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A PROOFS FOR ANALYSIS OF GRADIENT DESCENT

In order to highlight our main contribution conceptually, we simplified the statements of the theorems
and lemmas stated in the main body for exposition. Hence, in this section, we shall restate Theorem
[[.T]and the key lemmas formally and present the complete proof for our main theorem. The formal
statement of the main theorem is as follows

Theorem [I.1] (Formal version of the main theorem) For any absolute constants Cy > 1,Cs > 0,
there exists absolute constants cz > 0,¢, > 0 such that the following holds. Suppose D, be a
distribution over (Z,y) € R? x R where the marginal over 7 is the standard Gaussian N(0, ),
H = {(w,by) : ||w]| € [1/C4,C1], |bw| < Ca}, and consider population gradient descent iterates
wpp1 = wy — NV L(w), with the initializer wy = (W, 0) where Wy is drawn from the radially
symmetric distribution in Section E For any € > 0 and learning rate n = cndfl, with at least
constant probability c3 > 0, one of the iterates wr of population gradient descent after poly(d,1/¢)
steps satisfies L(wr) = O(OPT) + «.

Note that without loss of generality, we can assume ¢ < O(OPT). If we cannot make such
assumption (e.g. when O PT = 0), we can use an upper bound on OPT of O(e), and carry out the
same analysis.

Recall that v = (@,b,) € R4 is any minimizer of the loss L(w) i.e., v := arg min,eg L(w).
Hence L(v) = OPT. We will assume in the rest of the analysis that |||z = 1 for simplifying our
exposition. But this is not necessary; when ||0||2 € [1/C1, C1], we can carry out the same analysis
incurring some extra constant factors. Finally recall that the realizable loss

F(w) = %JE (o(w'z) — U(vTx))Q]

Our goal is to prove that for some iterate 7', we have F(wr) < O(OPT). This implies that
L(wr) < 2F(wr) + 20PT = O(OPT).

To prove Theorem |1.1] we first formally establish the following useful lemmas.

Lemma 4.1 (Lower bound on the measure of the intersection). Suppose the marginal distribution

ﬁa: over T is O(1)-regular. There exists an absolute constant ¢ > 0 such that for all 5 > 0, if
F(w) < F(0) — § then

52 52
P[me >0,0 x> 0] > = . (8)
cllwli3llolls — cllwl3(1 + [by]?)?

Proof. Recall that F'(z) is the realizable loss i.e., the loss compared to the optimal solution v. Since
F(w) < F(0) — ¢, we have

Elo(w'z)o(v' z)]. (12)
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Moreover we can also get an upper bound on E[o(w " 2)o (v 2)] using Cauchy-Schwartz inequality

and repeated applications of Young’s inequality.

Elo(w'z) o z)] =E [1[w—rx >0,0' x> 0](wa)(UTac)}

< \/P[wa >0,vTz>0]- \/]E[(wa)Q(UT:z:)Q]

< BlwTe > 0,0Te > 0] /2E[(wT2)] + 2E[(vT2)Y

gs\/P[wazo,vszo}~\/ E (@74 +bd - \/ E [(57%)" + b

F~N(0,1) F~N(0,1)

< 8y/BlwTe > 0,07z > 0]/ (Ball@ll4 +b3) - (Ballo]3 + )

< ¢ \[PlwTe = 0,0Te > 0] [wl3]lv]3. (13)
for some constant ¢’ > 0, where the last but one line follows from the standard bounds on the
fourth-moment of an O(1)-regular distribution. Combining and concludes the lemma.

O

Lemma (Improvement from the first order term) Suppose the marginal over T is O(1)-regular.
There exists absolute constant ¢1 > 0 such that for any § > 0, if ||v]|2, |w]2 < B and F(w) <
F(0) — 6 then

6159
B28 "

The constant ¢y depend on the constants 31, 85, B2, B4 etc. in the regularity assumption of D,.

(14)

(VF(w),w—1v) > 1w — ol|?, where 7 =

We remark that for our setting of parameters 6 = (1) and B = O(1), and hence we will conclude
that (VF,w — v) > Q(|jw — v||3).

Proof. This lemma only concerns the “realizable portion” of the loss function F'(w).
Letu = (@, b,) € R4 be the unit vector along w — v. We have
(VF(w),w—v) =E _(O'(’LUT{L‘) - U(vTx))a’(wa)(wa - vTx)}
=E _(me - UTI)Z].[’LUTJS > 0,0z > 0}]

+E [wTa:(me —v'2)1lw'z > 0,072 < 0]}

>E _(me — vTx)21[wa >0,0'z > O]]
= lw—v|2 E [(uT:r)zl[wT:z: > 0,07z > oﬂ (15)
Let g == c?/B® and 7 := ¢/ W for some sufficiently small absolute constant ¢’ > 0 that will be
chosen later We will now lower bound the contribution from _]llSt the samples that achieve a value
(uTz)? > 72 using Lemma | that lower bounds P[w "z > 0,v "z > 0] > ¢§?/B® = ¢
E [(uTx)Ql[wa > 0,0z > O]}
>72.P [w—rx >0,0' x>0, (uz)? > 72}
> 2. (]P’ [wTJ: >0,0 x> 0] —P [(uTx)2 < 72])

> 72. (q—IEHaT:Hbu\ <T]). (16)

Now we just need to upper bound Pz[|a ' Z + b, | <7]. Let 8 = [[al]y. If B = |ul|2 < [by|, then
|by| is itself large, and % ' Z is too small in comparison to bring down |% ' Z + b, |. On the other hand,
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if 8 = ||i||2 is not too small, then the anti-concentration (or spread out density) of the distribution
D, ensures that |@ | Z + b, | is small with very low probability. We now formalize this intuition.

Suppose 5 = ||tz < ﬁ(q/Q)l/‘l. Then |b,| > 1/2, since ||u|lz = 1. Also from our choice,
7 < 1/4. Hence by the bounded fourth moments property of D, and Markov’s inequality,

E. ~ [(@,3)}
P aTsenl<n< B aTE > 3 < 220 < g gal)t <

NHQ

On the other hand, if 5 = |||z > ﬁ(qﬂ)l/‘*. Suppose @ is the unit vector along %. Then using

the fact that &7 & = @ % /||| is anti-concentrated by the properties of D,. Hence we have for some
constant 83 > 0

BaT /4 q
Tal _325354( ) T<3

from our choice of parameters since 7 = ¢/6°/2 /(B0 333,) for a sufficiently small ¢’ > 0. Substitut-
ing back in and we have

\aT%+bu|<T}: P [aTg?e( gt — by )}

P _ fa
x~D, z~D,

55 52 59

2 2 2
(VE(w),w—v) > 7" vz gmgzg - g 2 allv vl g

> c||lw—

l\D\»Q

O

Lemma (Success if [|[VF| < O(VOPT + ¢)) Suppose B, > 0 are constants such that
[lv]l2, |w]le < B and F(w) < F(0)— 46, and T follows a O(1)-regular distribution. Then there exists

a constant Cg > 0, such that if |VF(w)|| < CavVOPT + € for some € > 0, then ||w — v||2 <
O(VOPT +e¢).

