Self-Supervised Representation Learning on Neural
Network Weights for Model Characteristic Prediction
—Appendix

In the following, we provide the Appendix as part of the supplementary material to the main paper.
In Appendix Section A, we prove the permutation equivalence in the forward and backward pass
for (i) fully connected and (ii) convolutional layers. We also include an empirical evaluation of the
equivalence. In Section B, we provide further information about the downstream tasks and their
targets. Section C contains additional content about the model zoos. It includes high-level information
about the zoo’s properties, the modes of variation between the samples in the zoos, and the exact
architectures used when generating a zoo of trained neural networks. We also provide visualizations
of some of the properties of our model zoo for better intuition. Lastly, Section D includes additional
ablations and results, both in an in-distribution and out-of-distribution settings.
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A. Permutation Augmentation

In this appendix section, we give the full derivation about the permutation equivalence in the proposed
permutation augmentation (Section 2 in the paper). In the following appendix subsections, we show
the equivalence in the forward and backward pass through the neural network with original learnable
parameters and the permutated neural network.

A.1 Neural Networks and Back-propagation

Consider a common, fully-connected feed-forward neural network (FFN). It maps inputs X € RNo to
outputs y € RN, For a FFN with L layers, the forward pass reads as

a’ = x;
=wla' t+b'y  le{1-- ;LY (1)

n|
al= (n'); le{1;---;L}:

Here, W' € RNt Ni-1 js the weight matrix of layer |, b' the corresponding bias vector. Where N
denotes the dimension of the layer |. The activation function is denoted by , it processes the layer’s
weighted sum n' to the layer’s output a'.

Training of neural networks is defined as an optimization against a objective function on a given
dataset, i.e. their weights and biases are chosen to minimize a cost function, usually called loss,
denoted by L. The training is commonly done usin% a gradient based rule. Therefore, the update
relies on the gradient of £ with respect to weight W' and the bias b', that is it relies on Vy £ and
Vi L, respectively. Back-propagation facilitates the computation of these gradients, and makes use
of the chain rule to back-propagate the prediction error through the network [Rumelhart et al., |1986].
We express the error vector at layer | as

= v, (2)
and further use it to express the gradients as

VwiL= '@ H;

3)
VL= "
The output layer’s error is simply given by
b= VaLo AnY); )

where ® denotes the Hadamard element-wise product and %is the activation’s derivative with respect
to its argument. Subsequent earlier layer’s error are computed with

P=(whhHT o qnY); e fyL -1k 5)
A usual parameter update takes on the form
(Wl)new =w'- Vw1 L; (6)

where is a positive learning rate.

A.2 Proof: Permutation Equivalence

In the following appendix subsection, we show the permutation equivalence for feed-forward and
convolutional layers.

Permutation Equivalence for Feed-forward Layers Consider the permutation matrix P! &
NNi Nigych that (P')TP! = I, where | is the identity matrix. We can write the weighted
sum for layer | as
't = W gl + p'*t
- W|+1 (n|)+ bl+1 (7)
- W|+1 (Wlal 1 + b|)+ b|+l:



As P! is a permutation matrix and since we use the element-wise nonlinearity (:), it holds that
Pl (n)= (P'n'); ®)
which implies that we can write
= wH o (w!'al 1+ b+ bt
=w" (PYT P! (W'a' 1+ b')+ bt
=w" PHYT (P'wW'a 1+ Plbl)+ bt
= W (W'a! L+ B+ bt

©))

where W' = WL (PYT W' = P'W!' and 6' = P'b! are the permuted weight matrices and
bias vector.

