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Abstract

We present a modified tuning of the algorithm of Zimmert and Seldin/ [2020]
for adversarial multiarmed bandits with delayed feedback, which in addi-
tion to the minimax optimal adversarial regret guarantee shown by |Zim;
mert and Seldin| simultaneously achieves a near-optimal regret guarantee in
the stochastic setting with fixed delays. Specifically, the adversarial re-
gret guarantee is O(vVTK + /dT'log K), where T is the time horizon, K
is the number of arms, and d is the fixed delay, whereas the stochastic

regret guarantee is O (E#Z (Ai log(T) + m) + dK'/31og K), where

A; are the suboptimality gaps. We also present an extension of the algo-
rithm to the case of arbitrary delays, which is based on an oracle knowl-

edge of the maximal delay d,,,, and achieves O(VTK + y/DlogK +
dmae K% log K) regret in the adversarial regime, where D is the total delay,

and O (Z#i* (Ai log(T) + 27per) + Amas K V3 log K) regret in the stochas-

tic regime, where o,,,4, 1s the maximal number of outstanding observations. Finally,
we present a lower bound that matches the refined adversarial regret upper bound
achieved by the skipping technique of [Zimmert and Seldin|[2020] in the adversarial
setting.

1 Introduction

Delayed feedback is a common challenge in many online learning problems, including multi-armed
bandits. The literature studying multi-armed bandit games with delayed feedback builds on prior
work on bandit problems with no delays. The researchers have traditionally separated the study
of bandit games in stochastic environments [Thompson, 1933} |Robbins| [1952] [Lai and Robbins,
1985, |Auer et al.;|[2002] and in adversarial environments[Auer et al.,[2002b]. However, in practice
the environments are rarely purely stochastic, whereas they may not be fully adversarial either.
Furthermore, the exact nature of an environment is not always known in practice. Therefore, in recent
years there has been an increasing interest in algorithms that perform well in both regimes with no
prior knowledge of the regime [Bubeck and Slivkins, 2012} |Seldin and Slivkins| 2014} |/Auer and
Chiang| 2016/ [Seldin and Lugosi, 2017, [Wei and Luo, 2018]]. The quest for best-of-both-worlds
algorithms for no-delay setting culminated with the Tsallis-INF algorithm proposed by |[Zimmert
and Seldin| [2019]], which achieves the optimal regret bounds in both stochastic and adversarial
environments. The algorithm and analysis were further improved by |Zimmert and Seldin| [2021]] and
Masoudian and Seldin|[2021]], who, in particular, derived improved regret bounds for intermediate
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regimes between stochastic and adversarial, while Ito|[2021]] removed an assumption on uniqueness
of the best arm, which was used in the early works.

Our goal is to extend best-of-both-worlds results to multi-armed bandits with delayed feedback.
So far the literature on multi-armed bandits with delayed feedback has followed the traditional
separation into stochastic and adversarial. In the stochastic regime Joulani et al.|[2013]] showed that
if the delays are random (generated i.i.d), then compared to the non-delayed stochastic multi-armed
bandit setting, the regret only increases additively by a factor that is proportional to the expected
delay. In the adversarial setting (Cesa-Bianchi et al.|[2019] have studied the case of uniform delays
d. They derived a lower bound Q(max(v KT,+/dT log K)) and an almost matching upper bound
O(VKTlog K 4 v/dT log K). [Thune et al.|[2019] and Bistritz et al.| [2019]] extended the results to
arbitrary delays, achieving O(v/KT log K + /D log K) regret bounds based on oracle knowledge
of the total delay D and time horizon T'. Thune et al.|[2019] also proposed a skipping technique based
on advance knowledge of the delays "at action time", which allowed to exclude excessively large
delays from D. Finally, Zimmert and Seldin| [2020] introduced an FTRL algorithm with a hybrid
regularizer that achieved O(v KT + /D log K) regret bound, matching the lower bound in the case
of uniform delays and requiring no prior knowledge of D or T'. The regularizer used by |Zimmert and
Seldin| was a mix of the negative Tsallis entropy regularizer used in the Tsallis-INF algorithm for
bandits and the negative entropy regularizer used in the Hedge algorithm for full information games,
mixed with separate learning rates:

Fi(x) = —2n;* (Z @) + 7t <Z x;(log z; — 1)) . (1

Zimmert and Seldin|[2020] also improved the skipping technique and achieved a refined regret bound
O(VKT + ming(|S| + y/Dglog K)), where S is a set of skipped rounds and Dy is the total delay
in non-skipped rounds. The refined skipping technique requires no advance knowledge of the delays.
Their key step toward elimination of the need of advance knowledge of delays was to base the analysis
on the count of the number of outstanding observations rather than the delays. The great advantage
of skipping is that a few rounds with excessively large or potentially even infinite delays have a very
limited impact on the regret bound. One of our contributions in this paper is a lower bound for the
case of non-uniform delays, which matches the refined regret upper bound achieved by skipping.

Even though the hybrid regularizer used by Zimmert and Seldin|[2020] was sharing the Tsallis entropy
part with their best-of-both-worlds Tsallis-INF algorithm from Zimmert and Seldin|[2021], and even
though the adversarial analysis was partly similar to the analysis of the Tsallis-INF algorithm,|Zimmert
and Seldin| [2020]] did not manage to derive a regret bound for their algorithm in the stochastic setting
with delayed feedback and left it as an open problem. The stochastic analysis of the Tsallis-INF
algorithm is based on the self-bounding technique [[Zimmert and Seldin} 2021]]. Application of this
technique in the no delay setting is relatively straightforward, but in presence of delays it requires
control of the drift of the playing distribution from the moment an action is played to the moment
the feedback arrives. [Cesa-Bianchi et al.|[2019] have bounded the drift of the playing distribution of
the EXP3 algorithm in the uniform delays setting with a fixed learning rate. But best-of-both-worlds
algorithms require decreasing learning rates [Mourtada and Gaiffas| 2019]], which makes the drift
control much more challenging. The problem gets even more challenging in the case of arbitrary
delays, because it requires drift control over arbitrary long periods of time.

We apply an FTRL algorithm with the same hybrid regularizer as the one used by |[Zimmert and|
Seldin|[2020], but with a different tuning of the learning rates. The new tuning has a minor effect
on the adversarial regret bound, but allows us to make progress with the stochastic analysis. For
the stochastic analysis we use the self-bounding technique. One of our key contributions is a
general lemma that bounds the drift of the playing distribution derived from the time-varying hybrid
regularizer over arbitrary delays. Using this lemma we derive near-optimal best-of-both-worlds
regret guarantees for the case of fixed delays. But even with the lemma at hand, application of the
self-bounding technique in presence of arbitrary delays is still much more challenging than in the no
delays or fixed delay setting. Therefore, we resort to introducing an assumption of oracle knowledge
of the maximal delay, which limits the maximal period of time over which we need to keep control
over the drift. Our contributions are summarized below. To keep the presentation simple we assume
uniqueness of the best arm throughout the paper. Tools for eliminating the uniqueness of the best arm
assumption were proposed by [[to| [2021].



1. We show that in the arbitrary delays setting with an oracle knowledge of the maximal delay
dynaz- our algorithm achieves O (v KT ++/D1og K +d,q, K''/? log K ) regret bound in the

adversarial regime simultaneously with O (ZZ L (IOAL_T + %) + dimaa K3 log K )

regret bound in the stochastic regime, where 0,4, is the maximal number of outstanding
observations. We note that 0,4, < dimqz, but it may potentially be much smaller. For
example, if the first observation has a delay of 7" and all the remaining observations have
zero delay, then d,,q,, = T, but 0,50, = 1.

2. In the case of uniform delays the above bounds simplify to O(V KT + v/dT'log K +
dK'/31og K) in the adversarial case and O (Z#i (lOgT + & logK) + dK'/3 log K)

in the stochastic case. For 7' > dK?/3log K the last term in the adversarial re-
gret bound is dominated by the middle term, which leads to the minimax optimal

O(VKT + /dTlog K) adversarial regret. The stochastic regret lower bound is triv-
ially Q(min{d%,z#i* lcﬁ’riT}) Q(dz#” + D i IOALT) and, therefore, our
stochastic regret upper bound is near-optimal.

3. We present an {2 (\/ KT + ming(|S| + v/Dglog K )) regret lower bound for adversarial

multi-armed bandits with non-uniformly delayed feedback, which matches the refined regret
upper bound achieved by the skipping technique of |[Zimmert and Seldin| [2020]].

