
A Gradient Analysis During Training563

In this section, we analyze the behavior of gradients throughout training. We fine-tune a LLaMA2-7B564

model [Touvron et al., 2023] on 10000 randomly selected samples from Tulu V2 [Ivison et al., 2023]565

for 2 epochs, saving model checkpoints every 10 steps.566

For each checkpoint—including the initial and final models—we compute the gradients of 1000567

held-out samples from Tulu V2, as well as samples from the target dataset BBH [Suzgun et al., 2022],568

and project them into an 8192-dimensional space using random Rademacher matrices, following569

the efficient GPU implementation of Park et al. [2023], also adopted in Xia et al. [2024]. For each570

dataset, we compute the average gradient cosine similarity across checkpoints. As shown in Figure 4,571

while the gradient directions can change substantially in the early steps, they stabilize quickly during572

training. This observation justifies the use of a short warm-up phase as both necessary and sufficient.573

Similar plots for GSM8k [Cobbe et al., 2021] and SQuAD [Rajpurkar et al., 2016] are provided later574

in the Appendix (Figure 9).575

Additionally, for each dataset and checkpoint, we measure the Pearson product-moment correlation576

between gradient norms and the number of label tokens per sample. As shown in Figure 5, we577

observe a consistent negative correlation, which supports our decision to normalize gradients prior to578

distillation.579

B Linear Model Study580

In this section, we show that a regularization term can be effective in robustifying Objective 6 to581

small changes in the model parameters ω, when the model is linear and the loss is quadratic.582

For a fixed ω > 0, define a new objective as below:583

w→ = argmin
w

max
||ω||↑ω

f(w;ω + ε), (13)

minimizing the maximum value of f around a point ω in a neighborhood of radius ω. This ensures the584

weights are stable as long as ω is in this neighborhood. To solve for w, we employ Lemma B.1 below:585

Lemma B.1. Assume L(ω;D,w) =
∑|D|

i=1 wi(→xD
i ,ω↑ ↓ yDi )2, where D =586

{(xD
1 , yD1 ), (xD

2 , yD2 ), ..., (xD
|D|, y

D
|D|)} is a dataset. For datasets S and T , let HT = ↔2

εL(ω;T, 1),587

gT = ↔εL(ω;T, 1), Hw = ↔2
εL(ω;S,w), and gw = ↔εL(ω;S,w). Define aw and Bw as588

below:589

aw = ↓HwgT ↓HTgw + εHwHTgw (14)
590

Bw = ↓HTHw +
ε

2
HwHTHw (15)

In the setting above (linear model with quadratic loss), the function f has the property that ↗ ω, ε ↘591

Rd,w ↘ Rn
:592

f(w;ω + ε) = f(w;ω) + a
T
wε + εTBwε. (16)

Proof. First notice that, for simplicity, the loss here is defined as the sum (as opposed to the average)593

of per-sample losses, which drops the 1
|S| terms in the loss, gradient, Hessian, and Q objects.594

Recalling the definition of f from 5, we can write f(w;ω+ε) = ↓p(ω+ε)Tw+ ε
2w

T
Q(ω+ε)w.595

Since the loss is quadratic in ω, the Hessian is independent of ω, and the derivatives above the second596

order are zero. Hence, defining g
D
i (ω) and H

D
i as the gradient and Hessian of the sample i in D, we597

can write:598

g
D
i (ω + ε) = g

D
i (ω) +H

D
i ε (17)

for any ε with the same dimension as ω. Setting D = T and summing across samples, we can write:599

gT (ω + ε) = gT (ω) +HT ε (18)

Additionally, setting D = S and taking a weighted sum we can write:600

GS(ω + ε)w = GS(ω)w +Hwε (19)
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Figure 4: Average gradient cosine similarity on unseen samples from Tulu V2 (top) and BBH (bottom)
across checkpoints.

Next, we see that,601

p(ω + ε)Tw = gT (ω + ε)GS(ω + ε)w

= (gT (ω)
T + εTHT )(GS(ω)w +Hwε)

= p(ω)Tw + (gT (ω)
T
Hw + gw(ω)THT )ε + εTHTHwε (20)

And,602

wT
Q(ω + ε)Tw = wT

GS(ω + ε)THTGS(ω + ε)w

= (wT
GS(ω)

T + εTHw)HT (GS(ω)w +Hwε)

= wT
Q(ω)w + 2gw(ω)THTHwε + εTHwHTHwε (21)
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Figure 5: Correlation between gradient norm and number of label tokens, across checkpoints on four
datasets.

