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Abstract

Unsupervised learning of latent variable models (LVMs) is widely used to represent
data in machine learning. When such models reflect the ground truth factors and
the mechanisms mapping them to observations, there is reason to expect that they
allow generalization in downstream tasks. It is however well known that such
identifiability guaranties are typically not achievable without putting constraints on
the model class. This is notably the case for nonlinear Independent Component
Analysis, in which the LVM maps statistically independent variables to observations
via a deterministic nonlinear function. Several families of spurious solutions fitting
perfectly the data, but that do not correspond to the ground truth factors can be
constructed in generic settings. However, recent work suggests that constraining
the function class of such models may promote identifiability. Specifically, function
classes with constraints on their partial derivatives, gathered in the Jacobian matrix,
have been proposed, such as orthogonal coordinate transformations (OCT), which
impose orthogonality of the Jacobian columns. In the present work, we prove that
a subclass of these transformations, conformal maps, is identifiable and provide
novel theoretical results suggesting that OCTs have properties that prevent families
of spurious solutions to spoil identifiability in a generic setting.

1 Introduction

Unsupervised representation learning methods can fit Latent Variables Models (LVM) to complex
real world data. While those latent representations allow to create realistic novel samples or represent
the data in a compact way [32, [16], they are a priori not related to the ground truth generative factors
of the data. It is highly desirable to recover the true underlying source distribution because those are
expected to help with various downstream tasks, e.g., out of distribution generalization [43] 2]].

One principled framework for representation learning is Independent Component Analysis (ICA)
where one tries to recover unobserved sources s € R? from observations = = f(s) and one assumes
that the components s; are independent. An important result is that for linear functions f it is
possible to recover s from observations x up to certain symmetries, i.e., the model is identifiable
[8]]. In contrast, for general non-linear models f is highly non-identifiable [25]. This has important
consequences for representation learning, in particular the learning of disentangled representations is
also unidentifiable without some access to the underlying sources [37]. Notably, this makes theoretical
analysis of a large body of methods (see, e.g., [20, 130, 42])) that enforces disentanglement difficult.

Several additional assumptions were suggested to make the ICA problem identifiable. Broadly, there
are two directions. First, some works imposed additional or different restrictions on the distribution of
the sources. One line of research adds temporal structure by considering time series data [19, 23| [24]].
More recently, Hyvérinen et al. [26]] proposed to introduce an observed auxiliary variable u, e.g., a
class label, such that the source distribution has independent components conditional on the auxiliary
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variable. They show that under suitable assumptions on the distribution of v and s arbitrary nonlinear
mixing functions can be identified. Several recent works extended this approach [29, 48} |53]].

Another possibility is to restrict the class of admissible functions by considering more flexible classes
than just linear functions, but not allowing arbitrary non-linear functions. The general aim of this
approach is to find sufficiently “small” function classes such that ICA is identifiable within this class
while making them as large as possible to allow flexible representation of complex data and being
applicable to real world problems. So far results in this direction are rather limited. It was shown that
the post-nonlinear model is identifiable [49]. Moreover, it has been shown that ICA with conformal
maps in dimension 2 is almost identifiable [25]. More recently, identifiability of volume preserving
transformations was investigated in the auxiliary variable case in [53] (combining the two possible
restrictions) and identifiability based on sparsity of the mixing function was studied in [54].

In this work, we extend the previous works by proving new identifiability results for unconditional
ICA. We consider conformal maps (i.e., maps that locally preserve angles) and Orthogonal Coordinate
Transforms (OCT) (i.e., maps where D f " D is a diagonal matrix where D f denotes the derivative
of f). OCTs, that we will also call orthogonal maps for simplicity, were recently introduced in the
context of representation learning in [[17]], motivated by the independence of mechanisms assumption
from the causality literature. The main focus of this work is to prove new identifiability and partial
identifiability results for this class of functions. An overview of our results can be found in Table[I]
We summarize the main contributions and the structure of this paper as follows.

* We prove that ICA with conformal maps is identifiable in d > 3 and extend the earlier
results in dimension 2 (Theorems 23] in Section [3).

* We define a new notion of local identifiability (Definition [3)) and prove that ICA with
orthogonal maps is locally identifiable (Theorem []in Section [4).

* On the contrary we show that ICA with volume preserving maps is not identifiable not even
in the local sense (Theorem|[6]in Section [5).

¢ We introduce new tools to the ICA field: our results are based on connections to rigidity
theory (see Section ), restricting the global structure of functions based on local constraints.
Moreover, we exploit the global structure of partial differential equations related to the
identifiability problem while most earlier results argue locally using linear algebraic tools.

2 Setting

Independent component analysis investigates the problem of identifying underlying sources when
observing a mixture of them. We will consider the following general setting: there exists some
random hidden vector of sources s € R? and the observed data is generated by

d

z = f(s), ps(s) = Hizlpi(si) =P (1)

where f : R? — R is smooth and invertible. The condition on s means that its coordinates (often
referred to as factors of variation) are independent. Formally this means that the distribution PP of s
satisfies P € M (R)®" where M, (R) denotes the probability measures on R. The goal of ICA is
to find an unmixing g : R — R such that g(x) has independent components. Ideally, this should
recover the true underlying factors of variation and achieve Blind Source Separation (BSS), i.e.,
g = f~! up to certain symmetries. Identification of the true generative factors of variations of the
observations is of interest since these provide a causal and interventional understanding of the data.

An important observation was that, in the generality stated above, identification of s is not possible. In
[25] two general constructions of spurious solutions were given: the well known Darmois construction
and a construction based on measure preserving transformations. The latter one is closer to our
work here and we will discuss those in more detail in Section[d]and Appendix [C| In a nutshell it is
based on the observation that for measures [P with smooth density one can construct smooth Measure
Preserving Transformations (MPT), m : R? — R< (that mix the different coordinates), i.e., maps that

leave P invariant, such that m(s) 2sifsn~ P This implies that all functions ( f o m)~* recover
independent sources since (f o m)~!(x) s making BSS impossible.

. D .. . L
"We use the notation X = Y to indicate that the two random variables X and Y follow the same distribution
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Figure 1: Illustration of the considered function classes. (a) shows a standard coordinate frame,
(b) a conformal map applied to this frame which preserves angles, (c) an orthogonal map (polar
coordinates) that preserve the orthogonality of lines parallel to the coordinate axes but not all angles
(see red line), (d) a volume preserving map.

Thus it is a natural question whether additional assumptions on the mixing function f or distribution
of s allow us to identify f. Let us define a framework for identifiability. We assume data is generated
according to (I) where f belongs to some function class F (A, B) of invertible functions A — B,
which we will always assume to be diffeomorphismsE] and P satisfies P € P for some set of
probability distributions P C M (R)®?. Finally, let S be a group of transformations g : R — R?
that encodes the allowed symmetries up to which the sources can be identified as follows. The
function class will be simply denoted F when domain/codomain information is irrelevant.

Definition 1. (Identifiability) We say that independent component analysis in (F, P) is identifiable
up to S if for functions f, f € F and distributions P, P’ € P the relation

f(s

implies that there is & € S such that h = f'~! o f on the support of PP.

)2 #'(s) where s ~Pand s’ ~ P’ )

Note that we require the identity = f’~! o f only to hold on the support of P because, for complex
classes F, there is in general no unique extension of f beyond the support of P and without data the
extension cannot be identified. We do not always make this explicit in the following. Put differently,
identifiability means that given observations of x = f(s) and knowledge of (F,P), we can find g
such that g o f € S, in particular the reconstructed sources s’ = g(x) and the true sources s are
related by a symmetry transformation in S. We discuss in Appendix [Clhow to identify the set S and
how spurious solutions to the identification problem can be constructed. In the following, it will
be convenient to use the notation f,.[P which denotes the push-forward of the measure P along the
function f. We refer to Appendix [A]for a formal definition, but we note here that the distribution of
f(s) equals f,IP whenever s ~ IP. Therefore, (Z) can be equivalently written as f.P = f/P’.

We illustrate Definition [I] through the well known example of linear maps

Fin = {f : RY = R? : f is linear and invertible}, 3)

i.e., z = As for some invertible matrix A € R™*™, We further define
Piin = {P € M;(R)®? : at most one component of P is Gaussian}, 4)
Siin = {PA : P is a permutation matrix and A is a diagonal matrix }. (5)

It is easy to check that S is a group. Then the following identifiability result for Fi;, is well known.
Theorem 1. (Theorem 11 in [I8]) The pair (Fiin, Piin) is identifiable up to Syy,.

This result is optimal as the ordering and scale of the s; is unidentifiable and the restriction to at most
one Gaussian component is required to avoid linear MPTs of multivariate Gaussians. We provide a
proof of this result in Appendix [D]as this serves as a preparation for the more involved Theorem 2]
below.

An important observation which was also made in [22] is that with minor differences one can
also consider the case where f : R¢ — M maps to a d-dimensional Riemannian manifold M. An

2A diffeomorphism is a differentiable bijective map with differentiable inverse.



Table 1: Overview of new identifiability results. Note that Identifiable implies Locally identifiable
and if Locally identifiable does not hold neither of the other two properties can hold.

Function class Identifiable Locally identifiable Gaussian only
(Def. (Def. [3)) spurious solution
Linear v v v
Conformal v (Thm. 2] & v v
Orthogonal ? v (Thm. X (Prop.
Volume preserving X X (Thm. [6] X
General nonlinear X X (Lemma D X

important example for this setting is the case where M/ C R" is a submanifold of a higher dimensional
Euclidean space. This covers the standard setting of unsupervised representation learning where
high dimensional observations (often images) are created from low dimensional factors of variation
mirroring the well known manifold hypothesis [S0]. Note that this setting essentially covers the case
of undercomplete ICA, where we consider f : R¢ — R™ with n > d. The only difference is that we
assume that we already know the submanifold M that f maps to. This manifold can, however, be
identified from the observations z = f(s) under minor regularity assumption on f and the support of
the data distribution. To avoid technical difficulties we assume that the manifold is already known.
Note that we restrict our attention to the case where the factors of variations are parametrized by a
Euclidean space. An extension to product manifolds and a combination with the approach in [21] is
an interesting question left to future work.

In the next sections we discuss our results on identifiability of ICA for different function classes.
An illustration of the considered classes can be found in Figure[I} They are all characterized by a
local condition on their gradient. Previously, in [22] it was shown that the function class of local
isometries is identifiable. Local isometries have been used frequently in machine learning, and more
specifically in representation learning [44} |50, [11]]. Our main results consider two generalizations of
these function classes, conformal maps and orthogonal coordinate transformations. Conformal maps
preserve angles locally and have been used in computer vision [46, 51} [18]]. For d = 2, conformal
maps essentially consist of all biholomorphic mappings of simply connected open domains of the
complex plane, and thus constitute a “large”, non-parametric family, as a consequence of the Riemann
Mapping Theorem [38]]. For d > 3, Liouville’s Theorem implies that this class contains relatively
“few” functions in fixed dimension (i.e., mapping R? — R%), in the sense that it is a parametric family,
with parameter dimension quadratic in d (see Theorem [7). However, this is a rich class when the
target space is higher dimensional than the domain (i.e., R? — R", d < n). OCT are an even more
general class that were motivated based on the principle of independent causal mechanisms in [17]].
Notably, it contains all conformal maps precomposed with nonlinear entrywise reparametrizations
of the source components (see Corollary [T)). It is however much larger, as one can for example
concatenate arbitrary functions from the large family of 2d conformal mappings to obtain higher
dimensional OCTs. Moreover, many works showed that training VAEs promotes orthogonality of
the columns of the input Jacobian [43} 155133, 140} 47] and this has been empirically shown to be a
good inductive bias for disentanglement. Indeed, these algorithms are widely used in representation
learning and often recover semantically meaningful representations [34, 1530, [20].

3 Results for conformal maps

Our first main result is an extension of Theorem [I]to conformal maps. A conformal map is a map
that locally preserves angles, i.e. locally it looks like a scaled rotation. It can be shown that this is
equivalent to the following definition.

Definition 2. (Conformal map) We define for domains 2 C R? the set of conformal maps by
Feont = {f € CHQ,RY) : Df(x) = Mz)O(x)} where X : Q — R\ {0} is a scalar function and
O : Q — O(d) is a map to orthogonal matrices (i.e., O(z)™' = O(x) ).

All our results also hold for the more general class of conformal maps f : 0 — M where M is a
Riemannian manifold. The complete definition can be found in Appendix [B] For convenience we
define signed permutation matrices by

Permy (d) = {P € R™”?: Q € R**%, such that Q;; = |P,;|, is a permutation matrix},  (6)



i.e. the set of matrices whose entry-wise absolute value is a permutation. Later we will also use the
notation Diag(d) and Perm(d) for d x d diagonal and permutation matrices, respectively. We define
Sconf = {# — KPx + a where P € Perm.(d), a € R%, k € R\ {0}} (7)

and

Pconf - P1®n n P]jn, where

P1 = {p € M (R), thereis® # O C R open, s.t. x has positive C* density on O}.
While this condition might appear a bit technical it actually only rules out pathological cases like
the cantor measure or densities which are nowhere differentiable and probably it could be relaxed

further. In particular P; contains all probability measures with piecewise smooth densities. Then the
following identifiability for conformal maps in dimension d > 2 holds.

Theorem 2. For d > 2, ICA with respect to the pair (Fcont, Peont) IS identifiable up to Scont-

®)

This means that we can identify conformal maps up to three symmetries, namely constant shifts of
the distributions, rescaling of all coordinates by the same constant factor, and permutations of the
coordinates. The proof is in Appendix [E] The main ingredient in the proof is that conformal maps in
dimension d > 2 are very rigid and can be characterized explicitly, as we will discuss in Section 6]

We remark that it might be more natural to not fix the scale of the sources and allow arbitrary
coordinate-wise rescaling. The result can be easily extended to accommodate this. We define

Sreparam = 19 : R? = R? g = P o hwhere P € Permy (d) and h : RY — R with
h(x) = (hi(z1), ..., ha(zq))" for some h; € C*(R,R) with A, > 0}.
It is easy to see that S;eparam is @ group. We define the class of parameterized conformal maps by
Frecont = {foh|f € Feont, h € Sveparam } N C3(£2, M) and then get the following Corollary.

