Under review as a conference paper at ICLR 2025

DIFFUSION MODELS MEET CONTEXTUAL BANDITS

Anonymous authors
Paper under double-blind review

ABSTRACT

Efficient exploration in contextual bandits is crucial due to their large action space,
where uninformed exploration can lead to computational and statistical inefficien-
cies. However, the rewards of actions are often correlated, which can be leveraged
for more efficient exploration. In this work, we use pre-trained diffusion model pri-
ors to capture these correlations and develop diffusion Thompson sampling (dTS).
We establish both theoretical and algorithmic foundations for dTS. Specifically,
we derive efficient posterior approximations (required by dTS) under a diffusion
model prior, which are of independent interest beyond bandits and reinforcement
learning. We analyze dTS in linear instances and provide a Bayes regret bound.
Our experiments validate our theory and demonstrate dTS’s favorable performance.

1 INTRODUCTION

A contextual bandit is a popular and practical framework for online learning under uncertainty (Li
et al., 2010). In each round, an agent observes a context, takes an action, and receives a reward based
on the context and action. The goal is to maximize the expected cumulative reward over n rounds,
striking a balance between exploiting actions with high estimated rewards from available data and
exploring other actions to improve current estimates. This trade-off is often addressed using either
upper confidence bound (UCB) (Auer et al., 2002) or Thompson sampling (TS) (Scott, 2010).

The action space in contextual bandits is often large, resulting in less-than-optimal performance
with standard exploration strategies. Luckily, actions usually exhibit correlations, making efficient
exploration possible as one action may inform the agent about other actions. In particular, Thompson
sampling offers remarkable flexibility, allowing its integration with informative priors (Hong et al.,
2022b) that capture these correlations. Inspired by the achievements of diffusion models (Sohl-
Dickstein et al., 2015; Ho et al., 2020), which effectively approximate complex distributions (Dhariwal
& Nichol, 2021; Rombach et al., 2022), this work captures action correlations by employing diffusion
models as priors in contextual Thompson sampling.

We illustrate the idea using video streaming. The objective is to optimize watch time for a user j
by selecting a video ¢ from a catalog of K videos. Users j and videos ¢ are associated with context
vectors x; and unknown video parameters 0;, respectively. User j’s expected watch time for video ¢
is linear as | #;. Then, a natural strategy is to independently learn video parameters ; using LinTS
or LinUCB (Agrawal & Goyal, 2013a; Abbasi-Yadkori et al., 2011), but this proves statistically
inefficient for larger K. Fortunately, the reward when recommending a movie can provide informative
insights into other movies. To capture this, we leverage offline estimates of video parameters denoted
by 6, and build a diffusion model on them. This diffusion model approximates the video parameter
distribution, capturing their dependencies. This model enriches contextual Thompson sampling as a
prior, effectively capturing complex video dependencies while ensuring computational efficiency.

We introduce a framework for contextual bandits with diffusion model priors, upon which we develop
diffusion Thompson sampling (dTS) that is both computationally and statistically efficient. dTS
requires fast updates of the posterior and fast sampling from the posterior, both of which are achieved
through our novel efficient posterior approximations. These approximations become exact when
both the diffusion model and likelihood are linear. We establish a bound on dTS’s Bayes regret for
this specific case, highlighting the advantages of using diffusion models as priors. Our empirical
evaluations validate our theory and demonstrate dTS’s strong performance across various settings.

Diffusion models were applied in offline decision-making (Ajay et al., 2022; Janner et al., 2022;
Wang et al., 2022), but their use in online learning was only recently explored by Hsieh et al. (2023),
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who focused on multi-armed bandits without theoretical guarantees. Our work extends Hsieh et al.
(2023) in two ways. First, we apply the concept to the broader contextual bandit, which is more
practical and realistic. Second, we show that with diffusion models parametrized by linear link
functions and linear rewards, we can derive exact closed-form posteriors without approximations.
These exact posteriors are valuable as they enable theoretical analysis (unlike Hsieh et al. (2023),
who did not provide theoretical guarantees) and motivate efficient approximations for non-linear link
functions in contextual bandits, addressing gaps in Hsieh et al. (2023)’s focus on multi-armed bandits.

A key contribution, beyond applying diffusion models in contextual bandits, is the efficient com-
putation and sampling of the posterior distribution of a d-dimensional parameter 6 | H;, with H,
representing the data, when using a diffusion model prior on 6. This is relevant not only to bandits
and RL but also to a broader range of applications (Chung et al., 2022). Our approximations are
motivated with exact closed-form solutions obtained in cases where both the link functions of the
diffusion model and the likelihood are linear. These solutions form the basis for our approximations
for non-linear link functions, demonstrating both strong empirical performance and computational
efficiency. Our approach avoids the computational burden of heavy approximate sampling algorithms
required for each latent parameter. For a detailed related work discussion, see Appendix A, where we
discuss diffusion models in decision-making, structured bandits, approximate posteriors, etc.

2  SETTING

The agent interacts with a contextual bandit over n rounds. In round ¢ € [n], the agent observes a
context X; € X, where X C R? is a context space, it takes an action A; € [K], and then receives a
stochastic reward Y; € R that depends on both the context X; and the taken action A;. Each action
i € [K] is associated with an unknown action parameter 0, ; € R?, so that the reward received in
round ¢ is Yy ~ P(- | X; 60, 4,), where P(- | z; 0, ;) is the reward distribution of action ¢ in context
z. Throughout the paper, we assume that the reward distribution is parametrized as a generalized
linear model (GLM) (McCullagh & Nelder, 1989). That is, for any z € X, P(- | ;0.;) is an
exponential-family distribution with mean g(x " .. ;), where g is the mean function. For example, we
recover linear bandits when P(- | z;0. ;) = N'(-;2 70, ;,0%) where o > 0 is the observation noise.
Similarly, we recover logistic bandits (Filippi et al., 2010) if we let g(u) = (1 + exp(—u))~* and
P(-| 2;0.,;) = Ber(g(x "0.)), where Ber(p) be the Bernoulli distribution with mean p.

We consider the Bayesian bandit setting (Russo & Van Roy, 2014; Hong et al., 2022b; Neu et al.,
2022; Gouverneur et al., 2023), where the action parameters 6, ; are assumed to be sampled from
a known prior distribution. We proceed to define this prior distribution using a diffusion model.
The correlations between the action parameters 6, ; are captured through a diffusion model, where
they share a set of L consecutive unknown latent parameters 1. ¢ € R for ¢ € [L]. Precisely, the
action parameter 6, ; depends on the L-th latent parameter ¥, 1, as 0. ; | ¥s1 ~ N (f1(¢s1), 1),
where the link function f; and covariance 3, are known. Also, the ¢ — 1-th latent param-
eter ¢, 1 depends on the (-th latent parameter 1, ¢ as Vs -1 | Yie ~ N(fe(¢sr),Xe),
where f;, and X, are known. Finally, the L-th latent parameter 1), 7, is sampled as 1, ~
N(0,%141), where X1 is known. We summarize this model in Eq. (1) and its graph in Fig. 1.

e ~N(0,X141), (D
bnimt [t ~ N0 B0, VL gm0
Oui | Y1 ~ N (f1(¥e1), 21) Vi e [K], : e
Y | X, 00n, ~ P(-| Xi10s4,) Vt € [n]. [0 e ator

The model in Eq. (1) represents a Bayesian bandit, where
the agent interacts with a bandit instance defined by 6. ;  Figure 1: Graphical model of Eq. (1).
over n rounds (4-th line in Eq. (1)). These action parameters 6, ; are drawn from the generative
process in the first 3 lines of Eq. (1). In practice, Eq. (1) can be built by pre-training a diffusion model
on offline estimates of the action parameters 0, ; (Hsieh et al., 2023).

A natural goal for the agent in this Bayesian framework is to minimize its Bayes regret (Russo & Van
Roy, 2014) that measures the expected performance across multiple bandit instances 0. = (6 :)ic[x]s

BR(n) = E[ S0, (X0, Api 02) — (X, 450.)] @)
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Algorithm 1 dTS: diffusion Thompson Sampling
Input: Prior: fy,¢ € [L], ¥¢,¢ € [L+ 1], and P.
fort=1,...,ndo
Sample v, 1, ~ Q1 (requires fast approximate posterior update and sampling)
for{=L,...,2do

| Sample ;o1 ~ Qo—1(- | ¥r,¢) (requires fast approximate posterior update and sampling)
fori=1,...,Kdo

| Sample 6y ; ~ P, ;(- | 1:,1) (requires fast approximate posterior update and sampling)

Take action Ay = argmax;cx7(X¢, i; 0;), where 0 = (64:)ic (k]
Receive reward Y; ~ P(- | X;; 6. a,) and update posteriors Q41 ¢ and Py ;.

where the expectation in Eq. (2) is taken over all random variables in Eq. (1). Here
r(7,4;0x) = Eyop(|ae.,)[Y] is the expected reward of action 7 in context x and A;. =
arg max; ¢ g (X, i; 0, ) is the optimal action in round ¢. The Bayes regret is known to capture
the benefits of using informative priors (Hong et al., 2022b;a; Aouali et al., 2023b), and hence it is
suitable for our problem.

3 DIFFUSION CONTEXTUAL THOMPSON SAMPLING

We design a Thompson sampling algorithm that samples the latent and action parameters hierar-
chically (Lindley & Smith, 1972). Precisely, let H; = (X4, Ag, Yi)re[r—1) be the history of all
interactions up to round ¢ and let H;; = (X4, Ag, Y& ) {rejt—1];4,—i} be the history of interactions
with action i up to round ¢. To motivate our algorithm, we decompose the posterior P (6. ; = 6 | Hy)
recursively as

P(0.;=0H)=[, Qur(r) Ity Que-1(Wes|vYe)Pi(0] 1) diprr, where (3)

Qir(Yr) = P (s, = ¢ | Hy) is the latent-posterior density of ¢, . | H;. Moreover, for any
e [2: L], Que—1(thi—1 | Ye) = P(Whup—1 = 0o—1| Hy, e = ) is the conditional latent-
posterior density of 1, ¢_1 | Hy, ¢« = 1. Finally, for any action i € [K], P,;(0 | ¥1) =
P (0. = 0| He i, s1 = 91) is the conditional action-posterior density of 0, ; | Hy i, Y1 = 1.

The decomposition in Eq. (3) inspires hierarchical sampling. In round ¢, we initially sample the L-th
latent parameter as ¢y 1, ~ Q¢ 1.(-). Then, for ¢ € [L]/{1}, we sample the ¢ — 1-th latent parameter
given that ¥, s = ¥y 0, as Py o1 ~ Qre—1(- | ¥1e). Lastly, given that ¢, ; = 1, 1, each action
parameter is sampled individually as 0, ; ~ P, ;(6 | 1;1). This is possible because action parameters
0.; are conditionally independent given 1), 1. This leads to Algorithm 1, named diffusion Thompson
Sampling (dTS). dTS requires sampling from the K + L posteriors P; ; and Q¢ 0. Thus we start by
providing an efficient recursive scheme to express these posteriors using known quantities. We note
that these expressions do not necessarily lead to closed-form posteriors and approximation might be
needed. First, the conditional action-posterior P, ;(- | 1) can be written as

Pri(0 [ 1) < Tlies, , PV | Xis )N (05 f1(¥1), E1) 4)

where S;; = {¢ € [t — 1], Ay = i} are the rounds where the agent takes action ¢ up to round ¢.
Moreover, let L¢(1¢) = P (H¢ | 4.0 = 1¢) be the likelihood of observations up to round ¢ given that
¢ = t¢. Then, for any ¢ € [L]/{1}, the £ — 1-th conditional latent-posterior Q; ¢—1(- | 1¢) is

Qto—1 (Vo1 | i) o< Lo—1(Vo—1)N (Yo—1, fe(e), Xp), (%)

and Q1. (Yr) < L1 (¢r)N (¥r,0,X141). All the terms above are known, except the likelihoods
L¢(1pe) for £ € [L]. These are computed recursively as follows. First, the basis of the recursion is

L1(1) = TS, fy, Tlkes, . POV | X 0N (055 f1 (1), 1) 6. ©6)
Then for £ € [L]/{1}, the recursive step is L¢(¢e) = [, | Lo—1(e—1)N (he—1; fe(tbe), Be) dipe—1.

