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A Gradient Analysis During Training

In this section, we analyze the behavior of gradients throughout training. We fine-tune a LLaMA2-7B
model [Touvron et al., 2023] on 10000 randomly selected samples from Tulu V2 [Ivison et al.,|[2023]]
for 2 epochs, saving model checkpoints every 10 steps.

For each checkpoint—including the initial and final models—we compute the gradients of 1000
held-out samples from Tulu V2, as well as samples from the target dataset BBH [Suzgun et al., 2022],
and project them into an 8192-dimensional space using random Rademacher matrices, following
the efficient GPU implementation of |Park et al.|[2023]], also adopted in|Xia et al.|[2024]. For each
dataset, we compute the average gradient cosine similarity across checkpoints. As shown in Figure[4]
while the gradient directions can change substantially in the early steps, they stabilize quickly during
training. This observation justifies the use of a short warm-up phase as both necessary and sufficient.
Similar plots for GSM8k [Cobbe et al.,2021] and SQuAD [Rajpurkar et al., 2016] are provided later
in the Appendix (Figure[9).

Additionally, for each dataset and checkpoint, we measure the Pearson product-moment correlation
between gradient norms and the number of label tokens per sample. As shown in Figure [5, we
observe a consistent negative correlation, which supports our decision to normalize gradients prior to
distillation.

B Linear Model Study

In this section, we show that a regularization term can be effective in robustifying Objective [6 to
small changes in the model parameters 8, when the model is linear and the loss is quadratic.

For a fixed € > 0, define a new objective as below:

w* = arg min |\I¢I51|?§ f(w; 0+ 9), (13)

minimizing the maximum value of f around a point € in a neighborhood of radius e. This ensures the
weights are stable as long as 0 is in this neighborhood. To solve for w, we employ Lemma B.1|below:

Lemma B.1. Assume L(0;D,w) = Zﬂ w;((xP,0) — yP)%, where D =
{(xP,yP), (xD,y2), ..., (XILI)DI’ y‘%‘)} is a dataset. For datasets S and T, let Hy = V3L(0;T, 1),
gr = VoL(6;T,1), H,, = Vgﬁ(ﬁ;&w), and g = VeL(0;S,w). Define a,, and B,, as
below:

Ay = _ngT - HTgw + nHwHTgw (14)
B, — —HH,, + gHwHTHw (15)

Indthe setting above (linear model with quadratic loss), the function f has the property thatV 6,6 €
R* w € R™:
f(w; 0+ 6) = f(w; 0) +aLd + 6" Byd. (16)

Proof. First notice that, for simplicity, the loss here is defined as the sum (as opposed to the average)
of per-sample losses, which drops the l—é‘ terms in the loss, gradient, Hessian, and Q objects.

Recalling the definition of f from we can write f(w;0+0) = —p(6+6)Tw+ Jw’ Q(6 + 8)w.
Since the loss is quadratic in 6, the Hessian is independent of 6, and the derivatives above the second

order are zero. Hence, defining g” (6) and HP as the gradient and Hessian of the sample 4 in D, we
can write:

g’ (0+0) =g/ (0) +HS (17)
for any & with the same dimension as 6. Setting D = T and summing across samples, we can write:
gr(0 +6) =gr(0) + Hrd (18)

Additionally, setting D = S and taking a weighted sum we can write:
Gs(0+ 6w =Ggs(0)w + Hy,d (19)
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Figure 4: Average gradient cosine similarity on unseen samples from Tulu V2 (top) and BBH (bottom)
across checkpoints.

Next, we see that,

And,

p(0+ ) w=gr(0+8)Gs(0+ 8w
(gr(0)" + 6"Hr)(Gs(0)w + Hyd)

p(0) w + (g7(8) " Hy + g4 (0) " Hy)d + 6 THrH,,0

wlQ(0+ 8)Tw=w"Ggs(0 +8)"THrGs(0 + 6w
= (w'Gg(0)" + 6"Hy)Hr (Gs(0)w + Hyd)
= w''Q(0)w + 2g.,(0)"HrH,,d + 6 H,Hy H,, 8
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Figure 5: Correlation between gradient norm and number of label tokens, across checkpoints on four
datasets.