Corollary 1. For d > 2, ICA with respect to the pair (Fy—cont, Peont) is identifiable up to Syeparam
if we assume in addition that the observational distribution cannot be expressed as f,P for some
f € Feont and P € My (R)®d which has at least two Gaussian components.

€))

The additional restriction on the observational distribution is clearly necessary to exclude the non-
identifiability of Gaussian distributions.

For dimension d = 2 it was shown [25]] that conformal maps can be identified up to a rotation when
fixing one point of the conformal map (setting f(0) = 0). The authors also claim, without proof,
that the remaining ambiguity can be removed for typical probability distributions. We extend their
result by removing the condition that one point is fixed and prove full identifiability with a minor
assumption on the involved densities. We define the following set of probability measures on R?

Peontz = {P =P ® Py € M(R)?| s.t. supp(P;) is a bounded interval I; and

10
IP; has density bounded above and below on I; } (10)

Then we get the following result.
Theorem 3. For d = 2, ICA with respect to the pair (Feont, Peont2) is identifiable up t0 Scont-

This means that we can identify conformal maps on compact domains in dimension 2 up to shifts,
permutations of coordinates, and scale. Note that we can also identify conformal maps if P has full
support R? using the same proof as for d > 2 (see Lemmain the supplement) and an extension as
in Corollary [T]is possible. The proof of this result is in Appendix [E]

4 Results for orthogonal maps

Recently, in [17]], the more general class of OCTs was considered in the context of ICA. They referred
to orthogonal coordinates as IMA maps, referencing to independent mechanisms. This nomenclature
was motivated by the causality literature and we refer to their paper for an extensive motivation and
further results. As we focus on theoretical results for this function class we stick to the more common
term of OCTs. Orthogonal coordinate transformations are defined as the set of functions whose
derivative have orthogonal columns, i.e., the vectors J; f and 0; f are orthogonal for ¢ # j.

Definition 3. (OCT maps) We define for domains 2 C R? the set of OCT maps (orthogonal
coordinates) by Focr = {f € CH(Q,R?) : Df(x)" Df(x) € Diag(d)}.



OCTs constitute a rich class of functions. The study of OCTs has a long history and already in
the 19th century the structure of all OCTs defined in a neighbourhood of a point were characterized
[10, 4]. Later, also the set of global orthogonal coordinate systems on R? was characterized [28]. As
those results are not easily accessible we will provide here a simple argument showing that OCTs
constitute a rich class of functions. We first note that FocT contains the above F,_.onf, as functions
in the later class have a D f(x) that takes the form of a Jacobian of a conformal map whose columns
are rescaled by derivatives of the entry-wise reparametrizations, such that they remain orthogonal.
However, Focr is much bigger than F;_con¢. For example, take a n-tuple (f L., f™) of arbitrary
injective 2D conformal maps f* : Q; — R? € Feonr where €, C R? and build the “concatenated”
map feonc : 1 X -+ - X ,, — R2" given by

fconc(s) = (fll(sh 32)7 f21(517 52)7 ey f1n(52n71; 82n)7 f;(Sanla sZn))T . (11)

The Jacobian of f., is block diagonal, such that columns associated to different diagonal blocks
are obviously orthogonal, and columns pertaining to the same k-th diagonal block are orthogonal
by conformality of fi. With such a construction, that we can also further post-compose with
transformations in Feopns on R?™, we can thus build a large non-parametric subclass of FocT on R27.
This construction can be easily adapted to the case of odd dimensions.

Setting for identifiability with OCTs. OCTs can also be generalized to maps whose target is a
d-dimensional manifold (see definition in Appendix [B)), and the following results will also apply
to such case. First, we note that we can only hope to identify a mechanism f € Focr up to
coordinate-wise transformations and permutations, i.e., maps in Syeparam. Indeed, if f € Focr and
g € Sreparam then f o g € Focr. Thus, in particular f.P = (f o g).(g7*).P. This implies that
given observations from f,IP we can identify f and [P only up to g € S;eparam- More precisely, for
any (sufficiently smooth) P’ there is f such that f,IP = f/IP’ where we pick g such that P’ = g, 1IP’.E]

As the distribution of the s; is not identifiable, we map it to a fixed reference distribution that we
choose to be the uniform distribution on (0, 1)¢. We introduce the shorthand C,; = (0,1)? for the
standard open unit cube (exclusion of the boundary will be important for our result) and denote by v
the uniform (Lebesgue) measure on Cy. For fixed base measure v the symmetry group is reduced to
permutations and reflections, i.e., maps in P € Permy (d).

We conjecture that for typical’ pairs (f, P) € Foct X Poct, ICA is identifiable with respect to
Sreparam (With a suitable definition of Pocr, €.g2., Poct = Poont). However, we leave a precise
statement for future work. Below we will show a weaker notion of identifiability for OCTs, but,
before that, we first exhibit exceptional classes of spurious solutions for ICA with OCTs.

Spurious solutions for ICA with OCTs. We first note that just as for linear maps and conformal
maps (see Thm. |I)) Gaussian distributions can hamper identification. This is because arbitrary
measures with a factorized density can be pushed forward into multivariate Gaussians using a suitable
coordinate-wise transformation.

Fact 1. Let [P be a probability measure on R with bounded density p and cumulative distribution
function Fp. Denote the cumulative distribution function of the standard normal by Fjs. Let
hp = Fy;' o Fp. Then (hp).P has a standard normal distribution.

This implies that if P =P; @ ... @ Py and = f(s) = (hp,(s1),- .., hp,(sq)) then f,IP follows a
standard normal distribution. In particular, for every A € O(d) the distribution of Az is standard
normal and its components are independent. Note that, in contrast to conformal and linear maps, it is
not sufficient to exclude Gaussian source distributions: due to the flexibility of the function class, we
have to exclude that the pair ( f,P) has a Gaussian observational distribution f,[P. Next we show that
a more general construction using OCTSs is possible.

Proposition 1. Let P be a rotation invariant distribution on R% with smooth density. Then there is a
smooth and invertible (on its image) function f : Cy — R with f € Focr such that f,v = P.

The proof of this result can be found in Appendix [F| The main idea in the proof is that d-dimensional
polar coordinates do the trick up to coordinate-wise rescaling. This proposition implies that the
entire family { fr = Ro f| R € O(n)} satisfies (fr).v = f.v and, by definition of Focr we have

3This is possible if both distributions have compact connected support where they have a smooth positive
density. We ignore difficulties associated with unbounded support or non-regular measures here
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Figure 2: Illustration of radius dependent ro- Figure 3: Smooth invariant deformations.
tations as defined in Lemmal[I] The left figure The blue grid indicates the transformation f,
shows the initial sources. In the right figure a while the green grid shows the deformed map
radius dependent volume preserving transfor- ®,. Outside the red box ®; = f; holds (see
mation was applied (see Appendix [C). Definition [5).

fr € Focr because f € Focr implies Ro f € Focr. In particular all inverses gp = fgl recover
independent sources because (ggr).f«¥ = v and BSS is not possible in a meaningful way in this
(special) case. The construction in Proposition [T] gives spurious solutions for substantially more
observational distributions than just the Gaussian (this is indicated in Table[T). Nevertheless we do
not view this as a general obstacle to identifiability results for OCTs for two reasons. Firstly the
spurious solutions only apply to carefully chosen pairs of function and base measure such that we
obtain a still very non-generic (radial) observational distribution. Moreover, the function constructed
in Proposition |1/ cannot be extended to Cy = [0, 1]% such that it remains invertible (in the language of
differential geometry: f is only an immersion not an embedding of a submanifold). In this sense the
main message of Proposition [T]is that an identifiability result for Focr needs to contain assumptions
ruling out those spurious solutions (just like Gaussians are excluded for linear ICA).

Local Stability of OCTs. We now give partial results towards identifiability of OCTs. While
we do not prove general identifiability for this class, we demonstrate their local rigidity: OCTs
cannot be continuously deformed to obtain spurious solutions. This is in stark contrast to the general
nonlinear case, which we will discuss for comparison below. Actually, we will show the following
slightly stronger statement. Suppose we know some initial data generating mechanism fj because
we have, e.g., access to samples (s, fo(s)). Now we assume that the mixing f; depends smoothly
on some parameter ¢ which could be, e.g., time or an environment. Then we can identify f; if
ft € Focr for all ¢ and given access to samples f;(s). This would not be true if f;’s would be
unconstrained nonlinear mixing functions. We now make these statements precise. We first define
smooth deformations of a mixing function.

Definition 4. (Smooth invariant deformations) Let F be some function class. Consider a family
of differentiable transformations ® € C1((—7,T) x R%, M) for some T > 0 and a smooth, d-
dimensional manifold M such that &, = (¢, -) is a diffeomorphism onto its image. We call ®; a
smooth invariant deformation if ®;(-) € F for all ¢.

An illustration of this definition can be found in Figure 3] Based on invariant deformations we can
now define a local identifiability property of ICA in a given function class.

Definition 5. (Local identifiability of ICA). Consider a function class F. Let f; be a smooth invariant
deformation in F that is analytic in ¢. Let ®; be another smooth invariant deformation in F analytic
in ¢ such that &y = fo and (®,).v = (f;).v for all £. Assume that there is ¢ > 0 such that
D, (s) = fi(s) if dist(s,0Cy) < e. Then we say that ICA in F is locally identifiable at (fi,v) if
these assumptions imply ®; = f; for all t. We call F locally identifiable if it is locally identifiable at
(ft,v) for all analytic local deformations f;.

We remark that our notion of local identifiability is indeed similar to the concept of local identifiability
in the context of parameter identification of neural networks [3]]. Local identifiability of a function
class means that we can identify smooth deformations f; € F from some initial mixing fy € F if
fo is known on the whole latent domain, and the behaviour of f; close to the domain’s boundary is
known for all ¢. This can be interpreted as plain identifiability in the concept drift setting [52, [15]].
Formulated differently, it means that an adversary cannot smoothly deform the function fj in a subset
whose boundary is away from the boundary of the domain, such that the outcome is ambiguous given



the resulting observational distributions. An experimental illustration of this setting and Theorem f]
below can be found in Appendix [H] The notion of locality in Definition 5] should be understood as
“non-global” and notably does not imply restrictions to a small neighbourhood, as local properties
often do. The non-globality manifests itself in two ways: we consider smooth transformations of
the ground truth, i.e., small changes of the data generating function f; and in addition we assume
that the changes are not everywhere in s, i.e., sources s close to the boundary are kept invariant. An
extension to other source distributions beyond fixed v (and possibly changing with ¢) is possible but
not necessary in the context of OCTs as explained above. We can show that local identifiability holds
true in FocT.

Theorem 4. The function class Focr is locally identifiable.

The proof, in Appendix [F] introduces new tools to the field of ICA. The main idea is to consider
the vector field X that generates the deformation ®; and then rewrite the assumption as systems of
partial differential equations for X. The proof is then completed by showing that the only solution of
this system vanishes. Let us state one simple consequence of this theorem.

Corollary 2. Let ®; be a smooth analytic invariant deformation in Foct such that (9y).v = f.v
for all t and there is € > 0 such that ®,(s) = f(s) if dist(s,0Cq) < . Then &, = f for all t.

Let us reiterate what this corollary shows: we cannot smoothly and locally transform the function f
such that (1) the observational distribution remains invariant, i.e., equal to f.v, and (2) the deformed
functions remain OCTs.

At a high level this result suggests that OCTs can be identified if we know f close to the boundary of
the support of s, e.g., by having, in addition to unlabelled data f(s), labelled data (s, f(s)) for those
s where one coordinate s; is extremal. Note that we actually do not show this result as there might be
further solutions which are not connected by smooth transformations. We expect that those results
can be generalized substantially. In particular, we conjecture that for “most” functions f the boundary
condition can be removed thus giving a stronger local identifiability result up to the boundary of the
support of s. As a partial result in this direction we prove the following theorem.

Theorem 5. Let f : Cy — R% be given by f(x) = RDx, with R € O(d) and D = Diag(p1, . . . , jta)
where ; are i.i.d. samples from a distribution supported on the positive reals Ry which has a density.
Suppose that @4 is a smooth invariant deformation in Focr such that ®g = f, (Py).v = fuv, and
D, is analytic in t. Then for almost all y; (i.e., with probability one) this implies ®; = f on Cy, i.e.,
®, is constant in time.

In Appendix [F]we show that this theorem follows from a slightly stronger result stated as Theorem[I0]
which has a similar proof as Theorem[d We do expect that the conclusion of the Theorem actually
holds for all y; not just almost all, but we are unable to show this.

Comparison with ICA for general nonlinear functions. Let us emphasize that those results are
non-trivial as they establish a large difference between ICA with generic nonlinear maps and ICA
with OCTs. To clarify this, we state that no result similar to Theorem 4] holds without the assumption
that &, € Focr. Put differently, the function class Fyonlinear 1S DOt locally identifiable.

Fact 2. Suppose f : Cy — R? is a diffeomorphism on its image. Then there are uncountably many
smooth deformations ®; of (f,v) such that (i) (®;).r = f.v and (ii) there is an £ > 0 such that
®,(s) = f(s) whenever dist(s, 9Cy) < e.

For completeness, we provide a general construction that is close to our proof of Theorem [] in
Appendix [C]in the supplement. A very clear construction for this result was given in [25]).

Lemma 1 (Smoothly varying radius dependent rotations (see [23])). Let R : R x Ry — O(d) be
a smooth function mapping to orthogonal matrices and let a € Cy. Assume that R(t,r) = id for
r > dist(a, 0Cq). Then the map s — hg o(t,s) = R(|s — al,t)(s — a) + a preserves the uniform

measure v on Cq for all t so that f o hp 4(t, s) £ f(s) for all t if s is distributed according to v.