Note that rows of weight matrix and bias vector of layer | are exchanged together with columns of the
weight matrix of layer | + 1. In turn, VI € {1;--- ;L — 1}, (9) holds true. At any layer |, there exist

N different permutation matrices P!. Therefore, in total there are :‘:11 N ! equivalent networks.
Additionally, we can write
(P'Whpew =P'W'— P!V 1L
:PIWI— PI I(al 1)T
:PIWI— PI (WI+1)T 1+1 o) O(nl) (al l)T (10)
:PIWI— (Wl+l PT)T I+1 ® O(Plnl) (al 1)T
:PIWI— [(W|+l (PI)T)T 1+1 ® O(lelal l+ PIbI)IaI 1)T:

If we apply a permutation P' to our update rule (equation@) at any layer except the last, then using
the above, we can express the gradiehnt based update as

i
(Wl)newz WI _ (WHl )T 1+1 ® O(Wlal 14 BI) (al l)T (11)

The above implies that the permutations not only preserve the structural flow of information in the
forward pass, but also preserve the structural flow of information during the update with the backward
pass. That is we preserve the structural flow of information about the gradients with respect to the
parameters during the backward pass trough the feed-forward layers.

Permutation Equivalence for Convolutional Layers We can easily extend the permutation equiv-

alence in the feed-forward layers to convolution layers. Consider the 2D-convolution with input
ai

channel X and O output channels as, = [ an ]. We express a single convolution operation for the
input channel X with a convolutional kernel Ko; 0 € {1;:::;0} as
a =bo+ Ky, ?Xx;0€ {1;---;0}; (12)

where ? denotes the discrete convolution operation.

Note that in contrast to the hole set of permutation matrices P! (which where introduced earlier) now
we consider only a subset that affects the order of the input channels (if we have multiple) and the
order of the concatenation of the output channels.

We now show that changing the order of input channels does not affect the output if the order of
kernels is changed accordingly.

The proof is similar with the permutation equivalence for feed-forward layer. The difference here
is that we take into account only the change in the order of channels and kernels. In order to
prove permutation equivalence here it suffices to show that we can represent the convolution of
multiple input channels by multiple convolution kernels in an alternative form, that is as matrix vector
operation.

To do so we fist show that we can express the convolution of one input channel with one kernel to its
equivalent matrix vector product form. Formally, we have that

a0 =bo+ Ko ?X= b+ RpX; (13)



where Ry, is the convolution matrix. We build the matrix R, in this alternative form (I3) for the
convolution operation from the convolutional kernel Ky. Rg has a special structure (if we have 1D
convolution then it is known as a circulant convolution matrix), while the input channel X remains
the same. The number of columns in Ry equals the dimension of the input channel, while the
number of rows in R, equals the dimension of the output channel. In each row of R, we store the
elements of the convolution kernel. That is we sparsely distribute the kernel elements such that the
multiplication of one row Ry;j of R, with the input channel X results in the convolution output ag;j
for the corresponding position j at the output channel a,.

The convolution of one input channels by multiple kernels can be expressed as a matrix vector
operation. In that case, the matrix in the equivalent form for the convolution with multiple kernels
over one input represents a block concatenated matrix, where each of the block matrices has the
previously described special structure, i.e.,

. N
_ha-ll_hb-ll Rl B .
as,= . = & +  X=bs+Rex (14)
ao bo RO
h, i R, "
where bf = b:1 andRfg =

In the same way the convolution of multiple input channels Xj; :::; Xs by multiple kernels Kj; ::;; Ko
can be expressed as a matrix vector operation. In that case, the matrix in the equivalent form for the
convolution with multiple kernels over multiple inputs represents a block diagonal matrix, where
each of the blocks in the block diagonal matrix has the previously described special structure, i.e.,

ho i h,i Re O = O0"h i h i  h_i
= b:f + 0 L= b:f +R (15)
°s f 0 = 0 Rf 'S f Xs
Re 0 = 07
where R = : : : :, which we can also express as
0 o 0 Rs
X1I
a=b+R © ; (16)
Xs
h, i h, i
s b
where a = 2o and b = b:f
Ss ¥

Note that the above equation has equivalent form with equation (7), therefore, the previous proof is
valid for the update with respect to hole matrix R. However, R has a special structure, therefore for
the update of of each element in R, we can use the chain rule, which results in

" #
@R) _X X @R@R _, @R = @®
@R,
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Replacing f () by £ in the above and using the update rule equation (6)) gives us the update equation
for Rjj. Using similar argumentation and derivation that leads to equation (II)) concludes the proof
for permutation equivalence for a convolutional layer

