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A PROOF OF THEOREMS AND TECHNICAL LEMMAS

A.1 PROOF OF LEMMA 2.1]

Recall the shorthand 7, = (3 _;c 5. i)/k, for a € [m]. We have,

Ln®) =~ 3 3 (a— ol

a=17€B,
1 «— B 1 )
1 — B 1 ,
B ﬂaz::ueBa (ya B %jezlga fol; ) az:u;;: ( jez,; fo(@;) = Jo w’))
2 m B 1
+%;Z <ya7E‘Zf0$])< ngmj fe:]jz)>
a=11€B, JEB, j€B.,

Note that the first term can be written as

ﬁi S (11 Y dolwn) = %Xm: (=7 3 fol@) = Lue(6).

a=14i€B, jEB, a=1 JEB,

For the second term, we have

S (3 3 fole) — folwn) =1 X Uolai) — fola)))? = R(6)

i1€B, JEB, i,jEBg
where we used the following identity for ay, ..., a; and @ = (Zle a;)/k:
k |k
Z(ai —a)’ = - Z (a; —a;)?. (11)

i‘z (ya—% > fol mj)( > Jolws) — folw:))

a=1ieB, JEB, JEBa
|

=3 (m- 1 X ho@)| T (5 S foles) - sole)) | <o
a=1 JjE€Ba i€Bg JjE€B,

since

> (% > fola;) — fol ) S folmy) — S folmi) =0

i€B,  jEB, JEB, i€B,
Combining the three terms together we arrive at Ling(0) = Lyae(0) + R(O).
A.2 PROOF OF LEMMA [2.2]

We use the shorthand f, = (3, 5. fo(i))/k. for a € [m]. By Taylor’s expansion of the loss £ on
its second argument we have

(o Jo @) = L fo) + o t0as o) o) — fo) + 5 200000, ) o ) — Fu)?,

for some f between f, and fg(x;) and 9/0y, 0% /O? indicate the first and second derivative of £(a, b)
with respect to the second input b.
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Summing both sides of the above equation over 7 € B,, the second term works out at zero since
> ien, (fo(xi) — fa) = 0. Using the bound on the second derivative we arrive at

> lFa, fo(@i)) < kl(Far fa) + Y Clfo(mi) — fu)*.
i€B, i€Bg
Next, summing both sides of the above equation over bags a € [m], and dividing by mk, we get

‘Ciﬂs( ) < ‘deg Z Z C f9 $1 f_a)z-

a=1ieB,
By invoking identity (TT)) in the above we arrive at (3).

We are now ready to prove the second part of the statement. If the loss £(-, -) is convex in the second
input, by the Jensen’s inequality we have

fzﬁya,fewz > (ym > Jolwi)

i€B, i€B,

Taking the average of both side over the bags a € [m], we obtain that Lin(60) > L (6), which
completes the proof of lemma.

B PROOF OF THEOREM

Recall m as the number of bags, and n as the number of samples. Since the bags are non-overlapping
and each of size k, we have m = n/k. Define S € R™*"™, as a matrix the encodes the bagging

structure, with S, = 1/Vk1 {jeB.} Where B, indicates a-th bag, for a € [m].

We next write the bag-level loss function and the instance-level loss function in terms of S as
follows:

Long(6) = —||s< - Xx0)[3,
Lins(0) = — ST Sy — X6|3.
ms( ) km || ) ||2
The interpolating loss function (/) then reads as

1
Lii(0) = — (1= p)|SX0 - Syll3 + p | X6 — TS|, .

This can equivalently be written as

t®) = iz | (12hs) xo- (V).

The minimizer of the above loss admits a closed-from solution given by éim = By, with

B=(X"(pI+(1-p)S"8)X) ' X'S"S.
We define the shorthand E := pI + (1 — p)STS € R"*", which is non-singular for p > 0, and
M =(XTEX) !XT € R¥*" Wethenhave B= MS'S.
We next recall the bias-variance decomposition (€], where the bias and variance are given by
Bias(fiu) = [|(BX — 1)6o|3
— |(MSTSX — MEX)6|3

= [M(S"S - E)X6|l3, (12)
Var(Oine) = 02| M ST S|%, (13)
with || - | 7 indicating the matrix Frobenius norm.

