality, which directly gives the claim of the corollary. O

Proof of Theorem[A.3: In this proof, we will denote a minimal a-ball cover of a metric space
X by X,..

16



652
653
654
655

656
657
658

659
660
661
662
663

664

665
666
667
668
669
670
671
672
673
674

675

676

677
678

679
680

681
682
683
684

685
686
687

688
689
690
691
692
693

Note that we are not assuming G to be a group, but due to lower bound in property 1. it
follows that zg — g - 2o is injective (for zp # 2{, we have d(zg, 2() > 0 and thus g- z0 # g - 2{),
and when below we write "g~!" this has to be interpreted as the inverse of the g-action,
restricted to its image.

Further, note that the case when one of L, L' is 400, corresponds to removing the part of
the assumptions (and of the conclusions) involving that value, thus we only consider the case
of finite L’ and finite L.

On fixing an arbitrary point z € Z, we can write z = ¢ - 2 for a suitable g € G,z € 2.
Let 1 := &' /2L'. For fixed covers Z{, G, there exists a point 2z, € Z)) with d(z),20) < 1 and
g € Gy, with dg(¢’,9) < n. Thus by property 1. we have d(g - z),2) < L'n = €/2 and by
property 2. we have d(¢’ - z{, g - 2) < L'n = §' /2. By the triangle inequality, d(¢’ - 2(, z) < ¢’
and thus G, - Z) is an ¢’-cover of Z. Thus we have

N(Z7 6/) S #Gﬁ’/QL’ #Zg’/QL’a
optimizing over the cardinalities on the right hand side yields the second inequality in (A.2]).

Now consider an ¢’-cover Z5 of Z, and for n = 2JL consider an n-cover G,, of G. We find
that for each z € Z5/, there exists at most one g € G, such that dist(z,g- Zy) < n/2L =¢".
Notice that if this were false, we could use the triangle inequality and contradict property 2.
in the statement. For each g € G, denote Z, the set of such points z € Z5 such that there
exists x € g+ Z°, and assign exactly one such x = z(z) to each z, forming a set X, of all
such x(z). Any other point 2’ € g- 2% such that d(z',z) < &’ then satisfies d(z', z) < 28’ by
triangle inequality, and thus X is a 26’-cover of g- Zy. If for g- 29 € g- Xy the point z € g- &)
satisfies d(g - 20, ) < 28, then by property 1. in the statement we have d(zg, g~ ! x) < 28'L,
and thus ¢~ '- X g is a 28’ L-cover of Zy, having the same cardinality as Z,. We then compute
as follows, proving the first inequality in (A.2):

N(Z,8) > > #Z,= #(g7" - Xy) > N(G,20'L)N(2,,20'L).

geGy geGy

A.1.4 Proof of Theorem [4.4]

As before, we focus again first on the exact equivariance case, where Theorem is the
direct analogue to (or special case of) Theorem 4.4

Under the hypotheses of Theorem on the G-action, we directly obtain the following, for

the strictly equivariant case:

N(Z,5/2L)
N(G,5) -

We next impose that for § < diam(G) the group G satisfies the natural "volume growth"

assumption, where for compact groups Vol(G) is its dim(G)-dimensional Hausdorff measure

and dim(G) is the usual Hausdorff dimension, and for finite groups we use minimum separation
notation dg > 0 as defined in (4.4]):

N(2p,0) < (A.3)

ddim(G) :
Assumption: N(G,d) 2 #G/(max.{é, o) TG finite, (A.4)
Vol(G) /§4m& if dimG > 0.

Similarly to Proposition we then get the following, in which the leading term in the
bound has exponent figuring dyp = ddim(Z) — dim(G). Recall that dim(G) = 0 for finite
groups, thus the distinction can be made directly in terms of the dimension of G.
Theorem A.4. Let § > 0 be fized. Assume that for a given ambient group G the group
G satisfies assumption and that its action satisfies the the assumptions 1. and 2. of
Theorem[A.3 for some finite L > 0 and L' = 4+o00. We denote dg; = ddim(G) if G is a discrete
group and dg = dim(G) if G is compact and non-discrete, and d = ddim(Z). Furthher assume
do :=d — dg > 2. Furthermore, set |G| := Vol(G) if dimG > 0 and |G| := #G for finite G.
Then with the notations of Proposition [{.1] we have with probability > 1 —§