Empirical Evaluation We empirically confirm the permutation equivalence (see Figure|[I). We begin
by comparing accuracies of permuted models (Figure|l|left). To that end, we randomly initialize
model A and train it for 10 epochs. We pick one random permutation, and permute all epochs of
model A. For the permuted version Ap we compute the test accuracy for all epochs. The test accuracy
of model A and Ap lie on top of each other, so the permutation equivalence holds for the forward
pass. To test the backwards pass, we create model B as a copy of Ap at initialization, and train for 10
epochs. Again, train and test epochs of A and B lie on top of each other, which indicates that the
equivalence empirically holds for the backwards pass, too.

To track how models develop in weight space, we compute the mutual ‘ ,-distances between the
vectorized weights (Figure[I|right). The distance between A and Ap, as well as between A and B
is high and identical. Therefore, model A is far away from models Ap and B. Further, the distance



Figure 1. Empirical Evaluation of Permutation Equivalenceft: Accuracies of orignal modey,
permuted modeAp and modeB trained fromAp's initialization. All models are indistinguishable
in their accuraciesRight: pairwise distances of vectorized weights over epochs of maddete
andB. The distance betweeh andAp as well asA andB is equally large and does not change
much over the epochs. The distance betw&pmndB , which start from the same point in weight
space, is small and remains small over the epdobih gures: permuted versions of models are
indistinguishable in their mapping, but far apart in weight space.

betweenAp andB is small, con rming the backwards pass equivalence. We attribute the small
difference to numerical errors.

Further Weight Space Symmetrieslt is important to note that besides the symmetry used above,
other symmetries exist in the model weight space, which change the representation of a NN model,
but not it's mappinge.g, scaling of subsequent layers with piece-wise linear activation functions
[Dinh et al., 2017]. While some of these symmetries may be used as augmentation, these particular
mappings only create equivalent networks in the forward pass, but different gradients and updates in
the backward pass when back propagating. Therefore, we did not consider them in our work.



B. Downstream Tasks Additional Details

In this appendix section, we provide additional details about the downstream tasks which we use to
evaluate the utility of the hyper-representations obtained by our self-supervised learning approach.

B.1 Downstream Tasks Problem Formulation

We use linear probing as a proxy to evaluate the utility of the learned hyper-representations, similar
to Grill et al. [2020].

We denote the training and testing hyper-representatiofgas andZs; . We assume that training
twain and testing st target vectors are given. We compute the closed form solditifmthe
regression problem

(Q1):f=arg mrin KZtrain T tirain kg;

and evaluate the utility of s; by measuring th&®? score Wright [1921] as discrepancy between
the predicted (s f* and the true test targetgs; -

Note that by using different targetg,in in (Q1), we can estimate differemtcoef cients. This
enables us to evaluate on different downstream tasks, including, accuracy prediction (Acc), epoch
prediction (Eph) as proxy to model versioning, F-Score Goodfellow et al. [2016] predictipn (F
learning rate (LR), »-regularization {»-reg), dropout (Drop) and training data fraction (TF). For
these target values, we sol@1), but for categorical hyper-parameters prediction, like the activation
function (Act), optimizer (Opt), initialization method (Init), we train a linear perceptron by minimizing

a cross entropy loss Goodfellow et al. [2016]. Here, instea®i’adcore, we measure the prediction
accuracy.

B.2 Downstream Tasks Targets

In this appendix subsection, we give the details about how we build the target vectors in the respective
problem formulations for all of the downstream tasks.

Accuracy Prediction (Acc). In the accuracy prediction problem, we assume that for each trained NN
model on a particular data set, we have its accuracy. Regarding the task of accuracy prediction, the
valueag,in; for the training NN models represents the training target Vajigi = againi , While

the valueaws; for the testing NN models represents the true testing target Vialye = agest; -

Generalization Gap Prediction (GGap) In the generalization gap prediction problem, we assume
that for each trained NN model on a particular data set, we have its train and test accuracy. The
generalization gap represents the target vglue again;i aesti for the training NN models,
while g = ayain; awestj IS the true targeties;; = g for the testing NN models.

