Appendices

In the remainder of the paper, we give self-contained proofs of all results from the main text.
In Appendix A, we introduce some technical results that we will use in our analysis.

In Appendix B, we prove the main generalization bound (Theorem 1) and show its specialization to
norm balls (Corollaries 1 to 3).

In Appendix C, we prove upper bounds on the norm of the minimal-norm interpolator for a general
norm (Theorem 4), and show applications to the Euclidean case (Theorem 2).

In Appendix D, we show how to combine the previous sets of results to give risk guarantees for the
minimal norm interpolators (Theorems 3 and 5). In particular, Appendix D.2.1 shows the equivalence
of conditions for consistency in the Euclidean norm setting.

In Appendix E, we provide full theorem statements and proofs of the results on ¢; interpolation (basis
pursuit) mentioned in Section 6.

A Preliminaries

We will first give some general results useful to the rest of the proofs. Most are standard, but a few
are variations on existing results.

Concentration of Lipschitz functions. Recall that a function f : R™ — R is L-Lipschitz with
respect to the norm ||-|| if it holds for all z,y € R™ that |f(z) — f(y)| < L|jz — y||. We use the
concentration of Lipschitz functions of a Gaussian.

Theorem 6 (van Handel 2014, Theorem 3.25). If f is L-Lipschitz with respect to the Euclidean norm
and Z ~ N (0, I,,), then

Pr(|f(2) —Ef(2)| 2 1) < 2¢77/2F". (23)
We also use a similar result for functions of a uniformly spherical vector (see Vershynin 2018,
Theorem 5.1.4 and Exercise 5.1.12); we cite a result with sharp constant factor from Ledoux (1992).

Theorem 7 (Spherical concentration; Ledoux 1992). If f is L-Lipschitz with respect to the Euclidean
norm and Z ~ Uni(S™~1) where S"~1 = {u € R™ : ||u|| = 1} is the unit sphere, Uni(S™~1) is the
uniform measure on the sphere, and n > 3, then

Pr(|f(Z) —E f(Z)| > t) < 2¢~(n=2/2L% (24)

The following lemma, which we will use multiple timues, says that a o(n)-dimensional subspace
cannot align with a random spherically symmetric vector.

Lemma 1. Suppose that S is a fixed subspace of dimension d in R™ with n > 4, Pg is the orthogonal
projection onto S, and V' is a spherically symmetric random vector (i.e. V/||V ||z is uniform on the

sphere). Then
W < WVd/n+2+/log(2/0)/n. (25)
2

with probability at least 1 — §. Conditional on this inequality holding, we therefore have uniformly
forall s € S that

(s, V)l = [{s, PsV)| < [sll2l PsV [z < [[sll2]IV'll2 (\/d/n+2 10g(2/5)/n)) - (20)

Proof. This is trivial if d > n, since the left-hand side is at most 1. Thus assume without loss of
generality that d < n. By symmetry, it suffices to fix S to be the span of basis vectors ey, ..., eq
and to bound || PsV|| for V' a uniformly random chosen vector from the unit sphere in R™. Recall
that for any coordinate i, we have EV;? = 1/n by symmetry among the coordinates and the fact
that ||V||3 = 1 almost surely. The function v + || Psv||2 is a 1-Lipschitz function and E || Ps V|2 <

VE||PsV |3 = +/d/n, so by Theorem 7 above
1PsV 2 < v/d/n + /2log(2/5)/(n — 2))

with probability at least 1 — §. Using n > 4 gives the result. O
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The concentration of the Euclidean norm of a Gaussian vector follows from Theorem 6; we state it
explicitly below.

Lemma 2. Suppose that Z ~ N (0, I,,). Then

Pr(||Z]l2 — v/n| > t) < 4e~*/% 27)

Proof. First we recall the standard fact (see e.g. Chandrasekaran et al. 2012) that

vn—1 <E[Z]l2 < vn.

< \/7
Because the norm is 1-Lipschitz, it follows from Theorem 6 that
Pr(|||Z]la = E[|Z]j2] > t) < 27"/

SO
Pr(||| Z]ls — V| > t+1) < 2772,

Now using that (¢ — 1)? > 2/2 — 1 shows

r([[|Z]ls — /| > t) < 2e/2D/2 < 4ot/ O

Wishart concentration. We recall the notation for the Loewner order on symmetric matrices:
A = B means that B — A is positive semidefinite. Let 0yyin (A) denote the minimum singular value
of an arbitrary matrix A, and 0y, the maximum singular value. Similarly, let Ay, (A) denote the
minimum eigenvalue. We use || A|op = omax(A) to denote the operator norm of matrix A.

Theorem 8 (Vershynin 2010, Corollary 5.35). Letn, N € N. Let A € RN*" be a random matrix
with entries i.i.d. N(0,1). Then for any t > 0, it holds with probability at least 1 — 2 exp(—t2/2)
that

VN — Vi —t < 0pin(A) < opar(A) < VN + v+t (28)
Corollary 4. Suppose X1, ..., X, ~ N(0,X) are independent with ¥ : d X d a positive semidefinite

matrix, t > 0 and n > 4(d + t2). Let 3= % > Xi X be the empirical covariance matrix. Then
with probability at least 1 — 0,

1I-6x =X =x(1+6¢X (29)

with € = 3\/d/n + 3./21og(2/5) /n.

Proof. Let X : n x d be the random matrix with rows X1, ..., X, so that = %XTX. By equality
in distribution, we can take Z : n x d to have N (0, 1) independent entries and write X = ZX%'/2 and

so2gs12 = Loyt Lyry
m n

By definition of singular values, from Theorem 8 the eigenvalues of Z7 Z/n are bounded between

(l—x/d/n—\/tQ/n and (1 +/d/n + +/t2/n)% Since 1 — (1 — z)? < (14 )% — 1, using the

inequality (1 + )% <1+ 3x for z € [0, 1], we have shown that

I — 271288712, < (14 /d/n+ /12/n)? —1 < 3\/d/n + 3/12/n.
Rewriting and taking t2 = 2log(2/4) gives the result. O

Gaussian Minmax Theorem. The following result is Theorem 3 of Thrampoulidis et al. (2015),
known as the Convex Gaussian Minmax Theorem or CGMT (see also Theorem 1 in the same
reference). As explained there, it is a consequence of the main result of Gordon (1985), known as
Gordon’s Theorem or the Gaussian Minmax Theorem. Despite the name, convexity is only required
for one of the theorem’s conclusions.
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Theorem 9 (Convex Gaussian Minmax Theorem; Gordon 1985; Thrampoulidis et al. 2015). Let
Z :n x d be a matrix with i.i.d. N (0, 1) entries and suppose G ~ N(0,1I,,) and H ~ N(0, 1) are
independent of Z and each other. Let S.,, S, be compact sets and v : Sy, X S, — R be an arbitrary
continuous function. Define the Primary Optimization (PO) problem

(2) := Juin gé%}iw’ Zw) + Y (w,u) (30)
and the Auxiliary Optimization (AO) problem
o(G, H) := min max ||w]]2(G,u) + ||ul|2{(H, w) + ¥(w,u). 31
wESw HESU

Under these assumptions, Pr(®(Z) < ¢) < 2Pr(¢(G, H) < ¢) forany ¢ € R,

Furthermore, if we suppose that S.,, Sy, are convex sets and 1»(w, w) is convex in w and concave in u,
then Pr(®(Z) > ¢) < 2Pr(¢(G, H) > ¢).

In other words, the first conclusion says that high probability lower bounds on the auxiliary optimiza-
tion ¢(G, H) imply high probability lower bounds on the primary optimization ®(Z). Importantly,
this direction holds without any convexity assumptions. Under the additional convexity assumptions,
the second conclusion gives a similar comparison of high probability upper bounds.

In our analysis, we need a slightly more general statement of the Gaussian Minmax Theorem than
Theorem 9: we need the minmax formulation to include additional variables which only affect the
deterministic term in the minmax problem. It’s straightforward to prove this result by repeating
the argument in Thrampoulidis et al. (2015); below we give an alternative proof which reduces to
Theorem 9, by introducing extremely small extra dimensions to contain the extra variables. Intuitively,
this works because the statement of the GMT allows for arbitrary continuous functions ¢, with no
dependence on their quantitative smoothness.

