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A Limitations and future works

First, while empirical results demonstrate faster convergence with second-order guidance, theoretical
guarantees of this acceleration remain to be established. Second, while the U-Net architecture serves
as our baseline score estimator, it may not be optimal for all problem domains. Specialized network
architectures that better capture the geometric structure of constraints may be investigated. Third,
experimental results primarily focus on two specific types of problems, then further evaluation may
be required to assess the effectiveness on a broader range of function types.
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B Related works

B.1 Chance constrained programming

CCP is a powerful modeling paradigm for optimization problems with uncertain constraints, with
applications across engineering, finance, and beyond. Two common solution approaches are Convex
Approximation (CA) and Sample Average Approximation (SAA). However, CA requires explicit
distributional information, and SAA can be computationally expensive. Thus, designing an efficient
framework for CCP under unknown distributions remains a pressing challenge.

B.2 Optimization via sampling

Traditional gradient-based methods often converge to local minima under nonconvex settings.
Sampling-based algorithms, particularly Langevin Dynamics, have demonstrated strong performance
in global optimization (Ma et al.[[2019]). Compared to conventional optimizers, Sampling-based
algorithms can take fully advantages of data priors and solve nonconvex problems more effectively.

B.3 Learning to optimize

In order to improve the efficiency of optimization algorithms, learning-based methods are studied
by |Chen et al|[2022]. Learning-based methods aim to learn a parameterized or semi-parameterized
update rule of optimization without taking the form of any analytic update. Traditional learning-based
methods simply learns the mapping between the input and output of the optimization algorithms,
which may cause to fall into local minima. Consequently, generative sampling-based models have
attracted growing interest for optimization tasks.

B.4 Diffusion models for optimization

The rising prominence of diffusion models has spurred significant research interest in their underlying
mathematical foundations and theoretical properties, as well as strategies to optimize their perfor-
mance. At the same time, there are more and more researches on the application of diffusion model.
How to use diffusion model to solve optimization problems is gradually attracting people’s attention.
In|Chung et al.|[2022], an additional correction term inspired by the manifold constraint is added into
the reverse diffusion step to preserve the manifold constraint and data consistency, and used to solve
the inverse problem. In|Krishnamoorthy et al.|[2023]], a conditional diffusion model is trained via
loss reweighting to map function values to corresponding points and applied for offline Black-Box
Optimization. In|Guo et al.| [2024], a kind of Look-Ahead Guidance (LAG) is introduced to preserve
the linear structure of data and then used for regularized optimization and global optimization. In|Li
et al.| [2024], a diffusion-based training-to-testing (T2T) framework is used to solve new instances in
combinatorial optimization while training on historical instances generated by existing algorithms.

Compared with related methods, our work is the first, to the best of our knowledge, to use diffusion
models to solve the general chance constrained problems. The key challenge here is the lack of
direct training data corresponding to the product distribution of the objective and constraints. We
address this through a dedicated data generation stage, followed by conditional training of the score.
In contrast, (Guo et al. [2024] assumes access to a pre-trained unconditional diffusion model and
focuses on a restricted linear-Gaussian setting. Unlike classical convex approximation approaches for
CCP, our method does not require prior knowledge of the underlying distribution. Instead, we only
assume access to samples from it, which makes our approach applicable to broader and more realistic
settings.

More specifically, our approach introduces two main innovations:

* Conditional Training and Applicability Beyond Linear-Gaussian Settings: Unlike Guo et al.
[2024]), which applies guidance to pre-trained unconditional diffusion models and assumes a linear
objective with Gaussian data, our framework involves a dedicated data generation process followed
by conditional score training. This enables us to address nonlinear and structurally complex
chance-constrained problems, where directly sampling from the feasible region is nontrivial.
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* A New Class of Guidance Derived from Product Distributions: Most existing guided diffusion
frameworks follow the general SDE form as follows:

dx; = [a(xs, t) — b(t)%(s(xs, t) + Gy)|dt + b(t)dB;. (1)

In our work, we derive two types of guidance terms directly from the product distribution formula-
tion of the target density:

— afirst-order guidance

G = —BV f(@), @
— asecond-order guidance
@ 1 o oo _ 1
G, = ——[H ' [(-Vg, f(z)z: + V f(z1)) 5= Molt] + Moyt 3)
Tole Boge

where the terms are computed based on a learned surrogate for the chance constraint and the
posterior mean fug|;-

In contrast, Guo et al.| [2024] introduces a Look-Ahead Guidance term designed for linear objec-
tives:

G = —B()Va,(y — g Elzo|a))?, )

where 3(t) and y are tuning parameters, g is the gradient of the linear objective, and [[x¢|a;]
is an approximation of the posterior mean pig|; that can be calculated by the score network, i.e.,

E[xo|a:] = a1 (t) (2 + h(t)sg(x, t)). This approach is effective when the data distribution is
Gaussian and the objective is linear, but may degrade under nonlinear or non-Gaussian scenarios.

C Experimental details

C.1 Experimental settings

Our neural network architecture follows the backbone of a U-Net (Ronneberger et al.| [2015]])
and ResNet (He et al,| [2016]]). We use group normalization (Wu and He| [2018]]) to make the
implementation simpler. All models use four feature map resolutions with convolutional residual
blocks and self-attention blocks (Vaswani et al.| [2017]]) per resolution level. Diffusion time ¢ and
condition parameter p is specified by adding the Transformer sinusoidal position embedding into
each residual block.

All models are trained with 4 A800 GPUs. The training durations are approximately 0.4 hours for the
linear chance constrained problem and 2 hours for the robust waveform design task. The average
sampling times are listed alongside the corresponding experimental results.

We set almost all our hyperparameters as default in (Ho et al.|[2020], Guo et al.|[2024])):

* We test the 7(t) schedule from a set of constant, linear, quadratic and cosine schedules. We set
T = 1000 without a sweep and chose a linear schedule from 7(0) = 10~% to (T") = 0.02.

* We use Adam in our experimentation process and leave the hyperparameters to their standard
values. We set the learning rate to 10~% without any sweeping.

* We set the batch size to 64 for linear chance constrained problem and 128 for robust waveform
design.

To generate the dataset, we utilize CVX (Grant et al.|[2008]]) to solve the restricted problem. For the
linear chance constrained problem, we generate N = 1000 data samples, while N = 10000 samples
for the robust waveform design task. During the sampling with guidance stage, we evaluate both first-
and second-order gradient guidance by implementing a DDIM-based technique (Song et al.|[2020al])
with a descaled time step 7" = 100 to accelerate the sampling process.

Our code is available at https://github.com/boyangzhang2000/GGDOpt.
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Figure 1: A sketch map for U-Net structure of GGDOpt

C.2 Effects of gradient guidance

First, we present an intuitive example illustrating how gradient guidance can steer the sampling
trajectory toward the desired target. Specifically, we consider a one-dimensional sampling task where
the initial distribution is z¢ ~ N(2,1) and 1000 samples are drawn from it to serve as training data.
We set the diffusion time step to 7" = 1000 and the resulting forward process of GGDOpt is shown to
closely approximate the theoretical distribution N'(0, 1) (see Figure .

- 0t -
0 A
05 11
] i | §
- i
[ M 8 ’ 3 \
8 Zoxs , '
ki ’ "
g ’ " \
£ o2
] \
]
]
‘ 0
]
| ]
‘ ]

- =l

2 2
Valuo Valuo

v

"l

(a) Initial distribution (b) Forward distribution

.

