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Technical Appendix to
“Beyond the Average: Distributional Causal Inference under
Imperfect Compliance”

The Appendix is structured as follows. Section[A]provides a table summarizing the notation. Section
[Blintroduces some definitions. Section [C|presents all proofs. Section [D]discusses the construction of
confidence intervals. Section [E| presents some additional experimental details.

A Summary of Notation

Table 1: Summary of Notation

X; pre-treatment covariates

S stratum indicator

D; actual treatment received

Z; treatment assignment

Y; outcome variable

Yi(d) potential outcome for treatment group d € {0,1}

D;(z) potential treatment choice under assignment z € {0,1}

p(s) proportion of stratum s € S

7.($) treatment assignment probability for treatment group z € {0,1} in
stratum s € S

n sample size

n.(s) number of observations in treatment group z € {0, 1} in stratum s

n(s) number of observations in stratum s € S

D(s) n(s)/n, proportion of stratum s € S in the sample

7. (s) n,(s)/n(s), estimated treatment assignment probability for treatment
group z € {0,1} in stratum s € S

Fya)(y) E[1l{y (4)<y}])> potential outcome distribution function

Lz (Y, s, x) E[llyy<y} | Z = 2,8 = s, X = z], conditional distribution function

n:($, ) E[D | Z = 2,8 = s,X = z], conditional probability of treatment
receipt

[K] {1,..., K} for a positive integer K

llall VT a, Buclidean norm of a vector a = (a1, ...,a,) € RP

- g L9(P) norm

2(Y) space of uniformly bounded functions mapping an arbitrary index set )
to the real line

~ convergence in distribution or law

X, =0p(an) limg_oolim,_ o P(|X,| > Ka,) = 0 for a sequence a,, > 0
X, =op(an)  supgsglim,o P(|X,| > Kay) = 0 for a sequence a,, > 0
Tn S Yn for sequences x,, and y,, in R, x,, < Ay, for a constant A

|b] max{k € Z | k < b}, greatest integer less than or equal to b

B Definitions

Definition B.1 (Covering numbers). The covering number N(F ¢, | -||) is the minimal number of
balls {g : ||g — f|| < €} of radius € needed to cover the set 7. The centers of the balls need not
belong to F, but they should have finite norms.

Definition B.2 (Envelope function). An envelope function of a class F is any function x — F(z)
such that |f(z)| < F(x) forevery x and f € F.

Definition B.3 (VC-type class). We say F is of VC-type with coefficients (v, vy, ) if

sup N (F,eq,€||Fl|g2) < (%) n, Ve € (0,1],
Q €

where N (-) denote the covering number, eq(f, g) = ||f — ¢/|g,2. and the supremum is taken over all
finitely discrete probability measures Q.



17 C Proofs

18 C.1 Proof of Lemma[3.2]

19 To prove Lemma we introduce additional notation to categorize individuals based on their

20 compliance type. Table [2] summarizes the four compliance types with respect to the potential

21 treatment choices. We let C denote the compliance type, and C = ¢ denote the compliers, i.e., those
with D(1) > D(0).

Table 2: Compliance types

D(1) D(0) type
0 0 never-takers
0 1 defiers
1 0 compliers
1 1 always-takers

22

23 Proof. Under the monotonicity assumption stated in Assumption [3.1(iv), we can identify the cumula-
24 tive distribution functions of potential outcomes for the compliers conditional on S as follows:

Ellyy<yy-D|Z=1,8] -=E[llyy<,-D | Z =0,5]
E[D|Z=1,S]-E[D|Z=0,5] ’
Elly<y - (1-D) [ Z=1.8] ~Ellys) (1-D)|2=0.5]
El-D|Z=1,S-E1-D|Z=0,5] '
25 We can then derive the unconditional CDF of the potential outcomes for the compliers by aggregating
26 over the strata:

Fy(l)(y | S,C = C) = (1)

Fyoy(y|S,C=c)=

Fy(l)(y|C:C):ZP(SZSWZC)Fy(l)(:U\S:s,Tzc)
> P(C:C|S:5)
=2 P(C=o) Fyay(y|S=s.C=c)

