Supplementary Material for
Learned Robust PCA: A Scalable Deep Unfolding
Approach for High-Dimensional Outlier Detection

A Proofs

In this section, we provide the mathematical proofs for the claimed theoretical results. Note that the
proof of our convergence theorem follows the route established in [[12]. However, the details of our
proof are quite involved since we replaced the sparsification operator which substantially changes the
method of outlier detection.

Let L, := U*Ei/2 and R, = V*Ei/2 where U*E*V*T is the compact SVD of X,. For theoretical
analysis, we consider the error metric for decomposed rank-r matrices:

. . 17212 T 1722\ /2
dist(L, R; L., R,) := inf (H(LQ — L)+ (RQ™ ' — RO)X, ”F) .
QER™ X7 rank(Q)=r

Notice that the optimal alignment matrix @ exists and invertible if L and R are sufficiently close to
L, and R,. In particular, one can have the following lemma.
Lemma 2 ([12, Lemma 9]). For any L € R™*" and R € R"2*", if

dist(L, R; L., R,) < cor(X,)

for some 0 < ¢ < 1, then the optimal alignment matrix Q between [L, R] and [L,, R,] exists and is
invertible.

More notation. In addition to the notation introduced in Section[I} we provide some more notation
for the analysis. V denotes the logical disjunction, which takes the max of two operands. For any
matrix M, || M ||z = o1(M) denotes the spectral norm and || M |1 oo = max; > _; [[M]; ;| denotes
the largest row-wise ¢ norm.

For ease of presentation, we take n := n; = ny in the rest of this section, but we emphasize that
similar results can be easily drawn for the rectangular matrix setting. Furthermore, we introduce
following shorthand for notational convenience: @), denotes the optimal alignment matrix between

(Lk,Rk) and (L*,R*), Lh = Lka, Rh = RkQ]:T, AL = Lh — L*, AR = Rh — R*, and
AS = Sk+1 - S*.

A.1 Proof of Theorem/I]

We first present the theorems of local linear convergence and guaranteed initialization. The proofs of
these two theorems can be find in Sections[A.3]and [A.4] respectively.
Theorem 3 (Local linear convergence). Suppose that X, = L,R] is a rank-r matrix with yi-

incoherence and S is an a-sparse matrix with o < 1041%. Let Qy; be the optimal alignment

matrix between Ly, Ry and [L,., R.]. If the initial guesses obey the conditions
diSt(Lo, Ro; L*, R*) < 800’T(X*),

_ r
1(L0Qo = L)ZY o0 V [(RoQ5 T = RIZY a0 < /o0 (X0)

with g := 0.02, then by setting the thresholding values (, = || Xy — Ly_1R]_,||oc and the fixed
step size i =1 € [§, 5], the iterates ofAlgorithmsatisfy
dist(Ly, Ri; Ly, R,) < eo7"0,.(X,),
_ [ur
H(Lka - L*)21/2||2,oo \ ||(Rka T R*)21/2H27oo < %TkJT(X*)v

where the convergence rate T := 1 — 0.61.
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Theorem 4 (Guaranteed initialization). Suppose that X, = L,R] is a rank-r matrix with -

incoherence and S, is an a-sparse matrix with o < ﬁ for some small positive constant cy < L

7t 35"
Let Qg be the optimal alignment matrix between [Lg, Ry] and [L,, R,]. By setting the thresholding

values (o = || X || 0o, the initial guesses satisfy

diSt(Lo, Ro; L*, R*) S 1OCOO'T(X*),

_ T
1(L0Qo = L) B2 a.oe V [(RoQy T = RIS e < /0 (X0).

In addition, we present a lemma that verifies our selection of thresholding values is indeed effective.