2 Problem setting

We study the multi-armed bandit with delays problem, in which at time t = 1,2, ... the learner
chooses an arm I; among a set of K arms and instantaneously suffers a loss ¢; ;, from a loss vector
¢y € [0,1]% generated by the environment, but ¢, ;, is not observed by the learner immediately. After
a delay of dy, at the end of round ¢ + d, the learner observes the pair (¢, ¢; 1, ), namely, the loss and
the index of the game round the loss is coming from. The sequence of delays di, ds, . .. is selected
arbitrarily by the environment. Without loss of generality we can assume that all the outstanding
observations are revealed at the end of the game, i.e., t + d; < T for all ¢, where T is the time
horizon, unknown to the learner. We consider two regimes, oblivious adversarial and stochastic. The
performance of the learner is evaluated using pseudo-regret, which is defined as

T
RWTZElZ@,It] —ZHI[III{IE thz Z ler, — L iz ]7
=1 Py

where i, € argmin;g g E {ZtT:t ém} is a best arm in hindsight in expectation over the loss

generation model and the randomness of the learner. In the oblivious adversarial setting the losses
are independent of the actions taken by the algorithm and considered to be deterministic, and the
pseudo-regret is equal to the expected regret.

Additional Notation: We use A" to denote the probability simplex over n + 1 points. The
characteristic function of a closed convex set A is denoted by Z 4(z) and satisfies Z 4(z) = 0 for
z € Aand Z4(x) = oo otherwise. The convex conjugate of a function f : R™ — R is defined by
[*(y) = sup,epn{(z,y) — f(x)}. We also use bar to denote that the function domain is restricted to

F f(z), ifzeA™
A" eg., f(z) = .
eg fz) {oo, otherwise

use 1,(¢) as a shorthand for 1(I; = ¢). The probability distribution over arms that is played by the
learner at round ¢ is denoted by z; € AK~!

. We denote the indicator function of an event £ by 1(£) and

3 Algorithm

The algorithm is based on Follow The Regularized Leader (FTRL) algorithm with the hybrid
regularizer used by [Zimmert and Seldin| [2020], stated in equation (I). At each time step ¢ let
op = Zz;ll 1(s + ds > t) be the number of outstanding observations and D; = 22:1 ot be the



cumulative number of outstanding observations, then the learning rates are defined as

-1 — -1 22:1 os +7
un = t+ Mo, Ve = 1 ) (2)
og K

where 19 = 10dmaz + a2,/ (K'/31og(K))” and ~o = 242d2,,,
for the distribution over actions played by the learner is

_ % (_ Tobsy _ :
xy = VF(—L{") = arg e

K?/31og(K). The update rule

(L, 2) + Fy(x), 3)

1

where ﬁfbs = 22;11 1 (s +ds < t) is the cumulative importance-weighted observed loss and Uy is
an importance-weighted estimate of the loss vector ¢4 defined by

~ gt z]l(lt = Z)

ft’i =,

Tt,q

At the beginning of round ¢ the algorithm calculates the cumulative number of outstanding observa-
tions D, and uses it to define the learning rate ;. Next, it uses the FTRL update rule defined in (3) to
define a distribution over actions x; from which to draw action I;. Finally, at the end of round ¢ it
receives the delayed observations and updates the cumulative loss estimation vector accordingly, so

that ﬁ;’ﬁ’j = ﬁ;’bs + 2221 ll]l(s + ds = t). The complete algorithm is provided in Algorithm

Algorithm 1: FTRL with advance tuning for delayed bandit

Initialize Dy = 0 and ﬁ‘fbs = Ox (where O is a zero vector in R¥)

fort=1,...,ndo

Setor =S\ (s + dy > t)

Update Dt = Dt,1 + ot

Set 2, = arg ming e ax—1 (L%, ) + Fy(x) // Fy is defined in (1)) and n; and v, in @)
Sample I; ~ x4

Observe (s, €5 1. ) for all s that satisfy s + ds =t

Lhy = L + 30 bl(s + dys = 1)

4 Best-of-both-worlds regret bounds for Algorithm 1]

In this section we provide best-of-both-worlds regret bounds for Algorithm[I] First, in Theorem I]
we provide regret bounds for an arbitrary delay setting, where we assume an oracle access to dy, 4 .-
Then, in Corollary 2] we specialize the result to a fixed delay setting.

Theorem 1. Assume that Algorithm|[I]is given an oracle knowledge of d,qy. Then its pseudo-regret
for any sequence of delays and losses satisfies

Regr = OWTK +\/Dlog K + dppar K3 log K).
Furthermore, in the stochastic regime the pseudo-regret additionally satisfies

S 1 O
RegT =0 Z(E log(T) + ﬁ) + dmale/S IOgK
iti*

A sketch of the proof is provided in Section[5|and detailed constants are worked out in Appendix [C|
For fixed delays Theorem|[I] gives the following corollary.

Corollary 2. If the delays are fixed and equal to d, and T > dK?/3log K, then the pseudo-regret of

Algorithm[I|always satisfies
Regr = O(WTK + +/dT log K)
and in the stochastic setting it additionally satisfies
Regr = O Z(i log(T) + L) +dKY3log K



In the adversarial regime with fixed delays d, regret lower bound is 2 (\/ KT ++/dI'log K ),

whereas in the stochastic regime with fixed delays the regret lower bound is trivially Q(dZ;éTA +

Do Lir l‘f T) Thus, in the adversarial regime the corollary yields the minimax optimal regret bound

and in the stochastic regime it is near-optimal. More explicitly, it is optimal within a multiplicative

4/3 .
factor of 35, ;v Ao + % 02 K in front of d.
i itin SN

If we fix a total delay budget D, then uniform delays d = D/T is a special case, and in this sense
Theorem [I] is also optimal in the adversarial regime and near-optimal in the stochastic regime,
although for non-uniform delays improved regret bounds can potentially be achieved by skipping.
We also note that having the dependence on o,,,,, in the middle term of the stochastic regret bound
in Theoremis better than having a dependence on d, 4z, SINCE Tinar < dimaz, and in some cases
it can be significantly smaller, as shown in the example in the Introduction and quantified by the
following lemma.

Lemma 3. Let dy0,(S) = max,cgds, where S C {1,...,T} is a subset of rounds. Let S =
{1,...,T}\ S be the remaining rounds. Then

max S i S dmaw S .
Omar < g puin {81+ dmaa(9)}

A proof of Lemma [3]is provided in Appendix [A]

Finally, we note that the result in Theorem|[I]is easily extendable to the corrupted regime, because the
proof relies on the same self-bounding technique as the one used by [Zimmert and Seldin|[2021]]. If
we denote by B3!°°" the regret upper bound in the stochastic regime in Theorem and by C the total

corruption budget, then in the corrupted regime the regret would be O( B3 + , / BgtochC). The
proof is straightforward, following the lines of [Zimmert and Seldin|[2021]], and, therefore, left out.

5 A proof sketch of Theorem ]

In this section we provide a sketch of a proof of Theorem[I] We provide a proof sketch for the
stochastic bound in Section[5.1] Afterwards, in Section[5.2] we show how the analysis of [Zimmert
and Seldin| [2020] gives the adversarial bound stated in Theoremm

5.1 Stochastic Bound

We start by providing a key lemma (Lemma [d) that controls the drift of the playing distribution
derived from the time-varying hybrid regularizer over arbitrary delays. We then introduce a drifted
version of the pseudo-regret defined in (@), for which we use the key lemma to show that the drifted
version of the pseudo-regret is close to the actual one. As a result, it is sufficient to bound the drifted
version. The analysis of the drifted pseudo-regret follows by the standard analysis of the FTRL
algorithm [Lattimore and Szepesvari, [2020]] that decomposes the pseudo-regret (drifted pseudo-regret
in our case) into stability and penalty terms. Thereafter, we proceed by using Lemma [ again, this
time to bound the stability term in order to apply the self-bounding technique [Zimmert and Seldin,
2019], which yields logarithmic regret in the stochastic setting. Our key lemma is the following.
Lemma 4 (The Key Lemma). Foranyi € [K| and s,t € [T), where s < tandt — s < dypaz, we
have
Ty < 2T, .

A detailed proof of the lemma is provided in Appendix [B] Below we explain the high level idea
behind the proof.