S p(s)(E[llpy<yy D] Z=1,8=5]—E[lliy<y,; - D| Z=0,8 =s])
S p(s)ED|Z=1,S=5]~E[D|Z=0,5=s))

27 The first equality holds by the law of total expectation. The second equality holds by the Bayes’ law.
28 The third equality follows from representation of the conditional distribution given in (T) and the
29 factthat P(C=c¢|S=s)=E[D|Z=1,S=s]—-E[D|Z=0,5 = s]. We can obtain similar
a0 expressions for Fy gy (y | C = c) using the representation given in (2) as follows:

Yo p(s)(Ellly<yy - (1-D) [ Z=1,S=5] —E[ly<,y - (1-D) | Z=0,5=3])
S p(s)E1-D|Z=1,S=s]-E1-D|Z=0,8=s))

Fyoy(y|C=c)=

31 Then, the LDTE, the difference between the distribution functions is given by
Bly):=Fymy|C=c) = Fy|C=c)
X pe)EMyy DI Z=15=5]~Ellyc,y D|Z=0,5=s))
SO p(s)(ED|Z=1,8=5]—E[D|Z=0,5=s))
Zlep(s)(]E[]l{ygy} -(1-D)1Z=1,8=s]-E[lyy<-(1-D)| Z=0,5=s])

_|_
S p(s)E[D | Z=1,5=5]-E[D|Z=0,5 = s])
X p(®)Ely<yy | Z=1,8=5] ~E[ljy<, [ 2=0,5=3])
S p(s)E[D|Z=1,5=5]-E[D|Z=0,5 = s])
32 This completes the proof. O



a3 C.2 Proof of Theorem[5.2]

s34 To prove Theorem we first introduce some additional notations. Let D; :=
3 {Y( ), Yi(0), Di(1), Ds(0), Xi}, Vi (y) := Wyuup<uys Yi' (W) = Wvaouop<uys ¥i' ()
% Yi(y) — EY (S, Y(y) = Y2(y) — EY )], Xi = Xi — E[X;|Si], Dy() :
37 ( ) — E[Di(2)|S:], fi=(y, Si, Xi) = pz(y, i, Xi) — Elpz(y, Si, Xi)|S:] and 7,(S;, X;) -
8 1.(S;,X;) — E[nZ(Si7XZ-)|S¢] for z € {0,1}.

39 Proof. Let
B :=E[D(1) — D(0)],
T(y) := E[(Ngy (1y<yy — gy (0)<yy)(D(1) = D(0))],

5. %Z |:Zi - (D; ;(Z:;Si7Xi)) - (1-Zz) '1(D%zs7?;)(5i,Xi)) + M (Ss, Xi) — 0o(S:, X;)

[ Zi - (Wyicyy — (Y, 95, X)) (1= Zi) - (Wgvizyy — Fo(y, Sis Xi))
1 7(5) 1-7(5)

+ 11 (y, Siy X)) — fio (v, Si7Xi):| -

40 Then, we have

- 2V (Tw) - 7)) - 22 (B - 1)
— = [va (Tw) - 1) - s)ve (B - B)] . &)

41 Step 1. First, we start with the linear expansion of \/n (f(y) — T(y))

- (Ugvicyy = (5,80, X3) (1= Z) - (Nyiyy — o(y, i, X0))
V(T (y) — T(y)) f Z { 7(S;) 1—-7(S;)

T Fia(y, S5, X3) — Fio(, S, Xn} _ JRI(y)

Zipn (y, Si, Xi))
- 77 3 s - ERGSED)

=Th,1

1 < |: 1_ /J“O(y7SUX)
1

NG 1—7(S) ﬁo(l/,Si,Xi)}

1=

ET7L,2

n

1 Zi Nyieyy 1 ) - Livicyy
+ — —a~ = T : 4
ﬁ; 7(Si) \/ﬁz; 1—7r( i) ) @

ETn,B
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We first show that
Wﬁ@%J@DZ{2240—ﬂ®)~@&Jﬂ—m@&Jq Zg Z
- o0
+{2_@mw> YIS~ B ) - WMQ%R@, )

43 where sup, ¢y, [R(y)| = 0p(1)
44 We start with the first term 7, ;1 in

Ziﬁl (y7 S’i7 XZ))
7(Si)

