Under review as a conference paper at ICLR 2023

A ADDITIONAL EXPERIMENTS AND SETUP

A.1 SYNTHETIC EXPERIMENTS WITH PRIVATE ALGORITHMS

DP LRS Simulations: We conduct the experiment on a synthetic dataset: for each task i € [¢], we
generate m = 100 samples {(x§l)7y§i))}j€[m] where xg-i) ~ N(0,Lixq), y](-i) = (xy), wrwr® 4
b*(i)> and w*® = 1 is fixed for simplicity. We select number of tasks ¢ = 5000, d = 10, data
dimension k, ¢, and both the column and row sparsity level of {b*(*) }ieps to be 2. We sample u*
uniformly from the unit sphere and the non-zero elements of {b*(i)}ie[t] are sampled i.i.d. from
N(0,1) with the indices of zeros selected randomly.

We run the algorithm for 15 epochs and use RDP sequential composition to compute the privacy risk
accumulated over the epochs. We set minimum possible clipping norm values for A;, Ay and Ag s.t.
a majority portion of samples don’t get clipped. We fix § = 10~°. For hyperparameter tuning, we
perform a search pick the values which give the minimum RMSE on the validation set. Finally we
plot the RMSE on the Test Set for different values of € in .
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Figure 3: Comparison of Overall RMSE on the simulated data for both the private and non-private versions of
AMHT-LRS and the Single Model Baseline.

We note that while DP AMHT-LRS performs quite well for each €, both the private and non-private
Single Model baselines fare badly even on higher values of €. Further, DP AMHT-LRS is able to
achieve RMSE comparable to its non-private version by € ~ 2 mark.

A.2 EXPERIMENTS WITH LINEAR MODELS
A.2.1 NETFLIX DATASET

We consider the Netflix Challenge dataset comprising of 17k users and 480k movies where ratings
are provided as integers on a scale of 1 — 5. We choose the top 200 users who have rated the most
movies and top 200 movies that have been rated the most and consider the 200 x 200 rating matrix
restricted to these sets of top users and movies - this rating matrix comprises approximately 35k
ratings. We perform the train-validation split in the following way: for 70 users, we keep 10% of
their ratings in the training set (small data/user); for 70 users, we kept 50% of their ratings in their
training set (medium data/user) and for the rest of 60 users, we kept 90% of their ratings in their
training set (large data/user). All the observed ratings restricted to the 200 x 200 ratings matrix that
are absent in the training set is inserted into the validation set. By using standard low rank matrix
completion techniques (Chen et al.,|2020b), we complete the ratings matrix by minimizing the MSE
w.r.t to the entries in the training set with a nuclear norm regularizer. Following this, we compute
SVD UXVT and take the first 50 columns of V; this results in a truncated 200 x 50 dimensional
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Figure 4: Decrease in RMSE on Netflix validation data for AMHT-LRS algorithm on increase in fine-tunable
parameters. Note that AMHT-LRS outperforms other baselines for both data-starved and data-surplus tasks.

matrix V where each row corresponds to a 50-dimensional embedding of each movie. Note that we
ensure there is no data leakage while creating the embeddings.

For each task representing each user, the samples consist of (movie embedding, rating) tuples; the
response is the average rating of the movie given by users in that task. We use the training data to
learn the different models (with some hyper-parameter tuning) mentioned earlier and use them to
predict the ratings in the validation data.

Empirical Observations on Netflix validation data:

The overall average validation RMSE for AMHT-LRS and the different baselines that we consider
is shown in Fig. [da] against percentage of fine-tunable parameters used by the model. As in the
Movielens dataset, with respect to the single model as reference, in the linear rank-1 case, the
representation learning and the prompt learning based baselines have 1 and 50 additional parameters
per task respectively; they are unable to personalize well. In contrast, with only 4% (= 2) additional
parameters per task, AMHT-LRS has smaller RMSE than fully fine-tuned model, which require
200x more parameters. Note that AMHT-LRS outperforms other baselines for both data-starved and
data-surplus tasks.