Theorem 10 (Variant of GMT). Let Z : n x d be a matrix with i.i.d. N(0,1) entries and suppose
G ~ N(0,I,,) and H ~ N(0, 1) are independent of Z and each other. Let Sy, Sy be compact
sets in R x RY and R™ x R™ respectively, and let 1) : Sy x Sy — R be an arbitrary continuous
function. Define the Primary Optimization (PO) problem

®(Z):= min max  (u, Zw) + ¥ ((w,w"), (u,u")) (32)
(w,w")eSw (u,u’')E€Sy

and the Auxiliary Optimization (AO) problem
¢(G H):= min  max |lw]2(G,u) + [[ul|2(H,w) + ¢ ((w,w'), (u,u)). (33)

(w,w’)eSw (u,u’)ESy
Under these assumptions, Pr(®(Z) < ¢) < 2Pr(¢(G, H) < ¢) forany c € R.

Proof. Let e € (0, 1) be arbitrary and

Sw.e = {(w,ew’) : (w,w') € Sw}, Sve:={(u,eu): (u,u') € Sy}
Define ¢ ((w,w’), (u,u’)) := ¥((w, 2w’), (u, u')) so that if W = (w,ew’) and U = (u,eu’),
then (W, U) = ¢ ((w,w’), (u,u)). We also define S,, = {w € R? : Ju’ s.t. (w,w’) € Sy }.
The other sets .Sy, S, and S, are defined similarly. It is clear that S, Sy, Sy, Su, Sw,e and Sy .
are all still compact in their respective topology, and 1), is continuous for every € > 0.

Let Z' : (n+n') x (d + d') be a matrix with i.i.d. N(0,1) entries such that the top left n x d
matrix is Z. Similarly, we define G’ to be a (n 4+ n’)-dimensional Gaussian vector with independent
coordinates such that the first n coordinates are GG, and H' to be a (d + d’)-dimensional Gaussian
vector with independent coordinates such that the first d coordinates are H. Next, consider the
augmented PO and AO:

A . /
(2') = wiin Ulggggv, Z'W) + (W, U)

! "o . 1 i
0(GH) = min  max WG U) + |Ulla(H', W) + 6 (W, V)

w,e UESU, e

(34)

It is clear that for a small value of €, the augmented problem will be close to the original problem.
More precisely, for every (w,w’) € Sy and (u,u’) € Sy

[{(w, ew”), Z' (u, eu)) — (w, Zu)|
= |e((0,w"), Z'(u,0)) + €{(w,0), Z'(0,u")) + 62<(07 w'), Z'(0,u”))] (35)
< e(R(Sw) + R(Sw ) (R(Su) + R(Su)Z|lop = €Al Z' || op
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where A := (R(Sy) + R(Sw))(R(Sy) + R(Sy)) is deterministic and does not depend on e.
Similarly, it is routine to check

Hw”2<Gﬂ u> = ”wH2(<G,> (u7 eul)> - 6<G/7 (0, u/)>)
[ull2(H, w) = |lull2((H, (w, ew")) — e(H', (0,w)))

so by the triangle inequality and Cauchy-Schwarz inequality, we have

[l (w, ew")||2(G", (u, ew’)) = [lw]|2(G, u)

(36)
< €R(Su)||G'|[2(R(Sy) + eR(Sw)) + €R(Sw)||G'[|2R(Sw) < €A|G' |2
and
|| (u, ew) |2 (H', (w, ew’)) — [|ullo(H, w)] 37
<eR(Sw)|H'|l2(R(Sw) + €R(Sw)) + €R(Su)|[H'[|2R(Sw) < eA|[H'||2
From (35), it follows that
[0c(Z") = ®(Z)] < €Al|Z]]op- (38)
Similarly, from (36) and (37), it follows that
6(G", H') — ¢(G, H)| < A(||G'[|2 + [|H'[|2)- (39)

Approximating the original PO and AO by (34) allows us to directly apply the Gaussian Minmax
Theorem. For any ¢ € R, we have
Pr(®(Z) < ¢) <Pr(®(Z2') < c+ Ve) + Pr(eA||Z'|| op > V)
< 2Pr(¢e(G', H') < ¢+ Ve) + Pr(eA||Z'|op > VVe)
<2Pr(¢(G", H') < c+2v/e) + 2Pr (eA(|G' |l + [ H[|2) > Ve)
+ Pr(eA] 2|l op > VE)

< 2Pr(¢p(G', H') < ¢+ 2\/€) + 2Pr <|G’|2 > 2A\f>

! !
+2Pr (H ll2 > 2A\[) +Pr <||Z lop > A\/E>

where we used (38) in the first inequality, Theorem 9 in the second inequality, and (39) in the last
inequality. This holds for arbitrary € > 0 and taking the limit e — 0 shows the result, because the
CDF is right continuous (Durrett 2019) and the remaining terms go to zero by standard concentration
inequalities (Lemma 2 and Theorem 8). O

B Uniform Convergence Bounds

We will now prove the main generalization bound, as well as its special cases in norm balls and
specifically Euclidean norm balls.

B.1 General case: Proof of Theorem 1

For convenience, we restate the definition of covariance splitting here:

Definition 2 (Covariance splitting). Given a positive semidefinite matrix ¥ € R%*?, we write
Y =% @ Xyif ¥ = ¥ 4 Xo, each matrix is positive semidefinite, and their spans are orthogonal.

It follows from our definition that 313 = 0. Although our results in Appendix C requires this
orthogonality condition (in particular, Lemma 8), we note that all of our results here in Appendix B
continue to hold as long as ¥ = ¥; + X5 and both X1, 3 are positive semi-definite. To apply the
Gaussian Minimax Theorem, we first formulate the generalization gap as an optimization problem in
terms of a random matrix with N (0, 1) entries.
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Lemma 3. Under the model assumptions in (1), let IC be an arbitrary compact set and 3 = 31 S Yo
Define the primary optimization problem (PO) as
= max [uwill3 + [welf3 (40)
(wl,wg) S
Zrwi+Zowa=E§
where
S ={(wy,ws) : Jw € Ks.t.wy = 21/2(10 —w*) and wy = Zém(w —w")} 41)
and Zy, Zo are both n x d random matrices with i.i.d. standard normal entries independent of € and
each other. Then the generalization gap of interpolators is equal in distribution to the sum of the
Bayes risk and the PO:

max  L(w) — L(w) 2524 0. (42)
well,L(w)=0

Proof. Recall that L(w) = 02 + ||w — w*||2 and L(w) = 0 is equivalent to Y = Xw. Observe that

D 1/2 1/2
X225+ 257 and |w|} = |wl|, + v,

SO W€ can decompose

max L(w)— L(w)=0?+ max [w—w*|3
weK,L(w)=0 weK, Y =Xw
—ot+ max -
wek, X (w—w*)=¢
Bot+ max  ul} 4wl =0+ O

wek—w

(2151 %4 Z5 38 P yw=¢

Lemma 4 (Application of GMT). In the same setting as Lemma 3, let G ~ N(0,1,,), H ~ N(0, I)
be Gaussian vectors independent of Z1, Z3, & and each other. With the same definition of S, define
the auxiliary optimization problem (AO) as

¢ = max lwi 3 + llwell3 (43)

(w1,w2)ES
€= Z1w1 =G |lwz]|2]l, < (w2, H)

Then it holds that

Pr(® >t|Z1,8) <2Pr(¢ > t| Z1,6), (44)
and taking expectations we have
Pr(® >1t) <2Pr(¢ >1t). (45)
Proof. By introducing Lagrange multipliers, we have
© = max min [jw3 + w2l + (X Zows — (€ = Zywy))
(w1,w2)ES A