- W(Si)Al(%Si,Xi)

oLy Z )
B 7(5:)
|:/1/1(y751,X) :ul(yﬂsiaXi) +/.l1(y, SiaX ):l
Z:ul ya SZ7X)

__LX":Zz—ﬂS)
ni:l %(Sz)
1 & Z —7(S))
nl:zl %(57) 0 ( aSZ7X \/>Z ,LL1 yaSMX
_%(Si)é(l S, Xi) Z i1 (y, S, X5) ZulyS X;)
y\L ) f A ) ) f 9 )

_ Ly ZiES)
a 7(Si)
1
) 1:“‘1(y7 SMX \/EZ 1 - :u‘l ya S?aX)
5)5 (1,85, X)),

1 — 1
= — 1 —
n ; ( m(5;)
I Y GOl Zz i, Xi)1{S; = s} — Z
n o %(8 = S) 7,,“11 Y, 94, =S \/>
=R1,1(y) =R1,2(y)

where the second last equality holds because we have

45
n

[;U'l(yasiin) | Sl] = % ZE[/Jl(nysz) | S}
i=1

1 < Z
7m "
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48

49
50
51
52

53

Now, consider the term Ry 2(y):

/\

Z — 7 5,(1, 5, X;)1{S; = s}
sESz

1 & Z —7(S)
N2 T (1,8, X))
7 A 1 )

7(S5:)

1 1 n n
== =D Zi6, (1,5, X)U{Si = s} = D> d,(1,5, X:)1{S; = s}
\/ﬁ seS 71'(8) =1 seS i=1
1
:%ZZ(SlsX ) Z Z 5,(1,5,X;)
seSieli(s) s€Sielp(s)UI1(s)
1 (s)
5681611(5) SESzEIo(s)
[ g[St 50950 T 305,
Vvn ics n1(s) no(s)

Zieh(s) dy(1, 5, Xi) _ Zie]o(s) dy(1,5,X;)
’I’Ll(S) TLQ(S)

where the last equality is due to Assumption[5.1](i). Thus, we have

7Zn0 =o0p(1)

sES yey

Zﬁ(ZS) 1(y, S, Xi) %ZM(?J’&,XO‘*‘RNQ)

L
\/>
- %Zﬁ(zsz&) 1, 8 X + IZZ’“W“X \fZ Z)fa(y, 81, Xi) + Ra(y)

5 A5 X0 Z DS X+ i), ©)

where sup, ¢y R1(y) = 0,(1). Moreover, we note that

\/152:;<1_7r(15)> Zifia(y, S, X:) fZ( )Zul(yvqu)

Note that under Assumption i), conditional on {Z;, S;} ,, the distribution of

1 &, -
/n Z Zipu(y, s, X;)1{S; = s}
=1

is the same as the distribution of the same quantity where units are ordered by strata and then ordered
by Z; = 1 first and Z; = 0 second within strata. To this end, define N(s) := > ; Iy, <5 and
F(s) :==P(S; < s). Furthermore, independently for each s € S and independently of{Z;, S;}_,,
let {X} : 1< <n} beiid with marginal distribution equal to the distribution of X;|S = s. Define

ﬁz(% 57Xzs) = :uz(yv 37X;) - E[Mz(% SvX;)lsi = 8}
Then, we have, for s € S,

(s)

n N(s)+
1 - d s
T 2 il (g5 XS = 5} £ Z X,
i=1 =N(s

%\H
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57

62

We also have

1 N(5)+n1(5) 2 Tll(S)
El{—= > in(sX)) ’{Zivsi}?_l = E [i3(y, s, X7){Si}ii]

vn i=N(s)+1
ni(s
< 17”(L )E [,u%(y, 8, X;)|Si = s] = 0,(1).
Hence, we have
1 N(s)+ni1(s)
max| = Yo ys XP)| = 0p(1).
i=N(s)+1

Combining this with the facts that max,cs |7(s) — 7(s)| = 0p(1) and minges 7(s) > ¢ > 0 for
some constant ¢, we have

Z<7T(15) S> Zn: 1(y, 8, X:)1{S; = s} = 0,(1).

seS i=1

Therefore, we have
Ty = Zijin (y, Si, Xi) + iy, Si, Xi) + op(1).
() Ry :