Proof sketch. We know that z, = VE(—L¢*) and =, = VE*(—L%*), so we introduce & =

VE?(—Lg%) as an auxiliary variable to bridge between z; and z 5. The analysis consists of two key
steps and is based on induction on (%, ).

Deviation Induced by the Loss Shift: This step controls the drift when we fix the learning rates and
shift the cumulative loss. We prove the following inequality:

T; < 5 si:



Note that this step uses the induction assumption for (s,s — d,.) forallr < s:r +d, = s.
Deviation Induced by the Change of Regularizer: In this step we bound the drift when the
cumulative loss vector is fixed and we change the regularizer. We show that

Tt,q < *i‘i.
3

Combining these two steps gives us the desired bound. A proof of these steps is provided in
Appendix |

We use Lemma [ to relate the drifted pseudo-regret to the actual pseudo-regret. Let A; =
{s:s <tand s+ ds; =t} be the set of rounds for which feedback arrives at round ¢. We define the

observed loss vector at time ¢ as éfbs = A, {, and the drifted pseudo-regret as

T
Te ;rzft _E lz (<xt7gg63> _ ggg;)} . 4)

t=1

We rewrite the drifted regret as

e B i)

t=1scA;
T K . .
= Z ZE[Q% Z(f Es,zT)]
t=1s€A; i=1
T K T K
:Z ZEx“ A; ZZZ]E[%ert,z‘]Aia
t=1scA; i=1 t=11i=1

where when taking the expectation we use the facts that 7, has no impact on the determination
of x; and that the loss estimators are unbiased. Using Lemma [] we make a connection between
pseudo-regret and the drifted version:

d”ft Z Z E xt+df 1 A’L -

t=1 i=1 t=1 =1

V
[~
| =
=
3
+
%
3
=

A2
M| —
(]~
(]~
=
3
g
|
=9
o2
8
|
DO |
=
)
Q
ﬂ
|
&
g
8

where the first inequality follows by Lemma | and the second inequality uses Ztm” Elz A <

dmaz- As aresult, we have Reg, < 2Reng + dmae and it suffices to upper bound Rengft. We
follow the standard analysis of FTRL, which decomposes the drifted pseudo-regret into stabiltiy and
penalty terms as

T T
= Z (we, 67°) + By (=L3) — By (=LY% | +B | Y FY (—L§™) = F7 (=Li%%) — o
=1 t=1

dmft

stability penalty

For the penalty term we have the following bound by /Abernethy et al.| [2015]]

T

penalty < Z (Fi—1(z¢) — Fi(wy)) + Fr(ei ) — Fi(z1),
=2



where e;x denotes a the unit vector in R¥ with the i%.-th element being one and zero elsewhere. By
replacing the closed form of the regularizer in this bound and using the facts that n,~ 1 Ut__11 = O(n),

1
f}/;l — ’y;ll = O(o’t’yt/log K), and x;’b} - 1 S 0’ we Obtain

log(1
penalty < O ZZWWZZ‘W”% /263 ) o S = 1) + /o log K.

t=2 i#£i* t=2 i=1 IOgK
&)
In order to control the stability term we derive Lemma[3]
Lemma 5 (Stability). Let v, = |A;|. For any oy < ;' we have
stability < Z Z 2f, ( Ti) Etbf’ — )2
t=1 =1
Eflf(wu ey —1 ,
Furthermore, oy = S (e ) satisfies o < vy, * and yields
j=1
E[stability] < Z Z 29 (vg — L)ugE[xe 4] A; + Z Z Z 2 E| xf/f ;1( —xs4)]. (0)

t=1 i#£* t=1s€A; i=1

A proof of the stability lemma is provided in Appendix[A.3] We apply Lemmafd]to (€) to give bounds
ViTei = D ogen, Tri < 2D, 4, Lo and x3/2 l—ag) < 23/21:12(1 — 5;). Moreover, in
order to remove the best arm ¢* from the summation in the later bound we use xl/ 2 (1—x54+) <

> 2ir Tsji < > 4+ T / ®. These bounds together with the facts that we can change the order of the
summations and that each t belongs to exactly one A, gives us the following stability bound

T
E[Stdblllty Z Z T]f I;/f + Z Z ’)/t+dt (Ut+dt — 1)E[If7z]A1 . (7)

t=1 i#£i* t=1 i#£i*

By combining (7), (B), and the fact that Regr < 2Regi”ft

constants a, b, ¢ > 0, such that

+ dynaz, We show that there exist

Regr <E C‘Z Z 77t331/2 +bZ Z Verd, (Vita, — 1) ilg +CZ Z at%xtllolgil/xr i)

t=1 i7#£i* t=1 i#£i* t=2 i=1
A B C
+ 410 (K —1) + 2/70log K + dyaz - (8)
D

Self bounding analysis: We use the self-bounding technique to write Reg; = 4Regr — 3Regr,
and then based on (8)) we have

Regy < E [4aA — Regy] +E [4bB — Regy] + E [4¢C — Regy| + 4D. ©)
For D we can substitute the values of v and 7y and get
D = O(dpae(K — 1)/ 1log K). (10)

Upper bounding A, B, and C requires separate and elaborate analysis, which we do in Lemmas [6]
and 8] respectively. Proofs of these lemmas are provided in Appendix [A.2]

Lemma 6 (A bound for 4aA — Regy). We have the following bound for any a > 0:

4aA — Regr < Z
i#£L*

(T/mo +1) + 1. (11)




Lemma [6] contributes the logarithmic (in T") term to the regret bound.

Lemma 7 (A bound for 4bB — Regr). Let Uyar = maxe[r) vy, then for any b > 0:

4bB — Regy < 64b%Upqaq log K. (12)

It is evident that v,,,42 < Omaz < dmaz, SO the bound in Lemma contributes an O(dyq. log K)
term to the regret bound.

Lemma 8 (A bound for 4cC' — Regr). Forany c > 0:

128¢20 max

40— Regr < 3 X0k

i

13)

Part of the pseudo-regret bound that corresponds to Lemma|[8]comes from the penalty term related
to the negative entropy part of the regularizer. In this part, despite the fact that o,,,, can be much
smaller than d,,,,, (Lemma | ,the Y, £ix ﬂ”ﬁ term could be very large when the suboptimality

gaps are small. In Appendix E we show how an asymmetric oracle learning rate v, ; ~ v, /v/A,; for
the negative entropy regularizer can be used to remove the ), i L /A factor in front of ¢,,4,. The
possibility of removing this factor without the oracle knowledge is left as an open question.

Finally, by plugging (T0),(TT),(12),(I3) into (O) we obtain the desired regret bound.

5.2 Adversarial bound

For the adversarial regime we use the final bound of Zimmert and Seldin/[2021]], which holds for any
non-increasing learning rates:

T T
Regr < Zm\/?Jr Z%Ut + 207 ' VK + 7 log K.
t=1 t=1

It suffices to substitute the values of the learning rates and use Lemma for function %:

T T
_ VK vd1og K
Regr <> + 3 T8 4 9 /KT + Ko + /og(K)Dr + 0 log(K)
t=1 t=1

— Vt+mn = VDi+v
—0 (\/KT + /10g(K) D1 + dyas K3 log K) .

6 Refined lower bound

In this section, we prove a tight lower bound for adversarial regret with arbitrary delays. Thune et al.
[2019] have proposed a skipping technique to achieve refined regret upper bounds in the adversarial
regime with non-uniform delays. The technique was improved by Zimmert and Seldin| [2020], but
it remained unknown whether the refined regret bounds for regimes with non-uniform delays are
tight. We answer this question positively by showing that the regret bound of |[Zimmert and Seldin
[2020] is not improvable without additional assumptions. We first derive a refined lower bound for
full-information games with variable loss ranges, which might be of independent interest. A proof is
provided in Appendix [E]

Theorem 9. Let Ly > Lo > -+ > Lp > 0 be a non-increasing sequence of positive reals and
assume that there exists a permutation p : [T]| — [T, such that the losses at time t are bounded
in[0,L p(t)}K . The minimax regret Reg” in the corresponding adversarial full-information game
satisfies

[log, (K] T

. 1
Reg” = max § 5 > L 32 Y. L}log(K)
= 1= [log (K)|

From here we can directly obtain a lower bound for the full-information game with variable delays.
This implies the same lower bound for bandits, since we have strictly less information available.