Proof. We can first apply Lemma4.2]to conclude that
(VE(w),w—v) > ~[w—v|?,
for some constant vy > 0 (since B, d > 0 are constants). Hence
IVEw)|lllw = vl| > (VF(w),w =) > y]w—v]?
Thus [|w — v||2 < O(v/OPT + €) which implies the lemma. O

Lemmald.4 (Small ||w; — v implies small F'(w;)) If ||wy —v||2 < O(VOPT + €) for some € > 0,
then F(w;) < O(OPT +¢).

Proof. Since ReLU function is 1-Lipschitz (i.e. |o(z) — o(2')| < |z — Z/)),

F(w) = %E {(U(w;x) — a(va))z} < %E [(w:x — UT.’L‘)Q} = M E [(uTaﬁ)ﬂ

where we defined u =
get

h, hence the last equation. Now, notice by using Young’s inequality, we

E [(uTx)ﬂ - E {(~T~+b ) } < 2E {(&Tf)ﬂ b2 = 2|2 + 262 = 2
due to standard properties of Gaussian distributions. Hence
[we —v]?

2
which concludes the proof. O

F(w) < 2 = |jwy —v||2 < O(OPT +¢)

At a high level, we follow a similar approach as in [Frei et al. (2020). We aim to show that for every ¢,
either (a) ||w; — v||? — [|wir1 — v]|? > nC'(OPT + ¢) is true for some 1 > 0 we will specify later,
or (b) lwy — v||2 < O(vL(OPT + ¢)) holds. Since when [|w, — v||2 < O(OPT), Lemma-
indicates that F/(w;) is O(OPT), hence L(w;) is also O(OPT); this gives the required iterate wy of
gradient descent to complete the theorem when (b) holds. Hence we shall assume at time ¢ (b) does
not hold yet, and it suffices showing (a) is true. In the next lemma, we argue that throughout gradient
descent, the distance between the current iterate w; and the target weight v, ||w; — v||? continues to
decrease as long as w; is not too close to v.
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Lemma[d.5] (Decrease in ||w; — v||: formal version) Assume at time t, F(w;) < F(0) — § where
§ > 0 is a constant and D, is O(1)-regular. For constants n = O;/?;,Cp 3 L4/ W +

10 %),Cl = 19.8/B2 where 7y is defined as in Lemma if for some € > 0 ||w; — v||* >
Y LCOPT + ¢), then ||wy 1 — v||* < [lwy — v||* — nC'(OPT +¢).

Proof. Note at each timestep t,

Wiy1 = Wt — UVL(’UJt) (17)
W1 — v = wy — v — NV L(wy) (18)
= Jlwe = vl” = [Jwsr = vl|* = 20(VL(wr), wy — v) = 0|V L(w)]||? (19)

therefore to lower-bound ||w; —v||? — [Jwy 11 — v||?, we will give a lower bound for (V L(w;), w; —v)
and an upper bound for |V L(w,)||

Lower bounding (V L(w;), w;—v): Recall that VL(w;) = VF(w)+E[(a (v 2)—y)o’ (w] z)x],
implying (VL(w;),w; — v) = (VF(w;), w; — v) + (E[(a (v z) — y)o' (w, x)x],w; — v).

Since a direct application of Lemma[d.2/already gives a lower bound on (VF(w;), w; — v), we need
only focus on upper bounding |(E[(c(v"z) — y)o’(w/ x)x], w; — v)|. By Cauchy—Schwarz and
Young’s inequality, we get

(El(o(v'2) —y)o' (w TJU)JCJ w —v) = El(o(v'x) = y)o'(w'z)(w @ — v )]

> —\/E[(U(’U \/]E [(wx —vTx)20" (w/] )]
> —\/2OPT\/]E[((wt — ) Ta)?]
> —V20PT - \/2Bs||w; — v|| = =21/B2 - VOPT - |Jw; — 0|

Putting these bounds together we get
VL(w) = VF(w;) +El(o(v"2) — y)o’ (w] 2)2] > y|we —vll3 — 2¢/B2VOPT - lwe — vll2
Upper bounding |V L(w;)||?: Define
H(w) =E[o(v' 2 —y)o' (w ' x)z]

and observe that

For the first term,

IVE(w)l| < Ello(w ) = o(v'a)| -0 (wi @)| - [|2]] < Ellwz — v |- [|z]]

since o (-) is 1-Lipschitz (i.e. |o(z) — o(z’)| < |z — Z/[) and ¢’/ (-) < 1. Hence, applying Cauchy-
Schwarz yields

< \Ellw] 2 —vTe] - Efle]?] < ;- ol - VBvdF 1

Similarly, for the second term,

|H(w)| < Ello@e) —y|- 2l < \/Ello(vTz) -yl -Elle|?] < V20PT - VAT 1

Using the above two expression, we can hence bound ||V L(w;)||? as

IVL(we)|* < 2V E(we)|* + 2| H(we)|* < 4dBe|we — vl* + 4dOPT 20)
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Lower bounding ||w; — v||? — ||wsy1 — v||>:  The above inequalities yield
lwe = v]|? = lwesr = vl* = 20(VL(w;), we — v) — 7?||VL(w)|?
> 20+ [yllwe = ol|* = 2v/BeVOPT|jw, — vl | — ddi? - (BzJwy — v]]* + OPT)
> 21 [7||wt —v]|? = 2(Bey)2C Jwy — U||2} — 4dn* - (Ba2||lwe — v||* + OPT)
= 277(7 — 2(/3’2"/)1/2017_1 — 2d77ﬁ2> |lwe — v||*> = 21 - 2dnOPT

due to our assumption that (b) does not hold yet, i.e. |w; — v| > C,y~Y/2\/(OPT +¢) >
Cyy~Y/2V/OPT with some constant C), > 0, implying vVOPT < 71/201;1 ||w; —v||. Consequently,

by choosing 1 = 0;?552'7 =O0(d ') and Cp, = $(4/ %%Jrgo +10 %) = 0(1), we get

zzn(um-2dn-0fqﬂ+1my2dn-5—2dn-0fﬂj:=2n(umdn-0fﬂﬂ+2mmn-e)

0.05 -
> - 396d - dﬁ’V«OPT+f):nCKOPT+s)
2
by setting C’ = 19.8v/ 2. Hence the proof follows. O

We will also use as a black box two lemmas given in |Vardi et al. (2021) that uses the smoothness of
the function to upper bound the contribution from the second order term.