Putting them together:
f(w;0+8) = —p(0+86)Tw+ wTQ(B + 0w
;0) — ((gr(0 )THw + 2w (0)THr)d + 6THH,,8)
+ 2 (284(6) " HrHys + 8" Hoy Hr o)
:0) + (—g7(0) ' Hy — 8w (0) ' Hr + ng.(0) HrH,,)é
+ 67 (—HrH,, + gHwHTHw)é
= f(w;0) +ay,d + 0 Byd

which concludes the proof. O

Substituting the result of the[B.T into Objective [I3] we can write

w* = arg min Hm‘e‘xx {f(’w; 0)+als + 5TBw5}

= arg min [f(w; 0)+ Hr?ﬁi( (al o+ JTBU,(S)} (22)

We maximize 7(8) = a%d + 8° By,d in the sphere with radius e approximately by taking a single
step of size € in the gradient direction, i.e., 6" =~ € - IIZ EO)II This approximation is standard in the
sharpness-aware optimization literature [Foret et al., 2020, Peste et al., 2022], which addresses a
similar min-max objective to search for flat minima. Note that 7’'(§) = a,, + (B, + BL)4, hence
r'(0) = a,, and

5 a Bwaw

max (aLd 4+ 07 Byd) ~ € ||ay||+€ - —— (23)
18] <e |||
Substituting into Equation@ we get the following objective:
B
w* &~ arg min [f(w;@)—i—e||aw|H-€2 a” T;w} (24)
w

This suggests that the robustness of the weights can be controlled via the hyperparameter €, which
determines the strength of the regularization.

We apply this regularization to the running example introduced in Section[3.2] As shown in Figure[6]
using the tuned value ¢ = 10~ yields better performance than the default weights. However, due to
the high computational cost of this regularization term, we use standard L2 regularization for general
non-linear models.
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C Adam Optimizer

Here we derive Equations[8]and[9] which adapt the vector p and the matrix Q to the case of the Adam
optimizer. Assume that after a warm-up phase, the first- and second-moment estimates of Adam are
m and v, respectively. For a new gradient g, the Adam update rule can be written as:

/

m
where 7 is the learning rate, and m’ = %ﬁ;ﬂl)g andv' = %&Ezmz are the updated moment
1

2
estimates, with (1, B2) being the Adam beta values for first- and second-order estimate updates, and
s being the number steps the optimizer has already been trained for.

For a single update, we note that 3ov + (1 — 32)g? ~ v. That is because (1) the value 35 is typically
very close to 1, e.g., 0.995 or 0.999, and (2) due to the warm-up, Vv is stabilized and is not expected to

change much. This allows us to ignore the dependence of v/ on g, i.e., v/ = 1_"65 simplifying the
2
computations.
Enabled by this, we revisit the Taylor expansion in Equation [2}
w* = argmin L(MA%™(9; S, w); T, 1)
Bim+(1-B)Gs (B)w
= argmin £(6 — |%‘ i )
w 1*ﬁ5 _|_ €
1—-81)Gs(0
= argmin £(0 — %[ fim + (1= 5)Gs(O)w D (26)
w SEa-8)( /2 +e  (1=8)(,/25 +¢)
Leta = —U=8)  andb = — &m _ Construct G2%m(9) by element-wise

(-8 (/15 +o) (17,8f)(\/%+6)'
multiplying each column of Gg(8) by a. We can now continue Equationby:

w* = argmin £(0 — £(b + G4 (9)w)

5]
~ argmin [£(0:T.1) - %g% (6)(b + GAE™ (9)aw)+
s (67 4w GE0) R (0)(b + G (O]
= argmin —(g}(0) - %bTHTw))Gédﬂmw)w
+ g GE(O) H (0)GE (0)w
= argmin —p"(6)"w + S’ QMM (6) 27)

Where p”%™ and Q%™ are defined in Equations8|and[9)] respectively.

D Proof of Theorem 4.1

We begin by noting a property of the landmark-based approximation introduced in Section 4.3}
it exhibits rotational equivariance. That is, if all source and target gradients are rotated by an
orthonormal matrix, the resulting landmark-based gradient approximations will also be simply rotated
by the same matrix.