GenErr(F,{Z;}, D) < n~ V2 /|| Flle log(2/6) + (E),
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Jlas sl (%) if G is finite and (2L)D® < |G|n 6%

otherwise.

do (2L)*D? 1/do
do*? |G\n

Proof. We follow the same computation as Proposition [I.I} but use Proposition [A-1]in order
to reduce to restrictions of functions to Z°. In this case, using (A.3]) and assumption (A.4]),
and with notation as in our statement, we will have:

2L)* D4
N(za,t) 5 CLE (b, 1)
where we have dg = 0 for dimG > 0. We set C' := (ZLl)Cj‘Dd for simplicity of notation. In case

C6% < 1 (which includes the case dimG > 0), we take o = (C//n)/% in the Dudley integral

(4.2) and find
R(Fzo) Sa+ nfl/z/ VOt—dodt,

from which the proof goes exactly as in Proposition with C replacing D?, and we get
the second option for the value of (E) as given in our statement. In case 05?;0 < 1 instead
we take a = 0 and our above bound for N (Z,t) plugged into (4.2]) (recalling the notation
for C):

RiFz) 5 / \JCmax{da, t}=todt = 55"/ \/Cn + \/071/ o/ 2y,
0 S

from which the second case of the value of (E) follows by direct computation. O

Now the proof of Theorem [£.4] proceeds in exactly the same manner as the above. Below we
explain the required adaptations:

Proof of Theorem[{.4} The following updates are the principal adaptations required for the
above proof of Theorem [A4}

e The role of G should be replaced by Stab,, except for the fact that parameters d¢g, dg
remain unchanged (i.e. we use their values corresponding to "ambient" group G
rather than those for Stab,).

o The G-orbit representative set Z° then should be replaced by representatives Z° for
orbits of Stab,.

With these changes, assumption (A.4) implies its more general version, assumption (4.7)).
Indeed, |G| equals #G for finite G and Vol(G) for compact G, and ég > 0 only in the first
case. Furthermore, we have dsiap, > d¢ as a direct consequence of Stab, C G.

We observe that Corollary (which also is obtained from Theorem with the above two
main substitutions) directly gives the version of Theorem (A.3|) required to get the correct
replacement of (A.3) under our initially declared two substitutions. We get:

N(Z,6/2L)
200y < =2 A5
N2 9) = N (Stab,, ) (A-5)
With the above changes, the proof follows by exactly the same steps as in the above proof of
Theorem [A.4l O

Remark A.5. Note that, as might be evident from the last proof, we could have introduced
new more precise parameters to keep track of dimensionality and minimum separation for
Stab, rather than formulating assumption in terms of dg, d¢. This is justified for the
aims of this work. Indeed, all the main situations of interest to us are those in which Stab,
is a "large" subset of G, i.e. it has dimension d¢, and in all our examples for finite groups
0 > 0, the minimum separation for Stab, is within a small factor of g itself.
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A.2 Proof of Proposition [5.1

Proof. We have that Z = (X,Y) is a data distribution in which by our assumption 2.
preceding the proposition, we have that almost surely Y = y*(X) for a deterministic function
y*. With this notation, we may write

Ez[f(Z2)] = ExoEgxo[f(g- X2,y (g- X))

Recalling that we restrict to functions of the form f(x,y) = £(f(z),y) = dy(f(z),y)?, we
first consider the precise equivariance case ¢ = 0. In this case for g € Stab.(F) we find also

flg-X0) = 9-f(X 9) and thus when optimizing over f we have to determine the optimal

value of y = f(X?) to be associate to each X°. Thus as a consequence of all the above, if F
would be the class of all precisely Stab.-equivariant measurable functions, we would get the
following rewriting;:

AppGap(F, D) = min Ez[dy (f(X),y" (X)] = Exo min By xy [dy(g-y,y"(g- X0)?]. (A.6)
feF

For € > 0, for each fixed X60 = 20 we may further perturb the associated y = f(z0) by at most
€ in the direction of y*(X), while still obtaining a measurable function with approximation
{so-norm error bounded by €, thus the above bound is improved to

. N 2
AppErT(F, D) < Exo minEyxo [(dy(g gyt (g- X0)) — E)J : (A7)

as desired. In case F contains a strict subset of measurable invariant functions with error €,
we would only get an inequality instead of the first equality in (A.6) but we still have the
same bound as in (A.7)), and thus the proof is complete. O

A.3 Proof of Theorem [5.2]

Proof. We use the isodiametric inequality (5.1) in G, applying it to Stabe(F) for F € Ce .
Then by taking Stab.(F) = X which is optimal for inequality (5.1)) we can saturate the two
bounds (modulo discretization errors for discrete G) and we get

|Stab. (F)|

Il ~ )\, diam(Stab (F)) ~ CgA/ddim(©),
We next use Lipschitz deformation bounds and find that for all x € X we have

diam {y*(g-x): g € Stab.(F)} < diam(Stab.(F)) Lip(y*) L'
< CAVm@e(F)) Lip(y*) L.