Lemma A.1 (Lemma D.4 in|Vardi et al. (2021)). For any w,w’ € R4, if T follows a O(1)-regular
distribution and VY € [0, 1] there exists constants Cy, Cy, > 0 such that | (1= N w+Aw'|| € [Cy, Cy),

p 2 2\ ./
then |VF(w) — VF(Ww")| < (¢} + 803(Cu + CCI + 02)02)
4

absolute constants.

w'|| where ¢}, ¢ > 0 are

Proof. Note that the original proof of this lemma relies on the assumption that the distribution of
T is compactly supported. Hence we shall provide a modified proof that generalizes the lemma
statement to O(1)-regular distributions. Similar to the argument in [Vardi et al. (2021), we write
IVF(w) — VF(w')| as

IVF@w) - VF@)] = ||E [(o(w"2) - o(vT2))o" (w T 2)e

[
=
)

[(o(w (ww) = o0 )o" (w Ta)] |
<HEﬁ Tz >0,w Tz > 0}((w wW@xH
+HEﬁhux2Qw x<mwﬁx—da%»4H
+HEﬁ&ux<0w”x>m( x—awmmﬂu
<E[l((w - ) Ta)a]
—+EPHwaZOJMTx<OHKwa—a@JxﬂMq

+E 1w < 0,0 T > 0w Tz — o(v"x)al]
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Note that we can bound the above three terms similarly as[Vardi et al. (2021) by conditioning on the
event in which ||z|| is given, where f), is the p.d.f. of ||z|.

— [E{Iw - )Tl [l fjopde

+ / E[L{wTe > 0w Te < 0H|w e — ol a)ell | o] oy da
+ / E[1{w" s < 0,0 > 0H|(w e - o(oTa)z| | o] fiud
< o= /| [ Yol fropde

T (] + 1ol /E (14w > 0,0 T < O} | o)l ] 2]) fjay

+(l+ el [ B 1w <0.0To > 0} | ol ol o

We can directly bound both P{w "z > 0,w' "z < 0| ||lz||} and P{w "z < 0,w'"2 > 0| ||z} by
463/Cy - ||w — w'|| - ||| using the same argument in the proof of Lemma D.4 of |Vardi et al.[(2021),
hence the above can be bounded as

, 43 [
< o= 0l [ ol fjapde + 2o+ /CE + C3)- Folw =) [ ol g

, 8B3(Cy +/C? + C2)c}
< (¢ + PGV DS)

— |

for absolute constants ¢}, ¢} as the second and third moments of ||z|| due to properties of O(1)-regular
distributions.

O

Lemma A.2 (Lemma D.5 in Vardi et al.| (2021)). Let f : R*™! — R and ¢ > 0. Assume for any
w,w’ € R4 such that Vv \ € [0,1]

VA1 = Nw+ X w') = Vf(w)| < \flw' —wl|
then the following holds:

P < f(w) + (T w),w’ ) + S’ —w]?

With all the above lemmas in place, we are now ready to prove Theorem [T

Proof of Theorem|1.1  As described in Section4.1, we inductively maintain two invariants in every
iteration of the algorithm:

(A) [lwy — vl <O(1), and (B) F(0) - F(w,) = Q(1).

These two invariants are true at ¢ = 0 due to our initialization wy. Lemma|B.3] guarantees with at
least constant probability (1), both the invariants hold for wg. The proof that both the invariants
continue to hold follows from the progress made by the algorithm due to a decrease in both ||w; — v||2
and F'(w;) (note that we only need to show they do not increase to maintain the invariant).

The proof consists of three parts. For the first part, at time ¢, assuming F'(w;) < F(0) — § holds,
then by directly applying Lemma we conclude that as long as [Jw, — v||* > C2y~1(OPT +¢)
for some constant Cj, > 0, with learning rate n = ¢,,d~* where ¢,, > 0 is a constant, gradient descent
always makes progress towards v.
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In addition, since whenever |lw; — v||> > C2y~H(OPT +¢), |lwy — v[|* — |lwi1 — v||? is lower
bounded by nC’(OPT +¢) for some constant C’ > 0, after T’ = ||wo—v||?C’' "~ (OPT+e)~! <
O(d(OPT + )~ 1) iterations we get ||wr — v||? < O(OPT) + ¢, and by Lemmathis implies
F(wr) < O(OPT) + e, therefore L(wr) < O(OPT) +«.

In the second part of the proof, we show that if wy is initialized such that F'(wy) < F(0) — ¢ for
some § > 0, then while gradient descent is still iterating, the inequality F'(w;) < F(wg) < F(0)
always holds.

By Lemma |A.1|which establishes the smoothness of V F'(w) between two iterates w and w’, we can
apply LemmalA.2|as

F(wf) < F(w) + (VF(@w),w' ) + ¢ —w]?

. /2 2y ./
where ¢ = (¢} + 883 (Cut CflJrCQ)C? ). Note that the conditions in Lemma are met since at
every timestep ¢, for some constant Cs > 0 |jw,|| > \/C\“[T = Cy > 0 implied by Lemma , and
|lwe]| < /C?+ C3 = C, as well by assumption.

Now, substitute w with w; and w’ with wy; — nV L(w) yields

2
F(wy —nVL(wy)) < F(we) — n(VEF(we), VL(wy)) + %IIVL(wt)IF
Note that
(VF(wy), VL(wy)) = (VE(w,), VF(w;) + H(wy)) = [[VF(w)|? + (VE(w,), H(wy))

where H(w;) = E[(o(v'z) — y)o' (w/ )]

Next, we define u = %. Note that v € R is a fixed unit vector (it already involves an
expectation over z); hence

(VF(wr), Hw)| = [VF(w)] - |(E [(o(Ta) - y)a/(w%x} u>{

= |VF(w, ||’E[ olv'z) —y)o' (w'z)u x” < ||VF(wy) ’E )—y)uTx]‘
< IVF()|E[|o@Te) —y| - |uTe]] < [VF@w)] - VOPT - \[E[(wT2)?]
Note that

E [(u%)ﬂ ) [(aTm bu)2] <2E [(ﬂ%ﬂ top? = 2(52\@”2 + bi) <2(By +1)

Therefore,
[(VEF(we), Hw:))| < [|[VF(wy)|| - VOPT - | E uT < IV F(w) 2(B2 +1)OPT
— (VF(w;), H(w;)) > —|VF(wy)|| - v/2(B2 + 1)OPT

Plugging this back to the expression for (VF (w;), VL(w;)) yields
(VP (), VL(w0) = [VF(w)|> + (VF(w,), H(wy))
IVE(we)[|* = [V F(wy)|| - v/2(B2 + 1)OPT
— IVF()| (I F(w)| - V2(8; + 1)OPT)

IVE(we)|

Y

Wy

Wy

(wt)
(wt)
(wt)
(wt)

(
(

v

IVE @)l - V208 + (OPT +¢))