The linear expansion of T3, » can be established in the same manner. As for the third term 7, 3, first
note that

U~ Zi Uyieyy 1 =Zi Yvioip<ed _ Zi Yl()
72 () Z (S PRl Z (50

N
1 o~ (0=Z)lyicyy 1 (SO0 -Z)lyinao<yy . 1 ¢ )
72 1—7(S;) nz 1—77 '

z:l

nz:l = 1—-7

B L n 1 - B 1 & 1~ Zi

_{\/ﬁgm)my)z NIRRT <>}

ALy L eyigsiz- L3 L2 Z myig)s) - vare) b @)
VR w(S) T e =R (s)

First note that




(y)|S: = s]Z;1{S; = s}
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s}

—~—
Va)
Il I
) vy
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= =
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—
=) [T
w =
_|E =
Zlw e
SE 3=
= IiE
g =
[ WW
1=
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Q

i n1(s)

By (s)E[Y(y)|S

]

By (s)E[Y(y)|S
Vnm(s)

65 Therefore, we have

66 Similarly, we have




67 Then, we have

p 1—7(S;
1 =3 0 —3
-5 HEOE = ) - 3 B =S v
seS sES
=> Vn <nfj) - p(S)) EY'(y) = Y°()IS = s+ Y vVap(s)E[Y' (y) = YO(y)|S = s] — VT (y)
seS sES
= S (M o) BV ) - YOS = ] 4 VALY ) - YO0)] - VAT)
seS
=5 MY ) - YIS = 5] - VY () - ()
seS
= S (18 = EN 1)~ YO W)IS: = 5]) — VAEY () - Y()]
seS i=1
= = SCEY () - YP)IS] — VAEY ) - V()]
=1
= = 30 BV ) - YOS - BV ) - YPw). @

69 where the second equality holds because

(W(ls) B ﬁ(lg)) % foil(y)Zﬂ{Si =5} =o0,(1) and

1 1 LA
—_ - 7§ Y2 ()1 — Z)1{S; = s} = 0,(1
(77(8) 71'(8)) n P 7 (y)( ) { S} OP( )
70 due to the same argument used in the proofs of 7T}, ;.

71 Step 2. Using the same arguments, we can show that

V(B - B) = {\}ﬁ _ [(1 - Féi)) m (Si, Xi) — 70(Ss, Xi) + f(zg)) Z;
T Ln 4 [(le(Sz) - 1) 7o (S, Xi) + (85, Xi) = 1 ?i?;l)] (1— Zi)}
* {171 Z(E[Dl(l) — D;(0)]5i] = E[D;(1) — DZ(O)]>} + 0,(1). 9)
i=1

8
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73
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75

76
77

78
79
80
81
82

83

84

Step 3. Combining (3) and (@) into (3), we obtain the linear expansion for 3(y) as
v (Bly) - 8))
== [V (T) - () - Bw)va (B - B)]

)|+ I(y)

Uu>\ = -

\/>Z¢1 yaSﬂD \/~Z¢O yaSwD)(l_ Z y7

where sup, ¢y, |1(y)| = 0,(1) and

61(0,50:D,) = [(1 - ) 0500 ~ ol 51, X + 1
~ By Kl - ) LX) = (S, X0 + f(;ﬂ ,
0(y, 55, D) = [(1 ) X = X0 +
50 | (1= 1 ) WS X0~ (X + 1200

6s(1, S0) :=(E[Yf(y> V)8~ EVAy) - Yf(yﬂ) By (E[Diu) ~ Dy(0)|:] — E[Di(1) - Di<o>}).

