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A BACKGROUNDS

Deep Deterministic Policy Gradient Incorporating a parameterized actor function i (s), Deep
Deterministic Policy Gradient uses the following actor and critic and loss to train the agent:

JTF(G) = ]EStND[_Q¢(Stv at)|at:M9(St)]7
Jo(8) = Ea, o [(Qu(se, ar) — Q(51,00))*|armpo (5]

where Q(s;,a;) = 1 + YQs(st+1, Hg(st+1)), which is the target Q-value defined from a target
network, 6 and ¢ represents the parameters of the actor and the critic respectively, 6 and ¢ represents
the parameters of the target actor and the target critic respectively, and D represents the replay
buffer. The weights of a target network are the exponentially moving average of the online network’s
weights.

(16)

Soft Actor-Critic Maximum entropy RL tackles an RL problem with an alternative objective func-
tion, which favors more random policies: J = B [Y27°  v'r; + aH(7(- | 5;))], where 7 is the dis-
count factor, « is a trainable coefficient of the entropy term and H (7 (- | s;)) is the entropy of action
distribution 7 (- | s;). The Soft Actor-Critic (SAC) algorithm (Haarnoja et al.,2018) optimizes it by
training the actor mg and critic )4 with the following respective losses:

J=(0) = ESt~D,a~ﬂ[a logmg(a | s¢) — Q¢(St, a)l, a7

Jq(¢) = Es, a,~n[(Qo (51, a1) — Q(s1,a4))?],

where Q(st, at) = 1¢+7Q5(8t 41, ar41) — alog mg(agy1|s¢11), which is the target Q-value defined
from a target network and a; 1 ~ (- | s¢+1), @ .6 and ¢ represents the parameters of the actor, the
critic and the target critic respectively, and D represents the replay buffer. The weights of a target
network are the exponentially moving average of the online network’s weights.

Reinforcement Learning with Augmented Data Reinforcement Learning with Augmented Data
(RAD) (Laskin et al., 2020) applies data augmentation in SAC by replacing the original observation
with augmented observations in the training of the actor and critic. Given image transformation f,,
the actor and critic losses are

J‘IT (0) — EstND,aNﬂ' [OZ IOg Uy (a | fl/(st)) - Q(ﬁ(fu(st)a a)]a

JQ((b) = ESt,atN'D[(Q¢(fV(St)7 at) - Q(fl/(st)u at))Q]v
Data-Regularized Q Data-regularized Q (DrQ) (Kostrikov et al., 2020) extends RAD by using
data augmentation in the training of the critic in two new ways. Given a type of image transformation

f parameterized by v, data augmentation is first applied in the calculation of the target Q-value for
every transition (s, a,r, s’):

(18)

K
Y=+ S Qa(f (), ), whete a! ~ (- | f1,(5)). (19)
K
k=1

Q5 is the slowly updated target network. Then the critic is updated with different augmented s and

this averaged target:
N M 5

1
() = 37 - 2 CRIMOROEI (20)
Note that DrQ recovers RAD when M = 1 and K = 1.

SVEA In order to avoid non-deterministic Q-target and over-regularization, [Hansen et al. (2021)
propose using state without complex augmentation for calculating the target. Let 77 and 7 be a set

of random shift and a set of random shift plus one of the data augmentation mentioned in the paper
such as random convolution (Lee et al.,2019). The critic loss used for training is

N
LQ(¢) = % Z asvea(Q(ﬁ(f‘rlﬂ; (S), a) - 91)2 + 5svea(Q¢(szyi(s)v (L) - yi)27 (21)
i=1
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where agye, and Bgve, are constant coefficients for naively and complexly augmented data respec-
tively, 71, € 71 and 72; € Ta, yi = 7+ yQz(m1:(s"),a') + alogm(a’| fr, ,(s")), where
a' ~m(-|11i(s")).

DrAC Instead of directly replacing the original samples with augmented samples in the training,
Raileanu et al. (2021) use two regularization terms in the training of the actor and critic to explicitly
enforce the invariance. When applying it in the PPO algorithm (Schulman et al.l [2017) to learn a
state-value estimator V() and a policy mg(s), the regularization terms are

Gy = (7(5) = V(£ (s)))2.
Gy = Diculmo(a | ) | o(a | fu(s)] @

where f/(s) is the sum of rewards collected by the agent after state s and v is the random variable
for parameterizing the image transformation.

Tangent Prop Regularization Tangent prop (Simard et al.,|1991)) is a regularization term used for
learning invariance for a function G(s) with respect to a small image transformation parameterized

by aon s:
ZH@GS a

B EXPECTED LOSS UNDER DATA AUGMENTATION

‘ =0 (23)

B.1 ACTOR LOSS

SAC as base algorithm For image-based control tasks, a data augmentation f parameterized by
wover T is applied on the observations. The actor loss with implicit regularization for the state s in
a transition is

Ch(s,p) =E, [alogﬂa(d | f1u(8) = Qg (f1u(8)5a) lamms(-1fu(s)) }

. 1 (24)
= B, | Dice. (wo (£ (5))]| exp(5 Qo (fu(5). ) ~ log Z(£u(s))) )|
Let g(fu(s), ) = exp(Qu(fu(5). ) ~ log Z(fu(s)))
los: )
= By [ Dicr (moCLfu()llg(Fu(s),))
= B[ Dicr (mo1 7D lg(fu(s), ) = Dice (wal-1fu()llg(5,-))
+ Dicr (7o 1fu()llg(s.))
i T el o 1og T@) [ molalf(s)
~ B[ [ motal ) low L — [ ol ) o T LD
+ By | Dici (moC () lg(s.)) | o5)
e 9als) 1,5
= B[ [ molalfu(o)tog LTS ] 4 B, D (moC (o)) lo(e. )]
& [ glals) 1. 45T
= B[ [ molal (6 108 2T+ B[ Drc (moC LoD )
= D (7oL () To.00(15)) + Dicr (701 fu() 170,59 (19)) |
[ [ ro(alsuo)1os 2 T LB T [ mp(alfu(s) log Test@ls)
= 5. [ motalfutoton 4 TUS] B [ motal (o) 1o T )

+E, {DKL (We(‘lfu(sm|7T0759(’|5))}'
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If the invariance in the critic has been learned:

Q(fu(s),a) = Q(s,a) foralla € A,

the actor loss with implicit regularization becomes

£3(6u) = B [ mo(al () tog "] 1 B, [ D (maC 1 oDl (19)]

because
g(alfu(s)) = g(als) forall a € A.