We continue by treating the bias and the variance separately.
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B.1 CALCULATING THE BIAS

Since the distribution of the features matrix X is invariant under rotation, we can assume that 6y =
|60]|€:, where e; € R is the vector with one at i-th entry and zero everywhere else. By taking
average on ¢ € [d] we obtain

o (@ [16oll3 Ta._ 2
Bias(Oint) = 7 ZHM(SS E)Xe;l5

1€[d)
. %tr (M(STS - E)X (Y ee] )XT(STS-E)M")
i€[p]

ol
d

Let us define A € R™*" as follows:
A:=—(STS—E)
=—(STS—(pI+(1-p)S'S))
=p(I-S'8). (14)

|M(STS - E)X|. .

The bias can then be written in terms of A as Bias(8) = L|MAX||%. In our next lemma, we
characterize the asymptotic behavior of the bias.

Lemma B.1. Under the asymptotic regime of Assumption 2.3 we have

of
(k=1)% — (2 )21 _ k=1’
k2(1—ay)? 11—, k k

1 )
SIMAXE B a2 +

where v, is the nonnegative fixed point of the following equation:

Y Y
p+/<:(1704*) _1_ka*

p(k—1).

Since ||| — 1, the result (8) follows from Lemma|B.1.
We refer to the supplementary [D.1]for the proof of Lemma|[B.T.

B.2 CALCULATING THE VARIANCE

Since the bags are non-overlapping we have SS' = I,,,. Therefore S S is a projection matrix and
can be written as ST.S = UU ", with U € R"*™ an orthogonal matrix. Recall that the variance

is given by Var(éint) = 0?||[MSTS||%. We use the next lemma to characterize the asymptotic
behavior of the variance.

Lemma B.2. Under the asymptotic regime of Assumption[2.3] for any vector a € R™ we have

n » k
MFMHM@ﬂ—,
Vx

where v, is given as the fixed point of the following system of equations in (v, u):

b opbe)

{mﬁ "y )
v) | pP(k— _

tw? T rwr =k

Proof of Lemma[B.2 is given in the supplementary [D.2]
We next use the above lemma for each row of U separately (as the vector a) and add them together.

Using the fact that ||U||% = m and m/n = k, we get that [MUU " ||% ) 1/v., which completes
the variance calculation.
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B.3 PROOF OF LEMMA [4.2]

We use the idea of (Dwork et al., 2014, Theorem 3.6) to prove this lemma. Given a database D =
(y1,Y2, - -, Yn), Algorithm|[I] (we denote this mapping by A : R™ — R™) outputs m real numbers
(1,92, - - - Um ). Given the database D, we define the map f : R™ — R"™ by D +— (§1, G2, - -, Um)>
which computes the mean of labels in each bag. Fix any pair of neighboring databases D, D’ that
differ in the label of a single example. We have || f(D) — f(D")[|1 := > e |/ (D)a — f(D')a] <

Af = Civ}:g". In this argument, we used Assumption that assumes non-overlapping bags,
and therefore, changing a certain y; in D leads to a change in only one of §, by at most Af. Let
pa(p)(2) and p 4(pry(z) denote the probability density function of A(D) and A(D’). We have

_elf(D)a—zal
paD)(2) P ( Af )

’ - [f(D")a—2al
A (2) _ET)

— [ ew ée(f(D’)a — Za| = [f(D)a — Za))
(

a€m] Af
] oo (2= 101
a€[m]
— exp (5||f(D)A—ff(D/)|1>

which completes the proof.

C PROOF OF THEOREM

Recall that in Algorithm the individual responses are first truncated by C'v/log n and then after the
aggregate responses are computed, a Laplace noise is added to them to ensure label DP. We define
£ is the event that no truncation happens, namely:

€= Ly, |<cviogm, vieln)} - (3)
Since y; ~ N (0, ||00||? + 02), ||80]| = 1, by using Gaussian tail bound along with union boundin
Y y g g g

we arrive at
2

P(f;)zl—nexp(—mlogn):1—7176, (16)
with ¢ = 2(%20_2)—1>0
‘We next bound the risk of estimator éint as follows:
Risk(0int) = E[[|6n — 00]|*L(ey| X] + E[[| 01t — 00| *1 ey | X]. a7

