A Concentration Results

Lemma 7 (DKW Inequality [11])). Given i.i.d. samples X1, ..., X1 from a distribution F' (cdf), let
Fr(z) =+ ZtT:1 1[X; < x]. Then,

P (sup ‘FT(.T) - F(l’)‘ > a) < 9270

A.1 Proof of Lemmal[I]

Lemma 1 (Martingale Version of DKW Inequality). Given a sequence of random variables
Yi,...,Yp, let 7y = o(Y1,...,Y:),t = 1,...,T be the filtration representing the information

in the first t variables. Let Fy(y) := Pr(Y; < y|F;_1), and Fr(y) := + Zthl 1[Y: < y|. Then,

P (sup > a) < (128€T> e—Ta2/128
v «o

Proof. This follows from sequential uniform convergence, see Lemma 10,11 in [19], and the fact
that indicator functions have fat-shattering dimension 1. O

_ 1 <&
Fr(y) = 7 )_F()

A more convenient way to use Lemma is the following corollary:

Corollary 1. Given a sequence of random variables Y1,..., Yy, let F; = o(Yy,...,Y}),t =
1,...,T be the filtration representing the information in the first t variables. Suppose

128et

Fy(y) = Pr(Y; < y|Fi_1), and let Fr(y) = %Z;l 1; <yl Ifa > 16 log(T‘s, then
with probability 1 — §

Proof.
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B Proof of Theorem 2]

B.1 Proof of Lemma|2]

We first state two helper claims. The first one states that for any fixed greedy allocation policy A, if
the two distributions of valuations are similar, then the final allocation sizes for each receiver will
also be close.

Claim 1. Fix a greedy allocation policy \. Let G = G' ® ... G", and F = F' ® ... ® F"

be two distributions over [0, Z]™ where the marginals in each coordinate are independent. Suppose
sup, |F*(xz) — G*(x)| < AVi. Then

D 0 (FN) = pi (G 0)T =Y (0;(GA) —p; (F, ) <nA.
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Next we show that if the allocation sizes are similar for two different greedy allocation policies, then
the corresponding allocation decisions (domain partitions) are also similar.

Claim 2. Let X', A be any two fixed greedy allocation policies, and F' a distribution over [0, Z]"™. For
all j, let 0, = L;(X'), and Q; = L;j(X). Suppose _;(p;(F,N') — p;(F, M)t = > (i (F,A) —
p;(F,X))" < A. Then

P\ Q) <A V)

Using these two Claims, we can now prove Lemma The proofs for these two helper Claims follow
after the proof of Lemma2]

Proof of Lemma[2] Claim [T|shows that
Y 0i(FX) =i (G.N))T = (pi(GA) = pi(F,N)* < nA

J J

Note that by definition of A* (due to the constraint Pr(£2;) = pj in problem (I)), we have p; (G, \) =
p; = p;(F,\) for all j. This means that

Z(Pj(F, A) = pi(F, )T = Z(pj(F,A*) —pi(F,\)" <nA
J J
Now we can apply Claimand conclude that
P(Q;\ Q) <nA Vi, and  P(Q;\ Q) <nA VY, @®)
where §2; = LL;()) and 2 = L;(\*). Therefore,
Ex~r[ui(X, X, N)] - Ex rlu[X, X, \"]]

:/ X, dF(X) — / X, dF(X)
XeQ; XeQr

< / X;dF(X)
XeQ\Qr
<nAZz

Using the same steps as above we can also show that

]EXNF[ui(X,X,/\*)] - EXNF[’U@[X,X,)\]] S ’nA.f

B.1.1 Proof of Claim[1]

We first show variant of Claim where the two distributions only differ in one coordinate:

Claim 3. Fix a greedy allocation policy \. Let G = G'®G? ... G", and F = F'Q F? .. . @ F"
be two distributions over [0, T|"™ where the marginals in each coordinate are independent. Assume that
G and F differ only in one coordinate, w.l.o.g. say coordinate i. Then, if sup,, |F"(x) — G'(x)| < A,