All posterior expressions above use known quantities (fr, ¢, P(y | x;6)). However, these expres-
sions typically need to be approximated, except when the link functions f, are linear and the reward
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distribution P(- | x; 6) is linear-Gaussian, where closed-form solutions can be obtained with careful
derivations. These approximations are not trivial, and prior studies often rely on computationally
intensive approximate sampling algorithms. In the following sections, we explain how we derive our
efficient approximations which are motivated by the closed-form solutions of linear instances.

3.1 POSTERIOR APPROXIMATION

The reward distribution is parameterized as a generalized linear model (GLM) (McCullagh &
Nelder, 1989), allowing for non-linear rewards, which necessitates an approximation. We adopt an
approach similar to the Laplace approximation, where a Gaussian density approximates the likelihood.
Specifically, the reward distribution P(- | x; #) belongs to the exponential family with a mean function
g. Then we approximate the likelihood as erSt . P(Yy | Xg;0) = ./\/(9; Bt_yi, G‘t_}) where Bm is

the maximum likelihood estimate (MLE) and ét,i is the Hessian of the negative log-likelihood:
By = arg maxpcpa log [ies, . P(Ya | Xi;0), Gii= > kes. . J(X) B Xu X D

where S;; = {¢ € [t — 1] : Ay = i} represents the rounds where the agent selects action ¢ up
to round ¢. Unlike Laplace, which approximates the entire posterior with a Gaussian, we only
approximate the likelihood, allowing the approximate posterior to remain more complex (a diffusion
model with updated parameters) than a Gaussian, as described next. After this initial approximation,
we plug it in the action and latent posteriors, P;; and Q) ¢, in Egs. (4) and (5). This removes the
non-linearity of the reward but still doesn’t yield a closed-form solution due to the non-linearity in
the link functions f;. Thus, we apply another approximation inspired by the linear diffusion case
where the link functions f; are linear, such as fy(1¢) = Wty for £ € [L], with W, € R4*? (see
Appendix B.1). In that case, closed-form solutions can be derived (Appendix B.2), and we use these
to construct efficient approximations by replacing the linear terms W1, with the more general term
fe(1g), resulting in highly efficient approximations (see Appendix C for details). Specifically, we

approximate P, ;(- | ¢1) =~ N (-; fut 4, f]tﬂ;), where

i]t_ll =7t + G,, fle; = im (Eflfl(ﬂh) + éfzétz) 8)
In the absence of samples, G ; = 04xq. Thus, the approximate action posterior in Eq. (8) matches
precisely the term N(f1(¢1),X1) in the diffusion prior in Eq. (1). Moreover, as more data is
accumulated, Gy ; increases, and the influence of the prior diminishes as G, ;B;; will dominate

the prior term X7 ' f1 (11 ). Similarly, for ¢ € [L]/{1}, the £ — 1-th conditional latent-posterior is
approximated by a Gaussian distribution as Qt7g_1(' | vg) =~ ./\/(ﬂw_l, Zt,g_l), where

S =5 + G, fite—1 = S0 1 (X7 fe(@e) + Broa) ©)
and the L-th latent-posterior is Q¢ 1,(*) = N (fir.1., X1.1.),
i;i = EZ_%_I + Gt,L ) B r, = it,LBt,L . (10)

Here, Gt, ¢ and Bt, ¢ for £ € [L] are computed recursively. The basis of the recursion are

Gia = Zf; (=7 - Eflit,ixfl) ; Bii=3%1" Zfil 34:GriBii. (11)

)

Then, the recursive step for ¢ € [L]/{1} is,
Gre=3;" = 37T Xp By =57 Se-1Brir (12)

Similarly, in the absence of samples, Q; ¢—1 in Eq. (9) precisely matches the term N (f,(1¢), X¢) in
the diffusion prior in Eq. (1). As more data is accumulated, the influence of this prior diminishes.
Therefore, this approximation retains a key attribute of exact posteriors: they match the prior when
there is no data, and the prior’s effect diminishes as data accumulates.

Note that this approximate posterior is also a diffusion model with updated means and co-
variances. For instance, the latent-posterior means can be viewed as updated link functions
ft75(¢5) = [ig—1 = Styg,l(zglfg(w) + Bt,g,l), and similarly for the updated covariances
Yt,¢. Thus, this approximation results in a complex posterior (a diffusion model with updated pa-
rameters) without requiring heavy computations, and it is different from the Laplace approximation,
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which approximates the entire posterior with a Gaussian distribution. Other approximations can be
used, but they can be costly. We need fast updates and sampling from the posterior, both of which our
approximation achieves. These two requirements may not be met by other methods. For example,
optimizing a variational bound using the re-parameterization trick and Monte Carlo estimation would
introduce a complex optimization problem into a bandit algorithm that needs to be updated in each
interaction round. Appendix E.3 provides an experiment demonstrating that this approximation
closely matches the exact posterior in that setting.

4 ANALYSIS

We analyze dTS asusming that: (A1) The rewards are linear P(- | x;6..,) = N(+; xTQ*,a, a?). (A2)
The link functions f; are linear such as f¢(t).¢) = Wytb, ¢ for £ € [L], where W, € R4*? are known
mixing matrices. This leads to a structure with L layers of linear Gaussian relationships detailed in
Appendix B.1. In particular, this leads to closed-form posteriors given in Appendix B.2 that inspired
our approximation and enable theory similar to linear bandits (Agrawal & Goyal, 2013a). However,
proofs are not the same, and technical challenges remain (explained in Appendix D).

Although our result holds for milder assumptions, we make additional simplifications for clarity and
interpretability. We assume that (A3) Contexts satisfy || X;||3 = 1 for any ¢ € [n]. Note that (A3) can
be relaxed to any contexts X; with bounded norms || X||2. (A4) Mixing matrices and covariances
satisfy \;(W/ W,) = 1 forany ¢ € [L] and 32y = 071, for any ¢ € [L + 1]. (A4) can be relaxed to
positive definite covariances 3, and arbitrary mixing matrices W,. In particular, this is satisfied once
we use a diffusion model parametrized with linear functions. In this section, we write O for the big-O
notation up to polylogarithmic factors. We start by stating our bound for dTS.

Theorem 4.1. Let 03,y = maXyer41] 1 + j—é Forany § € (0,1), the Bayes regret of ATS under
(A1), (A2), (A3) and (A4) is bounded as

BR(n) < \/271 (RACT(n) + EZLZI REAT) log(1/5)> +cnd, with ¢ > 0 is constant and, (13)
no_2 0_2 0_2 0_2 O_ZZ
RAM(n) = codK log (1+ =71), co = log(1407) ’ Ry = cedlog (14 «%1)’0‘5 = logfﬁo"%fl)’

Eq. (13) holds for any ¢ € (0, 1). In particular, the term cnd is constant when § = 1/n. Then, the
bound is O (\/ n(dKo? +dY)_, o2 +1U,%£X)), and this dependence on the horizon n aligns with

prior Bayes regret bounds. The bound comprises L + 1 main terms, R*“"(n) and Ry*" for ¢ € [L].
First, R*“T(n) relates to action parameters learning, conforming to a standard form (Lu & Van Roy,
2019). Similarly, R is associated with learning the ¢-th latent parameter.

’1:0 include more structure, we propose the sparsity assumption (AS) W, = (Wz, 0d,d—d, ), where
W, € R4 for any ¢ € [L]. Note that (AS5) is not an assumption when d;, = d for any ¢ € [L].
Notably, (AS) incorporates a plausible structural characteristic that a diffusion model could capture.

Proposition 4.2 (Sparsity). Let 02, = maxye(r41) 1 + Z—z Forany 6 € (0,1), the Bayes regret of
dTs under (A1), (A2), (A3), (Ad) and (A5) is bounded as

BR(n) < \/Qn (RAT(n) + 25:1 7%'5“) log(1/5)> + ¢end , with ¢ > 0 is constant, (14)
ACT no? o? SLAT 9741 77110,
_ noy _ 1 _ _ MAX
RAT(n) = codK log (1 + *F),co = log(10%) ° Ry = cdylog (1+ oZ ) eo = log(1+02,,)"
From Proposition 4.2, our bounds scales as
BR(n) = @(\/n(dKag b e 103 (15)

The Bayes regret bound has a clear interpretation: if the true environment parameters are drawn
from the prior, then the expected regret of an algorithm stays below that bound. Consequently, a
less informative prior (such as high variance) leads to a more challenging problem and thus a higher
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bound. Then, smaller values of K, L, d or d, translate to fewer parameters to learn, leading to lower
regret. The regret also decreases when the initial variances o7 decrease. These dependencies are
common in Bayesian analysis, and empirical results match them. The reader might question the
dependence of our bound on both L and K. We will address this next.

Why the bound increases with K? This arises due to our conditional learning of 6, ; given
1,1. Rather than assuming deterministic linearity, 0, ; = W11, 1, we account for stochasticity by
modeling 6, ; ~ N (W1, 1, 021,). This makes dTS robust to misspecification scenarios where 0.
is not perfectly linear with respect to 1), 1, at the cost of additional learning of 0, ; | 1, 1. If we were
to assume deterministic linearity (o; = 0), our regret bound would scale with L only.

Why the bound increases with L? This is because increasing the number of layers L adds more
initial uncertainty due to the additional covariance introduced by the extra layers. However, this does
not imply that we should always use L = 1 (the minimum possible L). Precisely, the theoretical
results predict that regret increases with L when the true prior distribution matches a diffusion model
of depth L, as increasing L reflects a more complex action parameter distribution and hence a more
complex bandit problem. However, in practice, when L is small, the pre-trained diffusion model
may be too simple to capture the true prior distribution, violating the assumptions of our theory.
Increasing L improves the pre-trained model’s quality, reducing regret. Once L is large enough and
the pre-trained model adequately captures the true prior distribution, the theoretical assumptions hold,
and regret begins to increase with L, as predicted. This is validated empirically in Fig. 4b.

Technical contributions. dTS uses hierarchical sampling. Thus the marginal posterior distribution of
0. | Hy is not explicitly defined. The first contribution is deriving 6, ; | H; using the total covariance
decomposition combined with an induction proof, as our posteriors were derived recursively. Unlike
standard analyses where the posterior distribution of 6, ; | H; is predetermined due to the absence of
latent parameters, our method necessitates this recursive total covariance decomposition. Moreover,
in standard proofs, we need to quantify the increase in posterior precision for the action taken A; in
each round ¢ € [n]. However, in dTS, our analysis extends beyond this. We not only quantify the
posterior information gain for the taken action but also for every latent parameter, since they are also
learned. To elaborate, we use our recursive posteriors that connect the posterior covariance of each
latent parameter 1), ¢ with the covariance of the posterior action parameters . ;. This allows us to
propagate the information gain associated with the action taken in round A, to all latent parameters
14, for £ € [L] by induction. More technical details are provided in Appendix D.

