Entropy-dissipation Informed Neural Network
for McKean-Vlasov Type PDEs

Zebang Shen* Zhenfu Wang*
ETH Ziirich Peking University
zebang.shen@inf.ethz.ch zwang@bicmr.pku.edu.cn
Abstract

The McKean-Vlasov equation (MVE) describes the collective behavior of parti-
cles subject to drift, diffusion, and mean-field interaction. In physical systems, the
interaction term can be singular, i.e. it diverges when two particles collide. No-
table examples of such interactions include the Coulomb interaction, fundamental
in plasma physics, and the Biot-Savart interaction, present in the vorticity formu-
lation of the 2D Navier-Stokes equation (NSE) in fluid dynamics. Solving MVEs
that involve singular interaction kernels presents a significant challenge, especially
when aiming to provide rigorous theoretical guarantees. In this work, we propose
a novel approach based on the concept of entropy dissipation in the underlying
system. We derive a potential function that effectively controls the KL divergence
between a hypothesis solution and the ground truth. Building upon this theoret-
ical foundation, we introduce the Entropy-dissipation Informed Neural Network
(EINN) framework for solving MVEs. In EINN, we utilize neural networks (NN)
to approximate the underlying velocity field and minimize the proposed poten-
tial function. By leveraging the expressive power of NNs, our approach offers a
promising avenue for tackling the complexities associated with singular interac-
tions. To assess the empirical performance of our method, we compare EINN with
SOTA NN-based MVE solvers. The results demonstrate the effectiveness of our
approach in solving MVEs across various example problems.

1 Introduction

Scientists use Partial Differential Equations (PDEs) to describe natural laws and predict the dynam-
ics of real-world systems. As PDEs are of fundamental importance, a growing area in machine
learning is the use of neural networks (NN) to solve these equations [Han et al., 2018| Zhang et al.,
2018| [Raiss1 et al., 2020, |Ca1 et al., 2021} [Karniadakis et al.l 2021} (Cuomo et al.l 2022]]. An im-
portant category of PDEs is the McKean-Vlasov equation (MVE), which models the dynamics of a
stochastic particle system with mean-field interactions

dXt = _VV(Xt)dt + K * f)t(Xt)dt +V 21/dBt, ﬁt = LaW(X,) (1)

Here X; € X denotes a random particle’ position, X is either R? or the torus I1¢ (a cube [-L, L]¢
with periodic boundary condition), V : R? — R denotes a known potential, K : R? - R denotes
some interaction kernel and the convolution operation is defined as i * ¢ = [, h(x - y)o(y)dy,
{By}+s0 is the standard d-dimensional Wiener process with > 0 being the diffusion coefficient,
and p; : X — R is the law or the probability density function of the random variable X; and the
initial data pg is given. Under mild regularity conditions, the density function p; satisfies the MVE

(MVE)  0ipi(x) + div (p(-VV () + K * py(x))) = vAp (), ()

* Authors are listed in alphabetic order.
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where div denotes the divergence operator, div h(x) = Z;-izl Oh;/0x; for a velocity field h : R? —
R<, A denotes the Laplacian operator defined as A¢ = div(V¢), where V¢ denotes the gradient of
a scalar function ¢ : R? - R. Note that all these operators are applied only on the spatial variable x.

In order to describe dynamics in real-world phenomena such as electromagnetism [Golsel [2016] and
fluid mechanics [Majda et al.,|2002], the interaction kernels K in the MVE can be highly singular,
ie. |K(zx)| - oo when |x| — 0. Two of the most notable examples are the Coulomb interactions

((d=2)Sa1 (1) |42, d>3,

~(2m) log | =2,

(Coulomb Kernel) K (x) = -vVg(x), with g(x) = {

with S;_1 (1) denoting the surface area of the unit sphere in R¢, and the vorticity formulation of the
2D Navier-Stokes equation (NSE) where the interaction kernel K is given by the Biot-Savart law

1 CL’l 1 T2 Iy
(Biot-Savart Kernel) K(x)=— = — (_ , ’ (4)
2m ||? 27\ | )

where « = (1, x2) and ||| denotes the Euclidean norm of a vector.

Classical methods for solving MVEs, including finite difference, finite volume, finite element, spec-
tral methods, and particle methods, have been developed over time. A common drawback of these
methods lies in the constraints of their solution representation: Sparse representations, such as less
granular grids, cells, meshes, fewer basis functions, or particles, may lead to an inferior solution
accuracy; On the other hand, dense representations incur higher computational and memory costs.

As a potent tool for function approximation, NNs are anticipated to overcome these hurdles and
handle higher-dimensional, less regular, and more complex systems efficiently [Weinan et al.,[2021].
The most renowned NN-based algorithm is the Physics Informed Neural Network (PINN) [Raissi
et al., 2019]]. The philosophy behind the PINN method is that solving a PDE system is equivalent
to finding the root of the corresponding differential operators. PINN tackles the latter problem by
directly parameterizing the hypothesis solution with an NN and training it to minimize the £? func-
tional residual of the operators. As a versatile PDE solver, PINN may fail to exploit the underlying
dynamics of the PDE, which possibly leads to inferior performance on task-specific solvers. For
example, on the 2D NSE problem, a recent NN-based development Zhang et al.| [2022] surpasses
PINN and sets a new SOTA empirical performance, which however lacks rigorous theoretical sub-
stantiation. Despite the widespread applications of PINN, rigorous error estimation guarantees are
scarce in the literature. While we could not find results on the MVE with the Coulomb interaction,
only in a very recent paper [De Ryck et al.,|2023]], the authors establish for NSE that the PINN loss
controls the discrepancy between a candidate solution and the ground truth. We highlight that their
result holds average-in-time, meaning that at a particular timestamp ¢ € [0, 7], a candidate solution
with small PINN loss may still significantly differ from the true solution. In contrast, all guarantees
in this paper are uniform-in-time. Moreover, there is a factor in the aforementioned guarantee that
exponentially depends on the total evolving time 7', while the factor in our guarantee for the NSE
is independent of T'. We highlight that these novel improvements are achieved for the proposed
EINN framework since we take a completely different route from PINN: Our approach is explicitly
designed to exploit the underlying dynamics of the system, as elaborated below.

Our approach Define the operator

Alp] € -vV + K * p-vVlogp. 5)
By noting Ap; = div(p;V log p; ), we can rewrite the MVE in the form of a continuity equation
Oupu() + div(pu(@) Alp] ()] = 0. ©)

For simplicity, we will refer to A[p;] as the underlying velocity. Consider another time-varying
hypothesis velocity field f : R x R? - R and let pf be the solution to the continuity equation
(hypothesis solution) 8tp{(a:) + div(p{(w)f(t, x)) =0, p(’; = o 7
for t € [0, T], where we recall that the initial law pg is known. We will refer to p{ as the hypothesis
solution and use the superscript to emphasize its dependence on the hypothesis velocity field f. We

propose an Entropy-dissipation Informed Neural Network framework (EINN), which trains an NN
parameterized hypothesis velocity field fy by minimizing the following EINN loss

. T
(EINN loss) R(fy) % fo L I fo(t, ) — ALpl* ()| 2p!" (z)dadt. (8)



The objective (8) is obtained by studying the stability of carefully constructed Lyapunov functions.
These Lyapunov functions draw inspiration from the concept of entropy dissipation in the system,
leading to the name of our framework. We highlight that we provide a rigorous error estimation
guarantee for our framework for MVEs with singular kernels (3) and (E]) showing that when R( fy)

is sufficiently small, p{ ? recovers the ground truth p; in the KL sense, uniform in time.

Theorem 1 (Informal). Suppose that the initial density function py is sufficiently regular and the
hypothesis velocity field fi(-) = f(t,-) is at least three times continuously differentiable both in t
and x. We have for the MVE with a bounded interaction kernel I or with the singular Coulomb
or Biot-Savart ({4)) interaction, the KL divergence between the hypothesis solution p{ and the ground
truth py is controlled by the EINN loss for any t € [0,T'], i.e. there exists some constant C' > 0,

sup KL(p!, ) < CR(f). )

te[0,T]
Having stated our main result, we elaborate on the difference between EINN and PINN in terms
of information flow over time, which explains why EINN achieves better theoretical guarantees:
In PINN, the residuals at different time stamps are independent of each other and hence there is no
information flow from the residual at time ¢; to the one at time ¢5(> ¢ ). In contrast, in the EINN loss

, incorrect estimation made in t; will also affect the error at t5 through the hypothesis solution p{ .
Such an information flow gives a stronger gradient signal when we are trying to minimize the EINN
loss, compared to the PINN loss. It partially explains why we can obtain the novel uniform-in-time
estimation as opposed to the average-in-time estimation for PINN and why the constant C' in the
NSE case is independent of 7" for EINN (Theorem [J), but exponential in 7" for PINN.

Contributions. In summary, we present a novel NN-based framework for solving the MVEs. Our
method capitalizes on the entropy dissipation property of the underlying system, ensuring robust
theoretical guarantees even when dealing with singular interaction kernels. We elaborate on the
contributions of our work from theory, algorithm, and empirical perspectives as follows.

1. (Theory-wise) By studying the stability of the MVEs with bounded interaction kernels or with
singular interaction kernels in the Coulomb and the Biot-Savart case (the 2D NSE) via en-
tropy dissipation, we establish the error estimation guarantee for the EINN loss on these equations.
Specifically, we design a potential function R( f) of a hypothesis velocity f such that R( f) controls
the KL divergence between the hypothesis solution ptf (defined in equation ) and the ground truth
solution p; for any time stamp within a given time interval [0,7']. A direct consequence of this
result is that R(f) can be used to assess the quality of a generic hypothesis solution to the above
MVEs and pf exactly recovers p; in the KL sense given that R(f) = 0.

2. (Algorithm-wise) When the hypothesis velocity field is parameterized by an NN, i.e. f = fy with
6 being some finite-dimensional parameters, the EINN loss R( fy) can be used as the loss function
of the NN parameters §. We discuss in detail how an estimator of the gradient VyR(fy) can be
computed so that stochastic gradient-based optimizers can be utilized to train the NN. In particular,
for the 2D NSE (the Biot-Savart case (@), we show that the singularity in the gradient computation
can be removed by exploiting the anti-derivative of the Biot-Savart kernel.

