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A SUPPORTING LEMMAS AND PROOFS FOR PROPOSITIONS 3 AND 4

In this section, we provide a number of supporting lemmas, and proofs for Proposition 3 and
Proposition 4. In the following proofs, ∥a∥2 denotes the ℓ2 norm if a is a vector; and ∥A∥2 denotes
the operator norm if A is a matrix.

A.1 SUPPORTING LEMMAS

For convenience, we denote J(ω) = J(πω). We first prove a lemma showing that both J(ω) and
∇J(ω) are Lipschitz in ω.
Lemma 1. Under Assumptions 1 and 2, for any ω, ω′ ∈ W , we have that

∥∇J(ω)∥2 ≤ CJ , (9)

where CJ = C2
ϕ

(
B +

Cgapmρk

λmin

)
, and

∥∇J(ω)−∇J(ω′)∥2 ≤ LJ ∥ω − ω′∥2 , (10)

where LJ = mRmax

1−ρ (4LπCϕ + Lϕ) and Lπ = 1
2Cπ

(
1 +

⌈
logm−1

⌉
+ 1

1−ρ

)
.

Recall Equation (2). The solution θ̄∗ω given the feature function satisfies that

θ̄∗ω = argmin
θ

EDω

[∥∥Qπω (s, a)− ϕ⊤
ω (s, a)θ

∥∥2
2

]
. (11)

We show that the solution θ̄∗ω is (nearly) Lipschitz in ω in the following lemma.
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Lemma 2. For any ω, ω′ ∈ W , it holds that∥∥θ̄∗ω − θ̄∗ω′

∥∥
2
≤ CΘ ∥ω − ω′∥2 , (12)

where CΘ = CJ

λ2
min

(
2CϕLϕ + C2

ϕLπ

)
+ LJ

λmin
.

For any ω ∈ Rd, let

Aω(s, a) = E
[
ϕω(s0, a0) (ϕω(sk, ak)− ϕω(s0, a0))

⊤ |s0 = s, a0 = a, πω

]
,

Aω = EDπω
[Aω(s, a)] . (13)

Lemma 3. For k >
⌈
log(mdC2

ϕ)−log λmin

1−ρ

⌉
, it holds that

λmax

(
Aω +A⊤

ω

2

)
≤ C2

ϕdmρk − λmin = −λ̄min < 0,

where λmax (X) is the largest eigenvalue of symmetric matrix X .

When k >
⌈
log(mdC2

ϕ)−log λmin

1−ρ

⌉
,

λ̄min = λmin − C2
ϕdmρk

> λmin − C2
ϕdme−k(1−ρ)

≥ λmin − C2
ϕdme

− log

(
mdC2

ϕ
λmin

)
= 0, (14)

λ̄min is positive.

The following lemma bounds the distance between the stationary distribution induced by πt and the
distribution of st, at in Algorithm 1. Define Fj to be σ-field generated by all the randomness until
the j-th time-step. For simplicity, we write Dπt

as Dt.
Lemma 4. For any 0 ≤ k ≤ t, it can be shown that

∥P (st, at|Ft−k)−Dt∥T V ≤ Cπ

t−1∑
j=t−k

∥ωt − ωj∥2 +mρk. (15)

We rewrite θ∗t = θ∗ωt
, where θ∗ω is the solution to Equation (4).

Lemma 5. Consider the term E [⟨θt − θ∗t , δtzt⟩]. It can be shown that

E [⟨θt − θ∗t , δtzt⟩] ≤− λ̄min

2
E
[
∥θt − θ∗t ∥

2
2

]
+

(k + 1)2C2
ϕ

2λ̄min
E
[
∥J(ωt)− ηt∥22

]
+Gδ

t , (16)

where Uδ = Rmax + CϕB. For AC,

Gδ
t = 2B2C2

ϕUδCπ

t∑
j=t−k

t−1∑
i=j

βi + 4BCϕUδ

t∑
j=t−k

BC2
ϕCπ

j−1∑
i=j−k

j−1∑
ι=i

βι +mρk +BC2
ϕLπ

t−1∑
i=j

βi


+ 2(k + 1)CϕUδ

(k + 1)CϕUδ

t−1∑
j=t−2k

αj + CΘC
2
ϕB

t−1∑
j=t−2k

βj +
2Cgapmρk

λmin

 , (17)

and for NAC,

Gδ
t = 2B2UδCπ

t∑
j=t−k

t−1∑
i=j

βi + 4BCϕUδ

t∑
j=t−k

BCπ

j−1∑
i=j−k

j−1∑
ι=i

βι +mρk +BLπ

t−1∑
i=j

βi


15
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+ 2(k + 1)CϕUδ

(k + 1)CϕUδ

t−1∑
j=t−2k

αj + CΘB

t−1∑
j=t−2k

βj +
2Cgapmρk

λmin

 . (18)

In the following, we prove that θ∗ω defined in Equation (4) is bounded.
Lemma 6. The solution θ∗ω to Equation (4) is bounded:

∥θ∗ω∥2 ≤ 1

λmin − dC2
ϕmρk

mCϕRmax

1− ρ
=

mCϕRmax

λ̄min (1− ρ)
. (19)

The proof of above Lemmas could be found in Appendix D.

A.2 PROOFS FOR PROPOSITIONS 1 TO 4

We include the proof of Proposition 1 and Proposition 2 for completeness.

Proof. By the Equation (2), θ̄∗ω satisfies that

EDπω

[
(Qπω (s, a)− ϕ⊤

ω (s, a)θ̄
∗
ω)ϕω(s, a)

]
= 0. (20)

Since ϕ⊤
ω θ̄

∗
ω is a scalar, we can get that:

EDπω
[Qπω (s, a)ϕω(s, a)] = EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)θ̄

∗
ω

]
(21)

For the policy gradient ∇J(πω), we get that:

∇J(πω) = EDπω
[∇ log πω(a|s)Qπω (s, a)] = EDπω

[
ϕω(s, a)(ϕ

⊤
ω (s, a) θ̄∗ω)

]
. (22)

Furthermore, we have that:

∇̃J(πω) = F−1
ω EDπω

[
ϕω(s, a)ϕω(s, a)

⊤θ̄∗ω
]

= F−1
ω EDπω

[
ϕω(s, a)ϕω(s, a)

⊤] θ̄∗ω = θ̄∗ω. (23)

We present the proof of Proposition 3.
Proposition 6. (Restatement of Proposition 3) For any ω ∈ W and θ ∈ Θ, Φωθ ̸= e, where
e ∈ R|S||A| is an all-one vector.

Proof. Assume that there exists θc ∈ Θ such that Φωθc = e, then EDπω

[
ϕ⊤
ω (S,A)θc

]
= 1.

However, note that

EDπω

[
ϕ⊤
ω (S,A)θc

]
=
∑
s

dπω
(s)
∑
a

πω(a|s)ϕ⊤
ω (s, a)θc

=
∑
s

dπω
(s)
∑
a

πω(a|s)∇ log πω(a|s)⊤θc

=
∑
s

dπω
(s)
∑
a

πω(a|s)
∇ωπω(a|s)⊤

πω(a|s)
θc

=
∑
s

dπω
(s)
∑
a

∇ωπω(a|s)⊤θc

=
∑
s

dπω
(s)∇ω

(∑
a

πω(a|s)

)⊤

θc

= 0, (24)

where the last equation is from the fact that
∑

a πω(a|s) = 1, and hence the gradient of it is 0.

This hence results in a contradiction, which completes the proof.
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We then present the proof of Proposition 4.
Proposition 7. (Restatement of Proposition 4) For any ω ∈ W , denote the fixed point of k-step TD
operator by θ∗ω , and the solution to Equation (2) by θ̄∗ω , then∥∥θ∗ω − θ̄∗ω

∥∥
2
≤

Cgapmρk

λmin
, (25)

where Cgap = C2
ϕB +

CϕRmax

1−ρ .

Proof. From the definition, it holds that

θ∗ω =
(
EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

])−1
(
EDπω

[
ϕω(s, a)

(
T (k)
πω

ϕ⊤
ω (s, a)θ

∗
ω

)])
, (26)

and

θ̄∗ω =
(
EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

])−1 (EDπω
[ϕω(s, a)Q

πω (s, a)]
)
. (27)

Thus, we have that∥∥θ∗ω − θ̄∗ω
∥∥
2

=
∥∥∥(EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

])−1
(
EDπω

[
ϕω(s, a)

(
T (k)
πω

ϕ⊤
ω (s, a)θ

∗
ω −Qπω (s, a)

)])∥∥∥
2

≤ 1

λmin

∥∥∥EDπω

[
ϕω(s, a)

(
T (k)
πω

ϕ⊤
ω (s, a)θ

∗
ω −Qπω (s, a)

)]∥∥∥
2

=
1

λmin

∥∥∥∥∥EDπω

[
ϕω(s, a)

(
E

k−1∑
j=0

Rj − J(ω) + ϕω(sk, ak)
⊤θ∗ω|s0 = s, a0 = a, πω

−Qπω (s, a)

)]∥∥∥∥∥
=

1

λmin

∥∥∥∥∥EDπω

[
ϕω(s, a)

(
E

k−1∑
j=0

Rj − J(ω) + ϕω(sk, ak)
⊤θ∗ω|s0 = s, a0 = a, πω


− E

 ∞∑
j=0

Rj − J(ω)|s0 = s, a0 = a, πω

)]∥∥∥∥∥
2

=
1

λmin

∥∥∥∥∥∥EDπω

ϕω(s, a)

E

 ∞∑
j=k

Rj − J(ω) + ϕω(sk, ak)
⊤θ∗ω|s0 = s, a0 = a, πω

∥∥∥∥∥∥
2

(a)

≤ 1

λmin

∥∥∥∥∥∥EDπω

ϕω(s, a)

E

 ∞∑
j=k

Rj − J(ω)

∣∣∣∣(sk, ak) ∼ Dπω
, πω

∥∥∥∥∥∥
2

+
1

λmin

∥∥EDπω

[
ϕω(s, a)

(
E
[
ϕω(sk, ak)

⊤θ∗ω
∣∣(sk, ak) ∼ Dπω

])]∥∥
2

+
1

λmin
C2

ϕBEDπω
[∥P (sk, ak|s0 = s, a0 = a, πω)−Dπω

∥T V ]

+
1

λmin
Cϕ

∞∑
j=k

RmaxEDπω

[
∥P(sj , aj |s0 = s, a0 = s, πω)−Dπω

∥T V
]

(b)

≤ 1

λmin

∥∥∥∥∥∥EDπω

ϕω(s, a)

E

 ∞∑
j=k

Rj − J(ω)

∣∣∣∣(sk, ak) ∼ Dπω
, πω

∥∥∥∥∥∥
2

+
1

λmin

∥∥EDπω

[
ϕω(s, a)

(
E
[
ϕω(sk, ak)

⊤θ∗ω
∣∣(sk, ak) ∼ Dπω

])]∥∥
2

+
Cϕ

λmin

CϕBmρk +

∞∑
j=k

Rmaxmρj


17
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(c)

≤ 1

λmin

∥∥EDπω

[
ϕω(s, a)

(
EDπω

[
ϕω(s, a)

⊤θ∗ω
])]∥∥

2
+

1

λmin
Cϕ

CϕBmρk +

∞∑
j=k

Rmaxmρj


(d)

≤ 1

λmin

(
C2

ϕBmρk + CϕRmax
mρk

1− ρ

)
=

Cgapmρk

λmin
, (28)

where Cgap = C2
ϕB + CϕRmax

1
1−ρ , (a) follows from the triangular inequality and the fact that

for any probability distribution P1 and P2, and any random variable X , s.t. |X| ≤ Xmax,
|EP1 [X]− EP2 [X]| ≤ Xmax ∥P1 − P2∥T V , (b) follows from Assumption 1, (c) follows from
J(ω) = EDπω

[R(s, a)], and (d) follows from EDπω

[
ϕω(s, a)

(
EDπω

[
ϕω(s, a)

⊤θ∗ω
])]

= 0.

B AC SAMPLE COMPLEXITY ANALYSIS

In this section, we provide the sample complexity analysis for our single-loop AC algorithm.

B.1 BOUND ON GRADIENT NORM IN AC

In this section, we first present a preliminary bound on the gradient norm ∥∇J(ω)∥.

Lemma 7. It holds that

βt

2
E
[
∥∇J(ωt)∥22

]
≤ E [J(ωt+1)]− E [J(ωt)] + C4

ϕβtE
[
∥θt − θ∗t ∥

2
2

]
+Gω

t , (29)

where

Gω
t =

LJC
4
ϕB

2β2
t

2
+

(
C4

ϕC
2
gapmρk

λ2
min

+ CJC
2
ϕB

)
βtmρk + 2C4

ϕB
2LJβt

t−1∑
j=t−k

βj

+ CJC
4
ϕB

2Cπβt

t−1∑
j=t−k

t−1∑
i=j

βi. (30)

Proof. Recall that in the update of AC algorithm, ωt+1 − ωt = βtϕ
⊤
t (st, at)θtϕt(st, at). Following

Lemma 1, it can be shown that

J(ωt+1) ≥ J(ωt) + ⟨∇J(ωt), ωt+1 − ωt⟩ −
LJ

2
∥ωt+1 − ωt∥22

= J(ωt) + βt

〈
∇J(ωt), ϕ

⊤
t (st, at)θtϕt(st, at)

〉
− LJβ

2
t

2

∥∥ϕ⊤
t (st, at)θtϕt(st, at)

∥∥2
2

= J(ωt) + βt

〈
∇J(ωt), ϕ

⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉
+ βt

〈
∇J(ωt),EDt

[
ϕ⊤
t (s, a) (θt − θ∗t )ϕt(s, a)

]〉
+ βt ⟨∇J(ωt),∇J(ωt)⟩

+ βt

〈
∇J(ωt),EDt

[
ϕ⊤
t (s, a)θ

∗
t ϕt(s, a)

]
−∇J(ωt)

〉
− LJβ

2
t

2

∥∥ϕ⊤
t (st, at)θtϕt(st, at)

∥∥2
2

≥ J(ωt) + βt

〈
∇J(ωt), ϕ

⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉
+ βt ∥∇J(ωt)∥22 −

βt

4
∥∇J(ωt)∥22 − βt

∥∥EDt

[
ϕ⊤
t (s, a) (θt − θ∗t )ϕt(s, a)

]∥∥2
2

− βt

4
∥∇J(ωt)∥22 − βt

∥∥EDt

[
ϕ⊤
t (s, a)θ

∗
t ϕt(s, a)

]
−∇J(ωt)

∥∥2
2
−

LJC
4
ϕB

2

2
β2
t

(a)

≥ J(ωt) + βt

〈
∇J(ωt), ϕ

⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉︸ ︷︷ ︸
part I

18
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+
βt

2
∥∇J(ωt)∥22 − βt

∥∥EDt

[
ϕ⊤
t (s, a) (θt − θ∗t )ϕt(s, a)

]∥∥2
2
−

LJC
4
ϕB

2

2
β2
t

− βt

∥∥EDt

[
ϕ⊤
t (s, a)(θ

∗
t − θ̄∗t )ϕt(s, a)

]∥∥2
2
, (31)

where we write θ̄∗ωt
as θ̄∗t for convenience, (a) follows from Equation (3) that ∇J(ωt) =

EDt

[
ϕ⊤
t (s, a)θ̄

∗
t ϕt(s, a)

]
.

