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Abstract

We study Policy-extended Value Function Approximator (PeVFA) in Reinforce-
ment Learning (RL), which extends conventional value function approximator
(VFA) to take as input not only the state (and action) but also an explicit policy
representation. Such an extension enables PeVFA to preserve values of multi-
ple policies at the same time and brings an appealing characteristic, i.e., value
generalization among policies. We formally analyze the value generalization un-
der Generalized Policy Iteration (GPI). From theoretical and empirical lens, we
show that generalized value estimates offered by PeVFA may have lower initial
approximation error to true values of successive policies, which is expected to
improve consecutive value approximation during GPI. Based on above clues, we
introduce a new form of GPI with PeVFA which leverages the value generalization
along policy improvement path. Moreover, we propose a representation learning
framework for RL policy, providing several approaches to learn effective policy em-
beddings from policy network parameters or state-action pairs. In our experiments,
we evaluate the efficacy of value generalization offered by PeVFA and policy
representation learning in several OpenAl Gym continuous control tasks. For a
representative instance of algorithm implementation, Proximal Policy Optimization
(PPO) re-implemented under the paradigm of GPI with PeVFA achieves about 40%
performance improvement on its vanilla counterpart in most environments.

1 Introduction

Reinforcement Learning (RL) has been widely considered as a promising way to learn optimal
policies in many decision-making problems [35} 1311153165, 147,162, [16]. One fundamental element of
RL is value function which defines the long-term evaluation of a policy. With function approximation
(e.g., deep neural networks), a value function approximator (VFA) is able to approximate the values
of a policy under large and continuous state spaces. As commonly recognized, most RL algorithms
can be described as Generalized Policy Iteration (GPI) [55]. As illustrated on the left of Figure [T}
at each iteration the VFA is trained to approximate the true values of current policy (i.e., policy
evaluation), regarding which the policy is further improved (i.e., policy improvement). The value
function approximation error hinders the effectiveness of policy improvement and then the overall
optimality of GPI [5,46]. Unfortunately, such errors are inevitable under function approximation. A
large number of samples are usually required to ensure high-quality value estimates, resulting in the
sample-inefficiency of deep RL algorithms. Therefore, this raises an urgent need for more efficient
value approximation methods [61} 14} [12, [25]].

An intuitive idea to improve the efficiency value approximation is to leverage the knowledge on
the values of previous encountered policies. However, a conventional VFA usually approximates
the values of one policy and values learned from old policies are over-written gradually during
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Figure 1: Generalized Policy Iteration (GPI) with function approximation. Left: GPI with con-
ventional value function approximator V;. Right: GPI with PeVFA V() (Sec. [3) where extra
generalization steps exist. The subscripts of policy 7 and value function parameters ¢, 6 denote the
iteration number. The squiggle lines represent non-perfect approximation of true values.

the learning process. This means that the previously learned knowledge cannot be preserved and
utilized with one conventional VFA. Thus, such limitations prevent the potentials to leverage the
previous knowledge for future learning. In this paper, we study Policy-extended Value Function
Approximator (PeVFA), which additionally takes an explicit policy representation as input in contrast
to conventional VFA. Thanks to the policy representation input, PeVFA is able to approximate values
for multiple policies and induces value generalization among policies. We formally analyze the
generalization of approximate values among policies in a general form. From both theoretical and
empirical lens, we show that the generalized value estimates can be closer to the true values of
the successive policy, which can be beneficial to consecutive value approximation along the policy
improvement path, called local generalization. Based on above clues, we introduce a new form
of GPI with PeVFA (the right of Figure [I)) that leverages the local generalization to improve the
efficiency of consecutive value approximation along the policy improvement path.

One key point of GPI with PeVFA is the representation of policy since it determines how PeVFA gen-
eralizes the values. For this, we propose a framework to learn effective low-dimensional embedding
of RL policy. We use network parameters or state-action pairs as policy data and encode them into
low-dimensional embeddings; then the embeddings are trained to capture the effective information
through contrastive learning and policy recovery. Finally, we evaluate the efficacy of GPI with PeVFA
and our policy representations. In principle, GPI with PeVFA is general and can be implemented
in different ways. As a practical instance, we re-implement Proximal Policy Optimization (PPO)
with PeVFA and propose PPO-PeVFA algorithm. Our experimental results on several OpenAl Gym
continuous control tasks demonstrate the effectiveness of both value generalization offered by PeVFA
and learned policy representations, with an about 40% improvement in average returns achieved by
our best variants on standard PPO in most tasks.

We summarize our main contributions below. 1) We study the value generalization among policies
induced by PeVFA. From both theoretical and empirical aspects, we shed the light on the situations
where the generalization can be beneficial to the learning along policy improvement path. 2) We
propose a framework for policy representation learning. To our knowledge, we make the first attempt
to learn a low-dimensional embedding of over 10k network parameters for an RL policy. 3) We
introduce GPI with PeVFA that leverages the value generalization in a general form. Our experimental
results demonstrate the potential of PeVFA in deriving practical and more effective RL algorithms.

2 Related Work

Extensions of Conventional Value Function. Sutton et al. [56] propose General Value Functions
(GVFs) as a general form of knowledge representation of rewards and arbitrary cumulants. Later,
conventional value functions are extended to take extra inputs for different purposes of generalization.
One notable work is Universal Value Function Approximator (UVFA) [45]], which is proposed to
generalize values among different goals for goal-conditioned RL. UVFA is further developed in
[} 137, 9] and influences the occurrence of other value function extensions in context-based Meta-RL
[43,129]], Hierarchical RL [64] and multiagent RL [[19,[14]] and etc. Most of the above works study
how to generalize the policy or value function among extrinsic factors, i.e., environments, tasks and
opponents; while we mainly study the value generalization among policies along policy improvement
path, an intrinsic learning process of the agent itself.
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Policy Embedding and Representation. Although not well studied, representation (or embedding)
learning for RL policies is involved in a few works [18} [14} 3]. The most common way to learn a
policy representation is to extract from interaction experiences. As a representative, Grover et al. [[14]]
propose learning the representation of opponent policy from interaction trajectories with a generative
policy recovery loss and a discriminative triplet loss. These losses are later adopted in [[64} 42]].
Another straightforward idea is to represent policy parameters. Network Fingerprint [[17] is such a
differentiable representation that uses the concatenation of the vectors of action distribution outputted
by policy network on a set of probing states. The probing state set is co-optimized along with the
primary learning objective, which can be non-trivial especially when the dimensionality of the set is
high. Besides, some early attempts in learning low-dimensional embedding of policy parameters are
studies in Evolutionary Algorithms [[13}44]], mainly with the help of VAE [23]]. Our work introduce a
learning framework of policy representation including both above two perspectives.

PVN and PVFs. Recently, several works study the generalization among policy space. Harb et al.
[17] propose Policy Evaluation Network (PVN) to directly approximate the distribution of policy
7’s objective function J(m) = E, [v™ (s¢)] with initial state sy ~ po. PVN takes as input Network
Fingerprint (mentioned above) of policy network. After training on a pre-collected set of policies, a
random initialized policy can be optimized in a zero-shot manner with the policy gradients of PVN by
backpropagting through the differentiable policy input. We call such gradients GTPI for short below.
Similar ideas are later integrated with task-specific context learning in multi-task RL [42], leveraging
the generalization among policies and tasks for fast policy adaptation on new tasks. In PVN [17],
as an early attempt, the generalization among policies is studied with small policy network and
simple tasks; besides, the most regular online learning setting is not studied. Concurrent to our work,
Faccio and Schmidhuber [[10] propose a class of Parameter-based Value Functions (PVFs) that take
vectorized policy parameters as inputs. Based on PVFs, new policy gradient algorithms are introduced
in the form of a combination of conventional policy gradients and GTPI (i.e., by backpropagating
through policy parameters in PVFs). Except for zero-shot policy optimization as conducted in PVN,
PVFs are also evaluated for online policy learning. Due to directly taking parameters as input, PVFs
suffer from the curse of dimensionality when the number of parameters is high. Besides, GTPI can
be non-trivial to rein since policy parameter space are complex and extrapolation generalization
error can be large when the value function is only trained on finite policies (usually much fewer than
state-action samples) thus further resulting in erroneous policy gradients.

Our work differs with PVFs from several aspects. First, we make use of learned policy representation
rather than policy network parameters. Second, we do not resort to GTPI for the policy update
in our algorithms but focus on utilizing value generalization for more efficient value estimation in
GPI. Furthermore, we shed the light on two important problems — how value generalization among
policies can happen formally and whether it is beneficial to learning or not — which are neglected in
in previous works from both theoretical and empirical lens.

3 Policy-extended Value Function Approximator

In this section, we propose Policy-extended Value Function Approximator (PeVFA), an extension
of conventional VFA that explicitly takes as input a policy representation. First, we introduce the
formulation (Sec. [3.1)), then we study value generalization among policies theoretically (Sec. [3.2)
along with some empirical evidences (Sec. [3.3). Finally, we derive a new form of GPI (Sec. [3.4).

3.1 Formulation

Consider a Markov Decision Process (MDP) defined as (S, A, r, P,~) where S is the state space, A
is the action space, r is the (bounded) reward function, P is the transition function and y € [0,1) is
the discount factor. A policy 7 € P(A)!S! defines the distribution over all actions for each state. The
goal of an RL agent is to find an optimal policy 7* that maximizes the expected long-term discounted
return. The state-value function v™ (s) is defined as the expected discounted return obtained through
following the policy 7 from a state s: v™(s) = Ex [ oo ¥ re11]s0 = s] for where 11 = r(s¢, az).
We use V™ to denote the vectorized form of value function.

In a general form, we define policy-extended value function V : S x II — R over state and policy
space: V(s,m) = v™(s) forall s € S and = € II. In this paper, we focus on V(s, ) and policy-
extended action-value function Q(s, a, ) can be obtained similarly. We use V() to denote the value
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Figure 2: TIllustrations of value generalization among policies of PeVFA. Each circle denotes value
function (estimate) of a policy. (a) Global Generalization: values learned from known policies can be
generalized to unknown policies. (b) Local Generalization: values of previous policies (e.g., ) can
be generalized to successive policies (e.g., m;41) along policy improvement path.

vector for all states in the following. The key point is that PeVFA V is able to preserve the values of
multiple policies. With function approximation, a PeVFA is expected to approximate the values of
policies among policy space, i.e., {V™ } remr and then enable value generalization among policies.

Formally, given a function g : II — X C R" that maps any policy 7 to an n-dimensional represen-
tation x, = g(7) € X, a PeVFA V, with parameter § € O is to minimize the approximation error
over all possible states and policies generally:

Fupp(0,9,11) = Z w(m)|[Vo(xr) = V7lpp s (D)

mell

where /i, p are distributions over policies and states respectively, || |, = ([, p(ds)|f(s)[?)!/? is
p-weighted Ly-norm [26, 46] for any f : S — R. The policy distribution 1 of interest depends on
the scenario where value generalization is considered. As illustrated in Figure[2] we provide two
value generalization scenarios. In the global generalization scenario, a uniform distribution over
known policy set may be considered with a general purpose of value generalization for unknown
policies. For the specific local generalization scenario along policy improvement path during GPI, a
sophisticated distribution that adaptively weights recent policies more during the learning process
may be more suitable in this case. In the following, we care more about the local generalization
scenario and use uniform state distribution p and Ly-norm for demonstration. The subscripts are
omitted and we use || - || for clarity.