= max _min (X Zows) + |lwi 3 + w23 — (X, & — Zywy).
(wl,wg)GS A

By independence, the distribution of Z; remains the same after conditioning on Z; and ¢ and the
randomness in & comes solely from Z. Since the mapping from w to (wy, w2) is continuous and
K is compact, S is compact. To apply Theorem 10, we can take 9 (wq, wa, A) = |Jw1||3 + [|w2]|3 —
(\, € — Zyjw1 ), which is clearly continuous. The only challenge is that the domain of \ is not compact,
but we can handle it by a truncation argument. Define

®,:= max min (X, Zows) + |lwi||3 + w23 — (N, € — Zywy) (46)

(wi,w2)€S |IA||<r

and observe that & < ®,., since the minimum in the definition of ®,. ranges over a smaller set. The
AO associated with ®,. is

¢p o= max _min [wsll2(G,A) + Mo (H, wa) + lwi 3 + [[w2]|3 — (A & = Ziwn)
(w1, w2)ES || AI<T

max min ||A||2(H,ws) — (N, € — Ziw, — G||lw + Jwi |13 4 [Jwell3
(X in [All2(H, w2) = (A, € = Z1wy — Gllwall2) + w13 + [lwzllz (47)

= in \((H — € = Zywy, — G 2 2.
(o DX ((H,wa) — [|§ = Z1wy wall2]l2) + [[will3 + [Jwall3
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We observe that the untruncated auxiliary problem ¢ from (43) has a completely analogous form:

¢ = max min A((H,wy) — [|§ = Zywy — Gllwell2l2) + lwill3 + [lwalf3-
(w1, w2)ES A>0

This is because if (H,ws) — || — Zyw; — G||ws]|2||2 > 0 then the minimum is achieved at A = 0,
and if wy, wo do not satisfy the constraint then taking A — oo sends the minimum to —oo. From this
formulation, we see that ¢ < ¢, < ¢, for any r > s > 0 since the minimum is taken over a larger
set as r grows, and is unconstrained in ¢.

The proof that lim,._, o, ¢, = ¢ is an exercise in real analysis, which splits into two cases:

1. The auxiliary problem ¢ is infeasible. In this case, we know that for all (wy,wz) € S
(H,wz) = [|§ = Z1wy — Glwzll2][2 < 0.

By compactness of S and continuity of the right hand side, there exists u =
w(&, Z1,G, H) < 0 (in particular, independent of r) such that

(H,wz) — 1§ = Z1wi — Glwa||2]|2 < g
Therefore, we show

< . )\ 2 2
o < max_  min A + [lwr |3 + [Jwall2

=ru+ max ||w1||§+ ||w2||§
(w1, w2)ES

Since the second term is bounded and has no dependence on r, taking » — oo we have
¢, — —oo as desired (since ¢ = —oo by definition).

2. The auxiliary problem ¢ is feasible. In this case, we can let (wi(r),wa(r)) € S be
an arbitrary maximizer achieving the objective ¢, for each » > 0 by compactness. By
compactness again, the sequence (wy (r), wa(r))22, at positive integer values of r has a
subsequential limit (w;(00), w2(00)) € S, i.e. this point satisfies (w;(00), wa(00)) =
lim,, o0 (w1 (71, wa (7, )) for some sequence r,, satisfying r,, > n.

Suppose that (wq(00),wa(00)) does not satisfy the last constraint defining ¢, then by
continuity, there exists ¢ < 0 and a sufficiently small ¢ > 0 such that for all |Jw; —
w1 (00)||2 < €and ||lwe — wa(00)|]2 < €, we have

(H,ws) = [|§ = Zywy — Gllwa|l2[]2 < p.
This implies that for sufficiently large n, we have
(H,wa(rn)) = € = Zrwi(rn) = Gllwa(ra)ll2ll2 < p
and

r,, < rptt wi(ra) 3 + lwa ()13
<rapt max w3+ w3
(w1,w2)€S
so ¢, — —oo — but this is impossible, since considering any feasible element of ¢ we can
show that ¢, > 0. By contradiction, we find that (w; (00), w2 (00)) is feasible for ¢.
By taking A = 0 in the definition of ¢, we have
¢r,, < lwi(ra) 3 + wz(ra) 13-

By continuity, we show that

lim sup ¢, < lim [fwi(r,)3 + [[wz(ra) |3
n—o0 n—00

= [[w1(00)[13 + [wa(o0) |13 < ¢.

Since ¢, > ¢, the limit of ¢, exists and equals ¢. We can conclude that lim,_, ¢ = ¢
because ¢, is a monotone decreasing function of r.
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By our version of the Gaussian Minmax Theorem, Theorem 10,
Pr(®, > t|Z1,6) = Pr(=®, < —t]|Z1,§) < 2Pr(—¢, < —t|Z1,&) = 2Pr(¢, > t|71,¢)

We introduce the negative signs here because we have originally a max-min problem instead of a
min-max problem. This means the comparison theorem gives an upper bound, instead of a lower
bound, on the quantity of interest.

Finally, we can conclude
Pr(® > t|71,€) < iI>1{;Pr(fI>T > t17Z1,8) <2 iggPr@T > t17Z1,8) < 2Pr(¢p > t|Z1,8).

where the last step uses continuity (from above) of probability measure and the fact that ¢, monotoni-
cally decreases to ¢ almost surely. O

Recall the definition of Gaussian width and radius:
Definition 1. The Gaussian width and the radius of a set S C R? are

W (S) = - NFfo, d)Ssngs ,H)| and rad(S):= EIEII‘;HSHQ

It remains to analyze the auxiliary problem, which we do in the following lemma:
Lemma 5. Let § = 334/ M + 184/ % If n is sufficiently large such that § < 1, then
with probability at least 1 — 6, it holds that

14 B

b < —EW(2Y2K) + rad(2Y?K)/210g(16/6) + ||w*||s, /210g(16/0))2 — 02, (48)

Proof. For notational simplicity, define

log(32/4)

_3\/rank(21) +3\/210g(16/5)

v
. \/rank(il) +1 n 2\/log(;6/5).

By aunion bound, the following collection of events, which together we call £, occurs with probability
atleast 1 — 4:

1. (Approximate orthogonality.) By Lemma 1, uniformly over all w; € E}/ (K — w*) and
a € R, it holds that

[(€a — Z1w1, G)| < [[§a — Ziwi 2| Gll2p (49)

and
1(§; Zrw)| < [|€]|2/| Z1wi ||2p- (50)

2. (Approximate isometry.) By Corollary 4, uniformly over all w; € Z}/ 2 (K — w*), it holds
that

Z1w1 2
(1= < 20 < (1 g3 1)
3. (Typical norm of G and £.) By Lemma 2, it holds that
1

and
—ao<—H§||2—a<oca (53)

vn
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4. (Typical size of (Zé/zw*, H).) By the standard Gaussian tail bound Pr(|Z| > t) < 2¢=/2,
it holds that

(850", H)| < lw* |z, v/210g(16/0) (54)
because the marginal law of <E§/2w*7 H)is N(0, |[w*]|3,)-
5. (Gaussian process concentration.) By Theorem 6, it holds that

max |(wa, H)| < W(EY?K) + rad(Y/ %K) /210g(16/) (55)
’K

’u}gEE;

because max, coi/2e |{(ug, H)| is a rad(Eé/HC)-Lipschitz function of H.
From now on, the argument is conditional on the event £ defined above. By squaring the last
constraint in the definition of ¢ we see that
(wa, H)? > ||€ = Z1wi — |Jw2|2G[3
= Il§ = Zvwnl; + w2l3 [G13 — 2(6 = Zywn, we|l2G)
> (1= p)[llg = Zuwn 3 + lwsll3 |GI3)

where in the last line we used (49) and the AM-GM inequality (ab < a?/2 + b?/2). Rearranging
gives the inequality

(1= p)~Hws, H)? — ||€ — Zyun|l3

Hw2||§ < HGHQ
2
_ (= p) " wa, H)? = (1= p)[[|€ll3 + | Zywi 3]
B IGI3
_ (L= p) 7wy, H)? — (1= p)[[IE)5 + [ Zrwn] 5]
- (1—a)?n
1—~)(1 - 1—p) Ywg, HY? — (1 — >
S_(@ﬂ:ym“mg+< p) <u%%‘ p) €]

where in the second inequality we used (50) and the AM-GM inequality again, in the third inequality
we used (52) and in the last inequality we used (51). This shows

