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A Proofs and Definitions1

A.1 Proof of Theorem 12

Theorem 1. Consider a sequence of representations h1,h2, . . . ,hT during an LLM’s reasoning3

process, where T denotes the number of total reasoning steps. Let y, ŷ denote the golden answer and4

the LLM’s prediction answer, respectively. Define pe “ Prpŷ ‰ yq as the LLM’s prediction error5

probability. Then the following inequality holds:6

pe ě
1

log
`

|Y| ´ 1
˘

”

Hpyq ´

T
ÿ

j“1

I
`

y; hj | hăj

˘

´ Hbppeq

ı

, (1)

where |Y| is the size of the support of y, and Hbppeq denote the binary entropy of pe that defined by7

Hbppeq “ ´pe log pe ´ p1 ´ peq logp1 ´ peq. (2)

Proof. We first define an indicator random variable E “ 1tŷ ‰ yu, where E “ 1 if ŷ ‰ y, and8

E “ 0 otherwise.9

By the chain rule of entropy, we have:10

Hpy | ŷq “HpE | ŷq ` Hpy | ŷ, Eq

“HpE | ŷq ` Hpy | ŷ, E “ 0qPrpE “ 0q ` Hpy | ŷ, E “ 1qPrpE “ 1q. (3)

Since E “ 0 indicates ŷ “ y, we have Hpy | ŷ, E “ 0q “ 0. And for HpE | ŷq, we have:11

HpE | ŷq ď HpEq :“ Hbppeq. (4)

Thus, we can derive:12

Hpy | ŷq ď Hbppeq ` peHpy | ŷ, E “ 1q. (5)

Since E “ 1 indicates ŷ ‰ y, the random variable y can take at most |Y| ´ 1 values given ŷ as13

condition. Hence, we have [5]:14

Hpy | ŷq ď Hbppeq ` pe log
`

|Y| ´ 1
˘

. (6)

Based on the definition of mutual information, we have:15

Ipy; ŷq “ Hpyq ´ Hpy | ŷq. (7)

Combining Eq. (6) and Eq. (7) derives:16

pe ě
1

log
`

|Y| ´ 1
˘

”

Hpyq ´ Ipy; ŷq ´ Hbppeq

ı

. (8)
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Consider an LLM’s reasoning process, given the intermediate representations h1:T “17

ph1,h2, . . . ,hT q, the output ŷ is computed as a function of these representations ŷ “ fph1:T q.18

Thus, based on the Data Processing Inequality (DPI), we have:19

Ipy; ŷq ď Ipy;h1:T q. (9)

Combining Eq. (10) and Eq. (9), and applying the chain rule of mutual information, we have:20

pe ě
1

log
`

|Y| ´ 1
˘

”

Hpyq ´

T
ÿ

j“1

I
`

y; hj | hăj

˘

´ Hbppeq

ı

, (10)

which completes the proof.21

A.2 Proof of Theorem 222

Theorem 2. Following the notations in Theorem 1, the following inequality holds:23

pe ď
1

2

”

Hpyq ´

T
ÿ

j“1

I
`

y; hj | hăj

˘

ı

. (11)

Proof. The output of a reasoning model ŷ can be formulated as a multi-class classification task with24

predicted probabilities pi “ Prpŷ “ i | h1:T q. According to Bayesian decision theory[3] [20], the25

conditional error probability is given by:26

pe “ 1 ´ max
i

tPrpy “ i | h1:T qu. (12)

For binary classification (|Y| “ 2), we have:27

mintp, 1 ´ pu ď
1

2
r´p log p ´ p1 ´ pq log p1 ´ pqs. (13)

Then take an expectation over p:28

pe “ Eprmintp, 1 ´ pus ď
1

2
Epr´p log p ´ p1 ´ pq log p1 ´ pqs. (14)

So we derive:29

pe ď
1

2
Eh1:T

rHpy | h1:T qs “
1

2
Hpy | h1:T q. (15)

This extends to multiclass problems through a recursive application (see Eq. (16)).30

We prove the following inequality by mathematical induction that for any m-class discrete probability31

distribution tp1, . . . , pmu:32

pe “ 1 ´ max
i

tpiu ď
1

2
Hpp1, . . . , pmq. (16)

Base case (m “ 2): Direct verification using binary entropy function Eq. (13).33

Inductive step: Assume validity for m classes. For m ` 1 classes, assume without loss of generality34

pm`1 “ maxitpiu. Consider the merged distribution tp1, . . . , pm´1, pm ` pm`1u and apply:35

1. The induction hypothesis:36

1 ´ ppm ` pm`1q ď
1

2
Hpp1, . . . , pm´1, pm ` pm`1q. (17)

2. The grouping axiom [2]:37

Hpp1, . . . , pm`1q “ Hpp1, . . . , pm`pm`1q`ppm`pm`1qH

ˆ

pm
pm ` pm`1

,
pm`1

pm ` pm`1

˙

. (18)

3. Binary entropy bound for the final term:38

1 ´
pm`1

pm ` pm`1
ď

1

2
H

ˆ

pm
pm ` pm`1

,
pm`1

pm ` pm`1

˙

. (19)
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Combining Eq. (17), Eq. (18) and Eq. (19) completes the induction:39

1

2
Hpp1, . . . , pm`1q “

1

2
Hpp1, . . . , pm ` pm`1q `

1

2
ppm ` pm`1qH

ˆ

pm
pm ` pm`1

,
pm`1

pm ` pm`1

˙

ě 1 ´ ppm ` pm`1q ` ppm ` pm`1qp1 ´
pm`1

pm ` pm`1
q

“ 1 ´ pm`1

“ 1 ´ max
i

tpiu.