Step 4. Denote
S‘in TZ Z/sz,D \/>Z¢0 y751aD)( )

Pn2(y) = ¢s(y, Si)

S-S
M: i

Il
—

(2

Uniformly over y € ), we show that

(@n,1(Y)s on2(y)) ~ (G1(y), G2(y)),

where (G (y), G2(y)) are two independent Gaussian processes with covariance kernels €4 (y, y') and
Q2(y,y'), respectively, such that

Q(y,y') = E[r(S:)o1(y, Si, Di)d1(y', S Di)] + E[(1 — 7(S:))bo(y, Si, Di)do(y', S Di)ls
Qa(y,y") = Els(y, Si)os(y', )]

The following argument follows the argument provided in the proof of Bugni et al.| (2018, Lemma

B.2). Note that under Assumption [3.1] (i), conditional on {Z;, S;}"_ ,, the distribution of ¢y, 1(y)

is the same as the distribution of the same quantity with units ordered by strata s € S and then

ordered by Z; = 1 first and Z; = 0 second within strata. Let {D;}?_, be a sequence of i.i.d. random
variables with marginal distributions equal to the distribution of D;|.S; = s. Then we have

(Pml( )HZZ’S} =1 _@n 1(y )l{ZivSi}zT'L:l

where
1 N(s)+ni(s) N(s)+n(s)
Gy Z\f > 1ysD)) +Zf > by s D))
s€ES i=N(s)+1 s€ES i=N(s)+n1(s)+1

As ¢, 2(y) is a function of {Z;, S;}_,, we have

(01 (¥) Pr2®) 2 (Fu1 (¥), Pn2())-
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86
87

88

89

90
91
92

93

94
95

96

97
98

Next, define

Ln(F(s)+m(s)p(s)] [n(F(s)+p(s))]
(pnl Z \/> (b Y, S, Dé +Z f Z (bO(yasszé)
seS i=|nF(s)|+1 sES i=|n(F(s)+n(s)p(s)]+1

Note ¢}, ; (y) is a function of {D; };c[n) scs, Which is independent of {Z;, S;}}_; by construction.
Therefore,

@1 (Y)dLon2(y).
Note that

@ L5 F(s), ”1758) —= m(s)p(s), and @ — p(s).

Denote Iy, »(s,t,y) == Z}Ztﬂ ¢2(y,8,Df)//nforz € {0,1} and s € S. In order to show that

sup |Pn,1(y) — @1 (W) = 0p(1) and ¢}, 1 (y) ~ G1(y),
Y

it suffices to show that (1) for z € {0,1} and s € S, the stochastic process {I',, .(s,t,y) : t €
(0,1),y € Y} is stochastically equicontinuous, and (2) ¢}, 1 (y) ~ Gi(y) converges to G (y) in
finite dimension.

Stochastic equicontinuity We want to bound

sup |Fn,z(8, tQ, y2) - Fn,z(87 t17 yl)l’
where the supremum is taken over 0 < t; < t5 < t; + € < l and y; < y2 < y1 + € such that
y1,y1 + € € Y. Note that,

SUP|Fn,z(3at2,y2) 7Fn,z(svt17y1)| < sup |Fn72(s’t2’y) - F"»Z(s’tl’y)‘
0<t1 <ta<ti+e<l,ycy

+ sup ‘Fn,z(satayQ) 7Fn,z(57t7y1)|-
t€(0,1),y1,¥2€YV,y1 <y2 <y1+e¢
(10)

Then, for the first term of the RHS of (10), we have

P ( sup Tn.z(s,t2,y) = Tnz(s,t1, )] 2 5>
0<t;<ta<ti+e<l,ycy
LntzJ
=P sup | Z b:(y, 8, D) > /nd
0<t1<tz<t1+e<l,y€y i=|nty )41

[nt]
=P sup |Z¢Z(yaSaDiS)|Z\/ﬁ(5

0<t<e,ycly i=1

§P< max D\quz y,sD)|>f5>

1<k<|ne| yE 7
i=

- 270 E[sup,cy | ZEZ?J ¢-(y,5,D;)|]

<\/»<5

The third equality holds due to Assumption [5.1](ii) and by applying van der Vaart and Wellner| (1996
Theorem 2.14.1). The last equality holds by taking ¢ = §*.

10



99 Similarly, for the second term on the RHS of (T0), we have

P sup ‘Fn,z(svtayQ) _Fn,z(57tvy1)| >4
t€(0,1),y1,y2€Y,y1 <y2<y1-+e

k
=P ( max sup 1> (@ (y2,5.D5) — 6.(31,5,D)))| = Jﬁé)

ISkSny o€V i <yz<yit+e =

< 270 E[SUPyl,y2ey,y1 <y2<yite ‘ Z?=1(¢Z (y27 S, Dzs) - ¢Z (y17 S, D’f))”
= NG

C
5 d 10g(57)7

100 The last inequality holds due to Assumption[5.1](ii) and by applying maximal inequality for bracketing

101 in|van der Vaart and Wellner| (1996, Theorem 2.14.2). Note that 6,/log(5%) — 0asd — 0. This
102 concludes the proof of stochastic equicontinuity.