4.1 DISCUSSION

Computational benefits. Action correlations prompt an intuitive approach: marginalize all latent
parameters and maintain a joint posterior of (6. ;);c(x] | H¢. Unfortunately, this is computationally
inefficient for large action spaces. To illustrate, suppose that all posteriors are multivariate Gaussians.
Then maintaining the joint posterior (. ;);e[x] | H; necessitates converting and storing its dK x dK -
dimensional covariance matrix, leading to O(K?d®) and O(K?d?) time and space complexities.
In contrast, the time and space complexities of dTS are O((L + K) d3) and O((L + K) dz).
This is because dTS requires converting and storing L + K covariance matrices, each being d x d-
dimensional. The improvement is huge when K >> L, which is common in practice. Certainly, a more
straightforward way to enhance computational efficiency is to discard latent parameters and maintain
K individual posteriors, each relating to an action parameter 6, ; € R4 (LinTS). This improves time
and space complexity to O (K d? ) and O (K d2). However, LinTS maintains independent posteriors
and fails to capture the correlations among actions; it only models 0., ; | Hy ; rather than 6, ; | H,
as done by dTS. Consequently, LinTS incurs higher regret due to the information loss caused by
unused interactions of similar actions. Our regret bound and empirical results reflect this aspect.

Statistical benefits. We do not provide a matching lower bound. The only Bayesian lower bound that
we know of is Q(log?(n)) for a much simpler K -armed bandit (Lai, 1987, Theorem 3). All seminal
works on Bayesian bandits do not match it and providing such lower bounds on Bayes regret is still
relatively unexplored (even in standard settings) compared to the frequentist one. Also, a min-max
lower bound of (d+/n) was given by Dani et al. (2008). In this work, we argue that our bound
reflects the overall structure of the problem by comparing dTS to algorithms that only partially use
the structure or do not use it at all as follows.
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When the link functions are linear, we can transform the diffusion prior into a Bayesian linear
model (LinTS) by marginalizing out the latent parameters; in which case the prior on action
parameters becomes 6, ; ~ N (0, X), with the 6, ; being not necessarily independent, and ¥ is the
marginal initial covariance of action parameters and it writes ¥ = o714 + 25:1 o2 1B gBZ with
B, = Hi:l W . Then, it is tempting to directly apply LinTS to solve our problem. This approach
will induce higher regret because the additional uncertainty of the latent parameters is accounted for
in X despite integrating them. This causes the marginal action uncertainty > to be much higher than
the conditional action uncertainty 0% I, since we have 3 = o1, + 25:1 07,,B¢B/ = 011, This
discrepancy leads to higher regret, especially when K is large. This is due to LinTS needing to learn

K independent d-dimensional parameters, each with a considerably higher initial covariance ¥. This
is also reflected by our regret bound. To simply comparisons, suppose that o > maxyc(r41) 0¢ SO

that 02, < 2. Then the regret bounds of dTS (where we bound 2, by 2°) and LinTS read

dTs: @(\/n(dKUf + Zle deo? 12%)), LinTS: @(\/ndK(Uf + Ele 07.1))-
Then regret improvements are captured by the variances o, and the sparsity dimensions dy, and we
proceed to illustrate this through the following scenarios.

(I) Decreasing variances. Assume that o, = 2¢ for any ¢ € [L + 1]. Then, the regrets become

dTs: (’j(\/n(dK—l—ZeL:l ded?))) , LinTsS: @(\/ndKQL))
Now to see the order of gain, assume the problem is high-dimensional (d >> 1), and set L = log,(d)
and dy = L%J Then the regret of dTS becomes O(+/nd(K + L))), and hence the multiplicative
factor 2¥ in LinTs is removed and replaced with a smaller additive factor L.

(IT) Constant variances. Assume that o, = 1 for any ¢ € [L + 1]. Then, the regrets become

dTs: @(\/n(dK + 25:1 de2Y))), LinTS: @(\/ndKL))

Similarly, let L = log,(d), and d; = |£]. Then dTs’s regret is O(y/nd(K + L)). Thus the
multiplicative factor L in LinTS is removed and replaced with the additive factor L. By comparing
this to (I), the gain with decreasing variances is greater than with constant ones. In general, diffusion
models use decreasing variances (Ho et al., 2020) and hence we expect great gains in practice.
All observed improvements in this section could become even more pronounced when employing
non-linear diffusion models. In our theory, we used linear diffusion models, and yet we can already
discern substantial differences. Moreover, under non-linear diffusion Eq. (1), the latent parameters
cannot be analytically marginalized, making LinTS with exact marginalization inapplicable. Finally,
Appendix D.7 provide an additional comparison and connection to hierarchies with two levels.

Large action space aspect and regret independent of K? dTS’s regret bound scales with Ko?
instead of K}, o2, which is particularly beneficial when oy is small, as often seen in diffusion
models. Both our regret bound and experiments demonstrate that TS outperforms LinTS more
significantly as the action space grows. Previous studies (Foster et al., 2020; Xu & Zeevi, 2020;
Zhu et al., 2022) proposed bandit algorithms whose regret do not scale with K, but our setting is
fundamentally different, explaining our inherent dependence on K when o; > 0. Specifically, they
assume a reward function r(x,4;0,) = ¢(x,4) " 0., with a shared 6, € R and a known mapping ¢.
In contrast, we consider r(x,i; 6,) = xTG*ﬂ;, where 6, = (9*,i)ie[K] € RIK, requiring the learning
of K separate d-dimensional action parameters. Using our proof techniques, we can show that dTS’s
regret is independent of K in their setting, assuming the availability of ¢. Our setting reflects practical
scenarios like recommendation systems where each product is represented by a unique embedding.

5 EXPERIMENTS

We evaluate dTS using both synthetic and MovieLens problems. In our experiments, we run 50
random simulations and plot the average regret with its standard error.

5.1 WHEN THE TRUE PRIOR IS A DIFFUSION MODEL

Synthetic bandit problems are generated from the diffusion model in Eq. (1) with both linear and
non-linear rewards. Linear rewards follow P(- | z;6. o) = N(2 0.4, 1), while non-linear rewards
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Figure 2: Regret of dTS with varying diffusion and reward models and varying parameters d, K, L.

are binary from P(- | 2;6.,,) = Ber(g(z "0, ,)), with g as the sigmoid function. Covariances are
¥y = I4, and contexts X; are uniformly drawn from [—1,1]¢. We vary d € {5,20}, L € {2,4},
K e {102, 104}, and set the horizon to n = 5000, considering both linear and non-linear models.

Linear diffusion. We consider Eq. (1) with fy(¢)) = W, where W, uniformly drawn from
[—1,1]9*4. Sparsity is introduced by zeroing the last d; columns of Wy as W, = (W, 0g,4—g, ). For
d=5and L =2, (dy,d2) = (5,2); ford =20 and L = 4, (dy, d2,d3,ds) = (20,10, 5, 2).

Non-linear diffusion. We consider Eq. (1) where f; are 2-layer neural networks with random weights
in [—1, 1], ReLU activation, and hidden layers of size h = 20 for d = 5, and h = 60 for d = 20.

Baselines. For linear rewards, we use LinUCB (Abbasi-Yadkori et al., 2011), LinTS (Agrawal &
Goyal, 2013a), and HierTS (Hong et al., 2022b), marginalizing out all latent parameters except ¢ r,,
which corresponds to HierTS—1 in Appendix D.7. For non-linear rewards, we include UCB-GLM
(Lietal., 2017) and GLM-TS (Chapelle & Li, 2012). We exclude GLM-UCB (Filippi et al., 2010) due
to high regret and HierTS as it’s designed for linear rewards. We name dTS as dTS—dr, where d
refers to diffusion type (L for linear, N for non-linear) and r indicates reward type (L for linear, N for
non-linear). For example, dTS~-LL signifies dTS in linear diffusion with linear rewards.

Results and interpretations. Results are shown in Fig. 2 and we make the following observations:

1) ATS demonstrates superior performance (Fig. 2). dTS consistently outperforms the baselines
across all settings, including the four combinations of linear/non-linear diffusion and reward (columns
in Fig. 2) and both bandit settings with varying K, L, and d (rows in Fig. 2).

2) Latent diffusion structure may be more important than the reward distribution. When
rewards are non-linear (second and fourth columns in Fig. 2), we include variants of dTS that use
the correct diffusion prior but the wrong reward distribution, applying linear-Gaussian instead of
logistic-Bernoulli (ATS~-LL in the second column and dTS-NL in the fourth). Despite the reward
misspecification, these variants outperform models using the correct reward distribution but ignoring
the latent diffusion structure, such as GLM—-TS and UCB-GLM. This highlights the importance of
accounting for latent structure, which can be more critical than an accurate reward distribution.

3) Performance gap between dTS and LinTS widens as K increases (Fig. 3a). To show dTS’s
improved scalability, we evaluate its performance with varying values of K € [10,5 x 10%], in the
linear diffusion and rewards setting. Fig. 3a shows the final cumulative regret for varying K values
for both dTS-LL and LinTS, revealing a widening performance gap as K increases.

4) Regret scaling with K, d and L matches our theory (Fig. 3b). We assess the effect of the number
of actions K, context dimension d, and diffusion depth L on dTS’s regret. Using the linear diffusion
and rewards setting, for which we have derived a Bayes regret upper bound, we plot dTS-LL’s
regret across varying values of K € {10, 100,500, 1000}, d € {5,10,15,20},and L € {2,4,5,6}
in Fig. 3b. As predicted by our theory, the empirical regret increases with larger values of K, d, or L,
as these make the learning problem more challenging, leading to higher regret.

5) Diffusion prior misspecification (Fig. 3c). Here, dTS’s diffusion prior parameters differ from the
true diffusion prior. In the linear diffusion and reward setting, we replace the true parameters W,
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Figure 4: (a) and (b): Impact of pre-training sample size and diffusion depth L for the Swiss roll
data. (c): Regret of ATS in MovieLens.

and Xy with misspecified ones, W, 4 €1 and >y + €2, where ¢; and e, are uniformly sampled from
[v,v + 0.5]%%4, with v controlling the misspecification level. We vary v € {0.5,1,1.5} and assess
dTS’s performance, comparing it to the well-specified dTS-LL and the strongest baseline in this
fully-linear setting, HierTS. As shown in Fig. 3¢, dTS’s performance decreases with increasing
misspecification but remains superior to the baseline, except at v = 1.5, where their performances are
comparable. Additional misspecification experiments are presented in Section 5.2, where the bandit
environment is not sampled from a diffusion model.

5.2 EFFECT OF PRE-TRAINING WHEN THE TRUE PRIOR IS NOT A DIFFUSION MODEL

Swiss roll data. Unlike previous experiments, the true action parameters are now sampled from the
Swiss roll distribution (see Fig. 5 in Appendix E.1), rather than from a diffusion model. The diffusion
model used by dTS is pre-trained on samples from this distribution, with the offline pre-training
procedure described in Appendix E.2. Fig. 4a shows that larger sample sizes increase the performance
gap between dTS and LinTS. More samples improve the estimation of the diffusion prior (see
Fig. 5 in Appendix E.1), leading to better dTS performance. Notably, comparable performance
was achieved with as few as 10 samples, and dTS outperformed LinTS by a factor of 1.5 with
just 50 samples. While more samples may be required for more complex problems, LinTS would
also struggle in such cases. Therefore, we expect these gains to be even more significant in more
challenging settings.

We studied the effect of the pre-trained diffusion model depth L and found that L ~ 40 yields the
best performance, with a drop beyond that point (Fig. 4b). While our theory doesn’t apply directly
here, as it assumes a linear diffusion model, it still offers some intuition on the decreased performance
for L > 40. The theorem shows dTS’s regret bound increases with L when the true distribution
is a diffusion model. For small L, the pre-trained model doesn’t fully capture the true distribution,
making the theorem inapplicable, but at L ~ 40, the distribution is nearly captured, and further
increases in L lead to higher regret, consistent with our theory.