An illustration of this construction is shown in Figure [2] (see App. [C]| for details). Clearly, by
concatenation this allows us to create a vast family of spurious solutions. Note that those solutions
are excluded when restricting to OCTs which is a corollary of Theorem 4]

Corollary 3. Suppose f € Focr. Let ®; be the smooth invariant deformation defined by ®; =
fohra(t,-) where hp q is as in Lemma If &, € Focr for all t this implies that hg o(t,s) = s
and ©, = f forall t.



We now summarize our view on the results of this section informally (we do not claim that the
statements below regarding (infinite dimensional) manifolds can be made rigorous). For a given
data generating mechanism ( fy, ~) we expect that typically the set of all solutions Mocr = {f €
Focr| f«v = (fo)«¥} C Focr is a zero dimensional submanifold, i.e., consists of isolated spurious
solutions and we prove this when fixing the boundary (see Theorem []) while the corresponding
submanifold of general nonlinear spurious solutions Myontinear = {f : Ca — R?| fuv = (fo).v} is
infinite dimensional even when requiring f(s) = fo(s) close to the boundary of Cj.

5 Results for volume preserving maps

Let us finally consider volume preserving transformations. For Q C R¢, those are defined as the set
of functions Foo1 = {f : @ — R?| det Df(z) = 1 for all z € Q}. Invertible volume preserving
deformations have the property that they preserve the standard (Lebesgue)-measure A in the sense that
J«Aa = Aj(q). Recently it was proposed that volume preserving functions are a suitable function
class for ICA. Here we show that those functions are not sufficiently rigid to allow identifiability
of ICA in the unconditional case. Note that Lemma |l| and Fact|2| already show how to construct
spurious solutions for the case that the base distribution is the uniform measure v. However, for an
arbitrary distribution P this is slightly more difficult because we need to find maps g that preserve P,
i.e., g.IP = P, and are volume preserving, i.e., preserve the standard measure.

Theorem 6. Let p be a twice differentiable probability density with bounded gradient. Suppose that
x = f(s) where the distribution P of s has density p and f is a diffeomorphism with det D f (z) = 1
for x € R®. Then there is a family of functions f, : R x R* — R with fo = f and f, # fofort #0
such that det D fi(x) = 1 and (f;)P = f.P.

The proof and an illustration are in Appendix[G} It is based on the flows generated by suitable explicit
vector fields. As those flows can be concatenated we obtain a large family of spurious solutions.
We think that the approach used here is a powerful technique to construct counter-examples to
identifiability in ICA. As local identifiability is weaker than identifiability we conclude that ICA in
Furol 1 not identifiable. Note that this is even true when we know the distribution of s. A rigorous
version of this statement is that if (Fyo1, Pyol) is identifiable with respect to Sy then Sy, contains
functions mixing coordinates s;, s; for ¢ # j (i.e., there is h € Sy such that 9;0;h # 0).

6 Relation to rigidity theory

Our results rely on rigidity properties of certain function classes. Rigidity refers to the property
that a local constraint on the derivative of a function implies global restrictions on the shape of the
function. These type of results are of interest in the field of continuum mechanics [6] where, e.g., the
condition D f € SO(d) is used to describe deformation of rigid solids and the condition Det D f = 1
to describe incompressible fluids.

We now state a well known rigidity result for conformal maps that is the main input in the proof of
Theorem 2] This result shows that there are very few conformal maps in dimension d > 2.
Theorem 7 (Liouville). Let d > 2, Q C R? open and connected, f : Q@ — R? conformal. Then

fx)=b+aA(xz—a)/|lz —al (12)
where b,a € RY, a € R, A € O(d), and ¢ € {0,2}.

Originally this result was shown by Liouville [36]], a modern treatment is [27]]. In particular, this
shows that conformal maps are (up to translations) rotations or rotations followed by an inversion.

To illustrate the strength of Theorem [7] we compare it to the setting of volume preserving maps which
satisfy no similar rigidity property. Intuitively the different rigidity properties are already apparent
from the connection to solids, which can merely be rotated and shifted, and fluids which can also
be stirred leading to chaotic deformations. Rigorously the different behaviours can be clarified by
the observation that conformal maps have a finite number of parameters and thus a finite number of
constraints (e.g., of the form f(x) = y) allows to identify them. In contrast volume preserving maps
cannot be identified from finitely many constraints as the following proposition shows.

Proposition 2. For d > 2 and {x1,...,%n,y1,--.,yn} C RY, all pairwise different, there is a
volume preserving diffeomorphism f : R? — RY, f € Foo such that f(x;) = y;.



Let us emphasize that the different rigidity properties are not at all surprising when arguing based
on degrees of freedom or numbers of constraints. While volume preserving maps enforce only a
single scalar constraint on the Jacobian D f the condition for conformal maps gives n(n +1)/2 — 1
constraints on the Jacobian.

Let us finally comment on OCTs where the picture is not as well understood. As discussed in
Section [Z_f] it is known [10} 4] that OCTs constitute a rich, non-parametric class of functions and
therefore OCTs are much more flexible than conformal maps. We illustrated this with example OCT
constructions in Section ] leveraging 2D conformal maps. Nevertheless, it is not known if and what
rigidity properties can be derived for OCTs. However, our results suggest that the additional measure
preservation condition in the context of ICA gives enough rigidity to (almost) give identifiability of
ICA. In this sense OCTs might be a good function class for ICA as it is rich enough to allow complex
representations of data while at the same time being sufficiently rigid to still provide a notion of
identifiability whose strength remains to be determined.

7 Discussion

ICA is long known to be identifiable for linear maps, baring pathological cases, and highly non-
identifiable for general nonlinear ones. Surprisingly, similar results for function classes of intermediate
complexity remain scarce. In this work we address this question with several identifiability results for
different function classes. Our first main result is that ICA is identifiable in the class of conformal
maps (up to classical ambiguities). This considerably extends previous claims, limited to a specific
2D setting 23], and ruling out several families of spurious solutions [17]]. On the negative side we
show that the ICA problem for volume preserving maps admits a large class of spurious solutions.
Finally, we show that OCTs satisfy certain weaker notions of local identifiability.

In our proofs, we draw connections to methods and techniques that, to the best of our knowledge,
have not been used in the context of ICA before. We relate the identifiability problem in ICA to
the rigidity of the considered function class F and use tools from the theory of partial differential
equations. These techniques have been applied very successfully to the analysis of elastic solids
[7,16] and we believe that there are many applications of these methods in the field of ICA.

While the main focus of current research after the seminal work of Hyvérinen et al. [26] is on
the auxiliary variable case, there are three reasons to consider unconditional ICA. Firstly, it is a
fundamental research question that is, as illustrated by our results, deeply rooted in functional
analysis. Secondly there is high application potential for completely unsupervised learning without
any auxiliary variables, as the corresponding datasets do not require labelling or specific experimental
settings. Thirdly, it is very likely that the techniques can be generalized to the auxiliary variable case.

Another important open problem is assessing the type of constraints on ground truth mechanisms,
encoded by function classes, that are relevant for real world data. It is plausible that those mech-
anisms are typically much more regular than generic nonlinear functions. Recently, Gresele et al.
[17] suggested, based on arguments from the causality literature that Focr is a natural class for
representation learning (and our results show it also has favourable theoretical properties), but this
will require experimental confirmation on real world data.

Finally, a central question from a machine learning perspective is the ability to design learning
algorithms that can train LVMs with identifiable function class constraints. Interestingly, Gresele et al.
[17] showed that OCT maps can be learnt using a closed from regularized likelihood loss, thereby
providing, supported by our result, a full-fledged identifiable nonlinear ICA framework.
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Function Classes for Identifiable Nonlinear Independent
Component Analysis

Supplementary Material

In the appendix we provide the proofs of our results and we discuss the relevant background. It
is structured as follows. We first introduce some mathematical background in Appendix [A|and
extend the function class definitions to Riemannian manifolds in Appendix [B] We discuss a general
construction of spurious solutions in Appendix [C] Then we provide the proofs of our main results in
Sections[Elto

A Mathematical background

For the convenience of the reader we collect some mathematical definitions and notations. All
definitions can be found in standard textbooks.

Pushforward of measures. For a measure ;2 on a (measurable) space X and a measurable map,
f: X — Y the pushforward measure f,u is defined by (f.u)(A) = u(f~1(A)) for any measurable
set A C Y. Here f71(A) = {z € X| f(z) € A} denotes the preimage of A under f. Sometimes
the pushforward measure is denoted by f# 1. Note that no further restrictions on f are necessary, in
particular f does not need to be invertible. One important property that we will use frequently is the
relation (g o f).p = fu(gupt).

Note that if s ~ P, i.e., s has distribution IP then f(s) ~ f.[P. Indeed, this is obvious as P(f(s) €
A) = P(s € f71(A)) = P(f~1(A)). In the context of ICA it is convenient to mostly talk about
distributions and push-forwards as we typically never observe pairs (s, f(s)). For later usage we
also recall the transformation formula for random variables. If f € C*(R™,R") is an invertible
diffeomorphism and Q = f,.P where IP and Q have density p and q respectively then

q(y) = p(f ' (y)| Det Df~(y)]. (13)

Note that the potentially more familiar version for random variables reads as follows. Let X and Y
be random variables satisfying Y = f(X), then their densities are related by

py (y) = px(f ()| Det Df ' (y)]. (14)

Diffeomorphisms. Let U,V C R?. A diffeomorphism from U to V is a bijective map f : U — V
such that f € CY(U,V) and f~! € C'(V,U). Note that it is not sufficient to assume that f is
bijective and in C1(U, V), the classic counterexample being f(x) = 3. A sufficient condition is
that D f(x) is an invertible matrix for all . Sometimes we loosely speak about diffeomorphisms
f : U — R% which should be understood as f being a diffeomorphism on its image f(U).

Vector fields and flows Vector fields can be introduced nicely in the language of differential
geometry. However, we think that for the purpose of this paper it is more appropriate to give a more
down to earth discussion focused on R¢. We refer to [33]] for a general introduction. A vector field is
amap X : RY — R?, Our reason to consider vector fields is that they can be used to describe smooth
transformations of R?. We will assume that X is Lipschitz continuous. We define the flow of a vector
field as amap ® : R x R? — R? such that

Dy (z) = x, 0: P+ (x) = X (Ds(2)). (15)

Let us remark concerning the notation that it is convenient to put the ¢ argument below, i.e., we write
O, (x) = D(t, z). Moreover, when applying differential operators D they will by default only act on
the spatial variable z, i.e., D®;(z) denotes the derivative of the function  — ®;(z) for a fixed t.
Note that the solutions of differential equations can exhibit blow-up so ®;(z) might not be defined
for all times ¢. However, when we assume that X is bounded the flow exists globally.

It can be shown that if X is k times differentiable then so is ®; and one can conclude that then ®;
is a diffeomorphism (@ is bijective by the uniqueness of ordinary differential equations). We will
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also consider time-dependent vector fields X : (—7,7) x R? — R where the flows can be defined
similarly, replacing X by X;.

We are particularly interested in the action of flows on probability measures, i.e., we consider the
measures (®;).[P for some initial measure P. It can be shown that if the density of P is p then the
density p; of (®;), P satisfies the continuity equation

Opt + Div(p: X)) =0 and po = p. (16)
Here Div denotes the divergence which is defined by Div f = ). 0;f; = Tr D f. One important
consequence is that the flow of the vector field preserves the measure, i.e., (®;).P iff Div(pX;) =0

for all £. Moreover, the standard Lebesgue measure in R is preserved if Div(X;) = 0, i.e., divergence
free vector fields generate volume preserving flows and vice versa.

Additional notation. We at some places use the notation [n] = {1,...,n}. We also use the O
notation. Recall that f(z) = O(g(x)) as x — oo means that there are constants z¢ and C' > 0 such
that f(x) < Cg(z) for x > x(. Recall that we introduced the notation C;y = (0, 1)¢ in the main part
and we denoted by v the uniform measure on Cy. We write ’iff” as a shorthand for ’if and only if”.

B Function class definitions for general manifolds

Here we extend the definition of the function classes to Riemannian manifolds. Riemannian manifolds
are manifolds M equipped with a metric g. For complete definitions we again refer to [35]. We
denote the differential of amap f : M — N atx € M by (df)s : TeM — Ty)N. As before, we

use the notation D f(s) € R?*?" for the usual derivative of a map f : RY — R?". The matrix D f(s)
is the representation of (d f); in the standard basis. A smooth map f : M — N between Riemannian
manifolds (M, g) and (N, h) is conformal if there is a function A : M — R, such that

(f*h) = Ag A7)
where f*h denotes the pullback metric. This means that for X, Y € T, M
Moreover, we observe that the adjoint (df)* satisfies by definition
g((df)i(df)s X, Y) = h((df)s X, (df)sY) = A(s)g(X,Y). (19)
We conclude that
(df)s(df)s = Als) - Idz, - (20)

In the case that M = N = R both equipped with the standard metric the definition is seen to be

equivalent to Definition [2| given in the main part. When [V is a d-dimensional submanifold of RY
with d’ > d then we obtain the pointwise condition

Df(s) " Df(s) = A(s)Idaxa, Q1)

i.e., D f(s) has orthogonal columns with equal norm. Note that the concatenation of conformal maps
is conformal and the inverse of conformal diffeomorphisms is again conformal.