Putting them together:603

f(w;ω + ε) = ↓p(ω + ε)Tw +
ε

2
wT

Q(ω + ε)w

= f(w;ω)↓ ((gT (ω)
T
Hw + gw(ω)THT )ε + εTHTHwε)

+
ε

2
(2gw(ω)THTHwε + εTHwHTHwε)

= f(w;ω) + (↓gT (ω)
T
Hw ↓ gw(ω)THT + εgw(ω)THTHw)ε

+ εT (↓HTHw +
ε

2
HwHTHw)ε

= f(w;ω) + a
T
wε + εTBwε

which concludes the proof.604

Substituting the result of the B.1 into Objective 13, we can write605

w→ = argmin
w

max
||ω||↑ω

[
f(w;ω) + a

T
wε + εTBwε

]

= argmin
w

[
f(w;ω) + max

||ω||↑ω
(aTwε + εTBwε)

]
(22)

We maximize r(ε) = a
T
wε + εTBwε in the sphere with radius ω approximately by taking a single606

step of size ω in the gradient direction, i.e., ε→ ≃ ω · r→(0)
||r→(0)|| . This approximation is standard in the607

sharpness-aware optimization literature [Foret et al., 2020, Peste et al., 2022], which addresses a608

similar min-max objective to search for flat minima. Note that r↓(ε) = aw + (Bw +B
T
w)ε, hence609

r↓(0) = aw and610

max
||ω||↑ω

(aTwε + εTBwε) ≃ ω · ||aw||+ω2 · a
T
wBwaw

||aw||2 . (23)

Substituting into Equation 22, we get the following objective:611

w→ ≃ argmin
w

[
f(w;ω) + ω · ||aw||+ω2 · a

T
wBwaw

||aw||2
]
. (24)

This suggests that the robustness of the weights can be controlled via the hyperparameter ω, which612

determines the strength of the regularization.613

We apply this regularization to the running example introduced in Section 3.2. As shown in Figure 6,614

using the tuned value ω = 10↔4 yields better performance than the default weights. However, due to615

the high computational cost of this regularization term, we use standard L2 regularization for general616

non-linear models.617

17



C Adam Optimizer618

Here we derive Equations 8 and 9, which adapt the vector p and the matrix Q to the case of the Adam619

optimizer. Assume that after a warm-up phase, the first- and second-moment estimates of Adam are620

m and v, respectively. For a new gradient g, the Adam update rule can be written as:621

!ω = ↓ε · m
↓

⇐
v↓ + ω

(25)

where ε is the learning rate, and m
↓ = ϑ1m+(1↔ϑ1)g

1↔ϑs
1

and v
↓ = ϑ2v+(1↔ϑ2)g

2

1↔ϑs
2

are the updated moment622

estimates, with (ϑ1,ϑ2) being the Adam beta values for first- and second-order estimate updates, and623

s being the number steps the optimizer has already been trained for.624

For a single update, we note that ϑ2v+ (1↓ ϑ2)g2 ≃ v. That is because (1) the value ϑ2 is typically625

very close to 1, e.g., 0.995 or 0.999, and (2) due to the warm-up, v is stabilized and is not expected to626

change much. This allows us to ignore the dependence of v↓ on g, i.e., v↓ ≃ v
1↔ϑs

2
simplifying the627

computations.628

Enabled by this, we revisit the Taylor expansion in Equation 2:629

w→ = argmin
w

L(MAdam(ω;S,w);T, 1)

= argmin
w

L(ω ↓ ε

|S|

ϑ1m+(1↔ϑ1)GS(ω)w
1↔ϑs

1√
v

1↔ϑs
2
+ ω

)

= argmin
w

L(ω ↓ ε

|S| [
ϑ1m

(1↓ ϑs
1)(

√
v

1↔ϑs
2
+ ω)

+
(1↓ ϑ1)GS(ω)w

(1↓ ϑs
1)(

√
v

1↔ϑs
2
+ ω)

]) (26)

Let a = (1↔ϑ1)

(1↔ϑs
1)(

√
v

1↑ωs
2
+ω)

and b = ϑ1m

(1↔ϑs
1)(

√
v

1↑ωs
2
+ω)