If the actor is well learned for state s, this actor loss become
035, 1) = B[ Dicr (w1 () Imo,05 (1)) |

because
g(als) = mg sg(als) forall a € A.

(26)

27)

(28)

(29)

(30)

DDPG as base algorithm For image-based control tasks, a data augmentation f parameterized
by p over T is applied on the observations. Considering that the Q-invariant transformation is
also m*-invariant, training all policies of the transformed states to get close to the same optimal
policy is equivalent to training the policy of original state and enforce the invariance in the policy.
Considering actor loss with implicit regularization, we can apply a Taylor expansion with respect to

the optimal action 7 (£, (s)) = 7*(s) = arg max, Qu(s, a):
ly(s, 1)
= By | = Qu(fuls),) lazrotr,(0)
= B, [Qu(fu(), 7" (fuls)) + T (@ = 7 (fu(5)))
4 50— T ) H @ = 7 (ful5) + 01— 7 () I amry 5,0

~ —%Eu [(& — 7 (fu(s))TH(a — W*(fu(s)m&:ws(fu(S))}

+ (T0,54(5) — 7T*<fu(3))>TH(7T07sg(s) = (fu(s)))
20 = 70,5 (5)) T H (70,59 (5) = 7 (fu(5)lara (10

The first term above is enforcing the invariance of the actor with respect to the transformation.

B.2 CRITIC LOSS

B.2.1 LINEAR MODEL

€Y

According to the analysis by |Balestriero et al.| (2022)), the expected Mean Squared Error (MSE)
under data augmentation for a linear regression model can be expressed by the expectation and
variance of the transformed images. Now we want to derive a similar regularization term from the

critic loss.

If we use linear model for the critic and actor:
Q(s,a) =Wsxs+ W, xa+ by
Q(s,a) = Wy x5+ W, * a+ by
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7(s) =W, * s+ eW, x5+ by, e ~N(0,1) (34)
in which Wy € RYISI, W, € R W, € RUISIIW, € RIS and by, by are parameters for
the model. @ is the exponential moving average of Q).

The critic loss for a transition (s, a,r, s") under data augmentation v ~ P and p ~ P’ for state s
and next state s’ is

ty =B, [(QUu (). 0) ~ o) |

o (35)
=E, [Q(fV(S)a a)2] —2E, [Q(fu(s)» a)] Ey, [y] + EM[?JP)
in which
y=r+vQ(fu(s'),a") — alogm(a'| fu(s")ar (11, (s7))- (36)
Considering the last term is not used to update (), we only need to focus on the first two terms.
Expectation
E, [Q(fu(s)v a‘)] =E, [stz/(s) +Waa + bO]
= WE,[£,(5)] + Waa + bo (37)
= Q(Eu[fv(s)]v a)
Variance
E, [Q(fV(S),a)ﬂ
~E, [(W £u(8) + Waa + b0)2]
= B, [£7(5, »IWIW, £ (5) + Waa + b0)® + 2Waa + bo) (Wsfu(5) |
—E,[Tr (W Wt )fT(sw))} + (Wat + bo)? + 2(Waa + bo) WE £, (5)))
(38)
= Tr(WIWLE, [£(5)f7 (5,1)] ) + Wat + bo)? + 2Waa + bo) WSE, [f (5)])

(W
=T (WTW 1) (5,0)] = o[£ (9)] B [ (5,0)]))
+Tr (WTW E, [£,(s)]Ey [£7 (s, y)]) + (Waa + bo)? + 2(Waa + bo) (WSE, [£,.(s)])
= Tr(WIW,V, [ﬂ(s)]) + QB [fu(s)],a)?
Whole loss

by E,[Q(f(9),0)?] = 2B, [Q(f(s), )] Bpuly] + E,[y)?

-

©
I
—

o

o
Il
N

Tr(WIWVL[£,(9)]) + QEE[F (5)], @) = 2B, [ Q(E, [T(s)), ) + Eufy]?  (39)

(QE.175)) @) ~ Buld) + Tr(WIWLY, 17, (5)

I
.MZ

«
Il
-

B.2.2 NON-LINEAR MODEL

According to the analysis by [Balestriero et al.|(2022), the expected loss of transformed state has an
upper bound related to the variance of the transformed state:

E[(€0 Q)(f(®))] < (£0 Q)(E[f(2)]) + x()|T QEf ()] H (x)A(x)? |7, (40)
in which variance of the transformed image can be decomposed into
V[f(2)] = H(z)A(x)H (2)". (41

The second term in the RHS of Equation #0]recovers tangent prop regularization.
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C EXPLICIT VS IMPLICIT REGULARIZATION

C.1 CRITIC LOSS IN EXPLICIT REGULARIZATION

For 7 = (s, a, s, r) sampled from the replay buffer D, given current estimation (), and true estima-
tion Q* without error, the bias of the target E,/ . (s)y(s’, a’) is smaller than the target Qg o4 (s, a):

Ervp |:(Ea’~7r(-|s’) [y(S/, a/)] - Q*(Sv a))2:|
=Erp | (Barmn(ion Ir +7Q5(5 @) = alogn(a’]s)]
(B [Q (') alogw(aws’)])Q]

=E,p {(anww(-\s/) [Q5(s",a) — )

%')/QETND |:<]Ea '~r(e|s /)[ch sg(s a ) ( )])} w
2
<ET~D{(Eamus')[Q@sg(S'»a') Q*(S/’a/)]) ]
2
<E:iparmr(|s) KQ‘%S!](S/’ a’) - Q*(s, a’)) ]
=E.p [(Qd),sg(s, a) — Q*(s, a))z}
The bias of using a target ¥ in the explicit regularization is
@) =E-[((Qo(1u(9).0) ~5) — (Qu(huls)) ~ Q" (s.)) )] “3)

B, | (2Q0(fu(5), 0)(@"(5,) = 5) + 7° ~ Q" (s, a>2)2]-

We only need to consider the first term 2Q4(f.(s),a)(Q* — ), considering that other terms is
constant with respect to ¢. So the bias of using different targets in the regularization term is decided
by the bias of the target compared to the true estimation. The bias of using E,/ (s [y(s’,a")] in
the explicit regularization term is smaller than using Q4 s,(s, a) according to the equations above:

6(? = Ea’wﬂ(-\s’)[y(slv a/)]) < 6( Qqﬁ 59(3 CL)) (44)

In practice, we use the sampled value y(s’,a’) as the target, which leads to a smaller bias and
relatively larger variance.