For the first term, note that on the instance £ (no truncation), the privatized aggregate responses are
just the aggregate responses with an additive zero mean noise with variance 2C? log n/(ke)?. So
we can use the analysis in the proof of Theoremwith the inflated noise variance. Let 0, be the
estimator using untruncated responses in Algorithm|I} We then have This gives us

1 ~ 1 N
E[||0ine — 00?161 |X] = E[||6™ — 09|?1£1| X
Tog [|@ine — Bol|"1 ey | X] log (105 — Ooll“1 ey X]
1 ~ 1 N
= E[||6™ — 0y]|?| X] — ——E[||0™, — 0y]|?1cey| X
1o ELIBE: — 60l1*1X] — 1 BIB3 — 60][*1 ey X]
N 1 N ~
= Bias(6™ Var(6™) — E[||0 — 09?11y | X
log‘n 1as( 1nt)+10gn ar( mt) logn [H int OH {5 }| ]’

(18)
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where the bias is given by (8) and variance is glven by @]) where 02 /k is replaced with the inflated

variance 02 /k + 2C?% log n/(ke)?. Since Blab(Oﬁft) has a finite limit, the first term above vanishes
as n — oo. For the second term we have

since 02/ logn — 0. For the third term, by Cauchy—Schwarz inequality we have

E[[16 — 861716y | X] < E[|G, — Goll*[X]"/2 B(£°). (19)

int int

Using the high probability bound on the minimum singular value of the Gaussian matrix X (Ver-
shynin, [2018, Theorem 4.6.1), we can show that E[||@2, — 8 ||*| X] is bounded in probability and
since P(£°) < n~°, we conclude that the third term in (18] also vanishes as n — oo, in probability.
Combining these together we arrive at

1 202 1
o Bl — 00] 15y [ X] % 5 - 0)
Similar to we can also show that
1 7 ()

E[l|6:nt — Ogl|?>1ee1 | X
g B8 = 80l Lieey | X] 0,

which along with and implies that

®) 2C? 1
ke2 v,

Risk(@mt) ,

logn
completing the proof.

D PROOF OF INTERMEDIATE LEMMAS

D.1 PROOF oF LEMMA [B.1]

Write X = [z1,..., x4 with z; representing the i-th column. We then have |MAX]|? =

Z?:l | M Az;||?>. We compute the asymptotic behavior of each of the summand separately. In-
deed, by symmetry of the distributions of x;, we will see that all summands converge to the same
limit.

Recall that M = (X "EX)~' X ". Consider the following optimization problem:
1
o; = argming cpa g||E1/2Xa7E*1/2AwiH§. 21
It is easy to see that by the KKT condition, a; = (X "EX)~! X T Axz; = M Ax;. Therefore, we
are interested in characterizing ||a; || in the asymptotic regime, described in Assumption 2.3
We write a as (o, ;) to separate its i-th entry form the rest. Likewise we write X = [x; X ;] to

separate the ¢-th columns from the rest. We then have

1
min f||E1/2Xa - E_l/QAwiH%
acRd d

= min f||E1/2:c o +EV?X o — E7Y? Ax||?

acRp d
= mlnd 7||E1/2XN’LaN7, + ( iE1/2 - E_l/QA):EZ”%
acR
- 2/( 7 1/2 —1/2 T 1/2 L2
= min max 3 (07 (@B - B+ 0T B X e glolE) . @2

where in the last step we used the identity max, (v '@ — ||v||2/2) = ||=||?/2 for any vector x.

17



Under review as a conference paper at ICLR 2024

We next note that SS T = T since the bags are non-overlapping. Therefore we can write S S =
UU " for an orthogonal matrix U € R™*™. We then have

E=pI+(1-p)S'S=UU" +pU U], A=pI-S8"8)=pU,U/.

where U is an orthogonal matrix representing the orthogonal space to the column space of U.
We next decompose the vector v in the above optimization as v = Uwv; + U vy and therefore
o[> = [lo1]* + [Jva]*.