Lemma 5. At the (k + 1)-th iteration of Algorithm |l| taking the thresholding value (i1 :=
1X, — Xp]l oo gives

1S = Sktalloo < 2[ Xy — Xillow  and  supp(Sk41) € supp(S,).
Proof. Denote €2, := supp(S,) and Q.1 := supp(Sk41). Recall that Sy, 1 =S¢, ., (Y — X)) =
Stir (8 + X — Xj). Since [S,];,; = 0 outside its support, so [Y — X;]; ; = [ X, — X}];; for

the entries (4, j) € Q5. Applying the chosen thresholding value iy := || Xx — X%||c0, One have
[Sk+1]i; = 0forall (¢, 7) € Qf. Hence, the support of Sy, must belongs to the support of S, i.e.,

supp(Sk+1) = Q41 € Qe = supp(S,).
This proves our first claim.

Obviously, [S, — Sky1]i,; = 0forall (4, j) € Q5. Moreover, we can split the entries in €2, into two
groups:

Qi1 = {0, 5) | [[Y — Xkl j| > Cot1 and [S,];; # 0} and
QN1 = {1, 7) [ |[Y — Xilij| < Gotr and [S,]; 5 # 0},
and it holds
Xy — X, i — sign([Y — Xlis
1S, = Sksalisl = HS@ ol — Y = sl
* 2]
< {[Xk = Xoigl + G
— X = Xiigl + G
< {QHX*_Xkoo (27.7) EQk+17
2] X = Xk lloo (4,7) € L\ Q1.
Therefore, we can conclude || S, — Sk+1]lco < 2|1 X% — Xilloo- O

Now, we are already to prove Theorem T}

Proof of Theorem Take cg = 10~* in Theorem E} Thus, the results of Theorem |4 satisfy the
condition of Theorem 3] and gives

dist(Ly, Ry; Ly, R,) < 0.02(1 — 0.6n)%0,.(X,),

_ T
1(Z6Qi = L) o V II(RLQT = RIS ae < (/2201 = 0.60) 0 (X.)

for all £ > 0. [12, Lemma 3] states that

|Lk Ry, — X.[le < 1.5 dist(Li, Ry; Ly, Ry)
as long as | (LxQx — L)Z?[lo.00 V[ (ReQy T — ROE? 2,00 <
claim is proved.

When k£ > 1, the second claim is directly followed by Lemma When k = 0, take X_; = 0, then
one can see Sy = S, (Y) = S¢, (Y — X_1) where (p = | Xy|loo = | X« — X_1]lco. Applying
Lemma again, we have the second claim for all £ > 0.

This finishes the proof. O

B o,.(X,). Hence, our first

n
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A.2 Auxiliary lemmata

Before we can present the proofs for Theorems [3|and ] several important auxiliary lemmata must be
processed.

Lemma 6. For any a-sparse matrix S € R"*™, the following inequalities hold:
1512 < an|S],
15]12,00 < Van||S]lo,
15]11.00 < an|| S|
Proof. The first claim has been shown as [[6, Lemma 4]. The rest two claims are directly followed by
the fact S has at most an non-zero elements in each row and each column. O
Lemma 7. If
dist(Ly, Ri; Ly, R,) < eo70,.(X,),
then the following inequalities hold
AL e v | ARE 2 < coro (X))
AL 2]z v [ ARE?|2 < 070, (X.)

Proof. Recall that dist(Ly, Ry; L, R..) \/||AL21/2||F V | ARSY/?||2. The first claim is di-
rectly followed by the definition of dist.

By the fact that || A||2 < ||A||r for any matrix, we deduct the second claim from the first claim. [
Lemma 8. If
dist(L, Ry; Ly, R,) < eo7%0,(X.),

then it holds
1
1-— 60

_ 1/2 1/2
|ILy(L] L) 'S % )2 V| Ry(R] Ry) =Yl <

Proof. [12, Lemma 12] provides the following inequalities:
1

VNS S P
1

1—[|ARE 2

1Ly (L] L) 732 ?)| <

_ 1/2
|Ry(R Ry) 'S4 ||a <

as long as \\AL2:1/2H2 \ ||AR2*_1/2||2 <L
—1/2 —-1/2 k :
By Lemma we have [|ALE, 72 V[|AREL 72 S €07 < gp, given T =1 —0.6n < 1. The

proof is finished since eg = 0.02 < 1. [
Lemma9. If
(k1@ — LB 2V [[(ReQy T — ROBY? |2 < a0 1o (X)),
then
I=2Q5 (Qust — QOB o v [22Q (@it — Q1) TEVP < 12_510@(&).