Y wi(F ) =i (G,N)T =3 (0(G. ) —p;(FA)T <A

J J

Proof. We start with the distribution G = F* .- F'"~! @ G' ® F**! ... F™ and replace G with a
distribution F* to construct F = F' ® F?...® F™. We will construct F** in such a way that it is at

most A away from G* and the changes in the allocation proportions are maximized. Note that since
> pi(F,X) =1and ), p;(G, ) = 1, we know that

LHS(F) = Y (0,(F.N) = 53 (G, \)* = (03 (G, ) = p; (F. )" = RHS(F)

J J

is always true for any F', G, \. This means that we can focus on either maximizing either the LHS
or the RHS of the above equation. There are two types of F™* that we can use. One is such that
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pi(F,A) — pi(G, ) > 0 and the other is p;(F,\) — p;(G,\) < 0. We can therefore bound the
above quantity under these two scenarios separately:

RHS(F) < (G, —p:(F, )T 9
Fiip(F ) —ps (G20 (F) Fi:m(F,ilf—aﬁ(G,A)zo;(pj( ) = pi(F,A) ©)
HS(F) «— (F,\) —pi; (G2 (10
Fi:P'i(Fa)I‘I)lii;(i(G7A)<0 (F) Fi:pi(F,/gl—a;)i(G,)\)<OZ(pj( A) = pi(G, ) 10

J#i
Therefore for the rest of the proof we can focus on bounding the right hand side of (9) and (10).

Bounding the RHS of (0) Let F'(z) = (Gi(z) — A)tVa < 7, F(&) := 1. We claim that the
F* that maximizes 3, (p;(G, \) — p;(F, \))*, while being at most A away, is F. To see this,
consider a different distribution £ on the support [0, Z] such that sup,, |F'(z) — G*(z)| < A. We
know that F'(z) > F(x).

Later in Claim we show that for any two distributions G and F', we can sample X ~ F using Y’
sampled from GG by performing the following transformation:

F=H(G"(Y))

where G* is the random variable defined for distribution G in and F~1 =inf{z e R: F(x) >
p} denotes the generalized inverse, sometimes also referred to as the quantile function. This is
essentially the inverse CDF method applied to a general distribution (instead of a uniformly sampled
variable). In particular, let G** be the following random function:

iy JGH(Y) if G'(y) = G'(y-)
“ (y){Uniform[G%y),Gi(y)] it Gi(y) > Gi(y_)

Now, denote by F,F', the joint distribution that we get from G on replacing G* with F and F',
respectively. Then, the winning probabilities for the agents in these two cases are:

pi(F,)\) = /OJC L1 7@+ X = X)dF(z)

J#i
:/ Egiu(a) HFJ’(F*l(G"“(x))JrAi—Aj) dG"(z), (11)
0 j#i
pEN = [ Fasx -2 T[ Fadd - M@, vi2i a2
v ke {ij}
pi(F' ) = / Egee) | [[F/(F~HG™ (@) + A — Ay) | dGi(a), (13)
r JFi
pj(F/,)\):/F’(x—F)\j—)\i) I Frz+X —x)dFi(x), Vj#i (14)
r kg{i,j}

Since F'(z) < F'(x)Vx € [0, Z] by construction, F~'(p) > F'~1(p)¥p € [0, 1]. It’s easy to see that
> (13), and < (14). Using this we have

D (2 (GA) = pi (F )T 23 (05 (G, A) = py (F/, V)
J#i J#i
and substituting F’ by G and again using > (13), and < (14), we get
Pi(G,A) = pi(F,0) 20 V) #1,
pi(G, ) = pi(F,\) <0
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This shows that F' is the maximizer of the RHS of (9) among all distributions that are at most A away
from G*. Using this we have