3. (Empirical-wise) We compare the proposed approach, derived from our novel theoretical guar-
antees, with SOTA NN-based algorithms for solving the MVE with the Coulomb interaction and
the 2D NSE (the Biot-Savart interaction). We pick specific instances of the initial density py, under
which explicit solutions are known and can be used as the ground truth to test the quality of the
hypothesis ones. Using NNs with the same complexity (depth, width, and structure), we observe
that the proposed method significantly outperforms the included baselines.

2 Entropy-dissipation Informed Neural Network

In this section, we present the proposed EINN framework for the MVE. To understand the intuition
behind our design, we first write the continuity equation (7) in a similar form as the MVE (6):

ot )+ (@) (AL (@) + 5:a)) <. (10)
where f is the hypothesis velocity (recall that f;(-) = f(¢,-)) and
(Perturbation)  &;(x) def fi(x) - Alpl () (11)

can be regarded as a perturbation to the original MVE system. Consequently, it is natural to study
the deviation of the hypothesis solution p{ from the true solution p; using an appropriate Lyapunov



function L(p{ ,Pt). The functional relation between this deviation and the perturbation is termed
as the stability of the underlying dynamical system, which allows us to derive the EINN loss (§).
Following this idea, the design of the EINN loss can be determined by the choice of the Lyapunov
function L used in the stability analysis. In the following, we describe the Lyapunov function used
for the MVE with the Coulomb interaction and the 2D NSE (MVE with Biot-Savart interaction).
The proof of the following results are the major theoretical contributions of this paper and will be
elaborated in the analysis section 3]

e For the MVE with the Coulomb interaction, we choose L to be the modulated free energy E
(defined in equation (23))) which is originally proposed in [Bresch et all, 2019a] to establish the
mean-field limit of a corresponding interacting particle system. We have (setting L = F)

d _ 1 _
SEGlp) <5 [ l@la@)Pdz+ C (o] po), (12)

where C'is a universal constant depending on v and (¢ )se[0,7]-

* For the 2D NSE (MVE with the Biot-Savart interaction), we choose L as the KL divergence. Our
analysis is inspired by [Jabin and Wang| 2018]|] which for the first time establishes the quantitative
mean-field limit of the stochastic interacting particle systems where the interaction kernel can be
in some negative Sobolev space. We have

dt

where again C'is a universal constant depending on v and (p¢)¢efo,77]-

d _ v pf o 1
KL 0 <=5 [ ol @)I7108 2 (@) P+ ORLGL g+, [ ol @)@, (13)

After applying Gronwall’s inequality on the above results, we can see that the EINN loss (8) is
precisely the term derived by stability analysis of the MVE system with an appropriate Lyapunov
function. In the next section, we elaborate on how a stochastic approximation of VyR(fg) can be
efficiently computed for a parameterized hypothesis velocity field f = fy so that stochastic opti-
mization methods can be utilized to minimize R( fy).

2.1 Stochastic Gradient Computation with Neural Network Parameterization

While the choice of the EINN loss (8) is theoretically justified through the above stability study, in
this section, we show that it admits an estimator which can be efficiently computed. Define the flow
map X, via the ODE dx(t) = fi(x(t);0)dt with (0) = x such that z(¢) = X;(xo). From the
definition of the push-forward measure, one has pf = Xt f po. Recall the definitions of the EINN loss
R(f) in equation (8) and the perturbation §; in equation . Use the change of variable formula
of the push-forward measure in (a) and Fubini’s theorem in (b). We have

Tosiz @ 7 2 o, () T 250
R = [ 1azat® [T o xiZae® [T 160 Xi(@o) Pdtdpo(@e).  (14)

Consequently, by defining the trajectory-wise loss (recall z(¢) = X;(x¢))

R(fim) = [ 16ce Xotao) it = [ o) P, 15)

we can write the potential function (8] as an expectation R( f) = Eg, .5, [R(f;xo)]. Similarly, when
f is parameterized as f = fg, we obtain the expectation form Vo R( fo) = Ezy~z,[ Vo R(fo;0)].

We show Vg R(fe; xo) can be computed accurately, via the adjoint method (for completeness see
the derivation of the adjoint method in appendix@]). As arecap, suppose that we can write R( fy; x¢)
in a standard ODE-constrained form R( fp;zo) = £(0) = ]OT g(t,s(t),0)dt, where {s(t) }1ef0,77] i
the solution to the ODE %s(t) =1(t,s(t); ) with s(0) = sp, and ¢ is a known transition function.
The adjoint method states that the gradient %E () can be computed as

T
% - [ a(t)T%‘;(t,s(t);e) N %(t,s(t};&)dt. (16)

where a(t) solves the final value problems %a(t)TJra(t)T % (t,s(t); 9)+% (t,8(t);0) =0,a(T) =
0. In the following, we focus on how R( fg; () can be written in the above ODE-constrained form.

(Adjoint Method)



Write R( fo; o) in ODE-constrained form Expanding the definition of d; in equation gives

Su(2(1)) = fi(a(1)) = (~VV(@(1) + K % pl (x(t)) - vV log p (2(1)) ). (17)
Note that in the above quantity, f and V are known functions. Moreover, it is known that
Vlog pf («(t)) admits a closed form dynamics (e.g. see Proposition 2 in [Shen et al., 2022]))

%V log pf (a(t)) = =V (div/fi(@(t);0)) = (T, (x(1);0))" Vlog p{ (z(1)), (18)

which allows it to be explicitly computed by starting from V log po(z¢) and integrating over time
(recall that pg is known). Here [Jy, denotes the Jacobian matrix of f;. Consequently, all we need to

handle is the convolution term K * ptf (x(t)).

A common choice to approximate the convolution operation is via Monte-Carlo integration: Let
.. f

v () i p{ fort=1,..., N and denote an empirical approximation of p{ by u’;\,‘ = % Zﬁl Oy (t)s

where d,, () denotes the Dirac measure at y;(t). We approximate the convolution term in equation
(17) in different ways for the Coulomb and the Biot-Savart interactions:

1. For the Coulomb type kernel , we first approximate K * p{ with K * p{ , where

wi [K(@) if o] >e.
K. e . 19
() {O if || <e. (19)
If pf is bounded in X', we have
F )] = T-y f ! 1
sup || (K - Kc) * p; ()] = sup | py (W)dy < [py [ = x dy.
sl @l =Sl e J -yl [<lecle=co . Jyd-t
To compute the integral on the right-hand side, we will switch to polar coordinates (r,1)):
1 ¢ 1 e
ey = e [ vy < [Cdr-c 20
/\y\gc ly|d-1 Y= Jo et Jy ¥ e o € (20)

Here, J(ml)) denotes the determinant of the Jacobian matrix resulting from the transformation from
the Cartesian system to the polar coordinate system. In inequality (20), we utilize the fact that
J (rap) S r@=1 which allows us to cancel out the factor 1 / r@=1, Now that K, is bounded by ¢l we

. ;o ol a
can further approximate K. * p] using K, * pt with error of the order O(c™4*!/\/N). Altogether,

§
we have sup,,.y | K * p{(a:) - Ko » 5 ()] = O(c + ¢4 [/ N) which can be made arbitrarily
small for a sufficiently small c and a sufficiently large V.

2. For Biot-Savart interaction (2D Navier-Stokes equation), there are more structures to exploit and
we can completely avoid the singularity: As noted by|Jabin and Wang|[2018]], the convolution kernel
K can be written in a divergence form:

21

™

) 1 [-arctan(Zt), 0
}(ZV'(]7 with U(CE):? 0 2 arctan(ﬂ) 5
) z1

where the divergence of a matrix function is applied row-wise, i.e. [K(x)]; = div U;(x). Using
integration by parts and noticing that the boundary integration vanishes on the torus, one has

Kxpl(@)= [ K@pl@-y)y= [ 7-U@pl@-y)dy= [ V@)l (@-y)y

- [ U@ - 9)of @) VIogpf W)dy =E,,_ 1, [U (@ - 1)V log pf (1),

If the score function V log p{ is bounded, then the integrand in the expectation is also bounded.
Therefore, we can avoid integrating singular functions and the Monte Carlo-type estimation

LyN Uz - yi(t))Vlog pf y;(t)) is accurate for a sufficiently large value of N.
N &i=1 t

With the above discussion, we can write R( fp; o) in an ODE-constrained form in a standard way,
which due to space limitation is deferred to Appendix

Remark 1. Let {5 (0) be the function we obtained using the above approximation of the convolution,
where N is the number of Monte-Carlo samples. The above discussion shows that {n(0) and
R(fo; o) are close in the L sense, which is hence sufficient when the EINN loss is used as error
quantification since only function value matters. When both {n(0) and R(fq;x¢) are in C?, one
can translate the closeness in function value to the closeness of their gradients. In our experiments,
using VU (0) as an approximation of Vo R( fo; o) gives very good empirical performance already.



3 Analysis

In this section, we focus on the torus case, i.e. X = I1%is a box with the periodic boundary condition.
This is a typical setting considered in the literature as the universal function approximation of NNs
only holds over a compact set. Moreover, the boundary integral resulting from integration by parts
vanishes in this setting, making it amenable for analysis purposes. For completeness, we provide
a discussion on the unbounded case, i.e. X = R? in the Appendix |G| which requires additional
regularity assumptions. Given the MVE (2), if K is bounded, it is sufficient to choose the Lyapunov
functional L(pf ,pt) as the KL divergence (please see Theorem EI in the appendix). But for the
singular Coulomb kernel, we need also to consider the modulated energy as in [Serfaty, [2020]

of 1 _ _
(Modulated Energy)  F(p.p) 2 [ g(e-1)d(p-p)@4d(p-p)). @2

where g is the fundamental solution to the Laplacian equation in R4 ie. -Ag = g, and the Coulomb
interaction reads K = -V g (see its closed form expression in equation (3))). If we are only interested
in the deterministic dynamics with Coulomb interactions, i.e. v = 0 in equation @), it suffices to
choose L( p{ ,p)as F( p{ , pt) (please see Theorem . But if we consider the system with Coulomb
interactions and diffusions, i.e. v > 0, we shall combine the KL divergence and the modulated
energy to form the modulated free energy as in Bresch et al.|[2019b], which reads

(Modulated Free Energy) E(p, ) < vKL(p, p) + F(p, ). (23)

This definition agrees with the physical meaning that “Free Energy = Temperature x Entropy +
Energy”, and we note that the temperature is proportional to the diffusion coefficient . We remark
also for two probability densities p and p, F'(p,p) > 0 since by looking in the Fourier domain
F(p,p) = [ 3(Olp=p(&)PdE > 0 as §(£) > 0. Moreover, F/(p, p) can be regarded as a negative
Sobolev norm for p — p, which metricizes weak convergence.

