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Abstract

Sampling from multi-modal distributions is challenging, even in low dimensions.1

We provide the first sampling algorithm for a broad class of distributions — in-2

cluding all Gaussian mixtures — with a query complexity that is polynomial in the3

parameters governing multi-modality, assuming fixed dimension. Our sampling4

algorithm simulates a time-reversed diffusion process, using a specific Monte Carlo5

estimator of the intermediate score functions. Unlike previous works, it avoids6

metastability, requires no prior knowledge of the mode locations, and does not rely7

on restrictive smoothness assumptions that exclude general Gaussian mixtures.8

1 Introduction9

Sampling from a distribution is a fundamental problem in statistics. Formally, given some potential10

V : Rd → R such that
∫
e−V (x)dx < ∞, the sampling problem consists in obtaining a sample11

from some distribution p such that p is ϵ-close to µ ∝ e−V with respect to some divergence while12

maintaining the complexity, a.k.a. the number of queries to V and possibly to its derivatives, as low13

as possible. Depending on the shape of the distribution, the typical complexity of existing sampling14

algorithms can significantly differ.15

Log-concave distributions As in Euclidean optimization, a common assumption in the sampling16

literature is to assume that µ is log-concave and log-smooth or equivalently, that V is convex and17

smooth. Specifically, when the potential V is assumed to be α-strongly convex and to have an18

L-Lipschitz gradient, the popular Unajusted Langevin Algorithm (ULA) is known to achieve fast19

convergence [Durmus and Moulines, 2017, Dalalyan and Karagulyan, 2017]. In the more general case20

where µ satisfies an α−1-log-Sobolev inequality (which is true in particular for α-strongly convex21

potentials V , but is more general), ULA achieves ϵ-error in Kullback-Leibler (KL) divergence in22

Õ(L2α−2dϵ−1) queries to ∇V [Vempala and Wibisono, 2019]. While these guarantees are appealing,23

strongly convex potentials are uni-modal thus do not apply to real-world settings where distributions,24

such as Bayesian posteriors, are often multi-modal. Moreover, truly multi-modal target distributions25

generally have poor functional inequalities, thus leading to weak convergence guarantees for ULA.26

For instance, for Gaussian mixtures, the log-Sobolev constant can grow exponentially with the27

distance between modes [Chen et al., 2021]. This is not simply a theoretical issue—practitioners28

are well aware that when dealing with multi-modal distributions, ULA-based algorithms suffer29

metastability, where they get stuck in local modes, leading to slow convergence [Deng et al., 2020].30

Multi-modal distributions Designing sampling algorithms for multi-modal distributions is an31

active area of research. However, most existing sampling algorithms are limited in at least two of the32

following ways:33
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1. The query complexity is exponential in the parameters of the problem.34

2. Guarantees are obtained under a smoothness assumption that is violated by canonical35

multi-modal distributions such as Gaussian mixtures.36

3. The algorithm requires explicit knowledge on the target distribution, such as the localization37

of its modes, that are unknown generally in practice.38

To illustrate these limitations, consider the previous example, where the potential is no longer α-39

strongly convex globally, but only outside of a centered ball of radius R in which the multi-modality40

is confined. First, the complexity ULA measured in KL degrades to an exponential function of the41

parameters of the problem Õ(e16LR2

L2α−2dϵ−1) [Ma et al., 2019, Prop. 2]. Second, we show in this42

work that the smoothness assumption is violated by general Gaussian mixtures. Third, the complexity43

result was assuming prior knowledge of the smoothness constant which is used to choose a “small44

enough" step size.45

Generally speaking, finding a sampling algorithm that addresses even the first limitation is not46

possible. Recent results provide lower-bounds on the complexity of sampling from a multi-modal47

distribution: they are exponential in the dimension, as shown in Lee et al. [2018, Th K.1], Chak [2024,48

Th 3.3] and He and Zhang [2025, Th. 3]. However, when the dimensionality is fixed, the question of49

whether the three limitations can be addressed remains. In fixed dimension, can we sample from a50

broad class of multi-modal distributions with a polynomial number of queries in the parameters of51

the problem, (e.g. L,R, α) and without prior knowledge on these parameters?52

Our contributions Our work answers this question positively. We provide a sampling algorithm53

that addresses the three limitations outlined above. First, we show that our algorithm has polynomial54

complexity in all the problem parameters but the dimension, thus enabling to efficiently sample from55

highly multi-modal distributions in fixed dimension. Second, we show that unlike most existing56

results, our guarantees hold under assumptions that cover general Gaussian mixtures. Third, our57

algorithm yield guarantees without prior knowledge on the parameters of distribution.58

Of independent interest, we highlight that our sampling algorithm is based on simulating a time-59

reversed diffusion. Such processes are popular for sampling from distributions when access to60

samples is available, such as in generative modeling [Ho et al., 2020, Song et al., 2021]. Recently,61

there has been growing interest in adapting these methods to settings where only an unnormalized62

density of the target distribution is known [Huang et al., 2024a,b, He et al., 2024]. While several63

algorithms have been proposed, complexity guarantees remain scarce. Our work contributes to this64

line of research.65

This paper is structured as follows. First, we survey related work on multi-modal sampling in66

Section 2 and present our main result in Section 3. Then, we detail our sampling algorithm in67

Section 4 and provide a sketch of proof in Section 5.68

2 Related work69

Before detailing our sampling algorithm in Section 4, we review the main alternatives to ULA when70

sampling from a multi-modal distribution and the guarantees they offer. We show that existing71

approaches suffer from at least two of three drawbacks outlined in the introduction: exponential query72

complexity, a restrictive smoothness assumption that excludes general Gaussian mixtures (as shown73

later in Sec. 3.2), and unavailable prior knowledge of the distribution.74

Proposal-based algorithms At a high level, proposal-based algorithms use a proposal distribution75

that is easy to sample from and that can either be directly used as a proxy for the target, or, alternatively,76

whose samples will be rejected (resp. re-weighted) to obtain approximate samples from the target; the77

corresponding algorithm for the latter case is the well-known rejection sampling (resp. importance78

sampling) scheme. Guarantees for these methods typically assume that the target distribution is79

log-smooth. Furthermore, they must use carefully designed proposals that require prior knowledge of80

the target distribution that is often unavailable in practice.81

For instance, when the target is L-log-smooth and with second moment m2, one can design and82

sample from a proxy distribution that is ϵ-close in TV to the target using Õ((Lm2ϵ
−1)O(d)) queries83
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to the potential function V and its gradient ∇V [He and Zhang, 2025]. While this bound is indeed84

polynomial in fixed dimension, the design of the proxy requires an ϵ-approximation of the global85

minimum of V which can only be achieved if m2, therefore the location of the mass, is explicitly86

available; this is rarely the case in practice.87

Similarly, if we further assume that the target is α-strongly log-concave outside of a ball, one can88

achieve an ϵ-precise approximation of the target distribution in χ2 divergence with polynomial89

number of queries to ∇V when d is fixed via an importance sampling scheme [Chak, 2024, Th. 2.3].90

In this case, the proposal is such that it coincides with the target when the potential of the target is91

above some cutoff and is flat elsewhere. While there exists a cutoff value ensuring the log-concavity92

of the proposal, thus allowing its efficient sampling, this value depends on the unknown constants93

L,R and α [Chak, 2024, Prop. 5.1].94

Tempering-based algorithms Instead of directly sampling from µ ∝ e−V , these algorithms start95

by sampling from a flattened version of µ given by µβ ∝ e−βV for small β, and gradually increase β96

to 1, a strategy sometimes referred to also as annealing. When µ is assumed to be a finite mixture of97

the same shifted α-strongly log-concave and L-log-smooth distribution, Lee et al. [2018] proved that98

for a well-chosen (stochastic) sequence of flattened distributions µβi , sampling up to precision ϵ in99

KL can be achieved in poly(L,α−1, w−1
min, d, ϵ

−1, R) queries to ∇V , where R is the location of the100

furthest mode and wmin the minimum weight in the mixture. However, this setting is quite restrictive:101

for Gaussian mixtures for instance, it only handles the case where all the covariance matrices are102

identical. Furthermore the algorithm requires explicit knowledge on R which is unavailable.103

Föllmer Flows Instead of directly sampling from the target distribution µ ∝ e−V , Föllmer Flows104

start from a simple (e.g. Gaussian or Dirac mass) distribution that is progressively interpolated to105

the target using a Schrödinger bridge. When the initial distribution is a Dirac mass at 0, the time106

marginals of this bridge solve a closed-from SDE [Wang et al., 2021, Theorem 3] which can thus107

be discretized to generate samples from the target. In the context of Bayesian inference, where one108

only has access to the unnormalized density, Vargas et al. [2022] estimated the drift of the resulting109

SDE via neural methods; in particular no guarantees on the sampling quality are provided. In Huang110

et al. [2021], Jiao et al. [2021], Ruzayqat et al. [2023], Ding et al. [2023], the drift is estimated via a111

Monte-Carlo method. While in appearance, these works provide strong polynomial guarantees, a112

closer look shows that these guarantees only hold if the function f(x) = e−V (x)+∥x∥2/2 is Lipschitz,113

smooth and bounded from below; we show in Appendix A.1 that this assumption is quite restrictive.114

Diffusion-based methods Over the past few years, diffusion-based algorithms, and especially115

reverse diffusion, that we shall review in details in Sec. 3, have emerged as solid candidates for116

multi-modal sampling. In essence, they allow to transfer the sampling problem into the problem117

of estimating the scores of intermediate distributions that are given by the convolution of the initial118

distribution with increasing levels of Gaussian noise. Under an ϵ-oracle of these intermediate119

scores, it has been shown that diffusion-based methods could yield an ϵ-approximate sample of120

the target in poly(ϵ−1) time under milder and milder assumptions [Chen et al., 2023b,a, Benton121

et al., 2024, Li et al., 2024, Conforti et al., 2025, Gentiloni-Silveri and Ocello, 2025, Cordero-122

Encinar et al., 2025]. This framework has been applied with tremendous empirical success in123

generative modeling, where numerous samples of the target are already available and one seeks124

to produce new samples from the target, for several years now [Song and Ermon, 2019, Ho et al.,125

2020, Bortoli et al., 2021]. However, it was only quite recently that this framework has been applied126

in a Bayesian context, where only an unnormalized density of the target, instead of samples, is127

available [Huang et al., 2024a,b, He et al., 2024, Grenioux et al., 2024, Akhound-Sadegh et al.,128

2024]. In a work closely related to ours, Huang et al. [2024b] showed that if the intermediate129

scores remain L-log-smooth for any noise level, which in particular implies that the target itself130

is L-log-smooth, their algorithm could reach a complexity of O(eL
3 log3((Ld+m2)/ϵ)) with m2 the131

second order moment of the target. In He et al. [2024], the smoothness assumption is relaxed with a132

sub-quadratic growth assumption V (x)− V (x∗) ≤ L∥x− x∗∥2, where x∗ is any global minimizer133

of V , yet at the price of an oracle access to V (x∗); under these assumptions, the authors manage to134

obtain a complexity that is at best O(Ld/2ϵ−deL∥x∗∥2+∥xN∥2

) where xN is the final output sample.135

Under the reasonable (and desirable) assumption that E[∥x2
N ||] = m2, Jensen’s inequality yield an136

overall O(Ld/2ϵ−deL∥x∗∥2+m2) complexity. In particular, both these works suffer at least two of137
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the limitations mentioned in the introduction, making them ill-suited candidates for multi-modal138

sampling.139

3 Presentation of the main result and application to Gaussian Mixtures140

3.1 Main result141

As in the works mentioned above, we rely on the recent advances on reverse diffusion and focus on142

the task of estimating the intermediate scores. Using an estimator that is described in Sec. 4, we143

recover polynomial sampling guarantees for densities verifying the assumptions described hereafter.144

Assumption 1 (Semi-log-convexity) We assume that µ ∝ e−V is such that log(µ) is C2 and verifies145

∇2 log(µ) ⪰ −βId or equivalently ∇2V ⪯ βId for some β ≥ 0.146

This assumption shall be referred to as semi-log-convexity, by analogy with the functional analysis147

literature [Mikulincer and Shenfeld, 2023, Theorem 3]. Note that is has also been referred to as148

1-sided Lipschitzness for ∇V [Gentiloni-Silveri and Ocello, 2025]. It relaxes the classical log-149

smoothness assumption which implies the additional lower bound ∇2V ⪰ −βId. In particular,150

unlike the latter, a mixture of semi-log-convex densities remains semi-log-convex Marshall et al.151

[1979, Chap. 16.B]; we provide a quantitative version of this statement in Sec. 3.2 in the case of152