MovieLens data. We also evaluate dTS using the standard MovieLens setting. In this semi-synthetic
experiment, a user is sampled from the rating matrix in each interaction round, and the reward is the
rating the user gives to a movie (see Clavier et al. (2023, Section 5) for details about this setting).
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Here, the true distribution of action parameters is unknown and not a diffusion model. The diffusion
model is pre-trained on offline estimates of action parameters obtained through low-rank factorization
of the rating matrix. Fig. 4c demonstrates that dTS outperforms LinTS in this setting.

6 CONCLUSION

We use a pre-trained diffusion model as a strong and flexible prior for dTS. Diffusion model pre-
training relies on offline data which is often widely available. This diffusion model is then sequentially
refined through online interactions using our posterior approximation. This approximation allows fast
sampling and updating of the posterior while performing very well empirically. dTS regret is bounded
in a simple linear instance. Limitations and future research, broader impact and computational
resources used are discussed in Appendices F to H, respectively.
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SUPPLEMENTARY MATERIALS

Notation. For any positive integer n, we define [n] = {1,2,...,n}. Letvy, ..., v, € R?%be n vectors,
(vi)ie[n) € R™ is the nd-dimensional vector obtained by concatenating v1, . . ., v,,. For any matrix

A € R¥4 X\;(A) and \y(A) denote the maximum and minimum eigenvalues of A, respectively.
Finally, we write O for the big-O notation up to polylogarithmic factors.

Table of notations.
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Table 1: Notation.

Symbol Definition

n Learning horizon

X Context space

K Number of actions

[K] Set of actions

d Dimension of contexts and action parameters d

0. d-dimensional parameter of action i € [K]
P(-|x;0.,) Reward distribution of context = and action a
r(z,a;0y) Reward function of context x and action a

BR(n) Bayes regret after n interactions

N(p,>) Multivariate Gaussian distribution of parameters p and
N5 p,X) Multivariate Gaussian density of parameters p and >
L Diffusion model depth

Yap {-th d-dimensional latent parameter

fe Link functions of the diffusion model

b)) Covariances of the link function

H, History of interactions

P action-posterior density of 6, ; | Hy

Q-1 Latent-posterior density of ¢, o1 | s ¢, Hy

A EXTENDED RELATED WORK

Thompson sampling (TS) operates within the Bayesian framework and it involves specifying a
prior/likelihood model. In each round, the agent samples unknown model parameters from the
current posterior distribution. The chosen action is the one that maximizes the resulting reward. TS
is naturally randomized, particularly simple to implement, and has highly competitive empirical
performance in both simulated and real-world problems (Russo & Van Roy, 2014; Chapelle & Li,
2012). Regret guarantees for the TS heuristic remained open for decades even for simple models.
Recently, however, significant progress has been made. For standard multi-armed bandits, TS is
optimal in the Beta-Bernoulli model (Kaufmann et al., 2012; Agrawal & Goyal, 2013b), Gaussian-
Gaussian model (Agrawal & Goyal, 2013b), and in the exponential family using Jeffrey’s prior (Korda
et al., 2013). For linear bandits, TS is nearly-optimal (Russo & Van Roy, 2014; Agrawal & Goyal,
2017; Abeille & Lazaric, 2017). In this work, we build TS upon complex diffusion priors and analyze
the resulting Bayes regret (Russo & Van Roy, 2014; Neu et al., 2022; Gouverneur et al., 2023) in the
linear contextual bandit setting.

Decision-making with diffusion models gained attention recently, especially in offline learning
(Ajay et al., 2022; Janner et al., 2022; Wang et al., 2022). However, their application in online
learning was only examined by Hsieh et al. (2023), which focused on meta-learning in multi-armed
bandits without theoretical guarantees. In this work, we expand the scope of Hsieh et al. (2023) to
encompass the broader contextual bandit framework. In particular, we provide theoretical analysis for
linear instances, effectively capturing the advantages of using diffusion models as priors in contextual
Thompson sampling. These linear cases are particularly captivating due to closed-form posteriors,
enabling both theoretical analysis and computational efficiency; an important practical consideration.

Hierarchical Bayesian bandits (Bastani et al., 2019; Kveton et al., 2021; Basu et al., 2021; Sim-
chowitz et al., 2021; Wan et al., 2021; Hong et al., 2022b; Peleg et al., 2022; Wan et al., 2022; Aouali
et al., 2023b) applied TS to simple graphical models, wherein action parameters are generally sampled
from a Gaussian distribution centered at a single latent parameter. These works mostly span meta-
and multi-task learning for multi-armed bandits, except in cases such as Aouali et al. (2023b); Hong
et al. (2022a) that consider the contextual bandit setting. Precisely, Aouali et al. (2023b) assume that
action parameters are sampled from a Gaussian distribution centered at a linear mixture of multiple
latent parameters. On the other hand, Hong et al. (2022a) applied TS to a graphical model represented
by a tree. Our work can be seen as an extension of all these works to much more complex graphical
models, for which both theoretical and algorithmic foundations are developed. Note that the settings
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in most of these works can be recovered with specific choices of the diffusion depth L and functions
fe. This attests to the modeling power of dTS.

Approximate Thompson sampling is a major problem in the Bayesian inference literature. This is
because most posterior distributions are intractable, and thus practitioners must resort to sophisti-
cated computational techniques such as Markov chain Monte Carlo (Kruschke, 2010). Prior works
(Riquelme et al., 2018; Chapelle & Li, 2012; Kveton et al., 2020) highlight the favorable empirical
performance of approximate Thompson sampling. Particularly, (Kveton et al., 2020) provide the-
oretical guarantees for Thompson sampling when using the Laplace approximation in generalized
linear bandits (GLB). In our context, we incorporate approximate sampling when the reward exhibits
non-linearity. While our approximation does not come with formal guarantees, it enjoys strong
practical performance. An in-depth analysis of this approximation is left as a direction for future
works. Similarly, approximating the posterior distribution when the diffusion model is non-linear as
well as analyzing it is an interesting direction of future works.

Bandits with underlying structure also align with our work, where we assume a structured rela-
tionship among actions, captured by a diffusion model. In latent bandits (Maillard & Mannor, 2014;
Hong et al., 2020), a single latent variable indexes multiple candidate models. Within structured
finite-armed bandits (Lattimore & Munos, 2014; Gupta et al., 2018), each action is linked to a known
mean function parameterized by a common latent parameter. This latent parameter is learned. TS
was also applied to complex structures (Yu et al., 2020; Gopalan et al., 2014). However, simultaneous
computational and statistical efficiencies aren’t guaranteed. Meta- and multi-task learning with upper
confidence bound (UCB) approaches have a long history in bandits (Azar et al., 2013; Gentile et al.,
2014; Deshmukh et al., 2017; Cella et al., 2020). These, however, often adopt a frequentist perspec-
tive, analyze a stronger form of regret, and sometimes result in conservative algorithms. In contrast,
our approach is Bayesian, with analysis centered on Bayes regret. Remarkably, our algorithm, dTS,
performs well as analyzed without necessitating additional tuning. Finally, Low-rank bandits (Hu
et al., 2021; Cella et al., 2022; Yang et al., 2020) also relate to our linear diffusion model when
L = 1. Broadly, there exist two key distinctions between these prior works and the special case
of our model (linear diffusion model with L = 1). First, they assume 0, ; = W11, 1, whereas we
incorporate additional uncertainty in the covariance YJ; to account for possible misspecification as
0.; = N(Wit.1,%1). Consequently, these algorithms might suffer linear regret due to model
misalignment. Second, we assume that the mixing matrix W1 is available and pre-learned offline,
whereas they learn it online. While this is more general, it leads to computationally expensive
methods that are difficult to employ in a real-world online setting.

Large action spaces. Roughly speaking, the regret bound of dTS scales with Ko? rather than
K>, o2. This is particularly beneficial when o is small, a common scenario in diffusion models
with decreasing variances. A notable case is when o; = 0, where the regret becomes independent of
K. Also, our analysis (Section 4.1) indicates that the gap in performance between dTS and LinTS
becomes more pronounced when the number of action increases, highlighting dTS’s suitability for
large action spaces. Note that some prior works (Foster et al., 2020; Xu & Zeevi, 2020; Zhu et al.,
2022) proposed bandit algorithms that do not scale with /. However, our setting differs significantly
from theirs, explaining our inherent dependency on K when o7 > 0. Precisely, they assume a
reward function of 7(z,1) = ¢(z,4) " 0., with a shared . € R? across actions and a known mapping
. In contrast, we consider (i) = x !0, ;, requiring the learning of K separate d-dimensional
action parameters. In their setting, with the availability of ¢, the regret of dTS would similarly be
independent of K. However, obtaining such a mapping ¢ can be challenging as it needs to encapsulate
complex context-action dependencies. Notably, our setting reflects a common practical scenario,
such as in recommendation systems where each product is often represented by its embedding. In
summary, the dependency on K is more related to our setting than the method itself, and dTS would
scale with d only in their setting. Note that dTS is both computationally and statistically efficient
(Section 4.1). This becomes particularly notable in large action spaces. Our empirical results in
Fig. 2, notably with K = 10%, demonstrate that dTS significantly outperforms the baselines. More
importantly, the performance gap between dTS and these baselines is larger when the number of
actions (K) increases, highlighting the improved scalability of dTS to large action spaces.
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B POSTERIOR DERIVATIONS FOR LINEAR DIFFUSION MODELS

B.1 LINEAR DIFFUSION MODEL

Here, we assume the link functions f, are linear such as fo(1.¢) = Wb, for ¢ € [L], where
W, € R4 are known mixing matrices. Then, Eq. (1) becomes a linear Gaussian system (LGS)
(Bishop, 2006) and can be summarized as follows

VL ~ N(O7 Er41), (16)
Va1 | Yup ~ N(Wethe 0, %) ve e [L]/{1},
Ousi | i1 ~ N(Withi 1, %1), Vi € [K],
Yy | Xo,00n, ~ P(-| Xi:00.0), vt € [n].

This model is important, both in theory and practice. For theory, it leads to closed-form posteriors
when the reward distribution is linear-Gaussian as P(- | x;0,;) = N(-;2 "6, ;,02). This allows
bounding the Bayes regret of dTS. For practice, the posterior expressions are used to motivate
efficient approximations for the general case in Eq. (1) as we show in Section 3.1.

In this section, we derive the K 4 L posteriors P, ; and Q¢ ¢, for which we provide the full expressions
in Appendix B.2. In our proofs, p(x) o f(z) means that the probability density p satisfies p(z) =
@ for any 2 € R, where Z is a normalization constant. In particular, we extensively use that if
p(z) o exp[—32 " Az + 2 "m], where A is positive definite. Then p is the multivariate Gaussian
density with covariance ¥ = A~! and mean . = Xm. These are standard notations and techniques
to manipulate Gaussian distributions (Koller & Friedman, 2009, Chapter 7).