Proof. [12| Lemma 14] provides the inequalities:

IRQ T —Q ")=)?||,

I=2Q'QEY? - =, < =
1-[(RQ-T — RS, 2|5
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=5 L(Q-Q)=)?
||E}(/2QTQ—TE}(/2_2*H2 S H (Q/\ Q) |1|/2
1= [[(LQ — L)%, |l
for any L, R € R"*" and invertible Q, Q € R"*", as long as ||(LC§ — L)X :1/2”2 \Y H(RQ:r —
L)y <1

We will focus on the first term for now. By the assumption of this lemma and the definition of Q. 1,
we have

[(Rien1Q; T — ROZY? |2 < gm0, (X.),
I(Re1Qs), — ROZY |2 < eor* 1o, (X,),
[(Rie1Qy), — ROEL?||o < eor™ 1.
Thus, by taking R = Ry 1, Q = Q, and Q = Q+1, We obtain
||21/2Q];1(Qk+1 - Qk)21/2||2 = ||21/2Q;1Qk+121/2 — 32
IRei1(Qr T — Q)= o
T 1 (R Qi) - ROEV
— 1 2 1 2
(R QT — RIS o +[|(Ri @1, — RISV
1~ [[(Ris1 Qi) — ROZ

2607‘k+1
- 1 — 60Tk+1

2
EO U’I"(X*)a

or(Xy)

1-— €0
provided 7 = 1 — 0.6n < 1. Similarly, one can see

I=22Q] (Qui1 — Q1) =5 <
This finishes the proof. O

— o (Xy).
~ 0 (X.)

Notice that Lemma 9] will be only be used in the proof of Lemma|[I2] In the meantime, the assumption
of LemmaJ)is verified in (T6) (see the proof of Lemma|[TT).

Lemma 10. If
dist(Ly, Ry; Ly, R,) < eo7%0,.(X,),

.
1AL 00 V I AREY o0 < /B rH0r (XL,
then
T
X, — Xplloo < 3%#04)@).

Proof. Firstly, by Assumption[T]and the assumption of this lemma, we have
IR 200 < AREY 20085 2 + 1220200

< (tF+1) ,/’” <2,/’”

given 7 = 1 — 0.6n < 1. Moreover, one can see
1% = Xilloo = |ALR] + LiARlloo < [ALRY [loo + [ Lo ARl

< | ALEY? |2 o RES s,

(o ) e

3 L ko (X)).
This finishes the proof. O

Y22,
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A.3 Proof of local linear convergence

We will show the local convergence of the proposed algorithm by first proving the claims stand at
(k 4 1)-th iteration if they stand at k-th iteration.

Lemma 11. If

dist(Lg, Ry; L., R,) < go7"0,(X,),
1AL o0 V [AREY 200 < /B2, (X0),

then

dist(Lg41, Ri+1; Ley Ry) < e07" o (X).

Proof. Since Q41 is the optimal alignment matrix between (L1, Ri+1) and (L, R,), so

dist?(Lit1, Ry Loy R) = [|(Lip1 Quesr — L)% + [[(Ri Q) — ROEY |2
< (L Qi = LOZ 2[R + (R QT — ROZ
We will focus on bounding the first term in this proof, and the second term can be bounded similarly.
Note that LbR; - X, = ALRQr + L,A}. We have
Lis1Qy — L, = Ly — n(LyR, — X, + Sj1 — S.)Ry(R/ R)) ™' — L,
= AL — (LR — X,)Ry(R] Ry) ™" —nAsRy(R] Ry) ™
=1 -nAL-nL.ALR; (R R))"' —nAsRy(R/ R;)™". (15)
Thus,
|(Lis1Qi — LB
== mALES? — L ALR(R] R,) ' SY?|% — 20(1 - n) tr(As Ry (R] Ry) "' 3L AT)
+ 20 tr(AsRy (R Ry) 'S, (R] R)) 'R AgL]) +1*| AsRy(R] R;)'=./?|2
=0 — Ry + N3 + Ny