103 Finite-dimensional convergence For a given y, by the triangular array central limit theorem,

Pn1(y) ~ N0, (y,y)),

104 where
seS
Flm 3 ([n(F(s) +p(s))] — oLG(F(S) + p(S)W(S))J)E[Qﬁg(y’ 5, D))
seS
_Zp ¢2 y)‘SZ?D ) (1-7T(S))¢g(y, SlaDZ)|SZ :8]
seS

= E[r(S5:)¢1(y, Si, D) + E[(1 — 7(S:)) 53 (y, Si, Di)).

105 Lastly, finite dimensional convergence follows from the Cramér-Wold device. In particular, the
106 covariance kernel is given by

N (y,y") =E[r(Si)¢1(y, Si, Di)d1(y', Si, Di)] + E[(1 — 7(S:)) oy, Si, Di)o(y', Si, Di)l.
107 This concludes the proof of finite-dimensional convergence of ¢}, ; (y).

108 Finally, since {1, (y, s, z)(y) : y € Y} is of the VC-type with fixed coefficients («, v) and a constant
10e envelope function, {¢s(y,.S;) : y € Y} is a Donsker class and we have

on2(y) ~ G2(y),

110 where Go(y) is a Gaussian process with covariance kernel

Qa(y,y') = Elbs (y, Si)¢s(y', 8i))-
111 This completes the proof of Step 4.

112 Step 5. Therefore, uniformly over y € ), we have

o~

Vi (Bly) = Bw) ~ 9(),
113 where G(y) is a Gaussian process with covariance kernel
Qy,y) = {E[W(Si)%(y, Si,Diy )1y, Si, Di)] + E[(1 — 7(Si))bo(y, Si, Di)bo(y', Si, Di)]
+E6s(y, S (', S}/ {EID(1) — DO}

114 O

11



115 C.3  Proof of Theorem[5.3; Semiparametric Efficiency Bound

116 Proof. Part (a). We follow the approach used in |[Hahn| (1998) and calculate the semiparametric
117 efficiency bound of the LDTE, 3(y) for a given y € ). First, we characterize the tangent space. To
118 that end, the joint density of the observed variables (Y, D, Z, X, S) can be written as:

fly,d,z,m,8) =f(y [ d,z,2,5) f(d | 2,2, 8) f(z | w,5) f (2] 5)f(s)
=fy | d 2,2, 5){n:(z,5)" - (1= n:(2,5)) " Hm(s)* - (L —7(s))' *}f (2 | 5)f(s),

1e  where n,(z,s) = P(D=1Z=2,X =2,5 =s)and n(s) = P(Z = 1|X = z,5 = s) for all
120 T € X.

121 Consider a regular parametric submodel indexed by 6:
Py diz,w,5:0) =f(y | 2,5:0) % 10y | 2, 5:0)10 7 [y | 2,5:0) D2 0y | 2, 510)0- D02
{n=(2,5:0) - (1 =2 (2, 50))' Hm(s:0)* - (1= 7(s;0) 7} f (2 | 5:0)f(5:96),

122 where f%(y | x,5;0) := f(y | d,2,z,s;0). When the parameter takes the true value, § = 6,
2 f(y,d z,2,5600) = f(y,d, z,2,5).
124 The corresponding score of f(y,d, z, z, s; ) is given by

Ol f(y,d, z,x,5;0)

3(y,d,2’7$,3;9) = o0
= dzf"M(y | @,50) +d(1 - 2) "y | 2,5;0)
+ (1= d)zf" y | ,50) + (1 —d) (1= 2) [Py | z,5;6)
d—n.(z,s;0) . . z—7(s;0) ., : . ”
+ 1 _nz(x7s;9)nz(x7s79) + 1 —7('(8,0)7((8’9) +f(x7379) +f(879)7
. . . . pro _ Oln f(z;0
125 where f denotes a derivative of the log, i.e, f(x;0) = %.