Gaussian mixtures.153

Assumption 2 (Dissipativity) We assume that µ ∝ exp−V is such that there exists a > 0, b ≥ 0 for154

which its potential satisfies ⟨∇V (x), x⟩ ≥ a∥x∥2 − b for all x ∈ Rd.155

This assumption is referred to as dissipativity as common in the sampling and optimization lit-156

erature [Raginsky et al., 2017, Zhang et al., 2017, Erdogdu and Hosseinzadeh, 2021]. Note that157

this assumption relaxes strong convexity outside of a ball which can be equivalently re-written as158

⟨∇V (x) − ∇V (y), x − y⟩ ≥ a∥x − y∥2 − b for all pairs (x, y) ∈ Rd (also referred to as strong159

dissipativity [Erdogdu et al., 2022]). Unlike the latter, it does not imply a local behavior on ∇V and160

a fortiori a control on ∇2V but only allows for an asymptotical control on ∇V . In particular, unlike161

strong-convexity outside of a ball, dissipativity is stable for mixtures. We provide a quantitative162

version of this statement in Sec. 3.2.163

Theorem 1 [Main result, informal] Suppose that Assumption 1 and 2 hold. Then, for all ϵ > 0, there164

exists a stochastic algorithm whose parameters only depend on ϵ (and not on the parameters on the165

problem), that outputs a sample X ∼ p̂ such that E[KL(µ, p̂)] ≲ ϵβd+3(b+ d)/a2 in O(poly(ϵ−d))166

queries to V with ≲ hiding a universal constant as well as log quantities in d, ϵ−1, β, a, b.167

In particular, when d is fixed, our algorithm can output a sample from a distribution that is ϵ-close to168

µ in expected KL in poly(b/a, β, ϵ−1) running time.169

Our algorithm addresses the three limitations outlined in the sections above. When the dimension d170

is fixed, we obtain a polynomial query complexity. This guarantee does not assume log-smoothness171

and applies to general Gaussian mixtures, as will be shown in the next subsection. Moreover,172

this guarantee does not require running the algorithm with any explicit knowledge of the target173

distribution’s constants a, b, β.174

Figure 1: From left to right: our algorithm vs. ULA vs. Huang et al. [2024a].

Overall comparison We summarize in Table 1 how our algorithm compares to previous approaches175

in terms of assumptions, oracles required to run the algorithm and the resulting complexity. Along176
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with the work of He and Zhang [2025], our algorithm is the only one that is polynomial in the177

parameters of the distribution when d is fixed. Furthermore, while our dissipativity assumption178

is stronger than bounded second moment, we relax the log-smoothness assumption by semi-log-179

convexity which notably covers general Gaussian mixtures. Finally, as mentioned above, because180

their algorithm requires an ϵ-approximation of the global minimum of V , they require an explicit181

upper-bound on the second order moment of µ which may not be available in practice.182

Algorithm Assumptions Oracle Complexity
ULA [Ma et al.,
2019]

L-log-smoothness, α-
strong log concavity
outside BR

∇V , L O(e16LR2

(L/α)2dϵ−1)

Proposal-
based [He and
Zhang, 2025]

L-log-smoothness,
m2 ≤ M

V , ∇V , M , L O((LMϵ−1)O(d))

RD + ULA
[Huang et al.,
2024b]

L-log-smoothness
along the forward flow,
finite m2

∇V eO(L3 log3((Ld+m2/ϵ))

RD + Rejection
Sampling [He
et al., 2024]

L-sub quadratic growth,
finite m2

V, V ∗ O(Ld/2ϵ−deL∥x∗∥2+m2)

RD + Self-
normalized IS
(ours)

β-semi-log-convexity,
(a, b)-dissipativity

V O(dβd+2(b+ d)/a2ϵ−(2d+8))

Table 1: Complexity of sampling algorithms. We denote by x∗ a global minimizer of V and by
V ∗ = V (x∗) the global minimum of V . In "RD + ULA", RD refers to a Reverse Diffusion algorithm
and ULA refers to how the intermediate scores are estimated.

We illustrate our results numerically in Figure 1, where we compare our algorithm against Unadjusted183

Langevin Algorithm (ULA) and to the reverse diffusion algorithm of Huang et al. [2024a]. We also184

implemented the zeroth-order method of He et al. [2024], but it failed to converge. The corresponding185

task is standard in the literature: sampling from a mixture of 16 equally weighted Gaussians with unit186

variance and centers uniformly distributed in [−40, 40]2 [Midgley et al., 2023].187

ULA was initialized from N (0, I2) and run for 5 × 104 steps. All three methods used the same188

discretization step size h = 0.01. Our reverse diffusion algorithm and that of Huang et al. [2024a]189

were both run with 500 reverse diffusion steps and used 100 samples to estimate the scores of the190

intermediate diffusion sequence. For Huang et al. [2024a], the samples used to estimate the score are191

drawn from an auxiliary distribution that are generated using 100 steps of ULA. While ULA and our192

algorithm took approximately one minute to run on a computer locally, the method of Huang et al.193

[2024a] required over an hour. We observe that unlike the two others, our algorithm successfully194

recovers all the modes.195

3.2 Application to Gaussian mixtures196

We now apply our results to derive provable sampling guarantees for general Gaussian mixtures. Apart197

from the very recent exception of Lytras and Mertikopoulos [2025] that we discuss below, note that198

despite their wide popularity, no sampling guarantees were yet derived for general Gaussian mixtures .199

Indeed, unless the covariance matrices verify some specific assumptions such as identical covariance200

matrices [Cordero-Encinar et al., 2025, Lemma B.1], general Gaussian mixtures do not satisfy the201

log-smoothness assumption, thus they do not fit the framework of many previously discussed works.202

In fact, their gradient may not even be Hölder continuous: consider the simple counter-example of a203

two-dimensional mixture µ = 0.5N (0,Σ1) + 0.5N (0,Σ2) with covariances Σ1 = diag(1, 0.5) and204

Σ2 = diag(0.5, 1). On the diagonal x = y, the score is ∇ log(µ)(x, x) = −3/2(x, x), while near the205

diagonal, right above it for instance, the score behaves asymptotically as ∇ log(µ) ∼x→+∞ −(2x, x);206

we provide a rigorous analysis in Appendix A.2. Fortunately though, Gaussian mixtures do verify207

Assumptions 1-2, as shown in the following proposition.208
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Proposition 2 Let µ =
∑p

i=1 wiN (µi,Σi) and denote λmin > 0 (resp. λmax) the minimum (resp.209

maximum) eigenvalue of the covariance matrices Σi. It holds that −∇2 log(µ) ⪯ Id/λmin and that210

for all x ∈ Rd, ⟨−∇ log(µ)(x), x⟩ ≥ ∥x∥2/(2λmax)− λmax maxi(∥µi∥/λmin)
2.211

The proof is deferred to Appendix A.3. Combined with Theorem 1, this shows that we can sample any212

Gaussian mixture with average precision ϵ in KL in O(poly(κ,R, d, λ−d
min, ϵ

−d)) queries to V where213

R = maxi ∥µi∥ and κ = λmax/λmin. While there exists a relatively new literature seeking to relax214

the log-smoothness assumption [Erdogdu and Hosseinzadeh, 2021, Mou et al., 2022, Nguyen et al.,215

2023, Lehec, 2023], the only reference we know of that applies to general Gaussian mixtures is the216

work of Lytras and Mertikopoulos [2025], who used a regularized version of Langevin. We show in217

Appendix A.4 that for an appropriate regularization, their algorithm provides a sample with precision218

ϵ in O(poly(e(κR)2 , λ−d
min, d, ϵ

−1)) queries to V , hence it is exponential and not polynomial in the219

problem parameters. In particular, in the highly multi-modal case R ≫ 1 for instance, our algorithm220

is more competitive.221

4 Our sampling algorithm222

In this section, we introduce the reverse diffusion framework and how it allows to reduce the sampling223

problem to the problem of estimating the scores along the forward Ornstein-Uhlenbeck (OU) process.224

4.1 Reverse diffusion: from sampling to score estimation225

Reverse diffusion methods emerged as an alternative to Langevin-based samplers in order to overcome226

metastability and were first introduced to the ML community in Song and Ermon [2019]. They rely227

on the so-called forward process228 ®
dXt = −Xtdt+

√
2dBt

X0 ∼ µ ,
(1)

which corresponds to the standard OU process initialized at µ, that is a specific case of a Langevin229

diffusion targeting a standard Gaussian, that we will denote π. Note that since the target of this process,230

the standard Gaussian, is 1-strongly log-concave, the resulting process converges exponentially fast to231

the equilibrium. In order to sample from µ, reverse diffusion algorithms rely on the semi-discretized232

backward process: given a horizon T that we discretize as 0 = t0 ≤ t1 ≤ · · · tN−1 ≤ tN = T , the233

latter writes234

dYt = Ytdt+ 2∇ log
(
ptN−k

)
(Yt)dt+

√
2dBt , t ∈]T − tN−k, T − tN−(k+1)] , (2)

with Y0 ∼ pT and where pt is the distribution of the forward process Eq. 1 at time t. Note that this235

reverse process cannot be readily implemented for two reasons: first, it requires the knowledge of the236

intermediate scores ∇ log(ptk) which are not available in closed form. Second, it requires sampling237

from the distribution pT . Nevertheless, if one can access a proxy stk of the scores ∇ log(ptk), and238

considering T large enough so that pT ≈ π, we can implement instead239

dYt = Ytdt+ 2stk(Yk)dt+
√
2dBt , t ∈]T − tN−k, T − tN−(k+1)] , (3)

with Y0 ∼ π and where all iterations can be solved in closed form. Because the forward process Eq. 1240

converges exponentially fast, we can expect the initialization error Y0 ∼ π instead of Y0 ∼ pT to be241

small after a short time T . Furthermore, if the proxies stk are sufficiently accurate, one can expect242

that the process output by the approximate scheme Eq. 3 has a distribution that is close to the target243

µ. Over the past three years, several works provided quantitative bounds of the error induced by the244

discretization, the use of an approximate score and the initialization error with respect to different245

divergences and under various assumptions [Bortoli et al., 2021, Lee et al., 2022, Chen et al., 2023b,a,246

Conforti et al., 2025]. Yet, we shall rely exclusively on the following theorem as it is the most suited247

to our framework.248

Theorem 3 (Conforti et al. [2025]) Assume that µ ∝ e−V has finite Fisher-information w.r.t. π the
standard gaussian density in Rd:

I(µ, π) :=
∫

∥x−∇V (x)∥2dµ(x) < +∞ .
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Then, for the constant step-size discretization tk = kT/N , denoting p the distribution of the sample
YT output by Eq. 3, it holds that

KL(µ, p) ≲ (d+m2)e
−T +

1

N

N∑
k=1

∥∇ log(ptk)− stk∥2L2(ptk
) +

T

N
I(µ, π) ,

where m2 is the second order moment of µ and where ≲ hides a universal constant.249

The previous theorem shows that under mild assumptions that notably allow for multi-modality, the250

problem of sampling from µ can be transferred into a score approximation problem along the forward251

process. In the next subsection, we build an estimator for these intermediate scores that is tractable252

given the knowledge of the unnormalized density µ ∝ e−V , and show how it differs from previous253

works.254

4.2 Construction of our estimator255

The key observation to derive an estimator of the intermediate scores is that the forward process Eq. 1256

is nearly available in closed form. However, this closed form may be interpreted in different manners.257

Previous estimators of the scores Consider Eq. 1 integrates to Xt = e−tX0 +B1−e−2t , where
Bs is the standard d-dimensional Brownian motion evaluated at time s. In particular, conditionally on
X0, Xt has a normal distribution Xt|X0 ∼ N (e−tX0, (1− e−2t)Id). By Bayes rule, the distribution
pVt of the forward process Xt initialized at µ ∝ e−V thus integrates up to a normalizing constant to

pVt (z) ∝
∫

e
− ∥e−tx−z∥2

2(1−e−2t) e−V (x)dx .