Next, we extend the definition of orthogonal coordinate transformations. We remark that orthogonal
coordinates are chart dependent so no coordinate free definition can be given. Thus we focus on the
case where the domain of the function is R? which we equip with the standard metric and we consider
the standard orthogonal coordinate vector fields which we denote by e;. Then we call a smooth map
f : R — M for a Riemannian manifold (M, g) an orthogonal coordinate transformation if for i # j
and all s € R?

g((df)sei, (df)se;) = 0. (22)
Again, this condition can be equivalently written as
{ei(df)s(df)sej)re =0 (23)

for i # j. If M is a submanifold of R with the metric induced from the standard Euclidean metric
we obtain the natural generalization of Definition[3] i.e.,

Df(s)" Df(s) € Diag(d). (24)
An important remark is that orthogonal coordinates do not exist for all manifolds as there are

obstructions. Manifolds with this property are called locally diagonalizable. This is closely related to
the representation capability of the function class.
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C Measure preserving transformations and spurious solutions

In this section we review the construction of spurious solutions for the ICA problem. We assume
that we consider ICA in the class (F,P) where F is a function class and P a class of probability
measures. We are interested in understanding the set of spurious solutions for a pair (f,P), i.e., the
set of pairs (f',P") € F x P such that f,IP = f/IP’. We now note that if we can construct & such that
h«P' =P and set f' = f o h we have f,P = f/IP’. Next we define the subset of right composable
functions

FR={feFlgofecFforalgc F} (25)
and similarly the subset of left-composable functions
Fh={feF|foge Fforallgc F}. (26)

We remark that if 7 is a group then obviously ¥ = F = F and the problem reduces to finding
measure preserving transformations in F. The classes Fiin, Fronlinears +confs and Fyolume are all
groups. We will comment on Foct below.

We note that if h € F7 satisfies h, ]’ = P then f' = foh € F and f/P’ = f.]P so this gives us
a spurious solution. A specific case is given by P = P’ in which case we are looking for measure
preserving transformations (MPTs) h € F . Note that such h for a certain IP allows us to construct
spurious solutions for all pairs (f, P) with arbitrary f.

This implies that if (F, P) is identifiable with respect to S then any h as above satisfies h € S (if P’
has full support, and otherwise there is a b’ € S such that h and h’ agree in the support of P').

We consider an example. Let P be the distribution of the standard Gaussian and & = R for some
R € O(d). Then h € Fj, and h, P = P as the standard Gaussian is invariant under rotations.
However, such a linear measure preserving transformation does not exist for other P € M (R)®9,
This is the reason that Gaussian distributions are excluded for linear ICA.

Next we observe (as we discussed in the main part) that if the function class F is stable by right com-
position with arbitrary component-wise transformation we can turn any admissible latent distribution
into another one. This means we can fix a reference measure (we will usually use v) and then we can
find (at least under suitable regularity assumptions) for P € M (R)®? maps h* =¥, h*=F ¢ F= such
that h2 =P = v, h¥~Fv = P. If we can find an MPT h € F% such that h,v = v mixing the coordi-
nates we can then find spurious solutions for any pair ( f, P) by considering f' = foh*~F ohohF=
because then f/IP = f,Pand f' € F by definition of F%.

For the class Fonlinear Such MPTs exist, we gave one construction in Lemma E} In Appendix E] we
will sketch the proof of this result and discuss another construction based on divergence free vector
fields. For the class Fyoume We cannot arbitrarily transform the input distribution. However, we
can still find coordinate mixing MPTs for every P (with smooth density). This will be proved in
Appendix[(_}'} These constructions rule out any (meaningful) identifiability result for F,on1inear and

volume-

There is also a slightly different approach to construct spurious solutions for a pair (f,P). For
any MPT h € F L such that h, f«P = f.P, i.e., transformations that preserve the observational
distribution Q = f,IP, the function h o f defines a spurious solution. Note that this gives spurious
solutions for all pairs ( f,P) such that f,IP follows the fixed distribution Q. This approach will allow
us to construct spurious solutions in Focr for some fine-tuned pairs (f, P) with f € Focr (see the
proof of Proposition[I]in Appendix [F). Note that because of their fine-tuning, such spurious solutions
can arguably be considered pathological cases instead of key non-identifiability issues. This is inline
with how such solutions a considered in the case of linear ICA.

Let us finally have a closer look at Focr. It is quite straightforward to see that
FSer = Feont- 27)
In particular, all rotations are contained in F% .. More interestingly, we have
F&or = {f € Focr| Df(z) = P(z)A(z) for some P(z) € Perm(d), A(z) € Diag(d)}
= {f € Focr| f = P o hwhere P € Permy(d) and h : R? — R? with (28)
h(z) = (hi(z1), ..., ha(zq))" for some h; € C1(R,R) with b} > 0}.
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The first step can be seen using the chain rule and the definition of Focr. The second step follows
from the fact that the permutation P is necessarily constant for such a function. This again recovers
the fact that OCTs can only be identified up to permutations and coordinate-wise reparametrisations.
However, we also conclude that all A € fgCT act coordinate-wise (up to a permutation), i.e., do not
prevent BSS. This shows that for FocT no completely generic spurious solution based on a single
MPT mixing the coordinates exists. This is different from F,op1inear- We emphasize that this does
not rule out the existence of a fine-tuned spurious solution for every (or most) pairs ( f,P) because
then we only need to find h such that h,[P = P and f o h € Focr. The relation f o h € Foor of
course holds for h € F£ 1 but there will, in general, be many more h for a fixed f.

D Proof of Theorem 1]

We here, for completeness, give a proof of Theorem[I} While this result is well known we think that
it makes sense to include a condensed proof because it contains many of the key steps of the more
involved proof for conformal maps in the next section and it is not as well known as the proof based
on Darmois-Skitovich Theorem which does not generalize to nonlinear functions.

Proof of Theorem[I] We assume that = 2 As 2 A’s’. We first assume that the densities p:R*" =R
and ¢ : R® — R of s and s’ are C? functions and p(z) > 0 for all z € R?. We denote their
distributions by P and Q. By independence of the components we can write p(z) = [[, pi(x;),
q(z) =TI, gi(x;) for some C? functions p; and ¢;. By assumption we conclude that ((4’) "' A),P =
Q. We denote B = ((A’)"tA)~! = A1 A’ so that B, 'P = Q and the transformation formula for
densities implies that

q(y) =p(By) |Det B| = > In(a(ys)) = Y _ In(px((By)x) +In|Det B|.  (29)
K k

The main idea of the proof is to use the observation that for 7 # j and all y such that ¢(y) # 0

905 1In(q(y)) = 0;9; Zln(%(yk)) =0 (30)
2

i.e., mixed second derivatives of the log density vanish. We plug (29) into this equation and get

9iIn(q(y)) = > Bri In(p) (By)x), (31)
k

0;0;q(y) = > BijBri n(pr)” (By)k)- (32)
k

We now denote 2 = By. Then we get (using that B is invertible) that for all 2 such that p(x) # 0

0= BijByiIn(py)" (z1). (33)
k

Varying one x individually we conclude that each summand is constant which implies that either
By;jBy; = 0 forall i # j or In(py)” () is constant. It is straightforward to see that the only
probability distribution with In(p)” = & for some constant x are Gaussian distributions. Indeed, note
that In(p)”" = & for some constant implies that p(z) = exp(kx?/2 + c1x + ¢2). If p is the density
of a probability distribution and in particular integrable we see that this implies k < 0 and p is a

Gaussian density with kK = —o 2. Note that by assumption at most one component of IP is Gaussian,
wlo.g., k=1
As py is not a Gaussian for k > 1 and thus In(pg )" not constant we conclude
By B = 0 (34)
for ¢ # j and all & > 1. Plugging this into (33) we obtain
0 = By1;By; In(p1)” (z1). (35)
Note that if p; is a Gaussian density then In(p;)” = —o~2 # 0 so we conclude that in any case

By;B1j =0fori # j,ie., holds as well for k = 1.
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In other words, at most one entry of every row of B is non-zero. This implies that B = PA for some
P € Perm(d) and A € Diag(d). This was to be shown.

Let us clarify what happens when there is more than one Gaussian component. In this case there might
be multiple constant non-zero terms in (33) whose contributions can cancel and we cannot conclude
that (34) holds for all k. This recovers the well known non-uniqueness for Gaussian variables.

It remains to extend the result to distributions whose density is not twice differentiable. By stan-
dardizing s and s’ we can assume that B € O(n). Indeed, when the covariances of s and s’ satisfy
Y, = Xy = Idg then s = Bs' implies B' B = BTY, B = X, = Id. Then s’ 2 Bs implies that
for an independent standard normal

B(s+N)2s¢+BNZ2s +N (36)

where we used that standard normal variables are invariant under orthogonal maps. Note that
s+ N € Pin. Indeed, (s;, N;) L (s;, N;) implies (s; + N;) AL (s; + N;) fori # j. If s, + N; is
Gaussian then s; is Gaussian (consider, e.g., the Fourier transform) so s + N also has at most one
Gaussian component. The density of s + N is smooth and pointwise positive, so we can apply the
reasoning above to s + N and s’ + N and conclude B € Syyy,.

E Proofs for the results on conformal maps

In this section we give the proofs for Section 3] First, we consider d > 2 and then the special case
d=2.

E.1 Proof of Theorem 2]

The proof of Theorem [2] uses similar ideas as the proof for Theorem|[I} however, the calculations are
more involved. The key ingredient is the classification of all conformal maps in Theorem[7} From
there we see that we already dealt with the linear case in Theorem [I] so it is sufficient to focus on the
case of nonlinear transformations. Recall that the Moebius transformations introduced in (12)) are
given by

A(x — a)

[z —al*

fx)=b+a« 37

where b,a € RY, a € R, A € O(d), and ¢ € {0,2}. In particular, the Theorem will be an easy
consequence of the following lemma.

Lemma 2. Suppose g : R — R% is a nonlinear Moebius transformation, i.e., a map as in (37) with

D
e = 2. Let s, s’ be random variables whose distributions are in Peons. Then s # g(s').

Let us quickly show how it implies Theorem [2] before we prove this lemma.

Proof of Theorem 2] We use the same notation as in the proof of Theorem [I] We denote the dis-

tribution of s and s’ by P and Q and we assume z 2 f(s) 2 f'(s") with f, f" : R - M
conformal (see Appendix [B| for the definition). This implies that (f'~!f).P = Q. We denote
g=((fH71f)~t = f~1f" sothat P = g,Q. Now we make the simple but important observation
that g as a concatenation of a conformal map and the inverse of a conformal map is a conformal map
from R? to R%. Thus, we can apply Liouville’s Theorem to g (recalled in Theorem which implies
that

aA(y —a)
ly —al?
where b,a € R%, a € R, A € O(d), € € {0,2}. Using Lemmawe conclude that e = 0 and g is
linear. Then we can apply Theorem [I] (using that Peon¢ C Piin) and conclude that oA = PA for
a permutation matrix and a diagonal matrix A. Since g is conformal we have that A is orthogonal

and all eigenvalues have absolute value 1 which implies that A;; = +a for 1 < ¢ < d and thus
Ae Mperm,i(RdXd). O

g(y) =b+ (38)
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To prove Lemma[2] we need one technical result that shows that local properties of the density p; (i.e.,
properties that hold for z; € O; for some non-empty open sets O;) in fact hold for all x; # 0. This
will be based on the nonlinearity of the map g combined with the factorization p(z) = [[, pi(x;) of
the densities. An illustration can be found below in Figure 4]

Lemma3. Let O = O1 X ... x Oy CRYand U = Uy X ... x Uy C R?* where O; and U; are
non-empty open sets. Let g(z) = Az /|z|? for an orthogonal matrix A. Assume that g(O) = U. Then
U, is either (0, 00), (—00,0) (—o0,0) U (0, 00), or (=00, 00). Moreover, if the i-th row of A is not
equal to a (signed) standard basis vector then U; = R.

Informally the result follows from the fact that coordinate planes {x; = ¢} are mapped to spheres by
g except for ¢ = 0. We assume that the boundary of O and U is the union of subsets of hyperplanes.
However, g(O) = U then implies that the boundaries of O and U are mapped to each other. Since
the boundaries of both sets are the union of subsets of hyperplanes that are mapped to hyperplanes we
conclude their boundaries must be a subset of the coordinate axes hyperplanes H; = {x : x; = 0}
(because they would be mapped to spherical caps by g). For completeness, we give a careful proof
below. Let us highlight that this lemma essentially rules out counterexamples with finite support
because we can apply the lemma to the set {x € R? : p(z) > 0}. This is in contrast to the 2-
dimensional case where conformal maps between any two rectangles exist making the proof of the
corresponding statement below more difficult.

We now prove Lemma 2]

Proof of Lemma |2} The proof is a bit lengthy, so we first give an informal overview of the main steps.
As before, we denote the distribution of s and s’ by P and Q. We argue by contradiction, so we
assume that P = ¢, Q. By assumption g(z) = b + aA(x — a)/|x — a|?>. We now proceed in several
steps that constrain the structure of g. Let us briefly describe the steps of the proof.

In Step 1 and 2 we eliminate the trivial symmetries of the measure and show that the mild local
regularity assumption on the measures imply global regularity.

Then, in Steps 3 and 4 we derive in a condition similar to (33)) but more involved.

To exploit this condition we look in Steps 5 and 6 at certain limiting regimes where the terms become
much simpler and almost reduce to the condition of the linear case. This allows us to conclude that A
is a permutation matrix in Step 7.

Using that A is a permutation matrix in (@8) we get in Step 8 a much simpler relation that almost
factorizes. This allows us to derive a simple differential equation in Step 9 which restricts the potential
densities to a simple parametric form. This allows us to conclude.

Step 1: Elimination of trivial symmetries. First we show that we can assume a = b = 0 and
a = 1. We denote the shifts on R? by T,,(z) = = + a and the dilations D,,(x) = ax. Then we can
rewrite g = TyoD,0g00T_, with go(z) = Ax/|z|? and therefore (go)«(T_4)+Q = (Dy-10T_3).P.
Since shifts and dilations preserve the class P,y it is sufficient to show the result for g = gg. To
simplify the notation we drop the 0 in the following and just assume g(z) = Az/|x|2.

