A Appendix

A.1 Game-Theoretic Interpretation of CGD

In this section, we provide the game-theoretic interpretation of CGD and show why taking it into
account is essential in multi-agent settings. Recall the CGD update rule:
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For a small enough « = 3, (23)) can be equivalently written in block matrix form as:
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, which can be re-written as:
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If the spectral radius of A < 1, then we can use Neumann series to compute the inverse:
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The partial sums yield update rules for different levels of reasoning in game theory. Observe that
N = 0 corresponds to the SimGA update rule (). This is equivalent to level O recursion reasoning
in game theory, where each agent optimizes thinking that the other agent is constant (not changing
its parameters). The second partial sum (N = 1) corresponds to level 1 reasoning, where each
agent optimizes thinking that the other agent optimizes thinking that the agent is constant. A
similar hierarchy is followed when going to higher levels. When lim N — oo, we recover the
Nash equilibrium given by CGD in the limit, which corresponds to infinite recursion reasoning. For
practical implementation of CGD, the matrix inverse-vector products can be estimated efficiently via
Krylov subspace methods like conjugate gradient (for zero-sum games) or GMRES (for general-sum
games). Also, we never need to actually compute the mixed hessian since a much more efficient
implementation can be done via hessian-vector products in deep learning libraries like PyTorch
[Paszke et al.,|2019]] and TensorFlow [Abadi et al., 2016].

This game-theoretic interpretation answers why SimGA fails in the bilinear game. SimGA corre-
sponds to level 0, and each agent updates its parameters thinking that the other agent does not update,
which is obviously not true. Hence it fails to take into account the non-stationarity of other agent’s
parameters. On the contrary, CGD takes other agent’s moves into account and updates accordingly.
As a result, the bilinear game converges to the Nash equilibrium (0, 0) using CGD (figure [1)).

A.2 Interactive Policy Optimization Derivations

In this section, we provide the derivations of all the algorithms in section 4] In all the derivations
below, we derive the expression for agent 1 (: = 1) and it will follow similarly for agent 2 (z = 2).

A.2.1 Vanilla Stochastic Policy Optimization

Here we provide the derivations of the gradients and mixed hessians for vanilla stochastic policy
gradients [Sutton et al.l [1999].
Expression for gradient (12}
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Proof. We start by considering relation between the state and action- Value functions. To reduce nota-
tional complexity, let 7(ai|ss; 0°) = 7' (ailst), Qh(st, ar,a?) = Q' (st,af,a), Vi(st) = Vi(sy).
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Unrolling using the definition of the action-value function:
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There is a clear recursion and unrolling Vg1 V! (s1) in the last term by one step we get:
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Multiplying both sides by p(s¢) (initial state distribution), integrating with respect to sq, and applying
the log-derivative trick we get,
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Using the probability distribution of a truncated trajectory from (7), we get:
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Vo J' = Z’y / p(70:4) Vi log 7 (ay |5¢)Q" (s, ar, ai)dro.

Finally, we can re-write the above equation as an expectation:
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Expression for mixed hessian using monte-carlo rollouts (T3]

Let w(a|si; 0%) = w(ailse), Q4 (s, at,a?) = Q' (se, af, a?), Vi(s:) = V(s¢) to reduce notational
complexity.
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Proof. Let us consider the definition of the policy objective defined in (8):
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For simplicity of notation, 7(s;,at,a?) = r}. We can write the above equation as a sum of

expectations:
T—1
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Note that 7 depends only up on the states and actions sampled from p till time step ¢. Hence we can
re-write the expectation with respect to the truncated trajectory distribution (terms after time step ¢ in
the above equation integrate to 1):
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where M contains initial and state transition probability distributions. Applying the log-trick, we get:
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Expression for mixed hessian using value functions (14)