3.2 Theoretical Analysis on Value Generalization among Policies

In this part, we theoretically analyze the value generalization among policies induced by PeVFA. We
start from a two-policy case and study whether the value approximation learned for one policy can be
generalized to the other one. Later, we study the local generalization scenario (Figure and shed
the light on the superiority of PeVFA for GPI. All the proofs are provided in Append%@

For the convenience of demonstration, we use an identical policy representation function, i.e., X = 7,
and define the approximation loss of PeVFA V for any policy m € I as fyo(mw) = ||Vo(7) —V7™|| > 0.
We use the following definitions for a formal description of value approximation process with PeVFA
and local property of loss function fy that influences generalization [40, [63] respectively:

Definition 1 (7-Value Approximation) We define a value approximation process &, : © — ©

with PeVFA as a y-contraction mapping on the approximation loss for policy , i.e., for 6=, (9),
we have f5(m) < 7y fo(m) where v € [0,1).

Definition 2 (L-Continuity) We call fy is L-continuous at policy w if fy is Lipschitz continuous at
7 with a constant L € [0,0), i.e., |fo(7m) — fo(n')| < L - d(mw, ") for n' € 11 with some distance
metric d for policy space 11.

With Definition[] the consecutive value approximation for the policies along policy improvement path

. . v ™ ‘@7\' . .
during GPI can be described as: 0_1 — g —— 61 — 2+ ..., as the green arrows illustrated in

Figure[I] One may refer to Appendix [A.|for a discussion on the rationality of the two definitions.
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To start our analysis, we first study the generalized value approximation loss in a two-policy case
where only the value of policy 7 is approximated by PeVFA as below:

Lemma 1 For 0 &i ) if fsis f/—continuf)us at m and fo(m1) < fo(ma), we have: fz(ma) <
vfo(ma) + M(my, 7o, L), where M (w1, 79, L) = L - d(m1, m2).
i/~d(7r1,7'rg)

1—v :
Lemma |1| shows that the post-#,, approximation loss for 75 is upper bounded by a generalized
contraction of prior loss plus a locality margin term M which is related to 71, 72 and the locality
property of f;. In general, the form of M depends on the local property assumed. Some higher-
order variants are provided in Appendix For a step further, Corollary [I] reveals the condition
where a contraction on value approximation loss for 75 is achieved when PeVFA is only trained to
approximate the values of 7. Concretely, such a condition is apt to reach with tighter contraction for
policy m is, closer two policies, or smoother approximation loss function f;.

Corollary 1 2, is y4-contraction (v, € [0,1)) for ma when fo(m2) >

Then we consider the local generalization scenario as illustrated in Figure 2(b)} For any iteration ¢
of GPI, the values of current policy 7; are approximated by PeVFA, followed by a improved policy
m.4+1 whose values are to be approximated in the next iteration. The value generalization from each
7, and .41 can be similarly considered as the two-policy case. In addition to the former results, we
shed the light on the value generalization loss of PeVFA along policy improvement path below:
G

Lemma 2 For0_; Fro 0o Zm 0, P . with vy for each Py, if fo, is Ly-continuous at
foranyt > 0, we have fo, (m141) < i fo,_, (7¢) + My, where My = Ly - d(y, Te41).

Corollary 2 By induction, we have fg, (m11) < [1i_o e fo_, (m0) + S0t H;:Hl YiMi+ M.

The above results indicate that the value generalization loss can be recursively bounded and has
a upper bound formed by a repeated contraction on initial loss plus the accumulation of locality
margins induced from each local generalization. An infinity-case discussion for Corollary [2]is in
Appendix The next question is whether PeVFA with value generalization among policies is
preferable to the conventional VFA. To this end, we introduce a desirable condition which reveals the
superiority of PeVFA during consecutive value approximation along the policy improvement path:

, Pro Py Py .
Theorem 1 During 0_; 0o 0, oo, forany t > 0, if fo,(m) + fo,(mi41) <

[V = VTe|, then fo, (mia) < [V, () — VT,

Theorem shows that the generalized value estimates Vg, (7;41) can be closer to the true values of
policy 711 than Vy, (7). Note that Vg, (7;) is the value approximation for 7; which is equivalent
to the counterpart Vy, for a conventional VFA as value generalization among policies does not
exist. To consecutive value approximation along policy improvement path, this means that the value
generalization of PeVFA has the potential to offer closer start points at each iteration. If such closer
start points can often exist, we expect PeVFA to be preferable to conventional VFA since value
approximation can be more efficient with PeVFA and it in turn facilitates the overall GPI process.

However, the condition in Theorem|I]is not necessarily met in practice. Intuitively, it depends on the
locality margins that may be related to function family and optimization method of PeVFA, as well
as the scale of policy improvement. We leave these further theoretical investigations for future work.
Instead, we empirically examine the existence of such desirable generalizations in the following.

3.3 Empirical Evidences

We empirically investigate the value generalization of PeVFA with didactic environments. In this
section, PeVFA Vy is parameterized by neural network and we use the concatenation of all weights
and biases of the policy network as a straightforward representation Y, for each policy, called Raw
Policy Representation (RPR). Experimental details are provided in Appendix B}

First, we demonstrate the global generalization (illustrated in Figure[2(a)]) in a continuous 2D Point
Walker environment. We build the policy set IT with synthetic policies, each of which is a randomly
initialized 2-layer tanh-activated neural network with 2 units for each layer. The size of II is 20k and
the behavioral diversity of synthetic policies is verified (see Figure[7(b)]in Appendix). We divide IT
into training set (i.e., known policies IIj) and testing set (i.e., unseen policies I1;). We rollout the
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Figure 3: Empirical evidences of two kinds of generalization of PeVFA. (a) Global generalization:
PeVFA shows comparable value estimation performance on testing policy set (red) after learning
on training policy set (blue). (b) Local generalization: PeVFA (Vg(x)) shows lower losses than
conventional VFA (V) before and after the value approximation training for successive policies
along policy improvement path. In (b), the left axis is for approximation loss (lower is better) and the
right axis is for average return as a reference of the policy learning process (green curve).

policies in the environment to collect trajectories, based on which we perform value approximation
training. Our results show that a PeVFA trained on ITj achieves reasonable generalization performance
when evaluating on II;. The average losses on training and testing set are 1.782 and 2.071 over 6
trials. Figure[3(a)|shows the value predictions for policies from training and testing set (100 for each).

Next, we investigate the value generalization along policy improvement path, i.e., local generalization
as in Figure 2(b)] We use a 2-layer 8-unit policy network trained by standard PPO algorithm [50] in
MuJoCo continuous control tasks. Parallel to the conventional value network Vy(s) (i.e., VFA) in
PPO, we set a PeVFA network Vy(s, x) as a reference for the comparison on value approximation
loss. Compared to V;,, PeVFA Vg (s, x) takes RPR as input and approximates the values of all
historical policies ({7; }!_,) in addition. We compare the value approximation losses of V; (red) and
Vo (blue) before (solid) and after (dashed) updating with on-policy samples collected by the improved
policy 7y at each iteration. Figure shows the results for InvertedPendulum-v1 and Ant-v1.
Results for all 7 MuJoCo tasks can be found in Appendix [B.2] By comparing approximation losses
before updating (red and blue solid curves), we can observe that the approximation loss of Vg, (X, )
is almost consistently lower than that of Vj,. This means that the generalized value estimates
offered by PeVFA are usually closer to the true values of m;;, demonstrating the consequence
arrived in Theorem |1} For the dashed curves, it shows that PeVFA Vg, (xr,.,) can achieve lower
approximation loss for 7¢ 11 than conventional VFA Vs, . after the same number of training with the
same on-policy samples. The empirical evidence above indicates that PeVFA can be preferable to
the conventional VFA for consecutive value approximation. The generalized value estimates along
policy improvement path have the potential to expedite the process of GPI.

3.4 Reinforcement Learning with PeVFA

Based on the results above, we expect to leverage the value generalization of PeVFA to facilitate
RL. In Algorithm |1} we propose a general description of RL algorithm under the paradigm of
GPI with PeVFA. For each iteration, the interaction experiences of current policy and the policy

Algorithm 1 RL under the paradigm of GPI with PeVFA (V (s, x) is used for demonstration)

1: Initialize policy g, policy representation model g, PeVFA V_; and experience buffer D
2: for iterationt = 0,1,... do

3 Rollout policy 7 in the environment and obtain k trajectories 7; = {r;}¥_,

4 Get representation x,, = g(m) for policy 7; and add experiences (r,, T¢) in buffer D
5 if t % M = 0 then

6: Update PeVFA V,;_ (s, x,) for previous policies with data { (X, 77) }.Z5

7

8

9

0

1

Update policy representation model g, e.g., with approaches provided in Sec. [
end if
Update PeVFA V;_1 (s, xr, ) for current policy x,, and set V; «— V;_;
10: Update 7y w.r.t Vi(s, X, ) by policy improvement algorithm and set 7,1 «— m;
11: end for
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Figure 4: The framework of policy representation training. Policy network parameters used for OPR
or policy state-action pairs used for SPR are fed into policy encoder with permutation-invariant (PI)
transformations followed by an MLP, producing the representation y . Afterwards, y can be trained
by gradients from the value approximation loss of PeVFA (i.e., End-to-End), as well as (optionally)
the auxiliary loss of policy recovery or the contrastive learning (i.e., InfoNCE) loss.

representation are stored in a buffer (line 3-4). At an interval of M iterations, PeVFA is trained via
value approximation for previous policies with the stored data and the policy representation model
is updated according to the method used (line 5-8). This part is unique to PeVFA for preservation
and generalization of knowledge of historical policies. Next, value approximation for current policy
is performed with PeVFA (line 9). A key difference here is that the generalized value estimates
(i.e., Vi_1(xxr,)) are used as start points. Afterwards, a successive policy is obtained from typical
policy improvement (line 10). Algorithm [I]can be implemented in different ways and we propose an
instance implemented based on PPO [50] in our experiments later. In the next section, we introduce
our methods for policy representation learning.

4 Policy Representation Learning

To derive practical deep RL algorithms, one key point is policy representation, i.e., a low-dimensional
embedding of RL policy. Intuitively, policy representation influences the approximation and gener-
alization of PeVFA. Thus, it is of interest to find an effective policy representation based on which
the superiority of PeVFA can be leveraged to improve RL algorithms. To our knowledge, policy
representation is not well studied and it remains unclear on how to obtain an effective representation
for an RL policy in a general case in practice. In previous section, we demonstrate the effectiveness
of using policy parameters as a naive representation when policy network is small, called RPR.
However, a usual policy network may have large number of parameters, thus making it inefficient
and even irrational to use RPR for approximation and generalization [17, [10]. More generally, policy
parameters of the policy we wish to represent may not be accessible.