Figure 2: The forward process of GGDOpt.

Next, we compare different sampling strategies: without guidance, first-order gradient guidance,
and second-order gradient guidance. Theoretically, under Gaussian assumptions, first-order gradient
guidance alters only the mean of the end distribution, whereas second-order gradient guidance affects
both the mean and the variance. For each method, we generate 1000 samples and the corresponding
sampling results are presented in Figure 3]

Experimental results demonstrate that, in the absence of guidance, the sampling process shifts the
distribution from the prior A/(0,1) back to the initial distribution N(2,1), as expected. When
applying first-order gradient guidance with 3 = 3, the distribution transitions from the prior A/(0, 1)
to the guided distribution NV (5, 1), indicating a change in the mean while preserving the variance. In
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Figure 3: The sampling process of GGDOpt

contrast, with second-order gradient guidance and 3 = 1, the distribution is modified to N'(1/2,1/2),
reflecting changes in both mean and variance. These results confirm that GGDOpt effectively directs
the sampling process to the desired end distribution. Furthermore, setting 7" = 1000 is sufficient to
eliminate the limited time length error.

C.3 Additional experimental results
C.3.1 Linear chance constrained problem

Consider the following linear chance constrained problem

1
mn -z z+b'x
R 2 5)
s.t. Probep {c'x+d>0}>1—p,

where the uncertain parameter follows a Gaussian distribution p. = N(c; €, I) and the hyperparame-
ters (b, ¢, d, p) are selected from a predefined test set.

For any p < 0.5, the linear chance constraint can be expressed as
~27 (p)|lz]2 — ("2 +d) <0, (©)

where ® denotes the standard Gaussian cumulative distribution function. Then the linear chance
constrained problem () can be reformulated as the following second-order cone program:

1
mn -z'z+b'x
x 2 @)
s.t.  — ‘I)_l(p)H:cHg — (ETSL‘ +d) <0,

which is solved using CVX (Grant et al.| [2008]]). In practice, we assume the distribution p. is
unknown and only 100 samples are available. To generate training data, we solve the restricted
version of the problem for N = 1000 values of z linearly spaced in the interval [0, 0.5].

We evaluate the performance of the proposed GGDOpt framework by comparing it with several SAA
approaches, using the CVX-based solutions as performance benchmarks. Each algorithm (excluding
CVX) is run 100 times and objective values are reported after projecting the solutions onto the
feasible set. Experimental results for the case withn =8, b=¢ = (1,1,...,1),d=1,p = 0.1 are
summarized in Table[T} and the sampling process characterized by median and quantiles are provided
in Figure []to show the stability and fast convergence of GGDOpt.

Based on the results presented in Table [l we observe that SOC_CVX is capable of exactly iden-
tifying the global minimizer of the convexified problem, given full knowledge of the underlying
probability distribution. In contrast, SAA-based methods rely solely on sampled realizations and thus
yield approximate solutions. Among them, SAA_MIP requires solving a large-scale mixed-integer
optimization problem, which is computationally expensive. While SAA_SNSCO demonstrates rapid
convergence to optimal solutions in most cases, its performance degrades under worst realizations of
h, occasionally converging to sub-optimal solutions. This leads to strong median performance but
instability in statistical results.

Compared with the SAA methods, our proposed GGDOpt demonstrates superior stability and yields
higher-quality solutions, while also significantly reducing computational overhead.
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Table 1: Comparison results on the linear chance constrained problem

Method FvalMean FvalStd FvalMedian FvalQuan25 FvalQuan75 Runtime
SOC_CVX
-0.6586 0 -0.6586 -0.6586 -0.6586 0.3214
(Grant et al.|[2008])
SAA_MIP
-0.6281 0.0157 -0.6318 -0.6396 -0.6184 15.4502
(Pagnoncelli et al.|[2009])
SAA_CVaR
-0.5893 0.0248 -0.5869 -0.6021 -0.5702 0.3063
(Nemirovski and Shapiro|[2007])
SAA_SNSCO
0.8051 3.4014 -0.6371 -0.6469 -0.6019 0.2793
(Zhou et al.|[2024])
SAA_PDCA
-0.6389 0.0314 -0.6408 -0.6566 -0.6185 0.6276
(Wang et al.|[2023])
GGDOpt
0.3481 0.5486 0.2798 -0.0181 0.6142 0.0465
(Without Guidance)
GGDOpt
-0.6483 0.0051 -0.6488 -0.6525 -0.6454 0.0486
(First-order)
GGDOpt
-0.6491 0.0056 -0.6503 -0.6531 -0.6474 0.0507
(Second-order )
(a) Without Guidance (b) First-order Guidance (c) Second-order Guidance

Figure 4: Sampling process visualization of GGDOpt with median and quantiles

To provide an intuitive understanding of the sampling behavior in GGDOpt, we illustrate a represen-
tative sampling trajectory of different methods in Figure[5] The results show that, without constraint,
the sampling process will concentrate on the global minimizer of objective function. Under the
influence of constraint, the samples will fall into the feasible set and gradient guidance will lead the
sampling path toward the direction with lower function value. The corresponding iterations of the
objective values for first-order gradient guidance and second-order gradient guidance are shown in
Figure|[6]

Furthermore, we demonstrate that GGDOpt is capable of producing high-quality solutions across a
range of values for the risk parameter p. Specifically, we vary p from 0.05 to 0.30 while keeping all
other experimental settings fixed. The corresponding results are reported in Table[2]

To further illustrate the efficiency and robustness of GGDOpt, we evaluate its performance under
varying problem dimensions. In particular, we vary the number of decision variables n from 2 to
1024, using the corresponding CVX solutions as performance benchmarks (normalized to 100%).
The comparative performance of GGDOpt under first-order and second-order gradient guidance is
summarized in Table 3l
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Table 2: Comparison results on the linear chance constrained problem (5) with different p

Method p=005 p=010 p=015 p=020 p=025 p=0.30
SOC_CVX -0.6073  -0.6585  -0.6983  -0.7335  -0.7667  -0.7991
SAA_MIP 05729  -0.6229  -0.6312  -0.6883  -0.7053  -0.7351
SAA_CVaR 05787  -0.5893  -0.6378  -0.6583  -0.6769  -0.6892
SAA_SNSCO 10632 0.8051  -0.2408  -04760  -0.5635  -0.6617
SAA_PDCA 05730 -0.6283  -0.6665  -0.6957  -0.7279  -0.7639
GGDOpt_First-order -0.5955  -0.6483  -0.6828  -0.7032  -0.7284  -0.7603

GGDOpt_Second-order  -0.6040  -0.6491  -0.6944  -0.7130  -0.7498  -0.7817

Table 3: Comparison results on the linear chance constrained problem (5) with different n

Method GGDOpt GGDOpt
SOC_CVX SAA_PDCA
p=0.1 (First-order)  (Second-order)
fval 100.00% 99.39% 99.87% 100.00%
n =
time 100.00% 111.22% 7.26% 7.31%
A fval 100.00% 96.86% 99.73% 99.89%
n =
time 100.00% 118.26% 9.86% 10.02%
g fval 100.00% 95.67% 98.44% 98.56%
n =
time 100.00% 142.25% 15.12% 15.77%
16 fval 100.00% 90.42% 98.47% 99.70%
n =
time 100.00% 160.56% 15.10% 16.06%
fval 100.00% 95.88% 98.72% 99.89%
n =128
time 100.00% 198.24% 23.63% 25.93%
fval 100.00% 93.19% 97.91% 99.34%
n = 1024
time 100.00% 516.16% 34.11% 37.64%
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The results above demonstrate that GGDOpt effectively solves the linear chance constrained problem
across varying parameter settings. Moreover, it exhibits significantly higher computational efficiency
compared to alternative approaches.