Then we use Proposition for F and observe that when g, X? are random variables as
in the proposition, in particular g € Stab.(F) and for each X? = 2% we find the following
estimate valid uniformly over y € {y*(g- X?) : g € Stab.(F)}:

dy(y,y" (g 22)) < CEAY™E Lip(y*) L.
In a similar way, we also find
dy(y.g-y) < CEAV/mE L.
By triangle inequality, and using the assumption that Lip(y*) ~ 1 it follows that
dy(y,y* (g - 22) < CEAV ™D (1 4 Lip(y) L' S CeAV<™D Lip(y*) L'.

Then we may perturb each y by € in order to possibly diminish this value without violating
the condition defining Stab.(F), and with these choices we obtain the claim. O
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A.4 Finding the optimal A = \* for the bound of Theorem

We note that A\* minimizing CA® + C'A\=? for a, 8 > 0 is given by

/N 1/ (a+B)
N (30> |
aC

recall that in our case have the following choices, for case 1 and case 2 in the theorem’s

statement.
a; = ay = 1/dg, B =1/2, 82 = 1/dy,
and
C = Cglip(y*)L,
o . CLDIGI
1 (52?072)/2 )
Cy =~ (2LD)Y®|G|Y %,

and thus the optimal choice of A is

2da/(dg+2)
2 (2L D)4/2 1/2
in case nA > C5, \* = ( w n~dc/(de+2)

da 5gio+2)/2

dodg/(do+dc)
) n-de/(da+2).

in case nA > C3, A\ = <;;0(2LD)d/d°|G|1/d‘j
G

B Examples

We describe some concrete examples of partial and approximate equivariance using the
language we used in section [3.2] while sourcing them from existing literature. But first, we
expand a little on our equivariance error notation.

B.1 Equivariance error notation

Recall that the action of elements of an ambient group G over the product space Z2 = X x Y
may be written as follows: For coordinates z = z X y we may write g-z = (¢-z,9 - y), and

thus for f: X — Y and f(z,y) = ﬁ(f(x), y), we have the action

(9-/)(2) = flg-2) = Uflg-2),9-y).

For the equivariance error of g, f, interpreted as "the error of f’s approximate equivariance
under the action by g¢", we get the following, which is valid in the common situations in
which £(y,y’) > 0 in general with £(y,y) =0 for all y € V:

ee(f,9) = llg-f— fll = sup Uflg-x),9-y) —Lf(x),y)| > sgpé(f(g-x)vg-f(ﬂf)L (B.1)

where the last inequality follows by restricting the supremum from X x ) to the graph of f,
namely by imposing y = f(x).

In several recent works, the equivariance error is defined simply by comparing g- f(z)andf(g-
x), as in the rightmost term of (B.1)), thus it is lower than the one found here. We provide a
justification for our definition of the equivariance error:

e The loss ¢ is the integrative part of the model, thus a definition for equivariance
error which does not include it will only detect partial information concerning the
influence of symmetries.

o The notion of equivariance error defined via ¢ simplifies the comparison between ]?
and data distributions D.
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B.2 Examples
B.2.1 Imperfect translation equivariance in classical CNNs

We consider here the most common examples of group equivariant convolutional networks
(GCNNs), which are the usual Convolutional Neural Networks (CNNs) for computer vision
tasks. We follow observations from [25] and [II], and connect the underlying ideas to
Theorem

Setting of the problem. We consider a usual CNN layer, keeping in mind a segmentation
task, where both X = ) represent spaces of images. More precisely, we think of images
as pixel values at integer-coordinate positions taken from the index set Z x Z. We also
assume that the relevant information of each image only comes from a square of size n x n
pixels, outside which the pixel values are taken to be 0. We consider the application of a
single convolution kernel/filter, of k x k pixels (with k a small odd number). One typically
applies padding by a layer of 0’s of size (k — 1)/2 on the perimeter of the n x n square, after
which convolution with the kernel is computed on the n x n central pixels of the resulting
(n+k—1)x (n+k—1) padded input image. The output relevant information is restricted
to a n x n square, outside which pixel values are set to 0 again, via padding.