. Construct GAdam
S (ω) by element-wise630

multiplying each column of GS(ω) by a. We can now continue Equation 26 by:631

w→ = argmin
w

L(ω ↓ ε

|S| (b+G
Adam
S (ω)w)

≃ argmin
w

[L(ω;T, 1)↓ ε

|S|g
T
T (ω)(b+G

Adam
S (ω)w)+

ε2

2 |S|2 (b
T +wT

G
Adam
S (ω)T )HT (ω)(b+G

Adam
S (ω)w)]

= argmin
w

↓(gT
T (ω)↓

ε

|S|b
T
HT (ω))G

Adam
S (ω)w

+
ε

2 |S|w
T
G

Adam
S (ω)THT (ω)G

Adam
S (ω)w

= argmin
w

↓p
Adam(ω)Tw +

ε

2
wT

Q
Adam(ω)Tw (27)

Where p
Adam and Q

Adam are defined in Equations 8 and 9, respectively.632

D Proof of Theorem 4.1633

We begin by noting a property of the landmark-based approximation introduced in Section 4.3:634

it exhibits rotational equivariance. That is, if all source and target gradients are rotated by an635

orthonormal matrix, the resulting landmark-based gradient approximations will also be simply rotated636

by the same matrix.637

In the remainder of this section, we prove two useful lemmas—Lemma D.1 and Lemma D.2. We then638

state and prove Theorem D.3, which bounds the error in the vector p for any unbiased approximation639

that satisfies rotational equivariance. Finally, Corollary D.4 bounds the difference in the resulting640

sample weights, thereby completing the proof of Theorem 4.1.641
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Figure 6: (Left) Distribution of theoretical robust weights for the linear case with ω = 10↔4, and
(Right) validation loss during training with different variants in the running experiment setting.

Lemma D.1. Given unit vectors g, t↘Rd
, assume ĝ=g+e is a noisy approximation to g. Additionally,642

assume e ↘ Rd
is a zero-mean, isotropic random vector, i.e., E[e] = 0 and Cov(e) = ϖ2

Id for some643

ϖ > 0. Let S = →ĝ, t↑. Then E[S] =→g, t↑, and Var(S) = E[||ĝ↔g||22]
d .644

Proof. The expectation of S follows directly from zero-mean property of e. To bound its variance,645

let ” denote the covariance matrix of e. Since e is isotropic, ” = ϖ2
Id for some ϖ. We can write:646

Var(S) = Var→ĝ, t↑
= Var(→g, t↑+ →e, t↑)
= Var(→e, t↑)
= t

T”t

= ϖ2||t||2

= ϖ2 (28)

Also,647

E[||ĝ ↓ g||2] = E[||e||2]
= tr(”)

= dϖ2 (29)

Hence ϖ2 = E[||ĝ↔g||2]
d , which concludes the proof.648

Lemma D.2. Assume x ↘ Rd
is a random vector from an arbitrary distribution. For any random649

orthonormal matrix of the form R = PD, where650

• P is a random permutation matrix651

• D is a diagonal matrix with i.i.d. Rademacher signs (±1)652

the random vector y = Rx is isotropic, i.e., Cov(y) = ϖ2
Id for some real value ϖ.653

Proof. We can write:654

Cov(Rx) = EP,D,x[Rxx
T
R

T ]

= EP,D,x[PDxx
T
DP

T ]

= Ex[EP[ED[PDxx
T
DP

T | P,x ] | x ]]

= Ex[EP[PED[Dxx
T
D | x ]PT | x ]] (30)
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Now note that ED[Dxx
T
D | x ] = diag(x2). Substituting into the expectation over P, we need to655

compute EP[Pdiag(x2)PT | x ]. However, since P is a random permutation, off-diagonal elements656

are zero and for the diagonal elements, any element of x2 can be picked with equal probability.657