C.3.2 Computational cost

Regarding the computational cost and evaluation, we test the linear chance constrained problem
with n = 8 and repeat 100 times to calculate the empirical mean of the objective value (fmean), the
empirical standard deviation (fstd), and the average run time (time). The results are summarized in
the following Table [}

Table 4: Computational cost of the proposed methods.
GGDOpt (Second-order)

B=0.1 B=1 3 =10

Method SOC_CVX GGDOpt (First-order)

fmean -0.6586 -0.6483 -0.6341 -0.6548 -0.6585
fstd 0 0.0051 5.6726e-3  2.5112e-05 2.2329e-08
time 0.3214 0.0486 0.0569 0.0527 0.0541

As observed in Table |4} the second-order method achieves lower objective values compared to the
first-order method and its performance closely matches the optimal solution obtained by SOC_CVX.
Moreover, the second-order method leads to significantly lower standard deviations, particularly as 3
increases.

We also provide the costs of three stages for the linear chance constraint problem. For each n, we
generate 1000 data in the training stage. During sampling, we execute 100 times of reverse process to
analyze the stability of GGDOpt. The total time costed in hour is shown in Table[5]

Table 5: Computational time of three stages (in hours).

Stages n=8 n=16 n =128
Data generating time 0.03 0.06 0.11
Training time 0.53 0.96 11.64

First-order ~ 0.0013  0.0017  0.0057

Total sampling ti
olalsampling ime ¢ ond-order 0.0014 0.0018  0.0063

Furthermore, our experiments indicate that increasing the quantity of training data alone does not
guarantee better performance. Instead, high-quality samples closer to the true optimal solutions are
the key of effective guided sampling.

C.3.3 Variance schedule

While Tweedie’s formula theoretically provides both the posterior mean and covariance, 3, =
(1 —ay)(I+ (1 — &) V?logp(x;)), computing the covariance requires evaluating the Hessian of
log p(x).

In our framework, the score function sg is parameterized by a neural network, and computing its sec-

ond derivatives involves backpropagation through the network’s Jacobian, which is computationally
expensive, especially in high dimensions.

To strike a balance between performance and efficiency, we choose to treat the covariance as a tunable
constant. This introduces an approximation, but as shown in Table [6] this achieves comparable
objective values to the fully Tweedie-based method, while reducing runtime by more than an order of
magnitude. These results confirm that using a fixed variance can be a practical and robust alternative.

C.3.4 Guidance term

Our experimental results in Table[/|further demonstrate that for the chance constrained programming,
the proposed GGDOpt consistently outperforms the Look-Ahead Guidance from Guo et al.|[2024] in
terms of both objective value (fval) and computational efficiency (sampling time).
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Table 6: Experimental results with different variance schedules.

GGDOpt (Second-order)
c0=001 0=002 0=01 o=1 o0¢=10
fval -0.6571 -0.6471 -0.6457  -0.6545 -0.6320 -0.6049
time 1.0984 0.0491 0.0496 0.0493  0.0492  0.0493

n=_8,p=0.1 Tweedie’s®

Table 7: Comparison results with Look-Ahead Guidance |Guo et al.|[2024].

n=2 n=4 n==~8 n =16

Method (p = 0.1) fval time fval time fval time fval time
SOC_CVX -0.4558 0.2148 -0.5630 0.2415 -0.6586 0.3214 -0.7394 0.4067
QGDOpt -0.4552 0.0156 -0.5615 0.0238 -0.6483 0.0486 -0.7281 0.0614
(First-order)

GGDOpt -0.4558 0.0157 -0.5624 0.0242 -0.6491 0.0507 -0.7372 0.0653
(Second-order)

LAG

Guo ot al.|[2024] -0.4460 0.0329 -0.5181 0.0738 -0.5783 0.1127 -0.6584 0.1436

As shown in the table, our proposed GGDOpt consistently achieves lower objective values and the
performance gap between GGDOpt and Look-Ahead Guidance increases with the problem dimension
n. In terms of computational efficiency, GGDOpt is approximately 2x faster than the Look-Ahead
Guidance across all problem sizes. This performance gain stems from the computational overhead of

Guo et al.|[2024], where computing the guidance term ng) requires backpropagation through the
score network to obtain the gradient of the posterior mean E[x|x;] with respect to a;. In contrast,
our first- and second-order guidance terms are derived analytically and thus do not require any
additional gradient computations through the network, making our method more efficient and
scalable.

C.3.5 VaR-constrained mean—variance portfolio selection problem

Consider a VaR-constrained mean—variance portfolio selection problem, which aims to minimize the
risk while pursuing a targeted level of returns with probability at least 1 — p (Wang et al.|[2023]]).
Let u € R™ and 3 € R™*™ denote the expectation and covariance matrix of the returns of n risky
assets, and v € R denote the risk aversion factor. Let © € R” denote the allocation vector. Then
this problem is formulated as follows:

min vz Sz —p' @
xcR" (8)
st.  Probg{€¢'x >R} >1—p,

where R € R, is a prespecified level on the return. We use 2523 daily return data of 435 stocks
included in Standard & Poor’s 500 Index between March 2006 and March 2016 and set R = 0.02%
and v = 2. Some results are shown in Table 8}

In the above experiments, we compare our algorithm with several classical methods, including the
mixed-integer program (MIP, Pagnoncelli et al.|[2009])), the augmented Lagrangian decomposition
method (ALDM, Bai et al.| [2021]]), the proximal difference-of-convex algorithm (PDCA, Wang
et al.|[2023])), and the diffusion-based Look-Ahead Guidance (LAG, |Guo et al.| [2024]]) method.
We set p = 0.05, 0.1 and n = 100, 400, reporting the final-iteration objective function value (fval),
total runtime (time), and the empirical probability of the chance constraint computed over randomly
sampled daily returns (prob).

The results show that MIP achieves the lowest objective values but incurs the highest computational
cost, as it fully exploits the data by formulating CCP as mixed integer program. LAG attains competi-
tive objectives but requires additional back-propagation steps for guidance. In contrast, GGDOpt well
balances solution quality and efficiency, significantly reducing runtime while maintaining comparable
objective values and constraint satisfaction.