(26) gives us an expression for mixed hessian. However, it would be of higher variance due to
monte-carlo estimation. We can use the definition of the value functions to get a lower variance
estimate. Let 7r(a§|.st; 0) = mi(ailst), Qh(se,at,a?) = Q% (s, at,a?), Vi(se) = Vi(st) to reduce
notational complexity.
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Proof. Using the relation between state and action-value functions:
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We define the following notation:
Ay = //VQI’IT (a}|s;)Vger? (at|st) Q' (s¢,a},a?)dalda?
B; = /1 /2 771(01%|3t)V91Q1(8t,a%,a?)VQQWQ(a?‘St)Tda%daf
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Multiplying (Z7) by p(so) (initial state distribution) both sides, integrating, and unrolling using
recursion, we get:
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Let us consider each of the three recursions (A, B, C) separately. First recursion:
A= / p(so)Aodso—Fv/ / / / p(s0)mt (ag]s0)m?(ad|s0) P(s1]s0, ay, ad) Ardsidaidapdso+...
S0 S0 a(l, a% S1

Applying the log-derivative trick for each of the terms and using the definition of the probability
distribution of a trajectory from (7)), we get:
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Writing as an expectation:
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Second recursion:
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Let us consider the first element with By:
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Using the definition of the action-value function:
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Substituting V1 V1(s1) from the above equation into (29) and using the definition of action-value
function again, we will get a recursion, solving which gives us:

-
Xo :/ p(s0)Bodsg = ’y/ p(70.1) Vg1 log wl(a%|sl)vgz log7r2(a§|50) Ql(sl,aha%)dm:l
S0

T0:1

.
+’y2/ p(70:2) Vg logﬂl(a%|52)V92 long(ag|so) QI(SQ,a%,ag)dT():g
T0:2

-
+ 73/ p(70.3) Vg1 log ﬁl(a§|33)ng log 7r2(ag|so) Q' (s3, aé, a%)dTo;:; + ..

T0:3



Similarly, for the second term of B, we get:
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The third term of B is equal to:
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We see a clear pattern here. We evaluate B = X + X3 + X2 + ... to get the contribution of B-terms
to the mixed hessian Dg142J! (28)). For clarity, we define the following short-hand notation:

Voilogm(a;]se) = fi , Vezlogm®(ai|s:) = g
With some rearrangement,
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Substituting the actual values back:

B = Z’Y / p(10:4)Vgr log ' (a; |s1)
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Writing as an expectation:

T-1 t—1 T
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With a similar process, we can derive the contribution of C-terms to the mixed hessian Dy142J (28):
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Combining A, B, C, we get the required final result. O



A.2.2 Natural and Trust Region Policy Optimization

Here we provide the derivations pertaining to natural [Kakade, 2001]] and trust region policy gradients
[Schulman et al.| 2015]].

Relation between policy performance at 6', 0% and 6}, 67 (T3)

T—1
JHO 0% = JH(6;},07) + Erp(r) lz ’ytAék (st,atl,af)l
=0

Proof. Let us start with R.H.S

T-1
]ET"‘QD(TG) [Z PytAék (St; a%a a%)‘|

t=0
[T—-1
= ETNP(TQ) ’thék (St, a’%’ a’?) - ’Yt‘/elk (St)
Lt=0
[T—1
= Erp(ro) ’Ytrl(sta a}v af) + ’YHlvelk (St41) — tholk (s¢)
Lt=0
[T—1
= ]ETNI)(TG) Vtrl(stv a%v at2) =+ ETNp(Te) [VT%I;C (ST) - Velk (50)]
Lt=0

= JH0,0%) + 0 = Ey(s0) [Vg, (s0)] = T (07,6%) — T (65, 65)

We get the above expression since value of terminal state Velk (s7) =0. O

Policy improvement bound

Jl(elv 02) > L1(91’92) - 6\/Q‘DKL (p(TGk)vp(TG))
[T 4,0

where € = max;,

Proof. Let us re-write the policy performance at § = (#', 62) and the surrogate objective:

T—1
JHOY, 0%) = JH(0},07) + Erp(re) lz ’ytAék (s¢, a5, af)]
=0

T-1

1 1 2 2
¢ mag]se;0%) m(ailse; 0°) 4 1 2
Y A Sty Ay, @
27" (a0 w(a s 7) 0 14 )

LY(0',6%) = J' (61, 67) + Ernp(ro, )

Similar to|Schulman et al.| [2015], let us define Aj, (s) as the expected advantage of (w(6'), 7(62))
over (m(6;),m(67)) in state s:

Aék (5) - ]Eal~7r('|s;91),a2~7r(‘|s;92) [Aék (Sa ala a2)]

Using this, the policy performance at (61, #2) can be written as:

T—1
JHO,6%) = JN(0;,0%) + Erpry) lz v Ag, (st)] (30)
t=0
The surrogate objective can be written as:
-1
LY, 6%) = JH(04,6%) + Eropry, ) [Z V' Ag, (st)] 31
t=0



The difference between these equations is that the states are sampled using (m(01), 7(6?)) in (30)
and using (7 (0} ), 7(62)) in (3I). Now we can write:

T—1 T—1
Borp(ro) [Z W’tAék(St)l - ETNP(TGk) [Z WtA})k(St)] ’
t=0 t=0
Z 'ytA(, St)] dr

“]1(91792) - L1(91792)|

/T p(7o) — p(70,)

S/p p(70,) [Z’VAgk 5t‘|
/|p 70) — p(70,,)| lz ’YtAe,c 5t ]

/|p (t9) — p(70,)] edT—/|p (10,,) — p(T0)| €dT
= 2¢Dry (p(7,), p(70)) < €3/2Drcr (p(10,), p(70))

Zt o 7' A, (s)
[ Il

and Drv (p(79,.),p \/ Dk, (p(79,,), (7)) via Pinsker’s inequality.

where € = maxg

(p(76,),0(70)) = 5 [ [p(76,) — p(70)| d,

From this, we get:

J1(91,92) > L0, 6% — e\/QDKL (p(70,.),p(79))

Derivation of natural gradient update rule (19)

L —01] [ MFL  —DggeL] " [VeLl
02— 02| = |—Dgegr L2 MFy Vg2 L2

,where Fy = Dg1gr Dicr, (p(79, ), P(70)) l9=6,» F2 = Dg292 Dicr, (p(79, ), P(70)) |96,

Proof. Differentiating (T6)), for 4,5 € {1,2},i # j, the gradients and mixed hessians of L’ (at
0 = 6y) are given by:
Vo L1(6',6%) = Erp(ra,) [Z 7' Vi log m(ag|se; 0°) Ap, (st al, af)] (32)
t=0 0=0;

T-1
. . . . N
Dyig; L1 (61, 6%) = Erp(ra,) lz v'Vgi logm(ag|se; 0°) Vi logm(af|se; 607)  Ap (s, a;, af)}
t=0 0=0y

(33)

Note that Vg: Lt = Vi J" at § = 0. This is another advantage of using the surrogate objective that
it matches J* to first order. The bilinear approximation of the surrogate objective in (T8)) is given by,
max(0" — )" Vor L' + (0" = 0) " Dyrg2 L' (0% = 67),
r119%X(92 —02) TV L? + (62 — 02) " Dgagr L2 (6 — 6}) (34)
subject to D, (p(76,), P(70)) < 6

We approximate the KL-divergence constraint with a quadratic approximation. For § = (61, 62), 0, =
(6, (9,%) Taylor expansion for D, around 0:

D1 (p(70,,),0(70)) = Drcr (p(70,), (19)) lo=0,+[0" — 0} 60° — 6] Vo Drer, (p(70,), p(19)) lo=0,

1 9 91
+5 [0 =007 (02 =) T] DiDxcL (p(70,), P(70)) lo=a, [92 92}+H0T



where H.O.T. stands for higher order terms (that we would ignore in our approximation) and

VoD (o). p(ro) b, = |ys it (b 2]

2 Dgig1 D To,, ), D(Ti D192 D To, ), D(Ti
DDk (p(76,), P(79)) lo=6, = [DZQZIDEZ ggfzk%,ggrzgg DzzzzDgi EgETZJ,gEszo O

Dk (p(7e,),p(19)) lo=0, = 0 since KL-divergence between two same distributions is 0.