In the remainder of this section, we prove two useful lemmas—Lemma@]and Lemma @ ‘We then
state and prove Theorem which bounds the error in the vector p for any unbiased approximation
that satisfies rotational equivariance. Finally, Corollary [D.4]bounds the difference in the resulting
sample weights, thereby completing the proof of Theorem .1
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Figure 6: (Left) Distribution of theoretical robust weights for the linear case with e = 1074, and
(Right) validation loss during training with different variants in the running experiment setting.

Lemma D.1. Given unit vectors g, t€R?, assume §=g-e is a noisy approximation to g. Additionally,
assume e € R is a zero-mean, isotropic random vector, i.e., E[e] = 0 and Cov(e) = %1, for some

6 _ _ Ellg—gll3]

o > 0. Let S = (g, t). Then E[S] =(g, t), and Var(S) 7 B

Proof. The expectation of S follows directly from zero-mean property of e. To bound its variance,
let X denote the covariance matrix of e. Since e is isotropic, > = 021, for some 0. We can write:

Var(S) = Var(g, t)
= Var({(g,t) + (e, t))

= Var((e, t))
=t7'%t
= o?[[t]?
= g2 (28)
Also,
Elllg — gl1*] = E[lle]|*]
={r(%)
=do? (29)
Hence 02 = M, which concludes the proof. O

Lemma D.2. Assume x € R is a random vector from an arbitrary distribution. For any random
orthonormal matrix of the form R = PD, where

* P is a random permutation matrix
* D is a diagonal matrix with i.i.d. Rademacher signs (£1)

the random vector y = Rx is isotropic, i.e., Cov(y) = 014 for some real value o.

Proof. We can write:
Cov(Rx) = Ep p x[Rxx"R7]
= Ep p x[PDxx’ DP’]
= Ex[Ep[Ep[PDxx"DP” | P,x || x|]
= Ex[Ep[PEp[Dxx"D | x |PT | x]] (30)
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Now note that Ep[Dxx”'D | x | = diag(x?). Substituting into the expectation over P, we need to
compute Ep [Pdiag(x?)P7 | x ]. However, since P is a random permutation, off-diagonal elements
are zero and for the diagonal elements, any element of x? can be picked with equal probability.
Hence, the expectation over P equals % ||x||*L,.

Putting it all together in Equation[30] we get

E(]]x]]’]
d

Cov(Rx) = I, 3D

which concludes the proof. O

Theorem D.3. Let G € R"*? and t € R%, with t and each row of G having unit lengths. Let
g; denote the i’th row in G. Additionally, assume access to a (randomized) mapping function
h:{g,g,....8.} =R andletVi c {1,2,...,n} : g = h(g;; G). Additionally, assume h(.)
satisfies:

1. Unbiased: ¥i € {1,2,...,n} : E[g;] = g i.e., h(.) is unbiased.
2. Bounded Average Mean Squared Error: Let 67 = E[||&; — gi||%]. Then:

EILETS
n
i=1
for some A% > 0.

3. Rotation Equivariance: For any orthonormal rotation matrix R € R™? and Vi €
{1,2,...,n} : h(Rg;; GR) = Rg;.

Construct the vector p=[p1,pa, - - . ,Dn)? such that p;={g;, t). Similarly define p=[p;, D2, - - -, Pn)",

where p; = (g;,t). Then

nA?
d

Elllp—p|]*] < (32)

Proof. For all i, let e; = §; — g; denote the error. By the Unibased assumption, E[e;] = 0.

Without loss of generality, we can assume that for all ¢, the vector e; is isotropic, i.e., Cov(e;) is a
scalar multiple of the identity matrix. If this is not the case, we take advantage of Lemma[D.2]and
apply a change of variables: G +— GR and t + Rt, where R = PD, P is a permutation matrix,
and D is a diagonal matrix with entries chosen uniformly at random from {41}. Note that by the
Rotation Equivariance assumption, this transformation implies g; < Rg;. Under this transformation,
the error vectors e; are mapped into a space where they become isotropic, and the pairwise dot
products and distances remain unchanged as R is orthonormal.

Now we can directly apply Lemma|D.1 for each coordinate i: E[p;] =p; and Var(p;) = E[H%‘quz].
This means:

Elllp - pl2 = 3 El(p: — 5

i=1

= Z Var(p;)
i=1

_ 3~ Ella — ol
, d
=1
nA?