One thus recovers that the score of the forward process re-writes as258

∇ log
(
pVt
)
(z) = EY∼qt,z

ï
z − e−tY

1− e−2t

ò
, (4)

which requires samples from an auxiliary distribution qt,z(x) ∝ e
− ∥e−tx−z∥2

2(1−e−2t) e−V (x). As noted in259

Huang et al. [2024a,b], He et al. [2024], Grenioux et al. [2024], if samples yi ∼ qt,z are available,260

one can recover an empirical estimator of the score given by −1
n(1−e−2t)

∑n
i=1 yi ready to be plugged261

in the reverse diffusion process Eq. 3. However, by doing so, the problem of sampling from e−V262

is simply transferred to the problem of sampling from qt,z which progressively becomes as hard263

as t grows; in particular, the standard algorithms described in the sections above will still fail to264

accurately sample from these intermediate distributions. Since Huang et al. [2024a] use ULA and265

He et al. [2024] use rejection sampling to generate these intermediate samples, unsurprisingly, they266

recover poor guarantees.267

Our self-normalized estimator of the scores Instead, we observe that after applying the change of
variable yt = z − e−tx both on the numerator and on the denominator, we obtain a score formula
which re-writes as a ratio of expectations under standard Gaussians

∇ log
(
pVt
)
(z) =

−1

1− e−2t

E[Yte
−V (et(z−Yt))]

E[e−V (et(z−Yt))]
,

with Yt ∼ N (0, (1 − e−2t)Id). Unlike the previous identity, which involves an expectation under268

qt,z , the expectations above are computationally cheap as we can easily sample from Yt. While269

conventional statistical wisdom would suggest both the numerator and the denominator to be estimated270

with independent samples, we voluntary choose to correlate them and implement instead271

ŝt,n(z) :=
−1

1− e−2t

∑n
i=1 yie

−V (et(z−yi))∑n
i=1 e

−V (et(z−yi))
, (5)

where the yi are independent Gaussians such that yi ∼ N (0, (1− e1−2t)Id) ; we shall refer to this
estimator as self-normalized as common in the sampling literature [Agapiou et al., 2017]. Depending
on the locations of the modes of V we expect that this estimator behaves reasonably well in some
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regions of the space and poorly in others. Yet, the key property of self-normalized estimators is that
they remain nearly bounded: in our case, it holds uniformly in z, t that

∥ŝt,n(z)∥ ≤ maxi ∥yi∥
1− e−2t

∼
»
d log(n) .

This boundedness will allow us to derive a non-asymptotical control on the quadratic error that we272

present in the next section.273

Note that the estimator Eq. 5 was already considered in [Saremi et al., 2024] yet no estimation274

guarantees were provided. A similar estimator was also already considered in the context of Föllmer275

Flows [Jiao et al., 2021, Ruzayqat et al., 2023, Ding et al., 2023]. Yet as previously discussed, they276

were derived under very restrictive assumptions. As a consequence, these works avoid most of the277

technical difficulties we were confronted with.278

5 Sketch of proof279

The proof is decomposed in three steps: (i) we derive a non-asymptotic error of the estimator280

presented in Eq. 5 (ii) we show that under Assumptions 1-2, the integrated error of this estimator (that281

appears in the bound of Theorem 3) can be fully controlled by the zeroth and second order moments282

of the ratio Φt = p2Vt /pVt with p2Vt (resp. pVt ) the density of the forward process defined in Eq. 1283

initialized at µ2 (resp.µ) (iii) we provide a quantitative bound on these moments as well as other284

relevant quantities and we conclude with Theorem 3.285

Proposition 4 (Non-asymptotic bound on the quadratic error) For all z ∈ Rd, n and t > 0, denoting
p2Vt (resp. pVt ) the density of the forward process defined in Eq. 1 initialized at µ2 ∝ e−2V

(resp.µ ∝ e−V ), Z2V (resp. ZV ) the normalizing constant of e−2V (resp. e−V ) and π the density of
the standard Gaussian, it holds that

E
[
∥ŝt,n(z)−∇ log

(
pVt
)
(z)∥2

]
≤ 32e2(d+ log(n))

n(1− e−2t)

Ç
1 + θt(z)

p2Vt (z)Z2V e
td

(pVt (z)ZV )2

å
,

with θt(z) = ∆ log
(
p2Vt

)
(z)− ∆ log(π)(z)

1−e−2t + ∥∇ log
(
pVt
)
(z)∥2 + ∥∇ log

(
p2Vt

)
(z)∥2 + 1.286

The complete proof is left to Appendix B yet we briefly sketch the main arguments. We split the287

expectation on the event A where the empirical denominator D̂ of Eq. 5 (resp. the empirical numerator288

N̂ ) is not too small (resp. not too large) with respect to its expectation D (resp. ∥N∥) and on the289

complementary Ā. Across A, we use a Taylor expansion of order 2 to make the variance of the290

numerator and of the denominator appear and we both compute them explicitly. Conversely, the291

estimator remains almost bounded on Ā. We use Chebyshev’s inequality to upper-bound P(Ā) and292

make the variances of the numerator and of the denominator appear again, which concludes the proof.293

Remark 5 Generic bounds on self-normalized estimators were derived in Agapiou et al. [2017,294

Theorem 2.3]. Yet, if used in our context, they would involve an additional 1/(pVt )
4 term which would295

cause the integrated error
∫
E
[
∥ŝt,n(z)−∇ log

(
pVt
)
(z)∥2

]
dpVt (z) to diverge.296

Now, we need to control the Laplacian of the forward processes as well as their gradient. As
mentioned in the previous section, the intermediate scores can be re-written as

∇ log
(
pVt
)
(z) =

z − e−tEqt,z [Y ]

1− e−2t
,

with qt,z(x) ∝ e−V (x)e
− ∥e−tx−z∥2

2(1−e−2t) . Now we note that if µ ∝ e−V is dissipative, so is qt,z;297

in particular we can quantitatively bound its second order moment and a fortiori, upper-bound298

∥∇ log
(
pVt
)
(z)∥2.299

Proposition 6 (Regularity bounds on the forward) Suppose that Assumption 2 holds. Then, for all300

t > 0, it holds that301 
∥∇ log

(
pVt
)
(z)∥2 ≤ ∥z∥2

(1−e−2t)2

Å
2 + e−2t

a(1−e−2t)

ã
+ 2e−2t(2b+d)

a(1−e−2t)2 ,

∆ log
(
pVt
)
≤ e−2t

(1−e−2t)2

Å
∥z∥2

2a(1−e−2t) +
2b+d
a

ã
.
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The complete proof is left in Appendix C.2. This result implies that the θ(z) term defined in302

Proposition 4 is at most of order of order ∼ (1 + ∥z∥2) p
2V
t (z)

pV
t (z)2

w.r.t. z. In particular, the average303

integrated error E[∥ŝt,n(z)−∇ log
(
pVt
)
∥2
L2(pV

t )
] can be upper-bounded with respect to the zeroth304

and the second order moments of the ratio Φt = p2Vt /pVt . In the next proposition, we show that these305

moments are bounded under the semi-log-convexity assumption. By slight abuse of notations, we306

shall denote mi(Φt) =
∫
∥x∥iΦt(z)dz the i-th moment of Φt.307

Lemma 7 (Bound on the moments of the ratio) Assume that µ ∝ e−V has finite second moment m2308

and that Assumption 1 holds. Then,309  m0(Φt) ≤ (ZV )2

Z2V
etd(β(1− e−2t) + e−2t)d ,

m2(Φt) ≤ 2et(d+2)(ZV )2

Z2V
(β(1− e−2t) + e−2t)d+2

[
m2 + d(β + 1) + 2d log

(
βµ(0)−2/d

2π

)]
,

where Z2V (resp. ZV ) is the normalization constant of e−2V (resp. e−V ).310

The proof of this lemma is deferred in Appendix D. It relies on a key result in Mikulincer and
Shenfeld [2023, Lemma 5] where it is shown that for β-semi-log convex distributions, the following
bound holds:

∇2 log(π)−∇2 log
(
pVt
)
⪯ (β − 1)e−2t

(1− e−2t)(β − 1) + 1
Id .

In particular, the right-hand-side remains bounded w.r.t. β whenever t > 0 which allows to avoid an311

exponential dependence in β in our final bounds. It suffices now to control I(µ, π),m2 and µ(0) in312

order to apply Theorem 3 and conclude.313

Lemma 8 Assume that µ ∝ e−V is such that ∇2V ⪯ βId and such that ⟨∇V (x), x⟩ ≥ a∥x∥2 − b314

for some a > 0, b, β ≥ 0. It holds that315 
m2 ≤ (b+ 2d)/a ,

I(µ, π) ≤ 2(b+ 2d)/a+ 2βd ,

log
(
µ(0)−2/d

)
≤ 4βb/(da) + 2π + log(2/a) .

The proof is left in Appendix C.1. We can now state our main result.316

Theorem 9 Under Assumptions 1-2, if we run algorithm Eq. 3 with T = log(1/ϵ), N = 1/ϵ,317

tk = kT/N and with the stochastic score estimators ŝnk,tk defined in Eq. 5 with nk =318

d2 max(ϵ−2(d+1)+1, ϵ−5), then, denoting p̂ the stochastic distribution of the output YN , it holds319

that320

E[KL(µ, p̂)] ≲ ϵβd+3(b+ d)/a2 ,

where ≲ hides a universal constant as well as log factors with respect to d, ϵ−1, a, b, β. In particular,321

the error above can is achieved in
∑N

k=1 nk = d2 max(ϵ−2(d+2), ϵ−6) queries to V .322

The proof is deferred in Appendix E and is mainly an application of the results collected above.323

6 Conclusion324

In this article, we successfully apply the reduction from sampling to intermediate score estimation325

initiated over the past three years by Chen et al. [2023b,a], Conforti et al. [2025], Benton et al. [2024]326

to the problem of low dimensional multi-modal sampling. Using our self-normalized estimator of327

the scores, our results provide polynomial query complexity guarantees, apply to general Gaussian328

mixtures, and do not require prior knowledge of the target distribution’s constants.329
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NeurIPS Paper Checklist430

The checklist is designed to encourage best practices for responsible machine learning research,431

addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove432

the checklist: The papers not including the checklist will be desk rejected. The checklist should433

follow the references and follow the (optional) supplemental material. The checklist does NOT count434

towards the page limit.435

Please read the checklist guidelines carefully for information on how to answer these questions. For436

each question in the checklist:437

• You should answer [Yes] , [No] , or [NA] .438

• [NA] means either that the question is Not Applicable for that particular paper or the439

relevant information is Not Available.440

• Please provide a short (1–2 sentence) justification right after your answer (even for NA).441

The checklist answers are an integral part of your paper submission. They are visible to the442

reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it443

(after eventual revisions) with the final version of your paper, and its final version will be published444

with the paper.445

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.446

While "[Yes] " is generally preferable to "[No] ", it is perfectly acceptable to answer "[No] " provided a447

proper justification is given (e.g., "error bars are not reported because it would be too computationally448

expensive" or "we were unable to find the license for the dataset we used"). In general, answering449

"[No] " or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we450

acknowledge that the true answer is often more nuanced, so please just use your best judgment and451

write a justification to elaborate. All supporting evidence can appear either in the main paper or the452

supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification453

please point to the section(s) where related material for the question can be found.454

IMPORTANT, please:455

• Delete this instruction block, but keep the section heading “NeurIPS Paper Checklist",456

• Keep the checklist subsection headings, questions/answers and guidelines below.457

• Do not modify the questions and only use the provided macros for your answers.458

1. Claims459

Question: Do the main claims made in the abstract and introduction accurately reflect the460

paper’s contributions and scope?461

Answer: [Yes]462

Justification: the abstract and introduction list our contributions, i.e. novel complexity463

guarantees for a sampling algorithm that simulates a time-reversed diffusion with a specific464

estimator of the intermediate scores.465

Guidelines:466

• The answer NA means that the abstract and introduction do not include the claims467

made in the paper.468

• The abstract and/or introduction should clearly state the claims made, including the469

contributions made in the paper and important assumptions and limitations. A No or470

NA answer to this question will not be perceived well by the reviewers.471

• The claims made should match theoretical and experimental results, and reflect how472

much the results can be expected to generalize to other settings.473

• It is fine to include aspirational goals as motivation as long as it is clear that these goals474

are not attained by the paper.475

2. Limitations476

Question: Does the paper discuss the limitations of the work performed by the authors?477

Answer: [Yes]478
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Justification: we discuss the limitations of our theoretical results in the Related Work section.479

Guidelines:480

• The answer NA means that the paper has no limitation while the answer No means that481

the paper has limitations, but those are not discussed in the paper.482

• The authors are encouraged to create a separate "Limitations" section in their paper.483

• The paper should point out any strong assumptions and how robust the results are to484

violations of these assumptions (e.g., independence assumptions, noiseless settings,485

model well-specification, asymptotic approximations only holding locally). The authors486

should reflect on how these assumptions might be violated in practice and what the487

implications would be.488

• The authors should reflect on the scope of the claims made, e.g., if the approach was489

only tested on a few datasets or with a few runs. In general, empirical results often490

depend on implicit assumptions, which should be articulated.491

• The authors should reflect on the factors that influence the performance of the approach.492