Hence, the expectation over P equals 1
d ||x||

2
Id.658

Putting it all together in Equation 30, we get659

Cov(Rx) =
E[||x||2]

d
Id, (31)

which concludes the proof.660

Theorem D.3. Let G ↘ Rn↗d
and t ↘ Rd

, with t and each row of G having unit lengths. Let661

gi denote the i’th row in G. Additionally, assume access to a (randomized) mapping function662

h : {g1,g2, . . . ,gn}⇒ Rd
, and let ↗i ↘ {1, 2, . . . , n} : ĝi = h(gi;G). Additionally, assume h(.)663

satisfies:664

1. Unbiased: ↗i ↘ {1, 2, . . . , n} : E[ĝi] = gi, i.e., h(.) is unbiased.665

2. Bounded Average Mean Squared Error: Let ϱ2i = E[||ĝi ↓ gi||2]. Then:

1

n

n∑

i=1

ϱ2i ⇑ !2

for some !2 ⇓ 0.666

3. Rotation Equivariance: For any orthonormal rotation matrix R ↘ Rd↗d
and ↗i ↘667

{1, 2, . . . , n} : h(Rgi;GR) =Rĝi.668

Construct the vector p=[p1, p2, . . . , pn]T such that pi=→gi, t↑. Similarly define p̂=[p̂i, p̂2, . . . , p̂n]T ,669

where p̂i = →ĝi, t↑. Then670

E[||p↓ p̂||2] ⇑ n!2

d
(32)

Proof. For all i, let ei = ĝi ↓ gi denote the error. By the Unibased assumption, E[ei] = 0.671

Without loss of generality, we can assume that for all i, the vector ei is isotropic, i.e., Cov(ei) is a672

scalar multiple of the identity matrix. If this is not the case, we take advantage of Lemma D.2 and673

apply a change of variables: G ⇔ GR and t ⇔ Rt, where R = PD, P is a permutation matrix,674

and D is a diagonal matrix with entries chosen uniformly at random from {±1}. Note that by the675

Rotation Equivariance assumption, this transformation implies ĝi ⇔ Rĝi. Under this transformation,676

the error vectors ei are mapped into a space where they become isotropic, and the pairwise dot677

products and distances remain unchanged as R is orthonormal.678

Now we can directly apply Lemma D.1 for each coordinate i: E[p̂i] =pi and Var(p̂i) =
E[||ĝ↔g||2]

d .679

This means:680

E[||p↓ p̂||2] =
n∑

i=1

E[(pi ↓ p̂i)
2]

=
n∑

i=1

Var(p̂i)

=
n∑

i=1

E[||ĝ ↓ g||2]
d

⇑ n!2

d
where the last inequality comes from the Bounded Average Mean Squared Error assumption.681

Corollary D.4. In the setting of Theorem D.3, if we define:682

w(p) = argmin
x

↓p
T
x+

ς

2
↖x↖22, s.t.

{
x ⇓ 0

x
T 1 = n

(33)
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then683

E[||w(p)↓w(p̂)||2] ⇑ n!2

ς2d
. (34)

Proof. Let Fp(x) = ↓p
T
x+ ϖ

2 ↖x↖
2
2 and C = {x ↘ Rd : x ⇓ 0,xT 1 = n}. Note that the objective684

above has a unique solution since Fp is ς-strongly convex and C is a convex set independent of p.685

By strong convexity, ↗x, y ↘ Rd:686

Fp(y) ⇓ Fp(x) +↔xFp(x)
T (y ↓ x) +

ς

2
||y ↓ x||2 (35)

Set x = w := w(p) and y = ŵ := w(p̂). Since w minimizes Fp over C, ↔xFp(x)T (y ↓w) ⇓ 0.687

Hence:688

Fp(ŵ) ⇓ Fp(w) +
ς

2
||w ↓ ŵ||2 (36)

Swapping w and ŵ,689

Fp̂(w) ⇓ Fp̂(ŵ) +
ς

2
||w ↓ ŵ||2 (37)

Adding the two equations above:690

(p↓ p̂)T (w ↓ ŵ) ⇓ ς||w ↓ ŵ||2 (38)

Applying Cauchy-Schwarz on the left hand side, we get691

||p↓ p̂||·||w ↓ ŵ||⇓ ς||w ↓ ŵ||2 (39)

Hence692

||w ↓ ŵ||⇑ 1

ς
||p↓ p̂|| (40)

Combining with the result of Theorem D.3:693

E[||w ↓ ŵ||2] ⇑ n!2

ς2d
. (41)

694

E Dataset and Model Details695

This section provides details on the datasets and models used throughout the paper.696

E.1 Datasets697

For the datasets, we largely follow the setup of Ivison et al. [2025].698

Tulu V2 (ODC-BY License). The Tulu V2 dataset [Ivison et al., 2023], also known as the Tulu699