> 0i(G,\) = pi(F,A)*

max
Fi:p; (F,\)—pi(G,\)>0
J#

= (0i(G.X) — p;(F,\)*
#i
=p;(F,\) — pi(G, \)

/ [IF @+ X - ) dF(x) / [1 7@+ X = X))dGi (=)

0 j#i 0 j#i

:/ [[F @+ X =) dGi(z) + [[ F (= / [T 7@+ X = X)dG' ()
TA A J# J#

<A

Bounding the RHS of (10) Let F(x) = min(G(x) + A, 1). Then we can use the same steps as
above for LHS to show that F'(z) maximizes > ii(P (F,\) — p;(G,\)*, and that

i (G, \) = p;(F,\) <0Vj #i
pi(G, ) — pi(F,A) >0
This shows that F is the maximizer of the RHS of .From there, we have

> (i (F,\) = pi(GN)*
J#i

= Z(pj (ﬁ', )\) - pj(G, A))Jr

max
Fipi(F,\)—p;i(G,\)<0

=pi(G.A) = pi(F, )

/HFJJH—)\ )dG (x /HFJ (z + \i — \j) dF ()

0 VE) 0 J#i
/HFJx—i—)\—)\ )dG (z) — AT F7 (i = \y) / 17 (@ +x =) dF ()
0 J#i j;ﬁ? VEX
/HFJx+A—A VG (z / 17 @+ X - ) dF(x)
0 j#i J#i
<A
where 2 = F~1(1 — A). O

Using Claimwe can now easily prove the original Claim

Proof of Claim First we construct the following sequence of distributions where for any two
adjacent distributions they only differ on one coordinate.

G0:G=G1®...®G”,
G =F'9G®...9G",
G, =F'9F’2G*®...0G",

G,=F.
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Then we can decompose the difference between p(F', A) and p* into a sum of differences:

Ip(F, A) = p(G, Mll1 = [[p(Gns A) = p(Go, Ml

<Y Ip(GiA) = p(Gim1, M
i=1
< 2nA
where the last step follows from Claim Since >_,(p;(F,\) — pj(G, )" = >, (pj(G, ) —
pi(F,\)" = 1|[p(F,\) — p(G, \)||1, we have

> i (F,0) = pi(GN))T =D (0 (G, \) = p;(F,\)" < nA

J J

B.1.2 Proof of Claim[2]

Proof: WLOG, assume that \; =X} > Ao — X5 ... > A, — L. Let Q;, = Q;NQ, be the “error flow”
of items from j to k. Itis easy to see that for k < j, X +A; > X+ A\, = X+ > X+ A}
Therefore @, = () for k < j. Then it follows that

v\, clJosc U U e
i) i< kik>j

The right hand side above is the net outflow from the set {i : i < j}. However, we know that each
individual agents’ net in flow is p; (F', \) — p;(F, A), so we can bound the RHS by

Pl U @] <D pi(FN) —p(F N <A

i:11<j k:k>j 1:9<j
O
B.2 Proof of Theorem 2]
Proof. Fix an epoch k, let A = m 1og(%), \ = A*(FLk_l).
(Lemmal[7) sup |Fp, _1(x) — F(z)] < A wp. 1—6/2
(Lemmal)) = Efu;(X, X, \*)] — E[u; (X, X,\)] <nAzZ Vi w.p. 1—4/2
(15)
Lk+1—1
(Chernoff bound) = Efu;(X, X, A\)|(Lep1 — Li) — Y ui( Xy, X¢, M)
t=Ly
L L 2
<nAZ(Lp+1 — Li) + \/(k“k) log(g) wp. 1 -9
1/2knlog x—I—UQk 1log wp.1-6
(16)

The above bounds the regret in one epoch if the algorithm does not terminate before the epoch ends.
It remains to show that the algorithm with high probability does not terminate too early. This involves
showing that with high probability, no agent hits their capacity constraint p3T" significantly earlier
than 7', and that the detection algorithm does not falsely trigger.