(1= = ol + foal) < C202 ol + el
()N Y — (1 p) el
- (1—-a)?n

Dividing through by the first two factors on the left hand side and plugging in (53) gives

(1 — p)~2(wo, H)* — ||€I3

1 -1 —a)’n
< 1 <'U}27H>2 B 0'2
T (1=l =-a)P21-p?* n 1—7

We can simplify the first term by defining 3 = (1 — ) 71(1 — a)~2(1 — p)~2 — 1 and the second

term by observing —% < —o2. Finally, plugging into (43) gives

2 2
will3 + flwzll3 <

<w27H>2 2
< 1+ 8)~—2l
¢ - (u;lr,riuiﬁes( 5) n g

1
_1+8 max |(wo, HY|? — o
n wQGZ;/z(Iwa*)

IN

2
1
+6( max |<’LU27H>+|<Z;/2U}*3H>|> 70—2
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by the triangle inequality, and (48) follows by (54) and (55). To deduce the explicit bound for f3, first
use that
(1-a)=1-2a+a*>>1-2a
and similarly (1 — p)2 > 1 — 2p to show
1 1

(=)= a2 = (=)~ 20)(1 ~ 2a)

If v, p < 1/2, then
(I—=9)1=2a)(1=2p) =1—7—2a—2p+ 2ya + 2vyp + dap — dyap
>1—v—2a—-2p—4yap >1—2y —2a — 2p.
Provided that 2y + 2« + 2p < 1/2 (which implies that v, p < 1/2), we can use the inequality
(1 —2)~1 <1+ 2z forz € [0,1/2] to show that
1 <
=1 —aPd—pP " 1-2y—2a—2
and thus we can choose

8= 33\/1°g(i2/5) + 18\/ranl;(21) > 4y + da+ dp O

<l+4y+4a+4p

We are finally ready to prove our main generalization bound:

Theorem 1 (Main generalization bound). There exists an absolute constant Cy < 66 such that the
following is true. Under the model assumptions in (1), let K be an arbitrary compact set, and take

any covariance splitting ¥ = 1 ® 3. Fixing 6 < 1/4, let f = C; (\/log%/a) + \/rankrle)). If
n is large enough that § < 1, then the following holds with probability at least 1 — §:

2
1+5

sup  L(w) <
n

weK,L(w)=0

0

32
W (E52K0) + (rad(Z5/°K) + lw* s, ) 1/ 21og <> ]
Proof. By Lemmas 3 and 4, we show that for any ¢

Pr( max  L(w) — L(w) >t> =Pr(® >t—0%) <2Pr(¢ >t —o?).
wek,L(w)=0

By Lemma 5, the above is upper bounded by ¢ if we set ¢ — o according to (48) with § replaced by
§/2. Observe that the o term cancels, and the proof is complete. O

Remark 2 (Translation-invariant version). Our generalization guarantee is stated in terms of W(-)
and rad(-), which are not translation-invariant. However, the generalization guarantee of Theorem 1

can be made translation invariant, e.g. replacing W(Eé/ ’K) by W(Zé/ *(K — a)) for an arbitrary
a € R%, by recentering the problem before applying Theorem 1, i.e. by subtracting X a from both
sides of the interpolation constraint Xw = Xw* + €.

We also note that in Theorem 1, there is no requirement that w* € /C, so the true function may not
necessarily lie in the class even if there is no noise (o = 0).

B.2 Specialization to General Norm Balls

For convenience, we restate the general definition of effective rank.

Definition 5. The effective ||-||-ranks of a covariance matrix X are given as follows. Let H ~
N(0, I4), and define v* = argmin, ¢y s1/25, |[v]l5- Then

Ells2H], \* E|[=2H],\’
TH‘H(E): - * and RH‘H(E): L .

sup|jw <1 lwlls E [lv*s
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Applying Theorem 1 to an arbitrary norm ball yield the following:
Corollary 3. There exists an absolute constant C1 < 66 such that the following is true. Under the
model assumptions in (1), take any covariance splitting > = X1 @& Yo and let ||-|| be an arbitrary

norm. Fixing 6 < 1/4, let v = C ( if;gu((léi)) + \/log(i/é) + \/rankn(zl)) If B > |w*| and n is

large enough that v < 1, then the following holds with probability at least 1 — §:

2
1/2
(B-IE||22/ H||*)

n

sup  L(w) < (1+7)
lw||<B,L(w)=0

9

Proof. Let K = {w : ||w|| < B} in Theorem 1. It is easy to see that

W) =B sup [(2 w H)| =B sup [{w, % H) = BE 2 HIl

and

R(Z°K) = swp [|IZ)w]s =B sup |w]s,
lwl|<B [Jw|l<1

From our definition, it is clear that
W(sY2K)\
11 ®) =\ Fmier)

1/2
[w* s, < [lw”| sup. lwlls, < B sup [w]ls, = R(Z%K).

flwll< llwl[<1

Observe that

The two above equations imply

W(S5/2K) + rad(S5/ %K) /210g(32/5) +||w Iz, 1/210g(32/5)
<W(Z 1/2 K) +2+v/2log 32/5 Jrad(2 1/2

=W (sy?K) +2 Qijf(fégf)W(zé/Zic)
_ <1+2 W) (BEHEl/zHH*).

Under our assumptions that v < 1 and ¢ < 1/4, using the inequality (1 +z)(14+y) <1+ z+ 2y
for z < 1, it is routine to check that

2
210g(32/4)

Plugging into Theorem 1 concludes the proof. O

B.3 Special Case: Euclidean Norm

In the Euclidean setting, the effective ranks are defined as follows:

Definition 3 (Bartlett et al. 2020). The effective ranks of a covariance matrix . are

B Tr(%) an B Tr(E)2
A T o)

Due to the small difference between r(33) and 7y, (3), our generalization bound below requires a
slightly different proof (see discussion in Section 5), but the proof strategies are exactly the same.
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Corollary 2. There exists an absolute constant Cy < 66 such that the following is true. Under (1),

pick any split ¥ = 31 @ Xy, fix § < 1/4, and let v = Cy (\/105((212/;5) + \/log(;/é) + \/mnkn(zl)).

If B > ||\w*||2 and n is large enough that v < 1, the following holds with probability at least 1 — §:
B2 Ti(5,)

|wl|l2<B,L(w)=0 n

Proof. The proof is identical to Corollary 3 except for the inconsequential difference between
E ||E§/2g||2 and Tr(X5)'/2. It is easy to see that

W(y/°K) < BTr(Z)Y? and  R(Zy/°K) = B||S,|}/2.

By the same argument, we can show that ||w*||s, < R(Z;NIC) and

W(S5/2K) + rad(25/2K)/210g(32/0) + |[w* ||, v/210g(32/5)
<W(EY?K) + 2¢/210g(32/6) rad (23 2K)
< BTe(S)"/? + 2,/210g(32/0) B[S, |1/2

_ <1+2 2lorg(§22)/5)> BTI‘(ZQ)I/Q.

Plugging into Theorem 1 concludes the proof. O

Next, by choosing a particular covariance split, we prove the speculative bound from Zhou et al.
(2020) when the features are Gaussian:
Corollary 1 (Proof of the speculative bound () for Gaussian data). Fix any 6 < 1/4. Under the
model assumptions in (1) with B > ||w*||2 and n 2 log(1/6), for some v < {/log(1/0)/n, it holds
with probability at least 1 — 0 that
B2 Ty (%

sup Lw)< (14 7)7()

llwll2<B,L(w)=0

4)

Proof. By Theorem 1 and the same argument in proof of Corollary 2, we obtain

2
1+ 32
< 1+8 BTr(S2)Y2 + B||%s|| )2 24/ 21og ()
welkl,Y=Xw n 1)

sup  L(w)
2 2

P14 8) (1) 72 4 a0 - 6/108(179) )

n

A

IN

Let 31 contain the largest eigenvalues, then we have
rank(3)[|2z2]|op < Tr(X).