To obtain our main stability estimate, we first obtain the time evolution of the KL divergence.

Lemma 1 (Time Evolution of the KL divergence). Given the hypothesis velocity field f = f(t,x) €

C} .. Assume that (Pt )te [0,T] and ( Pt)te[0,1] are classical solutions to equation and equation
(@) respectzvely It holds that (recall the definition of &, in equation (I1))

f
pf
&/prlogp— /p{Wlog t|2 fP{K*(Pt pt) - Vlog*Jrf pl oy Vlogp*T5

where X is the tours T1%. All the integrands are evaluated at x.

We refer the proof of this lemma and all other lemmas and theorems in this section to the appendix
We remark that to have the existence of classical solution ( pt)te[QT]’ we definitely need the
regularity assumptions on —VV and on K. But the linear term —VV will not contribute to the
evolution of the relative entropy. See [Jabin and Wang, [2018]] for detailed discussions.

Similarly, we have the time evolution of the modulated energy as follows.

Lemma 2 (Time evolution of the modulated energy). Under the same assumptions as in Lemmall]
given the diffusion coefficient v > 0, it holds that (recall the definition of 0, in equation ([1)))

d
dt

of
F(pl.p1) = fpt |K * (o] = po)* - fptfét K * (p] - py +Vf pl K+ (pf - 1) - Vlogp

K- (Al - Alpd ) )] - 0% )

where we recall that the operator A is defined in equation ().

By Lemma|I|and careful analysis, in particular by rewriting the Biot-Savart law in the divergence of
a bounded matrix-valued function @I), we obtain the following estimate for the 2D NSE.

Theorem 2 (Stability estimate of the 2D NSE). Notice that when K is the Biot-Savart kernel,
divK = 0. Assume that the initial data py € C°(I1%) and there exists ¢ > 1 such that % <po<ec
Assume further the hypothesis velocity field f(t,x) € C'tlbL Then it holds that

c

pl e
sup [ ol oo < S R().
te[0,T] 174 v

where C = [ M (t)dt < oo with M(t) HV log p¢ || - [2v + QHV pf/ptH



We remark that given pg is smooth enough and fully supported on X, one can propagate the regu-
larity to finally show the finiteness of C'. See detailed computations as in|Guillin et al.[[2021]]. We
give the complete proof in the appendix [E| This theorem tells us that as long as R(f) is small, the
KL divergence between p{ and p; is small and the control is uniform in time ¢ € [0, 7] for any 7T
Moreover, we highlight that C'is independent of 7", and our result on the NSE is significantly better
than the average-in-time and exponential-in-T results from [De Ryck et al., 2023].

To treat the MVE (2) with Coulomb interactions, we exploit the time evolution of the modulated free
energy B (pf , pt). Indeed, combining Lemmaand Lemma we arrive at the following identity.

Lemma 3 (Time evolution of the modulated free energy). Under the same assumptions as in Lemma
one has (recall the definitions of 6; and A in and ([3)) respectively)

d - - 2 - f
&E(p{,pt)=—Ap{\K*(pf—pt)—vvlog%\ —fxp{ér(K*(pf—pt)—vvlog%)
1
=5 o K@ =) (Alp)(@) = Alp) ) )d(pf = )% (2.9).

Inspired by the mean-field convergence results as in [Serfaty| [2020] and Bresch et al.| [2019b], we
finally can control the growth of E(p{ , pt) in the case when v > 0, and F'( p{ , pt) in the case when
v = 0. Note also that E/( p{ , p+) can also control the KL divergence when v > 0.

Theorem 3 (Stability estimate of MVE with Coulomb interactions). Assume that for t € [0,T], the
underlying velocity field A[p:](x) is Lipschitz in x and sup[o 1 [V A[p] () [ L= = C1 < co. Then
there exists C > 0 such that

sup vKL(p!,p1) < sup E(p!,p;) < exp(CCLT)R(f).
te[0,T] te[0,T]

In the deterministic case when v = 0, under the same assumptions, it holds that

sup F(p/,pr) < exp(CCLT)R(f).
te[0,T]

Recall the definition of the operator 4 in equation Given that X = 1%, and p is smooth enough
and bounded from below, one can propagate regularity to obtain the Lipschitz condition for A[p:].
See the proof and the discussion on the Lipschitz assumptions on A[p;](-) in the appendix @

Approximation Error of Neural Network Theorems |2 and [3| provide the error estimation guar-
antee for the proposed EINN loss (8). Suppose that we parameterize the velocity field f = fo with
an NN parameterized by 6, as we did in Section and let f be the output of an optimization pro-

cedure when R( fy) is used as objective. In order the explicitly quantify the mismatch between p{
and p;, we need to quantify two errors: (i) Approximation error, reflecting how well the ground truth
solution can be approximated among the NN function class of choice; (ii) Optimization error, in-
volving minimization of a highly nonlinear non-convex objective. In the following, we show that for
a function class F with sufficient capacity, there exists at least one element f € F that can reduce the
loss function R( f ) as much as desired. We will not discuss how to identify such an element in the
function class F as it is independent of our research and remains possibly the largest open problem
in modern Al research. To establish our result, we make the following assumptions.

Assumption 1. pq is sufficiently regular, such that V1og py € L= (X) and f; = A[p;] e W2 (X).
V'V is Lipschitz continuous. Here W*°° (X)) stands for the Sobolev norm of order (2, 00) over X.

We here again need to propagate the regularity for f; at least for a time interval [0, T]. It is easy
to do so for the torus case, but for the unbounded domain, there are some technical issues to be
overcome. Similar assumptions are also needed in some mathematical works for instance in Jabin
and Wang| [2018]]. We also make the following assumption on the capacity of the function class F,
which is satisfied for example by NNs with tanh activation function [De Ryck et al., 2021].

Assumption 2. The function class is sufficiently large, such that there exists f e F satisfying ft €
C3(X) and | f; - felwze=(x) < €forallt€[0,T].
Theorem 4. Consider the case where the domain is the torus. Suppose that Assumptions || and

hold. For both the Coulomb and the Biot-Savart cases, there exists [ € F such that R(f) <
C(T) - (e-In1/e€)?, where C(T) is some constant independent of e. Here R is the EINN loss ().



The major difficulty to overcome is the lack of Lipschitz continuity due to the singular interaction.
We successfully address this challenge by establishing that the contribution of the singular region

(|| <€) to R(f) can be bounded by O((elog 1)2). Please see the detailed proof in Appendix

4 Related Works on NN-based PDE solvers

Solving PDEs is a key aspect of scientific research, with a wealth of literature [Evans| 2022]]. Due
to space limitations, a detailed discussion about the classical PDE solvers is deferred to Appendix
In this section, we focus on the NN-based approaches as they are more related to our research.

As previously mentioned, PINN is possibly the most well-known method of this type. PINN regards
the solution to a PDE system as the root of the corresponding operators {D;(g)}1,, and expresses
the time and space boundary conditions as (g) = 0, where g is a candidate solution and D; and B

are operators acting on g. Parameterizing g = gy using an NN, PINN optimizes its parameters 6 by
minimizing the residual L(6) <" ¥, A;| Di(go) |72y + Aol B(g0) |72 (- The hyperparameters

A; balance the validity of PDEs and boundary conditions under consideration and must be adjusted
for optimal performance. In contrast, EINN requires no hyperparameter tuning. PINN is versatile
and can be applied to a wide range of PDEs, but its performance may not be as good as other NN-
based solvers tailored for a particular class of PDEs, as it does not take into account other in-depth
properties of the system, a phenomenon observed in the literature [Krishnapriyan et al.} 2021} Wang
et al., [2022]. [Shin and Em Karniadakis, 2020] initiates the work of theoretically establishing the
consistency of PINN by considering the linear elliptic and parabolic PDEs, for which they prove that
a vanishing PINN loss L(6) asymptotically implies gy recovers the true solution. A similar result
is extended to the linear advection equations in [Shin et al., |2020]. Leveraging the stability of the
operators D; (corresponding to PDEs of interest), non-asymptotic error estimations are established
for linear Kolmogorov equations in [De Ryck and Mishra, 2022], for semi-linear and quasi-linear
parabolic equations and the incompressible Euler in [Mishra and Molinaro, 2022, and for the NSE
in [De Ryck et al.,[2023]]. We highlight these non-asymptotic results are all average-in-time, meaning
that even when the PINN loss is small the deviation of the candidate solution to the true solution
may be significant at a particular timestamp ¢ € [0,7']. In comparison, our results are uniform-
in-time, i.e. the supremum of the deviation is strictly bounded by the EINN loss. Moreover, we
show in Theorem [2] for the NSE our error estimation holds for any 7" uniformly, while the results in
[De Ryck et al.,[2023] have an exponential dependence on 7.

Recent work from|Zhang et al.| [2022] proposes the Random Deep Vortex Network (RDVN) method
for solving the 2D NSE and achieves SOTA performance for this task. Let u{ be an estimation of

the interaction term K * p; in the SDE (1)) and use p? to denote the law of the particle driven by the
SDE dX; = u!(X;)dt + /2vdB;. To train u/, RDVN minimizes the loss L(6) = [OT [ 1w () -
K #p! (x)|%.dzdt. Note that in order to simulate the SDE, one needs to discretize the time variable
in loss function L. After training #, RDVN outputs p? as a solution. However, no error estimation
guarantee is provided that controls the discrepancy between pf and p; using L(6).

Shen et al.|[2022] propose the concept of self-consistency for the FPE. However, unlike our work
where the EINN loss is derived via the stability analysis, they construct the potential R(f) for
the hypothesis velocity field f by observing that the underlying velocity field f* is the fixed point
of some velocity-consistent transformation .4 and they construct R(f) to be a more complicated
Sobolev norm of the residual f —.A(f). In their result, they bound the Wasserstein distance between
p! and p by R(f), which is weaker than our KL type control. The improved KL type control for the
Fokker-Planck equation has also been discussed in [Boffi and Vanden-Eijnden, 2023]]. A very recent
work [Li et al.| [2023] extends the self-consistency approach to compute the general Wasserstein
gradient flow numerically, without providing further theoretical justification.