Continuing from (16}, for any time step 7" < T, we have
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T’

TE [u; (X, X, \*)] — Zui(Xu X, Ak,)

t=1
log, T Lyp1—1
< Z (L1 — Li)E[wi (X, X, A")] — Z wi (X, Xy Ar)]
k=0 t=Ly
(T~ TV [us(X, X, )]
log, T
\/Zklog )x+\/log(5)x+(T Tz wpl—2dlog, T
log, T
<21/n10g Z Vok 4 (T — Tz wpl—élog, T
g\/zi\/_ﬁ nTlog(%)i—i— (T - T')z wpl—dlog,T (17)

where the second inequality follows from(16) and union bound. Now, since there are at most
log,(T") epochs for any 7" < T, above holds for all epochs and therefore for all T’ with probability

1 — dlog,(T'). Now we show that with high probability, for all 77 < T — }f nT log(%) and for

any fixed agent ¢, the constraint of total allocation to agent  to be less than p;T" will be satisfied.
Note that a byproduct of applying Lemma.m 5) is that [p; (F, \x) — p}| < nAp,_1 (See (8)).
Fix a time step 7,

Z 1] argmaxX + A, =1
t=1

logy T

Lis1i—L 2
(Chernoff) < > (Lis1 — Li)pi(F, i) + \/ % log(5) w.p. 1—dlog, T
k=1

logy T

Ly — L 2
<Y (Lep —Lk)(p;“rnALkl)Jr\/W log(5) wp.1—dlogy7
k=1

I
[\
B
~

logy, T
2
(Ly ) <piT+ Z (\/an log( 5) + \/2’“—1 log(5)> w.p. 1 —dlogy T

<p;T +\fT\—flv nt log(g) w.p. 1 —dlogy T

This means that forall 7 < T — }‘[ nT log(2), with probability 1 — dlog, T

T

Z]l argmaXX + A,j =1 <p;T,
t=1

Combining above with (I7), we have that with probability 1 — 2§ log, T, for any fixed 4, if the

algorithm terminates at 7’ due to allocation limit reached for agent i, then 7" > fL‘fl /nT log( ),
so that

T/
TE [ui(X, X, 0] = > il X, X, A,) < \/nTlog Wx
2 f \f—

t=1
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Finally, we also have to bound the probability that the detection algorithm falsely triggers. For a
given time ¢ and for each 7, let

%Z]IX”<$

t=

=

be the empirical CDF for agent ¢ and the rest of the agents. Since all agents are truthful, using
Lemma we have that with probability 1 — 9,

sup\Fl \<\/§log

sup |Fy(z 1og

This means that sup, |F{(z) — Fy(z)| < \/ log(2) < 32\/ log(258t) = A, /2, which means
that Algorlthml is not triggered by agent 7. Using union bound, we know that with probability
1 — onT, the algorithm will not end early because of a false trigger (by any agent).

The result follows by replacing ¢ with ) and take the union bound over all agents.

5
n(2log, T+T

C Proof of Theorem[I]

C.1 Proof of Lemma[3]

Proof. Let v = £. We first check that the given condition on A satisfies (128¢1) e~ta’/128 < ¢ and
that 2¢~2H(n=1)e” < &

(1286t) ta2/128 <

«

2. 128 log(255¢t)
- t

5 _ 256log(25%<t)

= a” > n

)

2

64
o i
t

1
log(?)

log( 256et)

~— A > 64 "

%% —2t(n—1)a? 5

log( 25get)
t

Let Fy(z) = 1 22:1 1[X; , < ] be the empirical CDF of the samples collected from agent 7. Let
Fy(z) = (nfll)t 22:1 Dt 1[X;, < z] be the empirical CDF of all reported values from the other
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agents. Let F(z) = 1 3! _| Fi(x), where Fi(z) = P(X; s < 2|Hs). Lemmatells us that with
probability 1 — /2,