Corollary 10. Let (d;)L_, be a sequence of non- lncreasing delays, such thatd; <T + 1 —t and
let an oblivious adversary select all loss vectors (£;)L_; in [0, 1] before the start of the game. The
minimax regret of the full-information game is bounded from below by

Reg* —Q(mm |S| 4+ v/ Dglog(K ) , where Dg = Z dy .

te[TI\S

Proof. We divide the time horizon greedily into M buckets, such that the actions for all timesteps
inside a bucket have to be chosen before the first feedback from any timestep inside the bucket is
received. In other words, let bucket By, = {bym, ..., bmt1 — 1}, then Vi € By, it +dy > b1 — 1,
while 3t € B,,, : t + d; = by, 4+1. This division of buckets has the following properties:

(i) monotonically decreasing sizes: |B1| > |Ba| > -+ > | By

(ii) upper bound on the sum of delays: ¥m € [M — 1] : |B,,,|? > DoteB, .,

Both properties follow directly from the non-decreasing nature of the delays.
|Bi| = bmt1 — bm < b +dp,, — b = dp,,

m

|Bm| = frenén {dt +1t— bm} > dbm+1*1 + fg%n {t - bm} > dbm+1*1 .
Hence
|Bm‘ 2 dbm+1—1 Z dberl 2 |B7n+1|7

ZteBm+1 di < |Bm+1| 'dbm+1 < |Bm+1‘ ’ |Bm‘ < ‘Bm|2-

Set S’ = UTL,l;’:gf(K)J B, and let the adversary set all losses within a bucket to the same value, then

the game reduces to a full information game over M rounds with loss ranges |Bi|, | Bz|, ..., |Ba|.
Applying Theorem [J]yields
Llog, ()] 1 M
* Z — 2
Reg™ > max Z | B, 3 Z | By |? log(K)
m=1 m=|log,(K)]

> max f|S’| — /gs:,dtlog =0 SIglITl]|S|—|— /tezgdtlog(K)

7 Discussion

We have presented a best-of-both-worlds analysis of a slightly modified version of the algorithm of
Zimmert and Seldin| [2020] for bandits with delayed feedback. The key novelty of our analysis is the
control of the drift of the playing distribution over arbitrary, but bounded, time intervals when the
learning rate is changing over time. This control is necessary for best-of-both-worlds guarantees, but
it is much more challenging than the drift control over fixed time intervals with fixed learning rate
that appeared in prior work.

We also presented an adversarial regret lower bound matching the skipping-based refined regret upper
bound of Zimmert and Seldin|[2020] within constants.

Our work leads to several exciting open questions. The main one is whether skipping can be used to
eliminate the need in oracle knowledge of d,, .. If possible, this would remedy the deterioration
of the adversarial bound by the additive factor of d,, ., because the skipping threshold would be
dominated by \/Dg log K. Another open question is whether the %= term can be eliminated from
the stochastic bound. Yet another open question is whether the dmal factor in the stochastic bound
can be reduced to 0,,, and whether the multiplicative terms dependent on K can be eliminated. An
extension of the results to first order bounds, that depend on the cumulative loss of the best action
rather than 7', and extension to arm dependent delays are also open questions. For now it was only
done in the adversarial setting [|[Gyorgy and Joulani, 2021} |Van Der Hoeven and Cesa-Bianchi, 2022].
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A Proofs of the lemmas for the analysis of Algorithm 1|

A1l A proof of Lemma[j]

Proof. Let S C {1,...,T}and S = {1,...,T} \ S be an arbitrary split of the game rounds. Consider
the number of outstanding observations o; at an arbitrary round ¢. The number o, is bounded by the sum of
the number of outstanding observations from actions taken in the rounds in S and the number of outstanding
observations from actions taken in the rounds in S. , and the latter is bounded
by dimas(S), since by definition of dmae(S) any observation from an action taken in a round in S can be
outstanding for at most dyma (S) rounds. Since this holds for any split of the rounds {1, ..., T} into S and S,

we have 0pmae = maxy or < mingcyi,..., 7} (|S| + dmaz(g)).

A.2  Proofs of the lemmas supporting the proof of Theorem|T]

We start with providing some auxiliary lemmas.

Lemma 11 (Integral inequality: Lemma 4.13 of Orabona! [2019]). Ler g(x) be a positive nonincreasing function,
then for any non-negative sequence {zn}neqo,...,N} we have

N n ZzN=0 2
Zzng <Z zz) g/ g(z)dx.

n=1 =0 20

Lemma 12. Let oy and v, be the number of outstanding observations and arriving observations at time t,
respectively, then the following inequality holds for all t

t
E Os =
s=1

Proof. Note that As = {r : r + d = t}. We define D; = {d, : 7 € A} be the set of delays corresponding
to observations that arrive at round s, then D, must have vs = | A,| different number of elements, because
Vr € As : v +d, = s. As aresult, we have

-1
D deZ04+1+. 4 (vs—1) = vsvs = 1)
reAs
This gives us the following inequality

t t
ST Y

s=1 s=1recA;g

= > d.

rir+d,<t

On the other hand, Ztszl Os >3 dp<t dr, since every observation from an action taken at round r with
delay d, counts as outstanding over d,. rounds, i.e., contributes 1 to oy1, ..., 0rt4,, and observations that
have not arrived by round ¢ contribute only to the left hand side of the inequality. Together with the precedin

inequality this completes the proof. ﬁ

A.2.1 A proof of Lemmal 6]

Proof. We bound 4a A — Reg.

1
4amt i

4aA — Reg = — T\
T ;; N
log (T/mo+1)+1, (14)

where the first inequality uses the AM-GM inequality, by which for any z and y we have z +y > 2,/zy =
2,/zy —y < z. The second inequality follows by the integral bound on the harmonic series, by which

SE 1/t +1m0) < log(T +10) — log(no) + 1. |

12



A.2.2 Proof of Lemmal(7|

Proof. We have

4bB — Reg, = Z > weili (4b(viya, — 1)yera, — 1)

t=1 q#£*

We define T} to be the first round ¢ with 'y[l > 4b(Umaz — 1), where Umaz = max,e[r{vs}. Then in the
summation over time, the rounds with ¢ + d; > Tp provide a negative contribution, since 4b(vita, — 1)Vitd, —

1< % — 1 < 0. Therefore,

4bB — Regp < Y > eili (4b(viya, — 1)Yeqa, — 1)
t+de<Tp i#i*

To—1 To—1
< > Ab(uiga, — Dy, = > > 4b(ve— Dy = Y dbu(vg — Dy, (15)
t+ds <Tp t=1 s+ds=t t=1

where the second inequality holds because Y. .. x¢iA; < 1and v;yq, > 1. For simplicity of notation, we
denote U¢ = v¢(vy — 1)/2, for which Lemmaglves us 25:1 U < 25:1 0. Therefore, we have

To—1 To—1

8by/log KU
Z abvy(vr — 1)y Z ©oy10g AUt

> P ~
t=1 t=1 \/ Zs:l Ut
Ty—1

16b, | (log K) Z < 16by| (log K) Y oy < 16b(log K)yp)—y,  (16)

t=1

A

IN

where the second inequality uses integral inequality Lemmafor g(z) = % Moreover, by the choice of T
we have v, < 4b(Umaz — 1). Combining this with (T3) and (T6) gives us 4bB — Reg < 64b*vpmaz log K.
|

A.2.3 Proof of Lemma(§

Proof. First, we remove i* from the summation in C' by using the following inequality

— T+ log(xe,i+ ) < (1 — xg, 4 E Tti,
iF£*

which follows by the fact that zlog(z) + 1 — z is a decreasing function for z € [0, 1], and the minimum value is
zero, therefore, it is non-negative for z € [0, 1]. By using this inequality we have

T K
—4corxe,; log(ze,s) —0tTt,; log Tt,i) OtTt,i
ZZ v (St + 7o) logK ZZ (St +0) logK ZZ (St-i-’Vo)logK’

t=1 i7#£i* t=1 i#£*

C1 Co

where Sy = "' _| o,. We break the expression 4cC' — Regy, into 4 (cC1 — aRegy) + 4 (cC2 — BRegr),
where oo + 8 = 1/4.