126 At the true value, the expectation of the score equals zero. The tangent space of the model is the set
127 of functions that are mean zero and satisfy the additive structure of the score:

dza*(y | z,8) +d(1 — 2)a'®(y | =, s)
T =1 +0-dza’(y |z s)+ (1 -d)(1-2)a"(y]z,s) (D
+(d = n:(x,8))an(x, 2,8) + (2 = w(s))ax(s) + az (2, 5) + as(s)

128 where a®*(y|z, s), a,(z, s) and as(s) are mean-zero functions and a,(z, z, s) and a, (s) are square-
129 integrable functions.

130 The semiparametric variance bound of 3(y) is given by the variance of the projection of a function
131 (Y, D, Z, X, S) onto the tangent space 7. This function must have mean zero, finite second order
132 moment and satisfy the following condition for all regular parametric submodels:

0B(y; Fy) _ .
T80 locs, = EW(Y.D,2,X.5) - s(Y,D, 2, X,S)]| _ . (12)

133 If 1) itself already lies in the tangent space, the variance bound is given by E[?].

134 Now, the LDTE is
B(Y) = Fy)jc=c(¥) — Fy0)jc=c(y)-

135 Following Lemma[3.2] it follows that
Frpeme) = { [ (Fripms.zms xmeism) (08) = Fripms zmn.xms.sea) - e, ) f(alo)(s)dads | /P
Frape=e) = = { [ (Fripmozos.xmrsms) - m0.5) = Fyipzmox-s20(0) - (o ) ols)f(9)ods | /e
v where Po = [[(11(z,5) — no(z5))f (s]s) () dods.
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137 We first need to calculate the derivative evaluated at true 6:

IB(y; Fy) 9 9
TM:QO = %Fyu)w:e(y;@o) - %FY(OHC:C(Z/;GO)'

138 We have,

0
%Fyu)\cq(y;@o)

Pc 20 {// Y|D=1,2=1,X=2,5=s(Y) - M (2, 8) — Fy|p=1,7=0,x=2,5=5(Y) - M0(z, 5)) f (x|s) f ()da:ds}

- {//(FYD_1,Z_1,X_a:,S_s(y) '771(% 8) - FYlD:l,Z:OA,X::E,S:S(y) '770(337 5))f($|5)f(3)d$d5} 8P37é90)~

139 Similarly, we have

0
%Fy(o)\czc(y;eo)

= P06'9 {// Y|D=0,Z=1,X=z,5= s(W) -m(x,s) — Fy|\p=0,7=0,x=2,5= S(y) no(z,8)) f(x|s)f(s )dxds}

+ {//(FYD_O,Z_l,X_z,S_s(y) “m(z,s) — FY|D:0,Z:0,X:z,s:s(y) “no(, 5))f($|5)f(3)d$d5} 8P27é€0).
140 We choose ¥(Y, D, Z, X, S) as

v(Y,D,Z,X,S5)

—_

= {ﬂjs) . (H{ng} - ul(y, SaX)) - 7T0(SZ) ! (H{ny} - ,LLO(y7S7X)) +M1(yaSaX) - .uO(y7S7X)}/

Z 1-Z
{m(S) (D =m (S, X)) - R (D —no(S, X)) + (S, X) — no(S,X)} - B(y).

141 Then, notice that v satisfies (T2) and that 1) lies in the tangent space .7 given in (TT)). Since ¢ lies in
142 the tangent space, the variance bound is given by the expected square of :

Qy) =E[¢(Y,D, Z,X,5)?]

= El( {7‘(1?5) . (H{YSU} B /’Ll(y,S,X)) - jro_(SZ) . (]l{ygy} - Mo(y,S,X)) +M1(y,S,X) _ MO(:U,S,X)}/

(5)

143 This concludes the proof of part (a).

2
{205 (D= m(s.0) = o (D= m(S.0) + m(5.5) - m(s.X) | ﬂ(y)> ]
T o

144 Next, for part (b), under Assumption [5.1] the regression-adjusted estimator defined in Algorithm I]
145  satisfies the following asymptotic distribution for any given y € V:

Va(By) — B(y)) ~ N(0,9(y)),

146 where Q(y) is the semiparametric efficiency bound derived in part (a). This completes the proof of
147 part (b).