<

~d

where the last inequality comes from the Bounded Average Mean Squared Error assumption. O

Corollary D.4. In the setting of Theorem[D.3| if we define:

x>0
xT1=n

A
w(p) = argmin —p’x + §HXH§, s.t. { (33)
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then
nA?

Elllw(p) —w(®)II’] < 557 (34)

Proof. Let Fy(z) = —pTx + 3|x[|3 and C = {x € R? : x > 0,x71 = n}. Note that the objective
above has a unique solution since Fj, is A-strongly convex and C is a convex set independent of p.

By strong convexity, Vz,y € R%:
A
Fy(y) = Fp(x) + VaFp ()" (y = %) + S[ly = x| (35)

Setx = w := w(p) and y = w := w(P). Since w minimizes F, over C, V. F,(x)T (y — w) > 0.

N A X
Fy(w) > Fy(w) + 3 jw — @l (36)
Swapping w and w,
A X
Fy(w) > Fy(iv) + Z[jw — w|? 37)
Adding the two equations above:
(p— D) (w—w) > N[w — w|]? (38)
Applying Cauchy-Schwarz on the left hand side, we get
Ip = Bll-l|w — w[[= Aljw — wl]? (39)
Hence 1
lw —]l< SlIp — Bl (40)
Combining with the result of Theorem
. nA?
Efllw — o’ < 557 (41)
O

E Dataset and Model Details

This section provides details on the datasets and models used throughout the paper.

E.1 Datasets

For the datasets, we largely follow the setup of Ivison et al.|[[2025]].

Tulu V2 (ODC-BY License). The Tulu V2 dataset [Ivison et al., [2023], also known as the Tulu
V2 SFT Mixture, is a comprehensive instruction-tuning dataset. Following |[vison et al. [2025], we
consider the unfiltered version with 5.8M samples, consisting of 961,322 samples from FLAN v2
[Chung et al.|2024], 398,439 samples from FLAN CoT [Chung et al., 2024], 7,707 samples from
Open Assistant [Kopf et al.,[2023], 15,007 from Dolly [[Conover et al.,2023], 52,002 from GPT-4
Alpaca [Peng et al.,2023], 20,022 from Code Alpaca [Chaudhary,[2023], 100,054 from ShareGPT,
1,030 from LIMA [Zhou et al., 2023b], 142,802 from Wizard Evol-Instruct V2 [Xu et al., [2023],
4,111,858 from Open Orca [Lian et al., 2023], 7,535 from SciRIFF [Wadden et al., 2024], and 14
from Hardcoded. For more information, we refer the reader to|Ivison et al.| [2025]].

MMLU (MIT License). The Massive Multitask Language Understanding (MMLU) dataset
[Hendrycks et al., 2021alb] consists of challenging multiple-choice questions from 57 topics, such
as abstract algebra, astronomy, machine learning, and more. It includes 5 development samples per
category and a total of 14,042 test samples. We use the development samples as our target set and
evaluate the final model zero-shot on the test set.

GSMSK (MIT License). This dataset comprises grade school math questions, with 7.47k training
and 1.32k test samples [Cobbe et al.,2021]]. We evaluate the models on the test set using 8 examples
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in the context (8-shot evaluation) and use the same 8 individual samples as the target set. As is
standard, only the final answer to each question is considered.

Big-Bench-Hard (MIT License). This dataset includes questions from 27 challenging tasks, such as
causal judgment, multi-step arithmetic, and logic. Following |Suzgun et al.|[2022], we perform 3-shot
evaluations using the same 3 samples per category (a total of 81) as the target set.

TyDIQA (Apache-2.0 License). TyDIQA is a dataset of 204k question-answering samples across 11
languages [[Clark et al., 2020]. For evaluation, we follow [Ivison et al. [2025], which in turn follows
Anil et al.|[2023], using 1-shot prompting. We select 9 samples per language for the target set.

Codex (MIT License). This dataset contains 164 Python programming questions [Chen et al., 2021]],
of which 16 are used as the target set and the remaining as the test set. See|lvison et al.|[2025] for
additional evaluation details.

SQuAD (CC BY-SA 4.0 License). The Stanford Question Answering Dataset (SQuAD) [Rajpurkar
et al., 2016] contains reading comprehension questions based on Wikipedia articles. We use 500
random samples from the training split as the target set. We perform 3-shot evaluations with three
samples randomly selected from the training set.