18
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Since we have assumed that gradient descent is still in progress, implying ||w; — v/ is not at most
VOPT + ¢ yet, hence by Lemma |VF(w)|| > CavOPT + ¢ at this point, therefore

(VF(wy), VL(wy)) = [VF(w)ll(IVF(w)|—v/2(82 + DOPT +¢)) = 80(8;+1)(OPT-+e)

with Cg = 100(82 + 1); and by setting 7 and C,, as specified above, we have

n? n?
= (T F (), VL(w) + - VL(w) |2 < ~809(B; + 1)(OPT + ) + - [VL(w)|* @1)

< 17(780(52+ )(opm@ﬂ— (4d62wafv||2+4d0PT)) (22)

= (= 80(8 + 1)(OPT + &) + 2dB 01w, — ][> +2den(OPT + ) (23)

— (2 — 80(3 + 1)(OPT + &) + 248 bl|w, — v]|?) (24)
2d¢n — 80 1

<ol - (RSB o) <o e3)

320074+ (£C2—800)2+LC
by mandating o > V32000 ( STHCy . Note that this does not lose generality since we can

500
always choose a suitable upper- bound for the second moment along any direction of the O(1)-regular
distribution D,. Hence, the above inequality implies

F(wy —nVL(w)) < Fwy) < ... < Fwg) < F(0) =6

Finally, in the last part of the proof, a direct application of Lemma [B.3|justifies the assumption that wq
can be initialized such that F'(wy) is less than F'(0) by a constant amount with constant probability
depending only on b,; and since |b,| = O(1) by assumption, for absolute constants ¢y, co > 0, with
probability at least ca, F'(wg) < F(0) — ¢, which concludes the proof.

B GENERALIZING BEYOND GAUSSIAN MARGINALS

The above algorithmic result can be generalized to a broader class of marginals than Gaussians, that
we call O(1)-regular marginals.

O(1)-regular marginals: Assumptions about the marginals over T We make the following

assumptions about the marginal distribution D, over & € R?: there exists absolute constants
Bl»ﬁéaﬁ??ﬁ?ﬂ /64765 > 0 and 60 . R-i— — R-{-’ such that

(i) Approximate isotropicity and bounded fourth moments: for every unit vector v € RY,
EE~5$[(u,x>2] € [1/B3, Bo], and E;_5 [(u , )4 < Ba.
(i) Anti-concentration: there exists an absolute constant 83 > 0 such that for every unit vector
@€ R%and 6 > 0,
sup P

tER D,

[<a, F)e(t—8,t+ 5)} < min{f34,1}.

(iii) Spread out: there exists Sy : Ry — R such that 8y(|b,|) > 0is a constant when |b, | is a
constant, and
Vi e ST B |o(7F+by)] = Aollbul).
~D,
(iv) 2-D projections: In every 2-dimensional subspace of R? spanned by orthonormal unit
vectors U1, tg € R¢, we have a set G, .4, C Rsuch that,

P [igZ € Ga,.ap) =1 —o(1), and (26)
T~Dy
Vte Ga gy E [o—(afz) iy & = t} > B35 B [o(i] 7). 27)
T~Dy T~Dy
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In other words, the conditional expectation of o (@ Z) is not much smaller after conditioning
on the projection in an orthogonal direction iy, for most values of i, 7. Note that for a
Gaussian N (0, I), the r.v.s ii] 7, iy 2 are independent, so this condition holds with 35 = 1
and Gal’az =R

We remark that Gaussian distribution A (0, I) is O(1)-regular i.e., all the constants (31, 82, 35, 85 =
1,83 < 2,and Bo(by) = Egn(0,1)[0(g+by)] > 0forall b, € (—00,00); in fact fy is an increasing
function that is 0 only at —oo. We also note that assumptions of this flavor have also been used in
prior works including [Vardi et al.| (2021), which inspired parts of our analysis. In particular, |Vardi
et al.[(2021) assume a lower-bound on the density for any 2-dimensional marginal; our assumption
(4) on the 2-dimensional marginals is qualitatively weaker (it is potentially satisfied by even discrete
distributions), and moreover we only need the condition to be satisfied for a large fraction of values
of @iy & (and not all). See Section [B[for the generalized version of our main theorem.

In this section, we present the main theorem as follows.

Theorem B.1 (Generalization beyond Gaussian marginals). For any absolute constants Cq >
1,05 > 0, there exists absolute constants c3 > 0, ¢;, > 0 such that the following holds. Let D, be a
distribution over (T,y) € R? x R where the marginal over T are regular with constant parameters
B1, 8%, B2, Bs, Ba, Bs, and By(by) as defined above. Let H = {(w,by,) : ||w| € [1/C1, C1], |bw| <
Cy}, and consider population gradient descent iterates: w1 = wy — nV L(w). For any € > 0 and
learning rate n = cndfl, when starting from wo = (Wy, 0) where Wy is randomly initialized from a
radially symmetric distribution, with at least constant probability cs > 0 one of the iterates wr of
gradient descent after poly(d, 1/¢) steps satisfies L(wr) = O(OPT) + ¢.

We now describe the generalization to regular distributions of the necessary lemmas for analyzing
gradient descent in Section[B.T.

B.1 GENERALIZED LEMMAS FOR REGULAR DISTRIBUTIONS

In the following lemma, similar to Lemma [AE, we argue that throughout gradient descent, ||w; — v||?
continues to decrease as long as ||w; — v|| is not too small.

Lemma B.2 (Decrease in ||jw; — v]|). Let D, be O(1)-regular with parameters defined above.
Assume at time t, F'(w;) < F(0) — § where § > 0 is a constant. For constants Cy,,C" > 0 and ~y
defined as in Lemma if for some € > 0 lw; — v||*> > v 'C2(OPT + ¢), then ||lwi 1 — v||* <
|lwy —v||? — nC’'(OPT +¢).

Proof. Resembling the proof of Lemma [AE, to lower-bound [Jw; — v||? — ||ws1 — v, we will give
a lower bound for (V L(w;), w; — v) and an upper bound for ||V L(w;)||*.