10



Table 8: Comparison results of the VaR-constrained mean-variance portfolio selection problem.
(p,n) Metric MIpP ALDM PDCA LAG  GGDOpt (First) GGDOpt (Second)

fval ~ -0.0951 -0.0723 -0.0917 -0.0936 -0.0904 -0.0946
(0.05,100)  time 15.58 2418 4602 09433 0.3768 0.4071
prob  0.8600 0.8666  0.9700  0.8467 0.9200 0.8933
fval  -0.0874 -0.0750 -0.0814 -0.0859 -0.0827 -0.0867
(0.05,400)  time 204.2 66.68 9342  2.7570 1.2732 1.3559
prob 09066 0.8308 0.9891  0.8933 0.9533 0.9267
fval ~ -0.0951 -0.0721 -0.0856 -0.0927 -0.0915 -0.0936
(0.1, 100) time 13.31 2.388 6.258  0.9365 0.3420 0.4218
prob  0.8600 0.7633  0.9233  0.8533 0.9067 0.8667
fval ~ -0.0874 -0.0713 -0.0826 -0.0864 -0.0829 -0.0870
(0.1, 400) time 148.6 67.95 81.95  2.7323 1.2546 1.2818
prob  0.9058  0.8158 0.9266  0.8800 0.9267 0.9133

243 C.3.6 Robust waveform design

244  Consider a multiuser multiple-input single-output (MISO) downlink scenario, where a multi-antenna
245 base station transmits independent messages to K single-antenna users over a quasi-static channel.
246 The system model adopted is standard and is briefly described as follows.

Figure 7: Generated 10 sampling process of GGDOpt with U-Net-2D (from left to right: ¢ =
100, 90, 80, 70, 60, 50, 40, 30, 20, 10, 0).

11
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Table 9: Optimization Methods Comparison

Ny =64, K =8 Metric p=005 p=0.10 p=015 p=0.20
WorstProb  0.4865 0.4865 0.4865 0.4865
Empirical Mean FuncValue  0.0675 0.0675 0.0675 0.0675

Runtime 4.1406 4.1406 4.1406 4.1406
WorstProb ~ 0.9999 0.9999 0.9999 0.9999
FuncValue  0.0752 0.0750 0.0749 0.0748
Ben-Tal and Nemirovski| [2000] Runtime 1978 1292 167 1131
WorstProb ~ 0.9582 0.9335 0.9122 0.8974
FuncValue  0.0689 0.0687 0.0686 0.0685
Runtime 737 703 762 688
WorstProb  0.9521 0.9097 0.8685 0.8107
FuncValue  0.0692 0.0690 0.0686 0.0685
Runtime 0.6071 0.5894 0.5941 0.5374
WorstProb  0.9515 0.9007 0.8573 0.8111
FuncValue  0.0688 0.0685 0.0684 0.0684

Runtime 0.6273 0.6152 0.6730 0.5901

Sphere Bounding

Bernstein-type Inequality
Wang et al.|[2014]

GGDOpt
(First-order)

GGDOpt

(Second-order)

Let N; denote the number of antennae at the base station and K the number of users. The received
signal of user ¢, 7 = 1, ..., K, is modeled as

yi(t) = hi'm(t) + vi(t), ©)
where h; € R™ is the channel of user i; z(t) € R™* is the transmit signal from the base station;
v;(t) is noise with distribution N(0, o2).

We assume a general vector-Gaussian linear precoding strategy, where the transmit signal is expressed
as

K
x(t) = ait), (10)
=1

with ;(t) € RN* representing the information-bearing signal intended for user i. Each z;(t) is
independently Gaussian encoded with covariance matrix S; = 0, i.e., z;(t) ~ N(0,S;). At the
receiver side, each user decodes only its own intended signal while treating the signals of other users
as interference.

Under this system model, the achievable rate for user ¢ can be formulated as

hHS;h;
R; =1 1 L - b =1,..., K. 11
i 0g2< +Zk#ihﬁskhi+aiz>’z , , (11)

To formulate the rate-constrained optimization problem under imperfect channel state information
(CSI), it is essential to first characterize the CSI error model. In the presence of imperfect CSI, the
actual channel vector of each user can be represented as

hi=h;i+e;,i=1,... K, (12)

where h; € RM is the presumed channel at the base station and e; € R™: is the channel error vector.
We adopt the commonly used Gaussian channel error model. Specifically, each channel error vector
is assumed to have a Gaussian distribution, i.e.,

e; ~N(0,C,), (13)

12
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for some known error covariance matrix C;. Now, consider the following probabilistically robust
design formulation(Wang et al.| [2014]):

K
min Tr(S;
S1,...,SKERNt XNt ; ( Z)
s.t. PrObthN(}_ll,Cﬂ{Rl Z ’I"i} 2 1-— p“’t = 1,27 N ,I(7
Si,...,8x=0,i=12,..., K.

(14)

To solve the aforementioned problem using GGDOpt, a naive approach is to treat each covariance
matrix as a two-dimensional array and employ a 2D U-Net architecture directly. However, this
approach is computationally inefficient, as it requires learning N; x N, x K variables. To reduce the
dimensionality of the optimization variables, we apply Cholesky factorization by expressing each
covariance matrix as

S; =L;,LT. (15)

This transformation reduces the number of variables per matrix from N? to N;(N; + 1)/2, while
also ensuring that S; remains symmetric and positive semidefinite.

Subsequently, we illustrate representative sampling trajectories of GGDOpt after training (see Figure

274 and observe that the generated solutions consistently approximate rank-one matrices.
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Remarkably, the generated samples consistently preserve the rank-one property, with the dominant
eigenvalue accounting for over 99% of the total eigenvalue. This observation suggests that solutions
to the robust waveform design problem inherently lie on a rank-one manifold with very high
probability (Wang et al.| [2014]]), a structure that GGDOpt can effectively captures. Consequently,
rank-one decomposition can be reliably applied after generation, allowing the use of U-Net-1D as a
score estimator, which substantially reduces computational costs during both training and sampling
process.

Next, we present comparative results for the case N; = 64, K = 8 in Table[9] We compare three
approximation methods with our proposed GGDOpt. The Empirical Mean approach directly utilizes

the sample mean of the channel realizations hy) and solves the resulting deterministic problem.
The Sphere Bounding method (Ben-Tal and Nemirovski| [2000]) and the Bernstein-type Inequality
approach (Wang et al.| [2014]) construct inner convex approximations of the original nonconvex
feasible region. For all users, we set p; = pfori = 1,..., K, and evaluate the worst-case outage
probability using the true underlying distribution. A solution is deemed feasible if the worst-case
probability exceeds 1 — p.

The results demonstrate that across different values of p, GGDOpt consistently finds feasible solutions
with lower objective values than existing convex restriction methods. Moreover, GGDOpt achieves
significantly higher computational efficiency.

By employing U-Net-1D, the sampling process is constrained to produce rank-one solutions. Repre-
sentative sampling trajectories are illustrated in Figure|[§]

D Restricted problem

D.1 Connection with CCP

In this subsection, we establish the connection between the solution of the restricted problem

min f(x)
* - (16)
st. gz, h) > =z,
and that of the CCP
min f(x)
* a7
st. x e X,

The rationale behind using the restricted problem (RP) to generate high-quality solutions is straight-
forward. First, solving the restricted problem is computationally more tractable than directly

13
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Figure 8: Generated 10 sampling process of GGDOpt with U-Net-1D (from left to right: ¢t =
100, 90, 80, 70, 60, 50, 40, 30, 20, 10, 0).

tackling the original CCP (I7). Second, the distribution P of the random variable h tends to con-
centrate around its mean p p. Consequently, improving the value of g(x, i p) generally leads to an
increase in the probability Probp{g(x, k) > 0}. Third, the feasible region of the RP can be viewed
as an approximation of the feasible set X, associated with the CCP. For a given risk level p, solving
the RP yields an approximate local optimum of CCP (I7). Moreover, if the global solution to (T7)
satisfies certain regularity conditions, this approximate local minimizer coincides with the global
minimizer.