5 Experiments

To show the efficacy and efficiency of the proposed approach, we conduct numerical studies on
example problems that admit explicit solutions and compare the results with SOTA NN-based PDE
solvers. The included baselines are PINN [Raissi et al.l [2019] and DRVN [Zhang et al., |2022].
Note that these baselines only considered the 2D NSE. We extend them to solve the MVE with the
Coulomb interaction for comparison, and the details are discussed in Appendix
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Figure 1: The first row contains results for the 2D NSE and the second row contains the results
for the 3D MVE with Coulomb interaction. The first column reports the objective losses, while the
second and third columns report the average and last-time-stamp relative ¢ error.

Equations with an explicit solution We consider the following two instances that admit explicit
solutions. We verify these solutions in Appendix

Lamb-Oseen Vortex (2D NSE) [Oseenl [1912]: Consider the whole domain case where X = R? and
the Biot-Savart kernel . Let N (, X) be the Gaussian distribution with mean g and covariance
3. If po = N(0,+/2vtoI2) for some ty > 0, then we have p,(x) = N (0,/2v(¢ + t9)I2).
Barenblatt solutions (MVE) [Serfaty and Vazquez, [2014]: Consider the 3D MVE with the Coulomb
interaction kernel (3)) with the diffusion coefficient set to zero, i.e. d = 3 and v = 0. Let Uniform[A ]
be the uniform distribution over a set A. Consider the whole domain case where X = R3. If py =
Uniform( |z < (:2t)'/?] for some to > 0, then we have p; = Uniform[ |z < (2 (¢ +t0))*/?].

Numerical results We present the results of our experiments in Figure [T} where the first row
contains the result for the Lamb-Oseen vortex (2D NSE) and the second row contains the result
for the Barenblatt model (3D MVE). The explicit solutions of these models allow us to assess the

quality of the outputs of the included methods. Specifically, given a hypothesis solution pf , the

ground truth p; and the interaction kernel K, define the relative £ error at timestamp ¢ as Q(t) def

Jo K * (o] = p1)(@)|/| K * pr(x)|de, where © is some domain where p; has non-zero density.

We are particularly interested in the quality of the convolution term K = p{ since it has physical
meanings. In the Biot-Savart kernel case, it is the velocity of the fluid, while in the Coulomb case, it
is the Coulomb field. We set §2 to be [-2,2]? for the Lamb-Oseen vortex and to [~0.1,0.1] for the
Barenblatt model. For both models, we take v = 0.1, tg = 0.1, and T" = 1. The neural network that
we use is an MLP with 7 hidden layers, each of which has 20 neurons.

From the first column of Figure [T} we see that the objective loss of all methods has substantially
reduced over a training period of 10000 iterations. This excludes the possibility that a baseline has
worse performance because the NN is not well-trained, and hence the quality of the solution now
solely depends on the efficacy of the method. From the second and third columns, we see that
the proposed EINN method significantly outperforms the other two methods in terms of the time-

average relative {5 error, i.e. = fOT Q(t)dt and the relative {5 error at the last time stamp Q(7T").
This shows the advantage of our method.

Conclusion By employing entropy dissipation of the MVE, we design a potential function for a
hypothesis velocity field such that it controls the KL divergence between the corresponding hypoth-
esis solution and the ground truth, for any time stamp within the period of interest. Built on this
potential, we proposed the EINN method for MVEs with NN and derived the detailed computa-
tion method of the stochastic gradient, using the classic adjoint method. Through empirical studies
on examples of the 2D NSE and the 3D MVE with Coulomb interactions, we show the significant
advantage of the proposed method, when compared with two SOTA NN based MVE solvers.
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A Classical Methods for Solving MVEs

Solving partial differential equations (PDEs) is a key aspect of scientific research, with a wealth of
literature in the field [Evans, [2022]. For the interest of this paper, we will only consider the methods
that can be used to solve the MVE under consideration.

Categorize PDE solvers via solution representation. To better understand the benefits of neural
network (NN) based PDE solvers and to compare our approach with others, we categorize the liter-
ature based on the representation of the solution to the PDE. These representations can be roughly
grouped into four categories:

* 1. Discretization-based representation: The solution to the PDE is represented as discrete func-
tion values at grid points, finite-size cells, or finite-element meshes.

* 2. Representation as a combination of basis functions: The solution to the PDE is approximated
as a sum of basis functions, e.g. Fourier series, Legendre polynomials, or Chebyshev polynomials.

* 3. Representation using a collection of particles: The solution to the PDE is represented as a
collection of particles, each described by its weight, position, and other relevant information.

* 4. NN-based representation: NNs offer many strategies for representing the solution to the PDE,
such as using the NN directly to represent the solution, using normalizing flow or GAN-based
parameterization to ensure the non-negativity and conservation of mass of the solution or using
the NN to parameterize the underlying dynamics of the PDE, such as the time-varying velocity
field that drives the evolution of the system.

The drawback of the first three strategies is that a sparse representatiorﬂ leads to reduced solution
accuracy, while a dense representation results in increased computational and memory cost. NNs,
as powerful function approximation tools, are expected to surpass these strategies by being able to
handle higher-dimensional, less regular, and more complicated systems [Weinan et al.,|[2021].

Given a representation strategy of the solution, an effective solver must exploit the underlying prop-
erties of the system to find the best candidate solution. Three-= notable properties that are utilized
to design solvers are

(A) the PDE definition or weak formulation of the system,
(B) the SDE interpretation of the system,

(C) the variational interpretation, particularly the Wasserstein gradient flow interpretation.

These properties are combined with the solution representations mentioned earlier to form different
methods. For example, the Finite Difference method [Smith et al., [1985]], Finite Volume method
[Moukalled et al.| 2016, and Finite Element method [Johnsonl [2012] represent the solution of par-
tial differential equations (PDEs) by discretizing the solution and utilize the property (A), at least
in their original form. On the other hand, recent work by |Carrillo et al.| [2022] solves PDEs admit-
ting a Wasserstein gradient flow structure using the classic JKO scheme [Jordan et al.,[1998]], which
is based on the property (C), and the solution is also represented via discretization. The Spectral
method [[Shen et al., 2011 is a class of methods that exploits property (A) by representing the so-
lution as a combination of basis functions. The Random Vortex Method [Long] [1988] is a highly
successful method for solving the vorticity formulation of the 2D Navier-Stokes equation by exploit-
ing property (C) and representing the solution with particles. The Blob method from |Carrillo et al.
[2019] is another particle-based method for solving PDEs that describe diffusion processes, which
also exploits property (C).

B Comparison with Neural Operator

We thank the anonymous reviewers for pointing out the interesting research direction of neural op-
erators [Xiao et al.,[2023| |Gupta et al., 2021} |Li et al.| | 2020bl |[Kovachki et al., 2021} [Li et al., 2020a].
However, to highlight the major difference between EINN and the approach of the Neural Operator,

?For example, sparser grid, cell or mesh with less granularity, fewer basis functions, fewer particles.
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it’s worth noting that they consider completely different problem settings: EINN requires no pre-
existing data and the goal is to obtain the solution to a PDE by solely exploiting the structure of the
equation itself. In contrast, the neural operator approach is data-driven, i.e. it relies on the existence
of configuration-solution pairs. Here, by configuration-solution pairs, we mean the correspondence
between some configurations that determine the PDE, e.g. the initial condition or the viscosity
parameter in the fluid dynamics problems, and the pre-existing solution to the PDE given the afore-
mentioned configurations. Consequently, the neural operator approach is more like a regression
problem where a neural network is trained to learn the abstract map between the configuration and
the solution. In contrast, EINN is more like a numerical PDE solver.

Consequently, EINN and the approach of neural operator are two related but quite distinct research
directions. They are related in the sense that EINN can provide the data (configuration-solution
pairs) required by the neural operator approach. They are distinct since EINN requires no data a
priori, while the neural operator approach is built on the supervised learning paradigm.

C More Details on the Experiments

C.1 Implementations of Baselines
Objectives of PINN

* For the vorticity equation of the 2D Navier-Stokes equation, let u : [0,7] x R? — R? be the
velocity field (this should not be confused with the velocity field of the continuity equation) such
that V- u = 0, i.e. u is divergence-free, and let w = V x u € R be the vorticity. We have

0
8—(: +V - (wu) = vAw, 24
w=Vxu. (25)
We use this form to construct the objective for the PINN method
T Ow 5
[ 150+ 9 )~ vAwli gy + o=V x ul copedt, 26)

where £2(£2) denotes the functional £2 norm on the domain {2 = [-2, 2]2.

* For the MVE with Coulomb interaction, let g be the Coulomb potential defined in equation[3] We
have that 1) = g * p is the solution to the Poisson equation A1) = —p and K * p = —V1). We have

0
S+ V(o (-V0)) = vy @7
A= —p. (28)
Expand the the divergence to obtain
0
S0 (V) + p- (-A¥) =vAp (29)
A= —p. (30)
Now plug in the At = —p to arrive at the following equivalent form
7]
8—§+Vp-—vw+p2:VAp (31)
A= —p. (32)

We use this form to construct the objective for the PINN method.
T op 2 2 2
L 1SR4 90 -9+ g - vpl Ry + |80+ pl 2, (33)
where £2() denotes the functional £2 norm on the domain 2 = [-1,1]%.

DRVN In the original paper [Zhang et al.| [2022], only the Biot-Savart kernel is concerned. We
extend the DRVN method to the Coulomb case by setting K to be the kernel defined in equation 3]
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C.2 Examples with an Explicit Solution

In this section, we verify the explicit solutions discussed in the experiment section.

Lamb-Oseen Vortex on the whole domain R?. Recall that we consider the 2D Navier-Stokes
equation (the MVE with the Biot-Savart interaction kernel (#)). The Lamb-Oseen Vortex model

states that, if pg = N'(0,1/2vtgI2) for some to > 0, then we have p(x) = N'(0,/2v(t + t9)I2).

. . _ 1 x
To verify this, define u:(x) = \/V(Hto)v( N ), where
1 z* 1, 9
v()=——1[1- ——\x . 34
(@) = 5oz (1 e 1o1%) (34)
One can easily check that V - u; = 0 and hence there exists a function ; such that V¢, = —u,,

where V* denotes the perpendicular gradient, defined as V* = (-0g,,0x,), and ¢ is called the
stream function in the literature of fluid dynamics. Moreover, one can verify that V x u; = p, where
Vx denotes the curl of a 2D velocity field, defined as V x u(x) = Ous/0x1 — du1/0xs. Together
we have

Ay = —py, (35)

i.e., the stream function 1), is the solution to the 2D Poisson equation with a source term p;.