We then bound part I in Equation (31). Note that∣∣E [〈∇J(ωt), ϕ
⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉] ∣∣
≤
∣∣E [〈∇J(ωt)−∇J(ωt−k), ϕ

⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉]∣∣
+
∣∣E [〈∇J(ωt−k), ϕ

⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉]∣∣
≤ E

[
∥∇J(ωt)−∇J(ωt−k)∥2

∥∥ϕ⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]∥∥
2

]
+
∣∣E [∇⊤J(ωt−k)E

[
ϕ⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]
|Ft−k

]]∣∣
(a)

≤ 2C2
ϕBLJE [∥ωt − ωt−k∥2] + CJE [∥P (st, at|Ft−k)−Dt∥T V ]C

2
ϕB

(b)

≤ 2C4
ϕB

2LJ

t−1∑
j=t−k

βj + CJC
2
ϕB

Cπ

t−1∑
j=t−k

E
[
∥ωt − ωj∥2

]
+mρk


≤ 2C4

ϕB
2LJ

t−1∑
j=t−k

βj + CJC
2
ϕB

CπC
2
ϕB

t−1∑
j=t−k

t−1∑
i=j

βi +mρk

 , (32)

where (a) is from the LJ -smoothness of J , and (b) is from Lemma 4. On the other hand, from
Proposition 4, we can show that

∥∥EDt

[
ϕ⊤
t (s, a)

(
θ̄∗t − θ∗t

)
ϕt(s, a)

]∥∥2
2
≤ C4

ϕ

∥∥θ∗t − θ̄∗t
∥∥2
2
≤ C4

ϕ

(
Cgapmρk

λmin

)2

. (33)

Thus, combining Equation (31),Equation (32) and Equation (33), we have that

E [J(ωt+1)] ≥ E [J(ωt)] +
βt

2
E
[
∥∇J(ωt)∥22

]
−

LJC
4
ϕB

2

2
β2
t − C4

ϕβtE
[
∥θt − θ∗t ∥

2
2

]
− C4

ϕβt

(
Cgapmρk

λmin

)2

− 2C4
ϕB

2LJβt

t−1∑
j=t−k

βj

− CJC
2
ϕBβt

CπC
2
ϕB

t−1∑
j=t−k

t−1∑
i=j

βi +mρk

 , (34)

which further implies that

βt

2
E
[
∥∇J(ωt)∥22

]
≤ E [J(ωt+1)]− E [J(ωt)] +

LJC
4
ϕB

2

2
β2
t + C4

ϕβtE
[
∥θt − θ∗t ∥

2
2

]
+

(
C4

ϕC
2
gapmρk

λ2
min

+ CJC
2
ϕB

)
mρkβt

+ 2C4
ϕB

2LJβt

t−1∑
j=t−k

βj + CJC
4
ϕB

2Cπβt

t−1∑
j=t−k

t−1∑
i=j

βi. (35)

This hence completes the proof.
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B.2 BOUND ON ∥ηt − J(ωt)∥ IN AC

In this section, we bound the error between ηt and J(ωt), where J(ωt) =

limN→∞ E
[

1
N

∑N−1
t=0 Rt|πωt

]
is the average-reward for policy πωt

.

Lemma 8. If γt − γ2
t ≥ βt, then it holds that

E
[
∥ηt+1 − J(ωt+1)∥22

]
≤ (1− γt)E

[
∥ηt − J(ωt)∥22

]
+

C4
ϕB

2

2
βtE

[
∥∇J(ωt)∥22

]
+Gη

t , (36)

where

Gη
t = 2γt

R2
maxCπ

t−1∑
j=t−k

t−1∑
i=j

βj +R2
maxmρk +R2

max

t−1∑
j=t−k

γj +RmaxCJC
2
ϕB

t−1∑
j=t−k

βj


+R2

maxγ
2
t + C2

JC
4
ϕB

2β2
t + 2RmaxCJC

2
ϕBβtγt +RmaxLJC

4
ϕB

2β2
t . (37)

Proof. Recall the update rule in Algorithm 1. Then we have that

ηt+1 − J(ωt+1) = ηt + γt (Rt − ηt)− J(ωt+1) + J(ωt)− J(ωt+1). (38)

It then follows that

∥ηt+1 − J(ωt+1)∥22 = ∥(1− γt) (ηt − J(ωt)) + γt(Rt − J(ωt)) + J(ωt)− J(ωt+1)∥22
≤ (1− γt)

2 ∥ηt − J(ωt)∥22 + γ2
t ∥Rt − J(ωt)∥22 + ∥J(ωt)− J(ωt+1)∥22

+2γt ⟨Rt − J(ωt), J(ωt)− J(ωt+1)⟩︸ ︷︷ ︸
I

+2γt (1− γt) ⟨ηt − J(ωt), Rt − J(ωt)⟩︸ ︷︷ ︸
II

+2 (1− γt) ⟨ηt − J(ωt), J(ωt)− J(ωt+1)⟩︸ ︷︷ ︸
III

. (39)

The term ∥J(ωt)− J(ωt+1)∥2 can be bounded using its Lipschitz smoothness:

∥J(ωt)− J(ωt+1)∥2 ≤ CJ ∥ωt − ωt+1∥2 ≤ CJC
2
ϕBβt. (40)

Term I in Equation (39) can be bounded as follows:

|E [⟨Rt − J(ωt), J(ωt)− J(ωt+1)⟩]| ≤ E [∥Rt − J(ωt)∥2 ∥J(ωt)− J(ωt+1)∥2]
≤ RmaxCJE [∥ωt+1 − ωt∥2]
≤ RmaxCJC

2
ϕBβt. (41)

Term II in Equation (39) can be bounded as follows

|E [⟨ηt − J(ωt), Rt − J(ωt)⟩]|
≤ |E [⟨ηt−k − J(ωt−k), Rt − J(ωt)⟩]|+ |E [⟨ηt − ηt−k − J(ωt) + J(ωt−k), Rt − J(ωt)⟩]|
≤ |E [E [⟨ηt−k − J(ωt−k), Rt − J(ωt)⟩ |Ft−k]]|

+ E [∥ηt − ηt−k − J(ωt) + J(ωt−k)∥2 ∥Rt − J(ωt)∥2]
(a)

≤ R2
maxE [∥P (st, at|Ft−k) , Dt∥T V ] + E [∥ηt − ηt−k∥2 + ∥J(ωt)− J(ωt−k)∥2]Rmax

(b)

≤

∣∣∣∣∣∣R2
max

Cπ

t−1∑
j=t−k

E
[
∥ωt − ωj∥2

]
+mρk

∣∣∣∣∣∣
+

Rmax

t−1∑
j=t−k

γj + CJE [∥ωt − ωt−k∥2]

Rmax
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≤ R2
maxCπ

t−1∑
j=t−k

t−1∑
i=j

βj +R2
maxmρk +R2

max

t−1∑
j=t−k

γj +RmaxCJC
2
ϕB

t−1∑
j=t−k

βj , (42)

where (a) follows from that 0 ≤ ηt ≤ Rmax when η0 = 0 and EDt [R(s, a)− J(ωt)] = 0. From
0 ≤ J(ωt) ≤ R and 0 ≤ Rt ≤ Rmax, it holds that |⟨ηt−k − J(ωt−k), Rt − J(ωt)⟩| ≤ R2

max. (b)
follows from Lemma 4.

Term III in Equation (39) can be bounded as follows

|E [⟨ηt − J(ωt), J(ωt)− J(ωt+1)⟩] |
(a)

≤
∣∣E [〈ηt − J(ωt),−∇⊤J(ωt)(ωt+1 − ωt)

〉]∣∣
+

∣∣∣∣E [〈ηt − J(ωt), (ωt+1 − ωt)
⊤ ∇2J(ω̂t)

2
(ωt+1 − ωt)

〉]∣∣∣∣
= βt

∣∣E [〈ηt − J(ωt),−∇⊤J(ωt)(ϕ
⊤
t (st, at)θtϕt(st, at))

〉]∣∣
+ β2

t

∣∣∣∣E [〈ηt − J(ωt),
(
ϕ⊤
t (st, at)θtϕt(st, at)

)⊤ ∇2J(ω̂t)

2

(
ϕ⊤
t (st, at)θtϕt(st, at)

)〉]∣∣∣∣
(b)

≤ βt

2
E
[
∥ηt − J(ωt)∥22

]
+

C4
ϕB

2

2
βtE

[
∥∇J(ωt)∥22

]
+RmaxLJC

4
ϕB

2β2
t , (43)

where (a) follows from the Lagrange’s Mean Value Theorem and Lemma 1 for some ω̂t = λωt+(1−
λ)ωt+1 with λ ∈ [0, 1]; and (b) follows from ⟨a, b⟩ ≤ ∥a∥2+∥b∥2

2 and the fact that
∥∥∇2J(ω)

∥∥
2
≤ LJ .

Combining Equation (39), Equation (41),Equation (42) and Equation (43) implies

E
[
∥ηt+1 − J(ωt+1)∥22

]
≤
(
(1− γt)

2 + βt

)
E
[
∥ηt − J(ωt)∥22

]
+ βtC

4
ϕB

2E
[
∥∇J(ωt)∥22

]
+ 2γt

R2
maxCπ

t−1∑
j=t−k

t−1∑
i=j

βi +R2
maxmρk +R2

max

t−1∑
j=t−k

γj +RmaxCJC
2
ϕBβt


+R2

maxγ
2
t + C2

JC
4
ϕB

2β2
t + 2RmaxCJC

2
ϕBγt

t−1∑
j=t−k

βj + 2RmaxLJC
4
ϕB

2β2
t , (44)

which completes the proof.

B.3 TRACKING ERROR ANALYSIS OF AC

In this section, we bound the tracking error ∥θt − θ∗t ∥2. Recall that we write θ∗t = θ∗ωt
and θ∗ω is the

solution to Equation (4), i.e.,

EDπω

[
ϕ⊤
ω (s, a)

(
T (k)
πω

ϕ⊤
ω (s, a)θ

∗
ω − ϕ⊤

ω (s, a)θ
∗
ω

)]
= 0. (45)

We then present a recursive bound on the tracking error in the following lemma.
Lemma 9. Set the step sizes such that

λ̄minαt

2
≥ LJ + 2Cϕ

λmin
βt, (46)

then it holds that

E
[∥∥θt+1 − θ∗t+1

∥∥2
2

]
≤
(
1− λ̄minαt

2

)
E
[
∥θt − θ∗t ∥

2
2

]
+

LJ

λmin
βtE

[
∥∇J(ωt)∥22

]
+

(k + 1)2C2
ϕ

λ̄min
αtE

[
∥ηt − J(ωt)∥22

]
+Gθ

t , (47)
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where

Gθ
t =

(k + 1)CϕUδLJ

λmin
βt

t−1∑
j=t−k

αt + 2(k + 1)C3
ϕBUδCΘαtβt +

2(k + 1)CϕUδLJ

λmin
βt

t−1∑
j=t−k

αt

+ 2
(
BC2

ϕCgapLJ + 2LJCgap + 2BC2
ϕLJλmin

) mρk

λ2
min

βt +
4(k + 1)CϕUδCgapmρk

λmin
αt + 2αtG

δ
t

+
(
2BCϕLJ(CϕLπ + 2Lϕ) + 2BLΘλmin + 2BC2

ϕLJCπλmin + CΘλmin

) BC2
ϕ

λ2
min

βt

t∑
j=t−k

βj .

(48)

Proof. From Algorithm 1, it holds that∥∥θt+1 − θ∗t+1

∥∥2
2
=
∥∥ΠB (θt + αtδtzt)− θ∗t+1

∥∥2
2

(a)

≤
∥∥θt + αtδtzt − θ∗t+1

∥∥2
2

≤
∥∥θt + αtδtzt − θ∗t + θ∗t − θ∗t+1

∥∥2
2

≤ ∥θt − θ∗t ∥
2
2 + α2

t ∥δtzt∥
2
2 +

∥∥θ∗t − θ∗t+1

∥∥2
2
+ 2αt ⟨θt − θ∗t , δtzt⟩

+ 2αt

〈
δtzt, θ

∗
t − θ∗t+1

〉
+ 2

〈
θt − θ∗t , θ

∗
t − θ∗t+1

〉
, (49)

where (a) follows from the fact ∥ΠB(x)− y∥2 ≤ ∥x− y∥2 when ∥y∥2 ≤ B and
∥∥θ∗t+1

∥∥
2
≤ B.

Taking expectations on both sides further implies that

E
[∥∥θt+1 − θ∗t+1

∥∥2
2

]
≤ E

[
∥θt − θ∗t ∥

2
2

]
+ α2

tE
[
∥δtzt∥22

]
+ E

[∥∥θ∗t − θ∗t+1

∥∥2
2

]
+ 2αt E [⟨θt − θ∗t , δtzt⟩]︸ ︷︷ ︸

I

+2αt E
[〈
δtzt, θ

∗
t − θ∗t+1

〉]︸ ︷︷ ︸
II

+2E
[〈
θt − θ∗t , θ

∗
t − θ∗t+1

〉]︸ ︷︷ ︸
III

. (50)

The term
∥∥θ∗t − θ∗t+1

∥∥
2

can be bounded as follows∥∥θ∗t − θ∗t+1

∥∥
2
=
∥∥θ̄∗t − θ̄∗t+1 + θ∗t − θ̄∗t − θ∗t+1 + θ̄∗t+1

∥∥
2

≤
∥∥θ̄∗t − θ̄∗t+1

∥∥
2
+
∥∥θ∗t − θ̄∗t

∥∥
2
+
∥∥θ∗t+1 − θ̄∗t+1

∥∥
2

(a)

≤
∥∥θ̄∗t − θ̄∗t+1

∥∥
2
+

Cgapmρk

λmin
+

Cgapmρk

λmin

(b)

≤ CΘ ∥ωt − ωt+1∥2 +
2Cgapmρk

λmin

≤ βtCΘ

∥∥ϕ⊤
t (st, at)θtϕt(st, at)

∥∥
2
+

2Cgapmρk

λmin

≤ CΘC
2
ϕBβt +

2Cgapmρk

λmin
, (51)

where (a) follows from Proposition 4; and (b) follows from Lemma 2. Equation (51) further implies
that

E
[∥∥θ∗t − θ∗t+1

∥∥2
2

]
≤ 2C2

ΘC
4
ϕB

2β2
t +

8C2
gapm

2ρ2k

λ2
min

. (52)

By Lemma 5, we can bound term I in Equation (50) as follows

E [⟨θt − θ∗t , δtzt⟩] ≤ − λ̄min

2
E
[
∥θt − θ∗t ∥

2
2

]
+

(k + 1)2C2
ϕ

2λ̄min
E
[
∥J(ωt)− ηt∥22

]
+Gδ

t . (53)
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For term II in Equation (50), we have that

E
[〈
δtzt, θ

∗
t − θ∗t+1

〉]
≤ E

[
∥δtzt∥2

∥∥θ∗t − θ∗t+1

∥∥
2

]
≤ (k + 1)CϕUδ

(
CΘC

2
ϕBβt +

2Cgapmρk

λmin

)
= (k + 1)C3

ϕBUδCΘβt +
2(k + 1)CϕUδCgapmρk

λmin
, (54)

where the last inequality is from Lemma 2 and Proposition 4.