Bound of 9i;. The component 2R, here is identical to R, in [12, Section D.1.1], and the bound of
this term was shown therein. We will clear this bound further by applying Lemmal[7] that is,

20 + €2

(1 — 60)2

9 2e3 2ed + ¢t ,
< Q- nPlarm 2+ (- 4y 2 ) ol x),

2e
9 < ((1 =) (i - n>) A=)+ Pl Ars

Bound of %,. Lemmal[5|implies Ag = Sy 11 — S, is an a-sparse matrix. Thus, by Lemmata|[6] [7]

[l Bl and[T0 we have
|tr(AsRy(R] Ry)'S.A7)| < |Asa| Ry(R] Ry) " 'S.AL .
< any/r|| Aol Ry (R R,) T S AT ||
< 2anVr|| Xy, — Xoloo | Ry (R] Ry) 'SV || ALY |

< 604,u7”1'572k750 Uf(X*).
1— 90

Hence,

el < 127(1 = mapr'FrHF = o2(X.).
—

18



Bound of $R3. Similar to Ro, we have
|tr(AsR; (R, R) 'S, (R, R;) 'R ARL])|
< ||Aslla| Ry (R Ry) 'S, (R Ry) 'R AgL/|.
< any/r||Asllool| Ry (R Ry) 'Sy (R Ry) 'R ARL] ||
< any/r| Al Ro(R] Ry) ' S22 3| ARL ||

< 20nV/7|| Xy, — Xo||oo | Ry (R Ry) 'S 212 A RSy 6| U2
1.5 2k €0 2( )

< 6aur i 50)20T

Hence,

. €0
‘m3| S 127’]204/.,”"1 572km03(_X*>.

Bound of R,.
|AsRy(R] Ry)"'S.%|2 < r| AsRy(R] Ry) '=)7|I3
< 7| As|3|Ry(R] Ry)"'=1/?|2
< 4a?n?r|| Xy — X |3 | Ry (R Ry) '3
1
2 2.3 2k 2
S 36 ureT WUT(X*)-
Hence,
1 2

WUT(X*)~

Ry < 36120223720
Combine all the bounds together, we have
2
|(Lx1Qk — LOZ2 |}

2e3 2e3 +¢§
<@-nptacst?+ (a-npEh o 2 o x,

T

+120(1 — n)apr'? Z’flioz(X*)
.

€0
+ 12772a/ﬂ“1‘572k7(1 — EO)Qof(X*)

1
+ 360[2‘[127’5T2km0'3(x—*),

and a similar bound can be computed for ||(Ry+1Q; | — R.)Ex =212 |4. Add together, we have
dist®(Ly41, Rys1; Ly, Ry)
n1/2)2 122
< (L1 Qu — L) 7f + 1(Ren QT — ROZ |5

23 2e + €5
<=2 (AR + |ARS2)E) +2 ((1 T T ey ) o (X

+ 24n(1 — papr' P72 = 52(X,)

1—60 "
€0
+2477 Oz/M“15 2km0’3(x)
1 2

+ 72042#27“37% (Xy)

(1- 50)20’"

2¢e0 2€0+ 1.5 1
<la=-n?+4+2({0- 24n(1 — S
< (( n)”+ (( 77)1_EO )2 >n+ n(1 —n)opr P
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1
+ 240 aprt® 5+ 72@2/127’3) edr*ho?(X,)

g0(1 — o) e3(1 —gg)?
< (1-0.6n)%ir*02(X,), (16)

where we use the fact [| A, X122 + |ArSY |2 =: dist?(Ly, Ri; L., R,) < £27%%02(X,) in
the second step, and the last step use g = 0.02, o < W, and § <n < 3. The proof is finished
by substituting 7 = 1 — 0.67.