C.2 CRITIC LOSS CONNECTION

Assume given Ef (s,a,r,s',v), by appropriately setting the random variables in Equations |5} it
recovers the critic loss in explicit regularization (Equation [7), as shown below. If the distributions
of ¥ and i are defined as follows:

P(v=1)ag+1 ifr =T o
R B =170 N 1, ifag=m
P(0=7)=1 po29 . P() —{ ok : 45)
{ Htie it 0. it #m

then we have for any sample (s, a,r,s'):

(ag + 1)%(57 a,r, 8,0, ji) = Ef(s, a,r,s V)
C.3 ACTOR LOSS

Considering that the policy is parameterized as normal distribution in SAC, we first define:

mo,sg(- | fu(s)) = Ny, 00), (- | fu(8)) = N (A, 07) (46)
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For simplicity, we consider x and 7 are defined over discrete set 7 with probability P(u = 7;) =
P(n=m;) = P;,7; € T. The derivation can be easily extended to using a continuous set.

Tavg (- | 8) = r1[779 sg( | fa(s))] = N(Aavg: 05 Tavg) ZP)\TNZP ‘7 47)

Ey [Drcr (0,59 (-1 f(8)) || o (- | fu(5))]
2 An _ >‘H 2
=, [log 2 +ﬁ+( 202 - 5 (48)

Zv’ PiUT, Z PZ( - )2

1
=1 — Pz 1 g - - =
o8 u 27: 8 0m T "o52 207 2
D p(Tavg (- 5) [ 7o (- | fu(s))
o2 2
av )\av - )\ 1
—log Ou + 29 n (Aavg _ w) _ 4
Oavg 20 20, 2 (49)
2 2 2
_ o o 2 bior (30 Pidy, = A) 1
=logo, — 5 log; Por + 22 + 22 -3

Comparing the two equations above, the first term and the last term are the same, and the second
term is a constant with respect to the parameter 6 of the actor. For the third term, it is obvious that

Zi2§%0§i > Zi;;i;”zl because P; > P2, for any 4. For the forth term, we have:
Zi Pi()\Ti — )‘M)Q (Zz PiAr, — )‘u)2
202 202
_ Zi Pi(Ai + >‘;2L — 22X M) . >‘;2L + (Zz Pi)‘n)2 — 2\ ZL PiAr,
202 202 50)
B )\i +>, Pi)‘?ri — 22, >, P, )\Z + (>, Pi)\.ri)2 — 22\, >, P,
202 203
_ Zl Pi)‘?ri - (Zz Pi)‘n)2 _ V[)‘n} >0
202 202

So the loss of using the policy of a transformed state as the target is an upper bound of using the
average policy as the target:

By [Dir (7,59 (-1 £(8) [ 70 (-1 £(5))] = Dicr(Tavg (| 5) [| 7o (- | £u(s)) (51
D KL DIVERGENCE

Given a transformation f,(s) on state s, considering that the KL divergence is not symmetric, we
discuss the differences between two kinds of KL regularization here:

Dk, (We,sg(s))||7fo(fu(s))) and Dy, (We(fu(s))HW,sg(s))? (52)
Detach First
DKL(71'0,89(3))||7T9(fV(8))) _/a 0.59(als)] gﬂa(a|fu($))

=/(Tre,sg(aIS)logﬂe,sg(a\S)—Tre,sg(aIS)10g7fe(a|fu(8))) (53)

a

= H(mpu(s)) / T0.09(a]5) log o al £, (s))

a
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Detach Second

Dict (m0(5o(6))70.0s5) = [ mo(alfy () 1o T2

a m0,s9(als) ’

— [ (mo(alfuts)) g matalu(5) = molalf (5) o 7. )

a

:*Mm%@m*/mmme%mMM%

a

(54)

in which H represent the entropy for a distribution.

“Detach second” introduces an entropy term for the policy of the transformed state. This regulariza-
tion not only makes the policy of the augmented state and the original state close, but also maximizes
the entropy of the policy of the transformed state. However, in “detach first”, the entropy term with
the sign sg is not used to update the policy.

E VARIANCE UNDER DATA AUGMENTATION

E.1 MORE AUGMENTED SAMPLES REDUCE THE VARIANCE OF THE CRITIC LOSS

Considering one transition (s, a,r, s’) and M transformations {f, | m = 1,..., M}, K transfor-
mation {(f; | k = 1,..., K} respectively on s and s’, the Q-values and target Q-values for the
transformed samples are

Qm = Q(me (8)7 CL),

55
g =7+ 1Qy(fry (), @) — alog m(@ | foy ()11 () &
wherem € {1,...,. M}, ke {1,..,K}.
RAD-+ loss becomes
1 XM
_ 2
lrAD+ = A Z_l(Qm — Yr) (56)
DrQ loss becomes
1 U 1 &
_ 2
tprq = ;" > Q- ?Zyk)
m=1 k=1
;M | K | K
_ 2 2
=7 Z( m+(EZyk) ~2Qm EZM)
m=1 k=1 k=1
M M K M K 57)
1 , 1 1 , 1 1 (
= 75 a7 T - 7 2 m
M ZQ71’L+ M (szk) M Z Q szk
m=1 m=1 k=1 m=1 k=1
;M K 9 M K
_— 2 —_ . 2 — .
=7 mZ_lQm + 7 (I;yj) a mZ:l;Qm Yk
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If all the combinations of above () and y values are used for estimation, the loss becomes:

1 M K
Z(/Lll = 7}{ : ZZ(QT?’L - yk)2

m=1k=1
ZK Q7 +ZM yk_2ZZQm Yr)
m=1k=1 (58)
1 , | K , 9 M K
—M';Qm-i-?(;yk) _M'K.;;Qm.yk

The second terms in both Equation [57)and [58] can be ignored because the gradients of target values
1; with respect to critic parameters are stopped.