To bound term III in Equation (50), note that

E
[〈
θt − θ∗t , θ

∗
t − θ∗t+1

〉]
= E

[〈
θt − θ∗t , θ̄

∗
t − θ̄∗t+1

〉]
+ E

[〈
θt − θ∗t , θ

∗
t − θ̄∗t

〉]
+ E

[〈
θt − θ∗t , θ

∗
t+1 − θ̄∗t+1

〉]
≤ E

[〈
θt − θ∗t , F

−1
t ∇J(ωt)− F−1

t+1∇J(ωt+1)
〉]

+
βt

2
E
[
∥θt − θ∗t ∥

2
2

]
+

1

2βt
E
[∥∥θ∗t − θ̄∗t

∥∥2
2

]
+

βt

2
E
[
∥θt − θ∗t ∥

2
2

]
+

1

2βt
E
[∥∥θ∗t+1 − θ̄∗t+1

∥∥2
2

]
(a)

≤ E
[〈
θt − θ∗t , F

−1
t+1 (∇J(ωt)−∇J(ωt+1))

〉]
+ E

[〈
θt − θ∗t ,

(
F−1
t − F−1

t+1

)
∇J(ωt)

〉]
+ βtE

[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

(b)

≤ E
[〈
θt − θ∗t , F

−1
t+1∇2J(ω̂t) (ωt − ωt+1)

〉]
+

1

λ2
min

E [∥θt − θ∗t ∥2 ∥Ft − Ft+1∥2 ∥∇J(ωt)∥2]

+ βtE
[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

(c)

≤ βtE
[〈
θt − θ∗t , F

−1
t+1∇2J(ω̂t)

(
ϕ⊤
t (st, at)θtϕt(st, at)

)〉]
+

BC3
ϕ (CϕLπ + 2Lϕ)

2λ2
min

βtE
[
∥θt − θ∗t ∥

2
2

]
+

BC3
ϕ (CϕLπ + 2Lϕ)

2λ2
min

βtE
[
∥∇J(ωt)∥22

]
+ βtE

[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

= βtE
[〈
θt − θ∗t , F

−1
t+1∇2J(ω̂t)EDt

[
ϕ⊤
t (s, a)θ̄

∗
t ϕt(s, a)

]〉]︸ ︷︷ ︸
(i)

+ βtE
[〈
θt − θ∗t , F

−1
t+1∇2J(ω̂t)EDt

[
ϕ⊤
t (s, a)(θ

∗
t − θ̄∗t )ϕt(s, a)

]〉]︸ ︷︷ ︸
(ii)

+ βtE
[〈
θt − θ∗t , F

−1
t+1∇2J(ω̂t)EDt

[
ϕ⊤
t (s, a)(θt − θ∗t )ϕt(s, a)

]〉]︸ ︷︷ ︸
(iii)

+ βtE
[〈
θt − θ∗t , F

−1
t+1∇2J(ω̂t)

(
ϕ⊤
t (st, at)θtϕt(st, at)

)
− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉]︸ ︷︷ ︸
(iv)

+
BC3

ϕ (CϕLπ + 2Lϕ)

2λ2
min

βtE
[
∥∇J(ωt)∥22

]
+

BC3
ϕ (CϕLπ + 2Lϕ) + 2λ2

min

2λ2
min

βtE
[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

. (55)

where (a) follows from Proposition 4, (b) follows from that
∥∥F−1

t − F−1
t+1

∥∥
2

≤∥∥F−1
t F−1

t+1

∥∥
2
∥Ft − Ft+1∥2 and (c) is from that

∥Ft+1 − Ft∥2 =
∥∥EDt+1

[
ϕt+1(s, a)ϕ

⊤
t+1(s, a)

]
− EDt

[
ϕt(s, a)ϕ

⊤
t (s, a)

]∥∥
2

≤
∥∥EDt+1

[
ϕt+1(s, a)ϕ

⊤
t+1(s, a)

]
− EDt

[
ϕt+1(s, a)ϕ

⊤
t+1(s, a)

]∥∥
2
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+
∥∥EDt

[
ϕt+1(s, a)ϕ

⊤
t+1(s, a)

]
− EDt

[
ϕt(s, a)ϕ

⊤
t (s, a)

]∥∥
2

≤C2
ϕ ∥Dt+1 −Dt∥T V + E [(∥ϕt(s, a)∥2 + ∥ϕt+1(s, a)∥2) ∥ϕt(s, a)− ϕt+1(s, a)∥2]

≤C2
ϕLπ ∥ωt − ωt+1∥2 + 2CϕLϕ ∥ωt − ωt+1∥2

=
(
C2

ϕLπ + 2CϕLϕ

)
βt

∥∥ϕ⊤
t (st, at)θtϕt(st, at)

∥∥
2

≤BC3
ϕ (CϕLπ + 2Lϕ)βt. (56)

Lemma 10. For any ω, ω′ ∈ W ,
∥∥∇2J(ω)−∇2J(ω′)

∥∥
2
≤ LΘ ∥ω − ω′∥2 , where LΘ > 0 is the

Lipschitz constant.

Proof. According to (Heidergott & Hordijk, 2003), ∇Dπω
and ∇Dπω

are Lipschitz and bounded
when ∇πω(s, a) and ∇2πω(s, a) are Lipschitz and bounded, which also are applied in (Olshevsky &
Gharesifard, 2022).

From Assumption 2, ∇ϕω(s, a) = ∇2 log πω(s, a) is bounded and Lipschitz continu-
ous. From Lemma 1, ∇J(ω) is bounded and Lipschitz continuous. Next, ∇2J(ω) =∑

(s,a) ∇2Dπω
(s, a)R(s, a) = EDπω

[
∇2Dπω (s,a)
Dπω (s,a) R(s, a)

]
is bounded and Lipschitz continu-

ous.

We then consider the term (i),

(i) = βtE
[〈
θt − θ∗t , F

−1
t+1∇2J(ω̂t)∇J(ωt)

〉]
≤ βtE

[
∥θt − θ∗t ∥2

∥∥F−1
t+1

∥∥
2

∥∥∇2J(ω̂t)
∥∥
2
∥∇J(ωt)∥2

]
≤ LJβt

λmin

(
1

2
E
[
∥θt − θ∗t ∥

2
2

]
+

1

2
E
[
∥∇J(ωt)∥22

])
, (57)

where the first inequality follows from Lemma 1.

Next, we consider the term (ii),

(ii) ≤ βtE
[
∥θt − θ∗t ∥2

∥∥F−1
t+1

∥∥
2

∥∥∇2J(ω̂t)
∥∥
2
C2

ϕ

∥∥θ∗t − θ̄∗t
∥∥
2

]
≤

BC2
ϕLJβt

λmin

Cgapmρk

λmin
=

BC2
ϕCgapLJmρkβt

λ2
min

, (58)

where the last inequality follows from Lemma 1 and Proposition 4.

Then, consider the term (iii),

(iii) ≤ βtE
[
∥θt − θ∗t ∥2

∥∥F−1
t+1

∥∥
2

∥∥∇2J(ω̂t)
∥∥
2
C2

ϕ ∥θt − θ∗t ∥2
]

≤
C2

ϕLJβt

λmin
E
[
∥θt − θ∗t ∥

2
2

]
. (59)

Consider the term (iv),

(iv) = βtE
[〈
(F−1

t+1∇2J(ω̂t))
⊤(θt − θ∗t ),

(
ϕ⊤
t (st, at)θtϕt(st, at)

)
− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉]
≤ βtE[⟨((F−1

t+1∇2J(ω̂t))
⊤(θt − θ∗t )− (F−1

t−k∇
2J(ω̂t−k))

⊤(θt−k − θ∗t−k)),(
ϕ⊤
t (st, at)θtϕt(st, at)

)
− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]
⟩]

+ βtE
[〈
(F−1

t−k∇
2J(ω̂t−k))

⊤(θt−k − θ∗t−k),
(
ϕ⊤
t (st, at)θtϕt(st, at)

)
− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]〉]
≤ βtE

[∥∥(F−1
t+1∇2J(ω̂t))

⊤(θt − θ∗t )− (F−1
t−k∇

2J(ω̂t−k−1))
⊤(θt−k − θ∗t−k)

∥∥
2
2C2

ϕB
]

+ βtE[⟨(F−1
t−k∇

2J(ω̂t−k))
⊤(θt−k − θ∗t−k), ϕ

⊤
t (st, at)θtϕt(st, at)− EDt

[
ϕ⊤
t (s, a)θtϕt(s, a)

]
⟩]

≤ βtE
[∥∥(F−1

t+1∇2J(ω̂t))
⊤(θt − θ∗t )− (F−1

t−k∇
2J(ω̂t−k−1))

⊤(θt−k − θ∗t−k)
∥∥
2
2C2

ϕB
]

+ βtE

[
2BC2

ϕLJ

λmin
∥P (st, at|Ft−k)−Dt∥T V

]
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(a)

≤ βtE
[∥∥(F−1

t+1∇2J(ω̂t))
⊤(θt − θ∗t )− (F−1

t−k∇
2J(ω̂t−k−1))

⊤(θt−k − θ∗t−k)
∥∥
2
2C2

ϕB
]

+
2BC2

ϕLJβt

λmin

Cπ

t−1∑
j=t−k

∥ωt − ωj∥2 +mρk

 , (60)

where (a) follows from Lemma 4.

Consider the term
∥∥(F−1

t+1∇2J(ω̂t))
⊤(θt − θ∗t )− (F−1

t−k∇2J(ω̂t−k−1))
⊤(θt−k − θ∗t−k)

∥∥
2
, we have

that ∥∥(F−1
t+1∇2J(ω̂t))

⊤(θt − θ∗t )− (F−1
t−k∇

2J(ω̂t−k−1))
⊤(θt−k − θ∗t−k)

∥∥
2

≤ 2BLJ

∥∥F−1
t+1 − F−1

t−k

∥∥
2
+

2B

λmin

∥∥∇2J(ω̂t)−∇2J(ω̂t−k−1)
∥∥
2

+
LJ

λmin

(
∥θt − θt−k∥2 +

∥∥θ∗t − θ∗t−k

∥∥
2

)
(a)

≤
2B2LJC

3
ϕ (CϕLπ + 2Lϕ)

λ2
min

t∑
j=t−k

βj +
2B

λmin

∥∥∇2J(ω̂t)−∇2J(ω̂t−k−1)
∥∥
2

+
LJ

λmin

(
∥θt − θt−k∥2 +

∥∥θ̄∗t − θ̄∗t−k

∥∥
2
+
∥∥θ̄∗t − θ∗t

∥∥
2
+
∥∥θ∗t−k − θ̄∗t−k

∥∥
2

)
(b)

≤
2B2LJC

3
ϕ (CϕLπ + 2Lϕ)

λ2
min

t∑
j=t−k

βj +
2BLΘ

λmin
∥ωt+1 − ωt−k−1∥2

+
LJ

λmin

(
∥θt − θt−k∥2 + CΘ ∥ωt − ωt−k∥2 +

2Cgapmρk

λmin

)
≤

2B2LJC
3
ϕ (CϕLπ + 2Lϕ)

λ2
min

t∑
j=t−k

βj +
2B2C2

ϕLΘ

λmin

t∑
j=t−k

βt

+
LJ

λmin

(k + 1)CϕUδ

t−1∑
j=t−k

αt +BC2
ϕCΘ

t−1∑
j=t−k

βj +
2Cgapmρk

λmin


=

(k + 1)CϕUδLJ

λmin

t−1∑
j=t−k

αt +
2CgapLJmρk

λ2
min

+
BC2

ϕ

λ2
min

(2BCϕLJ(CϕLπ + 2Lϕ) + 2BLΘλmin + CΘλmin)

t∑
j=t−k

βj , (61)

where (a) follows from Equation (60) and (b) follows from Lemma 10.

Above all, the term (iv) can be bounded as:

(iv) ≤ (k + 1)CϕUδLJ

λmin
βt

t−1∑
j=t−k

αt +
2CgapLJmρk

λ2
min

βt +
2BC2

ϕLJmρk

λmin
βt

+
BC2

ϕ

λ2
min

(
2BCϕLJ(CϕLπ + 2Lϕ) + 2BLΘλmin + 2BC2

ϕLJCπλmin + CΘλmin

)
βt

t∑
j=t−k

βj .

(62)

Combine with term (i), (ii), (iii) and (iv), we have that

E
[〈
θt − θ∗t , θ

∗
t − θ∗t+1

〉]
≤ LJ + 2Cϕ

2λmin
βtE

[
∥θt − θ∗t ∥

2
2

]
+

LJ

2λmin
βtE

[
∥∇J(ωt)∥22

]
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+
(
BC2

ϕCgapLJ + 2LJCgap + 2BC2
ϕLJλmin

) mρk

λ2
min

βt +
(k + 1)CϕUδLJ

λmin
βt

t−1∑
j=t−k

αt

+
BC2

ϕ

λ2
min

(
2BCϕLJ(CϕLπ + 2Lϕ) + 2BLΘλmin + 2BC2

ϕLJCπλmin + CΘλmin

)
βt

t∑
j=t−k

βj .

(63)

This bounds term III in Equation (50).

Plugging bounds on term I, II, III in Equation (50) further implies

E
[∥∥θt+1 − θ∗t+1

∥∥2
2

]
≤
(
1− λ̄minαt +

LJ + 2Cϕ

λmin
βt

)
E
[
∥θt − θ∗t ∥

2
2

]
+

LJ

λmin
βtE

[
∥∇J(ωt)∥22

]
+

(k + 1)2C2
ϕ

λ̄min
αtE

[
∥ηt − J(ωt)∥22

]
+

(k + 1)CϕUδLJ

λmin
βt

t−1∑
j=t−k

αt + 2(k + 1)C3
ϕBUδCΘαtβt

+
2(k + 1)CϕUδLJ

λmin
βt

t−1∑
j=t−k

αt + 2
(
BC2

ϕCgapLJ + 2LJCgap + 2BC2
ϕLJλmin

) mρk

λ2
min

βt

+
(
2BCϕLJ(CϕLπ + 2Lϕ) + 2BLΘλmin + 2BC2

ϕLJCπλmin + CΘλmin

) BC2
ϕ

λ2
min

βt

t∑
j=t−k

βj

+
4(k + 1)CϕUδCgapmρk

λmin
αt + 2αtG

δ
t , (64)

which completes the proof.

B.4 SAMPLE COMPLEXITY OF AC

We first present our proof of Proposition 5.
Proposition 8. (Restatement of Proposition 5) With the constant step sizes, the tracking error of the
AC algorithm in Algorithm 1 can be bounded as follows:

1

T

T−1∑
t=0

E
[
∥θ∗t − θt∥22

]
≤
(
cαβ

α
+

cηβ

γ

)
1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
+O

(
1

Tα

)
+O

(
log2 T

Tγ

)
+O

(
α log2 T

)
+O

(
β log3 T

)
+O

(
γ log3 T

)
+O

(
β2 log2 T

α

)
+O

(
β2

γ

)
, (65)

where cα and cη are constants defined later.