N>

sup | Fy(x) — F(z)| < (18)
Since other agents are truthful, their reported values are independent, and we can use the regular
DKW inequality to bound the empirical distribution constructed from their values. Using Lemma
we can show that with probability 1 — §/2,

| b

sup |Fi(x) - F(x)]| <

Using union bound, we can conclude that if sup,, |F'(z) — F(x)| > A, then with probability 1 — §:
A

sup |Fy(z) — Fy(x) > D)

which means that Algorithm would have returned Reject. O

C.2 Proof of Lemmal[4]

First we state a technical result on monotone mapping between two distributions. Given a cumulative
distribution function F', we define the following random function:

wi v JF () if F(y) = F(y-)
F (y){Uniform[F<y>,F<y>1 it F(y) > Fly) 19

If F is a continuous distribution then F™ is deterministic and is the same as F'. However if F' contains
point masses, then at points where F' jumps, £ is uniformly sampled from the interval of that jump.
It is easy to see that F'* has the nice property that if Y ~ F, then F*(Y") ~ Uniform|0, 1].

Claim 4. Let G be any distribution (cdf) over X C R, and F over Y C R. Then there exists a unique
Jjoint distribution r over X x Y with marginals G, F' such that the conditional distribution r(-|Y") has
the following monotonicity property: define z.(-), z,(-) so that X € [z,.(Y), Z.(Y)] almost surely,
Le.,

Z,(y) = inf{z : P(X > z|Y = y) =0}
z,(y) = sup{z : P(X <z|Y =y) =0},

then

Ir(y1) <z,.(y2) Vor <o
In particular, the random variable X|Y ~ r(-|Y) can be sampled as G=*(F*(Y)), where F* is

the random function defined in and G~! .= inf{z € R : G(x) > p} denotes the generalized
inverse, sometimes also referred to as the quantile function.

The proof of this Claim is in Appendix Using the above result, we derive the following key result
that will provide insight into a strategic agent’s best response to a greedy allocation strategy. Note
that given a particular marginal distribution G for the agent ¢’s reported values and the true value
distribution F', there are many potential joint distributions between the true and reported valuations.
In the following lemma, we show that the "best" joint distribution among these, in terms of agent ¢’s
utility maximization, is the one characterized in ClaimE]

Claim 5. Fix a greedy allocation policy \. Let X € [0,Z]™ be drawn from F ® ... ® F. Fix
another distribution G over [0, Z]. Given X, define X* as follows: let X} = G~ (F*(X;)), and
X]* = X;Vj # i. Let R be the set of all joint distributions over [0, Z)? such that the marginals are
F and G; and for any r € R, given X define X" as follows: X! ~ r(-|X;), and X; =X,;Vj#i
Then

Elu;(X*, X, \)] > mz%E[ui(X'T,X,)\)].
re
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Proof. First we show that for any joint distribution that is not monotone (i.e., does not have the
monotonicity property defined in ClaimEI), there is a monotone one that obtains at least as much utility.
Suppose 7 is one such joint distribution that is not monotone, i.e., 31 < x2, s.t. Z(z1) > z,.(x2)
(as defined in Claim . First recall that since X; ~ F,Vj are independent, the expected utility can
be written as the following:

Z,(x)
Elu; (X", X, \)] / / e [[F@+ X = \j)dr(E])dF (x)

J#i

Now consider a pair of values Z1 > &2 such that (Z1,21) and (Z2, z2) has a non-zero probability
density under distribution r . This pair exists because Z, (1) > z, (x2). Then using the fact that for
a,b,c,d>0,a <b,c<d:ac+ bd > ad+ bc, we can see that:

X1 HF(i‘l—l—)\i—)\j)—l—LL’QHF(.”Z‘Q—l-)\i—)\j) < .’)31HF(,%Q-F)\Z‘—AJ‘)-F.%‘QHF(.’)?l—‘r)\i—)\j)