Thus, we have proved the Eq. (16).40

Taking expectation over h1:T in Eq. (12) and applying the Eq. (16), we have41

pe “ Eh1:T
r1 ´ max

i
tPrpy “ i|h1:T qus.

ď
1

2
Eh1:T

rHpy|h1:T qs

“
1

2
Hpy|h1:T q

“
1

2

«

Hpyq ´

T
ÿ

j“1

Ipy;hj | hăjq

ff

,

which completes the proof.42

A.3 Definitions43

Definition 1 (Mutual Information [2, 10]). Given two continuous random variables X and Y , the44

mutual information is defined as:45

IpX;Y q “

ż

Y

ż

X

ppx, yq log
ppx, yq

ppxqppyq
dxdy, (20)

where ppx, yq denotes the joint probability density function of X and Y ; ppxq, ppyq denotes the46

marginal probability density functions of X and Y , respectively.47

Definition 2 (Hilbert-Schmidt Independence Criterion (HSIC) [7]). HSIC is the Hilbert-Schmidt48

norm of the cross-covariance operator between the distributions in Reproducing Kernel Hilbert Space49

(RKHS). Formally:50

HSICpX,Y q “EXYX1Y 1

“

kX
`

X,X 1
˘

kY
`

Y, Y 1
˘‰

` EXX1

“

kX
`

X,X 1
˘‰

EY Y 1

“

kY
`

Y, Y 1
˘‰

´2EXY

“

EX1

“

kX
`

X,X 1
˘‰

EY 1

“

kY
`

Y, Y 1
˘‰‰

,
(21)

where X 1, Y 1 are independent copies of X , Y , respectively, and kX , kY are kernel functions.51

B Experimental Implementation Details52

Practical implementation of HSIC. Due to the difficulty of accurately computing MI in high-53

dimensional spaces [10, 13, 5], we employ the HSIC to estimate MI. Following [12, 15, 5], the54

empirical HSIC from Definition 2 is computed as55

HSICpX,Y q “
1

pn ´ 1q2
tr

`

KX HKY H
˘

, (22)

where KX and KY are kernel matrices with entries56

KXij
“ kXpxi, xjq, KYij

“ kY pyi, yjq,

and H “ I ´ 1
n 11J is the centering matrix. Consistent with [12, 15, 5], we adopt the Gaussian57

kernel to implement the kernel:58

kpx,yq “ exp
´

´
}x ´ y}2

2σ2

¯

, (23)
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where the bandwidth σ is selected by grid search over the range r50, 400s.59

Datasets. 1) Evaluation of LRMs’ reasoning performance. We select three widely-used math60

reasoning benchmarks to evaluate the reasoning capabilities of LRMs, ordering from easy to hard:61

GSM8K [4], MATH500 [11], and AIME24 [1]. We adopt the evaluation framework provided by62

Qwen2.5-Math [19]. To ensure the reproducibility of our results, we fix the temperature to 0 in all63

experiments. 2) Observing the MI trajectories during LRMs’ reasoning process. We use the training64

set of the MATH dataset [9]. Specifically, we randomly sample 100 instances to compute MI along65

the reasoning trajectories.66

Models. We conduct experiments on DeepSeek’s R1 series models [8] and QwQ-32B [17]. For67

DeepSeek’s R1 series models, we pair each LRM with its corresponding non-reasoning LLM counter-68

part as follows: DeepSeek-R1-Distill-Qwen-7B and Qwen2.5-Math-7B [19], DeepSeek-R1-Distill-69

Llama-8B and Llama-3.1-8B [6], DeepSeek-R1-Distill-Qwen-14B and Qwen2.5-14B [18], DeepSeek-70

R1-Distill-Qwen-32B and Qwen2.5-32B [18], DeepSeek-R1-Distill-Llama-70B and Llama-3.3-70B-71

Instruct [6]. As observed, all LRMs in the R1 series are trained from foundation LLMs, except for72

DeepSeek-R1-Distill-Qwen-7B, which is trained from a math-specialized LLM. As for QwQ-32B,73

existing public report [17] has not disclosed which specific LLM it was trained from. All experiments74

are conducted on four NVIDIA A100 GPUs.75

More implementation details. For all experiments involving MI computation, we extract the rep-76

resentation from the last layer of the model. We concentrate on the last layer since higher layers77

have been shown to encode more semantic content [21, 16] and the last layer directly influence the78

model’s output text [14]. For TTTS in Section 4.2, to ensure that the model begins continuation79

with semantically meaningful tokens, we filter out tokens with little semantic information, such as80

punctuation, single characters, etc. In this way, the resulting token list is: [So, Let, Hmm, I,81