Proof. Recall that in Lemma 9, we showed

E
[∥∥θt+1 − θ∗t+1

∥∥2
2

]
≤
(
1− λ̄minα

2

)
E
[
∥θt − θ∗t ∥

2
2

]
+

LJ

λmin
βtE

[
∥∇J(ωt)∥22

]
+

(k + 1)2C2
ϕ

λ̄min
αtE

[
∥ηt − J(ωt)∥22

]
+Gθ

t , (66)

where for any 0 ≤ t ≤ T ,

Gθ
t ≡ O

(
k(mρk)α+ k(mρk)β +

(mρk)2

β
+ k3α2 + k3αβ + k2β2

)
. (67)

Apply this inequality recursively, we have that

E
[
∥θt − θ∗t ∥

2
2

]
≤
(
1− λ̄minα

2

)t [
∥θ0 − θ∗0∥

2
2

]
+

LJ

λmin
β

t∑
j=0

(
1− λ̄minα

2

)t−j

E
[
∥∇J(ωj)∥22

]
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+
(k + 1)2C2

ϕ

λ̄min
α

t∑
j=0

(
1− λ̄minα

2

)t−j

E
[
∥J(ωj)− ηj∥22

]
+

t∑
j=0

(
1− λ̄minα

2

)t−j

Gθ
j

≤ (1− q)
t
[
∥θ0 − θ∗0∥

2
2

]
+

LJ

λmin
β

t∑
j=0

(1− q)
t−j E

[
∥∇J(ωj)∥22

]

+
(k + 1)2C2

ϕ

λ̄min
α

t∑
j=0

(1− q)
t−j E

[
∥J(ωj)− ηj∥22

]
+

t∑
j=0

(1− q)
t−j

Gθ
j , (68)

where q = λ̄minα
2 .

Summing the inequality above w.r.t. t from 0 to T − 1 further implies that

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
≤ 1

T

T−1∑
t=0

(1− q)
t
[
∥θ0 − θ∗0∥

2
2

]
+

LJβ

λminT

T−1∑
t=0

t∑
j=0

(1− q)
t−j E

[
∥∇J(ωj)∥22

]

+
k2C2

ϕ

λ̄min
α
1

T

T−1∑
t=0

t∑
j=0

(1− q)
t−j E

[
∥J(ωj)− ηj∥22

]
+

1

T

T−1∑
t=0

t∑
j=0

(1− q)
t−j

Gθ
j

≤ 4B2

Tq
+

βLJ

λminT

T−1∑
j=0

T−1∑
t=j

(1− q)
t−j E

[
∥∇J(ωj)∥22

]

+
(k + 1)2C2

ϕ

λ̄min
α
1

T

T−1∑
j=0

T−1∑
t=j

(1− q)
t−j E

[
∥J(ωj)− ηj∥22

]
+

1

T

T−1∑
t=0

t∑
j=0

(1− q)
t−j

Gθ
j

≤ 4B2

Tq
+

LJβ

λminTq

T−1∑
j=0

E
[
∥∇J(ωj)∥22

]
+

(k + 1)2C2
ϕ

λ̄min

α

Tq

T−1∑
j=0

E
[
∥J(ωj)− ηj∥22

]
+

1

Tq

T−1∑
t=0

Gθ
t ,

(69)

where the last inequality is from the double-sum trick:
∑T

t=0

∑t
j=0 k

t−jXj ≤

(
∑T

t=0 Xt)(
∑T

t=0 k
t) ≤

∑T
t=0 Xt

1−k .

Recall that we showed in Appendix B.2 that

E
[
∥ηt+1 − J(ωt+1)∥22

]
≤ (1− γ)E

[
∥ηt − J(ωt)∥22

]
+

β

2
C4

ϕB
2E
[
∥∇J(ωt)∥22

]
+Gη

t , (70)

where for t from 0 to T ,
Gη

t ≡ O
(
(mρk)γ + β2 + k2βγ + kγ2

)
. (71)

Recursively applying this inequality implies that

E
[
∥ηt − J(ωt)∥22

]
≤ (1− γ)

t ∥η0 − J(ω0)∥22 +
B2C4

ϕ

2
β

t−1∑
j=0

(1− γ)
t−j E

[
∥∇J(ωj)∥22

]
+

t−1∑
j=0

(1− γ)
t−j

Gη
t

≤ R2
max (1− γ)

t
+

B2C4
ϕ

2
β

t−1∑
j=0

(1− γ)
t−j E

[
∥∇J(ωj)∥22

]
+

t−1∑
j=0

(1− γ)
t−j

Gη
t . (72)

We then sum the above inequality w.r.t. t from 0 to T − 1, and have that

1

T

T−1∑
t=0

E
[
∥ηt − J(ωt)∥22

]
≤ R2

max

1

T

T−1∑
t=0

(1− γ)
t ∥η0 − J(ω0)∥22
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+
B2C4

ϕ

2

β

T

T−1∑
t=0

t−1∑
j=0

(1− γ)
t−j E

[
∥∇J(ωj)∥22

]
+

1

T

T−1∑
t=0

t−1∑
j=0

(1− γ)
t−j

Gη
t

≤ R2
max

Tγ
+

B2C4
ϕ

2

β

T

T−1∑
j=0

T−1∑
t=j

(1− γ)
t−j E

[
∥∇J(ωj)∥22

]
+

1

Tγ

T−1∑
t=0

Gη
t

≤ R2
max

Tγ
+

B2C4
ϕ

2

β

T

T−1∑
j=0

1

γ
E
[
∥∇J(ωj)∥22

]
+

1

Tγ

T−1∑
t=0

Gη
t

=
R2

max

Tγ
+

B2C4
ϕ

2

β

Tγ

T−1∑
j=0

E
[
∥∇J(ωj)∥22

]
+

1

Tγ

T−1∑
t=0

Gη
t , (73)

where we use the double-sum trick again.

Plugging Equation (73) in Equation (69) further implies that

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
≤ 4B2

Tq
+

LJ

λ̄2
min

β

Tα

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
+

2(k + 1)2C2
ϕ

(λ̄min)2
1

T

T−1∑
t=0

E
[
∥J(ωt)− ηt∥22

]
+

1

Tq

T−1∑
t=0

Gθ
t

≤

(
LJβ

λ̄2
minα

+
B2(k + 1)2C6

ϕβ

(λ̄min)2γ

)
1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
+

4B2

Tq
+

1

Tq

T−1∑
t=0

Gθ
t

+
2(k + 1)2C2

ϕR
2
max

(λ̄min)2Tγ
+

2(k + 1)2C2
ϕ

(λ̄min)2
1

Tγ

T−1∑
t=0

Gη
t

=

(
cαβ

α
+

cηβ

γ

)
1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
+

4B2

Tq
+

1

Tq

T−1∑
t=0

Gθ
t

+
2(k + 1)2C2

ϕR
2
max

(λ̄min)2Tγ
+

2(k + 1)2C2
ϕ

(λ̄min)2
1

Tγ

T−1∑
t=0

Gη
t , (74)

where cα = LJ

λ̄2
min

and cη =
B2(k+1)2C6

ϕ

(λ̄min)2
.

This completes the proof of Proposition 5.

We are now ready to prove Theorem 1.

Theorem 3. (Restatement of Theorem 1) Consider the AC algorithm in Algorithm 1 with constant
step sizes, it holds that

1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
≤ C4

ϕ

1

T

T−1∑
t=0

E
[
∥θ∗t − θt∥22

]
+O

(
1

Tβ

)
+O

(
β log2 T

)
. (75)

If further set γ = O( 1√
T
), α = O( 1√

T log2 T
), β = O( 1√

T log2 T
), we have that

1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
≤ O

(
log3 T√

T

)
. (76)
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Proof. In equation 74, if we set β ≤ λminq
8C4

ϕLJ
=

αλ̄2
min

16C4
ϕLJ

, and plug Equation (29) in Equation (74),
and we have that

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
≤
(
cαβ

α
+

cηβ

γ

)
1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
+

4B2

Tq
+

1

Tq

T−1∑
t=0

Gθ
t

+
2(k + 1)2C2

ϕR
2
max

(λ̄min)2Tγ
+

2(k + 1)2C2
ϕ

(λ̄min)2
1

Tγ

T−1∑
t=0

Gη
t

≤ 4B2

Tq
+

1

4C4
ϕTβ

(E [J(ωt+1)]− J(ω0)) +
1

4

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
+

1

4C4
ϕ

1

Tβ

T−1∑
t=0

Gω
t

+
2(k + 1)2C2

ϕ

(λ̄min)2

R2
max

Tγ
+

B2C4
ϕ

2

β

Tγ

T−1∑
j=0

E
[
∥∇J(ωj)∥22

]
+

1

Tγ

T−1∑
t=0

Gη
t

+
1

Tq

T−1∑
t=0

Gθ
t

≤ 1

4C4
ϕTβ

(E [J(ωt+1)]− J(ω0)) +
1

4

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
+

4B2

Tq
+

1

4C4
ϕβ

1

T

T−1∑
t=0

Gω
t

+
2(k + 1)2C2

ϕ

(λ̄min)2

(
R2

max

Tγ
+

1

Tγ

T−1∑
t=0

Gη
t

)
+

(k + 1)2C6
ϕBβ

(λ̄min)2γ

(
2

Tβ
(E [J(ωt+1)]− J(ω0))

)

+
(k + 1)2C6

ϕBβ

(λ̄min)2γ

(
2C4

ϕ

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
+

2

β

1

T

T−1∑
t=0

Gω
t

)
+

1

Tq

T−1∑
t=0

Gθ
t . (77)

If we set
2(k+1)2C10

ϕ Bβ

(λ̄min)2γ
≤ 1

4 , it then follows that

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
≤ 1

4C4
ϕTβ

(E [J(ωt+1)]− J(ω0)) +
1

4

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
+

4B2

Tq
+

1

4C4
ϕβ

1

T

T−1∑
t=0

Gω
t

+
2(k + 1)2C2

ϕ

(λ̄min)2

(
R2

max

Tγ
+

1

Tγ

T−1∑
t=0

Gη
t

)
+

1

8C4
ϕ

(
2

Tβ
(E [J(ωt+1)]− J(ω0))

)

+
1

8C4
ϕ

(
2C4

ϕ

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
+

2

β

1

T

T−1∑
t=0

Gω
t

)
+

1

Tq

T−1∑
t=0

Gθ
t

=
1

2C4
ϕTβ

(E [J(ωt+1)]− J(ω0)) +
1

2

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
+

4B2

Tq
+

1

2C4
ϕβ

1

T

T−1∑
t=0

Gω
t

+
2(k + 1)2C2

ϕ

(λ̄min)2

(
R2

max

Tγ
+

1

Tγ

T−1∑
t=0

Gη
t

)
+

1

Tq

T−1∑
t=0

Gθ
t . (78)

This further implies that

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
≤ 1

C4
ϕTβ

(E [J(ωt+1)]− J(ω0))

+
8B2

Tq
+

1

C4
ϕTβ

T−1∑
t=0

Gω
t +

4(k + 1)2C2
ϕ

(λ̄min)2

(
R2

max

Tγ
+

1

Tγ

T−1∑
t=0

Gη
t

)
+

2

Tq

T−1∑
t=0

Gθ
t .

(79)
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Next, we choose the stepsizes to minimize the tracking error and the gradient norm. We choose
γ = 1√

T
and k ≥

⌈
log T
1−ρ

⌉
. Then, λ̄min ≥ λmin

2 . We set α and β such that α = CΘλmin

2k2C6
ϕB

2 γ and

β = min
{

λmin

2CΘ+4CΘC2
ϕ+4

α, λmin

16C4
ϕCΘ

α,
λ2
min

4k2C6
ϕB

2 γ
}

. It holds that

γ = O(
1√
T
), α = O(

1√
T log2 T

), β = O(
1√

T log2 T
), q = O(

1√
T log2 T

). (80)

With the setp size, the orders of the following terms can be determined:

1

T

T−1∑
t=0

Gω
t = O

(
(mρk)β + k2β2

)
= O

(
1

T log2 T

)
;

1

T

T−1∑
t=0

Gη
t = O

(
(mρk)γ + β2 + k2βγ + kγ2

)
= O

(
log T

T

)
;

1

T

T−1∑
t=0

Gθ
t = O

(
k(mρk)α+ k(mρk)β +

(mρk)2

β
+ k3α2 + k3αβ + k2β2

)
= O

(
1

T log T

)
.

(81)

Then Equation (79) can be bounded as

1

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
= O

(
log3 T√

T

)
. (82)

Now we involve Equation (29), and have that

1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
≤ 2 (E [J(ωt+1)]− J(ω0))

Tβ
+

2C4
ϕ

T

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
+

2

Tβ

T−1∑
t=0

Gω
t .

(83)

Plugging Equation (79) in Equation (83) implies

1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
≤ 2C4

ϕ

(
E [J(ωt+1)]− J(ω0)

C4
ϕTβ

+
8B2

Tq
+

4(k + 1)2C2
ϕ

(λ̄min)2
4R2

max

Tγ

)
+

2

Tβ

T−1∑
t=0

E
[
∥θt − θ∗t ∥

2
2

]
+ 2C4

ϕ

(
1

C4
ϕTβ

T−1∑
t=0

Gω
t +

4(k + 1)2C2
ϕ

(λ̄min)2
1

Tγ

T−1∑
t=0

Gη
t +

2

Tq

T−1∑
t=0

Gθ
t

)
+

2

Tβ

T−1∑
t=0

Gω
t

≤
16C4

ϕB
2

Tq
+

8(k + 1)2C6
ϕ

(λ̄min)2

(
4R2

max

Tγ
+

1

T

T−1∑
t=0

Gη
t

)
+

4C4
ϕ

Tq

T−1∑
t=0

Gθ
t

+
4

Tβ
(E [J(ωt+1)]− J(ω0)) +

4

Tβ

T−1∑
t=0

Gω
t . (84)

After plugging in the step sizes set above, we have that

1

T

T−1∑
t=0

E
[
∥∇J(ωt)∥22

]
= O

(
log3 T√

T

)
, (85)

which completes the proof.
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C NAC SAMPLE COMPLEXITY ANALYSIS

In this section, we provide the sample complexity analysis of NAC.

C.1 BOUND ON GRADIENT NORM IN NAC

Recall that in Algorithm 1, NAC updates the policy parameter as follows: ωt+1 − ωt = βtθt, which
directly implies that

∥ωt+1 − ωt∥2 ≤ βt ∥θt∥2 ≤ Bβt. (86)

We denote by λm the maximum eigenvalue of the matrix EDt

[
ϕ⊤
t (s, a)ϕt(s, a)

]
. Then, by Lemma 1,

we can show that

J(ωt+1) ≥ J(ωt) + ⟨∇J(ωt), ωt+1 − ωt⟩ −
LJ

2
∥ωt+1 − ωt∥22

≥ J(ωt) + βt ⟨∇J(ωt), θt⟩ −
β2
tLJ

2
∥θt∥22

≥ J(ωt) + βt ⟨∇J(ωt), θt − θ∗t ⟩+ βt

〈
∇J(ωt), θ

∗
t − θ̄∗t

〉
+ βt

〈
∇J(ωt), θ̄

∗
t

〉
− LJB

2β2
t

2

≥ J(ωt)−
βt

4λm
∥∇J(ωt)∥22 − λmβt ∥θt − θ∗t ∥

2
2 −

βt

4λm
∥∇J(ωt)∥22 − λmβt

∥∥θ∗t − θ̄∗t
∥∥2
2

+ βt

〈
∇J(ωt),

(
EDt

[
ϕ⊤
t (s, a)ϕt(s, a)

])−1 ∇J(ωt)
〉
− LJB

2β2
t

2

≥ J(ωt) +
βt

λm
∥∇J(ωt)∥22 −

βt

2λm
∥∇J(ωt)∥22 − λmβt ∥θt − θ∗t ∥

2
2 −

Cgapmρkβt

λmin

− LJB
2β2

t

2

= J(ωt) +
βt

2λm
∥∇J(ωt)∥22 − λmβt ∥θt − θ∗t ∥

2
2 −

Cgapmρkβt

λmin
− LJB

2β2
t

2
. (87)

Taking the expectation on both sides, we have that

E
[
∥∇J(ωt)∥22

]
≤ E [J(ωt+1)]− E [J(ωt)]

βt
+ 2λ2

mE
[
∥θt − θ∗t ∥

2
2

]
+

λmCgapmρk

λmin
+

LJB
2βt

2
.