To this end, we propose a general framework of policy representation learning as illustrated in Figure
E} The first thing to consider is data source, i.e., from which we can extract the information for an
effective policy representation. Recall that the policy is a distribution over state and action space
of high dimensionality. The features of such a distribution is not directly available. Therefore, we
consider two kinds of data source below that indirectly contains the information of policies: 1) Surface
Policy Representation (SPR): The first data source is state-action pairs (or trajectories [[14]]), since
they reflect how policy may behave under such states. This data source is general since no explicit
form of policy is assumed. In a geometric view, learning policy representation from state-action pairs
can be viewed as capturing the features of policy via scattering sample points on the curved surface
of policy distribution. 2) Origin Policy Representation (OPR): The other data source is parameters of
policy since they determine the underlying form of policy distribution. Such a data source is often
available during the learning process of deep RL algorithms when policy is parameterized by neural
networks. Generally, we consider a policy network to be an MLP with well represented state features
(e.g., features extracted by CNN for pixels or by LSTM for sequences) as input.

The remaining question is how we extract the policy representation from the data sources mentioned
above. As shown in Figure 4] we use permutation-invariant (PI) transformations followed by an
MLP to encode the data of policy 7 into an embedding . for both SPR and OPR. For SPR, each
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state-action pair of {(s;,a;)}%_, is fed into a common MLP, followed by a Mean-Reduce operation
on the outputted features across k. For OPR, we perform PI transformation (similar as done for
state-action pairs) inner-layer weights and biases {(w;, b;)}?_, for each layer first, where h denotes
the number of nodes in this layer and w;, b; is the income weight vector from previous layer and
the bias of ith node; then we concatenate encoding of layers and obtain the OPR. A illustrative
description for the encoding of OPR is in Figure[I2]of Appendix.

To train the policy embedding x . obtained above, the most straightforward way is to backpropagate
the value approximation loss of PeVFA in an End-to-End (E2E) fashion as illustrated on the lower-
right of Figure[d] In addition, we provide two self-supervised training losses for both OPR and SPR,
as illustrated on the upper-right of Figure[d] The first one is an auxiliary loss (AUX) of policy recovery
[14], i.e., to recover the action distributions of 7 from x . under different states. To be specific,
an auxiliary policy decoder 7(+|s, X ) is trained through behavioral cloning, formally to minimize
cross-entropy objective Laux = —IE(s o) [log T(als, xx)]. For the second one, we propose to train
X by Contrastive Learning (CL) [54,51]: policies are encouraged to be close to similar ones (i.e.,
positive samples 7T), and to be apart from different ones (i.e., negative samples 7~ ) in representation
space. For each policy, we construct positive samples by data augmentation on policy data, depending
on SPR or OPR considered; and different policies along the policy improvement path naturally
provide negative samples for each other. Finally, the embedding . is optimized through minimizing

T
the InfoNCE loss [41] below: Lcp = —E(r+ (r-}) {log eXP(XzWX:)j—I;gﬂE‘j/—Xg;P)(XIWX,,—):|'

Now, the training of policy representation model in Algorithm[I|can be performed with any com-
bination of data sources and training losses provided above. A pseudo-code of the overall policy
representation training framework and complete implementation details are provided in Appendix

5 Experiments

In this section, we conduct experimental study with focus on the following questions:

Question 1 Can value generalization offered by PeVFA improve a deep RL algorithm in practice?
Question 2 Can our proposed framework to learn effective policy representation?

Our experiments are conducted in several OpenAl Gym continuous control tasks (one from Box2D
and five from MuJoCo) [6, 58]. All experimental details and curves can be found in Appendix

Algorithm Implementation. We use PPO [50] as the basic algorithm and propose a representative
implementation of Algorithm[I} called PPO-PeVFA. PPO is a policy optimization algorithm that
follows the paradigm of GPI (Figure [1] left). A value network V,(s) with parameters ¢ (i.e.,
conventional VFA) is trained to approximate the value of current policy 7; while 7 is optimized with
respect to a surrogate objective [48] using advantages calculated by V; and GAE [49]. Compared with
original PPO, PPO-PeVFA makes use of a PeVFA network Vy (s, ) with parameters 6 rather than
the conventional VFA V(s), and follows the training scheme as in Algorithm Note PPO-PeVFA
uses the same policy optimization method as original PPO and only differs at value approximation.

Baselines and Variants. Except for original PPO as a default baseline, we use another two baselines:
1) PPO-PeVFA with randomly generated policy representation for each policy, denoted by Ran PR;
2) PPO-PeVFA with Raw Policy Representation (RPR), i.e., use the vector of all parameters of policy
network as representation as adopted in PVFs [[10]]. Our variants of PPO-PeVFA differ at the policy
representation used. In total, we consider 6 variants denoted by the combination of the policy data
choice (i.e., OPR, SPR) and representation principle choice (i.e., E2E, CL, AUX).

Experimental Details. For all baselines and variants, we use a normal-scale policy network with
2 layers and 64 units for each layer, resulting in over 3k to 10k (e.g., Ant-v1) policy parameters
depending on the environments. We do not assume the access to pre-collected policies. Thus the
size of policy set increases from 1 (i.e., the initial policy) during the learning process, to about 1k to
2 for a single trial. The dimensionality of all kinds of policy representation expect for RPR is set
to 64. The buffer D maintains recent 200k steps of interaction experience and the policy data of
corresponding policy. The number of interaction step of each trial is 1M for InvDouPend-v1 and
LunarLander-v2, 4M for Ant-v1 and 2M for the others.

Results. The overall experimental results are summarized in Table |1} In Figure |5 we provide
aggregated results across all environments expect for InvDouPend-v1 and LunarLander-v2 (since
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Table 1: Average returns (£ half a std) over 10 trials for algorithms. Each result is the maximum
evaluation along the training process. Top two values for each environment are bold.

‘ Benchmarks Origin Policy Representation (Ours) Surface Policy Representation (Ours)
Environments | PPO  Ran PR RPR | E2E CL AUX | E2E CL AUX

HalfCheetah-vl | 2621 2470 2325 +399.27 | 3171 £427.63 3725 +348.55 3175 £517.52 2774 +233.39 3349 £ 34142 3216 £ 506.39
Hopper-v1 1639 1226 1097 £213.47 | 2085 +£310.91 2351 +£231.11 2214 + 360.78 2227 +297.35 2392 +263.93 2577 +217.73
Walker2d-v1 1505 1269 317 £152.68 | 1856 £305.51 2038 £315.51 2044 +316.32 | 1930.57 £456.02 2203 + 381.95 1980 + 325.54
Ant-vl 2835 2742 2143 +406.64 | 3581 + 18543 4019 +162.47 3784 + 268.99 3173 +184.75 3632 +134.27 3397 £200.03

InvDouPend-v1 | 9344 9355 8856 + 551.90 9357 £0.29 9355 +0.64 9355 +0.68 9355 +0.89 9356 -+ 0.96 9355 + 1.42

LunarLander-v2 | 219 226 -22 +£35.08 238 +3.37 239 +3.70 234 +347 236 +£3.13 234 £3.13 235 £5.70

most algorithms achieve near-optimal results), where all returns are normalized by the results of PPO
in Table[T} Full learning curves are omitted and can be found in Appendix [F-2}

To Question[I} From Table[I] we can find that both PPO-
PeVFA w/ OPR (E2E) and PPO-PeVFA w/ SPR (E2E)
outperforms PPO in all 6 tasks, and achieve over 20%
improvement in Figure [5] This demonstrates the effec-
tiveness of PeVFA. Moreover, the improvement is further
enlarged (to about 40%) by CL and AUX for both OPR
and SPR. This indicates that the superiority of PeVFA can
be further utilized with better policy representation that
offers a more suitable space for value generalization.

—— PPO
PPO-PeVFA w/ Rand PR
PPO-PeVFA w/ RPR

PPO-PeVFA w/ OPR (E2E)
PPO-PeVFA w/ SPR (E2E) /_/

PPO-PeVFA w/ OPR (CL)
weses PPO-PeVFA w/ SPR (CL)

Average Return (normalized by the maximum of PPO)

01 02 03 04 05 06 07 08 09 10

To Question 2} In Table [T] consistent degeneration is Time Steps (normatized
observed for PPO-PeVFA w/ Ran PR due to the nega-
tive effects on generalization caused by the randomness
and disorder of policy representation. This phenomenon
seems to be more severe for PPO-PeVFA w/ RPR due ] %
to the complexity of high-dimensional parameter space. :

In contrast, the improvement achieved by our proposed
PPO-PeVFA variants shows that effective policy repre-
sentation can be learned from policy parameters (OPR)
and state-action pairs (SPR) though value approximation
loss (i.e., E2E) and further improved when additional self-
supervised representation learning is involved as CL and
AUX. Overall, OPR slightly outperforms SPR as CL does [Fd .
over AUX. We hypothesize that it is due to the stochas- e Triate
ticity of state-action pairs which serve as inputs of SPR

and training samples for AUX. This reveals the space for Figure 6: A t-SNE visualization for
future improvement. In addition, we visualize the learned representatiqns learned by PPO'PCVFA
representation in Figure[§] We can observe that policies OPR (E2E) in Ant-v1. In total, 6k poli-
from different trials are locally continuous and show dif- cies from 5 trials (denoted by different
ferent modes of embedding trajectories due to random markers) are plotted, which are colored
initialization and optimization; while a global evolvement —according to average return.

among trials emerges with respect to policy performance.

Figure 5: Normalized averaged returns
aggregated over 4 MuJoCo tasks.

4000

3000

2000
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6 Conclusion and Future Work

In this paper, we propose Policy-extended Value Function Approximator (PeVFA) and study value
generalization among policies. We propose a new form of GPI based on PeVFA which is potentially
preferable to conventional VFA for value approximation. Moreover, we propose a general framework
to learn low-dimensional embedding of RL policy. Our experiments demonstrate the effectiveness of
the generalization characteristic of PeVFA and our proposed policy representation learning methods.

Our work opens up some research directions on value generalization among policies and policy
representation. A possible future study on the theory of value generalization among policies is to
consider the interplay between approximation error, policy improvement and local generalization
during GPI with PeVFA. Besides, analysis on influence factors of value generalization among policies
(e.g., policy representation, architecture of PeVFA) and other utilization of PeVFA are expected. For
better policy representation, inspirations on OPR may be got from studies on Manifold Hypothesis of
neural network; the selection of more informative state-action pairs for SPR is also worth research.
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Appendix

A Supplementary Materials for Theoretical Analysis

A.1 More on Definition 1] and

In Definition[T} we use 2 for a formal description of value approximation process, i.e., the learning process
of a parametrized PeVFA Vy with parameters § € © to approximate the values of policy 7. For a usual
example, one can consider &2, as multiple times of parameter update via gradient descent with respect to
fo(m) = ||Vg(w) — V™||. Note that fg(7) can be equivalent to a common value approximation loss function

. 2 .
L(0) = Egup(s) (Vg(s, w) — V"(s)) with some unbiased estimates V" from experiences stored, when the

same state distribution p(s) is considered. Thus, with sufficient capacity of function approximation and certain
number of training, we can expect a contraction of approximation loss for policy 7 obtained by Z.

We use Definition ] to characterize the local smoothness of approximation loss fg near policy 7 with Lipschitz
continuity. Consider a typical PeVFA Vp parameterized by an MLP with finite weights, biases and non-linear
activation. Such a Vj is Lipschitz continuity with a bounded Lipschitz constant, as it is made up of function
transformations that individually have bounded Lipschitz constants, e.g., weight matrix w of some layer has
bounded Lipschitz constant to be the operator norm of matrix w and ReLU activation has Lipschitz constant of
1. Further, easily we have for any 7 and 7/,

|fo(m) = fo(m)| < |[Vo(m) = Vo(a')|| + V™ = V™. @)

As mentioned above, Vjp is Lipschitz continuity with a bounded Lipschitz constant; and the norm of true value
vector of two policies is also finite. Thus, f in this case can also have a bounded Lipschitz constant L.