]
Lemma 12. If
dist(Ly, Ri; Ly, R,) < eo7"0,.(X,),
1AL o0 V[ AREY 200 < \[Eoro, (X.),
then
— T
|(Lrs1Quis = LI o0 V (Rt @iy = RO e < 4/ Eorh 00, (X0).
Proof. Using (13) again, we have
I(Lir1Qr — L)EY 2,00
< (1= IALEY 200 + I Lo AR R (R] Ry) ™52 % |2, 00 + 0| Ag Ry (R Ry) ™32 5,00

=T+ %+ Ts.

Bound of T;. T < (1 —1n)y/E7%0,(X.) is directly followed by the assumption of this lemma.

Bound of ¥,. Assumption|l|implies L*E:1/2 200 < +/EE, Lemma [7|implies AREi/Q 5 <
P p : n p

T*eq, and Lemma implies Together, we have

Ty < L0 2,00 | AREY?||2]| Ry (R Ry) 1217

o [ur
<ne——y/ —T7" 0, (X,).
*771—60 nTU( )

Bound of T5. By Lemmal[3] supp(Ag) C supp(S,), which implies that A g is an c-sparse matrix.
Thus, by Lemmal6] we get

Ty < || Asllz.o0| Ry (R Ry) 'S
an
<Y Agllw

N
Vvan
< 2 X, - Xl
— <o
Vapr
< 6777'u ﬂ7"“UT(X*).
1-— €0 n

where the last two steps use Lemmata [5]and [T respectively. Put together, we obtain

[(Lis 1@k — LO)EY a0 < Tt + To + T
& £/ CUT T .
1—-n+n 0 + 61 a ,/M—T’“UT(X*)
1 — &0 1 — &0 n

1) aur Hr
1-— 1-— —6 — (X)), (17
(1= (1- 12 -0 )) Mt x). )
In addition, we also have

I L 271/2 < (1- 1_ €0 B apr HT k. 1
1(Lia @ — LS, _( n( s e § RV

20
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Bound with Q1. Note that Q’s are the best align matrices under Frobenius norm but this is

not necessary true under ¢ ~, norm. So we must show the bound of ||(L;1+1Qr+1 — L« ) 1/2||2 o
directly. Note that Q1 does exist, according to Lemmata [T1| and 2] Applying (I7), (I8) and
Lemmal[9] we have

I(Lp1Qus1 — L) B [l2,00
< N(Ls1Qi — L)Y 200 + |1 Lis1(Qusr — Qi) St
= [(Lrs1Qr — L)EY 200 + 1 L1 Qi Ex 1/2Qk (Qis1 — Q1)ZY? 200
<N (L1 Qr — L)Y 20 + |1 Lks1 QB0 2,00 1327 Q1 Qi1 — Q)EY
< (Lkg1Qr — L) Ex »/?

+ (1Eki1Qk = LOZ P a0 + |1 2B e ) 1222Q5 (@bt — QT2

€0 aur 2¢0 €0 apr
<|1- —6 2 - 1- —6
_< n 1—50 1—€0>+1—80( 77( 1—¢g 1—Eo>>>
BTk
B o (X
\ 5, on(X)
< (1-0.6n) /S rFon (XL),

where the last step use g = 0.02, o <

||200

W, and % <n< %. Similar result can be computed for

H(RkHQI€+1 - R,)X /2 |l2,00- The proof is finished by substituting 7 = 1 — 0.67. O
Now we have all the ingredients for proving the theorem of local linear convergence, i.e., Theorem 3]
Proof of Theorem[3] This proof is done by induction.

Base case. Since 70 = 1, the assumed initial conditions satisfy the base case at k = 0.