This means that if we exchanged the probability mass between the two conditionals of x1, x2, the
utility would be at least as much as before, if not higher. This means that at least one monotone joint
distribution belongs in the set of utility max1m121ng joint distributions. Since Clalml 4{showed that the
distribution of (G~ (F*(X)), X) is the unique joint distribution that is monotone, we conclude that

X * as defined in the lemma statement is indeed utility maximizing. O
Proof of Lemma[4]

Proof. Let G(x) == (F(x) — A)"Vz < &, G(Z) := 1 be the distribution whose CDF is shifted
down from F by A. Let 7 be the utility maximizing joint distribution from Claim Let 7, F'bea
different pair of joint and marginal distribution such that sup, |F(z) — F'(z)| < A. We know that
F(z) > G(z) for all z. Agent ’s utilities for using 7 and 7 respectively, are:

Z7 ()
Ealus (X, X, \)] / / [1F G+ X = X)di(&|z)dF (z)

— /Ox wEpu |[[F (F’I(F“(x)) + A — /\j) dF(z) (20)

and
E;[ui(X,X,/\)]:/xEFU [1F (G (F @)+ A - &) | dF(a) 21

respectively. Since F'(z) > G(z), we know F'~1(p) < G~(p). Clearly (20) < {Z1). We conclude
that given a greedy allocation policy A, true valuation X; ; and truthful agents j # 4 (with X, =

X +), reporting XZ ¢ ~ 7(:| X; 1) is a strategy for agent 1 that maximizes E[ul(Xt, X, M) subject to
the marginal distribution constraint sup,, |F(x) — F-(z)| < A. That s,

Er[ui(Xt,Xt,)\)] < ]E;[ui()zt,Xt,)\)] Vrs.t. sup |Fr(z) — Fx)] < A

It remains to bound the difference E;[u;(X, X, \)] — E[u;(X, X, \)]. First note that G~ (p) =
F~1(p+ A). Then we have that

ET[UZ(X?X’)\)] —E[uz(X,X,)\)] (22)

:/wx Epey | [[F(FHF“ @) +A) + X = N) | = [[Fle+ X —x) | dF(x)
0

J#i JFi

s:z/ Epu |[[F(F @) +A) + X = N) | - [[F+x—\) | dF(z) 23)
0 -
J7#i VE
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where the inequality follows from the fact that F~!(F“(x) + A) > 2 w.p.1 for all . To bound the
remaining expression in the integral, we can use the fact that since the marginal distribution of &
under the joint distribution 7(Z, x) is G, we have

/ / [IF @+ X = X)) di(@]x)dF (x)

O j#i

/ LIF @+ X =) dG(x)

0 ji

:/ []F @+x—2)dF@) + ] F@E+x—2)A

i#i G

/ []F @+ - ) dF(@) + A 24)
EA A

where x5 = F~1(A). Similarly,

/ TIF (x+ X —A) dF ()

J#i
/ [[F@E+x-)) / (x+ N\ — \j) dF ()
J# TA A
> / [1F @+x =) dF(z) (25)
TA jEi

Plugging . [24) and (25) back to (23), we can now bound the expression in (22, and thereby the profit
from strategizing, by ZA.

O

C.3 Proof of Lemmal3]

Proof. Let F be the average distribution that agent i reported from up to round 7": F = % Zthll F,

where F} is the reported value distribution of agent 7 in time t: Fy(z) == P(X, ; < x|H;). Since the
the detection algorithm has not been triggered, we can conclude using LemmaE] that with probability
1-46,

B 1 256eT”
SI;p|F(I)—F(x)\<A:: 64 %,
B B A 1 256eT”
and sup|Fr (z) — F(x)| < Vil 16 %.