A.2 Proof of Lemmalll

Proof.  For the clarity, we also use f and f as abbreviations of fs and f; in the following. Start from the
L-continuity of f(0) (recall Definition , we have the upper bound of f(m2) below:

f(m2) < f(m)+ L -d(m, 7). 3)

The second term in Equationis decided by the two policies we considered and a Lipschitz constant L. Moreover,
the constant L (i.e., locality property) is related to the parameters § of PeVFA. In general, we denote the above

term as M (71, 72, f,) called locality margin. The locality margin M (71, 2, ﬁ) can have different forms that
depends on the specific locality property, for examples:

L'd(ﬂl,ﬁg) @

Mz, ) = ('), w2 = mi) + S L - d(mi, mo)® @

— N

(F' (), ma = 1)+ 5 (F () (m2 = m0), 72— m) + %ﬁ cd(m, ) ®

®, @, @ correspond to Lipschitz Continuous, Lipschitz Gradients and Lipschitz Hessian [39]], which are
conisdered in previous works on generalization studies [22,|63].

Further, apply the Deﬁnitionand consider the case f(m1) < f(m2), Equationcan be further transformed as
follows:

f.(ﬂ?) < f.(ﬂ'l) + M(ﬂ'lvﬂ'%ﬁ)

<yf(m) + M, 72, L) @
~f(m2) + M(m,m,i),
~—— | E——

generalized contraction locality margin

IN

which yields the generalization upper bound in Lemma[I] We note the first term of RHS of Equation [4] as
generalized contraction term since it is from the contraction on f(71) caused by the value approximation
operator &, and the second term as locality margin since it is determined by specific local property. (]

Remark 1 Since value approximation is only performed for 71, the condition fo(m1) < fo(m2) can usually
exist after a certain number of training; in turn, the complementary case fo(m1) > fo(m2) is acceptable since
the unoptimized approximation loss is already lower than the optimized one.

14



583

584

585
586

587

588

589
590

593
594
595

596
597

598

599

600

601
602
603

605
606
607

608

609

610

611

612
613
614

A.3 Proof of Corollary/[l]

Proof.  Following Lemmam consider Lipschitz continuity for a concrete locality property of f;, we have,

f(ma) < v f(ma) + L - d(my, m2). 5)

Then we get the contraction condition of value generalization on 2 in Corollary [T} by letting the RHS of
Equation 5|be smaller than f(72):

vf(m2) + L - d(mi, m2) < f(m2)

(1 =) f(m2) > L - d(m1, m2) ©)

|

Remark 2 From the generalization contraction condition provided in Corollary[l] we can find that: asi. v — 0,
or ii. d(m7 7r2) — 0, oriii. L — 0, the contraction condition is easier to achieve (or the contraction gets
tighter), i.e., the generalization on unlearned policy T2 is better.

In another word, the tighter the contraction on learned policy 7 is, the closer the two policies are, the smoother
the approximation loss function f is, the generalization on unlearned policy 2 is better.

Corollary mprovides the generalization contraction condition on f(72), under the assumptions that &, is
~y-contraction and f(m;) < f(m2) (as in Lemma . In below, we discuss a more general condition for
generalization contraction on f(72) which indicates more possible cases:

Pri A R R
Corollary 3 For § — 0 and f is L-continuous at w1, when f(m2) — v f(m1) > L - d(mw1,m2), we have
that Pr, is also a vyg-contraction for s, i.e., f3(mw2) < g fo(m2) with vy € [0, 1).

Proof.  From Equation we have f(m2) < vf(m1) + L - d(m1,m2). To yield the generalization contraction
on f(m2), is to let

f(ma) < yf(m) + L-d(mi,m2) < f(m2), @)

that is to let,
f(m2) =7 f(m1) > L-d(m, 7). ®)
O

Since d(71,m2) is constant in the two-policy case considered, the condition in Corollaryis associated to the
value approximation losses on 7, and 72 before applying the value approximation operator &, as well as the

L-continuity of 6 after applying Z,. We can find similar conclusions as mentioned in Remark However,
Corollary 3] indicates some more cases that the condition of generalization contraction can be satisfied. For
example, it can happen in the complementary cases as we assumed in Lemrna i.e., 1) when f(m1) > f(m2),
or 2) &, is not a y-contraction on f(7m1).

A.4 Proof of Lemmal[2

Pr . .
Proof. Consider any ¢ > 0 and 6;_1 — "5 ¢, due to fo, is Li-continuous at ¢, we have,
Jo,(meg1) < fo, (me) + Ly - d(me, meg1), ©
then due to the definition of the value approximation process Y.,

f9t (7rt+1) < 'thet,l(ﬂ't) + Ly - d(ﬂt,ﬂt+1)7
= th9t71 (7”) + Mt:

where My = Ly - d(m¢, Teg1). O

10)

Intuitively, such a recursive relation between the generalized approximation loss of two consecutive steps, i.e.,
fo,_, (m¢) and fo, (m¢41), are chained by the assumed continuity of the loss function fp, and the definition of
value approximation process.
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A.5 Proof of Corollary

. . . . Pro Py Pry_1 Pry
Proof.  Consider the consecutive value approximation process 6_1 0o .. Or—1
Pr
0, — 5 ., following the recursive relation in Lemma we have the inequality below by induction,

fo, (mey1) < ’the, () + My,

<7 ’thl . ’Yofe 1(770)+M0) )Mt—l)+Mt7

(]_i[ >f917ro +Z<H w])MmLMt

j=i+1

1)

e
where M = Ly - d(m, me41). We use @ to denote the term for accumulated generalized contraction of initial
approximation loss and use @ to denote the term for accumulated locality margin. (|
Towards the infinity case i.e., t — oo, if we assume that (i) max; d(m¢, m41) < oo and (ii) HZihl Ve =
O(m), V0 < hi < ho with some &€ > 0, then lim; o0 fo,(me+1) < oo. That is because the
sequence {M;}{_o has a public upper bound Mumax = Lmax - max; d(ms, m41) where Lia denotes the
upper bound of Lipschitz constant (recall the discussion in Appendix , and by (ii) Z:;é (Ht X ) =

j=i+1 73
t—1
O(XiZ0 o) <00

Note that we consider a really loose bound in the infinity case above with M.y, therefore the condition (ii) may
be unnecessarily strict when the dynamics of L; and d(7, 7+1) are considered. Intuitively, the evolvement of
L during learning process is related to function family and optimization method of ;; and for d(, m¢41), this
is related to value approximation error (fy, (r,) and policy improvement method (i.e., how 7 is improved to be
T¢+1). We leave these further analysis for future work.

A.6 Proof of Theorem /1]

Proof. By the condition in Theoremm we have
Jou () + fo, (meqa) <[V = V|

7 = ™ 12)
< Ve, (me) = V™ + (Vo () = VI = fo, (me) + [[Va, () = VI,
where the second inequality comes from Triangle Inequality. Then it is straightforward that
Jo.(mi41) < |V, (me) — V7,
— (13)
generalizated VAD with PeVFA conventional VAD

which means that with local generalization of values for successive policy 71, the value approximation distance
(VAD) can be closer in contrast to the conventional one (RHS of Equation[I3). O

In practice, we consider that it is also possible for farther distance to exist, e.g., the condition in above Theorem[T]
is not satisfied. Moreover, under nonlinear function approximation, it is not necessary that a closer approximation
distance (induced by Theorem [T) ensures easier approximation or optimization process. This can be associated
to many factors, e.g., the underlying function space, the optimization landscape, the learning algorithm used
and etc. In this paper, we provide a condition for potentially beneficial local generalization and we resort to
empirical examination as shown in Sec. [3.3] Further investigation on the interplay between value generalization
and policy learning especially under nonlinear function approximation is planned for future work.

B Details of Empirical Evidence of Two Kinds of Generalization

B.1 Global Generalization in 2D Point Walker

Global generalization denotes the generalization scenario that values can generalize to unlearned policies
(7' € IIy) from already learned policies (7 € Ilp). We conduct the following experiments to demonstrate global
generalization in a 2D continuous Point Walker environment with synthetic simple policies.

Environment. We consider a point walker on a 2D continuous plane with:

* state: (x,y,sin(0), cos(), cos(x), cos(y)), where 0 is the angle of the polar coordinates,

* action: 2D displacement, a € R[Q_l,l],
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¢ adeterministic transition function that describes the locomotion of the point walker, depending on the
current position and displacement issued by agent, i.e., (z',y’) = (x,y) + a,

 areward function: r; = % with utility u; = 22 — y2, as illustrated in Figure|7(a)

Heat Map of Utility Function (u = x~2 - y~2)
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(a) Utility function heat map (b) Examples of synthetic policy population

Figure 7: 2D Point Walker. (a) The heat map of the utility function of the 2D plane. The darker
regions have higher utilities. (b) Demonstrative illustrations of trajectories generated by 30 synthetic
policies, showing diverse behaviors and patterns. Each subplot illustrates the trajectories generated in
50 episodes by a randomly synthetic policy, with different colors as separation. For each trajectory
(the same color in one subplot), transparency represents the dynamics along timesteps, i.e., fully
transparent and non-transparent denotes the positions at first and last timesteps.

Synthetic Policy. We build the policy sets IT = IIy U IT; and IIp N II; = () with synthetic policies. Each
synthetic policy is a 2-layer tanh-activated neural policy network with 2 nodes for each layer. The weights are
initialized by sampling from a uniform distribution U(—1, 1) and the biases are initialized by U(—0.2,0.2).
Each policy is deterministic, taking an environmental state as input and outputting a displacement in the plane.
We find that the synthetic population generated by such a simple way can show diverse behaviors. Figure[7(b)]
shows the motion patterns of an example of such a synthetic population. Note that the synthetic policies are not
trained in this experiment.

Policy Dataset. We rollout each policy in environment to collect trajectories 7 = {n}fzo. For such small
synthetic policies, it is convenient to obtain policy representation. Here we use the concatenation of all
weights and biases of the policy network (26 in total) as representation x» for each policy , called raw policy
representation (RPR). Therefore, combined with the trajectories collected, we obtain the policy dataset, i.e.,
{(X=;> Tx;)};=0- In total, 20k policies are synthesized in our experiments and we collected 50 trajectories with
horizon 10 for each policy.

We separate the synthetic policies into training set (i.e., unknown policies Ilp) and testing set (i.e., unseen
policies IT;) in a proportion of 8 : 2. We set a PeVFA network Vo (s, x~) to approximate the values of training
policies (i.e., m € Ilp), and then conduct evaluation on testing policies (i.e., 7 € 1I;). We use Monte Carlo
return [53] of collected trajectories as approximation target (true value of policies) in this experiment. The
network architecture of Vg (s, x) is illustrated in Figurem The learning rate is 0.005, batch size is 256.
K-fold validation is performed through shuffling training and testing sets.