E.2 Model Licenses

In this paper, we utilize LLaMA 2 [Touvron et al., 2023], LLaMA 3.2 3B [Grattafiori et al., [ 2024],
Qwen 2.5 1.5B [Team, [2024], and Qwen 2.5 3B [Team, 2024] models. These models are distributed
under the LLaMA 2 Community License, LLaMA 3.2 Community License, Apache-2.0 License, and
Qwen Research License, respectively.

F Embeddings Study

In Section[4.3] we noted that existing embedding functions are insufficient for our landmark-based
gradient approximations and introduced the JVP embeddings as an alternative. In this section, we
compare different embedding functions in two settings. In all the experiments, the model we consider
is Llama-2 7B [Touvron et al.,[2023].

Gradient Recovery. First, we randomly take 200k samples from Tulu V2 [Ivison et al.,2023] and
embed them using various embedding functions. We then use a small number of landmark gradient
samples (selected uniformly at random) to approximate the gradients for all data points, following
the method described in Section[4.3] This process is repeated for different numbers of landmarks
to evaluate how performance varies with landmark count. We report the average cosine similarity
between the approximated gradients and the true gradients (projected into 8192-dimensional space
using Rademacher-based projections [Ivison et al., 2025} Park et al., 2023|]) for each case.

We evaluate several embedding functions: the RDS+ embeddings from [Ivison et al. [2025], NVIDIA’s
NV-Embed-v2 [Lee et al., 2024], GTR-base [Ni et al.,2021], and our proposed JVP-based approach
using two random vectors and four transformer blocks.

As a lower bound, we also include a Trivial embedding: here, we assume that the gradients for the
landmark samples are perfectly recovered, while the gradients for all other samples are treated as
completely random.

Figure[7](Left) presents a comparison of these embedding functions. Our JVP embeddings outperform
all other methods, including the more computationally intensive RDS+ and NV-Embed-v2.

Finally, we compute an upper bound by using the true projected gradients as the embedding function
and repeating the same experiment. As shown in Figure [7 (Right), this idealized setting quickly
achieves high accuracy in gradient approximation—surpassing 0.9 cosine similarity with just over
4096 landmarks. This suggests that the gradients are approximately low-rank, a known phenomenon
in LLMs [Hu et al., 2022} Zhao et al., [2024].

End-to-end Selection and Training. We repeat the selection and fine-tuning experiments from Table
1] this time replacing the JVP embeddings with either GTR-base or true gradient embeddings. Table
2 reports the resulting accuracy for each task. Due to the high computational cost of obtaining true
gradients, we include only a single random seed for this setting.
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Figure 7: (Left) Gradient direction recovery vs number of landmarks, when different proxy embdeding
functions are used, and (Right) gradient direction recovery when the actual gradients are used as an
ideal embedding.

Table 2: Accuracy (& standard deviation) of Llama2-7B across six tasks when using Influence
Distillation with different embeddings to select 10k samples from a pool of 200k in the Tulu V2
dataset [Ivison et al.,[2023|]. The number of landmarks is fixed at 4096.

Model | Embedding MMLU GSM8k BBH TyDIQA CODEX SQuAD | Avg. A w/ Uniform
GTR-base 46.7+0.17 1874027 4284034 5224+0.56 29.3+0.84 82.1+0.30 45.3
Llama2-7B | JVP 483+021 203+1.65 4324067 53.6+034 295+3.14 832+1.02 46.4
Grad 48.3 20.2 437 51.7 27.7 84.5 46.0

We fix the number of landmarks to 4096 across all experiments. The results show that while
GTR-base consistently underperforms, the JVP and true gradient embeddings yield comparable
accuracy—falling within each other’s standard deviation in most cases. This indicates that the gradient
approximations provided by JVP embeddings are sufficiently accurate for end-to-end training.

Finally, we note that since Figure[7 (Right) demonstrates near-perfect gradient recovery using the
Grad embedding, the corresponding row in Table [2] closely mirrors the performance of the LESS
method [Xia et al., [2024].

G An Active-Set Solution

In this appendix we derive the solution to the Influence Distillation objective under the assumption
that nQ + Al is positive definite (PD). This setting includes the special first-order case used in the
main body of the paper, where 7 — 0. Concretely, we solve

n

A w >0
T AT =
w* —argurjmn —plw+ 2w Quw + 2'w w, s.t. { T] —pn (42)

where n denotes the dimension of w and nQ + AI > O.