A.2.2 JESTER DATASET

The Jester dataset comprises of 4.1m ratings from 73k users for 100 jokes with each rating being
on a scale of —10.0 to +10.0. We choose 100 users who have rated all the 100 jokes and consider
the 100 x 100 rating matrix restricted to these users and jokes - this rating matrix is entirely filled.
Similar to the Netflix dataset, we perform the train-validation split in the following way: for 30 users,
we keep 10% of their ratings in the training set (small data/user); for 40 users, we kept 50% of their
ratings in their training set (medium data/user) and for the rest of 30 users, we kept 90% of their
ratings in their training set (large data/user). We use the training data to learn the different models
(with some hyper-parameter tuning) and use them to predict the ratings in the validation data.

Empirical Observations on Jester validation dataset:

The conclusions are mostly similar as in the case of Netflix dataset. The overall average validation
RMSE for AMHT-LRS and the different baselines that we consider is shown in Fig. [5al against
percentage of fine-tunable parameters used by the model. Again, with respect to the single model
as reference, in the linear rank-1 case, the representation learning and the prompt learning based
baselines have 1 and 50 additional parameters per task respectively; they are unable to personalize
well. In contrast, with only 2%(= 1) additional parameter per task, AMHT-LRS has smaller RMSE
than fully fine-tuned model, which require 100x more parameters and the other baselines. Note that
our method outperforms other baselines for both data-starved and data-surplus tasks.

A.3 EXPERIMENTS WITH NEURAL NETWORKS

As described in Section[3] our techniques/approaches can be extended to complex classes of non-linear
model. To demonstrate this, we fix the class of models to Neural Networks (denoted by F : R — R).
Similar to Section we consider the following baselines: 1) Single Model (F(z; ucentral)): learns a
single Neural Network model for all tasks, 2) Full Fine-tuning (F(z; uinay)) Learns a separate fully-
trained Neural Network model for each task, 3) Rep. Learning (F(x; uw)): Learns separate Neural
Networks for each task such that the NN parameters of each task lie on a low dimensional manifold.
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Figure 5: Decrease in RMSE on Jester validation data for AMHT-LRS algorithm on increase in fine-tunable
parameters. Note that AMHT-LRS outperforms other baselines.

4) Prompt Learning (F(z || ¢; Ucentra1)): The covariate is concatenated with a trainable embedding
of the corresponding task and a single Neural network model is trained with the modified covariates.
AMHT-LRS (F(z; uw + bgparse)) itself trains a separate Neural Network model for each task but
assumes that the entire set of parameters of the Neural networks for each task can be represented as a
Low Rank+Sparse matrix.

As in the case of linear models, we use the training data to learn the parameters of different models
(with some hyper-parameter tuning) described above and use them to predict the ratings in the
validation data. The overall average validation RMSE for AMHT-LRS and the 4 different baselines
(modified for neural networks) that we consider against different amounts of sparsity in bgpare is
computed (shown in figures for each of three datasets that we experiment with). The memory footprint
of the different methods (for each of the three datasets) has been provided in Table[A.3.3]

More Details on Experimental Setup: To compute the single model and fully fine-tuned model
metrics, we used batched gradient descent. To compute the low rank model metrics, we performed
alternating optimization as per the algorithm described in (Thekumparampil et al.,|2021])). Finally, to
compute AMHT-LRS metrics, we used rank-1 case of Algorithm |I|and used an L, regularization
for each b(-¥), For all the gradient based methods, we used Adam Optimizer with weight decay and
learning rate scheduler. We experimented with Cosine Annealing and Decay on Plateau schedulers.
We performed a search over learning rates, Lo weight decay values and learning rate scheduler
hyperparameters (decay factor for Decay on Plateau and window size for Cosine Annealing) and
reported the model metrics which gave the best overall RMSE on the validation dataset.

A.3.1 NETFLIX DATASET

LRS with 2 layer Neural Net for Netflix: For the Neural Network (NN) experiments on Netflix
dataset, we consider the function class F - a 2 layer Neural Net with a single hidden layer of 50
neurons and tanh activation. The training and the validation data on the Netflix dataset is same as
created for the linear models (see Section[A.2.T). The comparison of validation RMSE of AMHT-LRS
and all the 4 baselines corresponding to the Netflix dataset is given in Figure [6a]

Observe that AMHT-LRS outperforms the rest of the baselines with a small memory overhead (see
Table[A.3.3). In particular, the improvement in performance is achieved along with a significant im-
provement in memory cost compared to Full fine-tuning - AMHT-LRS (with only 1% sparsity/tunable
parameters for each user) outperforms the Full-Finetuning baseline with only 2% of the corresponding
number of parameters.