Epoch Prediction (Eph). We consider the simplest setup as a proxy to model versioning, where we
try to distinguish between NN weights and biases recorded at different epoch numbers during the
training of the NNs in the model zoo. To that end, we assume that we construct the model zoo such
that during the training of a NN model, we record its different evolving versioasthe zoo includes
versions of one NN model at different epoch numbgrsSimilarly to the previous task, our targets

for the task of epoch prediction are the actual epoch numbgfsi = €rain; andtiestj = Eestj
respectively.

F Score Prediction(F;). To identify more ne-grained model properties, we therefore consider the
class-wise F score. We de ne the F score prediction task similarly as in the previous downstream
task. We assume that for each NN model in the training and testing subset of the model zoo, we
have computed F score Goodfellow et al. [2016] for the corresponding class wittclddatlwe
denote as kuinc;i and Restcj , respectively. Then we usedi,ci and kestc; as a target value
twrainci = Frainci  iN the regression problem and $gtic; = Frestc; during the test evaluation.

Hyper-parameters Prediction. We de ne the hyper-parameter prediction task identically as the
previous downstream tasks. Where for continuous hyper-parameters, like learning rate&{LR),
regularization {;-reg), dropout (Drop), nonlinear thresholding function (TF), we solve the linear
regression problerfQ1). Similarly to the previous task, our targets for the task of hyper-parameters
prediction are the actual hyper-parameters values.



In particular, for learning ratdyani = learning rate, for “p-regularizationtyaini =
“,-regularization type , for dropout (Drop)tyaini = dropout value and for nonlinear thresh-
olding function (TF)tyain; = nonlinear thresholding function . In a similar fashion, we also
de ne the test targetses: -

For categorical hyper-parameters, like activation function (Act), optimizer (Opt), initialization method
(Init), instead of regression 10¢Q1), we train a linear perception by minimizing a cross entropy loss
Goodfellow et al. [2016]. Here, also we also de ne the targets as detailed above. The only difference
here is that the targets here have discrete categorical values.



OuR Z0OS DATA NN No. VARYING PROPR No. No. NNs
TYPE PARAM. EPH

TETRIS-SEED TETRIS MLP 100 SEED(1-1000) 75 1000*75

TETRIS-HYP TETRIS MLP 100 SEED(1-100),ACT, 75 2900*75
INIT, LR

MNIST-SEED MNIST CNN 2464 seeDp(1-1000) 25 1000*25

FASHION-SEED F-MNIST CNN 2464 seeD(1-1000) 25 1000*25

MNIST-HYP-1-FIX-SEED | MNIST CNN 2464 FIXED SEED, ACT, 25 1152*25
INT, LR

MNIST-HYP-1-RAND-SEED MNIST CNN 2464 RANDOM SEED, 25 1152*25
ACT, INT, LR

MNIST-HYP-5-FIX-SEED | MNIST CNN 2464 5 FIXED SEEDS 25 1280*25
ACT, INT, LR

MNIST-HYP-5-RAND-SEED MNIST CNN 2464 5RANDOM SEEDS 25 1280*25
ACT, INT, LR

EXISTING Z0OOS DATA NN No. VARYING PROP No. No. NNs

TYPE PARAM. EPH

MNIST-HYP MNIST CNN 4970 ACT,INIT,OPT,LR, 9 30000*9
“2-REG, DROPR, TF

FASHION-HYP F-MNIST CNN 4970 ACT, INIT,OPT,LR, 9 30000%9
*»-REG, DROP, TF

CIFAR10-HYP CIFAR10 CNN 4970 ACT,INIT,OPT,LR, 9 30000%9
*»-REG, DROP, TF

SVHN-HYP SVHN CNN 4970 ACT, INIT,OPT, LR, 9 30000*9
*»-REG, DROP, TF

‘ 1INIT M INIT  NO DATA LEAKAGE DENSE CHECK POINTS

UNTERTHINER ET AL. [2020] g v p
EILERTSEN ET AL. [2020]
Y p p p

PROPOSED Z00S |

Table 1: Overview of the characteristics for the model zoos proposed and used (existing) in this work.