B.2 POSTERIOR EXPRESSIONS FOR LINEAR DIFFUSION MODELS

In this section, we consider the linear link function case in Appendix B.1, and the proofs are provided
in Appendices B.3 and B.4. Recall that we posit that the reward distribution is parameterized as a
generalized linear model (GLM) (McCullagh & Nelder, 1989), allowing for non-linear rewards. As a
result, despite linearity in link functions, the non-linearity in rewards makes it challenging to obtain
closed-form posteriors. However, since this non-linearity arises solely from the reward distribution,
we approximate it using a Gaussian distribution. This leads to efficient posterior approximations that
are exact in cases where the reward function is indeed Gaussian (a special case of the GLM model).
Precisely, the reward distribution P(- | z;6) is an exponential-family distribution. Therefore, the
log-likelihoods write log P (Hy i | 0.; = 0) = 3, cq.  YiX, 0 — A(X,]0) + C(Y}), where C'is a
real function, and A is a twice continuously differentiable function whose derivative is the mean
function, A = g. Now we let Bem- and ét,i be the maximum likelihood estimate (MLE) and the
Hessian of the negative log-likelihood, respectively, defined as

Bt.,i = argmaxlogP (H;;|0.; =10) , Gt,i = Z g(X;BM)XkXJ . 17

OcRr? kESy,:
where S;; = {¢ € [t — 1] : Ay = i} are the rounds where the agent takes action 7 up to round ¢.
Then we approximation the respective likelihood as P (Hy; |6, ; = 6) ~ N(G; ém, C;‘t_ll) This
approximation makes all posteriors Gaussian. First, the conditional action-posterior reads P; ;(- |

P1) = N (5 fiei, Do),

2;2 = Efl + ét,i fit; = it,i(zflwldjl + étthz) (18)
For ¢ € [L]/{1}, the £ — 1-th conditional latent-posterior is Qs ¢—1(- | ¥¢) = N (fir0—1, St.0-1)s
5_3;41,1 =% '+ G, fito—1 = St.—1 (5, "Wt + Byo—1) (19)
and the L-th latent-posterior is Q¢ 1.(*) = N (jir.1,, S1.1.),
S, =S +Ger, fit,, =40 Bi L - (20)
Finally, G, ¢ and By 4 for ¢ € [L] are computed recursively. The basis of the recursion are
K K
Gia=W[> (57" =S'SeSYWi,  Bia=W/S' Y 5,GuiBu. Q2D
i=1 i=1

16



Under review as a conference paper at ICLR 2025

Then, the recursive step for ¢ € [L]/{1} is,
Gro=W; (871 =57 8013 )W, Bie=W;S{ ' Srp1Bre-1.  (22)

This concludes the derivation of our posterior approximation. Note that these approximations are exact
when the reward distribution follows a linear-Gaussian model, P(- | 7;0..4) = N (:;2 70, o, 0?).

B.3 DERIVATION OF ACTION-POSTERIORS FOR LINEAR DIFFUSION MODELS

To simplify derivations, we consider the case where the reward distribution is indeed linear-Gaussian
as P(- | X¢;0x,4,) =N (X 0s.4,,0 ) but the same derivations can be applied when the rewards
are non-linear. In this case, the likelihood appr0x1mat10n in Eq. (17) becomes exact as we have

that P (Hy,; |0.; =0) o« N(6; By, G* '), where By is the corresponding MLE and Gy; =
o2 > keSt. X X7 . in this case. Our derlvatlons rely on the fact that the MLE Bt,i in this linear-

Gaussian case satisfies: G‘t,ZBm‘ =v Zkesm XkYkT.

Proposition B.1. Consider the following model, which corresponds to the last two layers in Eq. (16)

(W1t 1,%1)

Vi | X¢, 004, ~ N (X, 05 4,,0%) , vt € [n].

Then we have that for any t € [n] and i € [K], P,;(0 | Y1) =P (0. =01 =91, Hy ;) =
N(6; fis i, 54.4), where

it_j = ét,i + 21_1 , flt; = it,i (GHBM + El_lwﬂ/}l) .

Proof Letv=0"2, A= Efl . Then the action-posterior decomposes as

Pt,i(o | 'l/}l) =P (9*,2 =4 | %,1 = ’l/}la Ht,i) y
X P(Hpi|s1 =1,04, =0)P (0., =0| 1 =11), (Bayesrule)
=P (H ;|0 =0)P (0. =0]e1 =1n),(given b, ;, Hy; is independent of 1, 1)
= I NV X, 0. 02N (0; Wi, 54),

keS:,:

1
exp |:_ 5 ('U Z (Yk2 — 2YkX];r9 + (X;9)2) + HTAle o 26TA1W1’¢11
kESt,:

-
+ (W) A1(W1¢1))} )
1
X exp {— 5(9—'—(11 Z Xe X, +A1)0—207 (v Z XY + A1W11/11)>} ,
kES; k€S,
“N(eaﬂt,u/i;;) )
with Ay = v cq, XX+ A, Ay = v 4es,  XkYi + AiWi¢h. Using that, in this

linear-Gaussian case, Gy ; = v Zkest Xy X, and Gy ;B; = UZkeSt XY, concludes the
proof. O

The same proof applies when the reward distribution is not linear-Gaussian, with the approximation
P (Hy,; |0, =0) ~ N(0; By ;,G,;). Using this approximation in the derivations above leads to
the same results.

B.4 DERIVATION OF RECURSIVE LATENT-POSTERIORS FOR LINEAR DIFFUSION MODELS
Again, to simplify derivations, we consider the case where the reward distribution is indeed linear-

Gaussian as P(- | X¢;6..4,) = N (X, 6. 4,,0%), but the same derivations can be applied when the
rewards are non-linear.
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Proposition B.2. For any ¢ € [L]/{1}, the { — 1-th conditional latent-posterior reads Q¢ ¢—1(- |
) = N (fue,0—1, Xt,0—1), with

S;gl_l = E[1 +Giro-1, Hee—1 = St,lfl(zzlwfwf + Bt,@ﬂ) ; (23)
and the L-th latent-posterior reads Qq 1.(-) = N (fit.1,, 2t.1.), with

i;i = ZZ}A +GirL, B, = 0Br 1 - 24

Proof. Let ¢ € [L]/{1}. Then, Bayes rule yields that
Qt,o—1(the—1 | o) < P(Hy | hs g1 = the—1) N (o1, Wethe, X¢)
But from Lemma B.3, we know that
1 _ _
P(Hy | s 0—1 = Pe—1) o< exp [— 51/);_1@,@—11/)@—1 + 1 Bro-1] -

Therefore,

1 _ _
Qt,0—1(Ye—1 | V) x exp {* 51/1;_1(;1‘,,(—11/16—1 + Tb;_lBt,e—l]N(l//e—l,WeW, ),
1 _ _
o< exp {* §¢Z_1Gt,z—1¢z—1 + /1 Bre-1
21 _ Ty—1 N
5 (o1 — Wethe) 3, (Y1 — Weth)) |,
(%) 1 = _ — _
X exp {— §¢;71(Gt,ffl + 5, 1+ (Bre—1 + 5 1WZW)} ;
(44) _ =
o N (thp—1; fio—1, Xto—1) 5
with 27);}71 =3, +Gro-rand fig o1 = Sp 1 (Eleng + Bto—1). In (i), we omit terms that

are constant in ¢,_1. In (i), we complete the square. This concludes the proof for ¢ € [L]/{1}. For
Q:,1., we use Bayes rule to get

Qu,.(Yr) X P(Hy |thw,r =) N(¢r,0,X041).

Then from Lemma B.3, we know that
_ _ } TA T5
P(H; |14, = 1) X exp 21/JL Gio¥r +Y Ber|

We then use the same derivations above to compute the product exp [ — SV Gy + ¥ By | %
N(¥r,0,X141), which concludes the proof. O

Lemma B.3. The following holds for any t € [n] and £ € [L],

1 _ _
P (Hy |40 = 1)) o exp [— §¢;Gt,ew + ¢ Biel,

where Gy ¢ and By ¢ are defined by recursion in Appendix B.2.

Proof. We prove this result by induction. To reduce clutter, we let v = 0~ 2, and A; = Efl. We
start with the base case of the induction when ¢ = 1.
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(I) Base case. Here we want to show that P’ (H; | .1 = 1) o exp { — 20 Gy + wlTBm)},
where Gt,l and Bt,l are given in Eq. (21). First, we have that

B(H s = 1) [T B(Hei [hr = 1) = H/ (i, 0u = 0] 601 = 1) 6

i€[K] i€[K]

=H/ (Hyi | 0.i = 0) N (0, Wyehy, 1) d

i€[K]
- 11 / [ Nvis X[ 0.0 ))N(G;Wlwl,El)dQ,
i€[K] kESy,i
hi (1)
=[] hi(en), (25)
i€[K]

where (i) follows from the fact that 6., for ¢ € [K] are conditionally independent given
Y«1 = 1 and that given 0, ,, H;; is independent of v, ;. Now we compute h;(¢1) =

Jy (Tkes, , N (Vi X[[0,0%) ) N (6 Wathy, £1) d6 as

hi(1) = /( H N(Yi; X, 0 ))N(H;Wﬂ/)l,zl)d@,

keSt,;

oc/gexp (=50 30 0h = X702 = 50— W) As(6 — Wap)| a0

kESy,:

N —

1
— [ exp [f e (v 3 (V2 - 20T Xi + (07 X0)%) +6TA0 — 20T Ay Wi
0 2 keSe,:

+ (Wlwl)TA1<W1w1>)} a6

oc/eexp{—;(9T<vk§‘iXkXJ+A1) —20T< kgs:“Yka

+ A1W11/11> + (W1¢1)TA1(W1¢1))} dg

But we know that CAJM =0 Zkest . XkX,;r, and (A?t,ZBm- =0 Zkesm Y. X} (because we assumed
linear-Gaussian likelihood). To further simplify expressions, we also let

V= (Gm + A1)71 , U=V, g= V(Gt,iét,i + A Wiy).
We have that UV = VU = I, and thus

hi(ihr) o /Hexp L (eTUa —2T UV (ét,iét,i i Alwupl) + (Wml)TAl(Wlu}l))] 6

:/exp
0 L
— [exp |-

0 L

(9TU9 —20TUB + (W) Al(wl¢1)):| de

l\D\»—l [\DM—*

((6-p)" (9—ﬂ>—BTU5+(W1w1>TA1<W1w1>>]de

X exp —%( B Uﬂ+(W1¢1)TA1(W1¢1))} ,

: . . T ) R
—exp |~ (= (GuaBs+ 0aWion) ¥ (GuaBs t MWasn) + (Woo) T (Wien) )|
x exp %( WL (A = A VA) Wy — 20 (WIAIVét,iBt,O)} )

= exp —§¢1T9ﬂ/11 + w;mz} ,
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where

Q= W] (A1 — AiVA) Wy = W <A1 — MG + Al)*lAl) W,

mi = W] MVG By =W/ A (Gri+ M) Gr By (26)
But notice that V = (é’“ + A7t = i“ and thus

Q =W/ (A — A12t,iA1)W1 , m; = WlTAlit,iét,iBt,i . 27
Finally, we plug this result in Eq. (25) to get

P(H|$or =v1) = [ hir) o J] exp Hw? Qmwfmi} :

1€[K] 1€[K]

= exp —%w? Z Qity + ) Z m;|

i€[K] i€[K]

1 _ _
= exp {21/1]—6715,17#1 + %TBM} )

where
K K K
th—ZQ —ZWT Al Alztz Z 12” 1_1)W1’
=1 =1 1=1
— K K A A A A A A
Bt,l = Zml = Zzt,iGt,iBt,i = WIEl_l Z Zt,iGt,iBt,i .
] i=1 =1

This concludes the proof of the base case.

(II) Induction step. Let ¢ € [L]/{1}. Suppose that
1 - _
P (Hy | thu0-1 = tPr-1) X exp [—QwLGt,“w“ + w[lBt,“] : (28)
Then we want to show that
_ LT T B
P (Hy |40 = the) o exp 5 Ve Giothe + ¥y Bl

where
Gro=W, (S =S 80 S YW= W/ (S =270 + Gremn) IS )Wy,
Bio=W/S 'S i 1Byo1 =W, S NS, + Groa1) ' Brg-i .