Under the boundary condition that ¢, () — 0 for ||| — oo, we can express ; via the unique Green
function G(x) = 5= In x| as

1
(@) =Grpu=o [l - ylo(y)dy. (36)
Consequently, by taking the perpendicular gradient, we obtain
1 z-y)*
up = Vi = — (@-v) (y)dy = K * p;. (37)

o7 J Ja—y?”

Finally, by plugging the expressions of p; and u; = K * p; in the MVE (2), we verified the Lamb-
Oseen vortex.

Barenblatt solutions for the MVE with Coulomb Interaction. Recall that we consider the MVE
with the Coulomb interaction kernel (3)) for d = 3 and set the diffusion coefficient v = 0, i.e.

%)
StV (=) =0 (38)

where 1), is the solution to the Poisson equation Ay, = —p;. The Barenblatt solution of the above
MVE is stated as follows: If py = Uniform([ || < (- t0)/?] for some o > 0, then we have

p¢ = Uniform[|z| < (%(t +10))Y%] (39)

We now verify this solution.

Recall that the volume of a three dimensional Euclidean ball with radius R is %”R3 . Hence we can
write the density function as p;(z) = ﬁ Xz <( 2 (t+to)) /3> where xx is a function that takes value
1 for x € X and takes value 0 for x ¢ X. Take

20 (t+10)*° - |2

?ﬁt(w):{ | S+t

S

) HwH < (%(t+t()))1/3’

(40)
] > (% (t +t0)) .

It can be verified that the Poisson equation A1), = —p; holds (note that Az =0, i.e. |z isa

harmonic function for d = 3). Consequently, for a fixed time stamp ¢ and any || < (%(t +1g)) /3
we have

11 0
(t+t0)2  (t+tg)2

D @)+ 7 () =T () - @n

which verifies this solution.
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D Adjoint Method

Consider the ODE system
$(t) = P(s(t),t,0)
5(0) = so,
and the objective loss
00) = fo " o(s(0)..0)t. 42)

The following proposition computes the gradient of ¢ w.r.t. 6. We omit the parameters of the
functions for succinctness. We note that all the functions in the 1ntegrands should be evaluated at
the corresponding time stamp ¢, e.g. b" 57 oh 7 dt abbreviates for b(t)T Fh(&(t),x(t),t,0)dt.

Proposition 1.

A [T Loy g
@— 0 a %"'%dt (43)

where a(t) is solution to the following final value problems

a +aTip+a— 0,a(T) =0, (44)

Proof. Let us define the Lagrange multiplier function (or the adjoint state) a(t¢) dual to s(t). More-
over, let L be an augmented loss function of the form

L=t(- f (5—)dt. 45)

Since we have 3(t) = ¢¥(s(t),t,0) by construction, the integral term in L is always null and a can
be freely assigned while maintaining d./d6 = d¢/dd. Using integral by part, we have

T T
f s dt = a(t) s(t)[F - f sTa dt. (46)
0 0

We obtain
T
L=—-a(t)"s(t)|t + f a's+a’p+gdt 47)
0

Now we compute the gradient of L w.r.t. 6 as

I T T T
de d dm( ) f dTE+a (8w+8wds)dt+ Jg ds 8gdt

e —— - _q T
dg oT) do 00 Os df o Osdf 06

which by rearranging terms yields to

e _dr _ 7 da(T) [ [( 0 @)%
T AT ae dt R W L

Now by taking a satisfying the final value problems

" +a a—+8—:07a(T):0, (48)
S

we derive the result Q¢ T 3¢ b
T g
ae _ 99 4t. 4
0 0 a a0 + 90 ( 9)

D.1 Writing the Trajectory-wise Loss in an ODE-constrained form

We are now ready to write R( fp; o) in an ODE-constrained form. Define the state s(t), the initial
condition sy and the transition function v as follows: Let

s(t) = [z(®), £, {yi ()} L1, {G® I ] (50)
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with £(t) = Vlog pf ((t)) and ¢;(t) = V1og p! (yi(t)). Take the initial condition
s0 = [0, &0, {yi(0)}11, {¢; (0) }iY4 | (51)
with &y = Vlog po (o), (;(0) = Vlog po(yi(0)), and y;(0) i po; and define the function

D(t,5();0) = [fe(@(1);0), he(@(t),6(1):0), {Fe(yi(1);0) 10, {he(wi(t), G(8):0)} 1], (52)
where h(a,b;0) = -V (divfi(a;0)) - sz (a;0)b (derived from equation. Finally, define

g(t,s();0) = | f(t,2(1);0) = (=VV ((t)) + B(t, () - v&()) %, (53)

where the estimator E(t, s) of the convolution term is defined as

1 «N
~ ic1 Ke(x(t) —yi(t the Coulomb case,
E(t7s(t))={f¥ g ele® o wlt) e (54)
% 2is1 U(z —9i(1))Ci(t) the Biot-Savart case.
We recall the definition of U in equation 21]and the definition of K in equation [T9] O
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E Detailed Proofs

Proof of Lemmal(l] Recall the McKean-Vlasov equation [6]and the continuity equation [I0] We sim-

ply write that p; = p{ and omit the integration domain &X'. Then

d
*[ﬂtlog@:/@Ptlog@+[Pt3t10gpt—[Ptat10gﬁt
dt Dt Pt

:_f diV(pt([_VV(I)+K>ept—l/V10gpt]+5t))10g%

p
o [ Baiv(p (- V(@) + K« -vvlog ).

where we note that [ p.0;logp = [ Oypr = 0 since the total mass is preserved over time. By
integration by parts, one has

d
—[ptlog@:Il+12+13+[pt5t-vlog@,
dt Pt Pt

where I, I5, I3 denote the linear, nonlinear interaction, and diffusion parts separately. More pre-
cisely, by integration by parts,

1= [ div(pvv)iog 2 - [ L div(pev ()
Pt Pt
= [ V(@) iog® s [ pvvV(a) =0,
Pt Pt
And
. Pt Pt 1. ,_ _
I = —f div(p: K * py) log =— + f —div(p: K * pt)
Pt Pt
- [k pviog? — [ g a9
Pt Pt
Pt _
= /ptVIngf K (pe = pr).
t
Given that the kernel K is divergence free, that is divK = 0, one further has
I, =—/PtV10gﬁt'K*(Pt—ﬁt)+fVPt'K*(Pt—ﬁt)

=—/ptV10gﬁt-K*(pt—ﬁt).

Note that this modification will be used in the proof in the 2D Navier-Stokes case. Finally, all
diffusion terms sum up to I3 which can be further simplified as

I3:Vf div(ptvlogpt)log@—uf @div(ﬁtvlogﬁt)
Pt Pt

(55)

=—l//ptvlogpt-vlog@+V/ﬁtvlogﬁt-vg
Pt Pt

o [ ivos 2
Pt

We thus complete the proof of Lemmal[l]

Proof of Lemmal[2] Recall that K = -V g. For simplicity, we write that p; = pf . Then
d d1
_F )= — = _ d = \®2
dt (pt, pt) dt 2 Jae g(z —y)d(pr = pe)* (2, y)
= [ 9% (=) @) (B1pu(2) 071 (x)
= f g+ (pe—pe)(@) diV{pt([VV(x) ~Kxpi+vVlogp] - 5t)

- ﬁt(VV(x) - K % py + Vlogﬁt)}

:J1+J2+J3+J4,
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where Jy, Jo, J3, J4 denote the perturbation term, the linear difference term, the nonlinear difference
term, and the diffusion term respectively. The perturbation term .J; reads

- /Xg * (pe = pr) div(pedy) = - /XPtK * (pe = pt) - O
By integration by parts, the linear difference term can be written as
Jo = LQ * (pt = pt) diV((Pt - ﬁt)VV) = fx K+ (pt = pt)(pe = p)VV

= % fX K(z-y)(VV(x) - VV(y)d(p - pr)®*(x,),

where the last equality is true since K = —Vg is an odd function and we do the symmetrization trick,
i.e. exchanging the role of z and y to another term and then taking the average.

The nonlinear difference term reads
- [xg * (pt = ﬁt)diV(PtK * pr — prI* ﬁt)
—/;(K * (pt = p) (pe K * (pr = pr) = f K (pt = pe)(pe = pe) K * pr

- [ s (=P = 5 [ K=y (0« pula) - K+ i) (o - )% (.9),

where again in the last term we do the symmetrization.

The diffusion term reads
J4:V[9*(Pt—ﬁt)diV(PtVIngt—ﬁtvlogﬁt)
:V/K*(Pt_ﬁt)PtVIOg%+VfK*(Pt‘pt)(pt_ﬁt)vlogﬁt
¢
~ Pt

:Vf pt K * (py = pr) - Vlog —

X Pt

1% _ _ _
+ 2 [ K@= y)(Viog () - Tlog i (y))d(pi - )

To sum it up, we prove the thesis.

E.1 Proof of the 2D Navier-Stokes case

Now we proceed to control the growth of the KL divergence KL( pf |p¢) for the 2D Navier-Stokes
case. Since the Biot-Savart law is divergence free, by equation [53]in the proof of Lemmal[I] one has

X ptlogﬁ f Pt|V10g f pe K+ (pt—pt) - V10g0t+f pids- Vlog— (56)

Recall that we write the kernel K = (K1,---, K4) and its component K; = Z?zl 0z,;Usj(x), where
U = (Ui;)1<i,j<d is a matrix-valued potential function for instance can be defined as in equation
Consequently

fptK*(pt pt)-Vlogpy = - Z /m@ﬁm(m pt)0x, 10g Py,
i,7=1

which equals to

Z [UZJ*(Pt Pt)amj( Ou;pt)=A+B

1,5=1
by integration by parts, where further

A= Z Vf]*(pt_/)t)tpfaayfz U*(Pt—ﬁt):vﬁt@’vg,
Pt Pt

7,7=1
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and

8m xj pt
B = Z fthzj * (pt = Pt) fPtU* (pt = pt) :

1,5=1
Noticing that V% = %V log 2t 5L, one estimates A as follows

A= fth*(pt—ﬁt):Vlogﬁt@)vlog@
<*fptlvlog +*fpt\(vlogpt)TU*(p pI?
<9 fptlvlogfl2 + UV log 7t e Lt - 7l
Pt v
and again by Csiszdr—Kullback—Pinsker inequality, one has that
v 2 _
a<® [ piviog 22+ 2 UL~ |[Viogpilfe [ pelog 2.
Dt v Pt

Now it only remains to control B. Recall the following famous Gibbs inequality

Lemma 4 (Gibbs inequality). For any parameter 1) > 0, and probability measures p,p € P(X) n
LY (X), and ¢ a real-valued function defined on X, one has the following change of reference
measure inequality

S )o@yt < ([ poyto 4 s o [ pla)exp(nota))da).