Vo Drcr, (p(70,), P(70)) lo=0, = <V91 /p(mk) og ];?((:(’9;)) dT) 0=0

Vo1p(19)|0=0,
[ S

Similarly, Vg2 D, (p(70, ), 2(70)) |6=0, = 0.
For Dg1g1 Dk 1, (p(76,, ), P(79)) |6=6,.:

Do1gr D1, (p(79, ), p(79)) lo=6, = (Delal /P(Tek)log ]jo((::c))dTL ,

__ ( /T (76, ) Dorg log p(Tg)dT)

0="0s

Using definition of probability distribution of full trajectory,
p(79) = p(s0) H;‘F:_Ol m(at|se; 01)m(a?|se; 02)P(se41]se, at, a?). Taking log and differentiating:

T-1 T-1 T-1
log p(79) = log p(s0) + Z log m(ag|s¢; 6%) + Z log m(af|s:; 6%) + Z log P(s1+1]s¢, az, az)
t=0 t=0 t=0
T-1 T-1
Vo1 log p(79) Z Vi logm(al|s;;0Y) , Dgigi logp(Ty) Z Dgigr log m(a}|ss; 0")
t=0 t=0
T-1
Dgror Dicr, ((70,), P(70)) lo=0, = —Ernp(ry,) | D Doror logm(af|s;;60")
t=0 0=0

Similarly, it follows for Dgz2g2 D1, (p(70, ), p(70)) lo=0, -

Dg1p2Dic 1, (p(70,,),0(70)) l0=6, = Do201Dkcr. (p(76,),P(79)) lo=0, = 0 as Dgigpzlogp(1g) =
Dyzg1 log p(19) = 0

Alternatively, we can also get the hessian of the KL-divergence using only first-order derivatives by
using Fisher information:

Dyrgr Dict, (p(70,), (7)) oo, = <D9191 / p(70,) log fjf[j;)) dT)e 9

_ (Vm /T p(Tek)wdT> o6,

_ p(70,.) Voip(re) Vorp(re) '
— </r (7o) DalelP(W)dT) "o, + (/T p(70,) o(76) 2(79) d7'> o

_ / Dog1g1p(79)|9=0,dT + Erp(ro,) |:V91 log p(79) Vet logp(Tg)T}

0=0

T-1 T-1
=0+ Errp(r, [(Z Vor log m(aj]s:; 0" ) (Z Vor logw(a%lst;elfﬂ
0=0

t=0 t=0



‘We can see that this is the Fisher Information Matrix.
Similarly, we can derive for Dg2g2 D, (p(79,.),P(70)) |o=0,,. Finally,

D%DKL (0(70.), p(70)) loor = [DglngKL (p(70,.),p(10)) Dorg2 Dk, (P(Tek):g(m))} -

Do201Dicr, (p(70,,), p(T0))  Do202Dicr. (p(70,,), P(To
_|Fr 0
|0 Fy
Finally, for the quadratic approximation of the KL-divergence, we have:
1 F, 0] [0t -6}
Dics (bt ~ 5 [0~ 0T @ -ap7] [ QG0 o9

We use the quadratic approximation in (33)) instead of the KL-divergence constraint in (34). Using
Lagrangian duality, we can write the final optimization problem with a bilinear approximation of the
surrogate objective and a quadratic approximation of the KL-divergence:
max A0 Vi L' + 80" Dyrga L' A6 = 5 (AelTFlAel + 262" 007 - 26)
(36)
A
max A0? ' Va2 + A% Dyogr L*A6" — 22 (20" F1A0" + A6 Fy00% - 25)

, where AG' = 0 — 0], AG? = 62 — #2. Note that this natural gradient formulation uses KL-penalty
in contrast to Euclidean penalty in (3)), indicating that it takes care of the information geometry and

that the change in the policy is within the trust region §. Differentiating, we get:
Vor L' + Dygrg2 LY (0% — 07) — M FL (61 — 61) =0 a7
Vo2 L? + Dgegn L2(0" — 01) — Mo Fs (6% — 63) =0

Writing in block matrix form:

VoLl [ 0 DygeL'] [00 =61 [MF 0 ][0t =6} _ o 38)
VL2 | T | Dyogr L2 0 62 — 62 0 Byl |62—62]

After rearrangement, the final update rule for both agents is:

L —01] [ MFL  —DggeL] " [VaLl
92—0% B —D0201L2 )\QFQ V92L2

A.2.3 Deterministic Policy Optimization

Here we provide the derivations of the gradients and mixed hessians for deterministic policy gradients
[Silver et al., 2014} [Lillicrap et al., 2019].