C. Model Zoos Details

In Table 1, we give an overview of the characteristics for the used model zoos in this paper. This
includes

» The data sets used for zoo creation.

The type of the NN models in the zoo.

Number of learnable parameters for each of the NNs.

» Used number of model versions that are taken at the corresponding epochs during training.

Total number of NN models contained in the zoo.

In Table 1 we also compare the existing and the introduced model zoos in prior and this work in
terms of properties like initialization, data leakage and presence of dense model versions obtained by
recording the NN model during training evolution.

In Table 2 we provide the architecture con gurations and exact modes of variation of our model zoos.



OUR Z0OS INIT SEED OPT ACT LR DROP ;-
REG
TETRIS-SEED\ UNIFORM 1-1000 ADAM  TANH 3E-5 0.0 0.0
TETRIS-HYP UNIFORM, 1-100 ADAM  TANH, 1E-3, 0.0 0.0
NORMAL, RELU 1e-4,
KAIMING -NO, 1e-5
KAIMING -UN,
XAVIER-NO,
XAVIER -UN,
MNIST-SEED \ UNIFORM 1-1000 ADAM  TANH 3e-4 0.0 0.0
MNIST-HYP- UNIFORM, 42 ADAM, TANH, 3E-3, 0.0, 0,
1-FIX-SEED NORMAL, SGD RELU, 1e-3, 0.3, 1e-3,
KAIMING -UN, siGMOID, 3E-4, 0.5 1E-1
KAIMING -NO GELU 1e-4
MNIST-HYP- UNIFORM, 12 [1e0; 1e6] ADAM, TANH, 3E-3, 0.0, 0,
1-RAND-SEED| NORMAL, SGD RELU, 1e-3, 0.3, 1e-3,
KAIMING -UN, siGMOID, 3E-4, 0.5 1e-1
KAIMING -NO GELU 1e-4
MNIST-HYP- UNIFORM, 1,2,3,4,5 ADAM, TANH, 1e-3, 0.0, 1e-3,
5-FIX-SEED NORMAL, SGD RELU, 1E-4 0.5 1E-1
KAIMING -UN, SIGMOID,
KAIMING -NO GELU
MNIST-HYP- UNIFORM, 52 [1e0;1e6] ADAM, TANH, 1E-3 0.0 1E-3,
5-RAND-SEED| NORMAL, SGD RELU, 1E-4 0.5 1e-1
KAIMING -UN, SIGMOID,
KAIMING -NO GELU
FASHION-SEED UNIFORM 1-1000 ADAM  TANH 3e-4 0.0 0.0

Table 2: Architecture con gurations and modes of variation of our model zoos.

Figure 2: Visualization of samples representing the four basic shapes in our Tetris data set.

C.1 Zoos Generation Using Tetris Data

As a toy example, we rst create a 4x4 grey-scaled image data set that wieti#@by using four

tetris shapes. In Figure 2 we illustrate the basic shapes of the tetris data set. We introduce two zoo0s,
which we callTETRIS-SEEBNdTETRIS-HYPwhich we group undesmall Both zoos contain FFN

with two layers. In particular, the FFN has input dimensiod6f latent dimension dd and output
dimension ofd. In total the FFN had6 5+5 4 =100 learnable parameters (see Table ). We

give an illustration of the used FFN architecture in Figure 5.

In the TETRIS-SEERoO, we x all hyper-parameters and vary only the seed to cover a broad range
of the weight space. ThHEETRIS-SEERoo0 contains 1000 models that are trained for 75 epochs. In
total, this zoo contain$000 75 = 75000trained NN weights and biases.

To enrich the diversity of the models, tRETRIS-HYRoo0 contains FFNs, which vary in activation
function ftanh, relu ], the initialization methodyniform , normal, kaiming normal , kaiming
uniform , xavier normal , xavier uniform ]and the learning ratelp-3, 1e-4, 1e-5]. In addition,



each combination is trained with 100 different seeds. Out of the 3600 models in total, we have
successfully trained 2900 for 75 epochs - the remainders crashed and are disregarded. So in total, this
Zoo contain®900 75 = 217500trained NN weights and biases.