Lower bounding (V L(w;),w; —v) A direct application of Lemmal4.2 already gives a lower bound
on (VF(w;), w;—v), hence we need only focus on lower bounding (E[(o (v " x)—y)o’ (w, z)z], w;—
v), and by Cauchy-Schwarz and Young’s inequality, we immediately get

El(o(v" ) — )0 (w] )], wp —v) = El(o(w” ) )’ (w z)(w/z v x)
> —\[Elo(vT2) - y)2\El(w/ @ - vT2)0" (w] 2)] = ~V20PT\/E[((w; — v) Ta)?
> —V20PT - \/Cypa|w; — v|| > ~Ch+/B2 - VOPT - ||wy — v

with constants Cg, 023 > (. Putting the bound above along with that of Lemmatogether we get
VL(w) = VF(w;) +E[(c(vz) — y)o' (w] 2)x] > ~||w, — v||3 — C’ﬂ\/ﬂg “VOPT - |[w; — v||2

Upper bounding ||[VL(w;)||? Recall VL(w;) = VF(w;) + H(wy) = [[VL(w)|]? <
2|V F (w;)||? + 2| H (wy)]|?. For the first term,

IVF(we)|| < Ello(w x) = o(v2)]| - |0’ (wi 2)| - 2] < Eflw/ z —v'a| - |l2]]
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since o(-) is 1-Lipschitz (i.e. |o(z) — o(2')| < |z — Z/[) and ¢’/ (-) < 1. Hence, applying Cauchy-
Schwarz yields

< \/E[|wa — TPl Efllz|?] < [lwe — ol - v/Bad + 1

Similarly, for the second term,

1H (we)|| < Eflo(v'z) —y| - [|lz]l] < \/EHU(UTI) — 9% E[llz[?) £ V20PT - \/Brd +1

Using the above two expression, we can hence bound ||V L(w;)||? as

IVL@)I? < 20F )| + 2 Hw)|? < Chdlw — ] + CLdOPT
for some constant C”B’ > 0.

Lower bounding ||w; — v||? — ||wsy1 — v||*> The above inequalities yield
Jeoe = w2 = lwesa — ol|? = 20(VL(we), we — v) — 7|V (wy)|?
> 2 [yllwe = oll* = Ch/BaVOPT wy — vll| = Cdn? - (lw — v||* + OPT)
> 20 [yllwe = ol = Ch /B2y 2C; e = vl]?] = Chdn? - (lw = v]]* + OPT)

"

o C
= 277(7 — Ch/ By POyt — 7ﬁd77) l[wy — o2 — 21 - %anPT

due to our assumption that (b) does not hold yet, i.e. [w; — v|| > Cpy~V/2\/(OPT +¢) >
Cpy /2 OPT with some constant C}, > 0, implying vOPT < v*/2C*{|w; —v||. Consequently,
by choosing n < O(d~1), we get

> 277(ley||wt |2 - CQOPT) > 277(0103(0PT te) - C’QOPT)

> nC'(OPT +¢)

where C1, Co, C’ > 0 are constants. Hence the proof follows. O

With the lemmas above, we are now ready to prove Theorem|B.T.

B.2 PROOF OF THEOREM [B.1]

The proof highly resembles that of Theorem [I.1]by inductively maintaining the same two invariants
in every iteration of the algorithm:

(A) |lwg —v|l2 <O(1), and (B) F(0)— F(w) = Q(1).
Hence, we only highlight the difference compared to the previous proof.

The proof also consists of three parts. For the first part, we simply replace Lemmas [4.5]and .4] with
Lemmas[B.2|and |4.4] resulting in the same argument that after 7 < O(d(OPT + ¢)~!) iterations
we get F'(wr) < O(OPT) + ¢, therefore L(wr) < O(OPT) +«.

In the second part of the proof, Lemmas [A-2]remain valid for O(1)-regular distributions,
therefore we need only note that for any unit vector u € R4*1,

E(u"2)?] < 2E[(@'7)?] + 207 < 262 + 2b;, < O(fz)

which only affects the bounds for ||V L(w;)|| and ||H(w;)| up to a constant factor. Hence the
inequality F'(w; —nVL(w)) < F(w;) < F(wp) < F(0) — ¢ also holds.

Finally, in the last part of the proof, a direct application of Lemma [B.3justifies the initialization
assumption, which concludes the proof.
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B.3 RANDOM INITIALIZATION

We now prove the initialization lemma assuming weak conditions on the marginal distribution over
7 € R? which is D,, (recall that the standard Gaussian N (0, I) also satisfies all of the properties). We
will initialize w = (w, b,,) with b,, = 0 and @ drawn from a spherical symmetric distribution D,,.
D,, first picks the length p € D,,, and then sets W = pw, where  is a uniformly random unit vector.
The distribution D, can be any distribution that is reasonably spread out — it just needs to place
non-negligible probability in any constant length interval (a1 ||7||2, az||?]|2) where as > a; > 0 are
constants.

As stated in the preliminaries, we assume for simplicity that ||7]|2 = 1 (or ©(1)); this is essentially
the same as assuming that we know the length scale of ||9]|2, since we can scale the input by this
length ||5]|2 (see Proposition|C.1). Please refer to Lemma 5.1 when we do not know the length scale
of ||7||2. For convenience, we will set D,, to be the absolute value of a standard Gaussian N (0, 1) (or
N(0,8%) with 8 € [1,2].

Lemma B.3. There exists c¢1(v), ca(v), c3(v) > 0 which only depend on b, /||9||2 (and not on the
dimension), and are both absolute constants when |b,|/||0||2 = O(1), such that the following holds.
When w = (0, by, = 0) is drawn according to w = p||0||ow ~ D,, described above (with W being
a uniformly random unit vector, and p ~ D, being the absolute value of a normal N (0 , %) with
B € [1,2]). Then with probability at least CQ(’U) > 0, we have

F(w) < F(0) = c1(v)?]|0]3, and [|w — v]| < e3(v)|3]]2. (28)

In the above lemma, if D, is a standard Gaussian N (0, 1), it suffices to choose for example ¢; (v) =

- b2 /o512 .
coEg, ~n(o.nlo(gn +bq,/|\v||)]) =cp- (H%’j”@(fﬁbr\/%e bu /203l ) for some universal constants

¢o, ¢y, ¢y > 0. ca(v) and c3(v) are also chosen similarly as constants that only depend on |b,|/||7||
and not on any dimension dependent term. We remark that for random initialization to work, we only
need the probability of success 17 > 0 to be non-negligible (e.g., at least an inverse polynomial). We
can always try O(1/n) many random initializers, and amplify the success probability to be at least
0.99.

Proof. For convenience we define b, := by /||7||2,7 = v/||7]|2, so they are normalized w.r.t. the
length of ¢. The conditions of the lemma assume that |b,,| = O(1).

By definition, the distribution of 1 € R? is spherically symmetric.

F(w) = F(0)

I
[
2 (=

[(a(a]%) — (T z+ bv))ﬂ - % E [a(fx + b,,))?}

E [(g(ﬁﬁz)?] _E [o(zDTa:)a(ﬁT:z: + bq,))}

x

= L2 E [(0(@Te)?] - plEl3E [o(@ ) (07w +5,))].

where @ = p||9]|2w with W being the unit vector along . For a fixed p € R, @ (and hence ) is
picked along a uniformly random direction i.e., W ~y; S¢~'. Hence for z ~ D,

£ [F((p,0) - FO)]=20E g g [(o(@T)?] (29)
DHrSd—1 2 By St gD,
oI5 E E [a(@%)a(ﬂw&))
Wy Sd—1t =
= [[8l3(c'p* — 2¢3(v)p), (30)

where ¢’ > 0 is a universal constant based on our assumptions about 251, (¢ =0.5forx ~ N(0,1)).