Metric on X. As a natural choice of distance over X we may consider L2-difference
between pixel-value functions, or interpret pixel values as probability densities, and use
Wasserstein distance, or consider other ad-hoc image metrics.

Group action: translations. The group acting on our “pixel-value functions” is the
group of translations with elements from Z x Z. We expect the following invariance for the
segmentation function f: X — X"

flo-z)=wv- f(2),

where z € X represents an image with pixel values assigned to integer coordinates and
v € Z? is a translation vector and (in two alternative notations) v - x = 7,(z) is the result of
translating all pixel values of x by v.

Deformation properties of the action. If we take the previously mentioned distance
functions on X and the usual distance induced from R2 over translation vectors v, it is easy
to verify that the assumptions of Theorem [AZ3]about the action of translations hold, and the
Lipschitz constants with respect to the metric on X only depend on the mismatch near the
boundary, due to “zero pixels moving in” and to “interior pixels moving out” of our n x n
square, and being truncated. The ensuing bounds only depend on the precise distance that
we introduce use on X.

More realistic actions. An alternative more realistic definition of Z x Z-action consists
of defining v - z as the truncation of 7,(z) where, for pixels outside our “relevant” n x n
square we set pixel value to 0 after the translation.

Problems near the boundary. Nevertheless, the updated translation action, will move
pixel values of 0, coming from pixels outside the n x n square, and will create artificial zero
pixel values inside the image v - x, different than the values that would be present in real
data.

Imperfect equivariance of data. Also, even in the latter more realistic alternative, the
above translation equivariance is not respecting by segmentation input-output pairs coming
from finite n X n images, since, independently of n, the boundary pixel positions translated
by v, fall outside the original image.

Approximate stabilizer. In any case, we have to restrict the choices of v to integer-
coordinate elements of a (subset of a) n x n square, containing only the translations that
are relating “real” segmentations that appear within our n x n relevant window. It is thus
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natural to restrict Stab. to only include vectors in a smaller subset of Z x Z, of cardinality
|Stab,| < n?.

The value of error ¢ may quantify the allowed error (or noisiness) for our model sets.

Reducing to finite G and computing A. For the sake of computing A in our Theorem
[6-1] we can observe that input and output values outside the “padding perimeter” given by
a(n+k—1)x (n+k—1) square, are irrelevant, and thus we may actually periodize the

images and consider the images as subsets of a padded torus (Z/(n + k — 1)Z)?, which we
consider as acting on itself by translations. In this case G ~ (Z/(n + k — 1)Z)?, so that

9 |Stab,|
|Gl =(n+k—1)° and thus )\_(n+k—1)2'
Further extensions. In [25], it is argued that convolutional layers in classical CNNs are
not fully translation-equivariant, and can encode positional information, due to the manner
in which boundary padding is implemented. Possible solutions are increasing the padding to
size k (so that the padded image is a square of size (n + 2k) X (n + 2k)) or extending images
by periodicity, via so-called "circular padding" (which transforms each image into a space
equivalent to the torus (Z/nZ)?). In either case, the application of actions by translations
by vectors that are too large compared to the image size of n x n, will increase the mismatch
between model equivariance and data equivariance.

Stride and downsampling. In [II], a different equivariance error for classical CNNs is
studied, related to the use of stride > 1 in order to lower the output dimensions of CNN layer
outputs. If for example we use stride 2 when defining layer operation f : X — ), then ) will
have relevant pixel values only in an n/2 x n/2-square, and we apply the k X k convolution
kernel only at positions with coordinates in (2Z) x (2Z) from image x. In this case we require
that translations by group elements v € (2Z) x (2Z) on x have the effect of a translation by
v/2 € Z on the output. However for shifts in the input via vectors v that do not have two
even coordinates, we may not have have an explicit corresponding action on the output, and
in [II] a solution via adaptive polyphase sampling is proposed. A possibility for studying
the best polyphase sampling strategy via almost equivariance, would be to include a bound
for equivariance error € > 0 and consider the optimization problem of finding the polyphase
approximation that minimizes theoretical or empirical quantifications of €. As a benchmark
(modelled on the case of infinite images without boundary effects) one could compare the
above to the action via Staby = (2Z) x (2Z) which has A = 1/4 within the ambient group
G =7 x 7Z. Our Theorem can be used to compare the effects of increasing or decreasing
€, A\, in terms of data symmetry.