V2 SFT Mixture, is a comprehensive instruction-tuning dataset. Following Ivison et al. [2025], we700

consider the unfiltered version with 5.8M samples, consisting of 961,322 samples from FLAN v2701

[Chung et al., 2024], 398,439 samples from FLAN CoT [Chung et al., 2024], 7,707 samples from702

Open Assistant [Köpf et al., 2023], 15,007 from Dolly [Conover et al., 2023], 52,002 from GPT-4703

Alpaca [Peng et al., 2023], 20,022 from Code Alpaca [Chaudhary, 2023], 100,054 from ShareGPT,704

1,030 from LIMA [Zhou et al., 2023b], 142,802 from Wizard Evol-Instruct V2 [Xu et al., 2023],705

4,111,858 from Open Orca [Lian et al., 2023], 7,535 from SciRIFF [Wadden et al., 2024], and 14706

from Hardcoded. For more information, we refer the reader to Ivison et al. [2025].707

MMLU (MIT License). The Massive Multitask Language Understanding (MMLU) dataset708

[Hendrycks et al., 2021a,b] consists of challenging multiple-choice questions from 57 topics, such709

as abstract algebra, astronomy, machine learning, and more. It includes 5 development samples per710

category and a total of 14,042 test samples. We use the development samples as our target set and711

evaluate the final model zero-shot on the test set.712

GSM8K (MIT License). This dataset comprises grade school math questions, with 7.47k training713

and 1.32k test samples [Cobbe et al., 2021]. We evaluate the models on the test set using 8 examples714
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in the context (8-shot evaluation) and use the same 8 individual samples as the target set. As is715

standard, only the final answer to each question is considered.716

Big-Bench-Hard (MIT License). This dataset includes questions from 27 challenging tasks, such as717

causal judgment, multi-step arithmetic, and logic. Following Suzgun et al. [2022], we perform 3-shot718

evaluations using the same 3 samples per category (a total of 81) as the target set.719

TyDIQA (Apache-2.0 License). TyDIQA is a dataset of 204k question-answering samples across 11720

languages [Clark et al., 2020]. For evaluation, we follow Ivison et al. [2025], which in turn follows721

Anil et al. [2023], using 1-shot prompting. We select 9 samples per language for the target set.722

Codex (MIT License). This dataset contains 164 Python programming questions [Chen et al., 2021],723

of which 16 are used as the target set and the remaining as the test set. See Ivison et al. [2025] for724

additional evaluation details.725

SQuAD (CC BY-SA 4.0 License). The Stanford Question Answering Dataset (SQuAD) [Rajpurkar726

et al., 2016] contains reading comprehension questions based on Wikipedia articles. We use 500727

random samples from the training split as the target set. We perform 3-shot evaluations with three728

samples randomly selected from the training set.729

E.2 Model Licenses730

In this paper, we utilize LLaMA 2 [Touvron et al., 2023], LLaMA 3.2 3B [Grattafiori et al., 2024],731

Qwen 2.5 1.5B [Team, 2024], and Qwen 2.5 3B [Team, 2024] models. These models are distributed732

under the LLaMA 2 Community License, LLaMA 3.2 Community License, Apache-2.0 License, and733

Qwen Research License, respectively.734

F Embeddings Study735

In Section 4.3, we noted that existing embedding functions are insufficient for our landmark-based736

gradient approximations and introduced the JVP embeddings as an alternative. In this section, we737

compare different embedding functions in two settings. In all the experiments, the model we consider738

is Llama-2 7B [Touvron et al., 2023].739

Gradient Recovery. First, we randomly take 200k samples from Tulu V2 [Ivison et al., 2023] and740

embed them using various embedding functions. We then use a small number of landmark gradient741

samples (selected uniformly at random) to approximate the gradients for all data points, following742

the method described in Section 4.3. This process is repeated for different numbers of landmarks743

to evaluate how performance varies with landmark count. We report the average cosine similarity744

between the approximated gradients and the true gradients (projected into 8192-dimensional space745

using Rademacher-based projections [Ivison et al., 2025, Park et al., 2023]) for each case.746

We evaluate several embedding functions: the RDS+ embeddings from Ivison et al. [2025], NVIDIA’s747