In general, the quantity Probp, {g(x(z;), h) > 0} is hard to compute since it requires a multidimen-
sional integration over the distribution of h. Inspired by the sample average approximation (SAA),
we estimate this by an empirical average based on L i.i.d. realizations of h:

L
Probs{g(x(2:), h) > 0} ~ %Zé(’“(g(w(zi), h9))=1-p", (18)

where £0/1 is the element-wise indicator function that returns 1 if all components of the argument
vector are positive, and 0 otherwise. The reason why we choose this to approximate p(*) can be
analyzed from the following two situations:

On the one hand, if the sample size L is large enough, then the empirical distribution can be regarded
as a good approximation of the underlying distribution, i.e., p(h) ~ 1 Elel §(h — h®). In this
case, it is natural to replace the real value that computationally intractable with the empirical value

l)—l——zl O (g(m(z), h1)).

14
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On the other hand, if the sample size L is small, using the empirical value to estimate the real p
will cause serious distortion. In this case, a larger restriction z; is preferred, as it will lead to x(z;)
with greater probability of satisfying the chance constraint and better robustness to the distribution
uncertainty. At this time, the empirical value p(*) is not used to approximate the real confidence, but
to characterize the properties of "good" x(z;).

To compute p(*), we proceed as follows:

* For each sampled restriction vector z; > 0, we solve the corresponding restricted problem,
which yields a candidate solution x(z;).

* We then draw L independent realizations h(¥) from the underlying distribution and evaluate
the fraction of those samples for which g(z(z;), (")) > 0 holds.

This empirical feasible set constructed in this way provides a conservative inner approximation of
the true feasible region, ensuring that the solutions obtained from the restricted problem satisfy the
original chance constraint with high confidence.

Next, we provide a detailed characterization of the probability g(z, k) > 0 evaluated at the solution
x(h, z) to the restricted problem. For brevity, we denote the norm || - || = || - || throughout the
subsequent analysis.

Assumption 2. Assume that
* (Lipschitz continuity) g(«, -) is Lipschitz for a given z, i.e.,
lg(a, h) —g(@,h)|| < Lo|h = K|, ¥ h, K, (19)

where L, is the Lipschitz constant depending on x.

¢ (Finite variance) The variance of the random vector h with probability P is finite, i.e.,
Varp(h) < cc. (20)

Theorem 4. Under Assumption 2, suppose that {h“)}ﬁz1 are samples drawn from the distribution P

of random vector h. Let h = % Zle h(® and let Zmin b€ the smallest element of z. Suppose that
x(h, z) is the solution to the problem , then we have

Varp(h)
(2min/La(h 2y — lh —Ep[h]]))2

1—p

Probn{g(x(h,z),h) >0} >1— (21)

Proof.

To characterize Proby, {g(x(h, z), h) > 0}, we need to consider two sources of error. The first arises
from the large variance of the distribution P, while the second stems from the approximation of the
mean of P using a finite number of realizations, i.e.,

Probh{g(ac(i_z,z),h) > 0}
= Proby {g(x(h, 2), h) — g(z(h,2),Ep [h]) + g(z(h, 2),Ep [h]) — g(z(h,2),h)  (22)
+g(z(h, z),h) > 0}.

Since g(z(h, z), h) is the solution to the restricted problem (16), we have g(x(h, 2), h) > zpin1.
Therefore, we have

Proby, {g(z(h, 2),h) > 0}
> Probp{|lg(x(h, z),h) — g(x(h, 2),Ep [h])|| + llg(z(h, 2), Ep [h]) — g(x(h, z), h)|| (23)
According to Assumption 2, we have that

lg(z(h, 2), h) — g(z(h,2),Ep [h])|| < Ly 2|k —Ep [R] ], (24)
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and ~ ~ ~ ~
lg(z(h, z),Ep [h]) — g(x(h,2),h)|| < Lyh 2 llh —Ep [h] . (25)

Therefore, the probability Probs {g(x(h, z), h) > 0} can be further expressed as

Prob, {g(z(h, z),h) > 0}
> Probp {|lg(z(h, z),h) — g(x(h, 2),Ep [h])|| < zmin — llg(x(h, ), Ep [h]) — g(x(h, ), h)| }
> Probr{ Ly 2y |h = Ep [h] || < Zmin — Ly 2 |h — Ep [h] ||}

— Probp {[Ih — Ep [B] || < Zmin/Lagn x) — IR — Ep[h] | }.
(26)

By Chebyshev’s inequality (Chebyshev|[[1867])), we obtain that
Proby, {|h —Ep [h] || < 2min/Lah.z) — Ik —Ep[h] |}
Varp(h) 27
(zmin/La(h,z) — |h —Ep [A]]))?°

>1-

Hence, we have
Varp(h)

Probug((h, 2). 1) = 03 2 = T e — A= En R

(28)

O

Theorem 4 demonstrates that as z,,;, increases, the lower bound on the probablhty that the chance
constraint is satisfied at the point w(h z) also increases. This implies that x(h, z) is more likely to
be a feasible solution to the CCP (17)), while potentially achieving a lower objective value. In the
following theorem, we further establish that, under certain regularity conditions, the global minimizer
of the CCP is contained within the set of solutions to the restricted problem (I6).

Assumption 3. Assume that
* (Bounded bias) For any given p, denote £* = argmingc v, f (), then

g(z*,h)  [Varp(h)
L:E(h z) p .

I —Ep [R]]| < (29)

* (Reliable data set) For the generated data set D = {(x®), p))}¥ |, p(*) is a lower bound of real
probability Probs, {g(x(*), h) > 0}.

Note that Assumption 3 can be satisfied with a sufficiently large number of realizations of h and the
corresponding restriction estimator. For instance, we can choose

() < Varp(h)

p < = (30)
(2min/La(h,z) = b —Ep [h][)?
Theorem 5. Under Assumption 2 and Assumption 3, for any given p and h, suppose that
D, = {z | (2,p") € D,p! < p}, (31)
then we have
" €D, C X, (32)

Proof.

We choose 2, as the smallest element of g(x*, h), then for any « that satisfies g(x, h) > z, the
following inequality holds:

Varp(h)
(2min/La = [l = Ep [R][)*

Probp{g(x,h) >0} > 1 — - p (33)
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This implies that ~
{x[g(x,h) = 2} C X, (34)

Recall the definition of x(h, z), which is the global minimizer of f(z) over the set {z | g(z, h) > z}.
Additionally, it follows naturally that g(x*, h) > z, i.e.,

z* € {x|g(xz,h) > z}. (35)

This implies that * is also a global minimizer of f(x) over the set {zx | g(z, h) > z}. Therefore,
we have
" €D, C A, (36)

O

This result plays a crucial role in the GGDOpt framework, as the sampler is inherently limited to
generating solutions that are no better than the quality of the training data. Theoretical guarantees
established above indicate that the data generated from the restricted problem are sufficiently infor-
mative and may contain the true global minimizer of the CCP (I7). This justifies the effectiveness of
using such data to train our GGDOpt.