148 O

4o D Inference

150 We consider two approaches to estimate the standard errors and construct confidence intervals for
151 the regression-adjusted LDTE, (3(y), at a given threshold y € ). Using the asymptotic distribution

13



152
153

154
155

156

157
158

derived in Theorem we can construct a (1 — «) x 100% confidence interval for 3 (y) based on a

consistent estimator:
{B 02— a2 <2 /vaf,

where  is the standard normal distribution function. For a 95% confidence interval, =1 (1—«/2) =
1.96. The consistent estimator 2%(y) is given by

50 LY | 2036, D) + (1 - Z)G3 (0, 50, D) + 62, S))|
y) =
(x TP -=8))°

,  Where

I

~ ~ 1
¢1(yaS7Di) ::¢ (y,S D Z ¢1 Y, s, D

nl(s) JEI(s)
QAS()(y»S»Di) = ¢0(y73 D n 1(8 Z ¢0 Y, S, D 7
O jelo(s)
Ouly:s) = 1() Y (lgyi<yy = Bly)Di) — ) Y- (gyi<yy — Bly) D),
s i€l1(s) o\s i1€lp(s)
o1y, 5,Di) = Kl - %11(5)> fir(y, 5, X:) — fio(y, 5, Xi) + {Y( )}}
—B(y) (1 - %11(8)> (s, Xi) — (s, X;) + D ) , and
éo(y,S,Di) = |:<;T\01(8) - 1) ﬂO(yv‘gvX ) +M1(y75 X H{Y< :l
— B(y) (%01(5) - 1) Mo(s, Xi) + 11 (s, X;) — WO(g) :

Second, an alternative method for inference is empirical bootstrap. The procedure is summarized in
Algorithm ]

Algorithm 1 Bootstrap confidence intervals for regression-adjusted LDTE
Input: Original sample {(Y;, D;, Z;, S;, X;)},
Output: (1 — «) x 100% confidence intervals for the regression-adjusted LDTE

1. For each bootstrap iteration b =1, ..., B:

2.  Draw a bootstrap sample of size n with replacement:
{(}/j)? Df? va Szb? X’?)}?:l from {()/17 D?a ZZv Su X?)}ZLZI

3. Compute regression-adjusted LDTE i (y) given the conditional
distribution estimator based on the original sample

4. Calculate standard errors i(y) as the standard deviation of the bootstrapped LDTEs { B (y)}E,,
5. Construct the confidence band:

{Bwy o7 (1 a/2)xS(y) 1y € ¥},

where ® is the standard normal distribution function.
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159 E  Additional experimental details

160 All experiments are run on a Macbook Pro with 36 GB memory and the Apple M3 Pro chip. The
161 code is publicly available at [TBA later].

Table 3: Pre-treatment covariates included in regression adjustment in Oregon Health Insurance
Experiment

Variable

Number of ED visits pre-randomization

Number of ED visits resulting in a hospitalization, pre-randomization
Number of Outpatient ED visits, pre-randomization

Number of weekday daytime ED visits, pre-randomization

Number of weekend or nighttime ED visits, pre-randomization

Number of emergent, non-preventable ED visits, pre-randomization

Number of emergent, preventable ED visits, pre-randomization

Number of primary care treatable ED visits, pre-randomization

Number of non-emergent ED visits, pre-randomization

Number of unclassified ED visits, pre-randomization

Number of ED visits for chronic conditions, pre-randomization

Number of ED visits for injury, pre-randomization

Number of ED visits for skin conditions, pre-randomization

Number of ED visits for abdominal pain, pre-randomization

Number of ED visits for back pain, pre-randomization

Number of ED visits for chest pain, pre-randomization

Number of ED visits for headache, pre-randomization

Number of ED visits for mood disorders, pre-randomization

Number of ED visits for psych conditions/substance abuse, pre-randomization
Number of ED visits for a high uninsured volume hospital, pre-randomization
Number of ED visits for a low uninsured volume hospital, pre-randomization
Sum of total charges, pre-randomization

Age

Gender

Health (last 12 months)

Education (highest completed)
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