NV-Embed-v2 [Lee et al., 2024], GTR-base [Ni et al., 2021], and our proposed JVP-based approach748

using two random vectors and four transformer blocks.749

As a lower bound, we also include a Trivial embedding: here, we assume that the gradients for the750

landmark samples are perfectly recovered, while the gradients for all other samples are treated as751

completely random.752

Figure 7 (Left) presents a comparison of these embedding functions. Our JVP embeddings outperform753

all other methods, including the more computationally intensive RDS+ and NV-Embed-v2.754

Finally, we compute an upper bound by using the true projected gradients as the embedding function755

and repeating the same experiment. As shown in Figure 7 (Right), this idealized setting quickly756

achieves high accuracy in gradient approximation—surpassing 0.9 cosine similarity with just over757

4096 landmarks. This suggests that the gradients are approximately low-rank, a known phenomenon758

in LLMs [Hu et al., 2022, Zhao et al., 2024].759

End-to-end Selection and Training. We repeat the selection and fine-tuning experiments from Table760

1, this time replacing the JVP embeddings with either GTR-base or true gradient embeddings. Table761

2 reports the resulting accuracy for each task. Due to the high computational cost of obtaining true762

gradients, we include only a single random seed for this setting.763
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Figure 7: (Left) Gradient direction recovery vs number of landmarks, when different proxy embdeding
functions are used, and (Right) gradient direction recovery when the actual gradients are used as an
ideal embedding.

Table 2: Accuracy (± standard deviation) of Llama2-7B across six tasks when using Influence
Distillation with different embeddings to select 10k samples from a pool of 200k in the Tulu V2
dataset [Ivison et al., 2023]. The number of landmarks is fixed at 4096.

Model Embedding MMLU GSM8k BBH TyDIQA CODEX SQuAD Avg. ! w/ Uniform

Llama2-7B
GTR-base 46.7 ± 0.17 18.7 ± 0.27 42.8 ± 0.34 52.2 ± 0.56 29.3 ± 0.84 82.1 ± 0.30 45.3
JVP 48.3 ± 0.21 20.3 ± 1.65 43.2 ± 0.67 53.6 ± 0.34 29.5 ± 3.14 83.2 ± 1.02 46.4
Grad 48.3 20.2 43.7 51.7 27.7 84.5 46.0

We fix the number of landmarks to 4096 across all experiments. The results show that while764

GTR-base consistently underperforms, the JVP and true gradient embeddings yield comparable765

accuracy—falling within each other’s standard deviation in most cases. This indicates that the gradient766

approximations provided by JVP embeddings are sufficiently accurate for end-to-end training.767

Finally, we note that since Figure 7 (Right) demonstrates near-perfect gradient recovery using the768

Grad embedding, the corresponding row in Table 2 closely mirrors the performance of the LESS769

method [Xia et al., 2024].770

G An Active-Set Solution771

In this appendix we derive the solution to the Influence Distillation objective under the assumption772

that εQ+ ςI is positive definite (PD). This setting includes the special first-order case used in the773

main body of the paper, where ε ⇒ 0. Concretely, we solve774

w→ = argmin
w

↓p
Tw +

ε

2
wT

Qw +
ς

2
wTw, s.t.

{
w ⇓ 0

wT 1 = n
(42)

where n denotes the dimension of w and εQ+ ςI ↙ 0.775

Introduce the Lagrange multipliers φ ↘ R for the equality constraint and ϑ ↘ Rn
↘0 for the non-776

negativity constraints. The Lagrangian is777

L(w, φ,ϑ) = ↓p
≃w +

ε

2
w≃

Qw +
ς

2
w≃w ↓ φ(1≃w ↓ n)↓ϑ≃w. (43)

Differentiating L with respect to w and setting it equal to zero yields778

εQw + ςw ↓ p↓ φ1 ↓ϑ = 0. (44)

Let R := εQ+ ςI ↙ 0. Then779

Rw ↓ p↓ φ1 ↓ϑ = 0. (45)

By complementary slackness, ↗i : wiϑi = 0. Let A= {i | wi = 0} be the active set and B its780

complement. Restricting (45) to the free indices gives781

RBBwB = pB + φ1B . (46)

Because RBB is a principal sub-matrix of the PD matrix R, it is itself PD. Hence782

w(φ ;B) = R
↔1
BB(pB + φ1B). (47)
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Enforcing 1Tw = n determines φ :783

1T
BR

↔1
BB(pB + φ1B) = n, (48)

and therefore784

φ→ =
n↓ 1T

BR
↔1
BBpB

1T
BR

↔1
BB1B

. (49)