Induction step. At the k-th iteration, we assume the conditions

dist(Ly, Ry; Ly, R.) < eom¥0,.(X.,),
I(LrQr — L*)Ei/z‘b,oo VI(RQ; " - R)X 1/2||2 o < \/TT]CGT(X*)
hold, then by Lemmata[TT|and[12]
dist(Lg41, Re+1; Lo, Ry) < e07" o, (X,
I(Lkt1 Q1 = L)Y ?[la00 V [(Ri1 Qi s — ROZ a0 < ﬁTHlar(X*)
also hold. This finishes the proof. O

A.4 Proof of guaranteed initialization

Now we show the outputs of the initialization step in Algorithm |1 satisfy the initial conditions
required by Theorem [3]

Proof of TheoremH) Firstly, by Assumption[I] we obtain

.
[Xslloo < 1Ull2,00 1Zll2][Vill2,00 < %Ul(X*)
Invoking Lemma[5|with X_; = 0, we have

IS, = Soll < 25-01(X.)  and  supp(So) < supp(S.), (19)
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which implies S, — Sp is an a-sparse matrix. Applying Lemma[6] we have
IISx — Soll2 < an||Sx — Solleo < 2apuror(Xy) = 2aurko,(Xy).
Since Xy = LORS— is the best rank-r approximation of Y — S, so
[ X = Xoll2 < | X% = (Y = So)l2 + [[(¥Y = So) — Xoll2

<2 X, — (Y = So)l2

= 2[|S, — Soll2

<Adapurko.(X,),
where the equality uses the definition Y = X, + S,. By [12, Lemma 11], we obtain

dist(Lo, Ro; Ly, R.) < \/ V2 + 1| X, — Xollr

<\ (V24127 X, — Xol2
< 10apr* ko, (X)),
where we use the fact that X, — X has at most rank-2r. Given ¢g = 10¢p and o < ﬁ, our first
claim
dist(Lg, Ro; Ly, R,) < 10co0,(Xy) 20)
is proved.

Let €y := 10cy. Now, we will prove the second claim:

/ e
2,00 \ ||ARE¢1</2H2,00 S %UT‘(X*)

where Ay := LgQo — L, and Ar := ROQJT — R,. For ease of notation, we also denote
L, =LyQy, R, = ROQJT, and Ag = Sy — S, in the rest of this proof.

la sy

We will work on ||A21/2 l|2,00 first, and ||AZ,1/2 ||2,00 can be bounded similarly.
Since UgXoV," = D,.(Y — Sy) = D, (X, — Ag), s0
Lo =Uyz)? = (X, — Ag)Vpx, ' /?
= (X, — As)RZ; "
= (X, — Ag)Ro(RJ Ry) "
Multiplying QOZ}L/ ? on both sides, we have
Luzim = LyQxy” = (X, — AS)RO(R(—JFRO)_IQOE}(/Q
= (X. — As)Ry(R/ R) 2.2
Subtracting X, R, (RJRh)_liii/ % on both sides, we have
L;=)” - LRI Ry(R[ R,)'®)” = (X, — As)Ry(R] R,)'=)” - X, R,(R[ R,)'®}/"
A.2)/? + LALR,(R/ R,)'S)/? = —AsR, (R R,)'=)/?,
where the left operand of last step uses the fact LxY/? = L*Rgr R, (RJRH)*EU 2, Thus,
1AL 200 < |ILARR(R] Re) ™ 22 o o0+ [ As Re(RY Ry) 8%
=J1+ J2
Bound of J;. By Assumption[I] we get
N < EE P oo | AR 2| Ry (R ) 7121

ur- &g
< JE (X
- nl—EOU( *)

where Lemmaimplies ||AREi/2||2 < ego,(X,), and Lemmaimplies ”Rh(RJRn)_lEi/QHQ <
. given (20) holds.
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Bound of J,. (19) implies Ag is a-sparse. Moreover, by (20), Lemmata[6]and[8] we have

where the first step uses that [|[AB|2. < |A

Y2 ame|ZV (R Ry I

_ 1/2
|20 || R (R Ry) 'S0

J2 < || Asll1,00l[ Ry %
< anl|Agleo| Ry =S

1 ~1/2
e B

2urk [ ur _1/2
< m < o + |ArX, / ||2,oo) or(X,)

2
< an—'urol(X*)
n

l1,00]|Bll2,00 for any matrices. Note that
Llzee Hence

HAREIUQHQ,OO < AR, 2,00

or(X4)

€ 20urK T 20Tk
1802} o < (5 2 ) 2 () + 22 A e

1-— o (1 - 80)2 n (1 - 50)

and similarly one can see

|ARS?