We now derive an expression for ¢3(v), and prove that it is a constant independent of the dimension.
Let @ = 210 + zow™ where w™ is some unit vector orthogonal to ©. Note that 21, 29 are r.v.s that

depend only on the choice of the initializer (our rotationally invariant distribution), and not on ﬁv.
For @ ~y S71, the typical values E[2?] = 1/d and E[22] = 1 — 1/d; moreover 2; and 2, are
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symmetric (around 0), and their signs are independent. Let the r.v.s & = (7,7),& = (7, wh)
denote the marginal distribution along U, w'. The &;, & are independent of 21, 2o (but &, &5 could
be dependent); these also satisfy condition (3) about the 2-dimensional marginals of D, because it is

O(1)-regular.

E . E [o(@ x)o@ x+5)]

Wy SE—1 x~D,

E E [o(:16 + 2606 +b)]

cs(v)

21,22 £1,8§2
= E E [0(21§1+Z2§2)‘7(§1 Jrgv)}-
21,22 £1,82

Since z; is a symmetric r.v.,
1

) =3 B, B [olael 4 seoie 18] + 3 B B [ol-lac)+aenl +5)
>3 E E [o(né]+ 260 +5)
> %&]Eéz E [0(2252)0(51 +,)]
. E |2’2| /:b )« (t+Dy) - Elo(&)lgr =] dt (since 2, is independent of &, &2)
zé / e =) (t+Dy)- Elo(&)[& = 1] dt (since 2 is independent of &1, £2)

-5,
since E[|22|] > 1/4 (in fact when d is large, | 23| = 1—O(1/+/d) for w.h.p.). We now split up the inner
integral over ¢ € [—Zv, 00) into two parts depending on whether E¢, [0(£2)[&1 = t] > 05 Eg, [0(&2)]
is satisfied or not. Let Bad C [—Zv, 00) be subset where it is not satisfied. Note that from regularity
of D, we have that P[Bad] = o(1). We only take the contribution from ¢ € [—b,, c0) \ Bad:

o

ea(v) > %(/_ & :t).(t+3v).£5[g(§2)]dt—/ (& =t)1[teBad]~(t+&)~65£[0(§2)} dt)

t=—b, 2 t=—b,

> W(E[U(& +3v)] - \/P[Bad] . /eBadp(fl =1)-(t +by)? dt )
. 55,880(0) (E[O(& +,)] — P[Bad]"/2 - (2 /teRp(fl =t)- (£’ +33)dt)1/2 )

> %0(0)(/30(@0 —o(1)-1\/2(B2 +3§))

> e1fol[bu),
as required for an absolute constant ¢; > 0. Note that the last line used regularity to say 85 = Q(1)
and lower bound E[o (07 Z + b,)] > Bo(|by]).

We now prove that the first part holds with non-negligible probability. From (30), we note that
for any p € [03(”) 03(”)], we have that

Fl(o,0)] < F(0) — 320

D~y Sd—1 2c!

Moreover p is distributed as the absolute value of a standard normal with variance in [1, 4]; so we get
that p € (Q(U) 03(,7))) with probability at least c5(v) = 2\/;70/ - e~ Uea(v)*) ¢4 (v), which is constant

2¢’

when \bv| is a constant.

Now we condition on the event that p € ["52(67,)) , ”c(”)} For a fixed p in this interval, let Z be a r.v.
that captures the distribution of F'((p||o||@w,0)) — F(0) as @ is drawn uniformly from the unit sphere
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S9=1. Note that E[Z] < —||o|]3¢c3(v)2/2¢.

Var[Z] < E[F((pl|o]2,0)%] < 16 E_[[5]'0(p@ )] +16 E_[[o]'0 (62 +5,)"]

z~Dy x~D,
< 256]5]" (284 + 1.
Further for A = — E[Z]/2, we have from the Cantelli-Chebychev one-sided tail inequality we have
for some absolute constant cg > 0
E[Z]*

P [Z < IE[Z]/Q} > W > min {0603(0)2/(,6’4 +3§), %} =: ¢6(v),

where cg(v) is a constant when b, is a constant. This allows us to conclude that F(w) < F(0) —

Q(||9||?) with probability at least c5(v) - cg(v) which is a constant when b, is a constant. Finally
the ||w — vl||2 < ||wl||2 + ||9]|2 is upper bound just because of our choice of p and ||7||> being upper
bounded by assumption.

O

B.4 MULTISCALE RANDOM INITIALIZATION (FOR UNKNOWN LENGTH SCALE)

Lemma [B.3 shows that if we guess the correct length scale of |||z up to a factor of 2, then the
random spherically symmetric initialization in Section[5 succeeds with constant probability. When
we have unknown length scale |||z € [1/M, M], the random initialization can try out the different
length scales in geometric progression i.e., the length scale 7 is chosen uniformly at random from
{279 :5€Z,~logM < j <log M}.

Random initialization for unknown length scale We will initialize w = (@, by, ) with b,, = 0 and
w drawn from a spherical symmetric distribution D,,. The length is chosen from the distribution D,
so that it has a non-negligible probability in any constant length interval (a1||v||2, az|v||2) where
as > a1 > 0 are constants: our specific choice picks the correct length scale with non-negligible

probability, and is reasonably spread out.
We are given a parameter M such that |[v]|s € [271°8M 28 M] (note that M can have large
dependencies on d and other parameters; our guarantees will be polynomial in log M). A random

initializer w = (@, 0) is drawn from Dypxnown (M) as follows:
1. Pick j uniformly at random from { —[log M1, —[logM]+1,...,—1,0,1,..., [log M| }
2. p € Ry is drawn according to D,, as follows: we first pickﬂg ~ N(0,1) and set p = 27|g|.
3. A uniformly random unit vector w € R¢ is drawn and we output @ = pib. The initializer is
(1, 0).

We prove the following claim about the random initializer.

Lemmal5.1] There exists c1(v), c2(v), c3(v) > 0 which only depend on b, /||0||> (and not on the
dimension), and are both absolute constants when |b,|/|0||2 = O(1), such that the following holds.
When w = (0, by, = 0) is drawn according to the distribution Dyunown(M) described above for
some given M > 1 satisfying ||v||2 € [1/M, M]. Then with probability at least co(v)/log M, we
have

F(w) < F(0) = c1(v)?]|0]3, and [|w — v]| < e3(v)||5]]2. @31

Proof. Since ||0||2 € [1/M, M], the random initialization will pick j* with probability at least
1/(2log M) such that |3, € [2/",27"+1]. For this choice of j*, we can apply Lemma B.3| (note
that we only need a guess of ||0]|2 up to a factor of 2) to get the required guarantee. O

?One can pick many other spread out distributions in place of the absolute value of a Gaussian.
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C INVARIANCE TO SCALING

In this section we show that the guarantees of gradient descent do not change by scale the instance
by a multiplicative factor of .. Here the instance is scaled by only multiplying the y values by the
same factor « (but not scaling the point x). This allows us to assume that ||7]|2 = 1 without loss of
generality as long as the initializer is also in the same length scale (see Lemma[5.1]how the random
initialization finds the correct length scale with reasonable probability).

