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Abstract

This work introduces a differentiable physics approach to estimate acoustic fields
from a limited number of spatially distributed observations. The initial conditions
of the wave equation are approximated with a neural network, and the differential
operator is computed with a differentiable numerical solver. We introduce an
additional sparsity-promoting constraint to achieve meaningful solutions even
under severe undersampling conditions. Numerical experiments demonstrate that
the proposed approach can reconstruct sound fields under extreme data scarcity.

1 Introduction

The inverse problem of estimating a sound field over time and space from a limited number of
spatially distributed observations is common in acoustic technologies [1, 2 [3]. A main challenge is
the large number of observations required, which increases with the domain size and the frequency.
Thus, efficient models to estimate sound fields with minimal data are of interest [4, |5, 16, [7, [8]].

This study introduces a differentiable physics (DP) [9] approach for sound field estimation, where
the initial condition is modeled with a neural network, and a differentiable finite-difference solver
is used to solve the wave equation. We demonstrate that even if the network is trained for a given
discretization, the sound field can be reconstructed at higher resolutions, as the network can be
queried at any point in the domain. Furthermore, we propose a sparsity-promoting constraint to
the initial condition. In a series of experiments we show that the proposed DP approach is robust,
presents good learning convergence, while achieving small errors. The code is available at https:
//github.com/samuel-verburg/differentiable-soundfield-reconstruction.git and
for details see the full paper [L1O].

2 Sound field estimation using differentiable physics

Let us consider the acoustic pressure field p(r, t) in the spatio-temporal domain €2 x [0, 7], where
QCR%re andt € [0,7]. The pressure field is the solution of the wave equation

1 8*p(r,t)
2 ot?
with initial conditions, p(r,0) = g(r) and %(r, 0) = 0. In (1) ¢ € R is the medium wave speed,
assumed to be a known constant. The domain is considered unbounded, with no reflected waves
arriving from outside. To express this, a first-order absorptive boundary condition [11] is considered

Vp(r,t) — =0, (1

10p
Vp(r,t)-n—&—ga—o atr € 09, 2)

where n is the unit vector normal to the boundary 0.
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The goal of sound field reconstruction is to estimate the entire pressure field from noisy observations,
Dmn = P(Tm,tn) + €mn form=0,... My —landn=0,...,N — 1, 3)

where ry, ..., ry,—1 are the sensor locations, ¢, ..., ty_1 are the time samples, and e, is addi-
tive noise. Measurements are typically performed using microphone arrays or distributed sensors.
Therefore, the pressure is finely sampled over time, but only a few positions are sampled over space.

In the proposed DP approach a neural network gq,(r; @) models the unknown initial pressure. The
physical constraints are imposed by applying a numerical PDE solver to the network output. Training
the DP neural network amounts to solving the optimization problem

IIgIl {)\dataﬁdata(po(a)v p1 cee 7PN71) + AspACsp(pO(e))} ) (4)

where p!,...,p"V ! is the numerical solution of the PDE computed in a M,iq-dimensional dis-
cretization grid, and p°(8) is obtained by sampling the neural network gq,(r; @) at the grid positions.
Therefore, p” is a vector in RMz instead of being a continuous function. For simplicity, it is assumed
that for each observation position, ry, ..., Iz, —1, there is a point in the discretization grid. A data
fitting function, L., that operates on the discrete pressure can be expressed as

N-1
1 N
Lawa (p°(6), ..., pN 1) = ST > IMp" — "%, (5)
0 n=0

where M is a M, X Mg binary matrix that extracts the pressure values at the observation positions,
and p” € RM» denotes the observations in Eq. arranged as a vector.

The finite difference method [[12] solves the PDE numerically. The solution is obtained by applying
the explicit time integration scheme

pt =p’ +0.5LpY, andp" ™t =2p" —p" !+ Lp*forn=1,...,N —1, (6)

where L = (cAt/Ar)?La and La € RMeioxMia jg the central difference approximation of the
Laplace operator V2[-]. The scalars At and Ar are the sampling period and grid spacing, respectively.
The optimization objective in (4) excludes derivative terms, as both initial conditions p(r,0) = g(r)
and %(r, 0) = 0 are implicit in the first step of the solver, Eq. (@) To handle the unbounded
domain, the boundary condition of (Z)) is incorporated into the numerical solver. The finite difference
approximation of the absorptive boundary computes the values of p™*! at the boundary based on p™
at the boundary and adjacent points, as well as p” T at the adjacent points.

A sparsity-promoting constraint [[13]] for the initial condition is considered,
1
Lip(p®) = p’l1, )
p(0) = 37—l

which expresses the assumption that the sound field is generated by a few sound sources, and thus
g(r) is zero in most of the domain . To balance the loss terms Ly, and Ly an annealing algorithm
[14] is used to select the weights Agara and Agp.

Central to the proposed DP approach is the neural network, gqp(r; €), to model the initial condition as
a continuous, smooth function that maps any input coordinate within the domain to a corresponding
output value. Therefore, even if the PDE is solved on a fixed discrete grid during training, the
resolution can be increased by sampling the neural network on a finer grid, and then solve the PDE
with a higher resolution numerical solver.

3 Numerical experiments

A 2+1D domain is defined, where the spatial domain is a square of side length L = 1, the temporal
domain has a duration of 7' = 0.343, and the speed of sound is ¢ = 1. The temporal domain is
divided into n = 50 samples, giving a sampling period At = 7.0 x 103, For the finite difference
solver a regular discretization grid of Mgiq = 1002 is defined.