To achieve this, we start by expressing P (Hy | ¢, ¢ = 1) in terms of P (Hy | )4 ¢—1 = ¥¢—_1) as

P (Hy | hue = e) = /w P (Hy, e -1 = o1 | Vs = p) dihe_1,
= /w P (Hyg |1 = Vo1, Ve = Vo) N (o—1; Withg, B¢) dipp—1 ,

P (Hy | Vs 0—1 = Ye—1) N (te—1; Wethe, ) dipe—1 ,

Il
\

Pe—1

1 _ _
/ eXp - §¢J_1Gt,e—1w—1 + wér_lBt,e—l}/\/'(W—nWéW, o) dipe—1,
PYo—1

K

o / exp ¢;_1Gt,€—1¢€—1 + 1 Bre
PYo—1

+ (he—1 — Wethe) " Ap(1he—1 — WzW)ﬂ dipe_q .
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Now let S = Gy -1+ Apand V = By y—1 + A¢Wytb,. Then we have that,
P (Hy [ thse = the)
1 _ _
x / exp {— §¢2—71Gt,£71¢£71 + ¢2—71Bt,£71
Ye—1
+ (Yoot = Woto) TAu(ii1 = Weh) ) | v |

1 ]
o [ exp [ = 5 (0 Surt = 267y (Brams + AsWew) + 6T WT AW b
pe—1
1
_ / exp [ = 5 (V1S (e = 2571V) + 4 W AW i) | des
Ye—1

B /wl P [_ %(wé—l — STV S (o1 — STV)

+ 9] W] AW = VTSV ) | dyees.
In the second step, we omit constants in vy and ¥y_1. Thus
P (He | thee = tr)
x /w exp H (o1 = STV)TS(pyy = STV) + 0] W/ AWethy = VTSIV | difys,

—1
1
X exp [2 (v W AW ey — VTslv)] )

It follows that
P (Ht ‘Wk,é = @[’Z)

1

xexp |~ (v W{ AW pepg — VTslv)] ;
1 _ T

=exp |—3 (WFWZAEVWW — (Br—1 + AeWep)  S7 (Bg—1 + AZWN/)Z))}
1 _

xexp |~ () (W AW, — W[ AS™AW,) 9 — 2wJWZAgS_1Bt,41)} ,

- ) . )
= exp —§¢;Gt,ﬂ/}l +7/);Bt,2:| .
In the last step, we omit constants in i, and we set
Gro=W; (A= AeST'A) Wy =W, (Mg — Ag(Ap+ Grom1) 'S A) We,
Bio =W/, AS™ ' Bro1 =W, A(Ag+Groo1) ' Bro.
This completes the proof. O

Similarly, this same proof applies when the reward distribution is not linear-Gaussian, with the
approximation P (Hy ; | 6. ; = 0) ~ N (6; By ;,G; ). Using this approximation in the derivations
above leads to the same results.

C POSTERIOR DERIVATIONS FOR NON-LINEAR DIFFUSION MODELS

After deriving the exact posteriors in the case where the link functions f; are linear (Appendix B.2),
we now get back to the general case with any link functions f, that can be non-linear. Approximation
is needed since both the link functions and rewards can be non-linear. To avoid any computational
challenges, we use a simple and intuitive approximation, where all posteriors P; ; and (); , are
approximated by the Gaussian distributions in Appendix B.2, with few changes. First, the terms
Wote in Eq. (19) are replaced by fy(1)¢). This accounts for the fact that the prior mean is now f (1)
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rather than W)y, and this is the main difference between the linear diffusion model in Eq. (16) and
the general, potentially non-linear, diffusion model in Eq. (1). Second, the matrix multiplications
that involve the matrices W, in Eq. (21) and Eq. (22) are simply removed. Despite being simple,
this approximation is efficient and avoids the computational burden of heavy approximate sampling
algorithms required for each latent parameter. This is why deriving the exact posterior for linear link
functions was key beyond enabling theoretical analyses. Moreover, this approximation retains some
key attributes of exact posteriors. Specifically, in the absence of data, it recovers precisely the prior in
Eq. (1), and as more data is accumulated, the influence of the prior diminishes.

D REGRET PROOF AND ADDITIONAL DISCUSSIONS

D.1 SKETCH OF THE PROOF

We start with the following standard lemma upon which we build our analysis (Aouali et al., 2023b).

Lemma D.1. Assume that P (0. ; = 0| Hy) = N(0; fii, X1;) for any i € [K], then for any § €
(0,1),

BR(n) < +/2n log(l/é)\/E {Z?zl HXt”%t,At +cnd, where ¢ > 0 is a constant . (29)

Applying Lemma D.1 requires proving that the marginal action-posteriors P (0, ; = 6| H;) in Eq. (3)
are Gaussian and computing their covariances, while we only know the conditional action-posteriors
P, ; and latent-posteriors (), 0. This is achieved by leveraging the preservation properties of the
family of Gaussian distributions (Koller & Friedman, 2009) and the total covariance decomposition
(Weiss, 2005) which leads to the next lemma.

Lemma D.2. Lett € [n] and i € [K], then the marginal covariance matrix ¥; ; reads

Et,i = it,i =+ ZEE[L] Pi,lit,ZP;—g7 Whé‘l"é‘ Piyg = itvizflwl Hf;;ll St,kE,;ilVVkH. (30)

The marginal covariance matrix Et,i in Eq. (30) decomposes into L + 1 terms. The first term
corresponds to the posterior uncertainty of 8, ; | 1 1. The remaining L terms capture the posterior
uncertainties of ¢, 1 and ¢, ¢—1 | Vs ¢ for £ € [L]/{1}. These are then used to quantify the posterior
information gain of latent parameters after one round as follows.

Lemma D.3 (Posterior information gain). Lett € [n] and ¢ € [L], then

-1 -1 —2_—UpT T 2 _ o7
Zt+1,£ — Et,l =0 O-MAXPAmeXtXt Pa, e, where oy ,x = MaxXpe(r+1] 1 + -5 . 3

Finally, Lemma D.2 is used to decompose ||Xt||221 . in Eq. (29) into L + 1 terms. Bach term is

bounded thanks to Lemma D.3. This results in the Bayes regret bound in Theorem 4.1.

D.2 TECHNICAL CONTRIBUTIONS

Our main technical contributions are the following.

Lemma D.2. In dTS, sampling is done hierarchically, meaning the marginal posterior distribution of
0. ;| Hy is not explicitly defined. Instead, we use the conditional posterior distribution of 0, ;| H¢, s 1.
The first contribution was deriving 6. ;| H, using the total covariance decomposition combined with
an induction proof, as our posteriors in Appendix B.2 were derived recursively. Unlike in Bayes regret
analysis for standard Thompson sampling, where the posterior distribution of 6, ;| H; is predetermined
due to the absence of latent parameters, our method necessitates this recursive total covariance
decomposition, marking a first difference from the standard Bayesian proofs of Thompson sampling.
Note that HierTS, which is developed for multi-task linear bandits, also employs total covariance
decomposition, but it does so under the assumption of a single latent parameter; on which action
parameters are centered. Our extension significantly differs as it is tailored for contextual bandits
with multiple, successive levels of latent parameters, moving away from HierTS’s assumption
of a 1-level structure. Roughly speaking, HierTS when applied to contextual would consider a
single-level hierarchy, where 0, ;|t, 1 ~ N (1« 1, 1) with L = 1. In contrast, our model proposes a
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multi-level hierarchy, where the first level is 6, ;1. 1 ~ N (Wit 1, X1). This also introduces a new
aspect to our approach — the use of a linear function W1, 1, as opposed to HierTS’s assumption
where action parameters are centered directly on the latent parameter. Thus, while HierTS also
uses the total covariance decomposition, our generalize it to multi-level hierarchies under L linear
functions Wy, ¢, instead of a single-level hierarchy under a single identity function ), ;.

Lemma D.3. In Bayes regret proofs for standard Thompson sampling, we often quantify the posterior
information gain. This is achieved by monitoring the increase in posterior precision for the action
taken A; in each round ¢ € [n]. However, in dTS, our analysis extends beyond this. We not only
quantify the posterior information gain for the taken action but also for every latent parameter, since
they are also learned. This lemma addresses this aspect. To elaborate, we use the recursive formulas in
Appendix B.2 that connect the posterior covariance of each latent parameter v, , with the covariance
of the posterior action parameters 6, ;. This allows us to propagate the information gain associated
with the action taken in round A, to all latent parameters 1, ¢, for ¢ € [L] by induction. This is a
novel contribution, as it is not a feature of Bayes regret analyses in standard Thompson sampling.

Proposition 4.2. Building upon the insights of Theorem 4.1, we introduce the sparsity assumption
(A3). Under this assumption, we demonstrate that the Bayes regret outlined in Theorem 4.1 can
be significantly refined. Specifically, the regret becomes contingent on dimensions d; < d, as
opposed to relying on the entire dimension d. The underlying principle of this sparsity assumption is
straightforward: the Bayes regret is influenced by the quantity of parameters that require learning.
With the sparsity assumption, this number is reduced to less than d for each latent parameter. To
substantiate this claim, we revisit the proof of Theorem 4.1 and modify a crucial equality. This
adjustment results in a more precise representation by partitioning the covariance matrix of each
latent parameter 1), ¢ into blocks. These blocks comprise a d; x d; segment corresponding to the
learnable d, parameters of 1, ¢, and another block of size (d —dy) x (d — d;) that does not necessitate
learning. This decomposition allows us to conclude that the final regret is solely dependent on dp,
marking a significant refinement from the original theorem.

D.3 PROOF OF LEMMA D.2
In this proof, we heavily rely on the total covariance decomposition (Weiss, 2005). Also, refer to

(Hong et al., 2022b, Section 5.2) for a brief introduction to this decomposition. Now, from Eq. (18),
we have that

. A —1
cov [Osi | Hyytu1] = X5 = (Gt,i + Efl) ;

E (0. | He,than] = fie, = it,i (Gt,iBt,i + EI1W11/1*,1) )

. -1
First, given Hy, cov [0, ; | Hy, Y. 1] = (Gm + Efl) is constant. Thus

E[cov [0si | Hyythsa] | Hy) = cov [0i | Hyyths 1] = (Gm + 2;1)_1 =S
In addition, given Hy, XAJM-, CAJ“ and BA’M- are constant. Thus
cov [E[0s.; | Hy, s 1] | Hy] = cov [zt (GMBM n zflwlw*,l) ’ Ht} ,
— cov [it,izl—lwm*,l ’Ht} :

=3 2T Wicov [ty | H) W] 2718,
= it,izflwlit,lwrzflit,i ;

where it,l = cov [1) 1 | H¢] is the marginal posterior covariance of 1), 1. Finally, the total covariance
decomposition (Weiss, 2005; Hong et al., 2022b) yields that

it,i =cov [0, | H| = E[cov [0.; | Hi, Yu ]| Hi] + cov [E [0, ; | Hy, ¥ a] | He]
=S+ S0 ST WIS WY 718 (32)
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However, im = cov [hx 1 | Hy] is different from Et&: cov [thx 1 | Hy, 14 2] that we already derived
in Eq. (19). Thus we do not know the expression of im. But we can use the same total covariance
decomposition trick to find it. Precisely, let £, = cov [th, ¢ | H;] for any £ € [L]. Then we have that

- _ -1
Siq = cov [Yu | Hy hi o] = (23 vy Gi1)
fieg = E i | Hyy 0] = Sia (22_1W2¢*,2 + Bm) .

First, given Hy, cov [, 1 | Hy, 14 2] = (Z;l + Gt,l)_l is constant. Thus

E [COV [77[]*,1 | o, w*,2] | Ht] = cov W)*,l

Hy thio) =41 .