The second inequality holds because the proof of Lemmal uses the second inequality to show the
first (see Equatlon. Combining the above two steps, we have

B A 1 256eT”
sup | P (2) — Fx)] < 2 = s0q/ 285

1 T wp. 1 —6. (26)

This shows that if the detection algorithm has not been triggered, the empirical CDF of strategic
agent’s reported values are close to the true CDF. Let Frv (z) = W Zle > jzi 1Xje < 2] be
the emipircal distriution from all agents other than :. We know from Lemma that

- 1 2
Sup | (2) — F(z)| < \/W log(g) w.p. 1 —4. 27
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Combining 425[) and ., we can now bound the error in the combined estimation, FT, =
T n
AT Lt -1 1[X} < z]:
sup | Frs(z) — F(x)]

2= fp () - F(2)|

1 -
=sup |—Fp (x) +
e N

1~ 1 n—1-~ n—1

= — Fop ——F Fri - —F

Sup |2 Firo(2) = 5 P(a) + " () — L (@)

1 - 1 n—1 -~ n—1

<sup|—Fr(z) — —F(z)| +sup| Fri(z) — F(z)]

x n n x n

log (25617 1 2

< log(= p.1—-2

<80 T + ST og(é) w.p 1)
log (2561

<g1y) 08T ) wp.1-20 (28

nT"’

A A ~ ~ .(256eT’
Let Fro = Fp @ ... Q Fr,and A = \*(Fr/), and A, = 81 %. Applying Lemmato
128)) we have

sup | Fri(z) — F(z)] < Apr wp. 1—26
x

(Lemmal2) = E[u;(X, X, \)] — E[u;(X, X, \*)] < nApr T

C.4 Proof of Lemmal[6]

Proof. Let Fy,t = 1,...,T be the distributions that agent i reports from in each round given the
history, i.e. X; |H; ~ F}. First we try to bound the utility that the strategic agent can get from a
single epoch. Fix an epoch k. Suppose T” is the time when either detection algorithm is triggered, or
the first time some receiver hits his allocation budget of p7'. Let 7 = min(7", Ly+1 — 1). We now
define three distributions:

These are the average distributions that agent ¢ reported from, averaged across three time periods:
[1, L), [1,7) and [Ly, 7). In particular, F'3 is the average distribution that the strategic agent reports
from in epoch k. From Lemmawe know that with probability 1 — 24:

(2566(?;971) )

sup |F () — F(x)] <64 Ta(lp-1)

log( 2566%7‘71) )

sup |F*(z) = F(a)] <644/ ="
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which together means that

7'—L;C

(F(2) = F(x))]

sup [F2(2) = F(@)] = sup |2 (F' (&) = F()) +

= sup|F2(a) = P(a)| 2 sup| =25 (F(w) = F(@)] = sup| 2 (F (@) - F()
1987 10g(2566(‘r 1))
T — Ly, n(t —1)

— sup |F3(z) — F(x)| < Ay == min .1

Note that the last step also uses the fact that the difference between two CDFs cannot be bigger than
1. Let r be any joint distribution for agent 4’s reported and true valuation (&, ) such that the marginal
for the reported valuation is equal to 3, i.e.,

Xit~r(|Xin), Xiy ~ F = F(2) =P(X;; <2)=F>

Let X denote the reported value vector when i is the only strategic agent and uses 7(-| X;) to pick his

_ _ 256e(Ly, —1)
reported value: X; = X;Vj # i, X; ~r(-|X;). Let Ay, =81 %. Using this, we

have
(Lemmal3) = E[u;(X, X, )] — E[u;(X, X, \*)] <nAp, 17
(Lemma[d) = E[u;(X, X, \)] — E[u;(X, X, )] <nAp, 17 + ApT
T—1
(Corollary[T) == Y u;(X¢, X, Ai,) — (7 — Li)Efus (X, X, "))

t=Lyg

< (AL, + Ap)z (T—Lk)-l-lﬁ\/(T—Lk)log(me(;_Lk))j

n(r — Lp)? . 256eLy / 256eT . _
< p. 1 -
81\/ 2Tr— 1) log( 5 )T + 1444/ 27 log( 3 )T wp.1—24¢