D.2 Special cases

The above results provide a lower bound for the probability Probs {g(z(h,z), k) > 0}. In most
cases, the explicit value of this probability cannot be directly computed. However, in this subsection,
we present a special case corresponding to the robust waveform design problem, where the probability
can be expressed explicitly.
Theorem 6. Suppose z* (h;, z) is the solution to the following restricted problem
min  f(x)

“ _ (37

st. gi(x,h;)=z,i=1,..., K,

where g;(x, -) is a quadratic function of h with parameters (A;, b;, d;) and the parameters h; ~
N (h;, C;). Denote

Q. =cC)’a,c!” Y uaUul,
T = Cil/Z(Ai’_li +b;),

1. ~ ~ (38)
si = ihiTAihi +b, hi +d;,
C; = UiT’l”‘i,
and let
u; = Ul-TeZ-,ei NN(O,I),
1 (39)
Y, = éu:Alul + c;-rui + 8.
Then for h; ~ N'(h;, C;), we have
Probp, {g:(x*, h;) > 0} = 1 — Fy,(0), (40)

where Iy, is the cumulative distribution function of Y;.
Proof.

For quadratic g;(x, -) of h with parameters (A;, b;, d;) and given that h; ~ N (h;, C;), the proba-
bility Proby,, {g;(x, h;) > 0} can be transformed into the following form:

PrObth(izi,Ci) {gz(iL', hl) 2 0}

1
= PrObhimN(ﬁi,Ci) {§h;rAihi + b;rhi +d; > 0} 41)

1 - _ _
= PrObei~N(O,I){§(hi + Cil/zei)TAi(hi + Cil/zei) + b;r(hl + Cil/zei) +d; > O}.
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Denote
Q:=C\*A,Cc? X U,AUT,

ri = C;*(Aihi + b)), (42)
1_- _ _
5 = ithihi +b/ h; +d;,
then we have

1
Proby,. nr (i i) {9i (2, hi) > 0} = ProbewN(o,I){fiTQiei +rle+s >0} (43)

Denote Q; % U; A;UT and let

C;, = UZ‘TTia
ui:UZ-Tei,eiNN(O,I)a (44)

1
Y, = guIAluZ + c;-rui + 8.

Substituting these expressions into the above probability, we obtain that
ProbhiNN(,}nCi){gi(m, h;) > O}
= ProbuiNN(OVI){%u:Aiui +ejui+s; >0} (45)
= Proby, ~nr(0,n{Yi > 0}.

Denote )\Ek), ugk)7 and cgk) as the k-th element of A;, u;, and ¢;, where kK = 1,...,n. Note that Y;
has a quadratic form of standard Gaussian u;, which can be reformulated as a standard quadratic

form:

2
RO C L2
Yi= ) - u,(")+;(k) + 3 a4 s - S i T !

R

(k), (k)

(k)
where ul(-k) + /\'i(,c)> ~ X%((%)Q) follows noncentral chi-squared distribution and ¢; 'u,; = ~
N(0, (¢!")2) follows Gaussian distribution.
Denote Fy, as the cumulative distribution function of Y;, then we have
Proby, <xch,.c {0:(@, hi) > 0} = 1= Fy (0). 7)

Since z* (h;, z) is the solution to the restricted problem, by substituting s; = z;, we obtain the result
of Theorem 6.

O

Theorem 6 tells us that the probability Probp,, {g;(x*, h;) > 0} can be expressed in terms of the
cumulative distribution function of Y;. Note that Y; consists of n independent variables. The following
corollary states that, for sufficiently large n, Y; can be approximated as a Gaussian random variable,
and the probability can be computed using the standard Gaussian cumulative distribution function ®.

Corollary 2. For sufficiently large n, the probability can be approximated by
Proby, {gi(z, h;) > 0} ~ 1 — <“Y> , (48)
ay;
where ® denotes the cumulative distribution function of the standard Gaussian distribution and

1
My, = §tr(Qi) + zi,
(49)

1
oy, = S1QillE + [Irl*
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The approximation error can be bounded by

Fy,(0) — @ (_”Yi ) ‘ =0(n?). (50)
Oy;
Proof.
For sufficiently large n, the distribution of Y; can be approximated by Gaussian distribution

N(py;, (T%i ) with central limit theorem, where

1
Hy; = itr(Qi) + zi,

1 (51
012@ = 5”Qi||%’ + |72,
then the probability can be approximated by
Proby, _x(h,.cn (9i (@, hi) > 0} = 1 - @(;LYY"). (52)
The approximation error can be bounded by [Klartag and Sodin| [2012]]
— Uy, _
[y (0) = #(—24)| = O(n™'72). (53)
Iy,
]

E Technical appendices

E.1 Proof of Theorem 1

Theorem 1. For any given 8 > 0, there exists & (;) such that the score function of the diffused
product distribution can be formulated as

Va, l0g pr(®:|p) = Va, log pi(at]p) =BV, f (@0 (1)), (54)

gradient guidance G4

where V5, log p:(x¢|p) is the score function of the diffused data distribution and & (x;) satisfies
1

f(@o(z1)) = 3

log‘(/ pto(m0|mt,p)B5(mo)dm0>. (55)
Proof.

Given pg(xo|p) and the forward process dx = a(x,t)dt + b(t)d B, the diffused conditional distri-
bution of unguided distribution po (@ |p) and product distribution po(xo|p) satisfies

mmw=/pMM%m@WWm
=0 (56)
M%W=/pMMmmmwwmm/pMM%M@WmeMm

Consider the difference between the score function of unguided p;(x+|p) and guided p;(x¢|p), we
have that

Va, log pi(xi|p) — Va, log pi(xi|p)
=Vq, 10%/ pot (x¢|T0)po (x| p) Bs(xo)dxo — Ve, log/ Pot(¢|x0)po(xo|p) 57)
x0 o
=0 pot(@t|xo)po(xo|p) Bs(o)dxo

= Vg, lo
SO por@d@o)po(olp)
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Notice that the inner fractional part can be expressed by
pot(@t|xo)po(To|p)

= p(xo|Tt, ), (58)
T.. por(@lzo)po(wolp) — PE0=0 )
then we have
Va, logpi(xi|p) — Va, logpi(e|p) = Va, log/ p(xo|xy, p)Bs(xo)dao. (59)
o

One way to tackle the log integral is to use the mean value theorem. There exists & () such that

/ p(xol|z:, p) Bg(o)dxo ZBﬁ(io(iBt))/ p(xolzt, p)dzo. (60)

o
Then we have

Va, log pr(®]p) — Va, log pi(@i|p) = Vi, log Bs(2o(x1)) = =BV a, f(Zo(1)), (61)
and &o(x;) satisfies

1 (fwo Pot (T |$o)po(fﬂ0|P)Bﬁ($o)dwo ) . 62)

Fole) = =518\ 0 G ool ),

O

E.2 Proof of Corollary 1

Corollary 1. Assume that pyo(zo|x¢, p) = N (20| to)e, ag‘tI ). then we have the following results.

* First-order guidance: For f € C'(R",R), we get

Gi=—pVa, f(T1) (63)
* Second-order guidance: For f € C?(R",R), we get
1 _ 1
Gi=—— |H ' (=Vi f(@)Ts + Vo, f (@) — =5 Hopt | + Hoe | » (64)
9o\t 600\1&

I

_1
1.
By

where H = V2, f(x;) +

Proof.