Step 2: Support and smoothness of distributions. The goal of this step is to show that under
the assumption of Lemma 2 the density of P and similarly of Q is positive and C? away from
the coordinate hyperplanes {x; = 0} for a union of quadrants, while it vanishes on the remaining
quadrants. This will be a consequence of Lemma Let U; = Int(suppP;). By assumption,
P € Peons which entails U; # 0. Then U = U; X ... x U,, = Int(supp P). Define O; similarly for
Q. The relation g,Q = P implies g(O) = U. Applying Lemmawe conclude that U is the union of
quadrants.

The same argument will imply that p is actually C? away from the coordinate planes. We consider
the interior of the set of points where P has a twice differentiable and positive density and call it
U’. For x € U’ there is a density p in a neighbourhood of z and it factorizes by the independence
assumption. The relation

3121)(95)/17(1’) = 5'12]71(%)/%(5%) (39)
implies that then p; is twice differentiable at z;. Vice-versa, if all p; are twice differentiable at x;
then p is twice differentiable at = (z1, ..., xq). This implies that U’ = U] x ... x U}, for some

22



open sets U/. By definition of Peons the sets U] are non-empty. Similarly, we define O’. The relation
(T4) for the densities p and g implies, together with the smoothness of g, that g(O’) = U’. Then we
apply again Lemmao conclude that p and g are C? functions away from the hyperplanes {z; = 0}
and if the density is non-zero at a point in a quadrant then it is positive in the complete interior of the
quadrant.

Finally, U/ = R if the i-th row of A has more than one non-zero entry (again by Lemma . By
definition this means that p; € C?(R) and p;(z) > 0 for such i and all .

Let us emphasize here, that we already finished the proof of Lemma 2| for probability distributions
with bounded support. This is more difficult in dimension 2 because there are two-dimensional
conformal functions mapping rectangles to rectangles. We will consider this in the proof of Theorem|3]
below.

A major step in the proof is to show that A is a permutation matrix under the assumptions of the
lemma. We define the index set I C [d] as the set of all indices ¢ such that the i-th row of the matrix
A has only one non-zero entry. Our goal is to show that I = [d]. We have shown so far that py, is
positive and twice differentiable if k ¢ I.

The proof in the linear case relied on the relation (33). We now derive a similar relation for non-linear
Moebius transformations.

Step 3: Derivative formulas. For future reference we note (using A € O(n)) that (for i # j5)

A A Ap; AY) ;s
(Dg(y))kj = 959k (y) = (|y2 - 2%) =k _ 2%, (40)
kj

e ly[*
Akjyi + Ay | 8(Ay)kyiy;
8i8-g =-—2—— J !
( J k)( ) |y|4 |y|6

A
Det(Dg(y)) = Det -1 Det (Id - 2y| QT;/) = — |y~ (42)
Yy Yy

(41)

Step 4: Derivation of a condition for the densities We apply the same reasoning as in the proof
of Theoremto derive partial differential equations for the density p. The condition s = g(s’), or
equivalently g~1(s) = s’ and the density relation (T4)) imply

q(y) = p(g(y))| Det Vg(y)|. (43)
This implies
q(y) = p(9(y)) | Det V(Ayly| )| = p (9(y)) ly|~>* (44)
=Y In(ge(yr)) = > n(pr(gr(y))) — 2dIn(|y|). (45)
k k

We calculate for i # j
9in(q(y)) = > _(Digr) (y)(npr) (9(y)) — 2d0; In(Jy)),

k

0= 9;0: In(q(y)) = ~2d;0; n(ly|) + D _(8:0;9x) (v) (i)' (91 () (46)
k

+ Z(aigk)(y)(5jgk)(y)(hlpk)”(gk(y))~
2

Evaluating the derivatives using @0) and @T) we get

Yil;
0=4d
ly[*
8(A YilY; Ay, i+ A 197 /
+ Z ( ( yy)|k6y Yi o kjy|y|4 t yj) In(pr)’(gr(y)) 47)
k
Agj (Ay)kyj> (Akz‘ (Ay)kyz'> p
+ — )T Z -2 | .
2 (i =2 ) (250 ) oo
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Finally we express the variable y through = = g(y) = Ay|y|~2. Note that then |y| = |2|~! and
y = A~1z|z|72. Plugging this in the last equation we get

0= 4d(A_1Z‘)i(A_1l‘)j
+ ) (Bar(A )i (A ) — 20af® (A (A" 2)i + Ari(A™"2);)) In(pi)’
k

+ Z (Akj|$|2 — 2$k(A_1$)j> (A;“|x\2 — ka(A_lx)i) ln(pk)”
k

(43)
= 4dAmixmAleEl
+ Z (82, Amizim Arjzr — 2|2|? (Akj Amim + AriAyz)) In(pr)’
k
+ Z (Akj|-73|2 - 2xkAljxl) (Ak1|='17|2 - 2xk,Amizm) ln(pk)”
k

where we used A~! = AT as A is orthogonal and we used Einstein summation convention to sum
over indices that appear twice (we kept the sum over & for better readability). Note that this expression
is not homogeneous in x.

Step 5: Simplifications as ,, — co. We fix an index 1 < r < d. The strategy is now to send
x, — oo while keeping the other coordinates bounded. We can assume by reflecting coordinates that
the quadrant {z; > 0,Vi} is contained in the support of P and p has a positive C? density there. We
can then rewrite (48]

0= O(:2) + (823 Ayi Ay — 4234, Arg) n(pr) + O2 n(p,)) + O()
+ (Apja? — 22, A1) (Apia? — 22, Aviz,) In(p,)” 4+ O(23 In(p,)")
+ > Ay Agia In(py)” + O(a7) (49)
k#r

=zt Z ArjApiIn(pp)” + 422 In(p,)' + O (22(1 + In(p,)") + 22 1n(p,)’) -
k
We conclude that

0= AgjApIn(pr)" +
k

AArA G ) (1 +In(p,)" 1n(p,)'> .

T, Ty x2

(50)

By varying x;, # x, this almost implies that Aj; Ay; In(px)” = ¢ for some constant whenever
pr > 0 and twice differentiable. However, for this we need to show that the terms hidden in O(-) are
really negligible, i.e. In(p,)” and In(p,.)’ /x, are bounded as z:, — oo so that the remainder becomes
o(1) which we will establish.

Note that if such a relation could be derived we could conclude, similarly to the linear case, that A is
a permutation matrix.

Step 6: Boundedness of In(p,)” and In(p,)’/x,. Recall that [ is the set of indices such that the
i-th row of A has only one non-zero entry. Let r ¢ I and pick j,¢ such that A,;A,; # 0. Fix all
coordinates xj, except x, so that py, is positive and twice differentiable at ;. Then we can express

(30) as
Mwﬁ+ﬂﬂ&X:Mm) (51)

T

where the remainder term R contains the remaining terms. The expression R of course depends
on the other coordinates . for k& # r but since they are considered fixed here we can view R as a
function of z, alone.

Equation (50) then implies that there is M > 0 sufficiently large such that for z. > M the remainder
term R(x) satisfies for some constant ¢ > 0.

| In(p;)'|
Ty

1
|R(@)| < 5 |n(p)"] + +e (52)
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Here the last constant term bounds the 2! contribution. Suppose In(p,.)’ < 0. Then we can bound

0= (o) () + LI g,
< () (o) + 3l )|+ L) LR o sy

< ()" (@) + 5| 1) (@) + ¢

We find that In(p,-)"”" > —2¢ (for In(p,.)” > 0 this is clear, and otherwise we can absorb the absolute
value part). We conclude by integration that for all 2, > M (note that the bound is trivially true if

In(p,.)" > 0)
In(p)'(2r) = min(0,In(p,)"(M)) — 2c(zy — M). (54)

Similarly we can bound for In(p,.)'(z,) > 0

4In(p,) (z,)

T

> (p,) () — 5 I(pr) ()| +

0 =In(p,)"(z,) + - R(x,)

Aln(pr)'(z,)  |n(p,) (@) (55)

T, T,

1
> In(p,)" (zr) = 5n(pr)" ()] — ¢
implying In(p,.)" (z,) < 2¢ for x,, > M such that In(p,.)’(x,.) > 0. We obtain
In(p,) (x,) < max(0,1n(p,) (M)) + 2¢(x, — M). (56)

Together the last two steps imply that |In(p,)'(z,)| < C + Cz, for some C > 0 and z,, > M.
Going back to (51)) we conclude that there is C' > 0 such that | In(p,.)"” ()| < C for x,. > M. We
conclude that for r ¢ I and all ¢ # j

0= AgjApIn(pr)" +
k

4AM'Arj ln(pr)’
Ty

+0 (). (57)

Step 7: A is a permutation matrix. If I = [n] we are done. So there is 7 ¢ I and using we
conclude by varying xj # x, that

ApjAgi In(pp)” = ¢ (58)

for some constant (depending on k, ¢, and j). Note that if we assumed that at most one py, is a
Gaussian density we could conclude as in the linear case. However, this assumption is not necessary,
as we will now show.

By definition, Ay A; In(py)” = 0 for k € I because there is only one non-zero entry in row k of
A. We have seen in Step 2 that for k ¢ I the density p, € C*(R) and is positive. By assumption,
we can find ¢ # j such that Ay;Ay; # 0 for k ¢ I. The relation (38) then implies for k ¢ I that
In(pr)”(xr) = Pk for some constant 5, < 0 (py, is a probability density) and all z;, € R. Then
In(pr)’'(z) = Brxk + & for some constant v;. With z,, — oo we conclude from that for r ¢ I

0= AkjAriBr + 4AriAr;Br. (59)
kel

Summing this over r ¢ I we get

0=>" (Z ApjAriBr + 4AMAM5T> =(d— I +4)) ArjAiBh. (60)

rg¢l \k¢I k&I

Dividing (60) by d — |I| + 4 and subtracting it from (59) we conclude that
AT'I:AT'j/BT‘ =0 (61)

forall r ¢ I and all ¢ # j. Since 3, is non-zero this implies that A,;A,; = 0 for ¢ # j and thus
r € I, a contradiction. This establishes I = [d] and thus A is a signed permutation matrix. By
permuting and reflecting the coordinates of IP we can assume A = Id in the following.
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Step 8: Simplifications in {@8) for A = Id. First we remark that for A = Id the function ¢
leaves the quadrants invariant. It is thus sufficient to consider the case where p and ¢ vanish outside
{x; > 0 Vi} and show that no solutions of s = g(s’) exist under this condition. Using step 2 we can
assume that p;(x;) > 0 for all z; > 0. In the following all domain are assumed to be the positive
half-line. For A = Id the condition {8) becomes for z = (z1, ..., z4) such that z; > 0

0 = 4dw;z; — 2|z, In(p;)" — 2|x|2xj In(p;)’ — 2|:c\2xjxi(ln(pi)" +In(p;)")

+ Z 8zrzixj In(pr) + Z daiaix;In(py)”. (62)
k k
Dividing this by 2z;x; we obtain
In(p;)’ In(p;)’
0=2d— |z|? <n(;h) + In(p;)" + # + ln(pi)") + Z4xk In(py) + 223 In(pr)”. (63)
J ? k

We now assume that d > 2. Let 7, j, and r be pairwise different. Using the last display with ¢, j and
7, r and subtracting the resulting equations we obtain

0= |£E‘2 <1n(pli)l +In(p;)" — In(p,)’ . ln(pr)”> . (64)

T r

Varying x,. and x; independently and since ¢ € [n] is arbitrary we conclude that there is a constant x
such that

In(p;)’

In(ps)’ +In(p)" =k (65)

2

for all 4 and z; > 0.

Step 9: Conclusion for n > 2. The solutions of the ODE y(z)/x + ¢/ (x) = & are given by

a KT
-+ - 66
P (66)

where « is any constant. We conclude that there are constants a;; such that

:I/‘Q 7N5!)2
In(p;)(z) = a;In(z) — R +c=pj(z) xa®e 14 (67)
This implies that
. il o
q@)=p@ﬂm%w\2dmIIwﬁ%6‘WMWI”. (68)
J

By applying the main argument to ¢ we infer that g; has to have again the same structure as in (67) so
we conclude that Kk = 0 and ; & = —d. Alternatively, one directly sees that g only factorizes as
q(y) = [] qi(y;) if those conditions hold. It is easy to see that those densities satisfy the assumptions.
However, x“ is never integrable so there are no probability distributions satisfying the relations
s = g(s’) This ends the proof for d > 2.

Step 10: Conclusion for d = 2. For n = 2 we cannot simplify (63) by considering indices
i # j # k. Instead, we directly exploit (63) to obtain a similar conclusion. Similarly to the argument
in Step 6 it can be shown that In(p,.)"” and In(p,.)’/z, are bounded for x,. away from 0. Then we
consider z; — oo in (63)) and divide by z3. We get (using {4,5} = {1,2})

In(p,)’ In(py)’ In(p,)’

0= ( +In(py)” + —= + ln(pg)/') +4—"2 1+ 2In(p)" + Oz ). (69)
T X2 T

By varying x5 we conclude just as for d > 2 that % + In(p2)” is constant. We conclude as
before. O

Let us now prove the geometric result from Lemma 3]above.
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Figure 4: The black rectangle R on the left is mapped by a conformal map to the black shape g(R)
on the right. When mapping the smallest rectangle IT1(g(R)) containing g(R) (green rectangle on the
right) back to g~ (II(g(R))) (green shape on the left) we obtain a larger set.

Proof. The main idea of the proof is that a box contained in U after inversion is distorted so that
its convex hull (contained in O) is strictly bigger than the box image so that inverting backwards
gives us a bigger box in U except for some special cases. An illustration of this argument is shown in
Figure [l The formal argument below is slightly technical. An illustration of the actual argument can
be found in Figure 5]

To simplify the notation we write ¢ for the inversions © — x/|z|?. Then we get g = Aot =10 A.
We consider the projections 7; : R? — R projecting on the i-th coordinate. We consider a map
IT on subsets of R? defined by II(M) = 71 (M) x ... x mq(M). Let C denote the convex hull
of a set. Let R C O be a (connected) box. Then g(R) C U implies II(g(R)) C II(U) = U.
Since g(R) is connected II(g(R)) is convex and thus C(g(R)) C II(g(R)). We conclude that
g C(9(R)) C g~ (II(g(R)) C g~ (U) C O. As A is linear we have A~1CA(M) = C(M) for
any set M C R%. Thus, we get g~ 1(C(g(R)) = (CL(R).