Derivation of gradient
-1
Vord' = Byt [vtvelmst;91>vaiczé<st,aaa%)ag_ms,,;gl),]

t=0 al=p(s¢;0%)

Proof. The return, state and action—value functions are defined as:

ZWk rt (sk, p(sk; 01), sk 6%))

T-1

Vi (se) = mpr)l Y (sk, sk 01), 1u(si; 0°)) |St],

’ﬂw
,_.u

Qp (se, 11(360Y), (543 60%)) = mpm[ Y (s, (5w %), 10(813 02) |80, (565 01), (43 67))
k=t
(39)
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Using the relation between state and action-value function:

V' (50) = Qg (s0, (505 0"), (503 6%))

Vo Vi (s0) = V1 Qg (s0, 11(5050"), (50 6%))

VorVy (s0) = Ve [rl (s0, 11(5050"), (503 6%)) +v/ P (s1]s0, (505 0"), (505 6%)) Vi (s1)ds1

S1

Vo Vi (s0) = Vglu(SO;HI)Va[l)rl(so,a(l),ag)+’y/ Vglu(so;Gl)VaéP(sﬂso,aé,a%)‘/el(sl)dsl
s1
+ ’y/ P(s1]50, ap, ad)Ver Vi (s1)dsy, where ay = pu(s0;0), ad = p(so; 6%)
s1
Henceforth, we will use a; = pu(ss;0%), a7 = p(se; 62).
1 _ .l 1 12 1 2yisl
Vgl‘/g (50) = VQIILL(S(),G )Varl) |:7' (so,ao,ao) + ’}// P(81|80,(10,(10)Vb (51)d81

S1

+ ’y/ P(s1]so, a(l), CL(Q))VQI %l(sl)dsl
51

VorVy (s0) = VelM(So;91)Va3,Qé(Soaa(1Jaa3)+7/ P(s1]s0, ag,a3) Vi Vg (s1)ds1

S1

There is a clear recursion and unrolling Vg: V' (s1) in the last term by one step we get:
Vo1 Vg (s0) = Vo u(s0;0") Va1 Qs (50, ag, a%)'W/ P(s1s0, a5, a5) Vo1 pi(s150")V 1 Qg (51, ag, af)dsy
+72 / / P(s1]50, ad, a2)P(sa|s1,a1,a3)Vei Vi (s2)dsadsy
s1 /82
Multiplying both sides by p(sq) (initial state distribution) and integrating with respect to sg we get,
Vo J' = / p(50) Vo1 Vg (s0)dso = / p(50)Ver i(s0; 01) Va1 Qg (50, ap, ag)dso
50 50
7 [ o)Ll b ad) Vo (513619, Qhs1,ad ) dsads
s0 Js1
+42 / / / p(s0)P(s1]s0, aé, ag)P(52|51, al,a?) Vi p(so; Hl)Va;Qé(SQ, ay,a2)dsydsidsgt....
s0 Js1 Jso
Using the definition of the probability distribution of a truncated trajectory from 21)):
VorJ' = / a(70:0) Ver (503 0") Vo Q5 (50, ag, ag ) dToc0
T0:0
+ 7/ q(10:1)Vr u(51:0') Va1 Qg(s1, a1, af)dron
T0:1

+ ’72/ q(70:2) Vor p(s2; 01 )V 1 Qg (52, a3, a3)dro:2 + ..
T0:2

T-1
Vod =Y ’Yt/ q(10:6) Ver (54501 )V 3 Qg (51, ay » af ) droe
=0

T0:t
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Writing as an expectation:

T-1
v91 ‘]1 = Z EQ(TO:t) [’thelﬂ(Sﬁ al)va% Q«})(Stv a’%v a?)ai—u(sg#)l

t=0 a?=p(s4;0%)

Derivation of mixed hessian (23)

T-1

T
Dy g2 Jl = Z Eq(TO:t) [Vtvelﬂ(sﬁ 91)Da}a?Qé(St7 a%a a%)‘ai:u(st;01)7v02u(3t; 92) ]

t=0 al=p(s¢;0%)

Proof. Using the relation between state and action-value functions:

Vi (s0) = Q4(s0, i(s030"), 1(s0;6%))