In addition, given Hy, it,h im and Bt,l are constant. Thus

cov [E [u1 | Hi, ¥ 2] | Hi] = cov [it,l (22_1W2¢*,2 + Btvl) ’Ht} ’
=cov [S4155 "Wath, o | Hy] |
= 5187 ' Wacov [t o | H] Wy £518, 1,
= 5,155 T Wo S, oW B718

Finally, total covariance decomposition (Weiss, 2005; Hong et al., 2022b) leads to

Si1 = cov Y1 | Hy) = E[cov [t | Hyy s 0] | Hy] + cov [E [ | Hyy i 2] | Hil
=31+ 2N T Wo R oW, 5518

Now using the techniques, this can be generalized using the same technique as above to

Ste =St + S S Wi Se e Wi 274 See VlellL—-1].

Then, by induction, we get that

it,l = Z Pgit,gpz s Vel e [L — 1] s
Le(L]
where we use that by definition it,L = cov [Yur | Hy] = ;1 and set Py = I; and P, =

f;;ll St,kz,;ilwkﬂ for any ¢ € [L]/{1}. Plugging this in Eq. (32) leads to

Et,i = Et,i + Z 2m2;1W1PZEMPZWIE;12J,
Le[L]

=3+ Z ST WP R (BT W) T
Ce(L]

=3+ Z Pi,eit,éPiTg,
Le[L]

where Pi’g = Et’iZflwng = 215’1‘2171\7\71 f;;ll it,kz,;ilwkﬂ.

D.4 PROOF OF LEMMA D.3

We prove this result by induction. We start with the base case when £ = 1.

24



Under review as a conference paper at ICLR 2025

(I) Base case. Let u = Jflf]t%AtXt From the expression of im in Eq. (19), we have that
Soi — St = WI (ST - ISR, + 072 XX) B - (57 - B8 BT W,

=W/ (E;l(it a— (S, +a‘2XtXtT)_1)Zl_1) Wi,

A, 57 Wy (33)

In (i) we use the Sherman-Morrison formula. Note that (i) says that 3! -2 { is one-rank
which we will also need in induction step. Now, we have that || X;||?> = 1. Therefore,

T+u u=14+0"2X54,X; <1+ 20X )? =1+ 0207 < 02,4,
where we use that by definition of 02, in Lemma D.3, we have that 02, > 1 + 0~ 20%. Therefore,
by taking the inverse, we get that 1+ > oy, 2. Combining this with Eq. (33) leads to
S — St = o 2o AW BT S 4, X X 5 4, 57 Wy
Noticing that P 4, 1 = it, A, 2;1W1 concludes the proof of the base case when ¢/ = 1.

(I) Induction step. Let £ € [L]/{1} and suppose that £, ,_, — 5, ), is one-rank and that it
holds for £ — 1 that

S—1 S—1 -2, —2(£-1) T
Et+1,€71 — Zt,l 12 0 “Oyax PAt -1 Xt Xy Pa,o—1, where O'MAX = maxl +o” az

Le[L]
Then, we want to show that Et +11 ‘ Et_ Zl is also one-rank and that it holds that
- -1 -2 _—92¢ T
Et+1 ‘ Et’é =0 O-MAXPAt,ZXtXt Pa, ., where oy, 2 = m%l + o0 %0}.

This is achieved as follows. First, we notice that by the induction hypothesis, we have that 2;4-11 —1—
Gro-1 =3 +11 -1 S; ,_, is one-rank. In addition, the matrix is positive semi-definite. Thus we
can write itas ;') ,_; — Gy -1 = uu' where u € R, Then, similarly to the base case, we have

o—1 -1 _ ¥ 1
by Z*Et,é - Et+1 L Et/ ’

t+1, ’
=W/ (S + Zt+1,271)_1wé - W, (2 + it,eq)_lwe,
=W, {(Ze + it-ﬁ-l,é—l)_l — (S +3% 4—1)_1}\7\7@ ;
=W/ (57 + Gremn) T = (B0 + S5 T B W,
= WZEF :(Ee_l + Gtvf—l) (E + Gt £-1t 2t+1 (-1 Gt!—l)il}ze_lwlv
= WIS (B 4 Gremn) T = (57 G+ T) T SW,
= W [See = (Siiy +an”) 7T W,
- Wiz [‘t,uuﬁ‘;j_wit,u] ;W
T

uY

5 W
1+UTEt€ u tl—1+y 4
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However, we it follows from the induction hypothesis that uu " = Et +11 —1 Gt,éfl Et+11 1=
Et_z 1= 0" UMA)((e I)PX o 1XtXtTPAt7g_1. Therefore,
- S—1 Ty—15 uu " S -1
Zt+1 ¢ Zt,[ =W, X, Y1 Y —12, Wy,

L+uTS i qu

—o —2({-1)pT
0 “Opmax PA o 1XtX Pa,e—1-

=W, 2,18 Sre1Z Wy,
Z Wy 2y 2t 1 1+ ul S g tu t,0—1 ¢

—9 —2(£-1)
g ¢ Ty-1§ T T S -
= %Wz E@ Et}Z—lpAt’£71XtXt PAt,e—lzt,e—lzg 1W£7
_9 —2(£-1)
0 “Omax T T
=——=— P, XX, P .
1+ uT Sy qu AtTtoe A
Finally, we use that 1 + u" 5, 1u < 1+ [|ulaA1(Sie-1) < 14 0 207. Here we use that
lull2 < 072, which can also be proven by induction, and that A (3t,0-1) < o7, which follows from
the expression of ¥; o in Appendix B.2. Therefore, we have that
—9 _—2(£-1)

- & 0 “Omax T T
) E -—=0P XX, Py, 4
t-‘rlf 1+UTZt5 1 Al t tt

—9 —2(£-1)
0 “Omax

~— 1+0 2% 2
-2 _—2¢
=0 UMAXPAt,EXtXt PAméa

PAt ZXtX PAtZ7

where the last inequality follows from the definition of 03, = max,e(z) 1 + 0~ 207. This concludes
the proof.

D.5 PROOF OF THEOREM 4.1

We start with the following standard result which we borrow from (Hong et al., 2022a; Aouali et al.,
2023b),

BR(n) < v/2nlog(1/9)

+ cnd, where ¢ > 0 is a constant . (34)

Z X%,

Then we use Lemma D.2 and express the marginal covariance ¥; 4, as

-1
it,i = it,i + Z Pi,fit7€PZZ7 where Pi,[ = it,iZflwl H it,kZ,;lIWkH. (35)
Le[L] k=1

Therefore, we can decompose || X; ||2 ,as

X, ) Xt () _ . _ _
IX:ll5, ,, = 2% o (02X S a Xe + 072> X[ Pa, S0Pl Xe)
' te[L)]
(42) R _
< colog(1+ 072X, 8 4, X0) + D colog(l+ 07X, Pa, oS4 /Ph, X3), (36)

Le[L]

where (i) follows from Eq. (35), and we use the following inequality in (%)

x x
=—log(l4+2)<| max ——— |log(l+=x 710 1+x),
ey o) S (e e ) ) = o os(t 4
which holds for any x € [0, u], where constants ¢ and ¢, are derived as
o} o}
co = 710_2 , Cp= L , with the convention that oy 11 = 1.
log(1+4 %) log(1 + Hl)
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The derivation of ¢y uses that
X504, X0 S M (Sea )Xl AT+ Gea,) <A
The derivation of ¢, follows from

J1ETH) = M(5) =01

X P, eSeeP A, o Xe < M(Pa P, )M (o) [ Xil* < 07y -
Therefore, from Eq. (36) and Eq. (34), we get that

BR(n) < \/2nlog(1/5< {Cozlogl-l-d X, 54, X1)

t=1

N

+ 3 e log(1+ 072X, Pa, o0 (P, ZXt)D
te[L]  t=1

+ cnd (37)

Now we focus on bounding the logarithmic terms in Eq. (37)
(D) First term in Eq. (37) We first rewrite this term as
log(1 + U_QXTit A, X1) ) log det (I + U_QiEAtXtXTit%A ),
= log det(Zt a, t o 2X, X,")

- logdet(ﬁ);j‘ ) = log det (3 t+1 a,) — logdet(i_1 ),
where (i) follows from the Weinstein—Aronszajn identity. Then we sum over all rounds ¢ € [n], and
get a telescoping

Zlog det(I4 + 0*223AtXtXtTfléAt) = Zlog det(fl_1 a,)— logdet(f];i‘t) ,
t=1

K

K n
= Z Z log det(f)t__:u) —log det(i];il) = Z Z log det(f];_ll ;) —logdet(3;))
t=1i=1 j

K
= Zlogdet(iﬁhﬂ — log det(iil) = Pnt1iot)
i=1 =1

where (i) follows from the fact that $1; = ¥1. Now we use the inequality of arithmetic and
geometric means and get

A1
Z logdet(ly+072%7 , X

K
1 1
LA, tXtTZf,At) Zlogdet(Z Zni“Ef)
t=1 i=1
K 1 1. 1
<) dlog (d Tr(SF 501,58 )) , (38)
=1
K

(IT) Remaining terms in Eq. (37) Let ¢ € [L]. Then we have that

log(1+ 072X, P, ¢SeeP, 1 Xe) = opaxOmme log(1+ 072X, Pa, o S0Py, 1 Xo),
< oplixlog(l+ 020y 2K X Pa, oS0 /P ), o X1),
(2)

_ 1
o2t Jogdet(Iy+ o2 fﬁzgeP (XX P4, 452,
_ MAX(logdet(EMJra 2002Ph XX Pa, ) — log det(S;] ))

)
where we use the Weinstein—Aronszajn 1dent1ty in (). Now we know from Lemma D.3 that the
following inequality holds o~ OMAZPT eXtX Pa, ¢ =2 Et+1 y
S—1

Z . As a result, we get that
—2¢
Et,f + o ZO—MAXPXt EXtXt PAh[ =< 2t+1 ¢ ThUS

5id)

log(1 4+ 072X, Py, ¢4, gPA 0 Xt) < JMAX(log det(3;, t+1 ) — log det(
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Then we sum over all rounds ¢ € [n], and get a telescoping

Zlog + 072X, Pa, oS 0P ), gXt)<UMAXZlogdet S0 —logdet(E;)),

= UMAX(log det(2 n+1 ;) — logdet(Z )
%X(log det(2 +1 ) — logdet (X, ))

= o2t (logdet(7,, 501, 520))

n+1,0

where we use that 31 o = Y41 in (7). Finally, we use the inequality of arithmetic and geometric
means and get that

- —2¢T s pT 20 1 3
Z 1Og(1 +o07°X, PAt,fEt7€PAt7€Xt) < ouax | log det(EZJrlEnJrl ZE£+1) )
t=1

1 1
< do, log <dTr(ze+1zniMzg+1)> . (39

2
Sd MAX10g< 2_-;1> )
4

The last inequality follows from the expression of i;il’ , 1n Eq. (19) that leads to

1 1 — 1
Ez+12n+1 g = Lo+ 50 GreX
_ 1
= L+ 3 W (S = 8 S S WS, (40)

_ _ 1
since Gyp = W/ (8,1 — 5, 'S¢ -1, ") W,. This allows us to bound 2 TJr(EHlE;Jr1 D2) as
1

1 1 B . B 1
y Tr(zgﬂznil Si) = d Tr(Iy + E;HWZ (DI Sy SRS 1)W22;+1),

= f(d +Tr(S7, W, (S =571 S s, )W@Hl)

d
1 B L
<1+ d Z)\ (2 e+1we (E - X lztl—lz )szul '
k=1
d

1 _ e _
<1+ ] M (Ber ) A (W W (877 = 3718 e13)
k=1
1 d
<1+ 7 A (Se41) A (W] WA =),
k=1
d 2 2
1
<1+4- § =1+ 22 @b
d — 0y O
k=1
where we use the assumption that Al(WJWZ) = 1(A2) and that Ay (Xp11) = O'g+1 and /\1(251) =

1/o?. This is because 3y = 071, for any £ € [L + 1]. Finally, plugging Egs. (38) and (39) in Eq. (37)
concludes the proof.