(88)

C.2 BOUND ON ∥ηt − J(ωt)∥ IN NAC

In this section, we bound the term ηt − J(ωt) for the NAC algorithm.
Lemma 11. If we denote

G̃η
t = 2γt

R2
maxCπ

t−1∑
j=t−k

t−1∑
i=j

βj +R2
maxmρk +R2

max

t−1∑
j=t−k

γj +BCJRmax

t−1∑
j=t−k

βj


+ 2R2

maxγ
2
t + C2

JB
2β2

t + 2BCJRmaxβtγt + 2RmaxLJB
2β2

t , (89)

and set γt − γ2
t ≥ βt, then it holds that

E
[
∥ηt+1 − J(ωt+1)∥22

]
≤
(
(1− γt)

2 + βt

)
E
[
∥ηt − J(ωt)∥22

]
+ βtB

2E
[
∥∇J(ωt)∥22

]
+ G̃η

t .

(90)

Proof. Similar to the AC analysis in Appendix B.2, we have that

∥ηt+1 − J(ωt+1)∥22 = ∥(1− γt) (ηt − J(ωt)) + γt(Rt − J(ωt)) + J(ωt)− J(ωt+1)∥22
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≤ (1− γt)
2 ∥ηt − J(ωt)∥22 + γ2

t ∥Rt − J(ωt)∥22 + ∥J(ωt)− J(ωt+1)∥22
+ 2γt ⟨Rt − J(ωt), J(ωt)− J(ωt+1)⟩︸ ︷︷ ︸

I

+2γt (1− γt) ⟨ηt − J(ωt), Rt − J(ωt)⟩︸ ︷︷ ︸
II

+ 2 (1− γt) ⟨ηt − J(ωt), J(ωt)− J(ωt+1)⟩︸ ︷︷ ︸
III

. (91)

The term ∥J(ωt)− J(ωt+1)∥2 can be bounded using its Lipschitz smoothness as follows

∥J(ωt)− J(ωt+1)∥2 ≤ CJ ∥ωt − ωt+1∥2 ≤ CJBβt. (92)

Term II in Equation (91) can be bounded as follows

|E [⟨ηt − J(ωt), Rt − J(ωt)⟩]|
≤ |E [⟨ηt−k − J(ωt−k), Rt − J(ωt)⟩]|+ |E [⟨ηt − ηt−k − J(ωt) + J(ωt−k), Rt − J(ωt)⟩]|
≤ |E [E [⟨ηt−k − J(ωt−k), Rt − J(ωt)⟩ |Ft−k]]|
+ E [∥ηt − ηt−k − J(ωt) + J(ωt−k)∥2 ∥Rt − J(ωt)∥2]

(a)

≤ R2
maxE [∥P ((st, at)|Ft−k) , Dt∥T V ] + E [∥ηt − ηt−k∥2 + ∥J(ωt)− J(ωt−k)∥2]Rmax

(b)

≤ R2
max

Cπ

t−1∑
j=t−k

E
[
∥ωt − ωj∥2

]
+mρk


+Rmax

Rmax

t−1∑
j=t−k

γj + CJE [∥ωt − ωt−k∥2]


≤ R2

maxCπ

t−1∑
j=t−k

t−1∑
i=j

βi +R2
maxmρk +R2

max

t−1∑
j=t−k

γj +RmaxCJB

t−1∑
j=t−k

βj , (93)

where (a) follows from that 0 ≤ ηt ≤ Rmax when η0 = 0 and EDt
[R(s, a)− J(ωt)] = 0. From

0 ≤ J(ωt) ≤ R and 0 ≤ Rt ≤ Rmax, it holds that |⟨ηt−k − J(ωt−k), Rt − J(ωt)⟩| ≤ R2
max. (b)

follows from Lemma 4.

Term I can be bounded as follows

|E [⟨Rt − J(ωt), J(ωt)− J(ωt+1)⟩]| ≤ E [|Rt − J(ωt)| |J(ωt)− J(ωt+1)|]
≤ RmaxCJE [∥ωt+1 − ωt∥2] ≤ BCJRmaxβt. (94)

We then bound term III as follows

|E [⟨ηt − J(ωt), J(ωt)− J(ωt+1)⟩]|

=

∣∣∣∣E [〈ηt − J(ωt),−∇⊤J(ωt)(ωt+1 − ωt) +
∇2J(ω̂t)

2
(ωt+1 − ωt)

2

〉]∣∣∣∣
≤
∣∣E [〈ηt − J(ωt),−∇⊤J(ωt)(ωt+1 − ωt)

〉]∣∣+ ∣∣∣∣E [〈ηt − J(ωt),
∇2J(ω̂t)

2
(ωt+1 − ωt)

2

〉]∣∣∣∣
= βt

∣∣E [〈ηt − J(ωt),−∇⊤J(ωt)θt
〉]∣∣+ β2

t

∣∣∣∣E [〈ηt − J(ωt),
∇2J(ω̂t)

2
∥θt∥22

〉]∣∣∣∣
≤ βt

2
E
[
∥ηt − J(ωt)∥22

]
+

B2βt

2
E
[
∥∇J(ωt)∥22

]
+

RmaxLJB
2

2
β2
t , (95)

where the first equation is from the Mean Value theorem for some ω̂t = λωt+(1−λ)ωt+1, λ ∈ (0, 1).

Plug Equation (93),Equation (94) and Equation (95) in Equation (91), and we have that

E
[
∥ηt+1 − J(ωt+1)∥22

]
≤
(
(1− γt)

2 + βt

)
E
[
∥ηt − J(ωt)∥22

]
+ C4

ϕB
2βtE

[
∥∇J(ωt)∥22

]
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+ 2γt

R2
maxCπ

t−1∑
j=t−k

t−1∑
i=j

βj +R2
maxmρk +R2

max

t−1∑
j=t−k

γj +RmaxCJBβt


+R2

maxγ
2
t + C2

JB
2β2

t + 2BCJRmaxβtγt + 2RmaxLJB
2β2

t . (96)

This completes the proof.

C.3 TRACKING ERROR ANALYSIS OF NAC

In this section, we bound the tracking error θt − θ∗t for NAC. Define

G̃θ
t =

(
8C2

gap +
2C2

gap

βt
+ βtCΘC

2
gap

)(
mρk

λmin

)2

+ 4(k + 1)CϕUδ (2Bλmin + 3Cgap)αt
mρk

λmin

+ 4B2UδCπαt

t−1∑
j=t−k

t−1∑
i=j

βi + 4(k + 1)CϕUδ

(k + 1)CϕUδαt

t−1∑
j=t−2k

αj + CΘBαt

t−1∑
j=t−2k

βj


+ U2

δ (k + 1)2C2
ϕα

2
t + 8BCϕUδαt

t−1∑
j=t−k

CπB

j−1∑
i=j−k

j−1∑
ι=i

βι + LπB

t−1∑
i=j

βi


+ 2(k + 1)CϕBUδCΘαtβt + 2C2

ΘB
2β2

t , (97)

and set

λ̄minαt

2
≥ (4CΘ + 2)βt. (98)

Lemma 12. It holds that

E
[∥∥θt+1 − θ∗t+1

∥∥2
2

]
≤
(
1− λ̄minαt

2

)
E
[
∥θt − θ∗t ∥

2
2

]
+

CΘ

λ2
min

βtE
[
∥∇J(ωt)∥22

]
+

(k + 1)2C2
ϕ

λ̄min
αtE

[
∥J(ωt)− ηt∥22

]
+ G̃θ

t . (99)

Proof. From the update rule of Algorithm 1, we have that∥∥θt+1 − θ∗t+1

∥∥2
2
=
∥∥ΠB (θt + αtδtzt)− θ∗t+1

∥∥2
2

(a)

≤
∥∥θt + αtδtzt − θ∗t+1

∥∥2
2

≤
∥∥θt + αtδtzt − θ∗t + θ∗t − θ∗t+1

∥∥2
2

≤ ∥θt − θ∗t ∥
2
2 + α2

t ∥δtzt∥
2
2 +

∥∥θ∗t − θ∗t+1

∥∥2
2
+ 2αt ⟨θt − θ∗t , δtzt⟩

+ 2αt

〈
δtzt, θ

∗
t − θ∗t+1

〉
+ 2

〈
θt − θ∗t , θ

∗
t − θ∗t+1

〉
, (100)

where (a) follows from the fact ∥ΠB(x)− y∥2 ≤ ∥x− y∥2 when ∥y∥2 ≤ B and
∥∥θ∗t+1

∥∥
2
≤ B.

Taking expectations on both sides, we have that

E
[∥∥θt+1 − θ∗t+1

∥∥2
2

]
≤ E

[
∥θt − θ∗t ∥

2
2

]
+ α2

tE
[
∥δtzt∥22

]
+ E

[∥∥θ∗t − θ∗t+1

∥∥2
2

]
+ 2αt E [⟨θt − θ∗t , δtzt⟩]︸ ︷︷ ︸

I

+2αt E
[〈
δtzt, θ

∗
t − θ∗t+1

〉]︸ ︷︷ ︸
II

+2E
[〈
θt − θ∗t , θ

∗
t − θ∗t+1

〉]︸ ︷︷ ︸
III

. (101)

For the term
∥∥θ∗t − θ∗t+1

∥∥
2
, we have that∥∥θ∗t − θ∗t+1

∥∥
2
=
∥∥θ̄∗t − θ̄∗t+1 + θ∗t − θ̄∗t − θ∗t+1 + θ̄∗t+1

∥∥
2
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≤
∥∥θ̄∗t − θ̄∗t+1

∥∥
2
+
∥∥θ∗t − θ̄∗t

∥∥
2
+
∥∥θ∗t+1 − θ̄∗t+1

∥∥
2

(a)

≤
∥∥θ̄∗t − θ̄∗t+1

∥∥
2
+

Cgapmρk

λmin
+

Cgapmρk

λmin

= ∥∇(ω̂t) (ωt − ωt+1)∥2 +
2Cgapmρk

λmin

≤ βtCΘ ∥θt∥2 +
2Cgapmρk

λmin

≤ CΘBβt +
2Cgapmρk

λmin
, (102)

where (a) follows from the Proposition 4. Hence we have that

E
[∥∥θ∗t − θ∗t+1

∥∥2
2

]
≤ 2C2

ΘB
2β2

t +
8C2

gapm
2ρ2k

λ2
min

. (103)

By Lemma 5, term I in Equation (101) can be bounded as

E [⟨θt − θ∗t , δtzt⟩] ≤− λ̄min

2
E
[
∥θt − θ∗t ∥

2
2

]
+

(k + 1)2C2
ϕ

2λ̄min
E
[
∥J(ωt)− ηt∥22

]
+Gδ

t . (104)

For term II in Equation (101), we have that

E
[〈
δtzt, θ

∗
t − θ∗t+1

〉]
≤ E

[
∥δtzt∥2

∥∥θ∗t − θ∗t+1

∥∥
2

]
≤ (k + 1)CϕUδE

[∥∥θ̄∗t+1 − θ̄∗t
∥∥
2
+
∥∥θ∗t − θ̄∗t

∥∥
2
+
∥∥θ∗t+1 − θ̄∗t+1

∥∥
2

]
≤ (k + 1)CϕUδCΘ ∥ωt+1 − ωt∥2 +

2(k + 1)CϕUδCgapmρk

λmin

≤ (k + 1)CϕBUδCΘβt +
2(k + 1)CϕUδCgapmρk

λmin
. (105)

For term III in Equation (101), we have that

E
[〈
θt − θ∗t , θ

∗
t − θ∗t+1

〉]
= E

[〈
θt − θ∗t , θ̄

∗
t+1 − θ̄∗t+1

〉]
+ E

[〈
θt − θ∗t , θ̄

∗
t − θ∗t

〉]
+ E

[〈
θt − θ∗t , θ̄

∗
t+1 − θ∗t+1

〉]
≤

≤ E [∥θt − θ∗t ∥2 CΘ ∥ωt+1 − ωt∥2] + βtE
[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

= βtE [∥θt − θ∗t ∥2 CΘ ∥θt∥2] + βtE
[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

≤ CΘβtE
[
∥θt − θ∗t ∥2

∥∥θ̄∗t ∥∥2]+ βtE
[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

+ CΘβtE
[
∥θt − θ∗t ∥

2
2

]
+ CΘβtE

[
∥θt − θ∗t ∥2

∥∥θ∗t − θ̄∗t
∥∥
2

]
≤ CΘβtE

[
∥θt − θ∗t ∥2

∥∥θ̄∗t ∥∥2]+ βtE
[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

+ CΘβtE
[
∥θt − θ∗t ∥

2
2

]
+ CΘβtE

[
∥θt − θ∗t ∥2

∥∥θ∗t − θ̄∗t
∥∥
2

]
≤ 1

2
CΘβtE

[
∥θt − θ∗t ∥

2
2

]
+

1

2
CΘβtE

[∥∥∥(EDt

[
ϕ⊤
t (s, a)ϕt(s, a)

])−1 ∇J(ωt)
∥∥∥2
2

]
+ βtE

[
∥θt − θ∗t ∥

2
2

]
+

1

βt

(
Cgapmρk

λmin

)2

+ CΘβtE
[
∥θt − θ∗t ∥

2
2

]
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+
CΘ

2
βtE

[
∥θt − θ∗t ∥

2
2

]
+

CΘ

2

(
Cgapmρk

λmin

)2

βt

≤ (2CΘ + 1)βtE
[
∥θt − θ∗t ∥

2
2

]
+

CΘ

2λ2
min

βtE
[
∥∇J(ωt)∥22

]
+

(
βtCΘ

2
+

1

βt

)(
Cgapmρk

λmin

)2

.

(106)

Combine the bounds on terms I, II, III in Equation (101) together, we have that

E
[∥∥θt+1 − θ∗t+1

∥∥2
2

]
≤
(
1− λ̄minαt + (4CΘ + 2)βt

)
E
[
∥θt − θ∗t ∥

2
2

]
+

CΘ

λ2
min

βtE
[
∥∇J(ωt)∥22

]
+

(k + 1)2C2
ϕ

λ̄min
αtE

[
∥J(ωt)− ηt∥22

]
+

(
8C2

gap +
2C2

gap

βt
+ βtCΘC

2
gap

)(
mρk

λmin

)2

+ 4B2UδCπαt

t−1∑
j=t−k

t−1∑
i=j

βi + 4(k + 1)CϕUδ

(k + 1)CϕUδαt

t−1∑
j=t−2k

αj + CΘBαt

t−1∑
j=t−2k

βj


+ U2

δ (k + 1)2C2
ϕα

2
t + 8BCϕUδαt

t−1∑
j=t−k

CπB

j−1∑
i=j−k

j−1∑
ι=i

βι + LπB

t−1∑
i=j

βi


+ 2(k + 1)CϕBUδCΘαtβt + 2C2

ΘB
2β2

t . (107)

This hence completes the proof.