The proof of this inequality can be found in section 13.1 in [Erdos and Yau, [2017].

To control B, we write that ¢ = U * (p; — pt) : v p t and thus B = [ p;¢. We choose a positive
parameter > 0 such that

L g | 22
n Pt

Now we apply Lemmaf4]to obtain that

B:fﬂt¢$%(fptk’g%+10g/ﬁtexp(77¢))-

Note that 1 > 0 is chosen so small such that

1

e

va

nlélL= [Tl =l = pel 2

.-
1 _
< §|\Pt =pelo <1,

since for two probability densities it always holds |p: — p¢| 1 < 2. Consequently, applying the
inequality exp(x) < 1+ z + £2° for |z| < 1, we have

_ _ e e/l _ 2 e _
fptCXp(n¢)Sfpt(1+77¢+§772¢2)51+0+§(§“ﬂt‘ﬂt“ﬂ) <1+ 7 KL(pilpr),

where

fptqb /U*(pt pt):V pt—f Z 0,2, U % (pr - pt)Pt—/leK*(pt pe)pe =0,
2,7=1
since divK = 0.

To sum it up, in particular since log(1 + z) < x for x > 0, one has

HLwKL(PtWt)-

B< ;(1 + S)KL(pidp) < 41U 1= | Vp”
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Combining equation [56} the estimates for A and B, one has

dtfptlog <——fpt|vlog—|2+M(t)fpflog—+/pt5t Vlog—
Pt

<2 f IV log X7 4 M (1) / pilog 2+ > [ o

V2P
0. HL

(57

where

2 _ _
M(#) = S |U 5|V 10g e[ + 4[U]| 1| = M(t0,U ).

Since the matrix-valued potential function U is bounded (|U(x)|,p < 1/4 when U takse the form
), and under suitable assumptions for the initial data pg (for instance pgy € C? and there exists
¢>1st % <p<c), one can obtain SUPe[o,7] M (t) < M < co. We recall Theorem 2 in [Guillin
et al.,[2021]] as below for completeness.

Theorem 5. Given the initial data py € C* (I1?), such that there exists ¢ > 1, % po < c. Then the
vorticity formulation of the 2D Navier-Stokes equation

Oipr + div(pe K * pr) =vApy,  p(0,7) = po(x),

has a unique bounded solution p(t,z) € C°°([0,0) x II?), and for any t > 0, for any x € 11%, it
holds that 1 < p(t,z) <c.

Finally, we simplify equation[57]to obtain that

d 1
ffptlog@Sprtlog@+f/pt|5t|2,
de Pt pt Vv

where M = sup,cpo,71 M (t;v,U, py) < oo. By Gronwall inequality, one finally obtains that

sup Dt log dx < - exp(MT)R(Q)
te[0,T] I

As noted in [Guillin et al., 2021],in particular Corollary 2 there, one can improve the above time-

dependent estimate (exp(MT')) to uniform-in-time estimate by using Logarithmic Sobolev inequal-
ity. Indeed, given that % < pt < ¢, one has that

f 04 log dx< — fnd pt\vxlog%Fdx. (58)
t

Combining equation [58]and equation[57] one obtains that

473y

SKL(ulp) < (M) - SEVKL(plp) + - [ pdoi?

47ru

Multiplying the factor exp(
that

t— jo M (s)ds) and noting in particular KL(po|go) = 0, one obtains

KL(pilp) < | ’fexp(‘“r (s=0)+ [ M(u)du)f(s)ds.

Indeed, under the assumptions as in Theorem@ one has that there exists a universal C > 0, such that
f M(#)dt = C < oo.
0

We thus immediately obtain that

sup KL(pt\pt><f / |, pulaiPazat.
te[0,T]

This completes the proof of Theorem 2]
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The McKean-Vlasov PDEs, i.e. equation 2}, with bounded interactions K € L>  As mentioned
in the main body of this article, it is much easier to obtain the stability estimate for the McKean-
Vlasov PDE with bounded interactions.

Theorem 6 (Stability Estimate for McKean-Vlasov PDE with K € L*°). Assume that K € L*. One
has the estimate that

K|?..
sup KL(p{|p) < = exp( 2K T)R(f),
te[0,7T] 14

where we recall the self-consitency potential/loss function R(0) reads
T
R(f) = [ [ 17(t2)+ 9V (0) = K = pf + 09 10g pf Pap] ()t

Proof. Here we give the control of the growth of the KL divergence for systems with bounded
kernels. Applying Cauchy-Schwarz inequality twice for the entropy dissipation terms in Lemma
to obtain

1
f peK * (pr = pr) - Vlog—<f/’pt Vlog +;fpt|K*(pt_ﬁt)|27

v 1
f ptét'VIOg@S7fpt|V10g@|2+*[pt|5t|2'
14 pr 4 pt Vv

~ ~ Pt
J o o= 0P < 1K il =il <20~ [ pitog 2.
t

where the last inequality is simply the Csiszar—Kullback—Pinsker inequality [Villani et al.| [2009].
Combining the above estimates, we obtain that given that K € L*°,

v 2| K3 1
L PV 108 | +&[ptlog@+*fpt\5tl2-
dt 2 v Py vV

Currently, we are not interested in the long time behaVior, so we first ignore the negative term above

to obtain that |
d 2| K% 1
*[ lgf ‘ HL fptlog&+*fpt|5t|2~
dt Dt v Pt U

By Gronwall inequality, we obtain that

1 2| K5
f ptlog@ <= ( ” HL f fps|6 |*dzds.
4 Pt 7/

and

Furthermore,

Pt
Ptl og — =-—
Pt

E.2 The McKean-Vlasov equation with Coulomb interactions

Proof of Theorem 3] We first prove the case when v > 0. Applying Cauchy-Schwarz inequality to
the right-hand side of J tE ( pt ,Pt) in Lemmal one has

SBGl.p0 <y [ ol s

1 _ _ _
=5 S K@ =) (Alp) (@) = Alp) ) )d(pf - )% (2.9).
By Lemma 5.2 in Bresch et al.| [2019b], as long as the ground truth “velocity field” A[p;] is Lips-
chitz, i.e. A[p] € W™, or equivalently V2V € W1 v2logp; € L=, K % p; € W, using the
particular structure introduced by the Coulomb interactions (note that —-Ag = §p and K = -Vg), we
have the estimate

1

=5 [ K@) (Alp)(@) - Alp ) w))d(of = 1) (.9)

<C|VA[p]|=F(pl,pr)-
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This estimate can be obtained either by Fourier method [Bresch et al., 2019b] or by the stress-energy
tensor approach as in [Serfaty, 2020]. We emphasize that those assumptions made on (¢ )se[o,] can
be obtained by propagating similar conditions on the initial data py. This estimate actually holds
for more general choices of g or K. See more examples including Riesz kernels in [Bresch et al.,
2019b]. Moreover, the Lipschitz regularity of .A[p;] can also be relaxed a bit. See for instance in
[Rosenzweig, [2022].

Combining previous two estimates, one has

d B 1 _ 1 _
SEGf ) <5 [ el Wlde s COFGl p) <5 [ ol 181 da+ COLEG, 7).

Then applying Gronwall inequality concludes the proof of the case when v > 0.

Now we prove the deterministic case when v = 0. Now the relative entropy or KL divergence does
not play a role since there is no Laplacian term in equation[2} Lemma[2]now reads

d _ _ _
SF ol == [ ol < (ol =P = [ ol 001+ (ol =)
1 _ _ _
5 o K@ =) (Ala] (@) = Alpd ) )d(pf - )% (2.9).
Applying Cauchy-Schwarz to the 2nd term in the right-hand side above, we obtain that
d f o= 1 f s 1 — — f_ = \®2
Sl <s [ ollof -3 [ K@=y (Alpd@) - Al )] - ) @.p).
Again assuming that the “velocity field” A[p;](+) is Lipschitz will give us

d _ 1 _
SFGlp) <5 [ ol + COF ol ).

Applying Gronwall inequality again conclude all the proof.
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F Approximation Error of Neural Network

We show that in a function class F with sufficient capacity, there exists at least one element f eF
such that R(f) is small. In particular, we are interested in the function class of neural networks.

We will focus on the case where the domain is the torus X’ = I1¢, i.e. a d dimensional box with size
L endowed with the periodic boundary condition. For the simplicity of notations, we denote the
underlying velocity by f; = A[p;], where the operator A is defined in equation

In the following, we focus on the Coulomb case where K is defined in equation [3] The Biot-Savart
case (4) can be treated similarly.

Proof of TheoremH] In equation [14] we showed that for any hypothesis velocity f, the EINN loss
R(f) admits the trajectory-wise reformulation:

T
R(f) = [ dwopo(@) [ atle] o x/ (o), (59
where we recall the definition of 6{ in equation Note that, as a general principle, in this proof,

we will use the superscript to emphasize the dependence on a velocity f, e.g. the flow map X tf .

From Assumptionwe know that there exists f € F such that | f— f [ w2 (x) < €. In the following,
we show that R(f) is small.

Define ,
Fopy def foxf 2
AL [ 6] o x) (@) as. (60)
We have
R(f) = [, ALT)dpo(@). (61)

Recall that f denotes the underlying velocity and hence 5{ =0and p{ = p;, where we recall that pf
is the solution to the continuity equation (7)) with velocity field f. We can bound

a ~ ~ a N ~ _ _
A1) = 18] o X[ (@)1 = 6] o X{ (@) - 6] o X{ (@)
<A (fro X{ = Fro X @)|? + 4] (VV o X[/ - vV o X[ ) ()
+ 4] (K # pl) o X[ = (K« 1) o X[ ) ()7 + | (V1og pf 0 X{ - V1og py o X{ ) ()]
-D+Q+3+®. (62)

We will bound each term on the R.H.S. individually. The following lemmas will be useful:

Lemma 5. For two Lipschitz continuous velocity field fi, fo € C1(X), we have for any t € [0,T]

| X7 () - X2 (@) < Au(T) | f1 = fol 2 ).
Proof. Denote @ (t) = X} (x¢) fori =1,2.