Figure[8(b)]shows the curves of training loss and testing loss. The average losses on training and testing set are
1.782 and 2.071 over 6 trials. Figure[2(@)]plots the value predictions for policies from training and testing set (100
for each). This demonstrates that a PeVFA trained with data collected by training set Iy achieves reasonable
value prediction of unseen testing policies in II;. Our results indicate that value generalization can exist among
policy space with a properly trained PeVFA. RPR can also be one alternative of policy representation when
policy network is of small scale.

B.2 Local Generalization in MuJoCo Continuous Control Tasks

We demonstrate local generalization of PeVFA, especially to examine the existence of Theoremm i.e., PeVFA
can induce closer approximation distance (i.e., lower approximation error) than conventional VFA along the
policy improvement path.

We use a 2-layer 8-unit policy network trained by PPO [50] algorithm in OpenAl MuJoCo continuous control
tasks. As in previous section, using a very small policy network is for the convenience of training and acquisition
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(a) Structure of PeVFA network (b) Global Generalization on 2D Point Walker

Figure 8: Global generalization of PeVFA on 2D Point Walker. (a) An illustration of architecture of
PeVFA network. FC is abbreviation for Fully-connected layer. (b) Training and testing losses. Data
shuffle sand network re-initialization are performed per 100 steps, i.e., 1e5 training times.

of policy representation in this demonstrative experiment. We use all weights and biases of the small policy
network (also called raw policy representation, RPR), whose number is about 10 to 100 in our experiments,
depending on the specific environment (i.e., the state and action dimensions). We train the small policy network
as commonly done with PPO [50] and GAE [49]. The conventional value network V5 (s) (VFA), is a 2-layer
128-unit ReL.U-activated MLP with state as input and value as output. Parallel to the conventional VFA in PPO,
we set a PeVFA network Vg (s, x~) with RPR as additional input. The structure of PeVFA differs at the first
hidden layer which has two input streams and each of them has 64 units, as illustrated in Figure[8(a)] so that
making VFA and PeVFA have similar scales of parameter number. In contrast to conventional VFA V,, which
approximates the value of current policy (e.g., Algorithm , PeVFA Vg (s, x~) has the capacity to preserve
values of multiple policies and thus is additionally trained to approximate the values of all historical policies
({m:}!—o) along the policy improvement path (e.g., Algorithm . The learning rate of policy is 0.0001 and
the learning rate of value function approximators (V(s) and Vg (s, x~)) is 0.001. The training scheme of PPO
policy here is the same as that described in Appendix [F.1]and Table[2]

Note that Vo (x~) does not interfere with PPO training here, and is only referred as a comparison with V4 on
the approximation error to the true values of successive policy m;41. We use the MC returns of on-policy data
(i.e., trajectories) collected by current successive policy as unbiased estimates of true values, similarly done
in [61L[12]. Then we calculate the approximation error for VFA V,, and PeVFA Vg (x ) to the approximation
target before and after value network training of current iteration. Finally, we compare the approximation error
between VFA and PeVFA to approximately examine local generalization and closer approximation target in
Theorem [T} Complete results of local generalization across all 7 MuJoCo tasks are show in Figure 9] The
results show that PeVFA consistently shows lower losses (i.e., closer to approximation target) across all tasks
than conventional VFA before and after policy evaluation along policy improvement path, which demonstrates
Theorem[I} Moreover, we also provide similar empirical evidence when policy is updated with larger learning
rates in {0.0001, 0.001,0.005}, as in Figure[10]

A common observation across almost all results in Figure[9]and in Figure[T0]is that the larger the extent of policy
change (see the regions with a sheer slope on green curves), the higher the losses of conventional VFA tend
to be (see the peaks of red curves), where the generalization tends to be better and more significant (see the
blue curves). Since InvertedPendulum-v1 is a simple task while the complexity of the solution for Ant-v1 is
higher, the difference between value approximation losses of PeVFA and VFA is more significant at the regions
with fast policy improvement. Besides, the Raw Policy Representation (RPR) we used here does not necessarily
induce a smooth and efficient policy representation space, among which policy values are easy to generalize
and optimize. Thus, RPR may be sufficient for a good generalization in InvertedPendulum-v1 but may be not
in Ant-v1l. Overall, we think that the quantity of value approximation loss is related to several factors of the
environment such as the reward scale, the extent of policy change, the complexity of underlying solution (e.g.,
value function space) and some others. A further investigation on this can be interesting.

C Generalized Policy Iteration with PeVFA

C.1 Comparison between Conventional GPI and GPI with PeVFA

A graphical comparison of conventional GPI and GPI with PeVFA is shown in Figure[I] Here we provide
another comparison with pseudo-codes.
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Figure 9: Complete empirical evidence of local generalization of PeVFA across 7 MuJoCo tasks.
The learning rate of policy and value function approximators are 0.0001 and 0.001 respectively.
Each plot has two vertical axes, the left one for approximation error (red and blue curves) and
the right one for average return (green curves). Red and blue denotes the approximation error of
conventional VFA (Vy(s)) and of PeVFA (V(s, x«)) respectively; solid and dashed curves denote
the approximation error before and after the training for values of successive policy (i.e., policy
evaluation) with conventional VFA and PeVFA, averaged over 6 trials. The shaded region denotes
half a standard deviation of average evaluation. PeVFA consistently shows lower losses (i.e., closer
to approximation target) across all tasks than conventional VFA before and after policy evaluation
along policy improvement path, which demonstrates Theorem [I]

From the lens of Generalized Policy Iteration [53]], for most model-free policy-based RL algorithms, the ap-
proximation of value function and the update of policy through policy gradient theorem are usually conducted
iteratively. Representative examples are REINFORCE [53]], Advantage Actor-Critic [36]], Deterministic Policy
Gradient (DPG) and Proximal Policy Optimization (PPO) [50]. With conventional value function (approxi-
mator), policy evaluation is usually performed in an on-policy or off-policy fashion. We provide a general GPI
description of model-free policy-based RL algorithm with conventional value functions in Algorithm@

Note that we use subscript ¢ — 1 — ¢ (Line 13 in Algorithm2) to let the updated value functions to correspond
to the evaluated policy 7; during policy evaluation process in current iteration.

As a comparison, a new form of GPI with PeVFA is shown in Algorithm[3] Except for the different parameteriza-
tion of value function, PeVFA can perform additionally training on historical policy experiences at each iteration
(Line 7-8). This is naturally compatible with PeVFA since it develops the capacity of conventional value function
to preserve the values of multiple policies. Such a training is to improve the value generalization of PeVFA
among a policy set or policy space. Note that for value approximation of current policy 7 (Line 10-14), the
start points are generalized values of 7 from historical approximation, i.e., Vi_1 (s, X, ) and Q¢—1(s, a, X, )-
In another word, this is the place where local generalization steps (illustrated in Figure are. One may
compare with conventional start points (V;™ ; (s) and Q7_1 (s, a), Line 13 in Algorithm and see the difference,
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Figure 10: Empirical evidence of local generalization of PeVFA on InvertedPendulum-v1 and Ant-v1
with different learning rates of policy, i.e., {0.0001, 0.001,0.005}. Results are averaged over 6 trials.

Algorithm 2 Generalized policy iteration for model-free policy-based RL algorithm with conventional
value functions (V7 (s) or Q7 (s, a))
1: Initialize policy 7o and V™, (s) or Q74 (s, a)
2: Initialize experience buffer D
3: foriterationt=0,1,2,... do
4: Rollout policy 7 in the environment and obtain trajectories 7; = {7, }*_,
5: Add experiences 7; in buffer D
6: if on-policy update then
7.
8
9

Prepare training samples from rollout trajectories 7;
else if off-policy update then
: Prepare training samples by sampling from buffer D
10: end if
11: Calculate approximation target {y; }; from training samples (e.g., with MC or TD)
12: # Generalized Policy Evaluation
13: Update V™ ,(s) or QF_,(s,a) with {(s;,y;)}i or {(s;,as,9i)}i, 1€, VT <— V7, or
QF «— Q74
14: # Generalized Policy Improvement
15: Update policy 7; with regard to V" (s) or Q7 (s, a) through some policy gradient theorem,
i.ﬁ., Tyl < Tt
16: end for

e.g., Viii(s) © V™=1(s) & Vi_1(s, Xr,_, ) is different with V;_1 (s, xx, ), where < is used to denote an
equivalence in definition. As discussed in Sec. [3-3]and[3:4] we suggest that such local generalization steps help
to reduce approximation error and thus improve efficiency during the learning process.

C.2 More Discussions on GPI with PeVFA

Off-Policy Learning. Off-policy Value Estimation [55] denotes to evaluate the values of some target policy
from data collected by some behave policy. As commonly seen in RL (also shown in Line 6-10 in Algorithm
[2), different algorithms adopt on-policy or off-policy methods. For GPI with PeVFA, especially for the value
estimation of historical policies (Line 8 in Algorithm[3), on-policy and off-policy methods can also be considered
here. One interesting thing is, in off-policy case, one can use experiences from any policy for the learning
of another one, which can be appealing since the high data efficiency of value estimation of each policy can
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Algorithm 3 Generalized policy iteration of model-free policy-based RL algorithm with PeVFAs
1: Initialize policy mo and PeVFA V_1 (s, xx) or Q_1(s, a, Xx)
Initialize experience buffer D
for iterationt=0,1,2,... do
Rollout policy 7 in the environment and obtain trajectories 7; = {7, }¥_,
Get the policy representation X, for policy 7 (from policy network parameters or policy
rollout experiences)
Add experiences (x,, 7¢) in buffer D
# Value approximation training for historical policies {; }?Z(lj
8: Update PeVFA V,;_1(s, xx,) or Q;—1(s,a, xx,) with all historical policy experiences
{0 Ti) E;é

32

9: # Conventional value approximation training for current policy 7

10: if on-policy update then

11: Update PeVFA V,_;(s,xx,) or Q:_1(s,a,xx,) for m with on-policy experiences
(Xwe: Tt)

12: else if off-policy update then

13: Update PeVFA V;_1(s, Xx,) or Q:—1(s, a, xx,) for m; with off-policy experiences x.,
and {7;}!_, from experience buffer D

14: end if

15: Vt — Vt,1 or Qt — @t,1

16: Update policy m; with regard to V(s, xr,) or Q:(s, a, xr,) through some policy gradient
theorem, i.e., i1 ¢—

17: end for

strengthen value generalization among themselves with PeVFA, which further improve the value estimation
process.

Convergence of GPI with PeVFA. Convergence of GPI is usually discussed in some ideal cases, e.g., with
small and finite state action spaces and with sufficient function approximation ability. In this paper, we focus on
the comparison between conventional VFA and PeVFA in value estimation, i.e., Policy Evaluation, and we make
no assumption on the Policy Improvement part. We conjecture that with the same policy improvement algorithm
and sufficient function approximation ability, GPI with conventional VFA and GPI with PeVFA finally converge
to the same policy. Moreover, based on Theorem [I]and our empirical evidence in Sec. [3.3] GPI with PeVFA can
be more efficient in some cases: with local generalization, it could take less experiences (training) for PeVFA to
reach the same level of approximation error than conventional VFA, or with the same amount of experience
(training), PeVFA could achieve lower approximation error than conventional VFA. We believe that a deeper
dive in convergence analysis is worth further investigation.