Recall that we consider the loss function L which given hypothesis w = (0, b,,) € R?*! and input
distribution D over (7,y) € R? x R is

L(w,D) = § S E So@ +bu) —y)’]. (32)
x,y)~

We show the following simple proposition.

Proposition C.1. Let o > 0, and let D be any distribution over (T,y) € RY xR, let D, be
the corresponding distribution given by (T,y' = «y) (only the y values are scaled). For every
w = (W, by,) € R we have that

L(aw,D,) = o - L(w, D), where aw = (o, ay,). (33)
Moreover, for two runs of gradient descent (with the same step size 1) producing iterates
Wo, W1, - . . , wr when run on D and producing iterates w(, w, . . ., wh when run on D, we have:
ifwy, = awg, then Yt € {0,1,2,....,T}, w;, = a - wy. (34)

Finally, if OPT and OPT,, are the optimal losses for D and D, respectively, then for any 8 > 0,
F(w) < B-OPT ifand only if F(w;) < 8- OPT,.

Proof. The first part follows directly from (32). We have

L(aw,Dy) = I E _ [(olad'T+ab,)—y)?]=L% E [(0c(aw T+ ab,) — ay)?]

(Y )~Da (,y)~D
=3 . (a0 (@ 5 +by) — ay)?] = ®L(w, D).
x,y)~

The second part uses the form of the gradient update through a simple induction. The base case
is true since by assumption wj, = awy. Suppose w; = aw;. Let D, denote the distribution over

x = (7,1),y = ay corresponding to D,,. Recall that w;_ ; = w; — VL(w;, D,) where

VL(w, Da)= E [(o(w—rm) — o (w7 )x]
(2,y")~Da
Hence w; | = wy — nVL(w;, Do) = wy — m, Ig*l - [(U(Oéle‘) —y)o' (aw " z)x
z,y")~Da
=aw;—a-n E [(a(aw—rx) - ay)o’(w—rw)x]
(z,y)~D

= aw; — a - VL(w, D) = awy.

Note that the last but second line used the fact that o/ (aw ' x) = I[aw 'z > 0] = o/(w"x) when

o > 0. The last part of the proposition just follows from the first claim that L(aw, Dy) = - L(w, D)
for all w applied to wy, w7 = awr and the optimal solutions corresponding to OPT and OPT,,. O

Remark. We remark that the above proposition essentially shows that we can assume that ||7]|2 = 1,
almost without loss of generality. However, this proposition assumes that initializer @, can also
be scaled accordingly i.e., the initializer wy continues to have the same length scale as ©. This is
achieved by our random initialization strategy in Section since it tries out many different length
scales.
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D ANALYSIS OF GRADIENT DESCENT WITH FINITE SAMPLES

In this section, we analyze gradient descent when trained on finite number of i.i.d. samples (z;,y;) ~
D. As in the previous sections, we assume the marginal distribution of z is a standard Gaussian.
We will utilize the notations below, which are analogous to those defined with respect to the data
distribution

e L(w) = £ 327" (0w z;) — y;)?

» F(w) = 55 i (0(w'z;) — o(v72:))?

« Hw) = £ 0 (0w ) — gi)o’ (w o)z
where n is the number of samples.

Since we can only access n samples, we update the weight through full-batch gradient descent as
follows

W41 = Wg — T]VE(U)t)

We are now ready to analyze gradient descent on finite samples. We first state the main result
established in this section

Theorem D.1. Let C > 1,C5 > 0,c5 > 0 be absolute constants. Let D be a distribution over
(Z,y) € R? x R where the marginal over T is the standard Gaussian N'(0, I) and the distribution
of y satisfies |y| < By for some By > 1. Let H = {w = (W, by) : ||@0]] € [1/C1, C1], |bw| < Ca2},
and consider empirical gradient descent iterates: w41 = Wy — nVE(wt). For a suitable constant
learning rate n, when starting from wo = (g, 0) where Wy is randomly initialized from a radially
symmetric distribution, when given poly(d, 1/e, By') i.i.d. samples from the data distribution D,
with at least constant probability ¢, > 0 one of the iterates wr of gradient descent after poly(d, %)
steps satisfies L(wr) = O(OPT) + 2e.

We remark that the above theorem also holds under our weaker distributional assumptions in Section|B]
with an additional sub-Gaussianity assumption on D,, as evident from the proof that follows. In
order to prove Theorem [D.I] we first introduce the following definitions and lemmas. The following
definition is a standard tool for establishing uniform convergence guarantees and is deeply related
to the notion of Rademacher Complexity. For further details please refer to Shalev-Shwartz &
Ben-David (2014).

Definition D.2 (Representativeness). Given data samples S = {z1,...,2,} € Z" and a function
class F = {f : Z — R}, the representativeness of S with respect to F is

Rep(F, $) = sup E[f()] ~ 1 3 fz)

Note that representativeness is a random variable. The following lemma quantifies the conver-
gence property of representativeness with respect to the loss function gradient through analyzing its
Rademacher complexity.

Lemma D.3 (Concentration of Representativeness). For absolute constants ci,ca,c3 > 0, with

probability at least 1 — K, the representativeness of random samples S = {(Z;,y;) Y-y ~iia. D

with respect to the function class F; = {(o(w'z) — y)o'(w z)z; : ||w|| < C1}, Rep(F;, S) is

bounded by

B2
Rep(F;,S) < cdByC slog(C’n) + c3dBy log(4/k)

where for all y;,

yi| < By.