%Hfﬂl(’f) - ()% < ' (t) - 2® ()2 + | 1t 2" (1)) - folt, 2 ()]
<Clat(t) - (@) + | A1t 2 (1) - fo(t, 2% (1))
<Clat(t) =20 + | f1 = falzo -

Using the Gronwall’s inequality, we have the result. O

Lemma 6. Suppose that f € C! is Lipschitz continuous. We have that th is an As(T)-Lipschitz
continuous map. For f € L= (X), we have | X] ()| < || + t] f] 3.
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Proof. Denote x(t) = X/ () fori = 1,2.
d
Qle(t) —2?2 ()] < |2t (1) - 22 (O + [ f (12 (1) - f (82 (1)]
<Cla'(t) -2*(1)]*.
Using the Gronwall’s inequality, we have that X tf is Lipschitz continuous. [

Lemma 7. For f € C*(X), suppose that V(divf) € L2(X) and J; € L=(X). Further suppose
that the initial distribution pq satisfies V log po € L= (X). We have that V log p{ o th € L(X).

Proof. Denote x(t) = th (x¢). From equation we have
%”Vlogpf(w(t))\P <C(1+|Viogpf (z(t)[). (63)
Using the Gronwall’s inequality, we have ||V log p{(az(t)) |? < oo for @y € X. O
Bounding (D in equation[62] We have
|(Frox] - foo X[) ()]

<A (froX{ - frox]) @l + 1 (Fio X/ - oo X[) ()]

<eve | X! (@) - X{ (@) < Cy(T)e.
Bounding @ in equation[62] We have from Assumption[2]and Lemma3]

|(vV o X{ -9V o X{) ()] < Ca(T)e.

Bounding (3 in equation Bounding @) in equation [62] requires a more sophisticated analysis
which is the major technical challenge of this proof. For the simplicity of notations, for a fixed x

and y, denote &(t) = X/ (x), z(t) = th(m) () = X/ (). y(t) = th(y) For any ¢’ which is to
be determined later, we have
1« plyo xF = (i) o X[ ) @)= [ K(@(8) - 5(1)) = K(@(8) - 5())dpo(w)

<o f K@ - 500) - K@) - 5(0)d0 ()] @)

2 K@D - 5(0) - K@) - 5(0)dm(w) ®)

Note that the upper bound on ||£(¢) — g(¢)| in B) comes from Lemma@ and the facts that X' = IT¢
is bounded with size L. To bound @), we have

I SC OB TONR SCIORTONY ]

: fum_@(m,ge, | K (@(t) - g()] + | K (@) - 5(t))|dpo(y)

1 1
= ’ - + — — dﬁo y = © + @
f\la@(t)—@(t)\lﬁe' l&(t) -9t [2(t) -yg@)[* @)
We can bound © by
1 1
7 4p0(y) = ——d
/Hoz(w—y(t)usa l&(t) - gt ) l&(t)-yl<e’ |&(t) - y[o?

where in the above inequality we remove the singular term by using transforming to the polar coor-
dinate system. To bound ©), we pick € = dA;(T)e, so that Lemmaimplies

d+2
€
d

pl(y) <lpfle-€, (64)

{yeXl2(t) -g()| <€’} {y e X[|z(t) -y(@)] < '}
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and consequently

1 1 d+2, ¢
— _dpo(y) < L po(y) < L e
f”ﬂt)—@(t)\\sa lz(t) -g()]|* poly) < le()-g(ol<2e [2(t) —g(t) ]|+ S |p(t6|5) 6
To bound B), note that
1
VK($)Zw(\|x|\21—d'I®I)=>HVK(JJ)HSW- (66)

Denote z(t) = min(||2(¢t) — g(t)], |&(t) - y(¢)||). Recall the choice of ¢’ = dA;(T)e. Using
LemmaB] we have that

d-2, ., N
[zl 2 —=lz() -9
Using the triangle inequality, we have

], atoce-sroe KO = 50) = K@) - 5()dn(w)]

K@) -9(8) - K(2(t) - 9(t))|dpo(y)
1 —
A(T)L2|&(t)-g(t)|2¢ Wdﬂo(y)

d 1
< 26/df d — =
AQ(T)LzHﬁ:(t)—'g(t)Hzf’(d—2 [2(t) - g(t)|4

) 1
ot | R
I ] Ax(T) L2 (t)-y[2.5¢ [y]<

Y
A (T)Lz|&(t)-g(t)]ze
<2¢'d

dpo(y)

= 2¢€'d|p] | oo In(A2(T)L/<).
Combining the bounds of @ and B), we have that

B < Cg(T)(eln%)Q. (67)

Bounding @ in equation Denote &(t) = th(a:) and z(t) = th(:c) Define

def f f _ F N _
By (t) = | (Viogpf o X[ -~ Viog pro X[ ) ()| = [ Vlog pf ((1)) - VIog 5u(2(1))|*. (68)

Computing its dynamics

 Balt) < Balt) + 15 (V108 pf (3(1)) - Y10z (2(1)) I (©9)
Recall equation[I8] We have that
S v1oap] (2(1) =¥ (V- fu(@(1) - (7, (8(1))) T log pf (2(1)). (70)
9 t0pl @(0)) = -9 (V- @) - (77,2(0) Viogpl @), D
and hence
I (vlogp] (2(1)) - VIog (@ (1))) I

<20V (V- fo(@(1))) - 9 (V- Fu@(1)) |2 + 2] (77, (@) Tlog p! (1)) - (7, (2(1)))" Vlog pf (2(1))]*
-®+®.
We now bound these two terms individually. To bound E),
19 (V- fi(@(1) -V (V- fulz(t)) |
<V (V- fe@(1) =V (V- fi@®))) | + [V (V- (1)) =V (V- fi(@(t))) | < e+ LA(T)e.
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To bound B

1(7,(&()) Vlogpf (#(1)) ~ (77, (@(1))) Vo pf (2(2))]?
<2 ((77,@() - (75, @0))") Viogof @)1 + 21 (7, (2(1)) (VIogp] (2(1) - VIogp] (2(1) ) I
<2(1+ LA(T))?€* + 2L B,(t).
Consequently, using Gronwall’s inequality, we have that

@ < Cy(T)€. (72)
Combining all the estimations for (D) to @), we have that
; 2.1 Li2
R(f) <C(T)e"(In—)7, (73)
€

for some constant C'(T) independent of e. O
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G Discussion on the Unbounded Case

In Section we considered the torus case, i.e. X is a d-dimensional box with size L with a periodic
boundary condition. In this section, we consider the unbounded case, i.e. X = R, There are two
major differences:

1. The first difference is that when X = RY, we would obtain an additional integral-of-divergence
term from the operation of integration by parts. When X is a torus, using Gauss’s divergence
theorem and the periodic boundary condition, this term immediately vanishes, which simplifies
the analysis. In contrast, for the unbounded case, we need to handle this term by assuming some
additional regularity conditions.

2. The second difference is that for the torus, it is reasonable to assume that the initial distribution
po is fully supported, which is equivalent to the existence of some constant ¢ > 0 such that
po(x) > ¢ for all x € X. Such an assumption will allow us to propagate the regularity of the
initial distribution pg to the solution at time ¢, i.e. p;. In contrast, for the unbounded case, such
an assumption clearly does not hold since otherwise py would not be integrable. Consequently,
we can no long propagate the regularity of the initial distribution and hence we need to directly
make regularity assumptions on py.

In the following, we will focus on addressing the first point and provide sufficient conditions such
that Lemmas [T]and[2] can be recovered even in the unbounded case. To elaborate a bit on the second
point, the theorems that are derived in the main body of the submission remain valid under the
regularity assumptions given therein. However, unlike the torus case, it is difficult to establish these
regularity results for the unbounded case by assuming the regularity of the initial distribution py.

Lemma 8 (Analogy of Lemma in the unbounded case). Given the hypothesis velocity field f =

flt,xz) e Ctlw. Assume that (p] )se[o,17] and (pt)¢e[o,1] are classical solutions to equation (7) and
equation ([0) respectively. It holds that (recall the definition of &, in equation ({[1))

dfpflogp{= —Vf pflvlogp{|2+f ,ofK*(pf—ﬁ)'Vlogi
dt Jx't Dt x't Dt x 't ¢ i Pt

f foo
+f p{é'tvloge—t—/le(ptf(ftlogp%_ft))
x Pt Pt

where X is the tours I1%. All the integrands are evaluated at .

Proof. Recall the McKean-Vlasov equation [6] and the continuity equation [[0] For simplicity, we
write that p; = p!/ and f; = A[p;]. Then

d Pt . Pt Pt 1. (- 7
a f ptlog E == f le(Ptft) log E + f E le(Ptft)
= /Ptftvlog@—fvgﬁtft—f div(pt(ftlog@—f})).
Pt Pt Pt
We handle the first two terms on the R.H.S. just like the torus case and we can have the result. [

Lemma 9 (Analogy of Lemma[2]in the unbounded case). Under the same assumptions as in Lemma
given the diffusion coefficient v > 0, it holds that (recall the definition of 8; in equation (I1))

d f
SF (ol ) = —[Xp-fufw(p{—ﬁt)nz—[xpfat-m(pz‘—m)wfxpfm(pf—m-wog%
1
=5 o K@ =) (Alp](@) - Alp) @) )d(p{ - )% (2.9)

- [ div{g < (o] - 50 @) (o] (@) (@) - (@) fulw)) Jda

where we recall that the operator A is defined in equation ().
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Proof. Recall that K = —Vg. For simplicity, we write that p, = p{ . Then

S Fup) =53 [ o 0dl- )% )
J,9% (2= 00@)(D1p1(@) = 1u(2) )

= [ g% (- @) div{pi(0) fu(@) = pu(w) () pda
[ 99+ (o= )@ i (@) fi(@) = (@) fula) faa

= [ div{g* (o0 - 20 @) (pe(@) () - (@) (@) Jolo

We handle the first term on the R.H.S. just like the torus case and we can have the result. O

G.1 Handling the Integral of the Divergence

Given a vector field, the following lemma provides a sufficient condition for the volume integral
of its divergence over X to be zero. The idea is to construct a sequence of approximations to the
integral of interest, each of which involves integration over a compact set. Consequently, Gauss’s
divergence theorem can be applied. We then utilize the dominant convergence theorem to exchange
the order of the limit and integral.