We introduce the change of variable © = E'/?v in optimization (22). Note that © = Uw; +
/PU L v,. Continuing with in terms of © we have

2 1
min max — ('DT(aiI —E ANz + 0" X — ||E_1/2f)||§) ) (23)
acRd BER™ 2

To analyze the asymptotic behavior of the solution to the above minimax optimization, we use
the Convex-Gaussian-Minimax-Theorem (CGMT) (Thrampoulidis et al.;, [2015, Theorem 3), which
is a power extension of the classical Gordon’s Gaussian min-max theorem |Gordon| (1988)), under
additional convexity assumptions. According to CGMT, the above optimization is equivalent to the
following auxiliary optimization problem:

2 1
min max — <1~JT(aiI —E Az + |avi||oTg+ |9||h T o — ||E—1/2f;|§) . (24
acRd DER™ 2

with g ~ N(0,I,) and h ~ N(0,I,;_1) independent Gaussian vectors. We next write the above
optimization in terms of the components v; and v, noting that £/ “A=U, UI, as follows:

2
min max p (aivIUTwi + Vo U (I — U Uz + |ail|(v]{ U g+ /pvs U] g)

acRd v, v2ER™
1 1
+ Vol Ao PR e = Sl 2 = Slleall?) es)

Define the shorthand
x,:=U"x; ~N(0,I,),
T = Uj_ra:i ~ N0, I,_m),
g1:=U"g~ N(0,1I,),
g2:=U]g~N(0,1I, ).

Then optimization (25)) can be rewritten as
. 2
min max - (aiv;—ml + ol — 1wy o + |lai||(v] g1 + /pvg g2)

acRe vi,v2ER?
1 1
+ Vi + ploalPhT e = 5 ou = 5l 26)

We fix ||v1|| = B1 and ||vs|| = 32 and first optimize over the directions of v, v and then over the
norms (37 and (5. This brings us to

2

Inin, max E(ﬂlHaiﬂh + [la~illgi]l + B2llvp(ei — D@2 + lavill/pg2 |l

1 1
+ /82 + B3R o — 557 - 563 &)

In order to optimize over a..;, we first fix its norm to 7 := ||a-;|| and optimize over its direction,
and then optimize over 7, which results in:

2
min max -

i i—1
Jminmax (6o +ngi| + Ball V(o — s+ ny/ogs |

1 1
/B3 + B3Il - 587 - 553). 8)
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The next step in the CGMT framework is to compute the pointwise limit of the objective functions.
Using the concentration of Lipschitz functions of Gaussian vectors we have

L4

(p)
(0 +72)%

1
7”%031 +ng1l| = £/ (a? +n?)

1
)2 2 _ 2
\fH\f( 1)zs +ny/pgsl| & \/(p(az 1% +pn )w(l k)
where we used Assumption 2.3 by which n/d — ¢ and m = n/k.

(p)
We also have ﬁHhH =1

We therefore arrive at the following deterministic optimization problem

1
 in - max 51\/ ai +17°) +ﬁ2\/ 24 )¢(1— E)
87+ 083 - 8% - 563), 29)

where we made the change of variables 23, /v/d — $; and 235/ Vd = Bs.

By writing the stationary conditions for the above optimization, and simplifying the resulting system
of equations by solving for 31, 2, and substituting for them in the other two equations, we arrive at
the following two equations for «; and 7:

{p + s — 1= ek — 1)
2 kol 2a2 _v_
Mt it e D = R e

As the final step, recall that by definition 1 := ||ax;|| and therefore, ||o¢1||2 ® a? +n2. As we see
it is independent of the index ¢ and therefore,

of B a2 412

&\H
M&

1
SIMAX|* = Z [ M Aw;||* =

&
Il
-

This completes the proof.

D.2 PROOF OF LEMMA[B.2]
Recall that M = (XTEX)_lXT. Consider the following optimization problem:
1
a = arg ming cpa EHEl/QXa—E_l/QUaH%. (30)

The solution to the above optimization problem has a closed-form solution given by a =
(XTEX)"'X"Ua = MUa. So we are interested in characterizing the norm of the optimal
solution to the above optimization problem.