Obviously, {4y and £ p,.q have same gradients with respect to trainable parameters of the critic. The
comparison between £p,g and {4 p is exactly the comparison between ¢,;; and £z p. For one
transition in one gradient step, M - K pairs of @,,, and y;, are used to formulate /,;; while only M
pairs of Q,,, and yy, are used to formulate 4 p, . Therefore, we can find out that Dr () outperforms
RAD by leveraging more augmented samples and the averaged target. These operations indeed
reduce the variance of the estimated critic loss.

E.2 KL REDUCES THE VARIANCE OF ACTOR LOSS

SAC actor loss  Given data augmentation fulv ~ P on state 5. if Q(f.(s),a) is invariant with
respect to v for all a € A, the variance of the actor loss V,, [¢}(s,v)] is bounded by a term that
depends on the KL divergence D,,, = D (m(- | fy(s))||7(- | fl, s))) for v, n ~ P:

(5] < 2B [ (B Dy + clfo(5)vED) . (59)

where ¢(f,(s)) > 0, n is the number of samples to estimate the empirical mean ¢} (s, /).

Proof. For image-based control tasks, a data augmentation f parameterized by v ~ P is applied on
the observations. The actor loss of SAC becomes

£h(s,) = B [Dice (moC A )l exp(EQu(fuls), ) ~os Z(R())]  (60)
Let 9(fu(s).) = exp(2Qul(fu(s), ) — log Z(£,(s)))-

The variance of empirical mean can be derived as the true variance divided by the number of samples
n.

V[E[2]] = E[(E(z) — E[z])?]
:E[(%(xl E[z] + o5 — E[z] + ... + 25 — E[2]))?]
1 (61)
= —n- V]
= %V[x]

The variance of Eé (s, v) with respect to v for a given number of samples n is
Vo [l (s, v)]
1
= —Vu[Drr(mo(|fu(s)llg(fu(s). )]

= &, [(Drrmol 15 (s >>||g<fy<s>,->>—EU[DKLm(-\fAs)n|g<fn<s>7~>>])2] .
- E V[(DKL 7oL s)llg(fi(s); ZP )Dici (ool (). D) |

1 2
== V[( m)(Drer(mo(-|f >>\|g<fn<s>,->>—DKL<7re<-|fy<s>>||g<fy<s>,-))))}
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For the term inside the above equation, we can further derive:

Dicr(mo(:[fn(s)llg(fn(5),-)) — Drr(ma (- fu(s)llg(fu(s),-))

[t 108 2D _ 17 10 oL i)
= [ o1y o 2o 7, ) o TS

);
/7?9( [ fn(8))log o (-|f5(s)) — mo(-1fn(s)) log g(fn(s), ")
)

a

(
— 7o (LA () 108 Mo (1fu () + Mo (1o (5)) log g (5), )
= [ mate o) tog T — w1, () o
) (
(
)

7o (17,(5) (s )

(w1 () — 7oL () g 78 (o ()) + 7 (-1 fo (5)) log g(fu (). )

= [ mlists)1o mola(8)) g () log a(fu (), -+ ma(15) 1o 2
) )

o (1 fu(s))
— (mo(-[£0(5)) = mo(-[fn(5))) log mo ([ £ (s)) + mo(-[ £ (5)) log g(fu(s), -)

= D (mo(:[fn(s)l|mo (- fo(5)))
+ij (we(|j5 — 7o (| fu (s ) (logﬂv | fu(s) 10g9(fb(5),?)

+ [ mutlfy () o E;E i §

Then plug the above results into the equation of V,, [¢4 (s, v)].

)lo
(

(63)

V.l (s.v)]
~2E (P @ratmists MoCa(s),)) = Drcs(mo (15D lg (), ) |

= &, [( 3 Po)Drcw(mClfy (Dl (17 (5))

+ me) / (o (-1 fn(5)) — o (1, (5))) Qog w0 (1 fu (5)) — log (£, (5),-))
a(f(5),)\2

+ZP /7?0 (1 ”bgg(f,](s),.))]

2 U[(ZP MDicr(mol-1£2(5))lImal-11. ()

(64)

+ZP /770 1 fn(8)) = ma(-[fu(s))) - (ogma(-| fu(s)) —log g(fu(s),-))

+2 ZP ) [ 701, Qalfols),0) = Q(5). )

T [ )

20



Under review as a conference paper at ICLR 2024

For the second term on the right hand side of Equation[64] by applying Pinsker’s inequality, we get

ZP(U)/(M(W(S)) —mo(1fu(s))) - (logma(-[ £ (s)) —log g(fu(s),))

< ZP(U)/ mo(alfy(s)) = mo(alfy(s))] - max|logm(al fi (s)) —log g(fu(s), a)l (65)

< me\/wm (moCLa()lIma1£(5)) ) - max [log ma(al £ (s)) — log g(fu (5), a)

For the third and fourth terms of Equation given data augmentation f,|v ~ P on state s, if
Q(fv(s),a) is invariant with respect to v for all @ € A, both the third and the fourth terms of

Y, [} (s, v)] are zero.

Therefore, if Q(f.(s), a) is invariant with respect to v for all a € A, the variance of the augmented
actor loss V,[¢}(s,v)] is bounded by the KL divergence D,,,, = D (n(- | f,,(3)) | 7(- | f.(5)))
forv,n ~ P:

V[0 (s, )] < %EV [(B[Dy + (7)) V/2D,.4) 2] (66)

where c(f,(s)) = max, |logmg(alf,(s)) —logg(f.(s),a)| > 0, n is the number of samples to
estimate the empirical mean. O

DDPG actor loss Based on Equation (31} the DDPG actor loss ¢4 (s, 1) becomes,

(s 1) = 3B (fu5)) = 7 (Fu) Hulmo(Fuls) — = (Guls)))] . (6D

The variance of the actor loss is reduced if we minimize the mean squared error between two deter-
ministic actions ||m(f,,(s")) — ma(f.(s))]|?, where n,v ~ P.