PeVFA with TD Value Estimation. In this paper, we propose PPO-PeVFA as a representative instance of
re-implementing DRL algorithms with PeVFA. Our theoretical results and algorithm 3] proposed under the
general policy iteration (GPI) paradigm are suitable for TD value estimation as well in principle. One potential
thing that deserves further investigation is that, it can be a more complex generalization problem since the
approximation target of TD learning is moving (in contrast to the stationary target when unbiased Monte Carlo
estimates are used). The non-stationarity induced by TD is recognized to hamper the generalization performance
in RL as pointed out in recent work [21]. Further study on PeVFA with TD learning (e.g., TD3 and SAC) is
planned in the future as mentioned in Sec. [6]

D Policy Representation Learning Details

D.1 Policy Geometry

A policy m € Il = P(.A)S, defines the behavior (action distribution) of the agent under each state. For a more
intuitive view, we consider the geometrical shape of a policy: all state s € S and all action a € A are arranged
along the z-axis and y-axis of a 2-dimensional plane, and the probability (density) m(a|s) is the value of z-axis
over the 2-dimensional plane. Note that for finite state space and finite action space (discrete action space), the
policy can be viewed as a |S| x |.A| table with each entry in it is the probability of the corresponding state-action
case. Without loss of generality, we consider the continuous state and action space and the policy geometry here.
Mlustrations of policy geometry examples are shown in Figure[TT]
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Figure[IT(a)| shows the policy geometry in a general case, where the policy can be defined arbitrarily. Generally,
the policy geometry can be any possible geometrical shape (s.t. Vs € S, ), . 4 m(a|s) = 1). This means that
the policy geometry is not necessarily continuous or differentiable in a general case. Specially, one can imagine
that the geometry of a deterministic policy consists of peak points (z = 1) for each state and other flat regions
(z = 0). Figure[T1(b)|shows an example of synthetic continuous policy which can be viewed as a 3D curved
surface. In Deep RL, a policy may usually be modeled as a deep neural network. Assume that the neural policy
is a function that is almost continuous and differentiable everywhere, the geometry of such a neural policy can
also be continuous and differentiable almost everywhere. As shown in Figure[TT(c)] we provide a demo of neural
policy by smoothing an arbitrary policy along both state and action axes.

(a) Arbitrary policy (b) Continuous policy (c) Demo of neural policy

Figure 11: Examples of policy geometry. (a) An arbitrary policy, where p(s,a) is sampled
from A/(0, 1) for a joint space of 40 states and 40 actions and then normalized along action axis.
States are squeezed into the range of [—1, 1] for clarity. (b) A synthetic continuous policy with
p(s,a) = (1 — a® + s5) exp(—s? — a®) for a joint space of s € [~2,2] and a € [-2,2] (each of
which are discretized into 40 ones) and then normalized along action axis. (c¢) A general demo of
neural network policy, generated from an arbitrary policy (as in (a)) over a joint space of 200 states
and 100 actions with some smoothing skill. States are squeezed into the range of [—1, 1] for clarity
and the probability masses of actions under each state are normalized to sum into 1.

D.2 Implementation Details of Surface Policy Representation (SPR) and Origin Policy
Representation (OPR)

Here we provide a detailed description of how to encode different policy data for Surface Policy Representation
(SPR) and Origin Policy Representation (OPR) we introduced in Sec. [

Encoding of State-action Pairs for SPR. Given a set of state-action pairs {s;, a; }i—; (with size [n, s_dim +
a_dim]) generated by policy 7 (i.e., a; ~ m(-|s;)), we concatenate each state-action pair and obtain an
embedding of it by feeding it into an MLP, resulting in a stack of state-action embedding with size [n, e_dim].
After this, we perform a mean-reduce operator on the stack and obtain an SPR with size [1, e_dim]. A similar
permutation-invariant transformation is previously adopted to encode trajectories in [14].

Encoding of Network Parameters for OPR. We propose a novel way to learn low-dimensional embedding
from policy network parameters directly. To our knowledge, we are the first to learn policy embedding from
neural network parameters in RL. Note that latent space of neural networks are also studied in differentiable
Network Architecture Search (NAS) [32,133]], where architecture-level embedding are usually considered. In
contrast, OPR cares about parameter-level embedding with a given architecture.

Consider a policy network to be an MLP with well-represented state (e.g., CNN for pixels, LSTM for sequences)
as input and deterministic or stochastic policy output. We compress all the weights and biases of the MLP to
obtain an OPR that represents the decision function. The encoding process of an MLP with two hidden layers
is illustrated in Figure[T2] The main idea is to perform permutation-invariant transformation for inner-layer
weights and biases for each layer first. For each unit of some layer, we view the unit as a non-linear function of
all outputs, determined by weights, a bias term and activation function. Thus, the whole layer can be viewed
as a batch of operations of previous outputs, e.g., with the shape [h¢, ht—1 + 1] for ¢ > 1 and ¢ = 0 is also for
the input layer. Note that we neglect activation function in the encoding since we consider the policy network
structure is given. That is also why we call OPR as parameter-level embedding in contrast to architecture-level
enbedding in NAS (mentioned in the last paragraph). We then feed the operation batch in an MLP and perform
mean-reduce to outputs. Finally we concatenate encoding of layers and obtain the OPR.

We use permutation-invariant transformation for OPR because that we suggest the operation batch introduced
in the last paragraph can be permutation-invariant. Actually, our encoding shown in Figure[T2]is not strict to
obtain permutation-invariant representation since inter-layer dependencies are not included during the encoding
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process. We also tried to incorporate the order information during OPR encoding and we found similar results
with the way we present in Figure[T2] which we adopt in our experiments.

Input Hidden Output

Layer-wise Extraction

w [s_dim, hq] [hy, hy] [hy, a_dim]

. b [1,hy] [1, hy] [1,a_dim]
Operations <

Preprocess
Concatenate & Transpose

\_ ¢ [hy,s_dim +1] [hy,hqy +1] [a_dim, h; +1]

~ MLP Transformation & Mean-Reduce
Permutation- e [1,e4] [1,e2] [1,e3]
Invariant
Transform Concatenate

\_ OPR [1,e1 + e, +e3]

Figure 12: An illustration for policy encoder of Origin Policy Representation (OPR) for a two-layer
MLP. hq, hy denotes the numbers of hidden units for the first and second hidden layers respectively.
The main idea is to perform permutation-invariant transformation for inner-layer weights and biases
for each layer first and then concatenate encoding of layers.

Towards more sophisticated RL policy that operates images. Our proposed two policy representations (i.e.,
OPR and SPR) can basically be applied to encode policies that operate images, with the support of advanced
image-based state representation. For OPR, a policy network with image input usually has a pixel feature
extractor like Convolutional Neural Networks (CNNs) followed by a decision model (e.g., an MLP). With
effective features extracted, the decision model can be of moderate (or relatively small) scale. Recent works on
unsupervised representation learning like MoCo [20], SimCLR [7]], CURL [54] also show that a linear classifier
or a simple MLP which takes compact representation of images learned in an unsupervised fashion is capable of
solving image classification and image-based continuous control tasks. In another direction, it is promising to
develop more efficient even gradient-free OPR, for example using the statistics of network parameters in some
way instead of all parameters as similarly considered in [60].

For SPR, to encode state-action pairs (or sequences) with image states can be converted to the encoding in
the latent space. The construction of latent space usually involves self-supervised representation learning, e.g.,
image reconstruction, dynamics prediction. A similar scenario can be found in recent model-based RL like
Dreamer [16]], where the imagination is efficiently carried out in the latent state space rather than among original
image observations.

Overall, we believe that there remain more effective approaches to represent RL policy to be developed in the
future in a general direction of OPR and SPR, which are expected to induce better value generalization in a
different RL problems.

D.3 Data Augmentation for SPR and OPR in Contrastive Learning

Data augmentation is studied to be an important component in contrastive learning in deep RL recently [24} 28]
Contrastive learning usually resorts to data augmentation to build positive samples. Data augmentation is
typically performed on pixel inputs (e.g., images) problems [20, [7]. In our work, we train policy representation
with contrastive learning where data augmentation is performed on policy data. For SPR, i.e., state-action pairs
as policy data, there is no need to perform data augmentation since different batches of randomly sampled
state-action pairs naturally forms positive samples, since they all reflect the behavior of the same policy. A
similar idea can also be found in [L1] when dealing with task context in Meta-RL.
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For OPR, i.e., policy network parameters as policy data, it is unclear how to perform data augmentation on them.
In this work, we consider two kinds of data augmentation for policy network parameters as shown in Figure[T3]
We found similar results for both random mask and noise corruption, and we use random mask as default data
augmentation in our experiments.

Original Random Mask Noise Corruption

Input Hidden Output Input Hidden Output Input Hidden Output

Figure 13: Examples of data augmentation on policy network parameters for Origin Policy Repre-
sentation (OPR). Left: an example of original policy network. Middle: dropout-like random masks
are performed on original policy network, where gray dashed lines represent the weights masked out.
Right: randomly selected weights are corrupted by random noises, denoted by orange lines.

As an unsupervised representation learning method, contrastive Learning encourages policies to be close to
similar ones (i.e., positive samples 71) and to be apart from different ones (i.e., negative samples 7~ ) in policy
representation space. The policy representation network is then trained with InfoNCE loss [41], i.e., to minimize
the cross-entropy loss below:

exp(xs Wxz+)
exp(XFWxrt) + 22— exp(XEWx--)

Lo = —E |log

D.4 Pseudo-code of Policy Representation Learning Framework

The pseudo-code of the overall framework of policy representation learning is in AlgorithmEl The policy
representation learning is conducted base on a policy dataset, which stores the policy data, i.e., interaction
trajectories generated by policies and the parameters of policy networks. Such a dataset can be obtained in
different ways, e.g., pre-collected, online collected and etc. In our experiments, we do not assume the access
to pre-collected or given policy data; instead, we use the data of all historical policies met along the policy
improvement path during the online learning process.

Different kinds of policy data (i.e., state-action pairs or policy parameters) are used depending on the policy
representation adopted (i.e., SPR or OPR). For policy representation learning, the value function approximation
loss (E2E) is used as a default choice of training loss in our framework. In addition, the auxiliary loss (AUX) of
policy recovery and contrastive learning (CL) serve as another two options to be optimized for representation
learning. Note that in Line 21, the positive samples x_+ is obtained from a momentum policy encoder [20] with

another augmentation for corresponding policy data, while negative samples x_- are other policy embeddings
in the same batch, i.e., x_- € B\{xx, }.

D.5 Criteria of A Good Policy Representation

To answer the question: what is a good representation for RL policy ought to be? We assume the following
criteria:

* Dynamics. Intuitively, a good policy representation should contain the information of how the policy
influences the environment (dynamics and rewards).

* Consistency. A good policy representation should keep the consistency among both policy space and
presentation space. Concretely, the policy representation should be distinguishable, i.e., different
policies also differ among their representation. In contrast, the representation of similar polices should
lay on the close place in the representation space.

* Geometry. Additionally, from the lens of policy geometry as shown in Appendix[D.1] a good policy
representation should be an reflection of policy geometry. It should show a connection to the policy
geometry or be interpretable from the geometric view.