For example, a facial recognition algorithm may perform poorly when image resolution493

is low or images are taken in low lighting. Or a speech-to-text system might not be494

used reliably to provide closed captions for online lectures because it fails to handle495

technical jargon.496

• The authors should discuss the computational efficiency of the proposed algorithms497

and how they scale with dataset size.498

• If applicable, the authors should discuss possible limitations of their approach to499

address problems of privacy and fairness.500

• While the authors might fear that complete honesty about limitations might be used by501

reviewers as grounds for rejection, a worse outcome might be that reviewers discover502

limitations that aren’t acknowledged in the paper. The authors should use their best503

judgment and recognize that individual actions in favor of transparency play an impor-504

tant role in developing norms that preserve the integrity of the community. Reviewers505

will be specifically instructed to not penalize honesty concerning limitations.506

3. Theory assumptions and proofs507

Question: For each theoretical result, does the paper provide the full set of assumptions and508

a complete (and correct) proof?509

Answer: [Yes]510

Justification: For each theoretical result, we worked with justified assumptions, making all511

the dependencies of the problem clear. We provide clear and detailed proofs in the appendix.512

Guidelines:513

• The answer NA means that the paper does not include theoretical results.514

• All the theorems, formulas, and proofs in the paper should be numbered and cross-515

referenced.516

• All assumptions should be clearly stated or referenced in the statement of any theorems.517

• The proofs can either appear in the main paper or the supplemental material, but if518

they appear in the supplemental material, the authors are encouraged to provide a short519

proof sketch to provide intuition.520

• Inversely, any informal proof provided in the core of the paper should be complemented521

by formal proofs provided in appendix or supplemental material.522

• Theorems and Lemmas that the proof relies upon should be properly referenced.523

4. Experimental result reproducibility524

Question: Does the paper fully disclose all the information needed to reproduce the main ex-525

perimental results of the paper to the extent that it affects the main claims and/or conclusions526

of the paper (regardless of whether the code and data are provided or not)?527

Answer: [Yes]528

Justification: Our experiments are simple and illustrative of our theory. We provide details529

on how to reproduce them.530

Guidelines:531
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• The answer NA means that the paper does not include experiments.532

• If the paper includes experiments, a No answer to this question will not be perceived533

well by the reviewers: Making the paper reproducible is important, regardless of534

whether the code and data are provided or not.535

• If the contribution is a dataset and/or model, the authors should describe the steps taken536

to make their results reproducible or verifiable.537

• Depending on the contribution, reproducibility can be accomplished in various ways.538

For example, if the contribution is a novel architecture, describing the architecture fully539

might suffice, or if the contribution is a specific model and empirical evaluation, it may540

be necessary to either make it possible for others to replicate the model with the same541

dataset, or provide access to the model. In general. releasing code and data is often542

one good way to accomplish this, but reproducibility can also be provided via detailed543

instructions for how to replicate the results, access to a hosted model (e.g., in the case544

of a large language model), releasing of a model checkpoint, or other means that are545

appropriate to the research performed.546

• While NeurIPS does not require releasing code, the conference does require all submis-547

sions to provide some reasonable avenue for reproducibility, which may depend on the548

nature of the contribution. For example549

(a) If the contribution is primarily a new algorithm, the paper should make it clear how550

to reproduce that algorithm.551

(b) If the contribution is primarily a new model architecture, the paper should describe552

the architecture clearly and fully.553

(c) If the contribution is a new model (e.g., a large language model), then there should554

either be a way to access this model for reproducing the results or a way to reproduce555

the model (e.g., with an open-source dataset or instructions for how to construct556

the dataset).557

(d) We recognize that reproducibility may be tricky in some cases, in which case558

authors are welcome to describe the particular way they provide for reproducibility.559

In the case of closed-source models, it may be that access to the model is limited in560

some way (e.g., to registered users), but it should be possible for other researchers561

to have some path to reproducing or verifying the results.562

5. Open access to data and code563

Question: Does the paper provide open access to the data and code, with sufficient instruc-564

tions to faithfully reproduce the main experimental results, as described in supplemental565

material?566

Answer: [NA]567

Justification: our experiments are illustrative, we do not use specific datasets.568

Guidelines:569

• The answer NA means that paper does not include experiments requiring code.570

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/571

public/guides/CodeSubmissionPolicy) for more details.572

• While we encourage the release of code and data, we understand that this might not be573

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not574

including code, unless this is central to the contribution (e.g., for a new open-source575

benchmark).576

• The instructions should contain the exact command and environment needed to run to577

reproduce the results. See the NeurIPS code and data submission guidelines (https:578

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.579

• The authors should provide instructions on data access and preparation, including how580

to access the raw data, preprocessed data, intermediate data, and generated data, etc.581

• The authors should provide scripts to reproduce all experimental results for the new582

proposed method and baselines. If only a subset of experiments are reproducible, they583

should state which ones are omitted from the script and why.584

• At submission time, to preserve anonymity, the authors should release anonymized585

versions (if applicable).586
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• Providing as much information as possible in supplemental material (appended to the587

paper) is recommended, but including URLs to data and code is permitted.588

6. Experimental setting/details589

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-590

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the591

results?592

Answer: [Yes]593

Justification: our experiments are simple and we detail their setup.594

Guidelines:595

• The answer NA means that the paper does not include experiments.596

• The experimental setting should be presented in the core of the paper to a level of detail597

that is necessary to appreciate the results and make sense of them.598

• The full details can be provided either with the code, in appendix, or as supplemental599

material.600

7. Experiment statistical significance601

Question: Does the paper report error bars suitably and correctly defined or other appropriate602

information about the statistical significance of the experiments?603

Answer: [NA]604

Justification: our experiments illustrate a theoretical result on the convergence rate of an605

algorithm. The goal is not investigate the stochasticity of results across different runs.606

Guidelines:607

• The answer NA means that the paper does not include experiments.608

• The authors should answer "Yes" if the results are accompanied by error bars, confi-609

dence intervals, or statistical significance tests, at least for the experiments that support610

the main claims of the paper.611

• The factors of variability that the error bars are capturing should be clearly stated (for612

example, train/test split, initialization, random drawing of some parameter, or overall613
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A Section 3783

A.1 Discussion assumptions Föllmer Flows784

In the works of Huang et al. [2021], Jiao et al. [2021], Ruzayqat et al. [2023], the authors all make785

the assumption that f := dµ
dN (0,Id)

is Lipschitz, has Lipschitz gradient and is bounded from below.786

We show that even if the second assumption is dropped, µ cannot be a Gaussian mixture.787

Write µ =
∑p

i wiN (µi,Σ
−1
i ) so that f re-writes

f(x) =

p∑
i=1

w̃ie
−x⊤Qix+µ̃⊤

i x ,

where w̃i = wi det
(
Σ−1

i

)1/2
e−∥µi∥2/2, µ̃i = 2Σ−1

i µi and Qi = (Σ−1
i − Id)/2. Now let us consider788

the smallest eigenvalue of the (Qi): λ = inf∥u∥=1 mini u
⊤Qiu and a corresponding eigen value u.789

We denote I = {i | u⊤Qiu = λ} the set of indexes of the matrices whose eigenvalue λ is associated790

with eigenvector u. Remark that for i ̸∈ I, u⊤Qiu > λ. We prove that λ ≥ 0. For x = αu with791

α → ∞, it holds that792

∇f(x) =
∑
i∈I

w̃i(−2αu+ µ̃i)e
−α2λ+αµ̃⊤

i u +
∑
i ̸∈I

w̃ie
−α2u⊤Qiu+αµ̃⊤

i u

∼ −2αue−λα2 ∑
i∈I

w̃ie
αµ̃⊤

i u ,

In particular, for f to be Lipschitz, we must have λ ≥ 0. This implies for all i that Σ−1
i ⪰ Id.

Furthermore, for f to be bounded from below, we need to have for some index i that Qi ⪯ Id which
thus implies Qi = Id. We note J the set of indexes j such that Qj ≻ Id. For all j ∈ J , there
exists ∥uj∥ = 1 such that u⊤

j Qjuj > 0. Let us define ū =
∑

j∈J uj consider x = α
∑

j∈J uj for
α → ∞. As previously, it holds that

∇f(x) ∼ −2uα
∑
j ̸∈J

w̃je
αµ̃⊤

j ū .

To ensure that f is Lipschitz, it must hold that µ̃⊤
j ū ≥ 0. Similarly, considering −ū, it must hold that

µ̃⊤
j ū ≤ 0 hence we eventually recover

∇f(x) ∼ −2αu
∑
j ̸∈J

w̃j ,

which contradicts f Lipschitz. Hence, there exits no Gaussian mixtures such that f is bounded from793

below and Lispchitz. More broadly, the complexity bounds in Huang et al. [2021], Jiao et al. [2021],794

Ruzayqat et al. [2023], Ding et al. [2023] depend polynomially on the lower-bound, on the Lispchitz795

and smoothness constants of f which are exponential in the gap V − ∥x∥2

2 making them very sensitive796

to deviation from purely Gaussian distributions. As noted in Vargas et al. [2022], this limitation is not797

only a theoretical artifact; in practice, these methods are very unstable and fail to convergence on798

simple examples.799

A.2 Details on the non-smooth example800

Consider the mixture µ = 0.5N (0,Σ1) + 0.5N (0,Σ2) with Σ1 = diag(1, 0.5) and Σ1 =
diag(0.5, 1). For (x, y) ∈ R2, it holds that

−∇ log(µ)(x, y) =
(x, 2y)e−x2/2−y2

+ (2x, y)e−x2−y2/2

e−x2/2−y2 + e−x2−y2/2
.

Hence, when x = y, we have −∇ log(µ)(x, y) = 3/2(x, x). Now for y = x+ η, the score reads801

−∇ log(µ)(x, x+ η) =
(x, 2x+ 2η)e−x2/2−x2−2ηx−η2

+ (2x, x+ η)e−x2−x2/2−ηx−η2/2

e−x2/2−x2−2ηx−η2 + e−x2−x2/2−ηx−η2/2

=
(x, 2x+ 2η)e−ηx−η2/2 + (2x, x+ η)

e−ηx−η2/2 + 1
∼x→+∞ (2x, x) .
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In particular, −∇ log(µ) is not Hölder.802

A.3 Proof of Proposition 2803

Recall we denote λmin := mini λmin(Σi), λmax := maxi λmax(Σi). We write:804

µ(x) =

p∑
i=1

w̃i exp

Å
−1

2
(x− µi)

⊤Σ−1
i (x− µi)

ã
:=

p∑
i=1

w̃iϕi(x)

with w̃i = wi(2π)
−d/2 det(Σi)

−1/2.805

Bound on the Hessian. The Hessian of µ writes:806

∇2 logµ(x) =
1

µ(x)
∇2µ(x)− 1

µ(x)2
∇µ(x)∇µ(x)⊤

Since807

∇ϕi(x) = −Σ−1
i (x− µi)ϕi(x)

∇2ϕi(x) =
[
Σ−1

i (x− µi)(x− µi)
⊤Σ−1

i − Σ−1
i

]
ϕi(x)

We have808

∇µ(x) =
∑
i

w̃i∇ϕi(x) = −
∑
i

w̃iϕi(x)Σ
−1
i (x− µi)

∇2µ(x) =

p∑
i=1

w̃i∇2ϕi(x) =

p∑
i=1

w̃iϕi(x)
[
Σ−1

i (x− µi)(x− µi)
⊤Σ−1

i − Σ−1
i

]
Denoting γi(x) :=

w̃iϕi(x)
µ(x) and si(x) = −Σ−1

i (x− µi) we get809

∇2 logµ(x) =
∑
i

γi(x)
[
si(x)si(x)

⊤ − Σ−1
i

]
−

(∑
i

γi(x)si(x)

)Ñ∑
j

γj(x)sj(x)

é⊤

= Covγ(x)[si(x)]−
∑
i

γi(x)Σ
−1
i

where the first term is a covariance matrix of the vectors si(x) under the weights γi(x), hence which810

is a positive semi-definite matrix. Therefore:811

−∇2 logµ(x) ⪯
∑
i

γi(x)Σ
−1
i ⪯

∑
i

γi(x) ·
Id.

λmin
=

Id.

λmin
.

Bound on the drift. For the (negative) score of the mixture we have:812

−∇ logµ(x) =
∑
i

γi(x)Σ
−1
i (x− µi)

Hence813

⟨−∇ logµ(x), x⟩ =
p∑

i=1

γi(x)⟨Σ−1
i (x− µi), x⟩

=

p∑
i=1

γi(x)
(
x⊤Σ−1

i x− µ⊤
i Σ

−1
i x

)
≥

p∑
i=1

γi(x)

Å ∥x∥2
λmax

− µ⊤
i Σ

−1
i x

ã
,

where we have used Σ−1
i ⪰ 1

λmax
Id for the first term. Now for the second term, using Cauchy-814

Schwartz and Young’s inequality:815

µ⊤
i Σ

−1
i x ≤ ∥µi∥ · ∥Σ−1

i x∥ ≤ ∥µi∥∥x∥
λmin

≤ 1

2λmin
(∥x∥2 + ∥µi∥2).
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Hence, using that
∑

i γi(x) = 1 and that
∑

i γi(x)∥µi∥2 ≤ maxi ∥µi∥2 we have:816

⟨−∇ logµ(x), x⟩ ≥
p∑

i=1

γi(x)

Å ∥x∥2
λmax

− 1

2λmin
(∥x∥2 + ∥µi∥2)

ã
=

Å
1

λmax
− 1

2λmin

ã
∥x∥2 − 1

2λmin

p∑
i=1

γi(x)∥µi∥2.