C.4 SAMPLE COMPLEXITY OF NAC

Lemma 13. Denote T̃ =
⌈

T
t̂ log T

⌉
t̂ ≥ T

log T , then for any t′ ≤ T − T̃ , it holds that

min
t≤T

E [J(π∗)− J(ωt)]

≤
D(ωt′)−D(ωt′+T̃−1)

βT̃
+

CϕCgapmρk

λmin
+ 4C∞

√
εactor + Cϕ

√
2

(
eλmC

MCϕt̂

T̃

)

+ Cϕ

√
2

√√√√√ 1

T̃

t′+T̃−1∑
t=t′

t−1∑
j=t−t̂

(1− q)t−j
(
G̃ω

j + G̃θ
j + G̃η

j

)
+ Cϕ

√
8B2 + 2R2

max

T
+

B2Lϕ

2
β

+ Cϕ

√
2λmCM

et̂

T̃

D(ωt′)−D(ωt′+T̃−1)

βT̃
+ Cϕ

√√√√2eλmt̂

T̃ 2

t′+T̃−1∑
t=t′

G̃ω
t +

Rmax

T
. (108)

Proof. Recall that π∗ = argmaxπ J(π). Denote by Aπt = Qπt(s, a)−V πt(s) the relative advantage
function, and also denote D(ωt) = −EDπ∗

[
log

πωt (a|s)
π∗(a|s)

]
. We first have that

D(ωt)−D(ωt+1) = EDπ∗ [log πt+1(a|s)− log πt(a|s)]

≥ EDπ∗ [∇ log πt(a|s)] (ωt+1 − ωt)−
Lϕ

2
∥ωt+1 − ωt∥22

= βtEDπ∗

[
ϕ⊤
t (s, a)θt

]
− Lϕβ

2
t

2
∥θt∥22

≥ βtEDπ∗ [A
πt(s, a)] + βtEDπ∗

[
ϕ⊤
t (s, a)θ

∗
t −Aπt(s, a)

]
+ βtEDπ∗

[
ϕ⊤
t (s, a)(θt − θ∗t )

]
− B2Lϕβ

2
t

2
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(a)
= βt (J(π

∗)− J(πt)) + βt EDπ∗

[
ϕ⊤
t (s, a)θ

∗
t −Aπt(s, a)

]︸ ︷︷ ︸
I

+βt EDπ∗

[
ϕ⊤
t (s, a)(θt − θ∗t )

]︸ ︷︷ ︸
II

− B2Lϕβ
2
t

2
, (109)

where (a) from the fact that EDπ∗ [A
πt(s, a)] = J(π∗)− J(πt).

To bound Term I, note that∣∣EDπ∗

[
ϕ⊤
t (s, a)θ

∗
t −Aπt(s, a)

]∣∣
≤
∣∣EDπ∗

[
ϕ⊤
t (s, a)θ̄

∗
t −Aπt(s, a)

]∣∣+ ∣∣EDπ∗

[
ϕ⊤
t (s, a)(θ̄

∗
t − θ∗t )

]∣∣
≤
∥∥∥∥Dπ∗

Dt

∥∥∥∥
∞

∣∣∣∣∣EDt

[
ϕ⊤
t (s, a)θ̄

∗
t −

∑
a

πt(a|s)ϕ⊤
t (s, a)θ̄

∗
t −Aπt(s, a)

]∣∣∣∣∣+ Cϕ

∥∥θ̄∗t − θ∗t
∥∥
2

≤
∥∥∥∥Dπ∗

Dt

∥∥∥∥
∞

∣∣∣∣∣EDt

[
ϕ⊤
t (s, a)θ̄

∗
t −

∑
a

πt(a|s)ϕ⊤
t (s, a)θ̄

∗
t −Qπt(s, a) + V πt(s)

]∣∣∣∣∣+ CϕCgapmρk

λmin

≤
∥∥∥∥Dπ∗

Dt

∥∥∥∥
∞

√
EDt

[∥∥ϕ⊤
t (s, a)θ̄

∗
t −Qπt(s, a)

∥∥2
2

]
+

CϕCgapmρk

λmin

+

∥∥∥∥Dπ∗

Dt

∥∥∥∥
∞

√√√√√EDt

∥∥∥∥∥∑
a

πt(a|s)ϕ⊤
t (s, a)θ̄

∗
t −

∑
a

πt(a|s)ϕ⊤
t (s, a)Q

πt(s, a)

∥∥∥∥∥
2

2


(a)

≤
∥∥∥∥Dπ∗

Dt

∥∥∥∥
∞

2
√
εactor +

CϕCgapmρk

λmin
, (110)

where (a) follows from Equation (2), the definition of θ̄∗t , the definition of εactor and the facts that

EDt

[∥∥Qπt(s, a)− ϕ⊤
t (s, a)θ̄

∗
t

∥∥2
2

]
≤ εactor, (111)

and

EDt

∥∥∥∥∥∑
a

πt(a|s)ϕ⊤
t (s, a)θ̄

∗
t −

∑
a

πt(a|s)ϕ⊤
t (s, a)Q

πt(s, a)

∥∥∥∥∥
2

2


≤ EDt

[∥∥Qπt(s, a)− ϕ⊤
t (s, a)θ̄

∗
t

∥∥2
2

]
≤ εactor. (112)

Next, consider term II. We have that∣∣EDπ∗

[
ϕ⊤
t (s, a)(θt − θ∗t )

]∣∣ ≤ Cϕ ∥θt − θ∗t ∥2 . (113)

Plug the two bounds on terms I and II in Equation (109), and we have that

E [D(ωt)]− E [D(ωt+1)] ≥βt (J(π
∗)− E [J(ωt)])− βt

∥∥∥∥Dπ∗

Dt

∥∥∥∥
∞

2
√
εactor − βt

CϕCgapmρk

λmin

− βtCϕE [∥θt − θ∗t ∥2]−
Lϕ

2
β2
tB

2, (114)

which implies

β (J(π∗)− E [J(ωt)]) ≤E [D(ωt)]− E [D(ωt+1)] + β

∥∥∥∥Dπ∗

Dt

∥∥∥∥
∞

2
√
εactor + β

CϕCgapmρk

λmin

+ βCϕE [∥θt − θ∗t ∥2] +
B2Lϕ

2
β2. (115)
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We set Mt+1 = E
[∥∥θt+1 − θ∗t+1

∥∥2
2

]
+E

[
∥ηt+1 − J(ωt+1)∥22

]
, we now aim to bound Mt. Combine

the bounds we obtained in Equation (90) and Equation (99), and we have that

Mt+1 ≤
(
1− 1

2
λ̄minα

)
E
[
∥θt − θ∗t ∥

2
2

]
+

CΘ

λ2
min

βE
[
∥∇J(ωt)∥22

]
+

(k + 1)2C2
ϕ

λ̄min
αE
[
∥J(ωt)− ηt∥22

]
+ (1− γ)E

[
∥ηt − J(ωt)∥22

]
+

B2

2
βE
[
∥∇J(ωt)∥22

]
+ G̃θ

t + G̃η
t

=

(
1− 1

2
λ̄minα

)
E
[
∥θt − θ∗t ∥

2
2

]
+

(k + 1)2C2
ϕ

λ̄min
αE
[
∥J(ωt)− ηt∥22

]
+ (1− γ)E

[
∥ηt − J(ωt)∥22

]
+

(
CΘ

λ2
min

+
B2

2

)
βE
[
∥∇J(ωt)∥22

]
+ G̃θ

t + G̃η
t

(a)

≤
(
1− 1

2
λ̄minα

)
E
[
∥θt − θ∗t ∥

2
2

]
+

(k + 1)2C2
ϕ

λ̄min
αE
[
∥J(ωt)− ηt∥22

]
+ (1− γ)E

[
∥ηt − J(ωt)∥22

]
+

(
CΘ

λ2
min

+
B2

2

)
β

(
λm

β
(E [J(ωt+1)]− E [J(ωt)]) + 2λ2

mE
[
∥θt − θ∗t ∥

2
2

])
+

(
CΘ

λ2
min

+
B2

2

)
β

(
Cgap

λmmρk

λmin
+

LJB
2β2

2

)
+ G̃θ

t + G̃η
t

≤
(
1− 1

2
λ̄minα+ 2λ2

mC
Mβ

)
E
[
∥θt − θ∗t ∥

2
2

]
+
(
λmC

M
)
(E [J(ωt+1)]− E [J(ωt)])

+

(
1− γ +

(k + 1)2C2
ϕ

λ̄min
α

)
E
[
∥ηt − J(ωt)∥22

]
+ CM

(
Cgapλmmρkβ

λmin
+

LJB
2β2

2

)
+ G̃θ

t + G̃η
t , (116)

where (a) is obtained by plugging Equation (88), and CM = CΘ

λ2
min

+ B2

2 . To convenience, we set

G̃ω
t = CM

(
Cgapλmmρkβ

λmin
+

LJB
2β2

2

)
. (117)

We set k large enough such that λ̄min ≥ 1
2λmin, and further set the step sizes such that 1

6 λ̄minα ≥
2λ2

mC
Mβ and γ

2 ≥ (k+1)2C2
ϕ

λ̄min
α. Denote q = 1

3 λ̄minα. Then the inequality above can be written as

Mt+1 ≤ (1− q)Mt +
(
λmC

M
)
(E [J(ωt+1)]− E [J(ωt)])

+ G̃ω
t + G̃θ

t + G̃η
t . (118)

Set t̂ =
⌈
1
q log T

⌉
. For t ≥ 2k + t̂, we recursively apply Equation (118) for t̂ times, and have that

Mt ≤ (1− q)
t̂
Mt−t̂ + λmC

M
t−1∑

j=t−t̂

(1− q)t−j (E [J(ωj+1)]− E [J(ωj)])

+

t−1∑
j=t−t̂

(1− q)t−j
(
G̃ω

j + G̃θ
j + G̃η

j

)
(a)

≤ 4B2 + 4R2
max

T
+ λmC

M
t−1∑

j=t−t̂

(1− q)t−j (E [J(ωj+1)]− E [J(ωj)])

+

t−1∑
j=t−t̂

(1− q)t−j
(
G̃ω

j + G̃θ
j + G̃η

j

)
, (119)

where (a) follows from (1− q)t̂ ≤ e−qt̂ ≤ elog T ≤ T .
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Denote the time length T̃ =
⌈

T
t̂ log T

⌉
t̂ ≥ T

log T . For any t′ ≤ T − T̃ , together with Equation (115)
we have that

1

T̃

t′+T̃−1∑
t=t′

J(π∗)− E [J(ωt)]

≤
D(ωt′)−D(ωt′+T̃−1)
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1
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2
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B2Lϕ

2
β2, (120)

where (a) follows from the rearrangement inequality and the fact for any random variable X ,
∥E [X]∥22 ≤ E

[
∥X∥22

]
. (b) follows from Assumption 3.

Moreover, for 2k + t̂ ≤ t′ ≤ T − T̃ , summing Equation (119) w.r.t. t from t′ to t′ + T̃ − 1 implies

1

T̃

t′+T̃−1∑
t=t′

Mt
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M 1
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j=t−t̂

(1− q)t−j (E [J(ωj+1)]− E [J(ωj)])

+
4B2 +R2

max

T̃
+

1

T̃

t′+T̃−1∑
t=t′

t−1∑
j=t−t̂

(1− q)t−j
(
G̃ω
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)
(a)
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(b)
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M 1
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(
E
[
J(ωt′+T̃ )

]
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)

+
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+
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(
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)
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+
4B2 +R2

max

T̃
+

1

q

(
CM

(
Cgap

λmmρk

λmin
β + LJB

2β2

)
+ G̃θ + G̃η

)

≤ λmC
M 1
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(J(π∗)− E [J(ωt′−i)])

+
4B2 +R2
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T̃
+

1

T̃
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t−1∑
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(1− q)t−j
(
G̃ω

j + G̃θ
j + G̃η

j

)
, (121)

where (a) follows from that we set i = t − j and (b) follows from the fact that∑t′+T̃−1
t=t̂−i

(E [J(ωt−i+1)]− E [J(ωt−i)]) = E
[
J(ωt′+T̃ )

]
− E [J(ωt′−i)].

We denote by Xt′ =
1
t̂

∑t′−1
t=t′−t̂

(J(π∗)− E [J(ωt)]), Yt′ =
1

T̃

∑t′+T̃−1
t=t′ (J(π∗)− E [J(ωt)]) and

Zt′ =
1

T̃

∑t′+T̃−1
t=t′ Mt.

Firstly note that there must exist t′ + t̂ ≤ t′′ ≤ t′ + T̃ s.t. Xt′′ ≤ Yt′ . We then discuss the following
two cases.

[Case 1: For any 2k + t̂ ≤ t′ < T − T̃ ,it holds that eYt′ ≤ Xt′ .]

Then, for t̃0 = 2k + t̂, we have Xt̃0
> eYt̃0

.

Thus, there must exist t̃0 + t̂ ≤ t̃1 ≤ t̃0 + T − t̂, s.t. Xt̃1
≤ Yt̃0

< 1
eXt̃0

; recursively applying this
inequality for j = 0, 1, ..., ⌊log T ⌋ implies that

Xt̃0

(a)

≥ eYt̃0

(b)

≥ eXt̃1
≥ e2Yt̃1

≥ ... ≥ ejYt̃j
≥ ej+1Yt̃j

≥ ...e⌊log T⌋Xt̃⌊log T⌋
≥ e⌊log T⌋+1Yt̃⌊log T⌋

,

(122)

where (a) follows from the condition of case 1 and (b) follows from the fact that there must exists
t′′ ≤ t′ + T̃ i.e. Xt′′ ≤ Yt′ . Then, by Equation (122), we can conclude that

Yt̃⌊log T⌋
:=

1

T̃

t′+T̃−1∑
t=t′

(J(π∗)− E [J(ωt)]) ≤
1

e⌊log T⌋+1
Xt̃0

≤ 1

T
Xt̃0

. (123)

Note that Xt̃ ≤ J(π∗) ≤ Rmax, hence we have that

Yt̃⌊log T⌋
=

1

T̃

t′+T̃−1∑
t=t′

(J(π∗)− E [J(ωt)]) ≤
Rmax

T
. (124)

This further implies that

min
t<T

E [J(π∗)− J(ωt)] ≤
Rmax

T
. (125)

This hence completes the proof of Theorem 2 under Case 1.

[Case 2 There exists some 2k + t̂ ≤ t̃′ ≤ T − T̃ s.t. Xt̃ ≤ eYt̃.]

From Equation (121), we obtain that

1

T̃
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M 1
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)
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≤ λmC
M t̂
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Next, from Equation (120), we have that
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Then, we have that
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Thus, it follows that

1

2
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Then, we get that
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t=t′

G̃ω
t +

B2Lϕ

2
β, (130)

which proves the claim under Case 2.

Thus, combine the Case 1 result Equation (124) and the Case 2 result Equation (130), we have that

min
t≤T

E [J(π∗)− J(ωt)]

≤
D(ωt′)−D(ωt′+T̃−1)

βT̃
+

CϕCgapmρk

λmin
+ 4C∞

√
εactor + Cϕ

√
2

(
eλmC

MCϕt̂

T̃

)

+ Cϕ

√
2

√√√√√ 1

T̃

t′+T̃−1∑
t=t′

t−1∑
j=t−t̂

(1− q)t−j
(
G̃ω

j + G̃θ
j + G̃η

j

)
+ Cϕ

√
8
B2 +R2

max

T̃
+

B2Lϕ

2
β

+ Cϕ

√
2

√
λmCM

et̂

T̃

D(ωt′)−D(ωt′+T̃−1)

βT̃
+ Cϕ

√
2

√√√√et̂λm

T̃ 2

t′+T̃−1∑
t=t′

G̃ω
t +

2Rmax

T
. (131)

which completes the proof.