Proof. Let M,, = mo(fu(s)) — 7*(fu(s)). Assuming that the Hessian matrix H,, have a a lower
bound and upper bound:

LI1=H, =L, (68)

we have
LI M|? < 64(s, i) < L[ M, 1° (69)
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V,,[@é(&l/)]

1
= EEu[(gé(SaV) E, [¢5(s, )] ZP Vg(s,v) = > P)th(s,m))?]
n
1
- 6 | < IE £I )—¢
B PO )~ s (PN~ )
1 , 1
= L (55, — b)) < L (a5, ) — min 5, )?
1 1
< (max L, || M, ||* — min 1, || M,|*) . (L | Mo |17 = D | M 11%)?
Let vpax = arg maxﬁé(s, V), min = arg min éé(s,n).
v n

Vu[%(sﬂ/)]

1
< (Lo = bsa) Mo [+ Dy (1M P = 130, 1%))
1
= — (L = i) [ Moo
L (176 (e (5)) = 77 ()1 = 170 (fin (5)) = 7 (5)]1%)?
1
== (Lo = s I Mo 1P
(L = D) [ Mo |

: ((LVmax - l77min)||MVmax ||2

i 3 (F0 () = 7 ()0 = (T g ()i — 7 ()%)

(Lot = D) | Mo ]I
2

i 3 (F0 Ut 54+ 70 ()i = 25 (3):) (70 o () = T (8)):)

i

1
— (L = i) [ Moo I?
2

e 2 (70U (501 + 70 (5))i = 27°(8):) (70 Fran (515 = 70 (Fpain(5))5)

i

1
= (L = i) [ Moo I

s 3 (10 e () + 70 (50)s = 27 (5)s) (70 e (51)s = 10 (3)))

(70)
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Since
(a—b)2(a+b—2c)?
< (a—b)4+(2a+b—2c)4
_(a=b)'+((a—ctb—0c)?)?
2
< (a—b)*+ (2(a —¢)? +2(b —¢)?)? (71)
- 2
_ (a—0b)*+4((a—c)®+ (b—c)?)?
2
< (a —b)*+8(a —2 ) +8(b—c)t
we have
Y, [65(s,v)]
G A M | LY

n

s 3 (70 (D + 70 () =27 (5):) (70t (5))s = TP (5)):)

i

2

< (D L) M
S 70 o (9)) = T ()
Al 70 s (5)) — 7 (DI
Al 70 o (5)) = 7 (DI
(72)
O

In Equation [72] the third and fourth terms are minimized by the actor loss. If we minimize the
second term of Equatlonnby minimizing the mean squared error between two deterministic actions
|0 (f(s")) — mo(f.(s'))]|? in the case of DDPG, the variance of the actor loss is reduced.

E.3 KL REDUCES THE VARIANCE OF THE TARGET Q-VALUE

DDPG target values For DDPG, when we compute target values, we add Ornstein-Uhlenbeck
noise to deterministic actions for exploration. Then the policy can be regarded as a probability
distribution 7.

For image-based control tasks, a data augmentation f parameterized by p ~ P is applied on the
observations. Then the target value y for a given transition (s, a,r, s’) is

y(fu(s),a) =1 +9Qa(fuls'), '), where a’ ~ (- f.(s). (73)
The expectation of y(f,,(s"), a") with respect to a’ ~ 7(-|f,.(s")) is

Eu [y(fu(s), a')] = 7 + 1B [Q5(f4 (), a')]
—rMZ (@1 u()Q5(fu(s), ) 74

The expectation of y(f,,(s"), a’) with respect to p ~ P and a’ ~ 7(-|f,.(s')) is
Epa [y(fu(s),d)]
=7 +VEpw [Qg(fu(s), a)]
_7“+VZ7D )Y (@] ful(s))Qs(fuls), d)

a’

(75)
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We create two tables to better illustrate the meanings of Eo/ [y(f.(s"),a’)] and E,, o/ [y(f.(s"),a’)].

K Jrm (5’)

a with P (1 = 7n)
Y(fr (s7),a1)
ay with
P = Tm) - mo(at| fr,, (s7)
Y(frn (s'), a2)
ah with

Pp=7m) - mo(a2| fr,, (s))

Y(frm (5'), an)

a;L with
Plu="Tm) - 7r9(a;z|f7'm (5,))
Ewit @ [ o] Eaifh. Gl
fri(s)

with P = 1) . | Ely] wrt. a and p
Ealy(fr, (8, a0 [ - | Bpo[y(fiuls), )]

The variance of y(f,(s"), a’") with respect to 4 and a’ is

wly(fu(s).a")]
fZP Z &1l [ W), @) = By (), 0)])?]

—ZP Z (| fu(s")

[um> > Eu[y(fu(s') a')] + [(()MFEMMMﬂJW} (76)
= 2P 3wl N\ Eu[y(fu(s), a')])?

a’

)~ Bl ) ) - 0]~ Bl )
+ Eo y(Fuls), )] = By ly(£u(s)), @)))?]

The first term of Equation[76]is the expectation of squared advantage.

The second term of Equation [76]is 0 because

DRI &1 () [20(fu(5), @) = B ly(fu(s), @)
%/HMMMWE/MMﬂdM

—22[ [y(fu(s),a)) = Buarly(fu(s)), a)))
-(Z(\M)XMA%M—MM&WMWH 70
_22[ [y(fu(s),a)] = Eparly(fu(s'), a)))

(a@m@mn—wmmw@mﬂ
=0

The third term of Equation [76[ is the variance of Eqrwr(. s, (s))[¥(fu(s"),a’)] with respect to

p. Both the variance V,[Eqwr(.|f, (s))[Y(fu(s"),a’)]] and the variance of the empirical mean
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YV, [EL[Eq o (A (s0) »ly(fu(s"),a’)]] are bounded by the KL divergence D, , = Dgr(n(- |
Tn(8) [ (- | fu(s"))) for p,m ~ P if Qz(fu(s’),a’) is invariant with respect to p for all @’ € A.