Plugging in the inequality shows

welcs,l}lfrixwL<w) = %ﬁj)(l +8) (1 0 rl;)rgll(il(g?)> .

2
Therefore, we can pick v = (1 + f) (1 + 6, /280/0) ) — 1 and it is clear that

rank(Xq)
75\/10g(1/6)+\/rank(21)+ log(1/)
n n rank(Xq)

for sufficiently large n and rank(X;). To balance the last two terms, we can pick a covariance split
such that rank(3;) is of order [nlog(1/6)]*/2, which proves the {/log(1/6)/n rate. O
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C Bounds on the Norm of the Minimal-Norm Interpolator

In this section, we will give bounds — again based on the Gaussian Minimax Theorem — for the norm
of the minimal norm interpolator, first in general and then in the Euclidean case.

C.1 General Norms: Proof of Theorem 4

Similar to the analysis in the previous section, we first formulate the minimal norm as an optimization
problem in terms of a random matrix with N (0, 1) entries. Next, we apply the Convex Gaussian
Minimax Theorem.

Lemma 6. Under the model assumptions in (1), let ||-|| be an arbitrary norm and Z : n x d be a
matrix with i.i.d. N(0, 1) entries independent of §. Define the primary optimization problem (PO) as

® := min |27 %w|. (56)
Zw=¢
Then for any t, it holds that

Pr(Xmgly||wH>t)gPr(||w*||+<I>>t). (57)

Proof. By equality in distribution, we can write X = ZX!/2. By the triangle inequality and two
changes of variables, we have

min |Jw|| = min |Jw+ w*||
Xw=Y Xw=¢
< w4+ _min [l
Z51/2w=¢
= |Jw*|| + min [|S72w]. O
Zw=¢
Lemma 7 (Application of CGMT). In the same setting as Lemma 6, let G ~ N (0,1,,), H ~ N(0, I)

be Gaussian vectors independent of € and each other. Define the auxiliary optimization problem (AO)
as

= min »1/2q]. (58)
¢ l€=llwll2Gll2<(H,w) | |
Then it holds that
Pr(® >t|§) <2Pr(¢ > t|¢), (59
and taking expectations we have
Pr(® >t) <2Pr(¢ > 1t). (60)

Proof. By introducing Lagrange multipliers, we have
o= minm}z\xx 2722w + (N, Zw — €)
= minmax (A, Zw) + 5720 — (X, €).

By independence, the distribution of Z remains the same after conditioning on ¢ and the randomness in
® comes solely from Z. Therefore, we can apply CGMT in Theorem 9 with ¢ (w, \) = ||S~/2w]| —
(), &) because 1) is convex-concave, but we again have the technical difficulty that the domains of w
and \ are not compact. To overcome this, we will use a double truncation argument. For any r,¢ > 0,
we define

P, (1) := i X, Zw) + |27 2w]|| — (), 61
(0):= p_min _ max O Zw) +| wl =8 (61)
and the corresponding AO
¢r(t):= min  max Jwlo{G,A) + [Al2(H, w) + [E7V2w]| = (A,€)
[2=1/2w(|<2t [ All2<r

= i N2 (H, w) — (X, € — G) + =12
(o n o hax [All2(H, w) = (A, & = [[w]2G) + || w| (62)

= g B max A((H,w) + 1€ = fuwll2Gll2) + |27 2w
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Note that the optimization in ®,.(¢) and ¢,.(¢t) now ranges over compact sets. We will also use an
intermediate problem between ® and ®,.(t), defined as

d(t):= min  max(\ Zw) + |27V 2w — (A, €)
IS-1/2w]<2t
= min HE_I/QwH. (63)
Zw=¢
2712w <2t
We similarly define the intermediate AO as
t): = i A ((H, - G no1/2
o(1) (5D ax ((H,w) + € = [w]l2Gll2) + || w|
- min [==12)]. (64)
IE=llwll2Gll2<{—H,w)

=1 2w| <2t

Compared to the definition of ¢, we have (— H, w) instead of (H, w), but this difference is negligible
because H is Gaussian. It can be easily seen that the event ® > ¢ is the same as ®(¢) > ¢, and the
same holds for ¢ and ¢(t). It is also clear that ¢(t) > ¢,-(t) and we can connect ¢,.(t) with ®,.(¢) by
CGMT. It remains to show that ®,.(t) — ®(t) as r — oo.

By definition, ®,.(t) < ®(t) for r < s. We consider two cases:

1. ®(t) = o0, i.e. the minimization problem defining ®(¢) is infeasible. In this case, we know
that for all || X~/ 2w|| < 2t

||ZU) - fHQ > 0.

By compactness, there exists i = p(Z,£) > 0 (in particular, independent of ) such that
1Zw = &ll2 = p.

Therefore, considering A along the direction of Zw — & shows that

min max (A, Zw — &) + Y20 > r
I\Z*I/"’w\ISZt\IAIEST( &)+l | =7y

®,(t) =

s0 @,.(t) — oo as r — oo.

2. Otherwise ®(t) < oo, i.e. the minimization problem defining ®(¢) is feasible. In this case,
we can let w(r) be an arbitrary minimizer achieving the objective ®,.(¢) for each > 0 by
compactness. By compactness again, the sequence {w(r)}$2, at positive integer values of

7 has a subsequential limit w(oo) such that ||X~1/2w(occ)| < 2t. Equivalently, there exists
an increasing sequence r,, such that lim,, ., w(r,) = w(co).

Suppose for the sake of contradiction that Zw(co) # &, then by continuity, there exists
p > 0 and a sufficiently small € > 0 such that for all ||w — w(c0)||2 < €

12w =&z > .

This implies that for sufficiently large n, we have
[ Zw(rn) —€ll2 = p

and by the same argument as in the previous case

B, (1) = max (A Zu(r) =) + 57 2u(r,)] >

so &, — oo, but this is impossible since @,.(t) < ®(¢) < co. By contradiction, it must be
the case that Zw(oo) = £. By taking A = 0 in the definition of ®,.(¢), we have

., (1) > |27 2w ().
By continuity, we show that
lim inf ®, (¢t)> lim |27 2w(r,)| = |27 2w(c)| > ®(t).
n—oo n—oo

Since @, (t) < ®(¢), the limit of ®,. (t) exists and equals ®(¢). We can conclude that
lim, o, @,.(t) = ®(t) because P,.(¢) is an increasing function of r.
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By the last part of Theorem 9 (the CGMT),
Pr(®,(t) > £]€) < 2Pr(6,(t) > t|€).

By continuity (from below) of the probability measure, and the fact that ®,.(¢) monotonically increases
to ®(¢) almost surely, we can conclude
Pr(® > t]£) =Pr(®(t) > t|&) < Pr(U, Npsp @ (t) > t]€)
= lim Pr(Ny>, P () > t|£) = lim Pr(®.(¢) > t|&)
S - T—00

r—

<2 lim Pr(d,() > £]€) < 2Pr(6(t) > £]€)
—2Pr(6 > 1€). O

It remains to analyze the auxiliary problem, which we do in the following lemma:

Lemma 8. For any covariance splitting 3 = Y1 @ Yo, denote P as the orthogonal projection matrix
onto the space spanned by %o, and let v* = arg min Assume that there exists

€1, €2 > 0 such that with probability at least 1 — 6/2,

ved|| S/ 2 H. [v]ls,-

v, < (A +e)E v, (65)
and
[Po*[? < 1+ e (66)
Let
_ log 32/(5 log 8/5 n
e=8n"1/% 498 +2(1+€1)? ————— + 2¢9.
7 (2 (+e) Rpy(2) 77

If n and the effective ranks are sufficiently large such that € < 1, then with probability at least 1 — 6,

it holds that
n

¢52 S (1 —|— 6) 0'2—
(E =52 H|.)2

(67)

Proof. For notational simplicity, we define

10g(32/5)

By a union bound, the following collection of events occurs with probability at least 1 — §/2:

1. (Approximate Orthogonality.) By Lemma 1, it holds that
(&G < Il G2 p- (68)

2. (Typical Norm of GG and £.) By Lemma 2, it holds that

*04<7||GH2*1<06 (69)
and .
—aagﬁ\\gng—agao. (70)

3. (Typical Norm of El/ °H .) By Theorem 6, it holds that
1252 H .« > B[22 H]. — sup |lulls, /21og(8/)

luf] <1
(71)
210g(8/5) 1/2
— (1 [228  gsl2y,,
( 7”|'|(E)> 1= A

because HZ;pHﬂ* is a supy, <1 [lulls,-Lipschitz function of H.
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By a change of variables, recall that

[Jw]].
e \lzl/zw\lzGH (H,31/2w)

Equations (68) to (70) imply that
2
& = 1= 7206 | = 1l - 266, YIS 2wl + |5 2ulBGI3
< (1+p) (1IEl3 + 1= 2w3IG13)
< (14 p)(1+ @)?n(o® + |2 2wl]3)

To upper bound ¢, it suffices to construct a w that satisfies the constraint. Consider w of the form
s(Pv*), then ©1/2w = sX2/%v*. Plugging in, it suffices to choose s such that

1/2 « 1/2 « 1/2
(1+ p)(1 + a)?n(0? + 2|5y *0*|12) < s*(H, =5/ %0")? = 2| =) *H |2

Solving for s, we can choose

1/2 -1
82 — 0_2 HZQ/ H”i _ ||U*H2
(14+p)(14+a)?n ¥z

given that it is positive. By (65) and (71), we have

|5y * H]J2
1+ p)(1+a)?n

__EISH)? () [2log(8/6)
- (1—|—p)(1+a)2n 7“”.“(2)

_ E|%H].)? 1 o [2los®/0)) L m
B n ((1+p)(1+a)2 (1 ? T|<|(E)> e R|~|(22)>'

If « < 1, then

— "I,

> = 1+ e)*Elvg,)?

(1+p)(1+a)? =1+p)(1+2a+a?)
(1+p)(1+3a)=14+3a+p+3ap

<
<1+4+3a+4p

and using the inequality (1 + x)~! > 1 — x, we show
oy

1+p)(A+a)?
>1—(3a+4p).

—(1+p)(1+a)?—1)

Therefore, we can conclude that

1 o, [2log(8/6) ) JRCI
(1+p)(1—|—a)2 (1 2 THH(Z) > (1+ 1)

By (2)
2(1(3a+4p)><12 ﬁ‘f%‘”)(uem]@
SR W_ 1)QRH'HTEEz) S
where we define
¢ =4n~V2 ¢ \/W 1:;"5'8/5 +(1+el)2m.
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Provided that ¢’ < 1/2 (which also guarantees that &« < 1 and our definition of s? is sensible), we
can use the inequality (1 — z)~! < 1+ 2z for € [0,1/2] to show that

. n
1/2
(E |52 H|.)2

9 9 n 1

/ 2
<o (]E||E§/QH||*)2 o <(1+2€)o

and thus by (66)

n n

> SSQHPU*H2 < (1—|—€2)(1+2€/)0'2 S —
(E |55 H|.)2

- < 2
A =T

with € = 2¢ + 2. O

Finally, we are ready to prove our general norm bound.

Theorem 4 (General norm bound). There exists an absolute constant Cy < 64 such that the following
is true. Under the model assumptions in (1) with any covariance split ¥ = ¥ @ s, let ||-|| be an
arbitrary norm, and fix 6 < 1/4. Denote the 5 orthogonal projection matrix onto the space spanned
by 3o as P. Let H ~ N(0, I;), and let v* = arg min [vlls,,- Suppose that there exist

€1, €2 > 0 such that with probability at least 1 — 6 /4

ved|| 2L/ 2 H|l.

lo*ls,, < A+ e)Ello*]y, — and  [|Pv"]* < 1+e; (10)

lete = Cy (. / :f;g”((léi)) + 4/ log(:b/‘s) +(1+ 61)2W + 62). Then if n and the effective ranks

are large enough that € < 1, with probability at least 1 — 6, it holds that

v
E|sy*H|.

]| < lw*[| + (1 + €)% (11)

Proof. By Lemmas 6 and 7, we show that for any ¢
Pr(|l@] > t) < Pr(® >t — [Jw*]|) < 2Pr(¢ =t — [Jw™]).

By Lemma 8, the above is upper bounded by ¢ if we set ¢ — ||w*|| according to (67) with § replaced
by §/2. Moving ||w*|| to the other side concludes the proof. O

C.2 Special Case: Euclidean Norm

Lemma 9. For any covariance matrix ¥, it holds that

2 1
(]E ||21/2HH2) > (1 - 7’(E)> (D) (72)
and
1 8 1
T (T) ~ (1 ; r(2)> s {HTEH] ' &
As a result, it holds that
r(E) =1 < (X)) <r(%) (74)
and »
4 Ry, (%) ] 8
o) - R® S\ Vi) 73

Proof. Observe that if f(H) = ||S'/2H]||5, then it can easily be checked that

I=H]3

Vi = =2

< 1Zllop
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and so by the Gaussian Poincaré inequality (van Handel 2014, Corollary 2.27), we have
Te(X) =E|SV2H|3 = (B|[ZV/2H||2)* + Var | V2 H||2
< (E|ZY2H]|2)? + 2] op
Tr(X)
r(x)

Rearranging the terms proves (72). To prove (73), without loss of generality assume that ¥ is diagonal,
with diagonal entries A\; > Ao > ... > A4. Observe that for any integer v > 2, we can pad 3 with 0’s
such that v divides d, and we have

= (E|'2H||2)* +

d d/v
HYSH =Y NH? > Ni(H2 i yysq + o+ HE).
=1 =1

By Jensen’s inequality, 1/ E[X] < E[1/X]; it follows that

1
— | < E
T :l - d/v
[H xH S Avi(H3 )y oo+ HE)
_ 1 & 1
= Zd/l/ N Zd/u i (H2 e )
j=1"vj i=t a7 iy T i
-d/V
< E | =i
— d/v d/v 2 2
Zjil /\Vj | i=1 Zjil >‘uj Hu(i71)+1 +ot Hui
. 1 1
T —d/v \ 1, _9°
Z]‘il Al/j v 2

-1
In the last equality, we use the fact that for each ¢ the random variable (Hf(i—n IR ¢ f 31)

follows an inverse Chi-square distribution with v degrees of freedom; its expectation is (v — 2) 1. In
addition, notice that

d/v d/v—1
VISlop + D> Ai = M+ X))+ Y wisr + e+ M) = Te(D).
i=1 =1

Plugging the above estimate into our upper bound shows for any integer v > 2, it holds that
1 1 v o2 2 \!
E < = 1— _Z,._ 2 )
sw < T e s )
We can show (73) by choosing v = [(27(%))'/?]:

£ [HleH} = TrzZ) (1_ r(82)>

It remains to verify (74) and (75). By (72), we can check

(E‘|21/2HH2)2 > <1 o 1 ) TT(E) 7’(2) —1.