W.Lo.g. we now suppose that there is abox R = (x1,y1) X ... (24,y4) C O with 0 < z; < y;. We

write 2’ = (z2,...,24), ¥ = (Y2, ...,ya). We consider the point
1 1
z= Sl 2) ")+ Sullyr, )T (70)

Clearly z € CtR. Then
1 1
W(z) =1 (24((y1,x’)—r) + 2L((y1,y’)T)) € (Cu(R) (71)

1 NT 1 NnNT _ 1(2/173”/)—r 1 (yhy/)T
L<2L((y1’$) )+2L((y17y) )) =t 2y%+x/2 +2y%+y/2

1)t 1 wy)’ 72
2 y1+1/2 T3 y1+y’2 72)

We calculate

1yua)’ 1 (yy)T
2 nyrw/z 2 y%+y/2

We bound (using z/? < /%)

1<y17x/)T 1 (yh
2 y% +x/2 2 yl +y/2

91,
yl + IIQ

Z/17
yl + y/2

(73)

2y1+m/2 +2yl+y/2
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Figure 5: The black rectangle R on the left is mapped by ¢ to the black shape g(R) on the right. The
green shape on the right shows the convex hull C(g(R)). The point z is defined as in the text and its
image (z) lies outside R.

Together the last displays imply that

1 1
(3 + 5 > 74)
1
Let z; be maximal such that (21, z1) C O;. Then the reasoning above shows that z; = co. The same
reasoning for the other coordinates implies that R’ = (z1,00) X ... X (z4,00) C O. By applying
the same reasoning to sequences of boxes in g(R) approaching the origin we conclude that U is the
union of quadrants (and the same holds for O).

It remains to prove the last remark. As quadrants are invariant under ¢ we have ((O) = O and
conclude AO = U, or equivalently ATU = O. It is sufficient to show that 0 € U;. For simplicity
we assume R = (0,00)¢ C U, the generalization to other quadrants is immediate. Since we assume
that the i-th row v; = ATe; of A is not equal to a signed standard basis vector it has at least two
non-zero entries. Thus we can find w such that w - v; = 0 and all entries of w are non-zero. Since
w is orthogonal to the span of Ae; there is a vector « such that AT = w and o; = 0. By adding
a suitable vector 3 we can ensure that (3 + a); = 0, all entries of AT (a + 3) are non-zero and
(B4 «); > 0for j # i. The second condition can be satisfied by picking the entries of 5 one after
another. The conditions (8 + «); > 0 for j # i and (8 + «); = 0 imply that 3 + « € U since we
assumed (0,00)? C U. Butthen AT (o + 8) € O and since AT (a + $3) is strictly contained in a
quadrant (all entries are non-zero) we conclude that A" (o + 3) € O and thus a + 3 € U. This
implies (o + 3); = 0 € U;.

O
E.2 Proof of Corollary/[l]
Here we prove the simple extension of Theorem 2] to rescaled conformal maps.
Proof of Corollary[I} Suppose that there are f, f’ € Fy_cont and P, P’ € Peons such that
fPE P (75)

Then we need to show that f~' f' € Sieparam- By definition of F;_conf there are g,g" € Feont
and h, h' € Sieparam Such that f = go h, f' = ¢’ o /. The smoothness condition for F;_cont
implies h, b’ are three times differentiable and thus Q = h,IP and Q' = h.IP’ satisfy the smoothness
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condition of measures in P.ons. From we infer ¢,Q s ¢.Q’ and this is the observational
distribution. By the assumption on the observational distribution, we conclude that Q ~ g~!(x)
and Q' ~ ¢'~!(z) have at most one Gaussian component and thus Q, Q' € Peons. Applying
Theoremwe infer that ¢g7'¢’ € Scont C Sieparam- SINCe Sieparam 15 @ group, we conclude that
7 =h7to(g7'¢") o B € Sreparam- This ends the proof. O

E.3 Proof of Theorem[3|

Now we address the case d = 2. Let us first note that conformal maps f : Q — R? for Q C R?
can be identified with holomorphic maps g : {2 — C with non-vanishing derivatives by considering
g(x +1iy) = f1(z +iy) + ifa(x + iy). Moreover,

|det Df| = |g'|? (76)

where ¢’ denotes the complex derivative. The proof of Theorem 3]is based on the fact that conformal
maps between rectangles can be characterized rather explicitly. In particular, we use the following
result.

Theorem 8 (Schwarz-Christoffel mapping). Conformal maps f that map the unit disk D = {z €
C||z| < 1} to a polygon with angles aym for 1 < k < n can be written as

f(z) = C/z [Tw—wi) 07 dw + K (77)
0 k=1

for two constants C, K € C and wy, € C with |wg| = 1.

A proof of this result can be found in any textbook on complex analysis, e.g., [[1]l. With this result we
can prove Theorem

Proof of Theorem[3| Assume there are two probability distribution P1 € Peonre and Py € Peonsa
with densities p; and po supported on finite rectangles R; and Ry and a conformal map f : Ry — Ro
such that f,P; = P,. Let h : D — R; be a conformal map which by the Riemann mapping theorem
exists and by Theorem@ can be expressed as in , ie.,

h(z)=C 1_[(2—1016)_1/2 dz+ K (78)

where |wy| = 1 and we used that all angles in a rectangle are /2. The points wy, are the preimages
of the corners of ;. Then the derivative of h can be written as

4
B (z) :CH(z—wk)_l/Q. (79)
k=1

Note that 2’ is bounded above and below away from the points wy, and |h/(z)| — oo as z — wy. We
can write f = (f o h) o h~! where g = f o h is a conformal map from ID to Rs. This can be written

again as in with points w1, . .., w) which are the preimages of the corners of Ry, i.e.,
. 4
g(z) :C’/ H(z—w;c)_l/zdz—&—K’ (80)
0 k=1

The condition f,[P; = P, implies that
pi(x) = pa(f (@) f' () (81)

(using the relation between complex derivative and maps from R? — R?). Now we infer

| 2

|f'@))? =|(fohoh ™ (@) = |(f o h) (B (@)|(h™) (@) = |%;|2

where y = h~!(z). Applying this with y — wy we get h/(y) — oc. Using the assumption that
the densities of P; and [Py are bounded above and below we infer from and that then

(82)
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|9’ (y)| — oo from which we conclude y — wj,, for some &’. This implies wj, = wy,. After renaming
the corners, we get wy, = wj, for all k. From and (B0) we see that

C'Yg(z) — K')=C Y (h(z) - K). (83)
Thus g(z) = C'h(z)/C — KC'/C + K’ so we conclude that
(goh™H)(h(2)) = g(2) = C'h(2)/C — KC')C + K'. (84)

In particular there are constants A, B € C such that f(z) = (g o h™!)(x) = Az + B. From
f(R1) = Ry we infer that A € R U ¢R. This ends the proof. O

Let us finally remark that the identifiability of conformal maps for distributions with full support in
d = 2 follows just as in d > 3 because every bijective conformal map of the Riemann sphere to itself
is a Moebius transformation so we can apply Lemma[3] We expect that the result can be extended to
more general densities using the same strategy and a more careful analysis of the density close to the
boundary.

F Proofs for the results on OCTs

In this section we collect the missing proofs for Section 4]

F.1 Proof of Proposition ]

First we prove Proposition[T} We refer to Appendix [C|for a general review and characterization of
spurious solutions.

Proof of Proposition[l] The proof essentially shows that polar coordinates are an example of such a
function. In dimension d they are defined by ® : (a,b) x [0, 7] x [0,7/2]972 — R? with

x1 = rsin(p)sin(6y) .. .sin(04—2)
x9 =1 cos(p)sin(fy) .. .sin(04-2)
x3 =7rcos(f1)...sin(fy_2) (85)

xq =1cos(0g_2).
The following lemma is well known.

Lemma 4. The polar coordinates ® defined above satisfy:

1. The transformation satisfies ® € Focr.
2. The determinant of the Jacobian is given by

det D&y = r? 1 sin @) sin(6;)? .. .sin(fy_o)% 2. (86)
3. The image of @4 is, up to a set of measure zero, the annulus {x € R™ : a < |z| < b}.

Proof. For the first part we only need to show that D® has orthogonal columns which can formally
be done by induction noting that

q)d(r7 P, 017 cee 70d—2) = ((bd—l(r7 2 917 S 70d—3) Sin(ad—Q)v TCOS(ed_Q))- (87)

The determinant and the image can also be derived from this recursion. O

We now define for k& € N the functions g, : (0,7/2) — R

0
gr(0) = / sin(t)" dt. (88)
0
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Clearly g}, () = sin(0)*. They are strictly increasing functions with positive derivative, i.e., diffeo-
morphisms, so we can define their inverses on an open interval hy, : I, — (0, 7/2) which are also
differentiable functions. Note that

hi(@) = (gk(hie(@) ™" = sin(hi(a)) ™. (89)

Denote the density of IP by p. By assumption P is invariant under rotations so we can write with a

slight abuse of notation p(s) = p(|s|). We assume that p(|s|) is positive on a, possibly unbounded,
interval (a, b). We consider ¢ : R4 — R given by

q(r) = dwar®~"p(r) (90)

where wy is the volume of the unit ball in dimension d and these constants ensure that g is a probability
density. Define F} : (0,00) — [0, 1] as the cdf for the probability density ¢, i.e.,

Fy(r) = /Orq(Z) dz. 1)

Since ¢(z) > 0iff t € (a,b) we conclude that F, restricted to (a,b) is a continuous and strictly
increasing from O to 1 and has a positive derivative. Hence, we can define ¢ : (0,1) — (a,b) by
Y(t) = F,'(t) and ¢) is differentiable with

S
q(¥ (1))

We define the domains Dy = (0,1) x (0,27) x Iy X ...I;_o Now we consider the map h : Dy —
(a,b) x (0,27) x (0, 7)4=2 given by

h(t? P01y -y ad—Q) = (¢(t)a @, hy (0‘1)) LR hd—Q(ad—Q))' (93)

Note that h is a coordinate-wise transformation and the determinant of its Jacobian is given by

Y(t) = (Fy(v(t) " = (92)

—# i sin a)) 7k
dech—q(w(t))kl;[l (hy(a)) 7. (94)

Moreover Lemma [ gives

det(D®) (h(t, ¢, a1, ..., aq—a)) = Y(t)* " sin(hy (o)) sin(ha(az))? ... Sin(hdd(adfz))dz;s)

and thus

det D(® o h)(t,p,a1,...,0q—2) = ———— (96)

We now consider the probability measure Q = U/(0,1) @U((0,27)) QU(I1) ® ... Q@U(I,—2) where
U denotes the uniform distribution on an interval. Denote by A : R? — R the scaling function
A(s) = (s1,2ms2, |13, .., [Ta—2|sq). Clearly A maps Cy to (0,1) x (0,27) X I3 X ... X I
and \,v = Q. We now consider the measure

(Pohod).v=(Poh).Q. o7
We denote its density by p and obtain using (I3), (96), and that the density of Q is constant
B(x) o< | Det D(® 0 h)~")(x))]

1
~ [Det D(@ o h)((@ o h)~1())] (98)
~qW(®oh)y Y(2)))

(@ oh)y ()t

Note that by definition of ® we have ®~!(z); = |x| and h acts coordinatewise where the action on
the first coordinate is 1) so that

P((®oh)™H2)1) = (A" 0 @7 )(2)1) = Y( ™ (|z]) = |al. ©9)
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We conclude, using (90) and the last display, that

) x A2 o p(la). (100

This shows
P=(Pohol),r (101)

It remains to be shown that ® o h o A € Focr. But we have seen in Lemmaf] that ® € Focor
and h o \ is an invertible coordinate-wise transformation so that h o A € F& (see (28)) implying
® o ho) e Focor. Note that we here essentially use the fact that precomposition with a function
that acts on each coordinate separately preserves orthogonality of the columns of the Jacobian. [

F.2 Proof of Theoremsd]

We now consider smooth deformations of a data generating mechanism « = f(s). For this it is
helpful to phrase these as flows generated by vector fields. For a brief review of these notions we refer
to Appendix [A]and for an extensive introduction we refer to any textbook on differential geometry.
We now give a complete proof of Theorem {4

Proof of TheoremH] To simplify the notation we first focus on the case where M = R?. The
necessary modifications for the manifold case are indicated afterwards. We define
Uy =(9) "o fy (102)

so that ¥ : R? — R is a diffeomorphism for every ¢ and W (s) = s by assumption. We denote the
vector field that generates ¥; by X : (0,1)? — R%, i.e., X satisfies

The assumption (®;),.v = f.v implies v = (V;). f.v. Then the continuity equation (T6)) implies
that Div(X;) = 0 on (0, 1)¢. By assumption, ®; € Focr, which means that

(D®,) " D®, = A, (104)

where A; : (0,1)% — Diag(d) maps to diagonal matrices. Similarly f; € Foc implies that there is
a function €2; : (0,1)¢ — Diag(d) such that

(Dfy) ' Dfy = Q. (105)

We now evaluate 0;€); in terms of ¥; and ®;. To evaluate the time derivative it is convenient to write
U(t, s) instead of W (s). We get, using f;(s) = ®(¢, V(¢ s)),

9D fi(s) = 0, ((D®)(t, ¥(t, 5))(DW)(t, 5))

U

= (0, D) (t, U(t,5))(DU)(t,s) + Y ()it s)(06DP)(t, W(t, 5))(DT)(t, 5)
+ (D®)(t, W(t,5))(DIY)(t, s) -

= (0, D®,)(T4(s)) (DT, )( +zdj ) (O DB,) (U4(3))(DT,)(s)
+ (D®)(W4(s ))(D(Xt(\lft(s;) 1

d
( (0:DP) + Z k(O D®y) + (D‘I>t)(DXt)> o ‘I’t(s)> (DWy)(s).
= (106)