≥
Å

1

λmax
− 1

2λmin

ã
∥x∥2 − 1

2λmin
max

i
∥µi∥2

≥ ∥x∥2

2λmax
− λmax ·max

i

Å∥µi∥
λmin

ã2
.

A.4 Discussion on [Lytras and Mertikopoulos, 2025]817

To justify our claims at the end of Section 3.2, we first need some preliminary background on Poincaré818

constants. Let q ∈ Pac(Rd). We say that q satisfies the Poincaré inequality with constant CP ≥ 0 if819

for all f ∈ C∞
c (Rd) (C∞(Rd) functions with compact support):820 ∫

f2(x)dq(x)−
Å∫

f(x)dq(x)

ã2
= Varq(f) ⩽ CP ∥∇f∥2L2(q), (6)

and let CP (q) be the best constant in Eq. 6, or +∞ if it does not exist.821

Proposition 10 Let V ∈ C4(Rd), satisfying Assumption 1 and 2. Then the measure µ ∝ e−V satisfies822

a Poincaré inequality with constant823

CP (µ) ≤ poly
Å
b+ d

a

ã
eβ

3b+2d
a .

Proof. We will rely on Chewi and Stromme [2024, Lemma 10] which is itself adapted from Bakry et al.824

[2014, Theorem 4.6.2]. Following their notation, we define the operator Lµ := ∆ + ⟨∇ logµ,∇⟩ =825

∆+ ⟨−∇V,∇⟩ and a Lyapunov function W (x) = ∥x∥2 + 1.826

The Lyapunov function verifies the following inequality827

−Lµ(W )(x) = −∆W (x)− ⟨−∇V (x), 2x⟩ = −2d+ 2⟨∇V (x), x⟩ (7)

≥ −2d+ 2(a∥x∥2 − b) = 2aW (x)− 2(a+ b+ d) (8)

where we used Assumption 2. This yields828

−L(W )(x)

W (x)
≥ 2a− 2

a+ b+ d

W (x)
(9)

In general case, by noting that W (x) ≥ 1, we can lower-bound this as829

−L(W )(x)

W (x)
≥ −2(a+ b+ d). (10)

In the special case when x satisfies ∥x∥2 ≥ 1 + 2 b+d
a , or equivalently, when x is located outside the830

ball BR with radius R =
»
1 + 2 b+d

a , then we can refine the lower bound and get831

−L(W )(x)

W (x)
≥ a. (11)

We can summarize these two cases in one equation, as832

−L(W )(x)

W (x)
≥ a

Å
1−

(
3 +

2b

a
+

2d

a

)
IBR

ã
. (12)
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By applying Chewi and Stromme [2024, Lemma 10], we obtain that833

CP (µ) ≤
1

a
+
(
3 +

2b

a
+

2d

a

)
CP (µ|BR

). (13)

We are thus left to control CP (µ|BR
), which we will obtain by comparing Varµ|BR

(f) and834

∥∇f∥2L2(µ|BR
). Define µ|BR

(f) =
∫
f(x)dµ|BR

(x) and let α(x) be the Lebesgue measure. For any835

test function f , we have836

Varµ|BR
(f) =

∫
(f − µ|BR

(f))2dµ|BR
(x) ≤

∫
(f − α|BR

(f))2dµ|BR
(x) (14)

given that the mean µ|BR
(f) minimizes the quadratic error between f and a scalar. Then, we have837

Varµ|BR
(f) ≤

∫
(f − α|BR

(f))2
e−V (x)∫

BR
e−V (x)dx

dx (15)

≤
supx∈BR

e−V (x)∫
BR

e−V (x)dx

∫
BR

(f − α|BR
(f))2dx (16)

We recall that the uniform (Lebesgue) measure restricted to BR satisfies CP (α|BR
) ≤ 4R2

π2 , see838

[CRAIG, 2021, Eq (1.1)]), hence839

Varµ|BR
(f) ≤

supx∈BR
e−V (x)∫

BR
e−V (x)dx

4R2

π2

∫
BR

∥∇f(x)−∇α|BR
(f)∥2dx (17)

=
supx∈BR

e−V (x)∫
BR

e−V (x)dx

4R2

π2

∫
BR

∥∇f(x)∥2dx (18)

≤
supx∈BR

e−V (x)∫
BR

e−V (x)dx

4R2

π2

∫
∥∇f(x)∥2 e−V (x)

infx∈BR
e−V (x)

(19)

=
supx∈BR

e−V (x)

infx∈BR
e−V (x)

4R2

π2

∫
∥∇f(x)∥2dµ|BR

(x). (20)

From the above, we read that the Poincaré constant must satisfy840

CP (µ|BR
) ≤ 4R2

π2
·
supx∈BR

e−V (x)

infx∈BR
e−V (x)

(21)

=
4R2

π2
· sup
x∈BR

eV (x∗)−V (x) (22)

=
4(1 + 2 b+d

a )2

π2
· sup
x∈BR

eV (x∗)−V (x) (23)

where x∗ ∈ argmaxx∈BR
V (x). There remains to bound supx∈BR

eV (x∗)−V (x).841

Using the smoothness assumption, ∇2V ⪯ βId, we can write842

0 ≤ V (x∗)− V (x) ≤ β

2
∥x− x∗∥2 ≤ β

2

(
∥x∥2 + ∥x∗∥2

)
. (24)

We can now bound each of the two rightmost terms. Using the dissipativity assumption843

⟨∇V (x∗), x∗⟩ = 0 ≥ a∥x ∗ ∥2 − b, we obtain ∥x∗∥2 ≤ b
a . Furthermore, because x is in BR,844

we have ∥x∥2 ≤ 1 + 2 b+d
a . Plugging this in, we get845

0 ≤ V (x∗)− V (x) ≤ β

2

(
1 +

3b+ 2d

a

)
(25)

and846

exp(V (x∗)− V (x)) ≤ exp
(β
2

(
1 +

3b+ 2d

a

))
. (26)
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Finally, we have847

CP (µ|BR
) ≤

4(1 + 2 b+d
a )2

π2
exp

(β
2

(
1 +

3b+ 2d

a

))
(27)

and848

CP (µ) ≤
1

a
+
(
3 +

2b

a
+

2d

a

)
CP (µ|BR

) (28)

≤ 1

a
+
(
3 +

2b

a
+

2d

a

)4(1 + 2 b+d
a )2

π2
exp

(β
2

(
1 +

3b+ 2d

a

))
(29)

849

In Lytras and Mertikopoulos [2025, Theorem 3], the best complexity obtained is of the form850

poly(CP (µ), ϵ
−1). By applying the above bound with a, b, and β as in Proposition 10 we recover the851

expected result.852

B Proof of Proposition 4853

Before starting the proof, we recall the following identities.854

Proposition 11 (Tweedie’s formulas) Denoting pVt the density of the forward process Xt initialized855

at µ ∝ e−V , and Yt ∼ N (0, (1− e−2t)Id), it holds for all z ∈ Rd that856

pVt (z) =
etd

ZV
E[e−V ((z−Yt)e

t)] , (30)

that857

∇ log
(
pVt
)
(z) =

E[−Yte
−V ((z−Yt)e

t)]

(1− e−2t)E[e−V ((z−Yt)et)]
, (31)

and that858

∇2 log
(
pVt
)
(z) =

E[YtY
⊤
t e−V ((z−Yt)e

t)]

(1− e−2t)2E[e−V ((z−Yt)et)]
− Id
(1− e−2t)

−(∇ log
(
pVt
)
(z)))(∇ log

(
pVt
)
(z))⊤ .

(32)

Proof. Recall that pVt is the law of the variable

Xt = e−tX0 +B1−e−2t ,

with X0 ∼ µ and Bs the standard Brownian motion evaluated at time s. Hence, using Bayes formula,859

we have860

pVt (z) =

∫
pt(z|x)dp0(x) =

1

ZV (1− e−2t)d/2(2π)d/2

∫
Rd

e
− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx .

After taking the logarithm and differentiating with respect to z, we obtain

∇ log
(
pVt
)
(z) =

∫
Rd −(z − xe−t)e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx

(1− e−2t)
∫
Rd e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx

.

To obtain the Hessian, we differentiate the formula above. The Jacobian of the numerator is given by

−Id

∫
Rd

e
− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx+
1

1− e−2t

∫
Rd

(z − xe−t)(z − xe−t)⊤e
− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx ,
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from which we can deduce861

∇2 log
(
pVt
)
(z) = − Id

(1− e−2t)
+

∫
Rd(z − xe−t)(z − xe−t)⊤e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx

(1− e−2t)2
∫
Rd e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx

−
(
∫
Rd(z − xe−t)e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx)(
∫
Rd(z − xe−t)e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx)⊤

(1− e−2t)2(
∫
Rd e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx)2

= − Id
(1− e−2t)

+

∫
Rd(z − xe−t)(z − xe−t)⊤e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx

(1− e−2t)2
∫
Rd e

− ∥z−xe−t∥2

2(1−e−2t) e−V (x)dx

− (∇ log
(
pVt
)
(z))(∇ log

(
pVt
)
(z))⊤ .

In order to rewrite the quantities above as expectations, we make the change of variable y = z−xe−t862

so that x = (z − y)et and we obtain for the density pVt :863

pVt (z) =
etd

ZV
E[e−V ((z−Yt)e

t)] ,

where Yt ∼ N (0, Id(1− e−2t)). Conversely, the score rewrites as864

∇ log
(
pVt
)
(z) =

E[−Yte
−V ((z−Yt)e

t)]

(1− e−2t)E[e−V ((z−Yt)et)]
,

and the Hessian rewrites as

∇2 log
(
pVt
)
(z) =

E[YtY
⊤
t e−V ((z−Yt)e

t)]

(1− e−2t)2E[e−V ((z−Yt)et)]
− Id
(1− e−2t)

−(∇ log
(
pVt
)
(z)))(∇ log

(
pVt
)
(z))⊤ .

865

For the rest of the proof we shall drop the dependence in z and write ŝt,n(z) = N̂
D̂

with the empirical866

numerator N̂ = −
∑n

i=1 yie
−V (et(z−yi))

1−e−2t and denominator D̂ =
∑n

i=1 e
−V (et(z−yi)) where we recall867

yi ∼ N (0, (1− e−2t)Id). In the following proposition, we explicitly compute the variances of N̂868

and D̂ using the formulas above. In what follows, we shall denote N = E[N ] and D = E[D]869

Proposition 12 (Variance of estimators) Let y1, . . . , yn i.i.d. distributed as N (0, (1 − e−2t)Id).870

Denote by π a standard normal density, and by N̂(z) and D̂(z) the numerator and denominator of871

the estimator defined in Eq. 5. We have:872

E[∥N̂ −N∥2] ≤ p2Vt Z2V e
−td

n

Å
∆ log

(
p2Vt

)
(z)− ∆ log(π)(z)

1− e−2t
+ ∥∇ log

(
p2Vt

)
∥2(z)

ã
,

E[∥D̂ −D∥2] ≤ p2Vt (z)Z2V e
−td

n
.

Proof. For the numerator, we have

N̂ −N =
−1

n

n∑
i=1

yie
−V ((z−yi)e

t)

1− e−2t
+N ,

hence, since the yi, i = 1, . . . , n are i.i.d. distributed as Yt ∼ N (0, (1− e−2t)Id),873

E[∥N̂ −N∥2] = 1

n
E

∥∥∥∥∥Yte
−V ((z−Yt)e

t)

1− e−2t
−N(z)

∥∥∥∥∥
2
 ≤ 1

n
E
ñ
∥Yt∥2e−2V ((z−Yt)e

t)

(1− e−2t)2

ô
.
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Taking in the trace in the log hessian identity in Proposition 11 yields

E
ñ
∥Yt∥2e−2V ((z−Yt)e

t)

(1− e−2t)2

ô
=

Å
∆ log

(
p2Vt

)
− ∆ log(π)

1− e−2t
+ ∥∇ log

(
p2Vt

)
∥2
ã
p2Vt Z2V e

−td .