Next, we prove Theorem 2.
Theorem 4. (Restatement of Theorem 2) Consider the NAC algorithm in Algorithm 1 with constant
step sizes, it holds that

min
t<T

E [J(π∗)− J(ωt)] ≤O
(
log2 T

Tα

)
+O

(
log T

Tβ

)
+O

(
log2 T

T
√
αβ

)
+O

(√
γβ log2 T√

α

)
+O

(
γ log2 T√

α

)
+O

(
β log2 T√

α

)
+O

(√
α log2 T

)
+O

(√
β log2 T

)
+O (

√
εactor) .

If we set γ = O(T− 2
3 ), α = O(T− 2

3 log−2 T ), β = O(T− 2
3 log−2 T ), we have

min
t<T

J(π∗)− J(ωt) ≤ O
(
T− 1

3 log4 T
)
+O (

√
εactor) . (132)

Proof. From Lemma 13, we have that

min
t≤T

E [J(π∗)− J(ωt)]
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≤
D(ωt′)−D(ωt′+T̃−1)

βT̃
+

CϕCgapmρk

λmin
+ 4C∞

√
εactor + Cϕ

√
2

(
eλmC

MCϕt̂

T̃

)

+ Cϕ

√
2

√√√√√ 1

T̃

t′+T̃−1∑
t=t′

t−1∑
j=t−t̂

(1− q)t−j
(
G̃ω

j + G̃θ
j + G̃η

j

)
+ Cϕ

√
8B2 + 2R2

max

T̃
+

B2Lϕ

2
β

+ Cϕ

√
2

√
λmCM

et̂

T̃

D(ωt′)−D(ωt′+T̃−1)

βT̃
+ Cϕ

√
2

√√√√et̂λm

T̃ 2

t′+T̃−1∑
t=t′

G̃ω
t +

Rmax

T
. (133)

We then set the stepsize as follows

γ = T− 2
3 ;

α =

(
k2C2

ϕ

λ̄min

)−1

γ =
λmin

2k2C2
ϕ

T− 2
3 = O

(
T− 2

3 log−2 T
)
;

β =

(
24λ2

mC
M

λmin

)−1

α =
λ2
min

48k2C2
ϕλmCM

T− 2
3 = O

(
T− 2

3 log−2 T
)
. (134)

Applying the above stepsizes Equation (134), for t ≤ T , we can have that

G̃η
t = O

(
(mρk)γ + β2 + k2βγ + kγ2

)
= O

(
T− 4

3 log T
)
;

G̃θ
t = O

(
k(mρk)α+ k(mρk)β +

(mρk)2

β
+ k3α2 + k3αβ + k2β2

)
= O

(
T− 4

3 log2 T
)
;

G̃ω
t = O

(
(mρk)β + β2)

β2 log2 T

αT
+

β2 log2 T

αT

)
= O

(
T− 4

3 log−4 T
)
. (135)

Thus, it holds that√√√√√ 1

T̃

t′+T̃−1∑
t=t′

t−1∑
j=t−t̂

(1− q)t−j
(
G̃ω

j + G̃θ
j + G̃η

j

)
= O

(
T− 2

3 log2 T
)
. (136)

We further recall that

q =
λ̄minα

2
= O (α) ;

t̂ =

⌈
1

q
log T

⌉
= O

(
log T

α

)
;

T̃ =

⌈
T

t̂ log T

⌉
t̂ = O

(
T

log T

)
. (137)

Plugging the above equations to Equation (131) , we have that

min
t≤T

E [J(π∗)− J(ωt)] ≤
(
T− 1

3 log4 T
)
+O (

√
εactor) . (138)

This concludes the proof.

D PROOF OF LEMMAS

Proof of Lemma 1. Recall the definition of ∇J(ω) in Equation (1):

∇J(ω) = EDπω
[Qπω (s, a)ϕω(s, a)] , (139)
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which implies that

∥∇J(ω)∥2 =
∥∥EDπω

[Qπω (s, a)ϕω(s, a)]
∥∥
2

(a)
=
∥∥EDπω

[
ϕ⊤
ω (s, a)θ̄

∗
ωϕω(s, a)

]∥∥
2

≤ C2
ϕ

(
∥θ∗ω∥2 +

∥∥θ̄∗ω − θ∗ω
∥∥
2

)
(b)

≤ C2
ϕ

(
B + Cgap

mρk

λmin

)
= CJ , (140)

where (a) follows from Equation (3) and (b) follows from Proposition 4. It hence proves the first
claim. The second claim is proved in (Xu & Gu, 2020; Wu et al., 2020).

Proof of Lemma2. Recall Fω = EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

]
. From the definition of θ̄∗ω in Equation (2),

it can be verified that

θ̄∗ω = F−1
ω ∇J(ω). (141)

Hence∥∥θ̄∗ω − θ̄∗ω′

∥∥
2

=
∥∥F−1

ω ∇J(ω)− F−1
ω′ ∇J(ω′)

∥∥
2

≤
∥∥F−1

ω ∇J(ω)− F−1
ω′ ∇J(ω)

∥∥
2
+
∥∥F−1

ω′ ∇J(ω)− F−1
ω′ ∇J(ω′)

∥∥
2

(a)

≤
∥∥F−1

ω

∥∥
2

∥∥F−1
ω′

∥∥
2
∥Fω − Fω′∥2 ∥∇J(ω)∥2 +

∥∥(Fω′)−1
∥∥
2
∥∇J(ω)−∇J(ω′)∥2 , (142)

where (a) follows from the facts that for positive definite matrices A1 and A2,∥∥A−1
1 −A−1

2

∥∥
2
≤
∥∥A−1

1 (A1 −A2)A
−1
2

∥∥
2

≤
∥∥A−1

1

∥∥
2
∥A1 −A2∥2

∥∥A−1
2

∥∥
2
. (143)

Note that Fω can be shown to be Lipschitz as follows

∥Fω − Fω′∥2 =
∥∥∥EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

]
− EDπ

ω′

[
ϕω′(s, a)ϕ⊤

ω′(s, a)
]∥∥∥

2

≤
∥∥EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

]
− EDπω

[
ϕω′(s, a)ϕ⊤

ω′(s, a)
]∥∥

2

+
∥∥∥EDπω

[
ϕω′(s, a)ϕ⊤

ω′(s, a)
]
− EDπ

ω′

[
ϕω′(s, a)ϕ⊤

ω′(s, a)
]∥∥∥

2

≤ 2CϕLϕ ∥ω′ − ω∥2 + C2
ϕ

∥∥Dπω
−Dπω′

∥∥
T V

(a)

≤ 2CϕLϕ ∥ω′ − ω∥2 + C2
ϕLπ ∥ω − ω′∥2 , (144)

where (a) follows from (Zou et al., 2019) and Theorem 1 in (Li et al., 2021b), recall Lπ =
1
2Cπ

(
1 +

⌈
logm−1

⌉
+ 1

1−ρ

)
,∥∥Dπω

−Dπω′

∥∥
T V ≤ Lπ ∥ω − ω′∥2 . (145)

Hence combining Equation (142), Equation (144) and Lemma 1, we obtain that∥∥θ̄∗ω − θ̄∗ω′

∥∥
2
≤
(

CJ

λ2
min

(
2CϕLϕ + C2

ϕLπ

)
+

LJ

λmin

)
∥ω − ω′∥2 . (146)

This completes the proof.
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Proof of Lemma 3. From the definition, we first have that

Aω = EDπω

[
E
[
ϕω(s0, a0) (ϕω(sk, ak)− ϕω(s0, a0))

⊤ |s0 = s, a0 = a, πω

]]
(a)
= EDπω

[
ϕω(s, a)

(
E
[
ϕ⊤
ω (sk, ak)|s0 = s, a0 = a, πω

]
− EDπω

[
ϕ⊤
ω (s, a)

])]
− EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

]
, (147)

where (a) follows from ϕω(s, a) = ∇ log πω(a|s) and EDπω

[
ϕ⊤
ω (s, a)f(s)

]
= 0, where f(s) is the

function which is not determined by action a.

Define ∆Aω = EDπω

[
ϕω(s, a)

(
E
[
ϕ⊤
ω (sk, ak)|s0 = s, a0 = a, πω

]
− EDπω

[
ϕ⊤
ω (s, a)

])]
. Thus,

Aω +A⊤
ω

2
=

∆Aω +∆A⊤
ω

2
− EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

]
. (148)

For any symmetric matrices X and Y , λmax (X + Y ) ≤ λmax (X) + λmax (Y ). Thus, we have that

λmax

(
Aω +A⊤

ω

2

)
≤ λmax

(
∆Aω +∆A⊤

ω

2

)
+ λmax

(
−EDπω

[
ϕω(s, a)ϕ

⊤
ω (s, a)

])
≤ C2

ϕE [∥P (sk, ak|s0 = s, a0 = s, πω), Dπω∥T V ]− λmin

≤ dC2
ϕmρk − λmin = −λ̄min. (149)

Proof of Lemma 4. Conditioned on (st−k, at−k), the sample trajectory in Algorithm 1 is generated
according to the following Markov chain:

(st−k, at−k)
πt−k×P−−−−−→ (st−k+1, at−k+1)

πt−k+1×P−−−−−−−→ ...(st, at)
πt×P−−−−→ (st+1, at+1). (150)

Using the technique in (Zou et al., 2019), we construct an auxiliary Markov chain as follows. Before
time t− k, the states and actions are generated according to Algorithm 1; and after time t− k, all the
subsequent state-action pairs, denoted by (s̃l, ãl), are generated according to a fixed policy πt and
transition kernel P :

(st−k, at−k)
πt×P−−−−→ (s̃t−k+1, ãt−k+1)

πt×P−−−−→ ...(s̃t, ãt)
πt×P−−−−→ (s̃t+1, ãt+1). (151)

Denote by F̃t the filtration corresponding to the auxiliary Markov chain designed in Equation (151).

Then follow steps similar to those in (Zou et al., 2019, Appendix B) and (Li et al., 2021b, Lemma 6),
it can be shown that

∥P (st, at|Ft−k)−Dt∥T V ≤ mρk +

t∑
j=t−k

Cπ ∥ωt − ωj∥2 . (152)

Proof of Lemma 5. Define the sum of the feature along the trajectory as follows:

zt =

t∑
j=t−k

ϕj(sj , aj), ẑt =

t∑
j=t−k

ϕt(sj , aj) and z̃t =

t∑
j=t−k

ϕt(s̃j , ãj). (153)

For every policy πt, we construct another auxiliary Markov chain, denoted by {(s̄j , āj)}∞j=0, which
is under the stationary distribution induced by policy πt and transition kernel P , i.e.,

(s̄0, ā0) ∼ Dt, (154)

44



Under review as a conference paper at ICLR 2024

and all the subsequent actions are generated by πt. Define

z̄t =

t∑
j=t−k

ϕt(s̄j , āj). (155)

Denote by δ̄t(s̄t, āt; θt, ωt) = R(s̄t, āt)− J(ωt) + ϕ⊤
t (s̄t+1, āt+1)θt − ϕ⊤

t (s̄t, āt)θt.

Lemma 14. It holds that

E
[
z̄tδ̄t(s̄t, āt; θt, ωt)|πt

]
= Aωt

θt. (156)

From the definition in Equation (4), θ∗t is the fixed point of the k-step TD operator T (k)
πt . Then, it

follows that

Aωtθ
∗
t = EDt

[
ϕ⊤
t (s, a)

(
T (k)
πt

ϕ⊤
t (s, a)θ

∗
t − ϕ⊤

t (s, a)θ
∗
t

)]
= 0. (157)

Together with Lemma 14, we have that

E
[
z̄tδ̄t(s̄t, āt; θ

∗
t , ωt)

]
= 0. (158)

Thus we have that

E
[〈
θt − θ∗t , z̄tδ̄t(s̄t, āt; θt, ωt)

〉]
= E

[〈
θt − θ∗t , z̄tδ̄t(s̄t, āt; θt, ωt)− z̄tδ̄t(s̄t, āt; θ

∗
t , ωt)

〉]
= E [⟨θt − θ∗t , Aωt

(θt − θ∗t )⟩]

≤ λmax

(
Aωt

+A⊤
ωt

2

)
E
[
∥θt − θ∗t ∥

2
2

]
(a)

≤ −λ̄minE
[
∥θt − θ∗t ∥

2
2

]
, (159)

where (a) follows from Lemma 3.

Then, recall ẑt =
∑t

j=t−k ϕt(sj , aj). Denote by δ̂t = R(st, at) − J(ωt) + ϕ⊤
t (st+1, at+1)θt −

ϕ⊤
t (st, at)θt, we have that

E [⟨θt − θ∗t , δtzt⟩] = E
[〈
θt − θ∗t , z̄tδ̄t(s̄t, āt; θt, ωt)

〉]
+ E

[〈
θt − θ∗t , ztδ̂t − z̄tδ̄t(s̄t, āt; θt, ωt)

〉]
+ E

[〈
θt − θ∗t , ztδt − ẑtδ̂t

〉]
(a)

≤ −λ̄minE
[
∥θt − θ∗t ∥

2
2

]
+ E

[〈
θt − θ∗t , ztδ̂t − z̄tδ̄t(s̄t, āt; θt)

〉]
+ E [⟨θt − θ∗t , zt (J(ωt)− ηt)⟩]

≤ −λ̄minE
[
∥θt − θ∗t ∥

2
2

]
+ E

[〈
θt − θ∗t , ztδ̂t − z̄tδ̄t(s̄t, āt; θt)

〉]
+

λ̄min

2
E
[
∥θt − θ∗t ∥

2
2

]
+

(k + 1)2C2
ϕ

2λ̄min
E
[
∥J(ωt)− ηt∥22

]
, (160)

where (a) follows from Equation (159).

Consider the term E
[〈

θt − θ∗t , ztδ̂t − z̄tδ̄t(s̄t, āt; θt, ωt)
〉]

, and we have that

E
[〈

θt − θ∗t , ztδ̂t − z̄tδ̄t(s̄t, āt; θt, ωt)
〉]

= E
[〈

θt − θt−2k − θ∗t + θ∗t−2k, ztδ̂t − z̄tδ̄t(s̄t, āt; θt, ωt)
〉]

+ E
[〈

θt−2k − θ∗t−2k, ztδ̂t − z̄tδ̄t(s̄t, āt; θt, ωt)
〉]
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≤ E
[
∥θt − θt−2k∥2 +

∥∥θ∗t − θ∗t−2k

∥∥
2

(
∥zt∥2

∥∥∥δ̂t∥∥∥
2
+ ∥z̄t∥2

∥∥δ̄t(s̄t, āt; θt, ωt)
∥∥
2

)]
︸ ︷︷ ︸

(i)

+ E
[〈

θt−2k − θ∗t−2k, ztδ̂t − ẑtδ̂t

〉]
︸ ︷︷ ︸

(ii)

+ E
[〈

θt−2k − θ∗t−2k, ẑtδ̂t − z̄tδ̄t(s̄t, āt; θt, ωt)
〉]

︸ ︷︷ ︸
(iii)

. (161)

In AC algorithm, recall Uδ = Rmax + CϕB. Then, consider ∥θt − θt−2k∥2 and
∥∥θ∗t − θ∗t−2k

∥∥
2
, we

have that

∥θt − θt−2k∥2 ≤

∥∥∥∥∥∥
t−1∑

j=t−2k

αjδjzj

∥∥∥∥∥∥
2

≤
t−1∑

j=t−2k

αj |δj | ∥zj∥2
(a)

≤ (k + 1)CϕUδ

t−1∑
j=t−2k

αj , (162)

where (a) follows from the fact that ∥zt∥2 ≤ (k + 1)Cϕ.