Lemma 10. For a vector function g : R - R which satisfies

fRd de |div g(x)| < o0 and [Rd dz |g(x)| < oo, (74)
we have
fRd da div g(z) = 0. (75)
Proof. Choose a cut-off function, indexed by r > 1, satisfying
1, if x| <,
D, (x) = %(14—003(71’“:13“/7"—1)), if r<|x|<2r, (76)
0, if 2r<|z|.

We have |V®,.||c~ = O(1/r). Using the chain rule of divergence, we have that
divg(g- @) = divg(g) - @, +g- VP, (77)

We have [p, dx div,(g®,)(x) = 0 for all r and x, by noting g®,.(x) = 0 for || > 2r and using
Gauss’s divergence theorem on the @ variable. Using conditions and the dominated convergence
theorem, we have

0= lim N dx [divg(g) - @, ](x) + Thjg fXdaz [g-V®,.](x)

- fde ,hm[divw(g)-(l),ﬂ](w)Jr/Xd:c lim [g- V@, ] (x)
= da divg ,
|, 4@ diva(9)(@)
where in the last equality, we use g - V®,.(x) < |lg(x)| |V, ()| = 0 as r - oo. O

We now show that the divergence integrals in Lemmas [§] and [J] satisfy the requirements (74), under
the following regularity assumptions on the hypothesis velocity field f, initial distribution py, and
the ground truth solution p.

Assumption 3. f € Lip(X') and there exists some constant L, such that for allt € [0,T] and x € X
[TV (div)](t, )] < L.

Assumption 4. The initial distribution py satisfies

[ d@ po(@)(og o ()| + D(J] + 1) (| log po )] +1) < o0 (78)
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Assumption 5. Suppose that the ground truth p; € L* is sufficiently regular such that
|log pe(@)| + [ V1og pe (%) | < L(1 + |2 ])* and || fi(z)] + |divfe(®)] < L1+ Jz])*  (79)
holds for all © € X and t € [0, T] with some constant o and L. Here we denote f; = A[p;].

The following estimations of regularity will be helpful. The proof is deferred to the end of this
section.

Lemma 11. Under Assumption[3} we have the following estimations
J2[* < exp(t(1 +2L))([zo]® + 1)
|log pf (w+)| < |log po(wo)| + Lt
|V log pf (:)|* < exp(t(1 +2L%)) (|| V log po(z0)[* + 1).

We now show that the integrals of the divergence in Lemmas [T2]and [[3]are zero.

Lemma 12. Under Assumptions[3]to 5] we have

fX div(pe(/: logi - 1) =0. (80)

Proof. To establish Lemma [I2] we need to show that all the terms inside the divergence of equa-
tion [80] satisfy the integrability requirements (74) in Lemma [T0] which are handled one by one in
the following.

* We handle the term p{ log p{ ft.

— To show that [, da Hptf logp{ft(x)ﬂ < 00

[, d@ ot 100! f1)(@)1 = [ da ol @)ll1og pf 1))
= [ 4 pol@o) - |1og pf (@) | ()]
< /;dw po(o) - ([log po(@o)| + Lt) - exp(t(1 +2L%)) (o +1) < oo.
- To show that [, da |div (pf logpfft) (x)] < 00
diV(pf log pf ft) = divf, - pf log pf + f1- ¥ (p{ log p)
= divf; - pf -logpl + (fi-Vp!) logp! + (fi-Viogp])-p]

=pf (divfi-logp! + (fi-Vlogpl)- (1 +1ogp]))
We now bound
[ d@ pf @[ div ;- 1og p )(=)|
- fxdw,ao(wo)udivft.1ogp{](mt)|g[deﬁo(mo)-L-(tL+|1ogﬁ0(w0)\)<oo.
and

[ d@ pl @I[(f- Viogp!) - (1+10gp])]) (@)
= [ d@ po(@o)l[(fi Vlog pf) - (1 + log pf ) ()|

< [ dw o) L1+ o) exp(t(1 + 222)) |V log (o) + 1)(1+ Lt + |1og po(0)]) < oo.

* We handle the term p{ log p¢ ft.
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— To show that [, dz | pf log p; f:(z)| < oo
4 ol llog pfu@)l = [, dw ol llog o fil (@)
< [ d@ m(@o)log (@)l @)l < [ d po(@) (1 + fe])™*! < co.
- To show that [, da |div (pf logﬁtft) (z)| < o0
div (,0{ logﬁtft) = divf, - pl log o + fi - V(p] log pr)
= divf,-pl logpy + (fi-Vp!) -log pr + (fr - Vg py) - pf

= pf (divfy-log pu + (fi- Vlog pf ) log i + fu- Vlog 1)

We now bound
[ 4 of @)l div (@) Nlog ()] = [ dz po(o)div fu(o)| - [og pu(a)|

< deﬁo<wo>L(1+\|wt|\)<1+Hzmﬂ)%oo-

[, 4@ ol @I[(fi- V108 ) log p)(@)] = [ de po(@o)l[(f:- ¥ log pf) og i (a0)
< [, d@ pu(@o) (@)1 og o] (@)l 10g ()

< [ d@ exp(t(1 +2L%)(171og po(wo) |+ DL(L+ @] )(1+ |ae])* < .

[ d@ ol @)L Vg prl(@)] = [ de po(@o) @) |7 1og 1)
< fxdfﬂ po(xo) || fe(xe)||[|V 1og pe ()| < [de po(xo) L(L + 2] ) (1 + [ )* < oo.
* We handle the term p{ fi.
— To show that [, dz | [p] f;](x)] < oo
[ a2 Al @If@)] = [ de po(@o)lfi(@)] <0
— To show that [,, dz: |div(p! f;)(z)| < oo
fX div(p{ fo) = fXWf'ﬁwfdint = f){p{(VIngf'ﬁ+ divf;)
= [ 4o po(@0) (Viog pf (21) - i) + div (@) < oo,
using the polynomial growth assumption on the ground truth velocity field ;.
O

We now focus on addressing the integral-of-divergence term in Lemma[9] The following result will
be useful.

Remark 2. Let th be the flow map generated by the velocity field f € Lip(R?). We have that

X/ € Lip(R?) and that p] = X/ i po remains bounded for t € [0,T] if po is bounded on R%. This
can be established using the change-of-variable formula of the probability density function.

Lemma 13. Under Assumptions|[3|to[5] we have

| d@ div{g « (of - ) @) (of (@) (@) - pe(@) fi (@)} = 0. 81)
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Proof. Denote h = g * (p; — py)(x) (pe(x) fi () — pe () fi(x)). To show that h € L1 (X)), we can
show that, after splitting into simple terms, every term from A is in £. In the following, we show

9% pe(@)pe(z) fi () € L1 (X).

Other terms can be proved similarly. First, we show that g * p; € L>(X) if p; € L2(X). For any
constant C, we have

g*pt(m)=/xg(m—y)pt(y)dy

S eetE @Ay [ ste -yt

|e-yl>C
2-d 2-d
< [lpt) = x-y|*ldy + C f d
Ipell e /”w_yugc |z -y["“dy Hm_y”w”t(y) Y

< |ptl g2 C* + C*,

where in the last inequality, we use

f | - y|**dy = ly|24dy < f r2-ddy f Jodg < f drr<C2.
|lz—y|<C lyl<C 0<r<C 0<r<C

Here Jy denotes the determinant of the Jacobian obtained from changing to the polar coordinate,
which is bounded by r%~!. We hence obtain

[ d@lg* pi@pu@) fi@) < [ de p(@)fi(@)] = [ dwo po(@o)lfulwo)] <o,
where we use f; € Lip(X') and the estimation in Lemma|[11]

Similarly, to show that div(h) € £!(X), we can show that, after splitting into simple terms, every
term from div(h) is in £!. In the following, we show that

Vg pe(@)pe(x) fr(@) € L1(X) and g * pe(x) V(@) - fi(®) € L1 (X).
Other terms can be proved similarly.

To show that Vg * p;(x)p(x) fr(x) € L1(X), we first show that Vg * p;(x) € L2(X) for p; €
L>=(X). We can then apply the same argument as above to establish the absolute integrability of
the whole term.

IVg* @) < [ IV9(@-1)lpi(w)dy

i fuwfyusc Iv9(@=y)lpi(y)dy + wa—yH>c [Va(z - y)lpe(y)dy

1-d 1-d
< oo x - dy +C / d
HPtHL (X) wa—stC H y” Y le—y]>C Pt(y) Yy

< pell ey C +CH 4

To show that g * p;(x) Vs (x) - fi(x) € L1(X), we use the fact that g * p; € £L°(X) and that

[, d@ Vo) fi(@) = [ dwo po(we)Vlog () - filw1): (82)

Using the estimation in Lemma|l1]and that f; € Lip(X'), we obtain the result. O
Proof of Lemma

%Hwt 12 < flawel® + [ fe(@e) | < awel® + 2L2(1 + e |*) = (1 +2L°) Jaee|* + 227, (83)

Using Gronwall’s inequality, we have

|| < exp(t(1+2L%)) (o] + 2L%/(1 + 2L%)) < exp(t(1 +2L2)) (|0 + 1). (84)
‘We have

d ~
alogptf(wt) = —div fi(x:) (85)
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‘We have

%Vlogp{(mt) =-V (divft(a:t)) - (jﬁ(;ct))T Vlogp{(mt) (86)

d .z T
&HVIOg,OiC(fm)\l2 <[ Vlog pf () |* + 2|V (divfi(z:)) | + 2] (T7, (1)) Viog pf ()]

87)
f 2 _ 2 - 2
< |Vlog pf (@) *(1 + 2] T5, (2)*) + 2|V (divfe(ze)) | (88)
<[ Viogpf (m:)|?(1 +2L%) + 217 (89)
Using Gronwall’s inequality, we have
[V 10g pf (a0) | < exp(t(1 +2L2)) (|7 log po(a0)|* + 1). (90)
O
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