Vo2 Vi (s0) = Vg2 Qp(s0, t(s0;0"), u(s0; 6%))

Vo2Vy (s0) = Ve [7”1 (s0, 11(5056"), pu(5036%)) +’Y/ P (s1]s0, (505 0"), 1(s0;6°)) Vi (s1)dsq

V2 Vy (s0) = ngu(so;92)Va3r1(50,a(1),a8)+’y/ V92u(50;92)va3P(31|50,a(l),ag)‘/al(sl)dsl
s1

+ “Y/ P(51|50,acl),a?))voﬂ/bl(z?l)dsl, where aé = ,u(so;ﬁl),ag = “(50§92)
s1

VQZ‘/Gl(SO) = V‘QQILL(S();GQ)VG(Q) |:7'1(80,a(1),a(2)) + ’Y/ P(51|50,a(1],a3)V91(51)d51

S1

+ ’Y/ P(s1]s0,ap, ag) Ve Vy (s1)ds1, where ag = u(so; 0), a3 = u(so; 6%)

s1

v€2‘/01(80) = ng,u(so;92)vagQé(so,aé,a%) + ’7/ P(81|S(],aé,ag)v€2‘/gl (sl)dsl (40)

Henceforth, we will use a; = ju(s¢;01),a? = u(sy; 0%). Taking derivative with respect to ' and
applying chain rule we get:

.
Dygig2Vy (s0) = V1 p(50;0") Dys a2 Qi (50, ag, ag) V2 pu(s0; 0%)

.
—|—7/ Vglu(so;Gl)Vall)P(sﬂso,aé,ag)ngVel(sl) dsl—l—’y/ P(s1]50, ap, a3) Dg1g2 Vg (s1)dsy
S1 S1

Dyg1g2Vy (s0) = V1 p(s0; 0" )V Vaw(So;92)VagQ$(507a(1)7a3)+V/ P(s1s0,a5,a3) V2 Vg (s1)ds1

s1

+’7/ P(81|So,a(l),ag)Dgl(gQV:gl(Sl)dSl
s1
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Using and V92 %1 (80) = VQZ Qé (80, (J,(l), a%),

D9192{/91(30) = V@hu(So;Ql)vaé [ngQé(so,aé,ag)] + "y/ P(51|50’a(lJaag)Dala2V91(51)d51

S1

T
D9192V01(80) = V91u(50;01)Daéa3Qé(so,aé,ag)ng,u(so;02) +’}// P(Sl‘SO,aé,ag)D9192%1(81)d51

S1

Multiplying both sides by p(sq) (initial state distribution) and integrating with respect to sg we get,
Dprg2J" = Dgrg2Vy (s0)dso = v 101D 1,2 Qb (50, ab, a2)V .6%)"d
0102J " = p(50)Do1o2Vy (s0)dso = p(50) Vo1 p(s0;0°) aéagQ0(807a07aO) 0211805 67)  dso
S0 S0
12 .ol 1 1 2 o2\ T
+ p(s0)P(s1]s0,ag,a5)Ver (51507 ) Da1,2Qg (51, ay,a1)Vezp(s1;67) dsidso + ...
S0 S1
Using the definition of the probability distribution of a truncated trajectory from 21):
T
D9192 Jl = / q(TQ;Q)Vglu(SQ; ol)Datl)agQé(So, aé, a(Q))Vm,u(So; 92) dTo;o
T0:0
+
+ ’Y/ q(TO:l)velu(Sl; el)Da%a%Qé(sh CI&, a%)v02,u(31; 92) dTO:l
T0:1

.
+’Yz/ q(70:2)Vor p(s2; 0" ) D122 Qp (52, a5, a3) Vo p(s2;0%)  drosa + ...
T0:2

T-1
T
D9192J1 = Z ’yt/ q(’TOzt)Vglll,(St; 91)Da%a%Qé(st,ag, (L?)VQZILL(St; 92) dTO:t
+=0 TO:t

Writing as an expectation:

T-—1
.
Dgig2J" =Y Ey(ry) [thelu(st;al)Da}ané(Sﬁatl?atQ)a}_u(st;Ol),VGZM(St;OQ)

=0 ag=p(s¢36")
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