From the perspective of above criteria, SPR follows Dynamics and Geometry while OPR may render them in
an implicit way since network parameters determine the nonlinear function of policy. Auxiliary loss for policy
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Algorithm 4 A Framework of Policy Representation Learning

Input: policy dataset D = {(m;, w;, Dx, )}, consisting of policy 7;, policy parameters w; and

state-action pairs Dy, = {(s;,a;)}L,
1: Initialize the policy encoder g, with parameters «

: Initialize the policy decoder (or master policy) (network) 75(als, x) for SPR and the weight
matrix W for ORP respectively

3: for iterationi = 0,1,2,... do

4 Sample a mini-batch of policy data 5 from D

5: # Encode and obtain the policy embedding y ., with SPR or OPR

6

7

8

[\

if Use OPR then
if Use Contrastive Learning then
: Perform data augmentation on each w; € B
9: end if

10: X, = 9O (w,, ) for each (m;, w;, ) € B
11: else if Use SPR then
12: Xr;, = goPR(B;) where B; is a mini-batch of state-action pairs sampled from D,,, for

each (m;,-,Dy,) € B
13: end if
14: # Train policy encoder g, in different ways (i.e., AUX or CL)
15: if Use Auxiliary Loss (AUX) then

16: Sample a mini-batch of state-action pairs B = (s;, ai)le from D, for each ;
17: Compute the auxiliary loss, Loy = — Z(si,ai)EB log o (ai|Siy X, )

18: Update parameters a, 3 to minimize £A%

19: end if

20: if Use Contrastive Learning (CL) then
exp(xr, Wx_+)

21: Calculate contrastive loss, Lo, = — 2, cplog T Wx 1>~ oxpT Wx__)°

where Xt s X aTE positive and negative samples

22: Update parameters «, W to minimize £

23: end if

24: # Train policy encoder g, with the PeVFA approximation loss (E2E)
25: Calculate the value approximation loss of PeVFA, Ly,

26: Update parameters « to minimize Ly,

27: end for

recovery (AUX) is a learning objective to acquire Dynamics; Contrastive Learning (CL) is used to impose
Consistency.

Based on the above thoughts, we hypothesize the reasons of several findings as shown in the comparison
in Table m First, AUX naturally overlaps with SPR and OPR to some degree for Dynamics while CL is
relatively complementary to SPR and OPR for Consistency. This may be the reason why CL improves the E2E
representation more than AUX in an overall view. Second, the noise of state-action samples for SPR may be
the reason to OPR’s slightly better overall performance than that of SPR (similar results are also found in our
visualizations as in Figure @)

Moreover, the above criteria are mainly considered from an unsupervised or self-supervised perspective. However,
a sufficiently good representation of all the above properties may not be necessary for a specific downstream
generalization or learning problem which utilizes the policy representation. A problem-specific learning signal,
e.g., the value approximation loss in our paper (E2E representation), can be efficient since it is to extract the
most relevant information in policy representation for the problem. A recent work [59] also studies the relation
between self-supervised representation and downstream tasks from the lens of mutual information. Therefore,
we suggest that a trade-off between good unsupervised properties and efficient problem-specific information of
policy representation should be considered when using policy representation in a specific problem.
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E Complete Background and Detailed Related Work

E.1 Reinforcement Learning

Markov Decision Process. We consider a Markov Decision Process (MDP) defined as (S, A, r, P, 7, po)
with S the state space, A the action space, r the reward function, P the transition function, v € [0,1) the
discount factor and pg the initial state distribution. A policy m € II = P(A) 151 defines the distribution over
all actions for each state. The agent interacts with the environment with its policy, generating the trajectory
8050, T1, 815 A1y T2y vey Sty Aty Tt41, ..., Where 7¢11 = 7(s¢, ar). An RL agent seeks for an optimal policy that
maximizes the expected long-term discounted return, J(7) = Esg~pg,amm | Dopeo V' Te41] -

Value Function. Almost all RL algorithms involve value functions [55]], which estimate how good a state or
a state-action pair is conditioned on a given policy. The state-value function v™ (s) is defined in terms of the
expected return obtained through following the policy 7 from a state s:

v (s) = Ex

t=0

o0
nytrt_‘_l\so = s] forall s € S.

Similarly, action-value function is defined for all state-action pairs as ¢"(s,a) =
Ex [Y520 Y re41|s0 = s,a0 = a]. Typically, value functions are learned through Monte Carlo (MC
or Temporal Difference (TD) algorithms [S5].

Bellman equations defines the recursive relationships among value functions. The Bellman Expectation equation
of v™(s) has a matrix form as below [55]:

VT =r" 4+ 4P VT = (I —+P") 1", (14)

where V7 is a |S|-dimensional vector, P™ is the state-to-state transition matrix P™(s'|s) =
Y wea m(als)P(s'|s, a) and r™ is the vector of expected rewards 1™ (s) = - - , w(als)r(s, a). Equation
indicates that value function is determined by policy 7 and environment models (i.e., P and r. For a conventiona
value function, all of them are modeled implicitly within a table or a function approximator, i.e., a mapping from
only states (and actions) to values.

Generalized Policy Iteration. Sutton and Barto [S5] consider most RL algorithms can be described in the
paradigm of Generalized Policy Iteration (GPI). In recent decade, RL algorithms usually resort to function
approximation (e.g., deep neural networks) to deal with large and continuous state space. An illustration of
GPI with function approximation is on the left of Figure[I] We use € to denote the parameters of parameterized
value functions. Without loss of generality, we do not plot the parameters of policy since it is not necessary
for parameterized policy to exist, e.g., value-based RL algorithms [35]. For policy evaluation, value function
approximators are updated in finite times to approximate the true values (i.e., Vo(s) — v"(s), Qo(s,a) —
q" (s, a)), yet can never be perfect. For policy improvement, the policy are improved with respected to the
approximated value functions in an implicit (e.g., value-based RL) or explicit way (policy-based RL). In deep
RL, perfect policy evaluation and effective policy improvement are non-trivial to obtain with complex non-linear
function approximation from deep neural networks, thus most convergence and optimality results in conventional
RL usually no longer hold. From these two aspects, many works study how to improve the value function
approximation [61} 4} 27]] and to propose more effective policy optimization or search algorithms [48, 150, 15].

E.2 A Unified View of Extensions of Conventional Value Function from the Vector Form of
Bellman Equation

Recall the vector form of Bellman equation (Equation [T4), it indicates that value function is a function of policy
« and environmental models (i.e., P and 7). In conventional value functions and approximators, only state (and
action) is usually taken as input while other components in Equation [T4]are modeled implicitly. Beyond state
(and action), consider explicit representation of some of components in Equation [T4]during value estimation
can develop the ability of conventional value functions in different ways, to solve challenging problems, e.g.,
goal-conditioned RL [45] 1], Hierarchical RL [37} 164]], opponent modeling and ad-hoc team [19}14,157], and
context-based Meta-RL [43!29].

Most extensions of conventional VFA mentioned above are proposed for the purpose of value generalization
(among different space). Therefore, we suggest such extensions are derived from the same start point (i.e.,
Equation[T4) and differ at the objective to represent and take as additional input explicitly of conventional value
functions. We provide a unified view of such extensions below:

* Goal-conditioned RL and context-based meta-RL usually focus on a series of tasks with similar goals
and environment models (i.e., P and r). With goal representation as input, usually a subspace of
state space [45, (1], a value function approximation (VFA) can generalize values among goal space.
Similarly, with context representation [43}[11}142]], values generalize in meta tasks.

26



946
947
948
949
950

951
952
953
954
955
956
957
958

959
960

962
963
964
965
966
967
968
969

971
972

973
974
975
976
977
978
979
980
981
982
983

985
986
987
988

989
990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004

* Opponent modeling, ad-hoc team [19} [14, |57]] seek to generalize among different opponents or
teammates in a Multiagent System, with learned representation of opponents. This can be viewed as
a special case of value generalization among environment models since from one agent view, other
opponents are part of the environment which also determines the dynamics and rewards. In multiagent
case, one can expand and decompose the corresponded joint policy in Equation [I4]to see this.

¢ Hierarchical RL is also a special case of value generalization among environment models. In goal-
reaching fashioned Hierarchical HRL [37} 30} 38]], high-level controllers (policy) issue goals for
low-level controls at an abstract temporal scale, while low-level controls take goals also as input and
aim to reach the goals. For low-level policies, a VFA with a given or learned goal representation space
can generalize values among different goals, similar to the goal-conditioned RL case as discussed
above. Another perspective is to view the separate learning process of hierarchical policies for different
levels as a multiagent learning system. Recently, a work [64] follows this view and extends high-level
policy with representation of low-level learning.

The common thing of above is that, they learn a representation of the environment (we call external variables).
In contrast, we study value generalization among agent’s own policies in this paper, which cares about internal
variables, i.e., the learning dynamics inside of the agent itself.

Relation between PeVFA Value Approximation and Context-based Meta-RL. For a given MDP, performing
a policy in the MDP actually induces a Markov Reward Process (MRP) [55]. One can view the policy and
actions are absorbed in the transition function of MRP. A value function defines the expected long-term returns
starting from a state. Therefore, different policies induces different MRPs and PeVFA value approximation
can be considered as a meta prediction task. In analogy to context-based Meta-RL where a task context is
learned to capture the underlying transition function and reward function of a MDP (i.e., task), one can view
policy representation as the context of corresponding MRP, since it is the underlying variable that determines the
transition function of MRPs.

E.3 A Review of Works on Policy Representation/Embedding Learning

Recent years, a few works involve representation or embedding learning for RL policy [18} 14} 311421164} [17].
We provide a brief review and summary for above works below.

The most common way to learn a policy representation is to extract from interaction trajectories through
policy recovery (i.e., behavioral cloning). For Multiagent Opponent Modeling [14]], a policy representation
is learned from interaction episodes (i.e., state-action trajectories) through a generative loss and discriminate
loss. Generative loss is the same as the policy recovery auxiliary loss; discriminate loss is a triplet loss that
minimize the representation distance of the same policy and maximize those of different ones, which has the
similar idea of Contrastive Learning [41}154]. Such opponent policy representations are used for prediction
of interaction outcomes for ad-hoc teams and are taken in policy network for some learning agent to facilitate
the learning when cooperating or competing with unknown opponents. More recently, in Hierarchical RL
[64], a representation is learned to model the low-level policy through generative loss mentioned above. The
low-level policy representation is taken in high-level policy to counter the non-stationarity issue of co-learning
of hierarchical policies. Later, Raileanu et al. [42] resort to almost the same method and the learned policy
representation is taken in their proposed PDVFE. Along with a task context, the policy for a specific task can
be optimized in policy representation space, inducing a fast adaptation in new tasks. In summary, such a
representation learning paradigm can be considered as Surface Policy Representation (SPR) for policy data
encoding (trajectories as a special form of state-action pairs) plus policy recovery auxiliary loss (AUX) as we
introduced in Sec.