Similar to the proof of Lemma [B.1, we use the framework of CGMT to characterize ||| in the
asymptotic regime described in Assumption [2.3]

T

Using the identity |||/ /2 = max, (v — ||v||?/2), we rewrite the above optimization as:

1
min E||E1/2Xa — E'?Ual?

acRd

2 1
= min max — (UTEl/QXa — v E"Y2Ua - |v|§) ) 3D
acR? vER™ 2

By using Convex-Gaussian-Minimax-Theorem (Thrampoulidis et al., 2015, Theorem 3), the above
optimization is equivalent to the following auxiliary optimization problem:

2 1
min max — (||a||vTE1/2g + |EV?v||h "o — v E7V2Ua — ||v||§> , (32)
a€Rd vER™ 2
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with g ~ N(0,I,,) and h ~ N (0, I) independent Gaussian vectors.
We also recall that ST S = UU " and so
E=pI+(1-p)8S'S=UU" +pU. UJ,

with U, € R™*("=™) denotes the orthogonal matrix, whose column space is orthogonal to the
column space of U. We decompose v to its component in the column space of U and U, as

v=Uv +Uivs, |v]* = [Jor* + [|va]*.

Therefore, EY/2v = Uwv, + +/pU 1 v2 and so the above optimization can be written as

. 2
min max 2 (o] UTg + yalalo] Ul g + /o + plealPh e
acR? v1,v2E€R d

1 1
—vla— gfvil? = Slvall?) (33)
We next introduce the following change of variables:
g1 ‘= UTQ ~ N(0,1I,),
g2:=U[g~N(0,I,_,).

Rewriting the optimization in terms of g; and g» we get

. 2
min, max = (lallo] g1+ vlalo] g2 + Voi2 + plloa?h" o

a€cRd vy, v2ER™
~vla- gl - 5lul?) 64
T2 2 '

We next do the maximization on v; and v by first fixing the norms to 3, := ||v1|| and f2 := ||v2]|
and maximize over the directions and then maximize over 1, 5. This gives us

2 2
min, max 2 (8 llelgy — al + Bav/allellgall + /5 + pizhTe ~ L) )

a€R? B1,2>0 d

For minimization over «, we first fix its norm to 7 := ||| and optimize over its direction, and then
over 1:

Bi+ 53
. ) (36)

2 - - h
gl;gﬁlrflﬁgod(ﬁlllngl all + Bav/pnllgzll — ny/ B + pB3 ||h]| —

The next step in the CGMT framework is to compute the pointwise limit of the objective function.
By concentration of Lipschitz functions of Gaussian vectors we have

1 @ [lal* | ¢
\/allngl | = 1 T
1 (p) 1
ﬁ”gzﬂ = 7/1(1 g>,

1
In) B 1,

where we used Assumptlonnby which n/d — 1, and Assumption nby which m = n/k. Using
these limits in (36)), we arrive at the following deterministic optimization problem:

lal*> / 5 ., Bi+53
ggﬁln}goﬁl 5T E+62\/’377 ¢<1—E)—m/ﬂ1+pﬁ2 Ty (37)

where we applied the change of variables 23, /v/d — B8, and 235 /vVd — f3s.

In order to find the optimal solution we solve the stationary conditions. By setting derivative with
respect to 7 to zero we obtain

617)k
+m/ —\/B}+pB3=0. 38
e U pw Bt + pP3 (38)
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In addition by setting the derivative with respect to 31 and (35 to zero, we obtain

[llal? v 1
T +772E = (7m + 1)617

(39
1 pn
(1= 1) = (2 1)
k VBt + B3 )
By substituting for 3; and 3> from (39) into (38) we get
b 11
e 14 m =0, (40)
n+c pn+c
where ¢ = /37 + pf3.
Also by substituting for 5 and 2 from l| into the definition ¢ = /3% + pf33, we have
lal® | 2w 202001 — 1
A A Sl N @)

(n+c)? (pn +c)?

We next make the change of variable: ¢ = nu, and rewriting equations (0] and i) as follows:

i pp(k—1) —
14+u 2+ ptu =k ’
St et _
(14u)? (p+w)?> "
2
Defining v := lzljlgrjlz we get the system of equations given in the lemma statement.

As the final step, recall that as we discussed at the beginning of the proof, ac, = MU a. Therefore,

n n 2 () 1 2k
a1l e =

MUal; =
HGHQH a’||2

which completes the proof.
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