Controlling cC> — SRegr
. 2
Let 0max = maxye[r){o:} and let T} be the first round ¢ when S 4 0 > ﬁ. Then for all t > T; we
have
COtXt,i
————— — Bz A; <0.
(St + v0) log K o

13



Therefore, rounds after T provide negative contribution to the summation, and we have

T,—1

D COt
cCz — BRegy < Tt —A;
! i;ézz; ; ' B/ (St + ) log K

T,—1

<y 2¢(\/S1,-1 + 70 — /70)
- byt Vlog K

20 Omazx
<
Z BAilog K’ (17

where the third inequality uses Lemmafor g(z) = % and the last inequality follows by the choice of 73,

2 2
1 1 c
which gives St,—1 + v < ﬁ

Controlling cC; — aReg,

For cC1 — aRegr, let by = ——Z——, then

a/(St+70) log K’

cCi — aReg, = az Z —biwy; log(e,s) — Aixe,i)

t=1 i#£i*
< O‘ZZ max { bizlog(z) — Az} .
t=1 ;ﬁz*

The function g(z) = —b:zlog(z) — A;z is a concave function for z € [0, 1] and the maximum occurs when
A _
the derivative is zero. So we must have —b;log(z) — b — A; =0 = z =€ ¥ ' and by substitution

a;
max.eo,1) 9(2) = bre Pt ! Therefore,

T .
cCi — aR769T < az Z bte_%_

t=1 i£i*

(St +0)log K 1)

(0%
‘;Z M EEEnIT (‘ cor

< Zzat » c exp ~aliy/(St 4 y0) log K 1),
byt v (St +70) log K

COmax
where 0omaz = maxieiri{o:}. Let gi(z) = ﬁ exp (70‘4\‘2’07 V;iic;gK — ) then for each 7 we need to
upper bound 23;1 0¢9: (St +70), which by Lemmacan be upper bounded by f St+70 ( )dx, because g is
nonincreasing. On the other hand, for any 8, a > 0, we have [ - el exp(— % —1)dz = —24- exp(—% —1).

So, using the closed form of [ g;(z)dz with § =

cCh — aRegy < Z /

iF£*

—_ C
aI,a = Jogrc’ Ve have

ST+’YO

_2C2Umax OéAz\/W z=ST+0
= T e (S SSVEER
4 al\;log K COman -
e @=70
N e R =T )
- aljlog K
2¢%Oma
= 2 aAlog K 18
- Z al;log K (18)

iti*
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Taking together (T7) and (T8) gives us
- 8% 0max (1 |1 8¢*Omax 1 1
4cC — Regyp < Y S8 Tmaz (24 ) = -
¢ egT_iZiAilogK <ﬂ+a) #Zi*AilogK <1/4—a+a)

128¢%0rmax
< _— 1
< ; Adog i (19)

where the second inequality uses o = é.

A.3 Proof of the stability lemma

The lemma has two parts, the first part is the general bound for the stability term and the second is a special case
of that bound where we set « to a specific value to get the desirable bound.

Before starting the proof we provide one fact and one lemma that help us in the proof of the stability lemma. We
recall that our regularization function is Fi(z) = 21}(:1 fi(2), where fi(x) = —2n;7 '/z + ;7 *z(logz — 1).

Fact 13 ([Zimmert and Seldin, 2020]). f; ' () is a convex monotonically increasing function.

Proof. The proof is available in Section 7.3 of the supplementary material of [Zimmert and Seldin|[2020]. I

Lemma 14. Let Dp(z,y) = F(z) — F(y) — (x — y, VF(y)) be the Bergman divergence of a function F.
Then for any x € dom(f;), and any £ such that £ > —~; *:

’ ’ ,62
th* (fe(x) = £, fe(z)) < mo
t
Moreover, it is easy to see (f, (ex))™" < A(f, (x))~", which implies Dy (fi(x) — £, fi(x)) < f%i).
t

Proof. By Taylor’s theorem there exists & € [ft*/ (ft/ (z) =20, £ (ft/ (x))] , such that

’ ’ 1 NN 1 N
Dy (@) — £ fl(@) = 3£ (L) = 541 @),
where the second equality is a property of the convex conjugate operation. We have two cases for £:
1. If ¢ > 0, then based on Factwe know that ft*/ is increasing, so £ < x. On the other hand, f”(ac)_1
is increasing, so ft”(a?)’1 < f (x)™' < fr (ex)™ "

2.1 ¢ < 0, then & € [f;’(f; (@), £ (f1 (x) —e)]. We show that f; (f,(z) — ) < ex, which
by the choice of  implies £ < ex, and consequently, like in the other case, we end up having

F@) < (ex) ™

Since f* is increasing and ex = f*'(f'(ex)), it suffices to prove that f/(em) > f (z) — ¢, or,
equivalently, f/(ex) —f () > —¢. So

£(ex) = £ (@) = (= (ew) 7% + 77 Hog(ew) ) — (—ni a2 47 og(@))
1 1 _ _
=n, 'z !/ <l_ﬁ>+7t12%&12_£

Proof of the First Part of the Stability Lemma. We have x; = arg min cax—1 (L%, ) + Fy(z), so by the
KKT conditions there exists co € R, such that —L{*® = V F;(z¢) — colx. On the other hand, F(—L+clx) =
Fy(—=L) + cforany ¢ € R and L € R¥ and the equality holds iff ¢ = 0. Therefore, using these two facts we
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can rewrite the stability term as
T S — —
Do w57 + B (-Li%) — B (=L™) =

t=1

<$t,é§bs — Oéth> + Ft*(_.t/g_lfl + (OCt + CO)IK) — Ft*(_igbs + COIK)

NE

-
Il
-

(w1, 07" — oul i) + F} (VFi(m1) — (07" — culi)) — FY (VFi(21))

[
M~

-
Il
=

(@, 077 — aulic) + F (Vi (x:) = (6" — culi)) = FY (VFy(1))

]~

-
Il
=

-

@
Il
—

Dy (ft, (o) — (6% — o), i (xt,i)) ; (20)

where the inequality holds because F; (L) < Fy (L) for all L € R and F; (VFy(x)) = F;(VFi(z)) for
all z € R¥. Hence, since a; < 7; ', we have fo’f —a¢ > —ay > —v; . This implies that we can apply
Lemma|[T4]to get the following bound for (20)

K
stability < Z 2ft”(:nt,i)‘1(2§33 — )’

i=1

" s
ZJK:1f (z¢,5) 1y

Proof of the Second Part of the Stability Lemma. First, we must check whether oy = SINHTWE]
j=1 Tt,j

satisfies ay < 7, L or not:

O @)

- Zszl f (@)

Y @) e, b
K @)

< 8|A(K —1)3 < 8dmas(K — 1)

[

-1
S’Yt )

where the first inequality uses Lemma To simplify the analysis, for all ¢ let z; = ft“ (x¢,:)"", then by
substitution of the value of «; in the stability expression we have

K K K K
5 2 52 5 2
E zi(le; — )" = E zily ; — 2 E zilyi0n + E 20ty
i=1 i=1 i=1 i=1
K K 7 N\2

_ Wy (s #ite,i)

- Ziktq K
i=1 21:1 Zi

K 272 s
_ 72 Sica sl iz #i%ilile;
= zily ; e — =

1 Do Zi D imq %

K 2 . ) i
R < 2 ) ( ; ) i 2551 (Sraen, rifes)
= s i I

i=1 Z]‘:l Zj sEA; Zi:l Zi

Z;il Zj SEA 7

al iz 0s.iby
+ Z <Zz — E}?) Z éhiésyi _ Zz,],z;éj zZ ZQZ(KZr,seAt J) .

i=1%i

(22)



We call the term in line (ZI) Stabl and the two terms in line (22)) Stab2. We first bound the expectation of Stabl.
. r
i 52
E[Stabl] = E |}~ (z - K) < > €>]
i=1 D1 Zi SEA;

(o) ()
() ()]

Il
.Mx

k3

I
M=

k3

MK . K ) zfr_l
< E 2Ty, 5 — 27
MK
< Z E Zzlx;l(l — :c“):|
sEA Li=1
MK
< Z E ZQntmi/fx;;(l — x“):| , (23)
SEAy i=1

where the first inequality bounds losses by one and changes the order of summations, the second inequality
2
uses Cauchy-Schwarz inequality Z 22 71 = (ZZ 12 22 71) <Z Ts 7,> > ( f( 1 21) , and the last
—_————

=1
inequality uses the fact that z; = ft”(a:m) < on, x3/2.