A.3.2 JESTER DATASET

LRS with 2 layer Neural Net for Jester: For the Neural Network (NN) experiments on Jester
dataset, we consider the function class F - a 2 layer Neural Net with a single hidden layer comprising
50 neurons and tanh activation. As before, the training and the validation data is the same that was
created for the case of linear models (see Sec. [A.2.2)). The comparison of validation RMSE of
AMHT-LRS and all the 4 baselines corresponding to the Jester dataset is given in Figure

Again, we observe that AMHT-LRS outperforms the rest of the baselines with a small memory
overhead (see Table[A.3.3). As before, the improvement in performance is achieved along with a
significant improvement in memory cost compared to Full fine-tuning - AMHT-LRS (with only 2%
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Figure 6: Comparison of Overall RMSE on the Netflix validation data achieved by AMHT-LRS and the different
baselines we consider where the training is modified for toy Neural Network models with a single hidden layer
of 50 neurons and tanh activation. AMHT-LRS outperforms other baselines along with a significantly smaller
memory footprint (see Table@ for exact numbers on model parameters).

sparsity/tuneable parameters for each user) outperforms the Full-Finetuning baseline with only 1.5%
of the corresponding number of parameters.
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Figure 7: Comparison of Overall RMSE on the Jester validation data achieved by AMHT-LRS and the different
baselines we consider where the training is modified for toy Neural Network models with a single hidden layer
of 50 neurons and tanh activation. AMHT-LRS outperforms other baselines along with a significantly smaller
memory footprint (see Table@ for exact numbers on model parameters).

A.3.3 MOVIELENS DATASET

LRS with 3 layer Neural Net for MovieLens: For the Neural Network (NN) experiments on
MovieLens dataset, we consider the function class F - a 3 layer Neural Net with 2 hidden layers
of 50 neurons each and tanh activation. The training and the validation data on the MovieLens
dataset is created in a similar manner as discussed in Section 3] The comparison of validation RMSE
of AMHT-LRS and all the 4 baselines corresponding to the MovieLens dataset is given in Figure
[Bal Here, we can observe that AMHT-LRS has almost similar performance as the best performing
baseline Full Fine-tuning (F(x; ujngy)) While outperforming the other baselines. However, note that
the individual models F(z; uj,gy) have a high memory overhead since every trained model per task
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has the same memory usage as a single Neural Network model. In particular AMHT-LRS (with only
20% sparsity/tunable parameters) matches the Full-finetuning baseline with approximately 20% of
the corresponding number of parameters.

Overall RMSE
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Figure 8: Comparison of RMSE on the MovieLens validation data achieved by AMHT-LRS and the different
baselines we consider where the training is modified for toy Neural Network models with 2 hidden layers of
50 neurons each. AMHT-LRS has similar performance as individual models F(x; uinav) trained for each task;
however our models have a significantly smaller memory footprint (see Table[A3.3|for exact numbers on model
parameters).

B  WARM-UP: CENTRAL MODEL + FINE-TUNING

B.1 SPARSE FINE-TUNING OF CENTRAL MODEL

Inspired by parameter efficient transfer learning applications shown in|Guo et al.| (2020) where the
authors propose learning a task-specific sparse vector, we consider the following simple variant of our
problem in the noiseless rank-1 setting (r = 1) with (W*)T being a multiple of an all 1 ¢-dimensional
vector. We will denote the representation vector by u* € R< that is shared by all the tasks. Therefore,
the ERM for this model is given by the LRS problem with w() = 1 for all i € [t]. We can also
pose this problem as the setting when the low rank representation of the datapoints corresponds
to projection on a fixed unknown vector; there exists a central model (parameterized by the fixed
unknown vector shared across tasks) and each task is a fine-tuned version of the central model. Our
AM algorithm to solve the modified ERM problem is significantly simpler; in particular Steps 2-8
in Algorithmis replaced by the following set of updates given estimates u‘~1 € R (of u*) and
{BEE=DY, iy (of {b*},c 1)) in the ¢ iteration with a suitable choice of A(9):

C(i,é) — b(i,ffl) o (mflx(z))T(X(z) (u(éfl) + b(i,éfl)) 7 y(i)) (9)
b0  HT (9, A®) (10)
. A\ —1 ) . ) .
uv’ yv - ’ an
() X () Tx () XNT () _ O -0