Similarly, we have

D̂ −D =
1

n

n∑
i=1

e−V ((z−yi)e
t) −D ,

hence we get using again Proposition 11,874

E[(D̂ −D)2] =
1

n

Ä
E[e−2V ((z−Yt)e

t)]− E[e−2((z−Yt)e
t)]2
ä
≤ p2Vt (z)Z2V e

−td

n
. (33)

875

We can now prove Proposition 4.876

Proof. Define the event A = (D̂ ≥ ηD) ∩ (∥N̂∥ ≤ κ∥N∥) where η ≤ 1, κ ≥ 1 are positive scalars
to be chosen later. We start to decompose the quadratic error as:

E

∥∥∥∥∥N̂D̂ − N

D

∥∥∥∥∥
2
 = E

∥∥∥∥∥N̂D̂ − N

D

∥∥∥∥∥
2

1A

+ E

∥∥∥∥∥N̂D̂ − N

D

∥∥∥∥∥
2

1Ā

 .

We now separately analyze the first and the second term. For the first term, define877 {
θ : Rd × R∗ → R

(x, p) 7→
∥∥∥x
p − N

D

∥∥∥2 .

The gradient and Hessian of θ are given by878 
∇θ(x, p) = −2

p

Å
N
D − x

p ,
∥∥∥x
p

∥∥∥2 − ¨xp , N
D

∂ã
,

∇2θ(x, p) = −2
p2

Ñ
−Id ( 2xp − N

D )⊤

( 2xp − N
D ) −3

∥∥∥x
p

∥∥∥2 + 2⟨xp ,
N
D ⟩

é
.

We thus make a Taylor expansion of order 2 of θ(N̂ , D̂) around (N,D): there exists (a random)879

t̂ ∈ [0, 1] such that880

θ(N̂ , D̂) = θ(N,D) +∇θ(N,D)⊤(N̂ −N, D̂ −D)

+
1

2
(N̂ −N, D̂ −D)⊤∇2θ(N̂t̂, D̂t̂)(N̂ −N, D̂ −D) .

where we denoted N̂t̂ = t̂N̂ + (1 − t̂)N and D̂t̂ = t̂D̂ + (1 − t̂)D. The two first terms in the881

expansion are null and we are left with882

θ(N̂ , D̂) =
1

D̂2
t̂

Å
∥N̂ −N∥2 − 2(⟨2 N̂t̂

D̂t̂

− N

D
, N̂ −N⟩(D̂ −D)) +

(
3
∥N̂t̂∥2

D̂2
t̂

− 2⟨ N̂t̂

D̂t̂

,
N

D
⟩

)
(D̂ −D)2

ã
≤ 1

D̂2
t̂

(
∥N̂ −N∥2 + 2∥2 N̂t̂

D̂t̂

− N

D
∥∥N̂ −N∥|D̂ −D|+

(
3
∥N̂t̂∥2

D̂2
t̂

+ 2

∥∥∥∥∥ N̂t̂

D̂t̂

∥∥∥∥∥
∥∥∥∥ND

∥∥∥∥
)
(D̂ −D)2

)
.

Hence, almost surely over A∥∥∥∥∥N̂D̂ − N

D

∥∥∥∥∥
2

≤ 1

η2D2

Ç
∥N̂ −N∥2 + 6κ

η

∥∥∥∥ND
∥∥∥∥ ∥N̂ −N∥|D̂ −D|+ 5

∥∥∥∥ND
∥∥∥∥2 Åκηã2 (D̂ −D)2

å
.
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Hence, after taking the expectation and applying Cauchy-Schwarz, we obtain883

E

∥∥∥∥∥N̂D̂ − N

D

∥∥∥∥∥
2

1A

 ≤ 1

η2D2
(E[∥N̂ −N∥2] + 6κ

η

∥∥∥∥ND
∥∥∥∥E[∥N̂ −N∥2]1/2E[(D̂ −D)2]1/2

+ 5

∥∥∥∥ND
∥∥∥∥2 Åκηã2 E[(D̂ −D)2]) .

Now recall that D = pVt ZV e
−td and that N

D = ∇ log
(
pVt
)

which, combined with Proposition 12
yields for the first term:

E[∥N̂ −N∥2]
η2D2

≤ p2Vt Z2V e
td

η2(pVt )
2(ZV )2n

Å
∆ log

(
p2Vt

)
− ∆ log(π)

1− e−2t
+ ∥∇ log

(
p2Vt

)
∥2
ã

,

for the second term:
6κ

η3D2

∥∥∥∥ND
∥∥∥∥ ∥N̂−N∥|D̂−D| ≤ 6κp2Vt Z2V e

td

η3(pVt )
2(ZV )2n

∥∇ log
(
pVt
)
∥
Å
∆ log

(
p2Vt

)
− ∆ log(π)

1− e−2t
+ ∥∇ log

(
p2Vt

)
∥2
ã1/2

and for the last term:

5

∥∥∥∥ND
∥∥∥∥2 Å κ

η2D

ã2
(D̂ −D)2 ≤ 5κ2p2Vt Z2V e

td

η4(pVt )
2(ZV )2n

∥∇ log
(
pVt
)
∥2 .

Hence we finally obtain884

E

∥∥∥∥∥N̂D̂ − N

D
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2

1A

 ≤ p2Vt Z2V e
td

nη2(pVt ZV )2

Å
6κ

η
∥∇ log

(
pVt
)
∥
ï
∆ log

(
p2Vt

)
− ∆ log(π)

1− e−2t
+ ∥∇ log

(
p2Vt

)
∥2
ò1/2

+∆ log
(
p2Vt

)
− ∆ log(π)

1− e−2t
+ 6

Å
κ

η

ã2
∥∇ log

(
pVt
)
∥2
ã
.

(34)

Let us now handle the quadratic error of the estimator on the complementary Ā. We have, using
Young’s inequality ||a− b||2 ≤ 2(||a||2 + ||b||2),

E

∥∥∥∥∥N̂D̂ − N

D

∥∥∥∥∥
2

1Ā

 ≤ 2

∥∥∥∥ND
∥∥∥∥2 P(Ā) + 2E

ï
1Ā

maxi ∥yi∥2

(1− e−2t)2

ò
.

Now, recall that Xi = ||yi||2(1−e−2t)−1 are n independent variables such that for all i, Xi ∼ χ2(d).885

Using Hölder inequality for some p ≥ 1, the second term can be upper-bounded as886

E
ï
1Ā

maxi ∥yi∥2

(1− e−2t)2

ò
≤ 1

1− e−2t
E[max

i
Xp

i ]
1/pP(Ā)1−1/p

≤ 1

1− e−2t
(nE[Xp

1 ])
1/pP(Ā)1−1/p ≤ 1

1− e−2t
n1/p(d+ 2p)P(Ā)1−1/p ,

where we used in the penultimate inequality that the max is smaller than the sum, and in the last one887

that E[Xp
1 ] =

∏p−1
i=0 (d+ 2i) when X1 ∼ χ2(d) combined with the fact that the geometric mean is888

lower than the arithmetic mean.889

890

We now upper bound the probability of the event Ā = (D̂ < ηD)∪(∥N̂∥ > κ∥N∥). By Chebyshev’s891

inequality, using η < 1, it holds that892

P(D̂ < ηD) ≤ E[(D̂ −D)2]

D2(η − 1)2
≤ p2Vt Z2V e

td

n(pVt ZV )2(η − 1)2
:=

U

n(η − 1)2
.

Similarly, recalling that ||N || = D||∇ log
(
pVt
)
||, we have893

P(∥N̂∥ > κ∥N∥) ≤ E[||N̂ −N ||2]
||N ||2(κ− 1)2

≤ U

n∥∇ log
(
pVt
)
∥2(κ− 1)2

Å
∆ log

(
p2Vt

)
− ∆ log(π)

1− e−2t
+ ∥∇ log

(
pVt
)
∥2
ã
.
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We now make a disjunction of cases: if ∥∇ log
(
pVt
)
∥ ≥ 1, we pick η = 1/2 and κ = 3/2 so we894

recover895

E
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D
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1Ā
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(
pVt
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∆ log
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p2Vt
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− ∆ log(π)
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p2Vt
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+ ∥∇ log

(
pVt
)
∥2 + 1

ã
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ò
.

We thus pick p = log(n) to get896

E
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2
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 ≤ 16e2(d+ 2 log(n))

n(1− e−2t)

ï
U

Å
∆ log

(
p2Vt

)
− ∆ log(π)

1− e−2t
+ ∥∇ log

(
pVt
)
∥2 + 1

ã
+ 1

ò
.

Combining this with the bound Eq. 34 eventually yields

δ2 ≤ 32e2(d+ 2 log(n))

n(1− e−2t)

ï
U
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∆ log
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p2Vt

)
− ∆ log(π)
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+ ∥∇ log
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,

where we used the inequality897
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ã

.

In the case where ∥∇ log(pt)∥2 < 1, we instead pick η = 1/2 and κ = 1 + 1

2∥∇ log(pV
t )∥

. We obtain

that

P(Ā) ≤ 4U

n

Å
∆ log

(
p2Vt

)
− ∆ log(π)

1− e−2t
+ ∥∇ log

(
pVt
)
∥2 + 1

ã
and as previously, for p = log(n) we get898
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For this choice of κ, η, the bound on A becomes899
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ã
.

Thus, we obtain as previously

δ2 ≤ 32e2(d+ 2 log(n))
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ï
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∆ log
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C Proof of Proposition 6 and Lemma 8901

Before starting the proofs, we recall the following usefull lemma that bounds the second order902

moment of dissipative distributions.903

Lemma 13 Let V be such that ⟨∇V (x), x⟩ ≥ a∥x∥2 − b. Then for µ ∝ e−V , denoting m2 the904

second moment of µ, it holds that m2 ≤ b+d
a .905

Proof. Define the Laplacian of µ as L(f) = ∆f−⟨∇V,∇f⟩ for f sufficiently smooth. By integration
by parts, it holds that ∫

L(f)(x)dµ(x) = 0 .

In particular, for f(x) = ∥x∥2, we recover
∫
⟨∇V (x),∇f(x)⟩dµ(x) = 2d. For V dissipative, it

implies

a

∫
∥x∥2dµ(x) ≤ 2d+ b ,

or equivalently m2 ≤ (b+ 2d)/a.906

C.1 Proof of Lemma 8907

Proof. The first inequality was shown in the Lemma above. For the Fisher information, it holds that908

I(µ, π) =
∫

∥∇V (x)− x∥2dµ(x) ,

≤ 2

∫
⟨∇V (x),∇V (x)e−V (x)⟩/ZV dx+ 2m2 ,

= 2

∫
∆V dµ(x) + 2m2 ,

≤ 2βd+ 2m2 .

There remains to lower-bound µ(0). Denote x∗ a global minimizer of V . By dissipativity, it must909

hold that ∥x∗∥2 ≤ b/a. Now observe that910

V (x∗)− V (0) =

∫ 1

0

(x∗)⊤∇2V (tx∗)x∗dt ,

≤ β∥x∗∥2 .

Combined with the fact that for all x ∈ Rd, it holds that V (x) − V (x∗) ≥ 0, be recover that911

V (x)− V (0) ≥ −β∥x∗∥2 ≥ −βb/a. Furthermore, for 0 < δ < 1, we have912

V (x)− V (0) =

∫ 1

0

⟨∇V (tx), x⟩dt ,

=

∫ 1

δ

⟨∇V (tx), x⟩dt+ V (δx)− V (0) ,

≥
∫ 1

δ

⟨∇V (tx), tx⟩/tdt− βb/a ,

≥
∫ 1

δ

at∥x∥2 − b/tdt ,

= a∥x∥2/2− aδ2∥x∥2/2 + b log(δ)− βb/a .

In particular, for δ = 1/
√
2, we obtain

V (x)− V (0) ≥ a∥x∥2/4− b(β/a+ log(2)/2) .
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Hence, we have913

µ(0) =
e−V (0)∫
e−V (x)dx

,

=
1∫

e−(V (x)−V (0))dx
,

≤ 1∫
e−a∥x∥2/4+b(β/a+log(2)/2)dx

= e−b(β/a+log(2)/2)(a/2)d/2(2π)−d/2 .

Since β/a ≥ 1 and log(2)/2 ≤ 1, we recover that log
(
µ(0)−2/d

)
≤ 4βb/ad+ 2π + log(2/a).914

915

C.2 Proof of Proposition 6916

Recall that the intermediate scores read

∇ log
(
pVt
)
(z) =

z − e−tEqt,z [Y ]

1− e−2t
,

with qt,z(x) ∝ e−V (x)e
− ∥e−tx−z∥2

2(1−e−2t) . In particular, if V is dissipative with constant a, b then it holds917

that918

⟨−∇ log(qt,z)(x), x⟩ = ⟨∇V (x) +
e−t(e−tx− z)

1− e−2t
, x⟩ ,

≥ a∥x∥2 − b+
e−t

1− e−2t
(e−t∥x∥2 − ⟨z, x⟩).