For Stab2 we have

K
E[Stab2] = E Kl Z Z Zziz_jgr,iés,i - Z Z zizilsilr
_Zizl Zi \i=1r,s€Ay,rts j£i i,7,i#] T, SEAL
I K
=K % (Z Z Zzizj;t? — Z Z ZiZj Wi fbg
_Ei:l Zi \§=1 r,s€Ay,rts j£i i,,i#j T sEAL
I K
=E Kl ( (v — 1) Z Zzizjll? - U? Z 232 i fbj (24)
_Zi:l Zi i=1 j#i i,5,i#]
oo - 1) (&
<E % Z Zi ZZJ Z Zi :u/z Z RiZj il
Ziﬂ Zi i=1 =1 1,5,i#]
1) K K K
=E vl = 2 (v — <Zzlm Zzl ZZ“‘“ )]
L Zz 12 i=1 i=1
r 1) K K K
<E Vi(vg — 1) Ut_ <ZZZMZ Zzl ZZZ >:|
Zz 127' i=1 i=1

S E Z 2Ut(’l}t — I)Vtxt,iAi 5 (25)
i

where the second equality follows by the fact that for all s € A¢, x5 has no impact on z;, and for all different
elements of A, such as r,s € A; and r < s, x, has no impact on zs. Regarding the inequalities, the first
one follows by v > v; (v — 1), the second one holds because for all i we have u} <y, the third inequality

follows by i + i+ < 2 and p; — pi= = Ay, and the last one substitutes z; = f,/ (Jz:t,i)_1 < Vi
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Combining (23) and (23) completes the proof.

B Proof of the Key Lemma

B.1 Auxiliary results for the proof of the key lemma

First, we provide two facts and a lemma, which are needed for the proof of the key lemma. We recall that

fi(z) = =2n; Vo + 4, 'z(logz — 1).

Fact 15. f, (z) is a concave function.

Proof. ft/(m) = —n "tz Y% 4 4, log x, so the second derivative is —%n’lafsn -y tz7? <o

Fact 16. ft” (x)~" is a convex function.

—3/2

Proof. Letg(z) = f (z)~" = (%

. e - (277@% + 3%:163)

g (x) ; 7
2v/z (27]11135 + 7@)

which is positive.

+ ;') 71, then the second derivative of g(z) is

Lemma 17. Fix ¢ and s where t > s, and assume that there exists o, such that v, ; < azs,; for all i € [K],

and let f(x) = (—277[1\/5 + ;7 tz(logz — 1)) then we have the following inequality

K " . -1 i .
Zj:;f (v0s) Lo g —1)h.
Zj:1 [ (@)t

Proof for Lemma[I7] We begin the proof as the following

1"

S @) M F () g b,
Zf{=1 fN (mt,i)_l Zi:l f//(xt,i)_l

F@ei) eyl (@, /Ta)

(K =07 (58) 41 @)

) -1
o (77;12—5/2+2,7;12—1) L1

Define z := ¢4,

1 _
(K —1) (77?1(}&3)‘3/2 + 2%1(;151)‘1) + (0232 2 )

77;12_1/2—&-27;1 )1

=al(l—-=z2 +z
<( )m‘vi— L(1—2)=1/2 4 29,7

1

(26)

where the first inequality follows by £ ;. < 1, the second one uses the assumption of the lemma that x; ; <

. . . . . " —_ .
ats,;, and the third inequality is due to convexity of f (z)~' from Fact We consider two cases for z:

z<%andz2%.

a) z < %: This case implies

1=z L s kiR —T< 2
z z

< 77;12_1/2 + 27;1

Ty WK — 11— 2)" 2 42y

18
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Plugging (27) into 26) gives
K ” —-15
X i) s _
Z’:;(f g/a:m) M <a(l—z42) =a
Dimy [ ()7
b) z > +: Similar to the previous case, z > + implies nlz V2 < tWEK —1(1— 2)7Y2 so the

—1_-1/2 -1
Ny % +2’yt —1 . . —1 .
TTTVRST(=5) /25271 occurs when 2v; ' = 0. Substitution of 2y; * = 0 in (26)

minimum of

gives

K " . 71/\ N —_
Zzz:zll(ffslx(t,z) ) Els,z <a ((1 . Z)3/2Z—1/2(K _ 1)71/2 i Z) 1 ' 28)
i=1 Ttyi)

Here we have the following two subcases

bl) z > : This gives

1
(K—1)1/341
1

a ((1 )V )T z)i <arl<a ((K _)UE 1) < 2a(K—1)"/3.

: This implies (1 — z) > (K—1)7/2

1 . . .
> i 23 and we can use it in 28) in the

1
b2) 2 < A
following way

o ((1 —2)* P A (K -1 4 2)71 <a (fUQ(K—\/gUM n Z)

(Z—1/2(K_1)—1/2 2—1/2(K_1)—1/2 )1
=« +z

—1

248 + 2v/8

_ —1N\ —1/3 )
= (%) < 2a(K - 1),

where the second inequality is by the AM-GM inequality.
Combining the results for all cases and setting o = 4 we obtain the upper bound 8( K — 1)1/ 3, |

B.2 Proof of the key lemma

Proof of Lemma] To show x¢; < 2x,; for all ¢ we do induction on valid pairs (t, s), where we call a pair
(t,s) validif s < tand t — s < dmae. The induction step for (¢, s) uses the induction assumption for all valid
pairs (t', ), such that s', ¢’ < t, and all valid pairs (¢, s’), such that ' = ¢ and s < s’ < ¢. Thus, the induction
base would be all the pairs of (¢',t") for all ¢’ € [T, for which the statement z;/ ; < 2x ; trivially holds.
Hence, it suffices to prove the induction step for the valid pair (¢, s).

As we mentioned in the proof sketch, we have z; = F; (—L¢%) and 2, = F*(—L2*), and we introduce
T = Fs* (fobs) as an auxiliary variable to bridge from x; and x,. We bridge from x; to x via Z in the
following way.

Deviation Induced by the Loss Shift: This step controls the drift when we fix the regularization (more precisely,
the learning rates) and shift the cumulative loss. We prove the following inequality:

Ti < —Tsy-
2

Note that this step uses the induction assumption for (s,s — d,) forallr < s: r 4+ dr = s.
Deviation Induced by the Change of Regularizer: In this step we bound the drift when the cumulative loss
vector is fixed and we change the regularizer. We show that

4 .
Tt,i < gxz

Deviation induced by the change of regularizer

The regularizer at any round r is Fy.(z) = S0, fo(z:) = S0, (=20, ' va@i + v, 'zi(log z; — 1)). Since
@y = VE (—L¢%) and & = VEF*(— L"), by the KKT conditions 3y, fi s.t. Vi:

fs(i'z) == —L(s)f;is + Hy
fi(zes) = _Lg,bis + L.
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We also know that 35 : £; > z¢,; which leads to

—LE7 4 A= fi(weg) < folwng) < fo(@5) = =L +p,
where the first inequality holds because the learning rates are decreasing, and the second inequality is due to the
fact that f,(z) is increasing. This implies that & < u, which gives us the following inequality for all :

ft/ () = — 1 + log(z+,s) <_ 1 n log(Z;) _ f;(

Zi).
Nt/ Tt,i Ve NsV Ti Vs )
Define @ = z,;/;. Using the above inequality we have
1 log(Z;) 1 log(z;) log(w) . . —
— — < — — — multiply both sides by 7:V/Z; and rearrange
NsV Ti Vs NtV QT Yt Ve ( )
1 — ~ —
= —>1 4 o/F; log(V;) <ﬁ — ﬂ) +log(a)ﬂ\/xi
« MNs Yt s Yt
Mt . t i Nt
> — + min ¢ 2zlog(z) | — — — ) 4+ log(a)—=
> 2 min, {2106 (2 - 1) 4 tog(e 22}

—1

Tt
(2)@_2(@_@)(1){1—7;1
ns e\ s/ \Va

@ﬂ_(ﬂ_ﬂ)L
s Yo ovs) Vel

where (a) holds because the minimized function is convex and equating the first derivative to zero gives
—1

L —1
z= (%) vt , and (b) follows by —2t—— > 1 and e > 2. Rearranging the above result gives
@ vy s
ns _ms ms\’ )
a< (=242 = (nw' - ;1+i>. 29
7(% e m) <17 e =)+ (29)

Now we need to substitute the closed form of learning rates to obtain an upper bound for o.. As a reminder, the
learning rates are