Notice that the updates in eq. [IT)are only implemented once in each iteration (unlike Algorithm [2)
which improves the run-time as well as the sample complexity of the algorithm by logarithmic factors.
The detailed Algorithm is provided in Appendix Bl We present the main theorem below:

Theorem 4. Consider the LRS problem with t linear regression tasks and samples obtained by
equationwhere rankr =1, 0 = 0, U* = u* € R? and w; = w* € R. Let model parameters
{b*(i)}ie[t] satisfy assumption Al. Suppose Algorithmwith modified updates (eq. is run for L =

log (Gal(maxie[t] ||b*(i)||oo + [Ju*|| + ||u*||2)) iterations. Then, w.p. > 1—0(dy), the outputs

NG
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H Dataset Method ‘ #Parameters H
Single Model F(x; ucentral) 5,151
Full Fine-tuning F(z; Ujnav) 1,241,391
Rep. Learning F(z; uw) 5,392
Prompt Learning F(2 || ¢; Ucentral) 19,701
MovieLens | AMHT-LRS F(z; uw + b4 sparse) 17,924
AMHT-LRS F(z; uw + bsg, sparse) 67,570
AMHT-LRS F(2; uw + b1og spasse) 129,748
AMHT-LRS F(2; uw + by5e sparse) 191,685
AMHT-LRS F(ac; uw + boge Sparse) 253,863
Single Model F(z; Ucentral ) 2,601
Full Fine-tuning F(; Ujnay) 260,100
Rep. Learning F(z; uw) 2,701
Prompt Learning F(z || ¢; Ucentral ) 10,101
Jester AMHT-LRS F(z; uw + b1 sparse) 5,302
AMHT-LRS F(z; uw + bsg, sparse) 15,706
AMHT-LRS F(z; uw + b1o% sparse) 28,711
AMHT-LRS F(z; uw + byse sparse) 41,716
AMHT-LRS F(z; uw + b sparse) 54,721
Single Model (F(2; Ucentrar)) 2,601
Full Fine-tuning F(; Uinay) 520,200
Rep. Learning F(z; uw) 2,801
Prompt Learning F(z || ¢; Ucentral ) 15,101
Netflix AMHT-LRS F(z; uw + by Sparse) 8,003
AMHT-LRS F(z; uw + bsg, sparse) 28,811
AMHT-LRS F(z; uw + b1o% sparse) 54,821
AMHT-LRS F(,I, uw + b]5% sparse) 80,831
AMHT-LRS F(z; uw + bye sparse) 106,841

Table 1: Comparison of number of model parameters for AMHT-LRS at different sparsity levels and the different
baselines we consider. Note that our approach AMHT-LRS at 1% and 5% sparsity levels has substantially less
number of parameters than Full fine-tuning F(z; uinav) and comparable number of model parameters with the
other baselines.

ul, {b(“‘)}ie[t] satisfy: Hu(") - w*u*Hoo < O(eg) and Hb(“‘) - b*(i)Hoo < O(eo) foralli €
[t] provided the total number of samples satisfy m = Q(k), mt = Q(dvV'k) and mt> = Q(Ckd).

Remark 5. Notice from Theoremd]that our AM algorithm in the sparse fine-tuning setting enjoys
global convergence guarantees and does not require any initialization conditions. Secondly, we do
not need u* to satisfy any incoherence property for convergence guarantees of TheoremH|(unlike

Theorem/[l). Therefore, Theoremd|is interesting in itself and significantly improves on the guarantees
of Theorem([l|directly applied to the special setting.

B.2 DETAILED ANALYSIS AND PROOF OF THEOREM 4]

In the fine-tuning model described in Section [B.T] we consider a system comprising of ¢ tasks, each
of which (indexed by ¢ € [t]) is parameterized by an unknown task-specific sparse parameter vector
b*() ¢ R? satisfying ||b*(¥) ||y < k along with a dense unknown parameter vector u* € R that is

shared across all tasks. Now, for each task ¢ € [t], we obtain samples {(x;i)7 J(z)) 7, according to
the following model:
xg-i) ~ N(0,1;) and y;i) | ng’) = <x§-i), u* +b*@) forallie [t],j € [m] (12)
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Algorithm 3 AMHT-LRS (Central Model+Finetuning)

Require: Data {(xgi) € R4, yy) € R)}7L, forall i € [t], column sparsity k of B. Initial Error
Bounds max;ep [|[b(®9 —b*™||; < a®, max;c( [0 —b*@ || <O, |u® —u*||o <
B and |[u® — u*||, < 7).