Due to the implicit nature of &o(x;), directly computing V, f(Zo(x;)) is intractable. Therefore,
we consider an alternative approach by directly examining Vg, f(&o(x:)). By performing the
differentiation V5, , we obtain

Va, log pi(xi]p) — Ve, logpi(xi|p) = Ve, log / p(xo|xt, p) Bs(xo)dzo

Lo

65
[y, Vaplwolze, p)Bs(wo)dao ()
m0P(l'o|5'5t,P)BB(CL’O)dfCo .
According to the assumption that pyo(zo|x¢, p) = N (20| tto)s, UgltI), we have
Lo — Mo
Vap(@o|2s, p) = =" p(@o|@1, p). (66)
90|t
Substituting into the above result, we have
S %ﬁmp(womup)Bﬁ(fBO)dwo
Ve, logpi(x — Vg, logpi(z = :
t( t‘p) t( t|p) fwo p(wo\wup)Bﬁ(lEo)dwo
1 fmo xop(Tol@:, p)Bs(wo)dao (67)

T2, —p
Crghe fmo p(xo|xe, p)Ba(ao)day olt)

= (E[3] - pop),
0|t
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where & ~ p(&) « p(zo|x, p)Bs(xo). Given an objective f with the following quadratic form:
1
f(x) = 5:cTAac +b'x, (68)

we have
Ba(zo) x e FI@) = o BGeT Axtba) (69)

For S A + %I - A+ %I > 0, we have
0

ol
AN 1
E[z] = - <6A + 21> (Bb - 2N0|t> ) (70)
90|t 90|t

and then we have gradient guidance

G = Vg, logpi(xi|p) — Vi, log pi(x¢|p)
1

2
9o\t

(71)

1 _ 1
(BA+ GTI) '(Bb - UTNOIt) + Kot
0|t 0|t

For a general objective f, if we use the first-order Taylor expansion

f(@) = f(@s) + Vo, f(@) | ( — 20), (72)

then the Gradient Guidance can be formulated as the following form by setting A = 0,b =
v:’ct f(wt):
Gi = —BVa, f(x1). (73)

If we use the second-order Taylor expansion
1
flx) = f(xe) + me,f(ﬂ’»'t)—r(m —x) + 5(3’5 - mt)TVitf(a:t)(a: —xy), (74)

then the Gradient Guidance can be formulated as the following form by setting A = Vit flxy),b=
—Va, f@)zi + Va, f(20)):

1 1 1
Gi=—— |(BVL, f(@) + D)7 |B(=Va, f(@)a + Va, f (1)) — 5 Hojt | + Mol
90|t 90|t 90|t
(75)
O
The posterior assumption in Corollary 1 can be satisfied easily. For example, with py(xo|p) =
N (20| 0, 02 T) and forward process
dx = —fOzdt + V20d By, (76)
we have
pe(@|p) = /\/(mtwe*@t, (0220t 41 — 6*2“”)1). (77)
Denote p1; = poe %, 02 = 02e72% + 1 — e72%, we have
p(xolzs, p) = N (@o|pojt, o5, T), (78)
where
T8 ot
Mojt = po + —2¢ (x4t — ),
' (79)

03 0

2 2 —20t

oy, =05 | 1 — —e .
ofe 0 < o? )
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E.3 Proof of Theorem 2

Assumption 4. For the forward process
dﬂ?t = a(a}t, t)dt + b(t)dBt, (80)

there is a constant C such that

(i) a(x:,t) is globally Lipschitz for any ¢ € [0, T, i.e. ||a(xt,t) — a(x}, t)]] < Cllx — z}||;
(i) a(w,t) grows at most linearly for any ¢t € [0, T, i.e. ||a(x, t)|| < C(1 + ||z]]);
(iii) ; has a density p; € C! for every t > 0 and

1
/ / Pe(e) 2 + | Ve (i) [Pdzdt < oo, 81)
to J||z¢||<R

forany R >0and 0 <ty < T}

(iv) Foreach S € (0,T) and all ||z;|| < Ng and ||z}|| < Ng, there is a constant Cs y,, such
that V log p; () is locally Lipschitz, i.e.,

IVlog pe(x:) — Viog pe(@)|| < Cs wpllwe — i, (82)
forallt € (S,T).

Remarks on Assumption 4. Conditions (i)-(iii) are technical conditions on the forward SDE. They
ensure that if we run a solution p; () to the forward SDE, then pr_;(@,) will be a solution to the
reverse SDE. The last condition ensures that the solutions to the reverse SDE are unique. Assumption
4 can be expected to hold in practice, i.e., for any affine a(-,¢) and bounded data manifold.

Lemma 1 (Theorem 2 of Pidstrigach|[2022]). Given a forward SDE with marginals p;(«;) and an
approximated score sg (¢, t) to V log p; (), if the approximation error ||sg(x+,t) — V log p:(a4)||
is bounded and Assumption 4 holds, then the marginal distribution of the reverse process using the
approximated score starting from pr(x7) will have the same support as the data distribution pg (o).

Theorem 2. For any given p € (0, 1), suppose that there exists a constant J such that the error in the
score estimation can be bounded as:

[8e(2,t, p) + Gt — Vg, log pr(me|p)|| <6, V. (83)
For samples Tsqmpie ~ Psample(Lo|p) generated by the reverse process
dz, = [a(zy,t) — b(t)* (36 (s, t, p) + Gi)] dt + b(t)d By, (84)
with prior p,,ior = N(0, I), affine drift coefficients a(-,¢), and
So(xt,t,p) = (1 +w)se (e, t, p) — wse(xy,1,0), (85)

as T — 00, Psampie(To|p) Will have the same support as po(xo|p). Further, as 8 — 00, &sampie
will concentrate around &* = argmingcp  f().

Proof.

For the forward process dx; = a(xs,t)dt + b(t)dBy,t € [0, T] with affine drift coefficients a(-, t),
conditions (i)-(ii) in Assumption 4 are satisfied. For the given data set {:c(i) }iV: 1 contained in a ball of
radius Mg, we have that log p; (¢, t) € C* in both ¢ and x; for ¢ > 0 where the product distribution
Do(xo|p) o po(xo|p)Bs(xo). Therefore we can integrate p, and its derivative over compact sets,
implying that condition (iii) holds. Furthermore, for each S € (0,T), the Hessian w.r.t. (¢, 1) is
continuous and obtains its maximum and minimum on the compact set [S, T] x By, where By,
is the ball of diameter N around the origin. Therefore, the gradient V log p; () is Lipschitz on
[S,T] x By, which proves condition (iv).

The stationary distribution of the forward process is characterized by the corresponding Fokker-
Planck equations, where p = A(0, I) when T — oo. Then we have that DPprior = pT. Based
on Lemma 1, if the score matching error is bounded, then the sampling distribution psqmpie (o p)
with prior pp,ior = N (0, I) will have the same support as the product distribution po(zo|p) o
po(x0|p)Bs(o), where Bp is the Boltzmann distribution B () o e~/ (®0).,
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Since po(xo|p) has support D, and the Boltzmann factor only changes the relative density within
that domain, the support of py(xo|p) also remains D,, i.e.,

SUPP Psample(To|p) = supp po(xo|p) = D,,. (86)

As 8 — oo, sampling from the product distribution pg(xo|p) is equivalent to solving the optimization
problem z* = arg ming,ep, f(z). Then we have that as T' — oo and 5 — oo, the sample & sqmpie
will concentrate around x*.

O

Theorem 2 establishes that, by introducing an additional gradient guidance term into the reverse
process, the sampling distribution of GGDOpt will attain the exact same support as the data distribu-
tion. Moreover, as the inverse temperature parameter 3 increases, the sampling distribution becomes
increasingly concentrated around points with the lowest function values within the support of the
data distribution.