D.6 PROOF OF PROPOSITION 4.2

We use exactly the same proof in Appendix D.5, with one change to account for the sparsity
assumption (A3). The change corresponds to Eq. (39). First, recall that Eq. (39) writes

S log(1+ 072X P, i eP R, Xo) < oy (logdet(SF, 501, 54,1))

l+1 " n+1,0
t=1
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where

%250

1 1 _ = _
041 n+17€2€2+1 =li+ EEHWJ(E@ t- 2, 12%—12@ 1)W1’22

(41
=Li+o; W, (2 =5,'S 18, )Wy, (42)

where the second equality follows from the assumption that 3,,; = 0‘? 11q4. But notice that in
our assumption, (A3), we assume that W, = (W, 0444, ), where W, € R4*% for any ¢ € [L].
Therefore, we have that for any d x d matrix B € R94*< the following holds, W, BW, =
(W;ng Oddy.d—dy

. In particular, we have that
Od—d,de Od—dy,d—d,

_ ST (v—1 _ y—15 —1\\%
W, (2, =21 W, = <We (= Oie dzjlflze JWe Ogdzd;dz > . 43)
—ayg,ae —ay,a—ayg

Therefore, plugging this in Eq. (42) yields that

s _ <Id2 +02,W/ (Ze_l - Ezlit,e—lzg_l)wé Ode,d—de> . (44)

1 _
»z y-! =
&1 Od—d,,d, 1q—gq,

+1""n+14
1
3 2 YT (y—1 —15 —1\% .
w10 2i) = det(ly, + 07, W/ (31 =318 18, )Wy). This allows
us to move the problem from a d-dimensional one to a dy-dimensional one. Then we use the inequality
of arithmetic and geometric means and get that

1 _
As aresult, det(37,

- —2y T S pT 2¢ 3 -1 y3
Z 10g(1 +o07°X, PAt,ZZt,KPAt,ZXt) < UMAX(IOg det(222+12n+1j2£2+1)) )
t=1

= U%\x log det(Iq, + a?HWJ (E;l — Eg_lit,g_lze_l)Wg) ,

1 - B - -
< dgaf,éx log <dz Tr(]dz + U?—&-IWJ(Z[ 1_ X, 1Zt)g_122 1>Wg)> ,

0.2
< dyot  log (1 + ‘;1> : (45)

0y

To get the last inequality, we use derivations similar to the ones we used in Eq. (41). Finally, the
desired result in obtained by replacing Eq. (39) by Eq. (45) in the previous proof in Appendix D.5.

D.7 ADDITIONAL DISCUSSION: LINK TO TWO-LEVEL HIERARCHIES

The linear diffusion Eq. (16) can be marginalized into a 2-level hierarchy using two different strategies.
The first one yields,

Ver ~N(0,0841BLBL), (46)
9*,2’ w*,L ~ N(QZJ*,La Ql)a Vi € [K],
with Q1 = 031y + ;' 02, ,B¢B/ and By = [];_, Wy. The second strategy yields,
Peq ~ N(0,8), 47
9*,1’ | w*,l NN(w*,h U%Id)7 Vi € [K]a

where 5 = 25:1 o2 +1BZBZ. Recently, HierTS (Hong et al., 2022b) was developed for such
two-level graphical models, and we call HierTS under Eq. (46) by HierTS-1 and HierTS under
Eq. (47) by HierTS-2. Then, we start by highlighting the differences between these two variants of
HierTsS. First, their regret bounds scale as

HierTS-1: @(\/nd(K Zf:l o} +Lo?,,), HierTs-2: @(\/’ﬂd(KO’% + Zle 02.1)) -

When K ~ L, the regret bounds of HierTS—1 and HierTS-2 are similar. However, when K > L,
HierTS-2 outperforms HierTS—1. This is because HierTS—2 puts more uncertainty on a single
d-dimensional latent parameter 1), 1, rather than K individual d-dimensional action parameters
0. More importantly, Hier TS—1 implicitly assumes that action parameters 6, ; are conditionally
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independent given v, 1, which is not true. Consequently, HierTS-2 outperforms HierTS-1.
Note that, under the linear diffusion model Eq. (16), dTS and HierTS~-2 have roughly similar regret
bounds. Specifically, their regret bounds dependency on K is identical, where both methods involve
multiplying K by o2, and both enjoy improved performance compared to HierTS—1. That said,
note that Theorem 4.1 and Proposition 4.2 provide an understanding of how dTS’s regret scales
under linear link functions f;, and do not say that using dTS is better than using HierTS when
the link functions f, are linear since the latter can be obtained by a proper marginalization of latent
parameters (i.e., HierTS-2 instead of HierTS-1). While such a comparison is not the goal of this
work, we still provide it for completeness next.

When the mixing matrices W, are dense (i.e., assumption (A3) is not applicable), dTS and
HierTS-2 have comparable regret bounds and computational efficiency. However, under the
sparsity assumption (A3) and with mixing matrices that allow for conditional independence of 1, ;
coordinates given v, 2, dTS enjoys a computational advantage over HierTS-2. This advantage
explains why works focusing on multi-level hierarchies typically benchmark their algorithms against
two-level structures akin to HierTS—1, rather than the more competitive HierTS—2. This is also
consistent with prior works in Bayesian bandits using multi-level hierarchies, such as Tree-based
priors (Hong et al., 2022a), which compared their method to HierTS~1. In line with this, we also
compared dTS with HierTS—1 in our experiments. But this is only given for completeness as
this is not the aim of Theorem 4.1 and Proposition 4.2. More importantly, HierTS is inapplicable
in the general case in Eq. (1) with non-linear link functions since the latent parameters cannot be
analytically marginalized.

E ADDITIONAL EXPERIMENTAL DETAILS

E.1 SWISS ROLL DATA

Fig. 5 shows samples from the Swiss roll data and samples from generated by the pre-trained diffusion
model for different pre-training sample sizes.

3 3 3
e*o True distribution e°o True distribution e°o True distribution
2 Diffusion model 2 Diffusion model 2 Diffusion model
1 1 1
0
0 0
-1
-1 -1
-2
-3 -2 -2
-4 -3 -3
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

(a) Diffusion pre-trained on 50 sam- (b) Diffusion pre-trained on 10° (c) Diffusion pre-trained on 104
ples from the Swiss roll dataset. samples from the Swiss roll dataset. samples from the Swiss roll dataset.

Figure 5: True distribution of action parameters (blue) vs. distribution of pre-trained diffusion model
(red).

E.2 DIFFUSION MODELS PRE-TRAINING
We used JAX for diffusion model pre-training, summarized as follows:

» Parameterization: Functions f, are parameterized with a fully connected 2-layer neural
network (NN) with ReLU activation. The step £ is provided as input to capture the current
sampling stage. Covariances are fixed (not learned) as ¥y = O’?I 4 With oy increasing with £.

* Loss: Offline data samples are progressively noised over steps ¢ € [L], creating increasingly
noisy versions of the data following a predefined noise schedule (Ho et al., 2020). The NN
is trained to reverse this noise (i.e., denoise) by predicting the noise added at each step. The
loss function measures the Lo norm difference between the predicted and actual noise at
each step, as explained in Ho et al. (2020).
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+ Optimization: Adam optimizer with a 10~ learning rate was used. The NN was trained
for 20,000 epochs with a batch size of min(2048, pre-training sample size). We used CPUs
for pre-training, which was efficient enough to conduct multiple ablation studies.

* After pre-training: The pre-trained diffusion model is used as a prior for dTS and compared
to LinTS as the reference baseline. In our ablation study, we plot the cumulative regret of
LinTS in the last round divided by that of ATS. A ratio greater than 1 indicates that dTS
outperforms LinTS, with higher values representing a larger performance gap.

E.3 QUALITY OF OUR POSTERIOR APPROXIMATION

To assess the quality of our posterior approximation, we consider the scenario where the true
distribution of action parameters is N (04, I4) with d = 2 and rewards are linear. We pre-train a
diffusion model using samples drawn from N (04, [4). We then consider two priors: the true prior
N (04, I;) and the pre-trained diffusion model prior. This yields two posteriors:

e P : Uses NV (0g4, I) as the prior. Py is an exact posterior since the prior is Gaussian and
rewards are linear-Gaussian.

* P5 : Uses the pre-trained diffusion model as the prior. P, is our approximate posterior.

The learned diffusion model prior matches the true Gaussian prior (as seen in Fig. 7a). Thus, if our
approximation is accurate, their posteriors P, and P> should also be similar. This is observed in
Fig. 7b where the approximate posterior P» nearly matches the exact posterior P;.

5 —-0.30
4 e®e Gaussian Prior ~0.32 e®e¢ Exact Posterior (P;)
3 Diffusion model Prior 034 Approximate Posterior ()
2 ~036
1
-0.38
0
1 -0.40
_2 —0.42
-3 —0.44 %
-4 —-0.46
-6 -4 -2 0 2 4 6 -0.2 -01 0.0 0.1 0.2 0.3
(a) Gaussian distribution vs. diffusion model pre- (b) Exact posterior P; vs. approximate posterior
trained on 10° samples drawn from it. P» after n = 100 rounds of interactions.

Figure 6: Assessing the quality of our posterior approximation.

E.4 BOUND COMPARISON

Here, we compare our bound in Theorem 4.1 to bounds of LinTS from the literature.
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(a) Comparing our bound to the frequentist bound (b) Comparing our bound to the standard Bayesian
of LinTS in Abeille & Lazaric (2017). bound of LinTS.

Figure 7: Comparing our bound to the frequentist and Bayesian bounds of LinTS.

F BROADER IMPACT

This work contributes to the development and analysis of practical algorithms for online learning to
act under uncertainty. While our generic setting and algorithms have broad potential applications,
the specific downstream social impacts are inherently dependent on the chosen application domain.
Nevertheless, we acknowledge the crucial need to consider potential biases that may be present in
pre-trained diffusion models, given that our method relies on them.

G LIMITATIONS AND FUTURE RESEARCH

We designed diffusion Thompson sampling (dTS); for which we developed both theoretical and algo-
rithmic foundations in numerous practical settings. We identified several directions for future work.
Exploring other approximations for non-linear diffusion models, both empirically and theoretically.
For theory, future research could explore the advantages of non-linear diffusion models by deriving
their Bayes regret bounds, akin to our analysis in Section 4. Empirically, investigating our and other
approximations in complex tasks would be interesting. Additionally, exploring the extension of this
work to offline (or off-policy) learning in contextual bandits (Swaminathan & Joachims, 2015; Aouali
et al., 2023a) represents a promising avenue for future research. Our work focused on contextual
bandits, laying the groundwork for future exploration into reinforcement learning. This exploration
can also be done from both practical (empirical) and theoretical angles. Finally, while our method,
which approximates rewards using a Gaussian distribution, worked well for linear rewards and those
following a generalized linear model, its effectiveness in real-world, complex scenarios needs further
testing.

H AMOUNT OF COMPUTATION REQUIRED

Our experiments were conducted on internal machines with 30 CPUs and thus they required a moder-
ate amount of computation. These experiments are also reproducible with minimal computational
resources.
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