—1 1 > —1 [o 1 -
S - b) S - + b
fy \/W ;UT—’—’YO 77 S 770
1 s+d
Y= ===y | Do 0, = Vs +d+m,
log K —

. 2
where d =t — s, 70 = 10dmaz + 20z (K1/3 log(K)) ,and vo = 24%d2, ., K?/? log(K). Therefore, in

[9) we have
Ziigﬂ Or
1080 (St 00+ 70)

s+d
< n Zr:s+l Or
— Vlog(K)vo
< d?naac dgnaac — i
= og(K)yono ~ V242 dE,, 24
where the third inequality follows by d, 0, < dpqz forall r and ns < \/%, and the last inequality holds because
no > 16d2,,,/K?*/3. On the other hand, for 2= in (29) we have

Ns _ 5+d+7]o: 14 d
Nt s+ no S+ no

ns (o b= ) < e

(30)

d
< 1+ ——
SV 10d,
dmacv 11
< 1 = 1
- + 10dmaz 10’ (D
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where the first and the second inequalities hold because 1o > 10dmaz and d < dmaa, respectively.
Plugging (30) and (BT) into (Z9) gives us the following bound for a:

2
1 4
<(J=+ 1) <2 2
a—( 10+24> =3 (32)

Deviation Induced by the Loss Shift

We have xs = VEFX(—L2%) and & = VF}(—L{*). Since they both share the same regularizer Fi(z) =

SK | fs(x:), to simplify the notation we drop s and use f(z) to refer to f(z). By the KKT conditions 3y, ji
s.t. Vi

I (@es) = =L+,
F(@)=—Li% + i
Let £/ = L¢* — L%, then by the concavity of f ' (z) from Fact we have

1" ’ "

(e — @) [ (104) < f (@) — f (@) < (wai — 3)f (32). (33)

p—pa+t;

Since f” (xs,:) > 0, from the left side of (33) we get zs,; — &; < f// (gr:s,i)_1 (p — [+ ZZ) . Taking summation
over all ¢ and using the fact that both vectors s and Z are probability vectors, we have

0= il’s,i —; < Zf”(ms,i)fl (/L - [lJrZi)
i=1 i

(34)

Combining the right hand sides of (33) and (34) gives

K g -1y

17 ~ S 5.7 E

i —wai)f(E) < i § < o=t o) 6
E:j=17f (xsd)_l

and by rearrangement

S ()
SR ()
S @)
S ()

Fi <weit+ [ (F)7'x

S Ts,i + 'Ysi‘z X 5 (35)

1" —1
where the last inequality holds because f (Z;)™' = (ns’l%j; 8/2 4 fy;l:ii_ 1) . The next step for bounding

YK (e )7

#; is to bound = f”@w)—lj in (35), where £; = >, lrjand A= {r:s<r+d. <t}

If there exists » € A, such that > s and 2z, ; < x,,;, then combining it with the induction assumption for
(t,7),1e., xe,; < 2@y, leads to x4 ; < 22,5 < Xs,;, Which completes the proof. Otherwise, that for all » € A
we have either 7 < s or zs,; < 2z,;. If 7 < s, we can use the induction assumption for (s, ), which gives
Zs,; < 2z, ;. Consequently, in either case, the inequality =, ; < 2z, ; holds for all r € A, and we can plug it
into Lemma([T7]to get the following bound for all r € A:

K " 71A
. s,j Er j 1
ijéf (x )ty 1y, (36)
Zj:l f (1'5,]’)71
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We then proceed by doing a summation over all » € A on both sides of the above inequality and get

K x
% < 4]A|(K — 1)3. Now it suffices to plug this result into (33):
j=1 z

Bi < Toi + 4 AlyaFi(K — 1)5 =

1
Ti < Ts,i 37
# < (o) Gn

< x5, X 1
= 1— s%dmm(K —1)1/3

Ts,i 3

= S Tsy, (3%)

(1 —8\/logK/70dmam -1 1/3> T 1-1/37 2
where the third inequality uses |A| < dmaz + ¢ — S < 2dmaae, and the last one uses the facts that v, <
V1og(K) /0 and o = 24%d3,0. (K — 1)*/? log(K).

Combining (38) and (32) completes the proof. |

stz

C Detailed constant factors in the regret bound for Algorithm 1]

In this section we provide a detailed regret bound for Algorithm [T]
As we proved in Section[5] we have the following inequality for the drifted regret:

Regy < 2Reg " + dumas (39)

We first derive a bound for the drifted regret by splitting the drifted regret into stability and penalty terms, as
mentioned in Section[5] Following the general analysis of the penalty term for FTRL [Abernethy et al} 2015,

we have
T

penalty < (Fio1(x) — Fy(x)) + Fr(z") — Fi(a),
t=2
which gives us

T K 1 K
penalty = <2(Z w2 =D —n) =Y weilog(ae) (v - ﬁ)) — ot +2VEn 4y log K
i=1 =1

t=2
T
1
< 2> i (it =) Zwmlog 2e) (vt =) |+ 2v/mo(E = 1) + /0 log K
t=2 iEi*
SZT: QZWi*ZKfM +2y/mo(K — 1) + V0 log K, (40)
t=2 \ iti* i=1 Viog K

1
where the first inequality holds because z?,, < 1 and the second inequality follows by

2 _
’Yt 7% 1 < 7’Yt 1
+’yt 1 - ’Yt

ne =t = VEF I = VE=TH 0 S s = meandy, -y =

For the stability term, we start from the bound given by Lemma[3}

E[stability] < Z Z 2vi (v — DuiE[me 5] A + Z Z ZmE[x T, — Zs,i)]- 41)

t=1 i#£* t=1s€A; i=1

In above inequality, we know that viz,; =
Then for the first term in @I):

T T T
Z Z 27 (ve — Dvgme i Ay < Z Z Z dyi(ve — Dugzs ;A = Z Z Avitd, (Verd, — 1w A

t=1 iti* t=1 i£i* s€ Ay t=1 i£i*
42)

Furthermore, we can bound m3/2 71 (l — Zs,) < 23/2, 1/2(1 — xs,i). Moreover, in order to remove the best

sea, Tt and by Lemmawe have z;,; < 2x,; for s € Ay.

3/2 1/2
arm ¢* from the summation in the later bound we use Ty Z*x (1 — Zs) <2 Zl#l* Tsi < Z#l .
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For the second term in @I)) we have

Z > mef’/f 2o (1= s0)

t=1s€As i=1

M”

K
Z ,23/2, 1/2 (1—a..)

o+
I
—
@
m
S
&

RCIECES DD ) DETTLS
t 1F£L*

€A t=1 s€ Ay i1#£i*

> sy, (43)
1 isi*

<

M~ WM%

t

where the last inequality follows by the facts that we can change the order of the summations and that each ¢
belongs to exactly one A,. Plugging (42) and (@3) into (41) we have

E[stability] < Z Z Aviva, (Vira, — Dz iNs + Z Z 577tx1/2 . (44)

t=1 iA£i* t=1 iA£*

Now it suffices to combine (@), @0), and (39) to get

Regr <E 14zznf;¢t +822%+dt Verd, — D)zeils +2ZZ Jt%xtfol;il/m“)

t=1 i#i* t=1 i7#£i* t=2 i=1
A B C
D

We rewrite the regret as
Regy = 4Regy — 3Regy <4 x 14A — Regy +4 x 8B — Regyr +4 x 2C — Regy + 4D,
where by applying Lemmas|[6] [7} and [§] we achieve

282
A log(T'/no + 1)

k3

4x14A — Regr < Y

ii*
4 x 8B — Regp < 64°Upman log K
5120 maz
4 x 2C — Regp < o2 f0maz
X egr ; A, logK

Therefore, the final regret bound is
Regy < ; A, log (T/no +1) + 64%Umae log K + ; Ailog K

+16y/n0(K — 1) + 8/70 log K + 4dmaz.

D Removing the multiplicative factor 1/A; from o,,,,/A; in the regret bound

In this section we discuss how an asymmetric oracle learning rate ; ; ~ -y /+//A; for negative entropy regularizer
can be used to remove the factor >, i 1 /A; in front of 0'/nqc in the regret bound.