Now recall that e−t∥x∥2 − ⟨z, x⟩ ≥ −et∥z∥2/4 which yields

⟨−∇ log(qt,z)(x), x⟩ ≥ a∥x∥2 − (b+ ∥z∥2/(4(1− e−2t))) .

Hence, using Lemma 13, it holds that

Eqt,z [∥Y ∥2] ≤ 2b+ ∥z∥2/(2(1− e−2t)) + d

a
.

Hence we recover that919

∥∇ log
(
pVt
)
(z)∥2 ≤ 2∥z∥2

(1− e−2t)2
+

2e−2tEqt,z [∥Y ∥2]
(1− e−2t)2

,

≤ 2∥z∥2

(1− e−2t)2
+

e−2t

(1− e−2t)2

Å
2(2b+ d)

a
+

∥z∥2

(1− e−2t)a

ã
,

=
∥z∥2

(1− e−2t)2

Å
2 +

e−2t

a(1− e−2t)

ã
+

2e−2t(2b+ d)

a(1− e−2t)2
.

Similarly, recall that

∇2 log
(
pVt
)
(z)−∇2 log(π)(z) =

e−2t

1− e−2t

Å
Covqt,z (X)

1− e−2t
− Id

ã
,

from which we can deduce ∆ log
(
p2Vt

)
≤ e−2t

(1−e−2t)2Eqt,z [∥Y ∥2] which yields again

∆ log
(
p2Vt

)
≤ e−2t

(1− e−2t)2

Å ∥z∥2

2a(1− e−2t)
+

2b+ d

a

ã
.
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D Proof of Lemma 7920

Before starting the proof, we recall the result of Mikulincer and Shenfeld [2023].921

Proposition 14 Let µ be a β-semi-log-convex probability distribution. Then, denoting pVt the922

distribution of the forward process in Eq. 1 and π the density of the standard Gaussian, it holds for923

all z ∈ Rd that924

∇2 log(π)(z)−∇2 log
(
pVt
)
(z) ⪯ (β − 1)e−2t

(1− e−2t)(β − 1) + 1
Id . (35)

Proof. Define the Ornstein-Uhlenbeck semi-group Qt as925

Qt(g)(z) =

∫
g(ze−t +

√
1− e−2ty)e−

∥y∥2
2 (2π)−d/2dy

=
1√

1− e−2t

∫
g(u)e

− ∥u−e−tz∥2

2(1−e−2t) (2π)−d/2du ,

for all function g integrable w.r.t. the standard Gaussian measure. Taking g as f = dµ
dπ with π the926

standard Gaussian, we obtain that927

Qt(f)(z) =
1

ZV

√
1− e−2t

∫
e−V (u)e

∥u∥2
2 e

− ∥u−e−tz∥2

2(1−e−2t) du

=
1

ZV

√
1− e−2t

∫
e−V (u)e

∥u∥2(1−e−2t)−∥u∥2+⟨z,ue−t⟩−e−2t∥z∥2

2(1−e−2t) du

=
1

ZV

√
1− e−2t

∫
e−V (u)e

−∥ue−t−z∥2+∥z∥2−e−2t∥z∥2

2(1−e−2t) du

=
e

∥z∥2
2

ZV

√
1− e−2t

∫
e−V (u)e

− ∥ue−t−z∥2

2(1−e−2t) du .

In particular, we remark that ∇ log(Qt(f)) = ∇ log
(
pVt
)
− ∇ log(π). Now, the quantity

∇ log(Qt(f)) was studied in Mikulincer and Shenfeld [2023] and they prove in Lemma 5 that
for all z

∇2 log(Qt(f))(z) ⪰
(1− β)e−2t

(1− e−2t)(β − 1) + 1
Id ,

which is equivalent to

∇2 log(π)(z)−∇2 log
(
pVt
)
(z) ⪯ (β − 1)e−2t

(1− e−2t)(β − 1) + 1
Id .

928

Before proving Lemma 7, we introduce this preliminary result on the evolution of Φt.929

Lemma 15 (Evolution of the ratio) Let t > 0, it holds that
∂tΦt = Φt

(
∆ log(Φt)− ⟨∇ log(Φt),∇ log(π)⟩+ ∥∇ log(Φt)∥2 + 2⟨∇ log

(
pVt
)
,∇ log(Φt)⟩

)
.

Proof. Recall that the log-density log
(
pVt
)

evolves as

∂t log
(
pVt
)
= ∆ log

(
pVt
)
+ ∥∇ log

(
pVt
)
∥2 − ⟨∇ log

(
pVt
)
,∇ log(π)⟩ −∆ log(π) .

Hence, we deduce that log(Φt) evolves as

∂t log(Φt) = ∆ log(Φt)− ⟨∇ log(Φt),∇ log(π)⟩+ ∥∇ log
(
p2Vt

)
∥2 − ∥∇ log

(
pVt
)
∥2 .

The difference of quadratic terms can be expressed as930

∥∇ log
(
p2Vt

)
∥2 − ∥∇ log

(
pVt
)
∥2 = ∥∇ log(Φt) +∇ log

(
pVt
)
∥2 − ∥∇ log

(
pVt
)
∥2

= ∥∇ log(Φt)∥2 + 2⟨∇ log
(
pVt
)
,∇ log(Φt)⟩ ,

which allows to recover
∂t log(Φt) = ∆ log(Φt)− ⟨∇ log(Φt),∇ log(π)⟩+ ∥∇ log(Φt)∥2 + 2⟨∇ log

(
pVt
)
,∇ log(Φt)⟩ .

931
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We now provide the proof of Lemma 7.932

Proof. Until the rest of the proof, the dependence on z of the integrand shall be implied unless933

expressed explicitly. We start by differentiating m0(Φt) with respect to t:934

∂tm0(Φt) =

∫
∂tΦtdz

=

∫
Φt

(
∆ log(Φt)− ⟨∇ log(Φt),∇ log(π)⟩+ ∥∇ log(Φt)∥2 + 2⟨∇ log

(
pVt
)
,∇ log(Φt)⟩

)
dz ,

where we used Lemma 15 to compute ∂tΦt. Using integration by parts, the first term reads935 ∫
Φt∆ log(Φt)dz = −

∫
⟨∇Φt,∇ log(Φt)⟩dz = −

∫
Φt∥∇ log(Φt)∥2dz,

hence the first and the third terms cancel and we recover

∂tm0(Φt) = 2

∫
⟨∇ log

(
pVt
)
,∇Φt⟩dz −

∫
⟨∇ log(π),∇Φt⟩dz .

Using integration by parts again, we recover936

∂tm0(Φt) =

∫
∆ log(π)Φtdz − 2

∫
∆ log

(
pVt
)
Φtdz

= 2

∫
(∆ log(π)−∆ log

(
pVt
)
)Φtdz −

∫
∆ log(π)Φtdz

= dm0(Φt) + 2

∫
(∆ log(π)−∆ log

(
pVt
)
)Φtdz .

Using Proposition 14, since µ is β-semi-log-convex, the term (∆ log(π) − ∆ log
(
pVt
)
) can be

upper-bounded uniformly by d(β−1)e−2t

(1−e−2t)(β−1)+1 so we eventually get

∂tm0(Φt) ≤ dm0(Φt)

Å
1 +

2(β − 1)e−2t

(1− e−2t)(β − 1) + 1

ã
.

Hence we can use Gronwall’s lemma which yields

m0(Φt) ≤ m0(Φ0) exp

Ç
d

∫ t

0

Å
1 +

2(β − 1)e−2s

(1− e−2s)(β − 1) + 1

ã
ds

å
.

Denoting by ZV (resp. Z2V ) the normalizing constant of e−V (resp. e−2V ), the term m0(Φ0) reads937

m0(Φ0) =

∫
p2V0 (z)

pV0 (z)
dz =

ZV

Z2V

∫
e−2V (z)

e−V (z)
dz =

(ZV )
2

Z2V
.

Finally, let us compute the integral above. Making the change of variable u = e−2s(β − 1) we have938

du = −2(β − 1)e−2sds which yields939 ∫ t

0

2(β − 1)e−2s

(1− e−2s)(β − 1) + 1
ds = −

∫ (β−1)e−2t

β−1

1

β − u
du

= [log(β − u)]
(β−1)e−2t

β−1

= log
(
β − (β − 1)e−2t

)
= log

(
β(1− e−2t) + e−2t

)
.

Hence we recover940

m0(Φt) ≤
etd(ZV )

2

Z2V
(β(1− e−2t) + e−2t)d .

941

In order to recover a bound on the second moment of Φt, we need several intermediate results. We942

first prove that the maximum of the ratio decreases through time.943
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Lemma 16 (Decrease of the maximum of Φ) The maximum of the ratio Φt decreases with t.944

Proof. Let zt be a point where Φt attains its maximum and denote Mt = log(Φt)(zt). By the implicit945

function theorem, zt is differentiable hence we can compute ∂tMt as946

∂tMt = ∂t log(Φt)(zt) + ⟨∂tzt,∇ log(Φt)(zt)⟩
= ∆ log(Φt)(zt) .

Since zt is a maximum, we have in particular ∆ logΦt(zt) ≤ 0 which implies that Mt decreases.947

We then derive an upper-bound on the maximum of a log-smooth distribution.948

Proposition 17 (Upper-bound of the maximum) If µ is β-semi-log-convex then it holds that dµ
dz ≤949 Ä

β
2π

ä d
2 .950

Proof. Recall that the density of µ can be re-written as

dµ

dz
=

e−(V (z)−V∗)∫
z
e−(V (z)−V∗)dz

,

where V∗ the minimum of V attained for some z∗. By definition e−(V (z)−V∗) ≤ 1 for all z. Further-
more, since V verifies ∇2V ⪯ βId, we are ensured that

V (z)− V∗ ≤ β
∥z − z∗∥2

2
,

which implies in particular that

1∫
z
e−(V (z)−V∗)dz

≤
Å

β

2π

ã d
2

.

951

Using the previous result, we can derive an upper-bound on the integrated squared gradient at 0.952

Lemma 18 (Upper-bound integrated gradient) Let µ ∝ e−V be a β-semi-log-convex measure.
Denoting µ(0) the density of µ with respect to the Lebesgue measure at 0, it holds that∫ t

0

∥∇ log
(
pVs
)
∥2(0)ds ≤ − log (µ(0)) +

d

2
log

Å
β

2π

ã
.

Proof. Denoting π the density of the standard d dimensional Gaussian, recall that the density pVt
evolves as

∂tp
V
t = ∇ ·

Å
pVt ∇ log

Å
pVt
π

ãã
,

which can also be re-written as953

∂t log
(
pVt
)
=

∆pVt
pVt

− ⟨∇ log
(
pVt
)
,∇ log(π)⟩ −∆ log(π)

= ∆ log
(
pVt
)
+ ∥∇ log

(
pVt
)
∥2 − ⟨∇ log

(
pVt
)
,∇ log(π)⟩ −∆ log(π) .

In particular, for z = 0 this yields

∂t log
(
pVt
)
(0) = ∆ log

(
pVt
)
(0) + ∥∇ log

(
pVt
)
∥2(0)−∆ log(π)(0) ,

which implies∫ t

0

∥∇ log
(
pVs
)
∥2(0)ds = log

(
pVt
)
(0)− log

(
pV0
)
(0) +

∫ t

0

∆ log(π)(0)−∆ log
(
pVt
)
(0)ds .
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Using the uniform upper-bound of Proposition 14, the second term can upper-bounded as954 ∫ t

0

∆ log(π)(0)−∆ log
(
pVt
)
(0)ds ≤ d

∫ t

0

(β − 1)e−2s

(1− e−2s)(β − 1) + 1
ds

=
d

2
(β − 1)

∫ 1

e−2t

1

β − u(β − 1)
du

=
d

2
log
(
β(1− e−2t) + e−2t

)
.

Furthermore, Proposition 14 shows that −∇2 log
(
pVt
)
⪯ β

β(1−e−2t)+e−2t . Thus, using Proposition

17, we recover that log
(
pVt
)
(0) ≤ d

2 log
Ä

β
β(1−e−2t)+e−2t

ä
− d

2 log(2π). In particular, we recover∫ t

0

∥∇ log
(
pVs
)
∥2(0)ds ≤ − log

Å
dµ

dx
(0)

ã
+

d

2
log(β)− d

2
log(2π) .

955

We can now bound the first order moment of Φt956

Lemma 19 Let µ be a β-semi-log-convex measure with finite second moment m2. It holds that

m1(Φt) ≤
(ZV )

2

Z2V
et(d+1)(β(1−e−2t)+e−2t)d

Ç
√
m2 +

 
−2 log (µ(0)) + d log

Å
β

2π

ã
+ 2
√

dβ

å
.