Introduce the Lagrange multipliers 7 € R for the equality constraint and o € R%, for the non-
negativity constraints. The Lagrangian is B

A
nw Qw+ —w

L(w,7,a) = —p ' w + 5 5 Tw—71Tw—n) — a’w. (43)
Differentiating L with respect to w and setting it equal to zero yields
NQw+\w—-—p—-71l—-—a=0. (44)
Let R :=1nQ + AI > 0. Then
Rw—-p—-71l—a=0. 45)

By complementary slackness, Vi : w;a; = 0. Let A= {i | w; = 0} be the active set and B its
complement. Restricting to the free indices gives

Rppwp =pp +7l5. (46)

Because R pp is a principal sub-matrix of the PD matrix R, it is itself PD. Hence

w(r; B) = RghL(ps + 715). (47)
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Enforcing 17w = n determines 7:
1R, (ps +715) = n, (48)

and therefore
n — 1g RTB}B PB

T = — (49)
1gR’B1BlB
Substituting 7* back into w(7; B) gives us the weights on B:
. _ n—1LRL5Lp
wy :RB}B(pB+(41Tlliile %)15). (50)
BH™'pB+B

For indices in the active set A we have w?* = 0, giving the final candidate solution w* = (w*, w).

Optimality requires that the remaining Karush—Kuhn-Tucker (KKT) conditions hold, namely V2 €
B, w; > 0 (primal feasibility) and Vj € A, a; > 0 (dual feasibility). Because the objective is
convex (R > 0), any partition A, B satistying these conditions is the global optimum.

Examining the coordinates in A in gives
aa = (Rapwp)a —pa—1"14. (51)

Problems of this type are typically solved with a primal-dual active-set algorithm. We start from the
feasible pointw = 1 (so A = @, B = {1,...,n}) and repeat:

1. Solve for w3, via (50).

2. If any component of w? is negative, move its index to A.

3. Compute a 4; if any component is negative, move its index back to B.

Each move strictly decreases the objective, and with only finitely many index sets the algorithm
terminates once all components of wp and a4 are non-negative.

The Special Case of 7 — 0. This setting corresponds to the first-order Influence Distillation variant
used throughout the main body of the paper. In this case, we demonstrate that as A increases, the
solution w™* becomes denser—that is, it contains more non-zero elements. This observation is
leveraged in Section [4.4|for tuning the parameter \.

When n — 0, we can write R = AI, which implies RE;lB = %I and R 4p = 0. Substituting these
into Equations 49} [50} and [5T} we obtain:

nA—1Lpp
T —— (52)
|B|
* 1 *
wh = 5 (P+71)p (53)
ay=—(pP+7"1)4 54

Since both wp and o must be non-negative, the last two equations imply that the active set B must
satisfy B = {i : p; > 7*}, i.e., B is necessarily a set of top-k elements from p for some k.

Consider two values A1 < Aq, and let B; and B, denote their optimal supports with sizes k1 and
ko, and w™) and w®) their respective optimal weight vectors; similarly, let o) and a(®) denote
their associated dual variables. Suppose for contradiction that ks < k;. Note that B; consists of
the indices of the top k; elements in p, while By C B; includes the top k2 elements of p. Let sg,
and sy, represent the sums of the top k1 and ky elements in p, respectively. Define j as the index of

the k-th largest element in p. Since j € B;, we have w;l) > 0, and since j ¢ Bs, it follows that
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a§-2) > 0. Therefore,

w§-1) >0
= p, + 71)\1]{77*151“ >0
= nA\; > s, —kip; = Z (Pi —pj)
i€B;
and
a§-2) >0
=p; + MQT_Z% <0
= nhg < s, — kopj = Z (Pi — pj)
i€Bs
Observe that Zie& (pi — pj) < ZieBl (pi — p;) by definition of p;, leading to the inequality

nAe < nAp, which contradicts our initial assumption that Ay < Ao.

This contradiction confirms that as the regularization parameter A increases, the solution becomes
progressively denser. Specifically, at A = 0, the solution concentrates all weight on the largest
element of p to minimize the objective, whereas in the limit as A — oo, the regularization dominates,
resulting in w = 1.