1%l 0p r(2)/) 1%lep

1 v

T, (2) =

The other direction 7(X) > 7., (X) follows directly from an application of the Cauchy-Schwarz
inequality. By Jensen’s inequality 1/ E[X] < E[1/X] and the Cauchy-Schwarz inequality, we show

—1 -2 2
1 1 ||21/2H||2> ( IZH]2 ) 2 1
E <|E——7r— <|E-mri—— ) <Tr(Z)E —r—.
Tr(X) ( ZHII%) - ( IXH ||z U IEV2H]2 ) T &) =12 H |13
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—2
Recall that Ry, (2) = (E||SY2H||5)? (E %) . By Cauchy-Schwarz inequality and (73),
it follows that

-1
Ry, (S) < (D) (E qun) < (1 - ,/r(;)> R(%)
and also by (72)
1\ Tr(®) 1 -1
A2 (1- 55 ) s (& ey )
1 8 4
> (1 - T(Z)) (1 - r(2)> R(Y) > (1 - T@)) R(Y). O

Lemma 10. For any covariance matrix %, it holds that with probability at least 1 — 9,

=2 log(4/5)

76
() ~ /RE) (76)
and
ISH]3 < log(4/8) Te(3%). a7
Therefore, provided that R(X) = log(4/9)?, it holds that
ISH: \? TH(s?)
T — log(4/0 . 7
(o) = ost/o) s 7

Proof. Because we are considering /> norm and H is standard Gaussian, without loss of generality we
can assume that ¥ is diagonal and we denote the diagonals of ¥ as A1, ..., A\4. By the sub-exponential
Bernstein inequality (Vershynin 2018, Corollary 2.8.3), we have with probability at least 1 — 6/2

< [los(4/0)  log(4/d) _ log(4/d)
TV ORE) r(X) T /R(D)

[=12H|E
Tr(X)

1|-

P )\
“—(H? - 1)
; 225 A

where the last inequality uses that R(X) < r(X)2, shown in Lemma 5 of Bartlett et al. (2020). Using
the sub-exponential Bernstein inequality again, we show with probability at least 1 — §/2

ISH|3 ’ log(4/6) , log(4/9)
(2 |~V REY (2

From Lemma 5 of Bartlett et al. (2020), we know that the effective ranks are at least 1. This implies
ISH|3 < log(4/0) Te(5?).
Provided that R(2) > log(4/8)?, we have

1
ISY2H|3 > 5 Tr(E)

[\V]

in which case it holds that H ||2 ( 2)
YH|35 Tr(X
< log(4/6 .

—_— S O
[S/2H|3

Theorem 2 (Euclidean norm bound; special case of Theorem 4). Fix any 6 < 1/4. Under the
model assumptions in (1) with any choice of covariance splitting > = Y1 @ Yo, there exists some
€< lorg((zlg ;S ) 4+ log(nll/ )4 IR?(gg?/)é) such that the following is true. If n and the effective ranks

are such that ¢ < 1 and R(X2) = log(1/5)?, then with probability at least 1 — 6, it holds that

1ol < w2 + (1 +e>1/20\/$' (6)
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sy 2H
125" Hl2
suffices to pick €; such that for some constant ¢ > 0

and so ||v*||s, = HzlfizH”z By (78), it

Proof. To apply Theorem 4, it is clear that v* = BT
2

Tr(3%3)
Tr(%2)

(I+e)Elvrs, = c\/log(16/5)

2
By (72) of Lemma 9, for sufficiently large effective rank, it holds that (E HZI/ °H ||2) 2 Tr(39)
and so

n__ (tea)P®@|vs,)?

. Tr(X3)  nlog(16/6)
R\|'|\2(E2) (E ||E;/2H||2>2

Tr(25)2  R(X2)

(1+e)? < nlog(16/9)

Furthermore, it suffices to let e = 0 because P is an /5 projection matrix. Combined with (74) of

Lemma 9, we show
/log( 1/(5 log 1/5 nlog(l/é)
R(%2)

Finally, using the inequality (1 — z)~! < 1 + 2 for z € [0,1/2] and (72) of Lemma 9 again, we
can conclude

vn 1/2 1 e n
A+0)2e—Y—<Q+e?(1- o
E |22 H||; r(Z2) Tr(22)

(1 et <;2>>1/2" T

and we can replace € with

log 1/6 log 1/(5 nlog(1/6)
=2+ </ + :
¢ 22 R(%,)

D Benign Overfitting

In this section, we will combine results from the previous two sections to study when interpolators
are consistent.

D.1 General Norm

Theorem 5 (Benign overfitting with general norm). Fix any § < 1/2. Under the model assumptions
in (1), let ||-|| be an arbitrary norm and pick a covariance split ¥ = 31 @& Xo. Suppose that n and
the effective ranks are sufficiently large such that v,e < 1 with the same choice of y and € as in
Corollary 3 and Theorem 4. Then, with probability at least 1 — 0,
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Proof. By Theorem 4, if we choose
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then with large probability, {w : ||w|| < B} has non-empty intersection with {w : Xw = Y}, which
contains the minimal norm interpolator . Also, it is clear that B > ||w™*|| and so by Corollary 3, it
holds that
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Theorem 11 (Sufficient conditions). Under the model assumptions in (1), let ||-|| be an arbitrary
norm. Suppose that as n goes to oo, there exists a sequence of covariance splits 2 = 31 @ Yo such
that the following properties hold:

1. (Small large-variance dimension.)
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2. (Large effective dimension.)
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3. (No aliasing condition.)
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4. (Contracting {5 projection condition.) With the same definition of P and v* as in Theorem 4,
it holds that for any n > 0,

0. (81)

lim Pr(||Pv*||* > 14 1n) =0. (82)

Then L(w) converges to o® in probability. In other words, minimum norm interpolation is consistent.
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Proof. Fix any n > 0, for sufficiently small -, € and ||w*|| M, it is clear that
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For any § > 0, by the definition of 7 in Corollary 3 and our assumptions, the terms  and
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Hw*||M can be made arbitrarily small for large enough n. Also by our assumption, €

in the definition of € in Theorem 4 can be arbitrarily small. Note that
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converges to 0 by assumption. Then by Markov’s inequality, for any ' > 0, it holds that for all
sufficiently large n
[ )
Pr{——2—— > 1] <é
1/2
(M@JHLM%

32




and we can pick
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By Theorem 5, we have shown that for sufficiently large n such that v, € and ||Jw*||
small enough for (83) to hold, it holds that

Pr(|L(w) — 02| > 1) < 6.
As a result, we show lim,,_, o, Pr(|L(®) — 02| > 1) < & for any § > 0. To summarize, for any

fixed n > 0, we have
lim Pr(|L(w) — o2 >n)=0
n—oo

and so L(1) converges to o2 in probability. O

D.2 Euclidean Norm

Theorem 3 (Benign overfitting). Fix any § < 1/2. Under the model assumptions in (1) with any
covariance splitting 3 = 31 @ Yo, let v and € be as defined in Corollary 2 and Theorem 2. Suppose
that n and the effective ranks are such that R(X3) 2 log(1/6)? and v, e < 1. Then, with probability
at least 1 — 6,
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Proof. The proof follows the same strategy as Theorem 5. By Theorem 2, if we choose
n
Tr(Xs)’

then with large probability, {w : ||w||2 < B} has non-empty intersection with {w : Xw = Y}. This
intersection necessarily contains the minimal norm interpolator w.

B=|wz+(1+e) %0

Also, it is clear that B > |Jw*|| and so by Corollary 2, it holds that
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Theorem 12 (Sufficient conditions). Under the model assumptions in (1), let W be the minimal {
norm interpolator. Suppose that as n goes to 0o, there exists a sequence of covariance splitting
> = Y1 @ X such that the following conditions hold:

1. (Small large-variance dimension.)

k(X
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n— oo n
2. (Large effective dimension.)
n
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3. (No aliasing condition.)
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Then L(1) converges to o2 in probability. In other words, minimum (s norm interpolation is
consistent.

0. (86)

Proof. Fix any 1 > 0, for sufficiently small -, € and ||w*||2

%, it is clear that

2
(14+79)(1+e€) <U+||w*||2 Tr(ﬂ”) -2 <. (87)

From Lemma 5 of Bartlett et al. (2020), it holds that R(X2) < r(X2)?2, and so the condition
R(X¥3) = w(n) implies that r(X3) = w(y/n) = w(1). For any § > 0, by the definition of v, € in

Corollary 2 and Theorem 2 and our assumptions, the terms v, € and ||w*||24/ % can be made
small enough for Equation (87) to hold with a sufficiently large n. By Theorem 3, we show that

lim Pr(|L(@) —o?| >n) <4
n—oo
Since the choice of § > 0 is arbitrary, we have shown that L (1) converges to o2 in probability. [

D.2.1 Equivalence of Consistency Conditions

If we assume that ||w*|| = ©(1), our consistency condition (Theorem 12) for minimum ¢3 norm
interpolation is the existence of a covariance splitting such that
(TI' 22)2
k(%) = Tr¥, = —— = . 88
rank(31) = o(n), r ¥y = o(n), T ()7 w(n) (88)
‘We compare the above conditions to the following conditions:
Tr 22 (Tr 22)2
rank(31) = o(n), TrXs =o(n), =w(n), =z =w(n). (89)
152l op Tr[(%2)?]