Proof.
Vu[]Ea’Nﬂ(‘lfu,(S’))[i‘/(fu(s/)7 GI)H =E, {(Ea’ [y(fu(s'), a/)] —Ena [y(fn(51>v a/)])ﬂ (78)

Early(fu(s'), @) - [(fm )

= (it Q¢ ) = (PO / @14 NQsF(s). )

=2 ((X n (@1 () Qs (il ZPn PG Qs (fr(s). )
- 7(%:7’ (@1 ()Rl ) = 7@ 1o (8)Q(f (), @)

=v( > Pm) Y @ fulsNQpfuls), ) = (@£ ())Q5(fuls). )

a/

+7(a Ifn( NQalfu(s)), ') = (@[ £5() QS (). )
=1( P L5, = (a5 ().

+ 70 £2()(Q3(fuls)0) = Qalfo),0)))
(719)

The second term of Equation fy S P0) Y (@ | (8N Qp(fuls),a') = Qa(fo(s'),d)) is
related to the difference of Qz(f,(s"),a’) and Q3(f,.(s'),a’), which is governed by the critic loss.
When Qg (f.(s"),a’) is invariant with respect to p for all @’ € A, this term is zero.

For the first term of Equation
ZP )2 ) - (@' 4(s))Qp(fu(s), )

< ZP(n) Z m(a’|fu(s)) — m(d'| £ (sN|Qs(fu(s)). d)

(80)
< max Qg (fu(s' ZP Z m(a’£u(") = w(a’] fn(s))]

< max Q3(fu(s' zp ¢zDKL (LI CLfu()

where in the first inequality absolute values |7 (a’|f,.(s")) — w(a'| f,(s"))| are applied, in the second
inequality Q(f,.(s"), a’) is replaced with max, Q5(f,(s’),a’) and Pinsker's inequality is applied
in the third inequality.

Similarly, a lower bound can be derived.
ZP Z 0/ Fu(s')) = (| £ () Q5 (fu("), @)
81

> — max Qa(f (¢ zp W2Dxer (7T CLfu(5')

Therfore,

ValEurrti o (), )] < B2 (max Qu(u(s). By [V2D,,]) ] 62
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Let YA—(S/,/J,) = Eu[Ea’w'ng( [fu(s /))[ (fH( ) )]]
From Equation[61]

VAV (5 0] = VulBarry 15,0 (), )]

where 7 is the number of samples to estimate the empirical mean Y (s’, 11).

(83)

Therefore, if Q3(f,(s),a’) is invariant with respect to p for all ' € A, the variance of Y (s, 1)
with respect to p is bounded by the KL divergence D,, ,, = Dy (w(- | fy(s")) | (- | fu(s"))) for
1 ~ P

Val (') < B 7 (max Qa4 (), 0B, [ V2D, ) | (84

For DDPG, minimizing the KL divergence between policy distributions of two augmented states
Drr(m(-| fy(s") | 7(- | fu(s"))) is equivalent to minimizing the mean squared error between two
deterministic actions ||7(f,(s")) — 7(f.(s)|]*. O

SAC target value with the entropy term If the entropy term is added to the target value, the
variance of the empirical mean V,[E,[Eqsry (|1, (s) [¥(fu(s"),a’)]]] is still bounded by the KL

divergence D, ,, = D (m(- | fr(s") | (- | fu(s ))) for p,m ~ P if Qz(fu(s"),a’) is invariant
with respect to . for all ' € A.

Vol Bty 11,60 ), 0 = [ (B [ a5 (), ) = 1) /2D + - D] )|
(85)

where n is the number of samples to estimate the empirical mean, r is the reward of this transition
and « is the entropy coefficient.

Proof. After we add the entropy term, the target value becomes

y(ful(s"), ) = r+1Q5(fu(s), a') — alogm(d’| fiu(s")), (86)

where a’ ~ 7 (| f,(s")) and « is the entropy coefficient.
Let

Z/l(fu(sl)v a') = y(f#(s/), a)—r= ’YQJ;(fu(s/)a a') - alogﬂ(a/|f#(s/)) 87
Since r is a constant value, we can drop r when calculating the variance.

ViulBar w11, (s W (fu(s"), a')]]
=V,[E a’~7r(-|f“(s’))[y1(flt( s'),a")]]

=B, | (B [yQ5(fu(s"), a') — alogm(d'| fu(s")] = En,ar [VQg(f(s"),a") — alog 7T(a'lfn(S’))])Z]
(88)
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Eurlyr (f(5), ’)kEmyl(fn( ), d)
= Sl 1A Dl ZP / (@1 (Fr(51), @)

—Z Z a'[ fu(s"))yr (fu(s ), a') = P) Y m(@ (s )y(fals), @)

a’

=Z Z | fu(8)yr(fu(s), ') = m(a'| o () (f(5'), a”)
:Z Z @' fu(8)yr(fu(s), ") = m(a'| o (s))ya (Fu(s"), d)
+m(a’| fo ()1 (fuls ) ) (| £y (s )y (fn(s"), @)

:Z Zyl fu(s),a")(m(d | fu(s")) — m(a'| f(s)))
+7(a’| £ (") (w1 (fu(s ) ) y1(fo(s),a"))
:Z Zyl (fu(s"),a")(m(a| fu(s")) — m(a'| f(s))) (89)
+ ([ f(s)(vQa(fu(s),a") = 1Qs(fr(s'),a"))
+(a !

| f
' £2(s")) (e log m(a \fn( ) — alogm(a'| fu(5))))
P(n Zm (fu(s"),a")(w(d' | fu(s) — 7(a'| f(s")))

+7(a'| () (VQg (fuls), @) = ¥Q(fn(s"),a))
+Z7’ Z (a'|fn(s"))(elog m(a’| f (")) — arlog m(a’| fu(s")))