A recent work [[17] proposes Policy Evaluation Network (PVN) to approximate objective function J(7). We
consider PVN as an predecessor of PDVF we mentioned above since offline policy optimization is also conducted
in learned representation space in a single task after similarly well training the PVN on many policies. The
authors propose Network Fingerprint to represent policy network. To circumvent the difficulty of representing the
parameters directly, policy network outputs (policy distribution) under a set of probing states are concatenated
and then taken as policy representation. Such probing states are randomly sampled for initialization and
also optimized with gradients through PVN and policies, like a search in joint state space. In principle, we
also consider this as a special instance of SPR, because network fingerprint follows the idea of reflecting the
information of how policy can behave under some states. Intuitively from a geometric view, this can be viewed
as using the concatenation of several representative (as denoted by the probing states) cross-sections in policy
surface (e.g., Figure[TT) to represent a policy. For another view, one can imagine an equivalent case between
SPR and network fingerprint, when state-action pairs of a deterministic policy are processed in SPR and a
representation consisting of a number of actions under some key states or representative states is used in network
fingerprint. Two potential issues may exist for network fingerprint. First, the dimensionality of representation
is proportional to the number of probing states (i.e., n|.A|), where a dilemma exists: more probing states are
more representative while dimensionality can increase correspondingly. Second, it can be non-trivial and even
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unpractical to optimize probing states in the case with relatively state space of high dimension, which introduces
additional computational complexity and optimization difficulty.

In another concurrent work [[10], a class of Parameter-based Value Functions (PVFs) are proposed. Instead of
learning or designing a representation of policy, PVFs simply parse all the policy weights as inputs to the value
function (i.e., Raw Policy Representation as also mentioned in our paper), even in the nonlinear case. Apparently,
this can result in a unnecessarily large representation space which increase the difficulty of approximation and
generalization. The issues of naively flattening the policy into a vector input are also pointed out in PVN [17].

Others, several works in Policy Adaptation and Transfer [[18 3], Gaussian policy embedding representations are
construct through Variantional Inference.

F Experimental Details and Complete Results

F.1 Experimental Details

Environment. We conduct our experiments on commonly adopted OpenAl Gynﬂ continuous control tasks
[6,158]. We use the OpenAl Gym with version 0.9.1, the mujoco-py with version 0.5.4 and the MuJoCo products
with version MJPRO131. Our codes are implemented with Python 3.6 and Tensorflow.

Resources and Equipment Used. Our experiments are mainly conducted on a NVIDIA GeForce RTX 2080
Ti with 11 GB memory. A single run of PPO-PeVFA usually takes 3-4 hours with about 6 trials are running
simultaneously on the same GPU.

Implementation. We use Proximal Policy Optimization (PPO) [S0] with Generalized Advantage Estimator
(GAE) [49] as our baseline algorithm. Recent works [8| 2] point out code-level optimizations influence the
performance of PPO a lot. For a fair comparison and clear evaluation, we perform no code-level optimization
in our experiments, e.g., state standardization, reward scaling, gradient clipping, parameter sharing and etc.
Our proposed algorithm PPO-PeVFA is implemented based on PPO, which only differs at the replacement
for conventional value function network with PeVFA network. Policy network is a 2-layer MLP with 64
units per layer and ReLU activation, outputting a Gaussian policy, i.e., a tanh-activated mean along with a
state-independent vector-parameterized log standard deviation. For PPO, the conventional value network V(s)
(VFA) is a 2-layer 128-unit ReLU-activated MLP with state as input and value as output. For PPO-PeVFA, the
PeVFA network Vg (s, x~ ) takes as input state and policy representation x . which has the dimensionality of 64,
with the structure illustrated in Figure[8(a)] We do not use parameter sharing between policy and value function
approximators for more clear evaluation.

Training and Evaluation. We use Monte Carlo returns for value approximation. In contrast to conventional
VFA V,, which approximates the value of current policy (e.g., Algorithm , PeVFA Vy(s, xr) is additionally
trained to approximate the values of all historical policies ({; }’{_,) along the policy improvement path (e.g.,
Algorithm[3). The policy network parameterized by w is then updated with following loss function:

£PP0(w) =—E~ _ [min (pt/l(st, at),clip(ps, 1 — e, 1+ E)A(St, at))] , (15)

where A(sz, at) is advantage estimation of old policy 7,,—, which is calculated by GAE based on conventional
VFA V,, or PeVFA Vy(s, xx) respectively, and p, = {45t jg the importance sampling ratio. Note that

m,,— (at,st)

both PPO and PPO-PeVFA update the policy according to Equation [I3]and only differ at advantage estimation
based on conventional VFA V,, or PeVFA Vy (s, x= ). This ensures that the performance difference comes only
from different approximation of policy values. Common learning parameters for PPO and PPO-PeVFA are
shown in Table[2] For each iteration, we update value function approximators first and then the policy with
updated values. Such a training scheme is used for both PPO and PPO-PeVFA. For evaluation, we evaluate
the learning algorithm every 20k time steps, averaging the returns of 10 episodes. Fewer evaluation points are
selected and smoothed over neighbors and then plotted in our learning curves below.

Details for PPO-PeVFA. For PeVFA, the training process also involves value approximation of historical
policies and learning of policy representation. Training details are shown in Table |3] PeVFA Vy (s, xx) is
trained every 10 steps with a batch of 64 samples from an experience buffer with size of 200k steps. Policy
representation model is trained at intervals of 10 or 20 steps depending on OPR or SPR adopted. Due to 1k - 2k
policies are collected in total in each trial, a relatively small batch size of policy is used. For OPR, Random
Mask (Figure[I3) is performed on all weights and biases of policy network except for the output layer (i.e., mean
and log-std). For SPR, two buffers of state-action pairs are maintained for each policy: a small one is sampled
for calculating SPR and the relatively larger one is sampled for auxiliary training (policy recovery).

"http://gym.openai.com/
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Table 2: Common hyperparameter choices of PPO and PPO-PeVFA.

Hyperparameters for PPO & PPO-PeVFA

Policy Learning Rate 1074
Value Learning Rate 103
Clipping Range Parameter (¢) 0.2
GAE Parameter (\) 0.95
Discount Factor () 0.99
On-policy Samples Per Iteration | 5 episodes or 2000 time steps
Batch Size 128
Actor Epoch 10
Critic Epoch 10
Optimizer Adam

Table 3: Training details for PPO-PeVFA, including value approximation of historical policies and
policy representation learning. CL is abbreviation for Contrastive Learning and AUX is for auxiliary
loss of policy recovery. In our experiments, grid search is performed for the best hyperparamter
configuration regarding terms with multiple alternatives (i.e., {}).

Value Approximation for Historical Policies

Value Learning Rate 1073
Training Frequency Every 10 time steps
Batch Size 64
Experience Buffer Size 200k (steps)

Policy Representation Learning

Training Frequency Every {10, 20} time steps

Policy Num Per Batch {16, 32}
SPR s, a Pair Num {200, 500}
CL Learning Rate {103,510~}
CL Momentum {5-1072, 1072, 5-103}
CL Mask Ratio for OPR {0.1, 0.2}
CL Sample Ratio for SPR 0.8
AUX Learning Rate 1073
AUX Batch Size {128, 256}

F.2 Complete Learning Curves for Evaluation Results in Table/[T]

Corresponding to Table[I] an overall view of learning curves of all variants of PPO-PeVFA as well as baseline
algorithms are shown in Figure[T7] One can refer to Figure[T4]for a clearer view of the effects of PeVFA (with
E2E policy representation), and Figure [I3] [I6]for the effects of self-supervised policy representations, i.e., CL
and AUX.

F.3 Visualization of Learned Policy Representation

To show how the learned representation is like in a low-dimensional space, we visualize the learned representation
of policies encountered during the learning process.

Visualization Design. We record all policies on the policy improvement path during the learning process of a
PPO-PeVFA agent. For each trial in our experiments in MuJoCo continuous control tasks, about 1k - 2k policies
are collected. We run 5 trials and 5k - 12k policies are collected in total for each task. We also store the policy
representation model at intervals for each trial, and we use last three checkpoints to compute the representation
of each policy collected. For each policy collected during 5 trials, its representation for visualization is obtained
by averaging the results of 3 checkpoints of each trial and then concatenating the results from 5 trials. Finally,
we plot 2D embedding of policy representations prepared above through t-SNE [34] and Principal Component
Analysis (PCA) in sklearrf}

*https://scikit-learn.org/stable/index.html
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Figure 14: Evaluations of PPO-PeVFA with end-to-end (E2E) trained OPR and SPR in MuJoCo
continuous control tasks. The results demonstrate the effectiveness of PeVFA and two kinds of policy
representation, answering the Question [I] The results are average returns and the shaded region
denotes half a standard deviation over 10 trials.

Results and Analysis. Visualizations of OPR and SPR learned in an end-to-end fashion in HalfCheetah-v1 and
Ant-v1 are in Figure[T8]and[I9] We use different types of markers to distinguish policies from different trials to
see how policy evolves in representation space from different random initialization. Moreover, we provide two
views: performance view and process view, to see how policies are aligned in representation space regarding
performance and ‘age’ of policies respectively.

Visualization of OPR trained in end-to-end fashion is shown in Figure ﬂ;g[ From the performance view, it is
obvious that policies of poor and good performances are aligned from left to right in t-SNE representation space
and are aligned at two distinct directions in PCA representation space. An evolvement of policies from different
trials can be observed in subplot (b) and (d). Thus, policies from different trials are locally continuous; while
policies are globally consistent in representation space with respect to policy performance. Moreover, we can
observe multimodality for policies with comparable performance. This means that the obtained representation
not only reflects optimality information but also maintains the behavioral characteristic of policy.

Parallel to OPR, end-to-end trained SPR is visualized in Figure [T9] A more obvious multimodality can be
observed in both t-SNE and PCA space: policies from different trials start from the same region and then
diverge during the following learning process. Different from OPR, SPR shows more distinction among different
trials since SPR is a more direct reflection of policy behavior (dynamics property as mentioned in Sec. @)
Another thing is, policies from different trials forms wide ‘strands’ especially in t-SNE representation space.
We conjecture that it is because SPR is a more stochastic way to obtain representation as random selected
state-action pairs are used.
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Figure 15: Evaluations of PPO-PeVFA with OPR and SPR trained through contrastive learning (CL)
in MuJoCo continuous control tasks. The results are average returns and the shaded region denotes
half a standard deviation over 10 trials.
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Figure 16: Evaluations of PPO-PeVFA with OPR and SPR trained through auxiliary loss of policy
recovery (AUX) in MuJoCo continuous control tasks. The results are average returns and the shaded
region denotes half a standard deviation over 10 trials.
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Figure 17: An overall view of performance evaluations of different algorithms in MuJoCo continuous
control tasks. The results are average returns and the shaded region denotes half a standard deviation
over 10 trials.
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Figure 18: Visualizations of end-to-end (E2E) learned Origin Policy Representation (OPR) for
policies collected during 5 trials (denoted by different kinds of markers). In total, about 6k policies
are plotted for HalfCheetah-v1 (a-b) and 12k for Ant-v1 (c-d). In each subplot, t-SNE and PCA
2D embeddings are at left and right respectively. In performance view, each policy (i.e., marker) is
colored by its performance evaluation (averaged return). In process view, each policy is colored by
its corresponding iteration ID during GPI process.
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Figure 19: Visualizations of end-to-end (E2E) learned Surface Policy Representation (SPR) for
policies collected during 5 trials (denoted by different kinds of markers). In performance view, each
policy (i.e., marker) is colored by its performance evaluation (averaged return). In process view, each
policy is colored by its corresponding iteration ID during GPI process.
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