B.2.2 Partial equivariance in GCNNs

In this section, we connect the main results from [38] to our setup. In [38], one of the main
motivating examples was to consider rotations applied to a handwritten digit and revert
them. The underlying group action was via SO(2) and only rotations of angles between
[—60°,60°] were permitted in one case, which allowed to not confound rotated digits “3” and
“9” for example.

The above task can be formulated on a space of functions f : X — ) in which X represents
the space of possible images and ) the labels. Elements (Yy,Yy) € Y include a digit
classification label Yy and a rotation angle value Yp.

We consider actions by group G = SO(2) = {Rys : ¢ € R/360Z}, where Ry is the rotation
matrix by angle ¢, and the group operation corresponds to summing the angles, modulo
360° (or in radians, modulo 27). The action of R4 over X would be by rotation as usual
(Ry sends image = € X to Ry - x, now rotated by ), and over ) we consider the action by

Ry (Yq,Yy) = (Ya, Yo + ¢),

i.e. the restriction of the action on the digit label leaves it invariant and the restriction of
the action on the angle label is non-trivial, giving a shift on the label.
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The optimum labelling assigns to x a label y*(x) enjoying precise equivariance under the
above definitions of the actions, and thus we are allowed to permit equivariance error € = 0.
However as mentioned above, applying rotations outside the range 6 € [—60°,60°] to the
data would surely bring us outside the labelled data distribution, thus we are led to take

e=0, Staby={Ry: 0€[-60°60°}.

We then have that |Stabg|/|SO(2)| = 1/3, with respect to the natural Haar measure on
rotations. It is natural to think of the set of Stabg-action representatives of images X given
as the "unrotated" images. If we take a digit image that is rotated, say by 20°, from its
“base” version, and we apply a rotation of 50° to it (i.e. an element of Staby), then we reach
the version of the image now excessively rotated by 70°. This means that without further
modification, considering model symmetries with Stabgy taken to be independent of the point,
would automatically generate some error when tested on the data. While decreasing the
threshold angle in the definition of Staby from 60° would limit this effect, it will also decrease
generalization error in the model. The study of point-dependent invariance sets Stab. is
interesting in view of this example application, but it is outside the scope of the current
approximation/generalization bounds and is left for future work.

B.2.3 Possible applications to partial equivariance in Reinforcement Learning

The use of approximate invariances for RL applications was considered in [2I], Sec. 6] via soft
equivariance constraints allowing better generalization for an agent moving in a geometric
environment. While imposing approximate equivariance for memoryless G-action for groups
such as G = SO(2),Zs has produced positive results, it may be interesting, in analogy to
the previous section, to include memory, and thus restrict the choices of group actions across
time steps. Note that for a temporal evolution of T' steps, the group action by G acting
independently at each step would produce a T-interval action via the product group G7,
and allowing for a partial action via Stab., with possibly increased fitness to evolving data.
More precise time-dependence prescriptions and consequences within QQ-learnig are left to
future work.

C Discussion of [19]

In section [2| we mentioned [19] (reference [18] in the main file), which considers PAC-style
bounds under model symmetry. [I9] works with compact groups and argues how the learning
problem in such a setup reduces to only working with a set of reduced orbit representatives,
which leads to a generalization gain. This message of [19] is similar to ours, although we
work with a more general setup. However, we noted that the main theorem in [19] has an
error. Here, we briefly sketch the issue with the proof.

One of the main quantities of interest in the main theorem of [19] is D, (X,H) (notation
from their paper), which directly comes from the following bound, and is claimed to have a
linear dependence on Cov(X, p,d). Again, for the sake of easier verification, we follow their
notation. Crucially, note that [I9] uses the notation Coov as analogous to our N:

Cov(H, | ||o..,2C0 + k) < Cov(X, p, o) sup Cov(H(x), || - |oo, K)
reX

However, the correct application of the Kolmogorov-Tikhomirov estimate shows that the
reasoning in the proof should yield a dependence which is exponential in Cov(X, p,d), not
linear. To see this, set s = 2 (sufficient for our purposes) in equation 238 in [52] (page 186).
In other words, it is not possible to cover Lipschitz functions in infinity norm by only using
constant functions.
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