The assumption in score estimation quantifies the approximation accuracy of the trained score network
relative to the true score function. It depends on the training quality of the neural network and the
expressiveness of the model class and this type of assumption is common in the theoretical analysis
of diffusion models (see, e.g., Pidstrigachl [2022]], De Bortoli et al.| [2021]]) and is used to establish
convergence results in generative modeling and sampling.

E.4 Proof of Theorem 3

Lemma 2 (Bolley and Villani [2005]). Let v be a probability measure on R<. Assume that there
exist xg and a constant « > 0 such that

/ea”“‘*%”%du(m) < 0. (87)
Then for any probability measure ;2 on RY, it satisfies
1/4
Wa(,v) < Co(v/Dice (ullv) + (D (ul19)/2)), (88)
where W, is the 2-Wasserstein distance and C), is defined as
. 1/3 2
C, = inf == +log [ exlz—=olzdy(z) ). (89)
xgERI,a>0 a \ 2

Lemma 3 (Polyanskiy and Wul[2016]]). For any two probability density functions x, v with bounded
second moments, let f : R — R be a C'* function such that

|V f(x)||2 < Cillz|2 + Co, Ve € RY, (90)

for some constants C7,Cy > 0. Then

‘ [ f@au— [ siayar

where W, is the 2-Wasserstein distance and

o? = max {/R lelButdz). | wgu(dm)} . ©2)

Lemma 4 (Polyanskiy and Wul [2016[]). Let p, be the time ¢-marginal of a Brownian motion
with initial distribution pi44¢,. Denote by ¢;,7 = 1, ..., d the eigenvalues of the covariance matrix
Cov(idata). Let pprior be the normal distribution with mean mr = Elugqi,] and covariance
Cr = Cov|data) + TI. Then

< (Cro + Co)Wa(n,v), 1)

1 Cvlf C; =+ T
DKL(pTH/J/prior) S §IOg (r[l_lg—,d)> . (93)

Assumption 1. We assume the following conditions hold:
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* The forward process is given by de = b(t)dBy;

* The reverse process starts in pyrior = N (mr,X7) where my = E[po(xzo|p)] and X =
Cov(po(zolp)) + T - I;

* The objective function f(x) satisfies ||V f(x)]]2 < Cy|lz|]2 + Co.

The first two conditions in Assumption 1 correspond to the Variance Exploding (VE) SDE in (Song
et al.|[2020b])) and are primarily used to characterize the discrepancy between the end distribution
of the forward process and the prior distribution of the reverse process. Similar results can also
be obtained for other forms of diffusion processes, e.g., Ornstein—Uhlenbeck processes. The third
assumption imposes a growth bound on the gradient of the objective function. This type of regularity
condition is common in the convergence analysis of stochastic optimization and sampling algorithms,
particularly when studying stability and convergence under Langevin dynamics or diffusion-based
methods (see, e.g., Raginsky et al.|[2017]). In practice, this assumption holds for a broad class of
functions, including smooth bounded functions and quadratic objectives, which frequently arise in
real-world optimization problems.

Theorem 3. Under Assumption 1, denote o), k = 1, ..., n, the eigenvalues of 3. For any given
p € (0,1), denote N, = |Dp| and &* = argmingcp, f(2). Then for any given T > 0 and 3 > 0,
the optimization error can be bounded by

ELf(@0] = f(@)] < Co(VOr + (Cr/2)"") + (N, = 1) max |f(@) = f(a®)]e™",

%94)
I
Iz
where
Cr = inf l § + log/eO‘Hm*yH%ﬁodm (C’loM + 02)
yER™,a>0 a \ 2 ’
o =max{ [ Jl3pdz. [ Jolfpia).
Rn R (95)
1 n
Cr = 3 log (Hw(’”m) ,
k=1
6, = min x) — f(x*).
# = wep, P ) |f(z) — f(z")]
Proof.
Firstly, we give the form of I;. By Lemma 4, we know that
N 1 B
DKL(pOHpsample) S DKL(pTprrior) S 5 log (H(J(k)/T)> = CT~ (96)
k=1

For po(xo|p) o< po(xo|p)Bs(x), there exist y and a constant cv > 0 such that
/e"‘”m_y“gdy(w) < o0. (97)

Then by Lemma 2, it satisfies

WQ (psam,plea ﬁO ("BO ‘P))

< G (Dt Goamptell7o(@olo) + (Duc Prampellpo(zolo)/2) Yy,
where C,, is defined as
C,= i ¢ L (3 +log [ explalla - yll%)dﬁo(mlﬂ))- (99)
yeRd >0 \[ a \ 2
By Lemma 3, we have that
E[f(&,)] — E[f(@™)]| < C1(v/Cr + (Cr/2)"*). (100)
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Next, we show the form of I,. for () € supp po(zo|p), the probability is given by
~Bf ()
W= _° . 101
P TS ) (1on
Denote f* = mln ? f(@@)andInd = {i | f(x@) = f*}. Let §@) = f(x) — f* > 0, then the
probability can be expressed as
e~ B ) e B +61) e~ B8

(&) — = = ) 102
g Zﬁ’le‘ﬁf"”“)’ Z&le_ﬁ(f*w(i)) ng:ple_ﬂé(i) o
Then we have
Np 6_55(1')
(Z (1 L
and the limited inverse temperature error is given by
Np 0 —B6¢ _[35()
E x| — i
U] =11 = 30+ 0 v Zf o
B o (104)
—pst
e

_25 eﬁg()

Note that §® =0 for i € Ind, so we can 51mphfy the sum as

) _ 85
e e P

Z 7550)_ Z 6t (105)

: B B8
i=1 i=1,i¢Ind Zz 1,i¢Ind © + Zz 1,i€hd €
The denomrnator

N, v N, ‘ N, v
Yoo e 3 e = S oY ) > 1, (106)
i=1,i¢Ind i=1,icInd i=1,i¢Ind
so we have that
N, 755()
IE [£( Z SN
N,
< 3h g0 (07
i=1,i¢Ind

< (N, —1) max |f(z) — f(z")|e”",
where
o, = min x) — f(z*)]. 108
)=y minf@) = @) (108)

Then the optimization error can be bounded by

[ELf (0]~ f(@")] < Cr(VOr + (Cr/2)""") + (N, = 1) max (@) — fla")]e™"",

1 (109)
1 12
where
: 103 allz—yl2 5
Cr= el V(o \5 Hlos [ el= ¥ ihode ) (Crow + Ca) ¢
v = max{ [ olinde. [ lalgraz).
o o (110)
1 n
=] ®) )7
Cr 5 0g (,];[1(0 / )) )
op = min |f(x) — f(z")].

€Dy, f(2)#f(x*)
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Theorem 3 establishes that, in practical settings, the optimization error of the sampling process can
be decomposed and bounded by two components: the limited time length error /; and the limited
inverse temperature error Is, which are given as follows:

[E[f(2:)] = f(2")| <|E[f(2)] - E[f(27)]] + [E[f (=7)] - f(z7)].

I Iy

(111)

As a direct corollary, under mild assumptions, GGDOpt is shown to generate asymptotically optimal
solutions to problem (I7)) as the time length 7" and inverse temperature 3 increase.
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