Substituting φ→ back into w(φ ;B) gives us the weights on B:785

w→
B = R

↔1
BB

(
pB + (

n↓ 1T
BR

↔1
BBpB

1T
BR

↔1
BB1B

)1B

)
. (50)

For indices in the active set A we have w→
A = 0, giving the final candidate solution w→ = (w→

A,w
→
B).786

Optimality requires that the remaining Karush–Kuhn–Tucker (KKT) conditions hold, namely ↗i ↘787

B, wi ⇓ 0 (primal feasibility) and ↗j ↘ A, ϑj ⇓ 0 (dual feasibility). Because the objective is788

convex (R ↙ 0), any partition A,B satisfying these conditions is the global optimum.789

Examining the coordinates in A in (45) gives790

ϑA = (RABw
→
B)A ↓ pA ↓ φ→1A. (51)

Problems of this type are typically solved with a primal–dual active-set algorithm. We start from the791

feasible point w = 1 (so A = ⊋, B = {1, . . . , n}) and repeat:792

1. Solve for w→
B via (50).793

2. If any component of w→
B is negative, move its index to A.794

3. Compute ϑA; if any component is negative, move its index back to B.795

Each move strictly decreases the objective, and with only finitely many index sets the algorithm796

terminates once all components of wB and ϑA are non-negative.797

The Special Case of ε ⇒ 0. This setting corresponds to the first-order Influence Distillation variant798

used throughout the main body of the paper. In this case, we demonstrate that as ς increases, the799

solution w→ becomes denser—that is, it contains more non-zero elements. This observation is800

leveraged in Section 4.4 for tuning the parameter ς.801

When ε ⇒ 0, we can write R = ςI, which implies R↔1
BB = 1

ϖI and RAB = 0. Substituting these802

into Equations 49, 50, and 51, we obtain:803

φ→ =
nς↓ 1T

BpB

|B| (52)

w→
B =

1

ς
(p+ φ→1)B (53)

ϑA = ↓(p+ φ→1)A (54)

Since both wB and ϑ must be non-negative, the last two equations imply that the active set B must804

satisfy B = {i : pi ⇓ φ→}, i.e., B is necessarily a set of top-k elements from p for some k.805

Consider two values ς1 < ς2, and let B1 and B2 denote their optimal supports with sizes k1 and806

k2, and w(1) and w(2) their respective optimal weight vectors; similarly, let ϑ(1) and ϑ(2) denote807

their associated dual variables. Suppose for contradiction that k2 < k1. Note that B1 consists of808

the indices of the top k1 elements in p, while B2 ∝ B1 includes the top k2 elements of p. Let sk1809

and sk2 represent the sums of the top k1 and k2 elements in p, respectively. Define j as the index of810

the k1-th largest element in p. Since j ↘ B1, we have w(1)
j ⇓ 0, and since j /↘ B2, it follows that811

24



ϑ(2)
j ⇓ 0. Therefore,812

w(1)
j ⇓ 0

′ pj +
nς1 ↓ sk1

k1
⇓ 0

′ nς1 ⇓ sk1 ↓ k1pj =
∑

i⇐B1

(pi ↓ pj)

and813

ϑ(2)
j ⇓ 0

′ pj +
nς2 ↓ sk2

k2
⇑ 0

′ nς2 ⇑ sk2 ↓ k2pj =
∑

i⇐B2

(pi ↓ pj)

Observe that
∑

i⇐B2
(pi ↓ pj) ⇑

∑
i⇐B1

(pi ↓ pj) by definition of pj , leading to the inequality814

nς2 ⇑ nς1, which contradicts our initial assumption that ς1 < ς2.815

This contradiction confirms that as the regularization parameter ς increases, the solution becomes816

progressively denser. Specifically, at ς = 0, the solution concentrates all weight on the largest817

element of p to minimize the objective, whereas in the limit as ς ⇒ ∞, the regularization dominates,818

resulting in w = 1.819

H First- vs Second-Order Influence Distillation820

Recall the robust Objective 7821

w→ = argmin
w

f(w;ω) +
ς

2
↖w↖22, s.t.