(29)

The above is a high probability bound on how much an agent can get in one epoch. We can now
bound the strategic agent’s utility over the full horizon.

wp.1-96

T/
> ui(Xe, X, Ar,) = T'E [ (X, X, A7)
t=1
10g2 T’*l Lk_*_l*l
< > > wi( Xy, Xi,A) = (Lt — Li)E[ui (X, X, \%)]

k=0 t=Ly,
log2 T —1
n(Lk+1 — Lk)2 2566(Lk — ].) _
(L —1) 1 1
(Using (29)) <z (L, ;} <8 \/ 2L = 1) og( 5 )z
256eL
+ 144\/ 2Lji1 1og(65’f+1)x> w.p1l—0dlog, T
log, T'—1
256eT”
(Lp =2F) <z + Z 2854/ n2* log( 5656 )T wpl—4dlog, T
k=0
285 256
(f\—[ nT" log( 5e)+1>x wpl—dlog, T
The result follows by replacing the original § with log T
O
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D Auxiliary Proofs

D.1 Proof of Claim[4]

Claim 4. Let G be any distribution (cdf) over X C R, and F over Y C R. Then there exists a unique
joint distribution r over X x Y with marginals G, F' such that the conditional distribution r(-|Y") has
the following monotonicity property: define z,.(-), z,.(-) so that X € [z,.(Y),Z.(Y)] almost surely,
ie.,
Z,(y) = inf{z : P(X > z|Y = y) =0}
z,(y) = sup{z : P(X <z|Y =y) =0},

then

Tr(y1) <z,.(y2) Vor <o
In particular; the random variable X|Y ~ r(-|Y) can be sampled as G=*(F“(Y)), where F* is
the random function defined in and G=1 = inf{x € R : G(x) > p} denotes the generalized
inverse, sometimes also referred to as the quantile function.

Proof. We first prove existence by constructing a joint distribution with the desired marginals and
monotonicity, then we show uniqueness.

Existence. We will construct the joint distribution by defining the conditional distribution of X
given Y = y for every y. Note that if F' is a continuous distribution, then we can easily construct
r(:|Y = y) using the inverse-CDF method:

Xly =G (F(y))

where G™1 = inf{x € R : G(x) > p} is the generalized inverse. This works because F'(Y") ~ Uni-
form[0,1]. If F contains point masses, then F(Y) is no longer uniformly distributed, and the
inverse-CDF method does not work. To resolve this, we construct a different random variable F'(y)
for each value y. For a given sample y, If F(y) # F(y_), let F*(y) ~ Uniform[F(y_), F(y)].
Otherwise, let F'“(y) = F'(y). Now we let

Xly=G"1(F"(y)
To see that X sampled using this process has the marginal distribution GG, we just need to show
that F*(Y") is uniformly distributed. For a given p, if 3y s.t. F(y) = p, then P(F*“(Y) < p) =
P(F(Y) <p) =P(Y < y) = p. Otherwise that means Jy s.t. p; := F(y_) < pandpy = F(y) >
.
P(F*(Y) <p)
=P(Y <y) + P(F(y) < p|Y =y)P(Y = y)
pP—n
P2 —p1

=p1 + (p2 — p1)

=p

This construction also satisfies monotonicity, since if y; < y2, then F*(y;) < F(y;) w.p.1. and
F¥(y2) > F(y1) w.p.1.

Uniqueness Now we show uniqueness. For a given (z,y) pair, suppose x < Z,(y). Then from
monotonicity we know z,.(y') > Z,(y) > x for all § > y, which implies that

P.(X <zY <y) = G(x).
If £ > Z,(y), then from monotonicity we know Z,(y') < Z,(y) < « for all ¢y < y, which implies
that

P (X <2,Y <y) =F(y)

Since G and F’ are fixed, we have shown that all joint distributions 7 with monotonicity and the
required marginals are the same. O
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