Note that also
Dfi(s) = (D®:)(Vi(s))(DW¥y)(s). (107)
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Combining this with the last display we get (dropping the positional argument s for conciseness)

(D)~ T (0,2)(DTy) " = (DW,)~ " (D] (2:Df:) + (0. Dfe) ' Dfy) (D¥y)

d
D] ( (0:D®y) + Y (X0 DPy) + (DfI)t)(DXt)>
k=1

/
d
( (0:D®y) + Y (X1)k (0 DPy) (D@t)(DXt)> D®,| o T,
k=1
(108)
= |D®/ (0,D®,) + (8,D¥,)" D®, + D®] D®, DX, + DX, D®/ DP,
d
+ ) (X0)k (0 D®;) T DP; + DR (0 DP,)) | 0 Wy
k=1

= <atAt + AtDXt + DXtTAt + Z(Xt)kak/\t> oW
k

We now consider ¢ = 0 and drop the ¢ argument from the notation. By assumption ¥y = Id so the
equation simplifies to

0:Q = 0,A + ADX + DXA+ Y Xi0A. (109)

Now we use that A; and €2, map to diagonal matrices for all ¢, in particular 0; A and ;£ are diagonal
matrices. We conclude that for ¢ # j the equation

= (ADX)ij + ((DX)"A)ij = Mii(DX)ij + (DX) A5
holds. Thus, we obtain a system of first order Partial Differential Equations (PDE) for X;—y. We now

(110)

write A; = Aj;. Wealso fixan i € {1, ..., d} in the following. Then we can rewrite (IT0) concisely
as
A X+ N0, X; =0 fori # j. (111)
We divide equation (ITI)) by A; apply 0; and sum over j # ¢ to obtain
A; .
>0 <A»ani> ==Y 0;0iX; = -0, DivX + 0} X; = 0} X;. (112)
j#i J j#i
This implies that X; satisfies the wave equation
PX; =Y 0;(a;0;X;) = 0on (0,1)" (113)
J#i

where a; = A;/A;. Note that by assumption a; € C1((0,1)?) and a; is positive because we assumed
that @, are diffeomorphisms implying A; > 0 (because D® is invertible). Now we use the assumption
that ®,(s) = f;(s) if dist(s,dCy) < e. This implies for such s that s = (®; o f;)(s) = Uy(s),
i.e., U;(s) is constant. We conclude that 0 = 9;U(s) = X¢(U(s)) = X¢(s) for all s satisfying
diSt(S 8Cd) < e.

Now we claim that this together with the PDE (T13) implies that X; vanishes everywhere. We
set ¢/ = ¢/d. Then we have dist(s,0Cy) < ¢ forall s ¢ (¢/,1 — £')¢, Thus X; solves the PDE
(TT3) on (¢/,1 — £")¢ with vanishing boundary data and vanishing derivatives at the boundary. Then
the uniqueness of solutions for the Cauchy problem for hyperbolic PDE of second order which
we stated in Theorem [0] below implies that there is at most one solution. Note that the ellipticity
condition in (I3T) follows by noting that the functions a; are continuous and positive, and thus
minge gy a; > 0.

Since X; = 0 clearly solves the PDE, we conclude that X; = 0. This argument applies to all ¢ so we
conclude that X;_y = 0. Note that if f; = fj is constant (this case is state in Corollary the left
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hand side of (T08)) vanishes for all ¢. Then we can infer with the same argument that X, = 0 for all ¢
and thus ¥; = Id and &; = f.

We now proceed with the general case. Since by assumption W, is analytic in £ it is sufficient to
show that 9.1 W,_o(s) = 0 for all I € N which implies that ¥;(s) = Wy(s) = s. We denote
Xt(l) = BéXt. By definition of X and the chain rule it is easy to see that Xt(l:% =0for0<l' <1

implies 07 W;_(s) = 0. We now show this by induction. We apply ! to (TOS) at t = 0. We obtain
(using ¥y = Id)

o1 = 0 A+ ADX + (DX TA + 3 (X koA + R(X,, .., X7Y) (114

where R denotes a remainder term where each summand contains a factor of the form Xt(l:/()) for
some 0 < I’ < I. Indeed, every time we differentiate a ¥, term we get a X; term. By the induction
hypothesis Xt(l:/()) = 0 for I’ < [ and therefore R = 0. We conclude that X () satisfies (TTT) just
as X = X (), Differentiating Div X = 0 with respect to ¢ we also conclude Div XV = 0 and as
before we conclude that X ()(s) = 0 for s ¢ (¢/,1 — /). As above this implies X", (s) = 0. This
ends the proof if M = R<.

We now discuss the necessary extensions for the general case. So we now assume that f;, ®, : R —
M for some Riemannian manifold (M, g). The main strategy is to establish that (T09) holds where
the definitions of the involved quantities are adapted suitably. Then we can conclude the proof as
above. Note that if we could find orthonormal coordinates locally the same proof applies. However,
this is general not possible so we need to argue more carefully. We define ¥, : R? — R? and
X, as above, i.e., Uy = (®;) ! o f; and 9,¥; = X,(¥,;). Then we define the matrix functions
Ay, € R4 by

(Ar)ij(s) = ((d®s)(s)ei, (APr)(s)es) g, (115)
(Q4)ij(s) = ((dfe)(s)ei, (dft)(s)ej)q (116)

By assumption A; and §; are diagonal. We consider a (inverse) chart ) : U — M where U C R9,
We now argue locally on n(U) C M but we do not denote domain restriction of the function to
improve readability. We define

O, =n"tod,, (117)
fr=n""of (118)
Maps ®; and ft map R? to itself and we can consider their usual derivatives. Moreover, we have

v, = (ét)*l o ft Observe that (using 77<i> = ®) we can rewrite A; using the induced metric through
d
nonR

(Ae)ij(s) = ((dn)(e(5))(dPe(s))ei, (dn) (@4(5))(dDe(s))es)y
o .

(
= ((dD¢(s))es, (dn)" (@e(5))(dn)(Pe(s)) (AP (s5))e;)ma (119)
= (D®¢(s)ei, G(@4(5)) DP¢(s)e; )

where we defined G : U — R**4 by G(z) = (dn)*(2)(dn)(z) which captures the pullback metric
on R?. We can express this concisely and get similarly for ),

Ay(s) = DPy(s) T G(Dy(s5)) DDy (s), (120)
u(s) = Dfi(s) "G (fu(s))Dfi(s). (121)

We now consider as above 0;{2; and get using the last display
0% = (0:Df1)"G(f)Dfi + Df (0.G(f1))Dfi + D G(f1)(0:Dfy). (122)

Next we calculate

0i(Gofi) =0(Go®oWy) =0 (Gody) oW+ Y ((Xy)koWy)- (k(Go®y))oW, (123)
k
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Using the relations (T06), (T07) (for f) and (T23) in (T22)) we obtain

(D)~ "0, (DY)~ = A; + Ay + As, (124)
where
Ay = [(8;D®)T (G 0 ®))DP; + (DP,) " (G 0 ®,)(8,DPy) + (DP;) " (0:(G 0 ®,))DP; | 0 W,
— (9,A,) 0 U,
Ay = | DX, (D®,)" (G o ®)Ddy + (D) (G 0 ®,) DD, DX, | 0T,
= (_DXtTAt + A/DX,) 0 Wy,
Ao =[S0 (0:D®)T(G 0 @)(DB1) + (DB))T (G 0 B1)(0D%:))
- k=1
+(D2) "D (X)k - (Ok(Go ét))pci%} oW,
k
= (Z(Xt)kakAt> o0,
* (125)

Plugging the relations in (124) we obtain
(DU,)~T9,Q,(DV,) ! = <atAt + ADX; + DX, Ay + Z(Xt)kakAt> oW,. (126)
k

Thus we established that the relation (T08) also holds in the manifold case. The rest of the proof is
the same. =

The proof of Corollary [2]is trivial.

Proof of Corollary[2} Apply Theorem[d]with f; = fo constant. The assumption that ®, is analytic
in ¢ can be dropped as explained in the proof of Theorem @] O

For reference, we now state the uniqueness result for second order hyperbolic partial differential
equations. Let U C R"™ open, bounded and let Uy = U x (0,T"). Consider the boundary problem

O2u+ Lu = fin Uy (127)
u=0indU x [0,T] (128)
u=g,0u=honU x {0} (129)

where f : Ur — Rand g, h : U — R are given functions which we assume to be C'* and g = 0 on
OU. The function u : Uy — R? is the unknown. The operator is assumed to be an elliptic operator
given by

Za I, t)0;u) (130)

1,5=1

where we assume a” € C1(Ur), ¥ = a/*, and that there is § > 0 such that

Z gi&;a¥ (z,t) > 0l¢)? (131)

1,0=1
for all (z,t) € Ur and £ € R™. Then the following result holds.

Theorem 9 (Theorem 4 in Section 7.2 in [14]]). Under the assumptions above there is a unique weak
solution u of the system (127) with boundary values as in (128) and (129).
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For our purposes it is not necessary to define weak solution let us just emphasize that any classical
solution is a weak solution so this implies uniqueness of classical solutions.

The key obstacle to improve upon this result and to remove the compact support condition on X is
that the resulting PDE in equation (T13) is well posed for the Cauchy initial value problem but it
is not well posed for the Dirichlet problem or for mixed Dirichlet and Neumann boundary data. In
particular, solutions are, in general, not unique. Furthermore, there are no general uniqueness results
for first order systems as in (T10). Note that the existence of a non-trivial divergence free solution X,
of (T10) does not imply that a non-constant flow @, exists because this is not sufficient to define the
flow for positive times.

We illustrate the influence of the boundary condition further below, when we prove Theorem 5]

F.3 Proof of Theorem[3l

In this section we show that a family of simple mixing functions is locally identifiable for most
parameter values even when the mixing is not known close to the boundary. Note that actually we
can construct a set of parameter values for which this holds giving a slightly stronger result that we
state now. Theorem [5| will be simple consequence of this result.

Theorem 10. Let f : Cy — R? be given by f(z) = RDx, where R € O(d) and D =

Diag(p1, - -, fta) with p; > 0 and u;z are linearly independent over the rational numbers Q.
Suppose that @4 is a smooth invariant deformation in Focr such that ®g = f, (Py).v = fuv, and
D, is analytic int. Then ®; = f on Cy, i.e., D, is constant in time.

Proof. The initial part of the proof proceeds as in the proof of Theorem f] and we keep using the
same notation. In particular, ¥; = (®;)~! o f and X, is given by 9, ¥; = X; o ¥y.

Note that now f; is constant in ¢ and therefore (2, = Df,' D f; is constant in . We now investigate
the boundary conditions for equation|[TT3] Note that

v = (00) (Re)ur = (@4), " fuv = (T4)uv. (132)
So W, preserves v and we conclude that ¥;((0,1)¢) = (0, 1)?. Let us denote by
D; = {z € [0,1]%z; € {0,1}} (133)

the boundary hyperplanes and write D = 9Cyq = 9(0,1)? = |J; D;. As ¥; maps (0, 1)? bijectively
to itself we conclude that

(X,); =0 onD;. (134)

We now focus on ¢ = 0 and use the shorthand X = Xj. Then the differential equation (TTT) implies
that

We conclude that the function X; solves the following mixed Dirichlet and Neumann type boundary
problem

07X = > 05(a;0;X;) = 0on (0,1)¢ (136)
j#i

0;X; =0o0n Dj forj #1 (137)

XZ‘ =0on Di. (138)

Recall here that a; = A;/A;. So far, we have not used any specific assumption except that ®; is a
continuous deformation and ®¢ € Focr. So the existence of non-trivial continuous deformations
implies that a certain hyperbolic PDE has a non-trivial solution. Unfortunately, this type of boundary
value problem for hyperbolic equations is not well posed and has not always a unique solution. We
now show that in the specific setting of the theorem uniqueness holds. In this case f is linear and

Df = R Diag(p, ..., j1a) (139)

SO
A= (Df)"Df = Diag(pi, ..., 13)- (140)

36



This implies

a; = Ni/Aj = 13 /15, (141)
in particular a; is constant. So the equation (I36) becomes a constant coefficient hyperbolic equation
which can be solved explicitly.

We can now use Theorem 1 from [12] (and a simple scaling argument) we conclude that the system
(T36) has a unique solution which is X; = 0 (actually this result is for X; = 0 on D but the proof is
still valid). To give an intuition, we note that separation of variable is possible in this setting and all
solutions to the boundary value problem (I36)) and (i-e., without the boundary condition (I38)
for D;) can be expressed as a linear combination of the form

(s0) [T i(s5) (142)
J#i
where ¢; are eigenfunctions of the problem ¢’/ = A;p; on (0,1) and <p3 (0) = (1) = 0. It is easy

to see that those are given by cos(mmj;t) where m; € No and then ¢/ (s;) = 7*m3 ;. Solving for
f we find from (T36) that f satisfies the ode

- > 772’%m £(s9). (143)
iz Hi
Using now that X;(0) = 0 (by (I38)) we conclude f(0) = 0 and therefore
f(si) = Csin(ras;) (144)
where v = /3", m3u? /i3, or equivalently
0=a’p; > = mipu;>. (145)
J#i

Now the condition X;(s) = 0 forall s € [0, 1]¢ with s; = 1 is satisfied if and only if f(1) = 0 which
holds iff & € Ny. Note that this argument also implies to solutions that are sums of functions as in
(T42) by linear independence. Then the assumption that y;- 2 are linearly independent over Q implies
that « = 0 (and m; = 0) which implies X; = 0. Note that this argument only applies at ¢ = 0
because it heavily relies on the explicit form of ®¢ =_f. However, we can apply the same reasoning
to OF X, inductively (just as in the proof of Theorem 4 and then conclude using the assumption that
®, is analytic in ¢.