Okay, First, Wait, But, Now, Then, Since, Therefore, If, Maybe, To]. All exper-82

iments are conducted on four NVIDIA A100 GPUs.83

C Discussions84

Limitations. This work has several limitations. First, we analyze the MI dynamics of LRMs at the85

token level. Alternative granularities such as dividing reasoning steps by semantic units or logical86

steps may reveal additional insights. Second, while we observe the interesting MI peaks phenomenon87

and provide insights into the reasoning mechanisms of LRMs, the underlying mechanisms that give88

rise to these peaks remain underexplored. We leave a deeper analysis of their origin to future work.89

We hope that our work will inspire further research along these directions and contribute to a deeper90

understanding of the reasoning process in LRMs.91

Broader impacts. This work contributes to a deeper understanding of the reasoning mechanisms92

in LRMs. We first observe the MI peaks phenomenon during LRMs’ reasoning process, and then93

propose two simple training-free methods to enhance LRMs’ reasoning performance based on the94

findings. These analyzes may have positive impacts by making AI systems more transparent and95

effective. However, there are also potential risks. If used carelessly, the same methods could be96

applied to manipulate outputs or reinforce biased thinking patterns. It is important to consider these97

concerns when applying our techniques and to encourage responsible use through further study and98

monitoring.99

Discussion on Tokens at MI Peaks. As shown in Figure 4 in the main text and Figure 1 in the100

appendix, different LRMs exhibit slightly different token frequency patterns at MI peaks. For101

models trained from foundation LLMs, i.e., DeepSeek-R1-Distill-Llama-8B, DeepSeek-R1-Distill-102

Qwen-14B, DeepSeek-R1-Distill-Qwen-32B, and DeepSeek-R1-Distill-LLaMA-70B, the frequently103

occurring tokens include So, Let, Hmm, The, and Okay. And for DeepSeek-R1-Distill-Qwen-7B,104

which is trained from a math-specialized LLM, tokens such as So, The, Let, To, and, and Since105

are more prominent. For QwQ-32B, tokens like To, the, we, and Let appear more frequently.106

Semantically, these tokens commonly express reasoning-related functions such as initiating thinking107

(So, Hmm), logical transition (Since, Therefore), or discourse structuring (Let, Then, To), which108

likely help facilitate the model’s continued reasoning. We hypothesize that the distribution of tokens109

at MI peaks may be influenced by factors such as the nature of the foundation LLM, the reasoning-110

intensive training paradigm, etc. We leave a deeper investigation of the relationship among MI-peak111

4



Figure 1: Frequency distribution of tokens at MI peaks for DeepSeek-R1-Distill-Qwen-7B, DeepSeek-
R1-Distill-Qwen-32B, and DeepSeek-R1-Distill-Llama-70B.

token distributions, foundation LLM characteristics, reasoning-intensive training paradigms, and112

model reasoning performance to future work.113

Further discussion on thinking token suppression (Figure 5 in the main text). As shown in114

Figure 5, while the overall trend indicates that LRMs’ reasoning performance degrades as more115

thinking tokens are suppressed, the decline is not strictly monotonic. In some cases, performance116

improves temporarily. We conduct an empirical analysis to better understand this phenomenon.117

Specifically, we observe that when certain tokens are suppressed, the model tends to adopt alternative118

expressions to convey similar meanings. For instance, when the generation of the token Wait is119

suppressed, the model may instead produce phrases like But wait, which could lead to slight120

improvements in performance. The observed performance fluctuations across different numbers of121

suppression tokens further support that these thinking tokens play a critical role in LRMs’ reasoning122

capabilities.123

D Additional Experimental Results124

D.1 MI Peaks in LRMs125

Figures 2–13 illustrate the MI trajectories of various LRMs across more data samples.126
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Figure 2: MI trajectories of DeepSeek-R1-Distill-Llama-8B.
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Figure 3: (Continued) MI trajectories of DeepSeek-R1-Distill-Llama-8B.
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Figure 4: MI trajectories of DeepSeek-R1-Distill-Qwen-7B.
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Figure 5: (Continued) MI trajectories of DeepSeek-R1-Distill-Qwen-7B.
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Figure 6: MI trajectories of DeepSeek-R1-Distill-Qwen-14B.
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Figure 7: (Continued) MI trajectories of DeepSeek-R1-Distill-Qwen-14B.
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Figure 8: MI trajectories of DeepSeek-R1-Distill-Qwen-32B.
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Figure 9: (Continued) MI trajectories of DeepSeek-R1-Distill-Qwen-32B.
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Figure 10: MI trajectories of QwQ-32B.
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Figure 11: (Continued) MI trajectories of QwQ-32B.
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Figure 12: MI trajectories of DeepSeek-R1-Distill-Llama-70B.
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Figure 13: (Continued) MI trajectories of DeepSeek-R1-Distill-Llama-70B.
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