{
w ⇓ 0

wT 1 = |S| (55)

where,822

f(w;ω) =↓p(ω)Tw +
ε

2
wT

Q(ω)w (56)

In this section, we compare the first-order term T1 = p(ω)Tw with the second-order term T2 =823
ε
2w

T
Q(ω)w. To do so, we sample 128 random examples from the Tulu V2 dataset [Ivison et al.,824

2023] as the source dataset, and 4 examples from either GSM8k [Cobbe et al., 2021] or MMLU825

[Hendrycks et al., 2021a,b] as the target dataset.826

We compute the vectors p and the matrices Q exactly for the Qwen-2.5 1.5B model [Team, 2024],827

using Hessian-vector products to obtain Q. We then evaluate both T1 and T2 using default weights828

w = 1 and a range of learning rates. To measure the relative contribution of the second-order term,829

we report the ratio
∣∣∣T2
T1

∣∣∣.830

As shown in Figure 8, the second-order term is generally negligible for practical learning rates831

(ε ⇑ 10↔4), indicating that the first-order approximation is sufficient in this setting.832

I Projection Details833

While in some of our lower-cost experiments we employ Rademacher-based projections—including834

projecting JVP embeddings to a 4096-dimensional space using this method, as supported on GPUs835

by Park et al. [2023]—we find that projecting the landmark gradients with Rademacher projections836

becomes a computational bottleneck. To address this, we instead use a combination of pre-masking837

and Randomized Hadamard Transform-based projections, as described below.838

Hadamard-based Projection. Given a high-dimensional gradient vector g, we first pad it with839

zeros to the nearest power of two, 2k. Then, we apply a random sign (±1) to each element. The840

signed vector is reshaped into a matrix X of dimensions m = 2∈
k
2 ∋ and n = 2△

k
2 ▽. We then apply841
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Figure 8: Ratio of second- to first-order terms for Qwen-2.5 1.5B across learning rates on two target
datasets.

Table 3: Accuracy (± standard deviation) of Llama2-7B across six tasks when using Influence
Distillation to select 10k samples from a pool of 200k in the Tulu V2 dataset [Ivison et al., 2023],
with and without loss weighting during training. The number of landmarks is fixed at 8192.

Model Embedding MMLU GSM8k BBH TyDIQA CODEX SQuAD Avg. ! w/ Uniform

Llama2-7B Weighted 47.8 ± 0.16 19.5 ± 0.06 42.3 ± 0.26 52.2 ± 1.38 27.0 ± 2.53 84.4 ± 0.48 +1.48
Not Weighted 48.2 ± 0.35 19.6 ± 0.79 42.4 ± 0.14 52.7 ± 1.67 29.3 ± 1.27 83.4 ± 0.86 +1.93

Hadamard transforms from both sides: HT
mXHn. The resulting matrix is flattened, and a random842

subset of its entries is selected as the projected vector.843

Importantly, both the random sign patterns and the final index subset are generated once and reused844

across all projected vectors. This ensures consistency and enables meaningful comparison. The845

left and right Hadamard transforms are highly efficient and provide strong mixing across rows and846

columns.847

Pre-masking. Although efficient GPU implementations of the Hadamard transform exist [Agarwal848

et al., 2024, Dao, 2023], they support transforms up to dimension 215 = 32,768. This allows us to849

efficiently project vectors of up to 230 = 1,073,741,824 elements—just over one billion. However,850

the full gradients of large language models (LLMs) can exceed this size.851

To address this, we apply pre-masking: we randomly select one billion elements from the gradient852

vector before projection. For LLaMA-2 7B [Touvron et al., 2023], we select these elements from the853

down_proj matrices, which we find to represent the overall gradients well. For smaller models, we854

randomly sample one billion elements from the entire gradient vector.855

J Weighted Training Loss856

In this section, we investigate the effect of incorporating the weights derived by Influence Distillation857

into the training loss. Specifically, we conduct an experiment using LLaMA-2 7B [Touvron et al.,858

2023], with a pool size of 200k and 8192 landmarks sampled from Tulu V2 [Ivison et al., 2023].859

During training, we scale the loss of each selected sample by its corresponding weight.860

Table 3 compares this weighted training setup with a baseline where the weights of the selected861

samples are ignored. The results show that incorporating weights during training does not improve862

performance—and in some cases, it may even degrade it. This may be due to some samples having863

near-zero weights, effectively pruning them from the training process.864

K Differed Figures865
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Figure 9: Average gradient cosine similarity on unseen samples from GSM8k (top) and SQuAD
(bottom) across checkpoints.
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