Single pulse: Synthetic data for multiple sound fields is generated. For the first one, the initial
condition is a single Gaussian pulse of unit amplitude and scale o = 0.02 placed at the center of the
domain,

g(r) = exp (=0.5[[r = ro[|*/0?) , ®)
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Figure 1: Sound field consisting on a single pulse at the domain center. Each column corresponds
to a time frame. Row (a): reference solution. Row (b): DP model estimation. Row (c): difference
between reference and DP.
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Figure 2: Normalized Mean squared error vs (a) the SNR, (b) the source width, (c) the pulse distance
to the array center, and (d) the downsample factor between the evaluation and training grids.

where rg = (L/2, L/2). The observations used for the reconstruction conform a pseudo-random array
where the sensor locations are sampled from the discretization grid within [0.1L,0.9L] x [0.1L,0.9L]
and with a minimum distance of 0.05 between sensors. The number of time samples is N = 50
and the number of sensors is My,s = 20. Additive Gaussian noise is added such that the SNR is
20 dB. The observed data and reference values of the sound field are obtained from the analytical
solution of the acoustic wave equation in free field with a Gaussian pulse as initial condition [[15].
The reference sound field is computed on a grid of twice the spatial and temporal resolutions of the
DP finite difference grid.

Figure [T] shows the reference sound field and estimation for the single Gaussian pulse. The DP
results show an accurate reconstruction throughout the spatio-temporal domain, with only noticeable
differences at { = 0. The normalized mean square error (NMSE) computed over all the spatio-
temporal points on the evaluation grid is 5.3 x 1073,

The reconstruction performance is analyzed by training the model in different scenarios. As bench-
mark, a conventional phyics-informed neural network (PINN) [[16] is trained to solve the same
estimation problem. Figure[2[a) shows the NMSE for various noise levels. The proposed DP model
largely outperforms the PINN for all tested SNRs, presenting errors almost one order of magnitude
smaller. Figure [J(b) shows the NMSE as a function of the pulse scale o, which is directly related to
the frequency content of the acoustic field. The PINN fails to reconstruct the sound field of highest
frequency (smallest o), presenting a NMSE close to 1, while the DP model consistently achieves
lower errors. It is worth noting that the DP network has one layer less and half the number of units
per layer that the PINN. Figure [2c) shows the NMSE as a function of the distance between the
pulse and the array center normalized by the array aperture. The experiment serves to evaluate the
extrapolation capabilities of the models to areas where there is no observed data and the estimation
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Figure 3: Initial conditions for different sound fields. The columns correspond to the reference, DP
estimation, and PINN estimation, respectively. Row (a) twenty pulses. Row (b) continuous ring-like
source.

relies only on the physics of wave propagation. The PINN model presents a large error as soon
as the source is outside the array aperture as the physics are only included as a weak constraint.
Conversely, the DP model output satisfies the underlying physics by design. Figure 2Jd) shows the
NMSE for different discretization grids used during training the DP model. The x-axis corresponds
to the downsample factor of the training grid with respect to the reference grid. Since the initial
conditions are approximated with a continuous function we can upscale the estimation to any desired
resolution. As expected, the NMSE increases for lower training resolutions, which is caused by the
accumulation of numerical errors and the fact that coarser grids are not able to represent high spatial
frequencies present in the initial condition. Therefore, care must be taken to select an appropriate
grid during training. Nonetheless it is possible to obtain estimations with errors below 10! even
when the network is trained with coarse grids.

Complex source distributions Additional sound fields are synthesized to test the methods in other
challenging sound field reconstruction problems, in particular when sparsity cannot be assumed.
Figure [3[(a) corresponds to the combination of twenty Gaussian pulses randomly distributed in
[0.3L, 0.7L] with random amplitudes in [—1, 1] and ¢ = 0.02. The reference is shown in the first
column of Figure El, while the DP and PINN estimations are shown in the second and third columns,
respectively. The PINN clearly fails to learn a meaningful solution, while the DP is able to recover
the initial pressure in both cases. The DP model’s ability to recover such a complex sound field with
as few as 20 sensors is remarkable. Assuming that a characteristic wavelength of the sound field is
20 and considering that L /o = 50, a grid of 502 sensors would be required to recover the sound field
according to classical sampling theory (without sparsity constraint). Figure[3(b) shows a ring-like
initial condition. In this case, the observed and reference data are obtained from a high resolution
finite difference simulation. The DP model can reconstruct the sound field even when the source is a
continuous line, and the initial pressure is not as sparse.

4 Conclusion

We propose a differentiable physics approach for sound field reconstruction. Integration of a numerical
solver in the training of a neural network enables the incorporation of hard physical constraints
robustly. While the cost for training iteration of the DP approach is higher, the optimization is more
stable than in conventional PINNs, and convergence of the learning process is achieved in a fraction
of the optimizer steps (5 x 10* for DP and 5 x 10° for PINN). For the tested examples, the inference
time of the trained DP and PINN approaches is similar. Formulating the solver in a differentiable
way using AD makes the training process very simple since only the forward solver is required. The
DP approach is generalizable beyond the training discretization, and the solutions obtained can be
scaled to higher resolutions. Additionally, incorporating a sparsity-promoting constraint enables the
reconstruction of sound fields with very little data. The experiments show that the DP model achieves
accurate reconstructions and low errors even in challenging, highly undersampled problems.
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