Then, it can be shown that∥∥θ∗t − θ∗t−2k

∥∥
2
=
∥∥θ̄∗t − θ̄∗t−2k + θ∗t − θ̄∗t + θ̄∗t−2k − θ∗t−2k

∥∥
2

≤
∥∥θ̄∗t − θ̄∗t−2k

∥∥
2
+
∥∥θ∗t − θ̄∗t

∥∥
2
+
∥∥θ̄∗t−2k − θ∗t−2k

∥∥
2

≤ CΘ ∥ωt − ωt−2k∥2 +
Cgapmρk

λmin
+

Cgapmρk

λmin

≤ CΘ

∥∥∥∥∥∥
t−1∑

j=t−2k

βjϕ
⊤
j (sj , aj)θjϕj(sj , aj)

∥∥∥∥∥∥
2

+
2Cgapmρk

λmin

≤ CΘC
2
ϕB

t−1∑
j=t−2k

βj +
2Cgapmρk

λmin
. (163)

Thus, from Equation (163), the term (i) in Equation (161) can be bounded as follows

(i) ≤ 2(k + 1)CϕUδ

(k + 1)CϕUδ

t−1∑
j=t−2k

αj + CΘC
2
ϕB

t−1∑
j=t−2k

βj + 2Cgap
mρk

λmin

 . (164)

Then, for term (ii) in Equation (161), it can be bounded as follows

(ii) ≤ E
[∥∥θt−2k − θ∗t−2k

∥∥
2
∥zt − ẑt∥2 |δt(θt)|

]
≤ 2BUδ

∥∥∥∥∥∥
t∑

j=t−k

ϕj(sj , aj)− ϕt(sj , aj)

∥∥∥∥∥∥
2

≤ 2BUδ

t∑
j=t−k

CπE
[
∥ωt − ωj∥2

]
≤ 2BUδCπ

t∑
j=t−k

t∑
i=j

E
[∥∥βiϕ

⊤
i (si, ai)θiϕi(si, ai)

∥∥
2

]
≤ 2B2C2

ϕUδCπ

t∑
j=t−k

t∑
i=j

βi. (165)

Next, for term (iii) in Equation (161), we can show that

(iii) = E
[〈

θt−2k − θ∗t−2k, ẑtδ̂t − z̄tδ̄t(s̄t, āt; θt)
〉]

= E
[
E
[〈

θt−2k − θ∗t−2k, ẑtδ̂t − z̄tδ̄t(s̄t, āt; θt)
〉
|Ft−2k

]]
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≤ 4BCϕUδ

t∑
j=t−k

E
[
∥P (sj , aj |Ft−2k)−Dt∥T V

]
≤ 4BCϕUδ

t∑
j=t−k

E
[
∥P (sj , aj |Ft−2k)−Dj∥T V + ∥Dj −Dt∥T V

]

≤ 4BCϕUδ

t∑
j=t−k

Cπ

j−1∑
i=j−k

E
[
∥ωi − ωj∥2

]
+mρk + LπE

[
∥ωt − ωj∥2

]
≤ 4BCϕUδ

t∑
j=t−k

Cπ

j−1∑
i=j−k

j−1∑
ι=i

βιC
2
ϕB +mρk + Lπ

t−1∑
i=j

βiC
2
ϕB

 . (166)

Thus, combining Equation (164),Equation (165) and Equation (166), we can bound term as follows

E [⟨θt − θ∗t , δtzt⟩] ≤ − λ̄min

2
E
[
∥θt − θ∗t ∥

2
2

]
+

(k + 1)2C2
ϕ

2λ̄min
E
[
∥J(ωt)− ηt∥22

]
+ 2B2C2

ϕUδCπ

t∑
j=t−k

t∑
i=j

βi + 4BCϕUδ

t∑
j=t−k

BC2
ϕCπ

j−1∑
i=j−k

j−1∑
ι=i

βι +mρk +BC2
ϕLπ

t−1∑
i=j

βi


+ 2(k + 1)CϕUδ

(k + 1)CϕUδ

t−1∑
j=t−2k

αj + CΘC
2
ϕB

t−1∑
j=t−2k

βj +
2Cgapmρk

λmin

 . (167)

In NAC algorithm, terms ∥θt − θt−2k∥2 and
∥∥θ∗t − θ∗t−2k

∥∥
2

can be bounded as follows

∥θt − θt−2k∥2 ≤

∥∥∥∥∥∥
t−1∑

j=t−2k

αjδjzj

∥∥∥∥∥∥
2

≤ (k + 1)CϕUδ

t−1∑
j=t−2k

αj , (168)

and ∥∥θ∗t − θ∗t−2k

∥∥
2
=
∥∥θ̄∗t − θ̄∗t−2k + θ∗t − θ̄∗t + θ̄∗t−2k − θ∗t−2k

∥∥
2

≤
∥∥θ̄∗t − θ̄∗t−2k

∥∥
2
+
∥∥θ∗t − θ̄∗t

∥∥
2
+
∥∥θ̄∗t−2k − θ∗t−2k

∥∥
2

≤ CΘ ∥(ωt − ωt−2k)∥2 +
Cgapmρk

λmin
+

Cgapmρk

λmin

≤ CΘ

∥∥∥∥∥∥
t−1∑

j=t−2k

βjθj

∥∥∥∥∥∥
2

+
2Cgapmρk

λmin

≤ CΘB

t−1∑
j=t−2k

βj +
2Cgapmρk

λmin
. (169)

Thus, using Equation (169) and Equation (168), term (i) in Equation (161) can be bounded as

(i) ≤ 2(k + 1)CϕUδ

(k + 1)CϕUδ

t−1∑
j=t−2k

αj + CΘB

t−1∑
j=t−2k

βj + 2Cgap
mρk

λmin

 . (170)

Next, we bound the term (ii) in Equation (161) as follows

(ii) ≤ E
[∥∥θt−2k − θ∗t−2k

∥∥
2
∥zt − ẑt∥2

∣∣∣δ̂t∣∣∣] ≤ 2BUδE

∥∥∥∥∥∥
t∑

j=t−k

ϕj(sj , aj)− ϕt(sj , aj)

∥∥∥∥∥∥
2


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≤ 2BUδ

t∑
j=t−k

CπE
[
∥ωt − ωj∥2

]
≤ 2BUδCπ

t∑
j=t−k

t−1∑
i=j

∥βiθi∥2 ≤ 2B2UδCπ

t∑
j=t−k

t−1∑
i=j

βi.

(171)

Term (iii) in Equation (161) can be bounded as

(iii) = E
[〈
θt−2k − θ∗t−2k, ẑtδt(θt)− z′tδ

′
t(θt)

〉]
= E

[
E
[〈
θt−2k − θ∗t−2k, ẑtδt(θt)− z′tδ

′
t(θt)

〉
|Ft−2k

]]
≤ 2B2CϕUδ

t∑
j=t−k

E
[
∥P (sj , aj |Ft−2k)−Dt∥T V

]
≤ 4BCϕUδ

t∑
j=t−k

E
[
∥P (sj , aj |Ft−2k)−Dj∥T V + ∥Dj −Dt∥T V

]

≤ 4BCϕUδ

t∑
j=t−k

Cπ

j−1∑
i=j−k

E
[
∥ωi − ωj∥2

]
+mρk + LπE

[
∥ωt − ωj∥2

]
≤ 4B2CϕUδ

t∑
j=t−k

Cπ

j−1∑
i=j−k

j−1∑
ι=i

βι +mρk + Lπ

t−1∑
i=j

βi

 . (172)

Combining the above bounds on terms (i), (ii), (iii), term can be bounded as
E [⟨θt − θ∗t , δtzt⟩]

≤− λ̄min

2
E
[
∥θt − θ∗t ∥

2
2

]
+

(k + 1)2C2
ϕ

2λ̄min
E
[
∥J(ωt)− ηt∥22

]
+ 2B2UδCπ

t∑
j=t−k

t−1∑
i=j

βi

+ 2(k + 1)CϕUδ

(k + 1)CϕUδ

t−1∑
j=t−2k

αj + CΘB

t−1∑
j=t−2k

βj +
2Cgapmρk

λmin


+ 4BCϕUδ

t∑
j=t−k

BCπ

j−1∑
i=j−k

j−1∑
ι=i

βι +mρk +BLπ

t−1∑
i=j

βi

 . (173)

This completes the proof.

Proof of Lemma 14. Consider the probability P (s̄j , āj , s̄t−k, āt−k) and term
E
[
z̄tδ̄t(s̄t, āt; θt, ωt)|πt

]
.

E

 t∑
j=t−k

ϕ⊤
t (s̄j , āj)

(
R(s̄t, āt)− J(ωt) + ϕ⊤

t (s̄t+1, āt+1)θt − ϕ⊤
t (s̄t, āt)θt

) ∣∣∣πt


= E

 t∑
j=t−k

ϕ⊤
t (s̄j , āj)δ̄t(s̄t, āt; θt, ωt)

∣∣∣πt


=
∑
s,a

 t∑
j=t−k

P (s̄j , āj , s̄t, āt)ϕ
⊤
t (s̄j , āj)δt(s̄t, āt; θt)

∣∣∣πt


=
∑
s,a

 t∑
j=t−k

P (s̄t, āt, s̄2t−j , ā2t−j)ϕ
⊤
t (s̄t, āt)δt(s̄2t−j , ā2t−j ; θt, ωt)

∣∣∣πt


(a)
=
∑
s,a

[
k∑

i=0

P (s̄t, āt, s̄t+i, āt+i))ϕ
⊤
t (s̄t, āt)δt(s̄t+i, āt+i; θt, ωt)

∣∣∣πt

]
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= E(s̄t,āt)∼Dt

[
ϕ⊤
t (s̄t, āt)

k∑
i=0

δt(s̄t+i, āt+i; θt, ωt)
∣∣∣πt

]
= EDt

[
ϕ⊤
t (s, a)

(
T (k)ϕ⊤

t (s, a)θt − ϕ⊤
t (s, a)θt

)]
= Aωt

θt, (174)

where (a) follows from the fact that P (s̄j , āj) = P (s̄t, āt) ∼ Dt, thus,
P (s̄j , āj , s̄t, āt) = P (s̄t, āt|s̄j , āj)P (s̄j , āj)

= P (s̄2t−j , ā2t−j |s̄t, āt)P (s̄t, āt) = P (s̄t, āt, s̄2t−j , ā2t−j) . (175)

Proof of Lemma 6. Define bω = E
[∑k

j=0 ϕ
⊤
ω (s0, a0)(R(sj , aj)− J(ω))|(s0, a0) ∼ Dπω , πω

]
.

Recall the definition of Aω in Equation (13). Then, the solution to Equation (4) can be written
as

θ∗ω = A−1
ω bω. (176)

First, bω can be bounded as follows:

∥bω∥2 =

∥∥∥∥∥∥E
 k∑
j=0

ϕ⊤
ω (s0, a0)(R(sj , aj)− J(ω))|(s0, a0) ∼ Dπω

, πω

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
k∑

j=0

E
[
ϕ⊤
ω (s0, a0)(R(sj , aj)− J(ω))|(s0, a0) ∼ Dπω

, πω

]∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
k∑

j=0

E
[
ϕ⊤
ω (s0, a0)

(
R(sj , aj)− EDπω

[R(s, a)]
)
|(s0, a0) ∼ Dπω

, πω

]∥∥∥∥∥∥
2

(a)

≤
k∑

j=0

CϕRmaxE
[
∥Dπω

− P (sj , aj |s0, a0, πω)∥T V |(s0, a0) ∼ Dπω

]
≤ CϕRmax

k∑
j=0

mρk ≤ CϕRmaxm

1− ρ
. (177)

From the following equation:

θ∗⊤ω Aωθ
∗
ω = θ∗⊤ω bω =

(
θ∗⊤ω bω

)⊤
= θ∗⊤ω A⊤

ω θ
∗
ω, (178)

it holds that

λmax

(
Aω +A⊤

ω

2

)
∥θ∗ω∥

2
2 ≥ θ∗⊤ω

Aω +A⊤
ω

2
θ∗ω = θ∗⊤ω bω ≥ −∥θ∗ω∥2 ∥bω∥2 . (179)

Thus, we can bound θ∗ω as follows:

∥θ∗ω∥2
(a)

≤ − 1

λmax

(
Aω+A⊤

ω

2

) ∥bω∥2

(b)

≤ − 1

λmax

(
Aω+A⊤

ω

2

)mCϕRmax

1− ρ

(c)

≤ 1

λmin − dC2
ϕmρk

mCϕRmax

1− ρ
=

mCϕRmax

λ̄min (1− ρ)
, (180)

where (a) follows from that Aω+A⊤
ω

2 is negative definite, (b) follows from Equation (177) and (c)
follows from Lemma 3.
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E SYMBOL REFERENCE

E.1 CONSTANTS

Constant (Expression) First Appearance
B =

RmaxCϕ

(1−ρ)(λmin−C2
ϕdmρk)

P8

cα = CΘ

λ̄min
Proposition 5 expression in Equation (74)

cη =
B2k2C6

ϕ

(λ̄min)2
Proposition 5 expression in Equation (74)

Cgap = C2
ϕB +

CϕRmax

1−ρ Proposition 4
C∞ Assumption 3
Cπ Assumption 2
Cϕ Assumption 2
Lϕ Assumption 2
Lδ Assumption 2
λmin P7

Table 3: Constants in Main Text

Constant (Expression) First Appearance
CJ = C2

ϕ

(
B + Cgap

mρk

λmin

)
Lemma 1

CM = CΘ

λ2
min

+ 1
2B

2 Equation (116)

CΘ = CJ

λ2
min

(
2CϕLϕ + C2

ϕLπ

)
+ LJ

λmin
Lemma 2

LJ = mRmax

1−ρ (4LπCϕ + Lϕ) Lemma 1

Lπ = 1
2Cπ

(
1 +

⌈
logm−1

⌉
+ 1

1−ρ

)
Lemma 1

LΘ Lemma 10
λm below Equation (86)
λ̄min = λmin − dC2

ϕmρk Lemma 9
Uδ = 2Rmax + 2CϕB Lemma 5

Table 4: Constants in Appendix

E.2 VARIABLES

Variable Appearance Order (set αt ≡ α,βt ≡ β, γt ≡ γ)
Gδ

t Lemma 5 O(k3α+ k3β + k(mρk))
Gω

t Lemma 7 O
(
(mρk)β + k2β2

)
Gη

t Lemma 8 O
(
(mρk)γ + β2 + k2βγ + kγ2

)
Gθ

t Lemma 9 O
(
k(mρk)α+ k(mρk)β + (mρk)2

β + k3α2 + k3αβ + k2β2
)

G̃η
t Lemma 11 O

(
(mρk)γ + β2 + k2βγ + kγ2

)
G̃θ

t Lemma 12 O
(
k(mρk)α+ k(mρk)β + (mρk)2

β + k3α2 + k3αβ + k2β2
)

G̃ω
t Equation (117) O

(
(mρk)β + β2)

)
q = λ̄minα

2 Equation (68) O (α)

t̂ =
⌈
1
q log T

⌉
Equation (119) O

(
log T
α

)
T̃ =

⌈
T

t̂ log T

⌉
t̂ Equation (120) O

(
T

log T

)
Mt Equation (116) -

Table 5: Variables in Appendix
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