Obviously, the conditions in (89) imply (88), but we show in Theorem 13 that the existence of a
splitting that satisfies (88) also implies the existence of a (potentially different) splitting that satisfies
(89). This is one way to see that the particular choice of £* from Bartlett et al. (2020) can be made
without loss of generality, at least if we only consider the consistency conditions.

Theorem 13. Suppose that there exists 3 = 31 & 3o that satisfies the conditions in (88). Then there
existsa ¥ = 2'1 S2) 2/2 that satisfies the conditions in (89).

Proof. Denote v as the vector of eigenvalues of 3, and vy, as the vector obtained by setting the k
coordinates of v corresponding to 37 to be 0. By our assumptions in (88), there exists k£ = o(n) such
that
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[ok]ln = o(n),

lvell3
Forany 7 > 0, we let S; = {i € [d] : |vk,;| > T||vk||co } and define vy, by setting the coordinates
of vy, in S, to be 0. For simplicity of notation, define a = ||vg[|?/|vx||3 and b = ||vk|l1/||vk | co-
Observe that o2 |
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In addition, observe that
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Finally, we pick 7 by setting b/(7a) = (n/a)>/*. By our assumption that a = w(n), we can check
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The above inequalities imply that

and

and

a- ( b )2 = a(n/a)*? = n(nja)/? = o(n).

Ta
By Holder’s inequality, we also have

2
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It is clear that ||vg +||1 < ||vg|l1 = o(n) and k + | S| = o(n), so picking the covariance splitting that
corresponds to vy - concludes the proof.

E Basis Pursuit (Minimum /;-Norm Interpolation)

In this section, we illustrate the consequences of our general theory for basis pursuit. The following
generalization bound for basis pursuit follows immediately from Corollary 3:

Corollary 5 (Generalization bound for /1 norm balls). There exists an absolute constant C; < 66
such that the following is true. Under the model assumptions in (1) with ¥ = X1 @ %o, fix § < 1/4

and let v = Cy (\/l(f&g) + \/Iog%/é) + \/mnkn(zl)) If B > ||w*||1 and n is large enough that

~v < 1, then the following holds with probability at least 1 — §:
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sup  L(w) < (1+7) (90)
l[wlls <B,L(w)=0 n
Proof. Recall that the dual of the ¢; norm is the £, norm. By convexity
max |wl||s = \/max<ei, Ye;) = \/max Yii
lwlli<1 i i
_ (BIZV?H|w)
and so we can use 71 (X) = e = kL (X). O

The following norm bound for basis pursuit follows from Theorem 4:
Corollary 6 (¢; norm bound). There exists an absolute constant Cy < 64 such that the following is
true. Under the model assumptions in (1), let ¥ = ¥1 @ ¥y such that o is diagonal. Fix § < 1/4

and let € = Oy (\/liflg&/j)) n \/log(i/é) T rl(“EQ)), Then if n and the effective rank r1(33) are

large enough that € < 1, with probability at least 1 — ¢, it holds that
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Proof. Recall that O||u||. = conv{sign(u;)e; : ¢ € argmax|u;|}, where conv(S) denotes the
convex hull of S. By definition, it holds almost surely that

[0 ls, < lgéi[%j]( leills = |/ max i (92)
(I+e)Efv]ly, = /max 3
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and so we can pick €; such that

and

In addition, since Y5 is diagonal, the coordinates of Eé/ ’H that correspond to the zero diagonals of
Y5 are 0. Therefore, v* must also have zero entry in those coordinates. In other words, v* lies in the
span of 3. As P is the orthogonal projection onto the space spanned by X5, this implies Pv* = v*,
and so | Pv*||1 = ||v*|]1 = 1, so that we can take e = 0. Plugging €1, €2 into Theorem 4 concludes
the proof. O

Theorem 14 (Benign overfitting). Fix any 6 < 1/2. Under the model assumptions in (1), let
Y =X @ Xy such that X is diagonal. Suppose that n and the effective rank r1(X2) are sufficiently
large such that v,e < 1 with the same choice of v and € as in Corollaries 5 and 6. Then, with
probability at least 1 — §:

T 93)

The proof of Theorem 14 uses Corollaries 5 and 6, and follows the same lines as in Theorem 5. The
details are repetitive, so we omit writing them out in full here. As before, we can use the finite sample
bound to deduce sufficient conditions for consistency.

Theorem 15 (Sufficient conditions). Under the model assumptions in (1), let w be the minimal

{1 norm interpolator. Suppose that as n goes to oo, there exists a sequence of covariance splits
> = 31 ® X such that 35 is diagonal and the following conditions hold:
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1. (Small large-variance dimension.)
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2. (Large effective dimension.)
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3. (No aliasing condition.)
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Then L(w) converges to o in probability. In other words, minimum {1 norm interpolation is
consistent.

=0. (96)

Again, the proof of Theorem 15 is exactly analogous to Theorem 12, so we omit the full proof here.

E.1 Isotropic features

Theorem 16. There exists an absolute constant C3 < 140 such that the following is true. Under
the model assumptions in (1) with ¥ = 1, denote S as the support of w*. Fix § < 1/4 and let

€= Cy (\/105;(2/6) + \/ log(1/8) log(dn|S))' Then if n and d are large enough that ¢ < 1, the

log(d—1S])
following holds with probability 1 — 6 where H' ~ N (0, 1;_g)):
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Proof. Write X = [Xg, Xg¢], where X is formed by selecting the columns of X in S. Also let
& = Xgw} + &; then the entries of &’ are i.i.d. N (0,02 + ||w*||3) and independent of X gc. Observe
that Y = Xg0 + £’. By choosing X1 = 0 in Corollary 6, we show with large probability

1/2 2172 __ VI Vn
for some ¢ < 64( /1og(1/6) + /T110(2}(d1/2 Id E )).By the bound of Kamath (2013), it holds
that
log(d — |S51)

2
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and so we can choose C35 < 647 log 2 < 140. Observe that if Xgcw =Y, then X (0, w)T =Y and
[[(0,w)]]1 = ||w]|1. It follows that

@]y = min_flw|y < min_flwl];. O
Xw=Y Xgcw=Y

Theorem 17. Under the model assumptions in (1) with X = I, fix any 6 < 1/2 and let n) =

o, ) o, ) o, n
8 ( /1 g(;/ ) 4, /1 gl(:g/(d)j\ls%)‘s‘ + 1og(d—|5|))' Suppose that n and d are large enough that

1 < 1. Then, with probability at least 1 — §,
L(w) < (1 +n)(e® + Jw*3). (98)

Proof. By Theorem 16, if we choose
B (1402 (52 cnijz VN

then with large probability, K = {w : ||w||s < B} has non-empty intersection with {w : Xw = Y},
which contains the minimal ¢; norm interpolator w. It can be easily seen that

W(K)=BE||H|~ and R(K)=B
and so by Theorem 1, with large probability

L(w) < sup L(w)
lw]l2<B,L(w)=0
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where = 664/log(1/d)/n and v = BHI. T BE[EL - Observe that
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Combined with the lower bound of Kamath (2013), we show

2rlog(128/8) [21og( 64/6 ( log(1/6) ,  flog( 1/5 )

log d log d

In addition, we have

Bl _;  Ellfflc —EH o ,  [27log(2)log|S]
E | H'[|oo E|H"]oo - log(d — |S])
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Finally, it is a routine calculation to show

L+ 8)(1+ o+ 2 (g )

log(1/4) log(1/6) +log|S] n
<1+ 368 + =1+
(V ¢ log(d—[S]) " log{d— [S]) !

using the inequality (1 4+ z)(1 +vy) <1+ x4+ 2y forx < 1.
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