€0 2aurk wr 2aurk 1/2
e o] < —Ur X 1 _ N0 A 2* el
2, (1_50 + (1_50)2) n ¢ (X.) + (1_50)2” L 2,

Therefore, substituting €9 = 10cq gives

1ALZY? 2,00 V | AREY?||2,00

(1—¢9)? €0 20uurk ur
< B (X
~ (1 —¢0)? —2aurk 1—50+(1—50)2 ng( +)

(1 —10cp)? 10¢q n 2¢o ur
- (1 - 1060)2 - 20() 1-— ].OCO (]. - 1000)2

| U
S %UT(X*)a

as long as ¢y < % This finishes the proof. O

B Complexity of LRPCA

We provide the breakdown of LRPCA’s computational complexity:

A W N =

(e BN e Y

10.

. Compute LkR,I: n-by-r matrix times r-by-n matrix—n?r flops.
. Compute Y — Ly, R;: n-by-n matrix minus n-by-n matrix—n? flops.
. Soft-thresholding on Y — L R} : one pass on n-by-n matrix—n? flops.

. Compute Ly R} + Sy41 — Y = Sk11 — (Y — LR} ): n-by-n matrix minus n-by-n

matrix—n? flops.

. Compute R;Rk: r-by-n matrix times n-by-r matrix—nr? flops.
. Compute (R} Ri)~!: invert a r-by-r matrix—O(r3) flops.
. Compute Rk(R,;'—Rk)*l: n-by-r matrix times 7-by-r matrix—nr? flops.

. Compute (Ly R, + Si+1—Y) - Rp(R/} Ri)~': n-by-n matrix times n-by-r matrix—n?r

flops.

. Compute L1 = Ly — Ck+1(LkRZ + Sky1 — Y)Rk(RkTRk)*l: n-by-r matrix minus

scalar times n-by-r matrix—2nr flops.
Repeat step 5 - 9 for computing Ry, ;—another 2nr2 + O(r3) + n?r + 2nr flops.

In total, LRPCA costs 3n2r + 3n? + O(nr?) flops per iteration provided r < n. Note that we count
abc flops for computing an a-by-b matrix times a b-by-c matrix in the above complexity calculation.
Some may argue that this matrix product should take 2abc flops. The per-iteration complexity can be
rectified to 6027 + 3n? + O(nr?) flops if the reader prefers the latter opinion.
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C Additional numerical results

C.1 Setup details

Random instance generation. We follow the setup in [8, [L0] to generate synthetic data. Each
observation signal Y, € R™*" is generated by Y, = X, + S,. The underlying low-rank matrix X,
is generated with X, = L*R;r where L,, R, € R™*" have elements drawn i.i.d from zero-mean
Gaussian distribution with variance 1/n. Non-zero locations of the underlying sparse matrix S, is
uniformly and independently sampled without replacement. The magnitudes of the non-zeros of S,
are sampled i.i.d from the uniform distribution over the interval [—E|[X,]; ;|, E|[X.]i ;]]-

Video instances preprocessing. To accelerate the training process, we first change the RGB videos
in the VIRAT dataset to gray videos and then downsample the videos by a fraction of 4. All training
videos are cut to sub-videos with number of frames no more than 1000, testing videos are not cut.