In the analysis of Algorithm[I]we divided the regret into stability and penalty expressions. Moreover, in each of
the bounds for stability and penalty we have two terms which correspond to negative entropy and Tsallis parts of
the hybrid regularizer. The terms related to negative entropy part in both stability and penalty bounds are

T

SO  vera (viva, — DE@] A+ Elzeilog(1/ze:)] (v = 7)),

t=1 izti* i=1

B C

where B and C, as we have seen in Section 3} are due to stability and penalty terms,respectively. The idea here
is to scale-up ; to decrease C, however increasing -y increases B. Hence, we are facing a trade off here. To
deal with this trade-off we change the learning rates for negative entropy from symmetric 7, to asymmetric
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S

7¢,:, and we expect this change only affect the parts of regret bound come from the negative entropy part of the
regularizer, which are B and C'. This change results in to having two following terms instead,

T K

SO  verani(Vira, — DE@e]As + Y Elzeilog(1/ei)] (v, — ¥,i) -

t=1 ii* i=1

Bnew Crew

Here if we could choose 7y:,; = -+ /+/A;, then using the definition of ; we would be able to rewrite Brpe. and
Chew as

T
Bhew =0 Z Z Vt+dy (Ut+dt - 1)E[1't,i] VA;

t=1 i£i*
c _o i oyt B[z, log(1/xe )|V A
new 121 \/W .

Now we must see what is the result of applying the self-bounding technique on these new terms. For Bj,e., and
Chew, following the similar analysis as Lemma[7land Lemmal[g|we can get

4Bnew — Regr = O(Umaz log K) = O(dmaz log K)

4Crew — Regy = O(logK)‘

This implies that injecting 1/1/A; in the negative entropy learning rates removes the factor 3, it —+<— in front

of the omaq. More interestingly this comes without having any significant changes in the other terms of regret
bound. .
As a result, we conjecture that replacing a good estimation of the suboptimal gaps namely A; in 7 ; as

Vi =Y/ V A; might be also helpful to remove the multiplicative factors related to suboptimal gaps in front of
the 0ymae. We leave this problem to future work.

E Lower bounds

Algorithm 2: Adversarial choice of ¢

Input: x
Initialize 7 = {argmax; 2;} while ), _; x; + min;cz ; < % do
| Update 7 <~ ZU {argmin;cz =}
min{1, X} forieT
return {; = 2ic Iflez . o
Inax{fl,fm} fOrZ el
Lemma 18. For any v € A([K]), such that max; x; < 2, the vector € returned by Algorithm E] satisfies

Ce[-1,1], (z,0) =0, and 31 @7 > L.

Proof. The first two properties follow directly by construction. For the third property we bound the ratio of the
two sets. Assume that ) er Ti < 1 , then argmin, 7z x; < 1 and the algorithm does not return yet, so at the

end Y, ;@i € [5,2]. Letp = max{ZzeI T, 1 =3 cr 957} then p € [£, 2] and the quantity in question is
bounded by

2
Zmlﬁ —Zmlﬁ —&—ZIJ =p+(1— )(17) :LZ%»

€T i€l p

Claim 19. For the negentropy potential F(z) = n~ ' S°% log(x;)z;, it holds that

7f*(—L) —minL; = 7771 log(max VF*(*L)i) .
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Proof. Denote i* = argmin;c(g)L;. It is well known that the exponential weights distribution is
(VF"(=L)); = exp(—nL:)/ (3_jerx)) exp(—nL;). Therefore, the negentropy has an explicit form of the
constrained convex conjugate:

K

F'(-L) = (VF"(~L).~L) ~ F(VF"(~L)) = 0" log(}_ exp(~nLs).
Hence

—F*(—L) — Ly = —7771 log <Z exp(—nLi)> + 7771 log(exp(—nL;=))

i=1
K
-1 >imiexp(—nLi) ) 0Ty,
=7 log( exp(—nLi) =n log(VF( L),).
|

Proof of Theorem[9] For ease of presentation, we will work with loss ranges [— Ly /2, L /2], which is equivalent
to loss ranges of [0, L;] in full-information games. Assume that

[logo (K)] T
5 Z Ly > 25 Z L7 log(K) .
t=|logy(K)]

Define the active set A; = [K]. Atany time ¢, if p(t) & [|log,(K)]], we set £; to 0 and proceed with A, =
Az. Otherwise, if p(t) € [[log,(K)]], we randomly select half of the arms in A; to assign £;; = — L) /2,
and the other half £, ; = L,;) /2. (In case of an uneven number |.A;| we leave one arm at 0.) All other losses are
0. We reduce A¢11 = {i € A | £,s < 0} to the set of arms that were negative. The set A,, will not be empty
since we can repeat halving the action set exactly |log,(K)| many times. The expected loss of any player is
always 0, while the loss of the best arm is min, Ez:l b =— E}f?(}(” L¢/2, hence

[loga (K) ]

R* > Z Li/2.

t=1

It remains to analyse the case

Llogz(K)J T
Z Li<gs\ > Lilog(K).
t=|logs(K)]
In this case, note that we have
T [loga (K)|
16 [log, (K)]
L? log K) > L > 1672 L logo (K)| > 8L logs (K)| - (46)
t:U%(K” t/ ( ) lOg(K) Z lo g(K) [loga (K)] [loga (K)]

The high level idea is now to create a sequence of losses adapted to the choices of the algo-
rithm. Let x¢y; = E[I; = 4|li—1,...,¢1] be the expected trajectory of the algorithm and let zy; =
exp(—nL)/ Z]K:l exp(—nLy;) for Ly = Zi;ll £, be the trajectory of EXP3. Let the adversary follow
Algorithm [3|for the selection of losses, then based on Lemmawe have 0 = (z¢, £;) and also it is easy to see
0 < (x¢, 1), therefore we have 0 = (z¢, £¢) < (x4, £;). This implies that the regret of the algorithm cannot be
smaller than that of EXP3, so the regret of algorithm A can be bounded as

T
Regp(A) = ) —  mi L L) i ", Lryi) =— mi 5 Lria)
egr(A) t=21<xt ) a*enil(I[lK]) T41) g 2 le) = EI’I&I(I[l}(])(a T+1) - (", Lr41)
Let F(x) = ' 3K 2;log(x;) then we have
T
- a*enil(r[lK]) (a*,Lr41) = Z [F (=Lt+1) — F (—Lt)} +F (=L1)—F (—Lp41) — a*erril(r[lK]) (a”, Lry1)

t=1

[
M~

K K
" log (Z eXp(—nLt+1,i)> —n 'log (Z exp(—nLt,i))

t i=1 i=1

+n 'log(K) +n~" log(m% 2T41,i)

Il
=

~

t=1

K
=>_n"'log (; zts exp( nfu)> +n " log(K) +n7" 10g(2¥}€1[2}§<] AT41i),
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1

s W N

® X W

where the second equality uses Claim for L = L7y1 and the fact for any I € R, F*(—L) =
n- exp(z —nL;) . Now we choose the learning rate for EXP3 to be n = \/10g(K)/(ZtT:UOg2(K)J L?),

that based on @D together with the fact that we set losses to zero for p(t) € [[log, K ] in Algorithm 3|ensures
[nlei| < %nLUOgQ( K] < % Using that, by Taylor’s theorem and the monotonicity of the second derivative of

exp, we have for all gc > —Lliexp(z) > 142+ L exp”’(— 2)1’ > 14z + +52°, as well as by concavity of
log forall0 < z < * we have log(1 + z) > 4log(5/4)x > 2z, we get for any t € [T] by Lemma.
K K

n_llog(ZZmeXp(—nfti))Zn_llog1+77*ZZm&sz 1S il > Hmaxza < 2} 2

=1 =1

32 P_l(t) )

Now we have two possible events, either V¢ € [T] : max; z¢; < % nd

Regr(A) > % Z L= Z L?1og(K),

t=|logy (K)] t=|logs(K)]

or there exists s € [T] such that max; zs,; > %, then from Algorithm we infer that V¢ > s : £; = 0 and

consequently Vi > s : z; = z,, SO max; 2741, > % and

Regr(A) = 1™ (log(K) +10g(2/3)) = on log(K) = 2= [ 37 12log(K).

t=|logy(K)]

Algorithm 3: Adversary
Input: Actor A, learning rate n
fort=1,...,ndo
Set Vi : z¢; = exp(—nLy;)/ Zszl exp(—nLy;)
ifLméixie[K] 21 > 2 or p(t) < |logy(K)| then
. =
else
Get ¢ from Algorithmwith T = 2.
Determine z; = E [A((£,).2])]
Set £y = sign((w¢,£))Ly—1(1)0/2
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