Proof. Note that E[Rep(F;, S)] < 2E[R(F; o S)|, where R(F; o .5) is the Rademacher Complexity
of the set {{(c(w " x;) — y;)o’ (w @;)ws;}7; ¢ |lw| < C1} (Lemma 26.2 of Shalev-Shwartz &
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Ben-David|(2014)). Hence, combining it with McDiarmid’s inequality for almost-bounded difference
functions (see Kutin|(2002))), with probability at least 1 — x we get

dB2 4 dB?
BEY 1og (+) < 2E[R(F; 0 9)] + 1/ 251

o ()

Rep(]:jvs) < E[Rep(}-ﬁ S)] +
For the first term, by definition we have

R(F;08) = [ sup Zszxu w xt)(wai—yi)}

[lw[I<Cq i=1

where {s;}_; are i.i.d. Rademacher random variables. Given the sample .S, let Rg be the maximum
{5 norm of a vector z; € S. We can further upper bound the above as

1 1
R(F;joS) < —E [ sup siti;o’ (w JCL)(U)TJ?,')} +-—E [ sup siziio (w' x;)y;
s bw|<Cy ; s Hwll<Cy Zz;

For the second term above we can use Massart’s finite class lemma |Shalev-Shwartz & Ben-David
(2014) and noticing that the sup is only over O(n*1) different hypotheses (since only sign of w ' x;
matters, and we can use Sauer-Shelah’s lemma with linear classifiers in d dimensions |Shalev-Shwartz
& Ben-David (2014)), we get that

1
—RsBy+/dlogn).

l [ sup Zslx” (w' z;) 1:| SO(\/ﬁ

n \w|\<ClZ- 1

To bound the first term, for an appropriate € to be chosen later, let /1. be a minimal e-cover for the set
{w e R?: ||w|| < C}. Itis well known that |H.| = O(C/¢)? Shalev-Shwartz & Ben-David (2014).
For any w € R% such that ||w|| < C we will denote by w:. the closest vector to w (in /5 distance) in
the set H.. Then we can write

1 S Lo T T
) < = S s . .
R(FjoS) < - ISE ijélgs ;3@”0 (w' z;)(w xl)}

n

1
EIEI[ sup (Zsixijal(w zi)(w' ;) Zs x50 (w, xl)(w;ac,))]

lwli<Cr =7

+

Noticing that |(w " —w. ) - z;| < eRg, and the fact that |0/ (t)t; — o’ (t2)t2| < |t — t2|, we get that

1
R(FjoS) < EI? [ sgg Zs zii0’ (w' x)(w xl)} + O(eRsBy) + O(TRSBY\/dlog n).

(35)

For the first term above we apply Massart’s finite class lemma Shalev-Shwartz & Ben-David| (2014)
to get that

%E[ sup ZSZ:L‘U x;)(w xl)} <0 —RSC’\/log |H.|) (36)

weH,

From and we get that

R(F;o08) = O(%RsByC\/dlog(Cn/E) +eRgBy).

Substituting e = 1/4/n above we get that

! RsByC+/dlog(Cn)).

R(F;j08) =0(—=
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Finally, taking the expectation over S and using standard property of Gaussians we get that

E[R(F; o S)] = O(%dByC’\/dlog(Cn)).

This completes the proof. O

With these lemmas, we are now ready to prove Theorem [D.1]

Proof of Theorem|D.1} The proof consists of three parts highly identical to that of Theorem|1.1]
hence we only highlight the main difference. As in the proof of Theorem we will assume that
||lv]|2 = 1; note that this is without loss of generality from Proposition|C.1. Also as in the proof of
Theorem[I.T} we will only argue at one of the iterates 7" satisfies the required guarantee (this may not
be the last iterate).

In the first part, we rewrite the update rule as

w1 = wy — NV L(wy) + n(VL(wt) - VE(wQ) = wy — NV L(wy) + N,

where (; := VL(w;) — Vz(wt)a and g(¢;) == —n(VL(wy), () + (we — v, ) +

2
77“(215“ . (37

We obtain the improvement in each iteration as
lwe = ol* = Jwesr = vl* = 20(V L(we), we — v) = 0*[[VL(we) |* — 2ng(G:)

Note that 27g((;) is a random variable that depends on z and can possibly be negative. We will later
use a uniform convergence bound in Lemma to bound both ||(;|| and hence |g({;)| with high
probability for all w that is bounded by a fixed constant. Conditioned on this high probability event
(given in Lemma [D.3)), the rest of the analysis is deterministic. Recall that ¢ > 0 is the parameter
denoting the desired error. We will maintain the invariants that when gradient descent is still in
progress (or we haven’t encountered a time step with our desired guarantees), |g((:)| < e, and
||w; — v]| is bounded by a constant.

Recall that

2
9(Ge) = =n(VL(we), G) + (we — v, G) + M

By applying the upper bound for ||V L(w;)]| as in the population argument (see Equation 20 in the
proof of Theorem [I.1), we get for some constant C’ > 0

19(C)| < VL) |Gl + lJwe — o1 G| + ot nIICtII

</ Cd(|lwe — vl + OPT)|IGel| + llwe — vlllI¢e]l +

nllG 12
2

In addition, since at this point gradient descent is still running, C'vVOPT < ||w; — v||, hence with
suitable constant C” > 0 we can further write

9(G)| < U@dC"||wt wllllce|| + 2Se 77||Ct||

Again, while gradient descent is still in progress, our induction argument establishes that ||w; —
v||? = ||wgs1 — v||? is lower-bounded by a non-negative amount, hence |Jw;y1 — v|| < ||wy —v|| <

. < |lwo — v|| = O(1) which also establishes that every ||w;|| is upper-bound by a constant.
Let T" be the time step until which all of the above properties hold (otherwise we have already
encountered an iterate where we get the required guarantee). Therefore we can conclude that

9| < O(IG ) + = e < 7.

We now proceed to bound the magnitude of ||¢;||. Using Lemma D.3] for each coordinate of ¢; we
sample poly(d, 1/¢, By) data points so that with probability 1 — x/(d + 1) its magnitude is at most
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g/(d + 1). We then take the union bound over all d + 1 coordinates and set k = 1/d> to conclude
that with high probability,

VE<T, [[g(G)Il <&, and [[Gfl2 < e/c. (38)
Now, since we have showed that ||g(¢;)|| remains bounded by &, identical to our argument in the proof
for TheoremEexcept modifying the induction hypothesis to be ||w; — v|| > C’p’yfl/ 2VOPT + 2¢,

we conclude that after T < O(d(OPT + 2¢)~1) iterations we get |[w; — v||> < O(OPT) + 2¢, and
similarly by Lemma [4.4]this implies both F'(wr) and L(wr) are at most O(OPT) + 2e.

Proceeding to the second part of the proof, we will show that while gradient descent is still running,
F(w;) continues to decrease. We rewrite the expression given in Lemma as

F(w; =V L(w,)) < F(wy) = n(VF(w;), VL(wp)) + |V L(w,) || = n(VF (wy), &) + |G

At this point, note that we can still argue that | VF(w;)| > CavOPT + 2¢ directly by Lemma
for some constant C"”” > 0, we can hence upper-bound the second and third terms by directly

applying Equation [21] yielding
n( = C"(OPT +2¢) + tnCrdlw, — vl|*) = (T F(wy), o) + n? G

<~ C"(OPT +22) + nCrdlw, — vl* + Crdlfwe — vl Gl + n]l.]?).

Therefore by applying the same analysis as in the population case, and using we have that the
above upper bound is

< n( — C"(OPT + 2¢) + nCrd|w; — v|)* + a/c) <0
Hence F'(w;) continues to decrease, hence F'(w;) < F'(0) — 4.

Finally, by Lemma with constant probability gradient descent starts at a point such that F'(wg) <
F(0) — 4, hence the proof follows.
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