The complete argument goes as follows. We take the time derivative of equation (T09) (recall that
0y = 0as f; = fy and get, denoting X; = 9; X; and A; = Oy A4,

(DX,)TAy + AeDX,; + (DX,) T Ay + AyDX; € Diag(d). (146)
We have seen that D Xy = 0 so we infer
(DXo) " Ay + AgDX, € Diag(d) (147)

and Div X; = 9; Div X; = 0. The same arguments as before imply X, = 0 on (0, 1)¢. By induction
all time derivatives of X vanish. This implies that 9!W,_q(s) = 0 for all s and [, i.e., its Taylor
expansion at ¢ = ( disappears and since we assumed P, to be analytic in ¢ so is ¥; and we conclude
that U, (s) = Uy(s) = s and therefore ®;(s) = f(s). O

The proof of Theorem [5]is now simple.

Proof of Theorem 5] Using Theorem[I0]we only need to show that with probability 1 the real numbers
ui_z are independent over Q. Note that by assumption p; has a density. Thus, also the distribution
of a; = u;2 has a density, i.e., is absolutely continuous with respect to the Lebesgue measure. For
a vector of rational numbers (g1, . . ., qq) the set H, = {a € R?|Y" g;a; = 0} is a codimension 1
hyperplane and thus has Lebesgue measure 0. As Q is countable this implies that N = J geqd Hq s

a null set. Note that v € N iff «; are linearly dependent over Q. Since the distribution of o; = p; 2
is absolutely continuous with respect to the Lebesgue measure, we conclude that

Plae N)=0 (148)
which implies the result. O
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F.4 Proofs for the construction of spurious solutions

Finally, we show how flows can be used to construct families of solutions to the ICA problem. This
section contains the technical results missing in the overview given in Appendix

The first construction was described in Lemma[T] Let us for completeness give a proof (we emphasize
again that this result is essentially taken from [25]]).

Sketch of proof of Lemma|l| Note that it is sufficient to show that the maps hpr , are volume preserv-
ing for fixed ¢ so we ignore the time argument. It is easy to see that hy , is bijective (the inverse is
given hq , where Q(t,7) = R(t,r)™!). Then we only need to show that Det Dhp ,(s) = 1 for all
s. We calculate (denoting r = |s — al)

(Dhr.a(s))ij = 0j(hra)i = R(r)ij + >_(9;R)ix(|s — al) (s — a)i
b (149)
= 0j(hra)i = R(r)ij + Y (0, R)ix(r)(s — a)rds|s — al.
k

We conclude (writing R’ = 0, R)
1

|s — al

Dhpa(s) = R(r) + R'(r)(s —a) ® V|s — a| = R(r) + R(r)(s—a)® (s —a). (150)

Then we obtain, using the matrix determinant lemma for rank 1 updates (Det(A + v ® v) =
(14+u-A~1v)Det A

Det Dhprq(s) = (1 + (s —a)R(r) "R (r)(s — a)) Det(R(r)). (151)

|s — al
Now we use that R(r) € O(d) so Det(R(r)) = 1 and R(r)~! = R(r)'. Differentiating
R(r) " R(r) = Idg with respect to r we conclude that R(r) " R'(r) is skew which implies

(s —a)R(r)"R'(r)(s — a) = 0. (152)
We have therefore shown Det Dhg ,(s) = 1, completing the proof. O

Now we give another construction that also establishes Fact[2]based on suitable divergence free vector
fields. All we need to construct is divergence free vector fields with compact support. Consider any
smooth function ¢ : R? — R such that its support is contained in Q. Then we consider the vector
fields X : R4 — R for 1 < i < j < d given by

X7 =050, X7 =-0;0. X =0 fork¢{i,j}. (153)

Then we get Div X% = 9;0;¢ — 8;0;¢0 = 0. So those vector fields are divergence free and we
conclude that the space

X = {X :R? = R%supp(X) C Q, DivX =0} (154)
is infinite dimensional. Every X € X" generates a flow ®, defined by
0; Py = X (P4), Po(s) =s. (155)

Using equation (T6) we conclude that (®;).v = v because v has a constant density and the support
condition of X ensures that ®;((0,1)%) = (0, 1)?. Then the family f; = f o ®; has the property that
(ft)«v = fiv. Note that this construction can be easily generalized to source distributions P with
differentiable density p. In this case the condition ®;IP = PP is satisfied when Div(pX) = 0. Clearly
it is sufficient to consider X = Y/p where Y € X (assuming that p > ¢ for some ¢ > 0 on ().

G Proofs for the result on volume preserving maps

Next we show that this construction can be generalized to volume preserving transformations and we
prove Theorem|[6] Note that in the special case that the distribution of s is v the construction above
already works. This is a special case because the condition (f;).v = f.v already implies that f; is
volume preserving as soon as f is volume preserving as the density of v is constant. So in this case
the condition that f; is volume preserving and (f;).v = f.v essentially agree which is not the case
for general base measures.
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Figure 6: A sketch of the vector fields X%/ for d = 2 constructed in the proof of Theorem@ The
closed lines are level lines of the probability density (which is a Gaussian mixture here). Note that
the vector field is parallel to the level lines and its magnitude proportional to the norm of the gradient
of the density.

Proof of Theorem[8] We define a suitable vector field explicitly. Consider X%/ : R¢ — R? for
1 <i < j < ddefined by

B 8jp k=1
X = -0p k=3j (156)
0 k¢{ij}

An illustration of this vector field is given in Figurelﬂ We consider the family of functions f; = f o@ij
where the flow ®;’ is defined by ®¢' (s) = s and 9;®,’ (s) = X (P, (s)). Note that boundedness
of Vp and p € C? imply that ®, exists globally and defines a diffeomorphism. We claim that o}

satisfies Det % (s) = 1 for all s and (®7),P = P. The former condition means that ®*/ preserves
the standard volume (Lebesgue-measure) which is the case if Div(X ™) = 0 while the second relation
is satisfied if Div(pX ™) = 0 by equation (I6). We calculate

Div X% = 9;0;p — 0;0;p = 0. (157)

We also find
Div(X¥p) = pDiv(X™) + X" . Vp = 9;p0;p — 0;pdjp = 0. (158)
This ends the proof. O

To give an example, we consider d = 2 and P with rotation invariant density p(s) = p(|s|). Then
X (s) = f(|s|)s* where st = (s2, —s1) " and the flow lines are circles around the origin where the
speed depends on the radius through the derivative of p(|s|). Let us add some remarks concerning
this result.

Remark 1. 1. The constructed flows are non-trivial, i.e., not constant because the probability
density cannot be constant (as we assumed it to be C?) and thus X% is not identically
vanishing.

2. Itis easy to see (e.g., through the example above) that the flows ®% will, in general, mix the
coordinates ¢ and j thus this really shows that ICA is not identifiable for volume preserving
maps.
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3. While we construct a finite family of solutions they can be combined, e.g.,
flr=fod o, . Pk (159)
to yield a large space of solutions.

4. By choosing coordinates cleverly, it is possible to construct a vector field X satisfying
Div(X) = Div(pX) = 0 with compact support. So even knowing f close to the boundary
of the support of IP is not sufficient to uniquely identify f.

5. While it is not possible to identify ICA using volume preserving transformations, it can be
possible to identify f(s) for certain values of f if P is known. If p has a unique maximum at
s then 29 = f(sp) will be the point with the largest density of 2 because volume preserving
transformations transform the density trivially (see (T4)).

Let us finally sketch a proof of Proposition 2]

Proof of Proposition[2] We assume in addition that the line segment ¢; = {x;+A(y; —x;)| A € [0,1]}
does not contain any x; or y; for j # 4. The generalization to the general case is straightforward,
e.g., by composing two diffeomorphisms as constructed here. It is clearly sufficient to construct
volume preserving diffeomorphisms h; such that h;(z;) = y; and h;(x;) = x;, hi(y;) = y; for
j # 4 which can then be composed. We consider the vector field X; = (y; — x;) where ¢ is
a smooth cut-off function with ¢(z) = 1 for € t; and p(x;) = ¢(y;) = 0 for j # i. Using
Theorem 2 in [9]] we conclude that there is ¥; such that supp(Y;) C supp(V) and Div(X;+Y;) = 0.
Considering the flow of Z; = X; + Y; up to time 1 we obtain a function h; as desired. Indeed,
Zi(z;) = Z;(y;) = 0for j # i because z; and y; are by construction of ¢ outside the support
of X; so X;(z;) = Xi(y;) = Yi(z;) = Yi(y;) = 0fori # j. Moreover, for z € t; we get
Zi(x) = X;(x)+Y;(x) = y; —x;. This implies that the flow ® of Z satisfies ®i(x;) = x;+t(y; —x;)
for t € [0, 1]. In particular, h; = ®! is as desired. O

H Experimental illustration of local identifiability

We provide a toy experiment to illustrate the meaning and significance of Theorem @ﬂ Note that
this shall just underpin this specific setting, for general experiments concerning the usefulness of
orthogonal coordinate transforms we refer to [17]. We consider a function f; € Focr and then
assume that there is a smooth time-dependent transformation f; such that f; € Focr (f: is a smooth
invariant deformation in the language of the paper). We only observe the changing output distribution
but the latent sources are unobserved.

Suppose, however, that we know the initial mixing fy, i.e., we trained an initial model ¥y, s.t.,

®y = fo. Then we train ¥ starting from P such that D,(s) 24 f+(s) where s is distributed according
to some base distribution g of the latent variables. If we in addition enforce ®, € Focr Theorem[d]
essentially tells us that ®; = f; while no such guarantee exists without the functional restriction.
Here, we verify experimentally that this is indeed the case in a simple setting.

Detailed Experimental Setting We work in dimension 2 and consider a standard normal base
distribution . We consider polar coordinates for f

fpolar(r, @) = (rsin(p), 7 cos(p)). (160)

We then define f} ol - fpolar © ht Where h; is a coordinate-wise transformation defined for 0 < ¢ <1
by

2

Note that we shift the first coordinate and scale the angular coordinates to ensure that the map is
injective (except for the light tail of the Gaussian). The additional sin term makes the rescaling
non-trivial, i.e., not just a time dependent shift. We also consider the setting where

1o (51, 82) = €V (451, 52) (162)

t t
ht(Sl, 82) = (81 + 58111(81 + t) + 3, S2 1 ) . (161)

*Code is available at https://github.com/simonant/ident-ica
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Figure 7: Experiment with f;~ . Top row: (left) ground truth of latent variables (middle) re-
constructed sources g, Lo ftpzoi for Cocr regularized training (right) reconstructed sources for
unregularized training Bottom row: Orange curves: Unregularized training. Blue curves: Cocr-
regularized training. (left) L distance ground truth - reconstruction over time (see (I67)) (middle)
Forward KL-divergence over time (right) Cocr (see (I63) over time.

and

0 1
W= (_1 0) | (163)

To model ®; we use a normalizing flow model [41], 39]. while this is also convenient for the
experiments, it is important to not use models that implicitly promote orthogonal columns of the
Jacobian, e.g., VAEs (see end of Section to extract the effect of enforcing ®; € Focr. We write
D,(s) = g(0:,5) = go,(s) where 6 denote the trainable parameters of the flow which will vary
with time. For our implementation we use nflows and we use 5 masked affine autoregressive
transformation layers with 15 hidden features followed by random permutations. Then the following
procedure is used. We train the normalizing flow such that fy = g(6o,-). We assume the base
distribution of the flow is p and denote the induced distribution (gg ). by pp. We discretize the time
interval in 10 intervals with endpoints ¢; to ¢1¢. Iteratively we train g(6;,, -) = g(6;, -) starting from
g(0;—1,-) to maximize the likelihood of observations from z; ~ (f:,).u, i.e., we consider the loss

Lyw(0) = By, (—log pe (). (164)

We do this without regularization and with a regularization that promotes gy, € Foct. Here we use
the IMA contrast introduced in [17] which we will call Cocr for conciseness. It is defined by

Cocr(f, 1) = /H(S) (Zloglé’kfl —logDeth> (165)
k

and we consider the total loss
Lieg = Lyt + A - Cocr(ga(+), 1) (166)

Note that Coct is non-negative and vanishes exactly on OCTs (see Prop. 4.4 in [17]). We will use
A = 0 to train an unregularized model and A = 2 for fP°' and A = 50 for f™* to train regularized
models. The values of A\ were found through a grid search.
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Figure 8: Same as Figure [7| for ff°'. Top row: (left) ground truth of latent variables (middle)
reconstructed sources g, Lo ftpzoi for Cocr regularized training (right) reconstructed sources for
unregularized training Bottom row: Orange curves: Unregularized training. Blue curves: Cocr-
regularized training (left) L, distance ground truth - reconstruction over time (see (I67)) (middle)
Forward KL-divergence over time (right) Cocr (see (I63) over time.

Results To measure how well the model recovers the ground truth sources we consider

Li(6,1) = / 1(5)lgg (fi(s)) — sl (167)

Note that more complicated measures like the Amari distance are not necessary because our initializa-
tion removed the permutation symmetries. We also consider Cocr(gg) to approximate the distance to
Focr and the forward KL-divergence Drcr.(q;|[p(6s,-)) = Eq, (2)(log(gi(z)) — log(p(6;, )) where
qi = (fi)«u denotes the observational distribution at time ¢;. Figures andindicate the results for

the maps f} ° and fret, respectively. Note that in both cases, the regularized and the unregularized
model have small forward KL-divergence to the observational distribution, i.e., they both track
the changing observational distribution. However, the regularized model recovers the ground truth
latent variables more faithfully, while the unregularized model evolves towards a spurious solution.
Finally, we note that the regularizer indeed ensures orthogonality of the columns of the Jacobian, i.e.,
go € Focr (small Cocr).

Training details For training we use stochastic gradient descend with the ADAM-optimizer
with default learning rate and train for 100 steps with a batch size of 256 where we generate i.i.d.
samples from the observational distribution in each step. We averaged our results over 10 runs. Total
compute time was less than 48h on a workstation.
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