1: Suitable constants ¢y, ¢, c3 > 0.
2: for ¢ =1,2,... (Until Convergence) do

N (T(é—w +alt-D)

4 1
50 bO — HT(cD, A1)
o -1 N , .
6 u® — (% Y Xg- )(Xg ))T) (% PIIDIF x§- )(yj( ) _ (Xg ))Tb(z,z)))
7. Set, ) 28071 4 Zar(ED) 4 901571
8: Set 7(8) « Cz\/E'Y(e), 5(4) — CS’Y(Z) and a(®) \/%’Y(e)
9: end for ]
10: Return w®, UF® and {9}, ).

We will assume that the model parameters {b*(*) }iep satisfy Assumption More importantly,

we do not assume[A2]and furthermore, we do not assume that u* is unit-norm. Since u* is not unit

norm, we can write it as u* = - [lu*||,. In order to map it to the statement of Theoremﬂand the
2

general problem statement in , we can immediately write w* < [|u*||, and u* < W (since u*
a 2

in the statement of Theorem [4|is unit-norm). Hence, we can simplify the notation significantly by
assuming that u* is not unit norm and by subsuming the scalar w* (which is same across all tasks for
this special setting) with the norm of vector u*.

Initialization and Notations: For ¢ = 0, we will initialize u(®) = 0 and b(49 = 0 for all tasks
indexed by i € [t]. For any £ > 0, at the beginning of the (¢ + 1)*" iteration, we will use a(9), 7(¢)
to denote known upper bounds on the ¢5-norm of the approximated parameters and 79, 5 to
denote known upper bounds on the /,-norm of the approximated parameters that will hold with high
probability as described below:

mabe(zne) _p*@) ’ <a® and maXHb“”z) _p*@ ‘ <A,
1€[t] 2 i€[t] S
Hu(e) —u|| <BY and ’ u® —ur|| <70,
co 2

Lemma 2. For some constant ¢ > 0 and for any iteration indexed by { € [L], we can have the
following updates

(O — 95t-1) 4 9, | 108(84/00) (0 4 a1,
m

a® — 2ERE-D 4+ 9 klog(td/do) (T(E—l) n a(z-1))
m
support(b(#f) C support(b*(i)).
with probability 1 — O(dg).
Proof. Fix any i € [t]. It is easy to see that update stepof Algorithm gives us
(i) _ prli) _ (I _ i(Xu))TX(i)) (bu,efl) a b*(i)) n %(X(i))TX(i)(u* =)

— 60 _pr@ _TZ* L alD = (I (X(i))TX(i)) (b(i,zq) _ b*(i))

1
m

1 . )
n (I _ E(X(l))TX(”) (D — u). (13)
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Let e, € R? denote the s*" basis vector for which the s*" coordinate entry is 1 and all other coordinate
entries are 0. Then, note that:

‘ (C(u) C ) gt g u(zq))

S

= lef <I - %(Xu))Tx(i)) (bW—l) _ b*(z’)) tel (I _ %(X(i))TX(i)) (D — )
T

< Jer (1= 2 (x)TxO) (b0 - b*(z‘))’ N

1 A A
T(y_ — (i)\ T (2) (—1) _ o*
el (1- — (X)X (u u)

<

1 N | _ _
Eej(X(l))TX(l) (b(’b,lfl) _ b*(l)) _ el—(b(z,ffl) _ b*(z))’

+ ‘;el(x(i))TX(i)(uw—l) —u) —el (uY —u*)

<e /log(1/o) <7_(£71) +a(£*1)>,
m

w.p. > 1 — O(dy), where we invoke Lemma in the last step and plugging a = e; and b =
b= — p*(®) and u~1 — u* for the two terms respectively. Therefore, by taking a union bound
over all entries s € [d], and a further union bound over all tasks (¢ of them), we can conclude that for
all ¢ € [t], we must have

ch,a b g 4 a® D H < o/ 108(td/%0) (Tufl) N oﬂ*l))
o m

’ < gD 4 . % (4 4 o)) (14)

— ch,e) _pr@

w.p. 1 — O(dy). Now, we have
b — HT(c(i’€)7A(€))

— i) — i) > A )
° 0 otherwise,

) ) (4,6)  %(1) . (i,2) 0
D — )] = {Ics bs | iffes | > AW, (16)

b5 otherwise.