—ZP Zm (fu(s'), a")(m(a| fu(s)) = m(a'| fo(s)))
+72P Z | f5(N(Qp(fu(s'),a") — Qa(fn(s'), "))
+ZP a- Dy (m(a'| f(s)|m(a’| £.(5))))

n

Similar to Equation [80]and Equation 8] we apply Pinsker’s inequality and obtain the lower and the
upper bounds for the first term of Equation [89]

— max g (fu(s’ P0)\/2D k1 (x (o5l fu(5')))
< ZP Z \fu(sl)) = (@' f5(s))y(fu(s),a) (90)
< maxyi(fu(), @') - 30 P2k (7o) 7 fa(5)

The second term of Equation(89|y >, P(n) >_,, m(a'| (")) (Qgs(fu(s"),a") — Qg(fn(s),a’)) is
related to the difference of Qz(f,(s"),a’) and Q3(f,.(s'),a’), which is governed by the critic loss.
When Q5 (f.(s"),a’) is invariant with respect to j for all a’ € A, this term is zero. O
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Therefore,
SO P (= maxyn (fuls'), @) -\ 2Drer (WO o (SDITCfu()) + 0 Dicn (r(a| o (8Dl (')
< Eu ()] - W[ e ), )]
< S P) - (maxy (fuls), @) -\ 2Drn (RCLEDIRCLfu()) + 0 Dicr (@ |y (5) (@[ £u(5'))
! oD
Plug the above inequalities into Equation[88} we obtain
VilBaerti5, (0 (), )] < B[ (B [ maxn (fu(5),0') /2Dy + @ D] ) ] 92

If Q3(f,.(s),a’) is invariant with respect to y for all a’ € A, the variance of Y (s', 1) with respect
to  is bounded by the KL divergence D, ,, = Dy (7 (- | o) | (- | fu(s"))) for p,m ~ P.

VM[Y(S’,M)} < 1E K]E [max( (fu(s),a") —7)\/2Dy .+ a - DnMD } (93)

F CALCULATING TARGET WITH COMPLEX DATA AUGMENTATION

In this section, we experimentally analyze using complex image transformations in calculating the
target and show that cosine similarity of the augmented features at the early training stage can be
used as a criteria for judging if an image transformation is complex or not. Sufficient updates is the
key condition for good performance when using complex image transformations in calculating the
target.

In contrast to the analysis in SVEA (Hansen et al., 2021), we observe that even using complex
image transformation such as random conv in the target does not induce a large variance in the
target. Instead, a much larger bias is observed for the trained agent, as shown in the Table [5] This
can be solved by increasing the number of updates, as shown in Figure

Furthermore, we test with other image transformations which are regarded as complex image trans-
formations in SVEA (Hansen et al.| 2021). In order to show whether it’s easy to enforce the in-
variance of a image transformation, we record the cosine similarities of encoder outputs for two
augmented images transformed by this image transformation, as shown in Tabled] For image trans-
formations such as random overlay or gaussian blur, the invariance is easy to enforce and the cosine
similarities are large. When using this kind of image transformation in calculating the target values,
it won’t hurt the performance. Otherwise, for image transformations such as random convolution or
random rotation, the invariance is relatively harder to enforce during training and the cosine similar-
ities are small. Then directly applying this kind of image transformations in calculating the target
values will decrease the learning efficiency. To resolve this issue, we need more updates for each
training step. The evaluation results for SVEA with random overlay, random convolution, random
rotation and gaussian blur are shown in Figure 5]

G HYPERPARAMETERS
Hyperparameters used in experiments on DMControl (drq), DMControl (drqv2) and DMGB can
be found in Table [6] Table [7] and [8] For experiments in DMControl(drqv2) and DMGB, when

applicable, we adopt hyperparameters from the official implementation of drqv2 by |Yarats et al.
(2021) and SVEA by [Hansen et al.| (2021) respectively.

H ADDITIONAL RESULTS

H.1 ABLATION STUDY

The performance profile is shown in Figure[6|and the training curves in different environments are
shown in Figure
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Statistics svea(DA=blur) svea(DA=overlay) svea(DA=conv) svea(DA=rotation)
actor sim (shift) 0.919+0.007 0.91140.005 0.9104+0.011 0.93640.006
actor sim (DA) 0.998+-0.001 0.906+0.006 0.8544+0.019 0.536£0.069
critic sim (shift) 0.938+0.010 0.9424-0.003 0.92240.010 0.96240.005
critic sim (DA) 0.998+0.001 0.93940.003 0.8834+0.014 0.660+0.057

Table 4: Recorded cosine similarity for latent features at 100k steps in walker walk environment
for SVEA trained with different complex image transformations. Here, each column corresponds to
SVEA with different image transformations and each row corresponds to a cosine similarity recorded
at 100k steps. For example, the first number is calculated by the cosine similarity between the latent
features E(fsnisie(s)), in which E is the encoder of the actor in SVEA trained with gaussian
blur and fsp; ¢ is the random shift. Considering that random shift is always applied in SVEA, the
cosine similarity with respect to it is recorded as the baseline for comparisons. For gaussian blur
and random overlay (second and third column), the cosine similarities of latent features are higher
or similar to the cosine similarities between the latent features from two randomly shifted images
which means they are not complex image transformations. In contrast, random conv and random
rotation (last two columns) leads to smaller cosine similarities of latent features which indicates that
they are relatively complex image transformations in this environment.

Statistics Step 100k Step 200k Step 300k  Step 400k  Step 500k

Mean (w/ conv) 64.05 112.44 140.78 166.42 185.92
Mean (w/o conv) 84.96 148.46 197.10 221.67 239.35
Variance (w/ conv) 1.228 1.109 1.148 1.323 1.306
Variance (w/o conv) 0.882 0.812 0.885 0.757 0.795
Bias (w/ conv) 52.88 67.44 54.20 63.89 55.36
Bias (w/o conv) 77.40 60.48 50.40 43.22 28.75

Table 5: Mean, variance and bias of the target Q-values for the agent trained with/without using
random conv in calculating the target. Here, the mean and variance are calculated by the mean and
variance of a set of sampled target Q values and the bias is calculated by the mean-squared error
between the targets used in the training and the true targets estimated by the sum of discounted
rewards from sampled trajectories. At the end of the training, the increase in the variance when
using random conv is not significant compared to the mean of the target. However, the bias is much
larger at the end.
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Figure 4: Performance of increasing the number of updates with/without using random conv in

calculating the targets.
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Figure 5: Performance of increasing the number of updates in walker walk environment when using
complex image transformation in calculating the targets. For random convolution and random rota-
tion, “update more” stands for doing 4 updates for each training step.