Proof. We differentiate m1(Φt) and we recover bou

∂tm1(Φt) =

∫
Φt

(
∆ log(Φt)− ⟨∇ log(Φt),∇ log(π)⟩+ ∥∇ log(Φt)∥2 + 2⟨∇ log

(
pVt
)
,∇ log(Φt)⟩

)
∥z∥dz .

Integration by parts of the first term yields∫
Φt∆ log(Φt)∥z∥dz = −

∫
Φt∥∇ log(Φt)∥2∥z∥+ ⟨∇Φt,

z

∥z∥
⟩dz ,

hence the squared gradients terms cancel and we recover

∂tm1(Φt) =

∫
⟨2∇ log

(
pVt
)
−∇ log(π),∇Φt⟩∥z∥dz −

∫
⟨∇Φt,

z

∥z∥
⟩dz .

Let us denote by A the first term above. Integration by parts yields:957

A =

∫
Φt(∆ log(π)− 2∆ log

(
pVt
)
)∥z∥dz +

∫
Φt⟨∇ log(π)− 2∇ log

(
pVt
)
,

z

∥z∥
⟩dz

= −
∫

Φt∆ log(π)∥z∥dz + 2

∫
Φt(∆ log(π)−∆ log

(
pVt
)
)∥z∥dz

−
∫

Φt⟨∇ log(π),
z

∥z∥
⟩dz + 2

∫
Φt⟨∇ log(π)−∇ log

(
pVt
)
,

z

∥z∥
⟩dz

= (d+ 1)m1(Φt) + 2

∫
Φt(∆ log(π)−∆ log

(
pVt
)
)∥z∥dz + 2

∫
Φt⟨∇ log(π)−∇ log

(
pVt
)
,

z

∥z∥
⟩dz .

Using the upper bound given in Proposition 14, we get 2
∫
Φt(∆ log(π) − ∆ log

(
pVt
)
)∥z∥dz ≤958

2d (β−1)e−2t

(β−1)(1−e−2t)+1m1(Φt). Similarly, we re-write the second term as959

2

∫
Φt⟨∇ log(π)−∇ log

(
pVt
)
,

z

∥z∥
⟩dz = 2

∫
Φt⟨∇ log

Å
π

pVt

ã
(z)−∇ log

Å
π

pVt

ã
(0),

z

∥z∥
⟩dz

+ 2

∫
Φt⟨∇ log

Å
π

pVt

ã
(0),

z

∥z∥
⟩dz

≤ 2m1(Φt)
(β − 1)e−2t

(β − 1)(1− e−2t) + 1
+ 2∥∇ log

(
pVt
)
(0)∥m0(Φt) .
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Let us now handle the term B = −
∫
⟨∇Φt,

z
∥z∥ ⟩dz. In one dimension, B = 2Φt(0) ≤ max(Φt)960

and for d ≥ 2, we have961

B =

∫
Φt(d− 1)

∥z∥
dz

=

∫
BR

Φt(d− 1)

∥z∥
dz +

∫
BR

Φt(d− 1)

∥z∥
dz

≤ max(Φt)

∫
BR

d− 1

∥z∥
dz +

d− 1

R
m0(Φt)

= max(Φt)
2πd/2

Γ(d/2)
Rd−1 +

d− 1

R
m0(Φt) .

Using Lemma 16 and Proposition 17, we have that max(Φt) ≤ max(Φ0) = (ZV )2

Z2V
max(dµdx ) ≤962

(ZV )2

Z2V
( β
2π )

d/2. Hence, if we pick R =
(
Z2V m0(Φt)Γ(d/2)/Z

2
V

)1/d
β−1/221/2−1/d, we get as an963

upper-bound for B:964

B ≤ Z2
V

Z2V
d
√

β21/d−1/2(m0(Φt)Z2V /Z
2
V )

d−1
d Γ(d/2)−1/d

≤ 2Z2
V

Z2V

√
dβ(m0(Φt)Z2V /Z

2
V )

d−1
d .

In particular, we recover that

∂tm1(Φt) ≤ (d+1)

Å
1 + 2

(β − 1)e−2t

(β − 1)(1− e−2t) + 1

ã
m1(Φt)+2∥∇ log

(
pVt
)
(0)∥m0(Φt)+

2Z2
V

Z2V

√
βd(m0(Φt)Z2V /Z

2
V )

d−1
d ,

hence using Gronwall lemma, we have that965

m1(Φt) ≤ et(d+1)(β(1− e−2t) + e−2t)d+1m1(Φ0)

+ 2

∫ t

0

î
∥∇ log

(
pVs
)
(0)∥m1(Φs) +

√
dβ(m0(Φs)Z2V /Z

2
V )

d−1
d

ó et(d+1)(β(1− e−2t) + e−2t)d+1

es(d+1)(β(1− e−2s) + e−2s)d+1
ds .

Using Lemma 7, we have that m0(Φs) ≤ Z2
V

Z2V
esd(β(1− e−2s) + e−2s)d hence the first term of the

integral is upper-bounded as:∫ t

0

e−s(d+1)m0(Φs)∥∇ log
(
pVs
)
(0)∥

(β(1− e−2s) + e−2s)d+1
ds ≤ Z2

V

Z2V

∫ t

0

∥∇ log
(
pVs
)
(0)∥ e−s

β(1− e−2s) + e−2s
ds .

By Cauchy-Schwarz it holds that∫ t

0

∥∇ log
(
pVs
)
(0)∥e−s

L(1− e−2s) + e−2s
ds ≤

 ∫ t

0

∥∇ log(pVs )(0)∥2ds

 ∫ t

0

e−2s

(β(1− e−2s) + e−2s)2
ds .

The integral term is given by966 ∫ t

0

e−2s

(β(1− e−2s) + e−2s)2
ds =

1

2

∫ 1

e−2t

1

(β(1− u) + u)2
du

=
1

2(1− β)
[− 1

β(1− u) + u
]1e−2t

=
1

2(1− β)
(

1

β(1− e−2t) + e−2t
− 1)

=
1− e−2t

2(β(1− e−2t) + e−2t)

Similarly,967 ∫ t

0

m0(Φs)
d−1
d

e−s(d+1)

(β(1− e−2s) + e−2s)d+1
ds ≤

∫ t

0

e−2s

(β(1− e−2s) + e−2s)2
ds

=
1− e−2t

2(β(1− e−2t) + e−2t)
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Hence, we obtain

m1(Φt) ≤
Z2
V

Z2V
et(d+1)(β(1−e−2t)+e−2t)d+1

Ç
Z2V

Z2
V

m1(Φ0) +

 
−2 log(µ(0)) + d log

Å
β

2π

ã
+
√
dβ

å
.

Finally, m1(Φ0) =
(ZV )2

Z2V

∫
∥z∥ e−V (z)∫

e−V dz
dz = (ZV )2

Z2V

√
m2(µ).968

We can derive our upper-bound on m2(Φt).969

Proof. We start by differentiating m2(Φt):970

∂tm2(Φt) =

∫
∥z∥2∂tΦtdz

=

∫
∥z∥2(div(∇Φt)− ⟨∇Φt,∇ log(π)⟩+ 2⟨∇ log

(
pVt
)
,∇Φt⟩)dz

= −
∫

2⟨z,∇Φt⟩dz +
∫
(∆ log(π)− 2∆ log

(
pVt
)
)∥z∥2Φtdz + 2

∫
⟨∇ log(π)− 2 log

(
pVt
)
, z⟩Φtdz

= −2

∫
∆ log(π)Φtdz −

∫
∆ log(π)∥z∥2Φtdz − 2

∫
⟨∇ log(π), z⟩Φtdz

+ 2

∫
(∆ log(π)−∆ log

(
pVt
)
)∥z∥2Φtdz + 4

∫
⟨∇ log(π)−∇ log

(
pVt
)
, z⟩Φtdz

= 2dm0(Φt) + dm2(Φt) + 2m2(Φt) + 2

∫
(∆ log(π)−∆ log

(
pVt
)
)∥z∥2Φtdz + 4

∫
⟨∇ log(π)−∇ log

(
pVt
)
, z⟩Φtdz .

The first term
∫
(∆ log(π)−∆ log

(
pVt
)
)∥z∥2Φtdz is upper-bounded by (β−1)e−2t

(1−e−2t)(β−1)+1dm2(Φt)971

and for the second term we have972 ∫
⟨∇ log(π)−∇ log

(
pVt
)
, z⟩Φtdz =

∫
⟨∇ log

Å
π

pVt

ã
(z)−∇ log

Å
π

pVt

ã
(0), z⟩Φtdz

+

∫
⟨∇ log

Å
π

pVt

ã
(0), z⟩Φtdz

≤
∫

(L− 1)e−2t

(1− e−2t)(β − 1) + 1
∥z∥2Φtdz + ∥ log

(
pVt
)
(0)∥

∫
∥z∥Φtdz

=
(β − 1)e−2t

(1− e−2t)(β − 1) + 1
m2(Φt) + ∥∇ log

(
pVt
)
(0)∥m1(Φt) .

Hence we recover

∂tm2(Φt) ≤ (d+2)

Å
1 +

2(β − 1)e−2t

(1− e−2t)(β − 1) + 1

ã
m2(Φt)+4∥∇ log

(
pVt
)
(0)∥m1(Φt)+2dm0(Φt) .

We now use the Gronwall lemma to obtain

m2(Φt) ≤ et(d+2)(β(1−e−2t)+e−2t)d+2

Ç
m2(Φ0) + 2

∫ t

0

e−s(d+2)(2m1(Φs)∥∇ log
(
pVs
)
(0)∥+ dm0(Φs))

(β(1− e−2s) + e−2s)(d+2)
ds

å
Recalling the upper-bound m1(Φt) ≤ et(d+1)(β(1 − e−2t) + e−2t)d+1C where C is defined in973

Lemma 19, we upper-bound the integral term as974 ∫ t

0

e−s(d+2)m1(Φs)∥∇ log
(
pVs
)
(0)∥

(β(1− e−2s) + e−2s)(d+2)
ds ≤ C

∫ t

0

e−s

β(1− e−2s) + e−2s)
∥∇ log

(
pVs
)
(0)∥ds

≤ C

 ∫ t

0

e−2s

(β(1− e−2s) + e−2s)2
ds

 ∫ t

0

∥∇ log
(
pVt
)
(0)∥2ds

= C

…
1− e−2t

2

 ∫ t

0

∥∇ log
(
pVt
)
(0)∥2ds .
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Similarly,975 ∫ t

0

e−s(d+2)

(β(1− e−2s) + e−2s)(d+2)
m0(Φs)ds ≤

∫ t

0

e−2s

(β(1− e−2s) + e−2s)2

=
1− e−2t

2
.

Hence we recover that

m2(Φt) ≤ et(d+2)(β(1− e−2t)+ e−2t)d+2

Ç
m2(Φ0) + 2C

 
−2 log (µ(0)) + d log

Å
β

2π

ã
+ d

å
.

Using the expression of C, we recover eventually that

m2(Φt) ≤
2et(d+2)Z2

V

Z2V
(β(1−e−2t)+e−2t)d+2

ï
m2(µ) + d(β + 1)− 4 log (µ(0)) + 2d log

Å
β

2π

ãò
.

976

E Proof of Theorem 9977

Proof. As Proposition 6 shows, the average error of the estimator can be upper-bounded as

E[∥ŝt,n(z)−∇ log
(
pVt
)
(z)∥2] ≲ d log(n)etdZ2V p

2V
t (z)

na(ZV )2(pVt (z))
2

ï ∥z∥2

(1− e−2t)4
+

b+ d

(1− e−2t)3

ò
.

Hence, the average integrated error reads

E[
∫

∥ŝt,n(z)−∇ log
(
pVt
)
(z)∥2dpt(z)] ≲

dβd+2 log(n)e2t(d+1)

na(1− e−2t)4

ï
Z2V m2(Φt)e

−t(d+2)

(ZV )2
+
Z2V (b+ d)m0(Φt)e

−t(d+2)

(ZV )2

ò
.

We then apply the upper-bounds in Lemma 7 and in Lemma 8 and we recover

E[
∫

∥ŝt,n(z)−∇ log
(
pVt
)
(z)∥2dpt(z)] ≲

dβd+3 log(n)e2t(d+1)(b+ d)

na2(1− e−2t)4

We thus set n as n = d2 max(ϵ−2(d+1)+1, ϵ−5) and we eventually get for ϵ ≤ t ≤ log(1/ϵ) that

E[
∫

∥ŝt,n(z)−∇ log
(
pVt
)
(z)∥2dpt(z)] ≲

ϵβd+3(b+ d)

a2
.

Hence, plugging again the bounds of Lemma 8 in Theorem 3, we recover the desired result.978
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