C.2 Zoos Generation Using MNIST Data

Similarly to TETRIS-SEEDwe further create medium sized zoos of CNN models. In total the CNN
has 2464 learnable parameters, distributed over 3 convolutional and 2 fully connected layers. The
full architecture is detailed in Table . We give an illustration of the used CNN architecture in Figure
6. Using the MNIST data set, we created ve zoos with approximately the same number of CNN
models.

In the MNIST-SEERoo we vary only the random seed (1-1000), while using only one xed hyper-
parameter con guration. In particular,

In MNIST-HYP-1-FIX-SEEDwve vary the hyper-parameters. We use only one xed seed
for all the hyper-parameter con gurations (similarly to [Unterthiner et al., 2020]). The
MNIST-HYP-1-RAND-SERIdel zoo contains CNN models, where per each model we draw and
use 1 random seeds and different hyper-parameter con guration.

We generatdINIST-HYP-5-FIX-SEEIhsuring that for each hyper-parameter con gurations we
add 5 models that share 5 xed seed. We b#lIST-HYP-5-RAND-SEEDch that for each
hyper-parameter con gurations we add 5 models that have different random seeds.

We grouped these model zoosmaedium In total, each of these zoos approximatéd00 25 =
25000trained NN weights and biases.

In Figure 3 we provide a visualization for different properties of tMNIST-SEED
MNIST-HYP-1-FIX-SEED MNIST-HYP-1-RANDOM-SEEIMNIST-HYP-5-FIX-SEED and
MNIST-HYP-5-RANDOM-SE#IDs. The visualization supports the empirical ndings from

the paper, that zoos which vary in seed only appear to contain a strong correlation between the
mean of the weights and the accuracy. In contrast, the same correlation is considerably lower if the
hyper-parameters are varied. Further, we also observe clusters of models with shared initialization
method and activation function for zoos with xed seeds. Random seeds seem to disperse these
clusters to some degree. This additionally con rms our hypothesis about the importance of the
generating factors for the zoos. We nd that zoos containing hyper-parameters variation and multiple
(random) seeds, have a rich set of properties, avoid 'shortcuts' between the weights (or their statistics)
and properties, and therefore bene ts hyper-representation learning.

In Figure 4, we show additional UMAP reductionsMNIST-HYRvhich con rm our previous nd-

ings. Similarly to the UMAP for théANIST-HYP-1-FIX-SEERoo0, the UMAP for theMNIST-HYP

has distinctive and recognizable initialization points. The categorical hyper-parameters are visually
separable in weight space. As we can see in the same gure, it seems that the UMAP for the
MNIST-HYRoo contains very few paths along which the evolution during learning of all the models
can be tracked in weight space, facilitating both epoch and accuracy prediction.

C.3 Zoo Generation Using F-MNIST Data

We used the F-MNIST data set. As for the previous zoos for the MNIST data set, we have created
one zoos with exactly the same number of CNN models &4NHST-SEEDnN this zoo that we call
FASHION-SEEe vary only the random seed (1-1000), while using only one xed hyper-parameter
con guration.
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Figure 3: Visualization on the properties for tHdNIST-SEEDMNIST-HYP-1-FIX-SEED
MNIST-HYP-1-RANDOM-SHENIST-HYP-5-FIX-SEERNd MNIST-HYP-5-RANDOM-SEEDS.

Row One Boxplot of NNs accuracy over the epoch idow Two. NNs accuracy plotted over the
mean of the NNs weights of each sampléNIST-SEEBhows homogeneous development and a
strong correlation between weight mean and accuracy, while varying the hyperparameters yields
heterogeneous development without that correlafitmws Three to Five UMAP reductions of the
weight space coloured by activation function, initialization method and sample epoch. Zoos with
xed seeds contain visible clusters of NNs that share same initialization method or activation function.
Zoos with varying hyperparameters and random seeds do not contain such clear clusters.
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