H First- vs Second-Order Influence Distillation

Recall the robust Objective|7]

w >
w* = arg min f(w;0)+%||w\\§, s.t. { ;(T g (55)

where,

f(w;0) = —p(8)"w + w "Q(O)w (56)

In this section, we compare the first-order term 77 = p(0) w with the second-order term 75 =
ngQ(O)w. To do so, we sample 128 random examples from the Tulu V2 dataset [Ivison et al.,
2023 as the source dataset, and 4 examples from either GSM8k [Cobbe et al., 2021] or MMLU
[Hendrycks et al., 2021alb]| as the target dataset.

We compute the vectors p and the matrices Q exactly for the Qwen-2.5 1.5B model [Team, [2024],
using Hessian-vector products to obtain Q. We then evaluate both 73 and 75 using default weights
= 1 and a range of learning rates. To measure the relative contribution of the second-order term,

we report the ratio Tz

As shown in Figure |: the second-order term is generally negligible for practical learning rates
(n < 10~%), indicating that the first-order approximation is sufficient in this setting.

I Projection Details

While in some of our lower-cost experiments we employ Rademacher-based projections—including
projecting JVP embeddings to a 4096-dimensional space using this method, as supported on GPUs
by [Park et al. [2023[]—we find that projecting the landmark gradients with Rademacher projections
becomes a computational bottleneck. To address this, we instead use a combination of pre-masking
and Randomized Hadamard Transform-based projections, as described below.

Hadamard-based Projection. Given a high-dimensional gradient vector g, we first pad it with
zeros to the nearest power of two, 2¥. Then, we apply a random sign (41) to each element. The

signed vector is reshaped into a matrix X of dimensions m = 2 51 andn = 215, We then apply
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Figure 8: Ratio of second- to first-order terms for Qwen-2.5 1.5B across learning rates on two target
datasets.

Table 3: Accuracy (+ standard deviation) of Llama2-7B across six tasks when using Influence
Distillation to select 10k samples from a pool of 200k in the Tulu V2 dataset [Ivison et al.,[2023],
with and without loss weighting during training. The number of landmarks is fixed at 8192.

Model ‘ Embedding MMLU GSM8k BBH TyDIQA CODEX SQuAD ‘ Avg. A w/ Uniform
Llama2-7B Weighted 478+0.16 195+£0.06 423+£0.26 5224138 27.0£253 84.4+£048 +1.48
Not Weighted 482 +£0.35 19.6+£0.79 424+0.14 527+1.67 293+127 83.440.86 +1.93

Hadamard transforms from both sides: HﬁXHn. The resulting matrix is flattened, and a random
subset of its entries is selected as the projected vector.

Importantly, both the random sign patterns and the final index subset are generated once and reused
across all projected vectors. This ensures consistency and enables meaningful comparison. The
left and right Hadamard transforms are highly efficient and provide strong mixing across rows and
columns.

Pre-masking. Although efficient GPU implementations of the Hadamard transform exist [|[Agarwal
et al.;|2024, Dao| [2023], they support transforms up to dimension 215 — 32,768. This allows us to
efficiently project vectors of up to 230 = 1,073,741,824 elements—just over one billion. However,
the full gradients of large language models (LLMs) can exceed this size.

To address this, we apply pre-masking: we randomly select one billion elements from the gradient
vector before projection. For LLaMA-2 7B [Touvron et al., [2023]], we select these elements from the
down_proj matrices, which we find to represent the overall gradients well. For smaller models, we
randomly sample one billion elements from the entire gradient vector.

J Weighted Training Loss

In this section, we investigate the effect of incorporating the weights derived by Influence Distillation
into the training loss. Specifically, we conduct an experiment using LLaMA-2 7B [Touvron et al.|
2023, with a pool size of 200k and 8192 landmarks sampled from Tulu V2 [Ivison et al.| 2023].
During training, we scale the loss of each selected sample by its corresponding weight.

Table [3| compares this weighted training setup with a baseline where the weights of the selected
samples are ignored. The results show that incorporating weights during training does not improve
performance—and in some cases, it may even degrade it. This may be due to some samples having
near-zero weights, effectively pruning them from the training process.

K Differed Figures
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Figure 9: Average gradient cosine similarity on unseen samples from GSMS8k (top) and SQuAD
(bottom) across checkpoints.
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