NN RAD [0 RAD+  EENI DrQ BNl DrQ+KL S ours
1.00

0.75

0.50

0.25

0.00

Fraction of runs with score > 1

0.0 0.2 0.4 0.6 0.8 1.0
Normalized Score (1)

Figure 6: Performance profile of different methods.
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Table 6: Hyperparameters used in experiments on DMControl (drq)

Hyperparameter Value on DMControl
frame rendering 84 x 84 x 3
stacked frames 3
action repeat 2
replay buffer capacity 100,000
seed steps 1000
250,000 in reacher easy
. 250,000 in finger spin
environment steps 250.000 in ball
500,000 in others
batch size N 256
discount 0.99
.. Ad
optimizer (¢, 6) (B1 = 0.9, ;;n: 0.999)
optimizer (o of SAC) (B1 = O.QAC?;I: 0.999)
learning rate (¢,0) le-3
learning rate (o of SAC) le-3
target network update frequency 2
target network soft-update rate 0.01
actor update frequency 2
actor log stddev bounds [-10,2]
init temperature o 0.1
tangent prop weight o, 0.1
actor KL weight avger, 0.1

Table 7: Hyperparameters used in experiments on DMControl (drqv2)

Hyperparameter Value on DMC
frame rendering 84 x84 x 3
stacked frames 3
action repeat 2
replay buffer capacity 106
seed frames 4000
exploration steps 2000
n-step returns 3
batch size N 256
discount y 0.99
optimizer (¢, 0) Adam
learning rate (¢,6) le-4
agent update frequency 2
target network soft-update rate 0.01
exploration stddev clip 0.3
exploration stddev schedule linear(1.0, 0.1, 500000)
tangent prop weight oy, 0.1
actor KL weight ax, 0.1

H.2 CASE STUDY

The measures for invariance in the latent space are shown in Figure
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Figure 7: Full results of validating our propositions.
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Figure 8: The figure shows the learned invariance in the feature space of the actor and critic. Two
measures of the invariance are provided in this figure: the distances between projected points of the
augmented features by t-SNE and the cosine similarities between augmented features.
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Table 8: Hyperparameters used in experiments on DMControl Generalization Benchmark (DMGB)

Hyperparameter Value on DMGB
frame rendering 84 x 84 x 3
stacked frames 3
2(finger)
action repeat 8(cartpole)
4(otherwise)
replay buffer capacity 500,000 / action repeat
seed steps 1000
environment steps 500,000
batch size N 128
discount y 0.99
- Ad;
optimizer (¢, 0) (B1 = 0.9, ﬁanZ 0.999)
optimizer (o of SAC) (B1 = 0.?(?:1: 0.999)
learning rate (¢,0) le-3
learning rate (o of SAC) le-4
target network update frequency 2
target network soft-update rate O%g(léﬁii(fid?r)
actor update frequency x 2
actor log stddev bounds [-10,2]
init temperature o 0.1
tangent prop weight oy, 0.5
actor KL weight ax 1, 0.1

H.3 MORE EVALUATIONS

Here, we include more evaluations of our proposition. The results of comparing our proposition
with DrQ are shown in Figure[0] The results of comparing our proposition with DrQv2 are shown
in Figure

H.4 RESULTS OF GENERALIZATION ABILITY IN DMCONTROL GENERALIZATION
BENCHMARK (DMGB)

The comparison of generalization performance in DMGB between SVEA and our method using
random overlay as data augmentation is shown in Figure[TT]

H.5 RESULTS OF RECORDED STATISTICS

The curves for the recorded statistics, including standard deviation of the empirical critic loss, stan-
dard deviation of the target Q-values, and empirical mean of KL divergence between policies for
two augmented samples along the training are shown in Figure|12|and Figure

I LIMITATIONS

We try to provide some recommendations on how to apply theoretically-sound data augmentation
method in DRL. However, the analysis can still be further refined to be more comprehensive such
as including the theoretical analysis of using different distributions for the image transformation
and providing a thorough analysis on tangent prop regularization. Moreover, our method naturally
requires the knowledge of some effective image transformations for a given task. Without such
knowledge, the invariant transformations for a problem would need to be learned, which is currently
an active research direction. Finally, image transformation may rely on some implicit assumptions,
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Figure 9: Comparison between different methods in DMControl with normal background.
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Figure 10: Results of running experiments with DDPG as base algorithm.
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Figure 11: Comparison between SVEA and our method in DMControl with normal and video-
hard backgrounds. Both methods use random overlay as image transformation. We can see the
improvement in generalization ability especially in environments such as ball in cup catch, finger
spin and walker walk. Since the evaluation curves are not stable even at the end of training, the
recorded score in Table is the average over the last 15 evaluation scores.
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Figure 12: Some important statistics recorded along the training. The variance of critic loss and
target values decreased after using more augmented samples in the training of the critic. Adding the
KL divergence term to the loss can quickly enforce the invariance of the actor even at the beginning
of the training.

which may lead to lower/bad performance if they are not satisfied in the real application domain. For
instance, random shift/crop, which has been shown to be very effective in DMControl tasks, may
yield worse performance if the agent is not well-centered in the image, according to the empirical
results from [Tomar et al. (2022)). A better understanding of why a data augmentation transformation
works in DRL is needed.
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Figure 13: Some important statistics recorded along the training of SVEA and our method. With
the help of KL loss and tangent prop loss, the variance of critic loss and target values are lower.
Applying KL loss can quickly enforce the invariance of the actor.
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