Details in training. In the layer-wise training phase, we adopt SGD with batch size 1; in the
parameter (3, ¢) searching phase (i.e., RNN training), we adopt grid search with grid size 0.1. In
synthetic data experiments, the ground truth X, is known after each instance is generated. Thus,
the training pair (Y, X,) is easy to obtain. We generate a new instance in each step of SGD in
the layer-wise training phase and generate 20 instances for the grid search phase. The testing set is
separately generated and consists of 50 instances. In the video experiment, the underlying ground
truth X, is unknown. We solve each training video with a classic RPCA algorithm [6] (without
learning) to precision 10~° and use that solution as X,. Moreover, in synthetic data experiments,
we we set K = 10, K = 15; in video experiments, we set K = 5, K = 10 and the underlying rank
r=2.

C.2 Training time

Our training time for different matrix sizes, ranks, and outlier densities are reported in Table E}

Table 4: Training time summary.
Problem settings | Training time
n = 1000, =5,a = 0.1 1208 secs
n = 1000, =5,a = 0.2 1209 secs
n =1000,7 =5,a=0.3 1208 secs
n = 1000, =5, =0.1 1208 secs
n = 3000, =5,a=0.1 1615 secs
n = 5000, =5,a=0.1 2405 secs
n = 1000, =5,a=0.1 1208 secs
n = 1000, = 10, = 0.1 | 1236 secs
n = 1000, = 15, = 0.1 | 1249 secs

Different from the inference time reported in the main paper, the training was done on a workstation
equipped with two Nvidia RTX-3080 GPUs. Note that the training time is not proportional to the
problem size due to the high concurrency of GPU computing.

C.3 Visualizations of video background subtraction

In Figure[7] we visualize the results of LRPCA, ScaledGD and AltProj on the task of video background
subtraction.

C.4 Generalization

In this section, we study the generalization ability of our model. Specifically, we train our model on
small-size and low-rank instances, and test it on instances with larger size or higher rank.

First we train a FRMNN on instances of size 1000 x 1000 and rank-5. This setting is denoted as the
“base” setting. We only train the model once on the base setting and test it on instances with different
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Figure 7: Video background subtraction visual results. Each column represents a selected frame from
the tested videos. From left to right, they are Parkinglot1, ParkinglLot2, Parkinglot3, and StreetView.
The first row contains the original frames. Rows 2 and 3 are the separated foreground and background
produced by LRPCA, respectively. Rows 4 and 5 are results for ScaledGD. The last two rows are
results for AltProj.

settings (denoted as “target” settings). When we test a model on instances, we use the step sizes {7 }
directly and scale the thresholdings {(x } by a factor of (npase/Mtarget ) (Ttarget /Thase) due to the £og
bound estimation given in Lemma [I0}

As a comparison, we also train FRMNNS individually on the target settings. The averaged iterations
to achieve 10~ on the testing set are reported in Table

From Table[5] we conclude that our model has good generalization ability w.r.t. n and r. For example,
if we train and test a model both with n = 3000, r = 5, it takes 6 iterations; if we train a model on
the base setting (i.e., n = 1000, r = 5) and test it with n = 3000, r = 5, it takes 7 iterations. Such
generalization of our model works fine with slight loss of performance. That is, a model trained once
on the base setting is good enough for larger size or higher rank problems from similar testing sets.
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Table 5: Results for generalization test.

Fix r = b, test different n

Matrix size n 1000 | 3000 | 5000

Iterations (Model trained on base setting) 8 7 7

Iterations (Model trained on target setting) | 8 6 5
Fix n = 1000, test different r

Matrix rank r 5 10 15

Iterations (Model trained on base setting) 8 10 11

Iterations (Model trained on target setting) | 8 8 9

C.5 Analysis of trained parameters

We visualize the trained step sizes and thresholdings in Figures [8] and [0} respectively. Figure 9]
demonstrates that the trained thresholdings decay in an exponential rate, which is aligned with our
theoretical bound in Lemma[I0] Figure[§|shows that 7, takes larger value when k is small. In other
words, the algorithm goes very aggressively with large step sizes in the first several steps.

Step size 7y,

0 5 10 15
Iterations/Layers k

Figure 8: Trained step sizes

Thresholding ¢,
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Figure 9: Trained thresholdings
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