Therefore if we set A() = gl=1) 4 ¢ % (T(E_l) + a(e—1)) (as described in Step 2 of the

algorithm), then, by using equation and equation we have | |b(i’£) —b*(® | ’oo < 2A® and
therefore,

. Hbu,e) _ ) ‘ < 281 4 90, [ 108(td/%) (74 4 alt=D) = 4 (17)
o] m

and [0 — 50| < 2VEB0D 4 20 M (70 +al0) =a®, ()

with probability 1 — O(dg). Furthermore, from equation equation [14|we have for any coordinate s

‘(Cw) _ b*(z')) < AO.

S

Thus, if s ¢ support(b*(?)), then the above gives |c(#¥)| < A(®). Using this in equation gives
" = 0. Hence, for all s € [d], we must have s ¢ support(b*(?)) = s ¢ support(b*(:0))
implying that support(b(*¢) C support(b*(?)). Hence, the proof of the lemma is complete.

O
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Lemma 3. For some constant ¢ > 0 and for any iteration indexed by ¢ > 0, we have

o /2(1@7(12) + 4@( ) dlogy(nai/ﬁg)
T =
ey

with probability 1 — O(dy).

Proof. Update step 3 of the Algorithm for the /" iteration gives us

W0 = (o DT (g D 0 b))
— u® —u* = (% ZZXJ'Z (XjZ))T) (mt ZZ z) (4) b*( i) b(i’e)))
i

A v

Let us denote the vector b*(*) — b9 by z(*¥) for simplicity. Notice that for any h € [d], we have

)
ZZ ((= ﬁ) 40+ 3 A A0). (19)

u:uFh

. @ \2 _(i0) - (02 41 (,0) .
Now, note that the random variable (a: ih ) z, 7 isa ( (z,)%, 42, |> sub-exponential random

variable. Similarly, “;lx )sz 9 is a (2(23’2)) V2 |z(l Z)|) sub-exponential random variable.
Therefore, we must have

< 21) )+Zx x(z (.0)

w:uFth

= (4" +2 32 (G0 max (417, max (V2={0))) )

uuFth

= (4||z(i’€)||§,4||z(i’é)|\oo) sub-exponential random variable. (20)

Furthermore,
E[vn] = — ZZ( {(zt) (”)]HE S 2 0 )
wiu#h
i
1 i
EZZ,S’Z). 1)

Using equation 20} equation [2T]and Lemma [23]in equation [T9]implies that

1 (i,0) 21og(1/d0) (i.0) 210g(1/60))
Uh — tzi:zh mt ’2||Z Hoo mi

< max (2“Z<i7£)||2

210g(1/50) 5)210g(1/50))

< max (2a(z)
mt mt

€h
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will be true with probability at least 1 — §y. On taking a union bound over all h € [d], we will have
that

2log(d/do) ., (s 2log(d/do)
e 00 2y ) . (22)

mt

1 .
o

< max <2a(4)

€h

with probability 1 — O(dy). Note that || v||3 = Y, v3. Hence, we have
>t <3 (40 )
h
5 'LZ)
S22 0 (rrd d
h
PCON
Y S (3 ey
' h

» 2d10g(d/50)
mt

<

)

% (@) + 8(a®)

where we use that 2a.(*) 4 / M > 200 M . Hence, with probability at least 1 — O(dp),
we must have by using that « Z) < VEy®

2Ck dlog(d/é

Furthermore, from Lemma we have with probability 1 — &g for any iterations ¢ € [L]
L ) (YT _ ], < oy 1108L/%0) 2
I S X% Jo < oy L0E0L%0) 2

implying that the minimum eigenvalue of the matrix -1 3. > (‘)( (fi))T —Iis at least 1 —

[dlog(1/5 1
M hence the maximum eigenvalue of the matrix (2 3", PIFP S ( (Z)) —I)~tis at

most (1 — ¢4/ %)_1. Using equatlonand equation , we get for any iterations ¢ € [L]
with probability 1 — O(do),

/2<k 7O 4 400 [ Hosld/d)
™20, (25)

/ dlog(1/d0)
I-c Ogmt °

[u® s <

Lemma 4. For some constant ¢ > 0 and for any iteration indexed by £ > 0, we have

log%iég /2C NO /log(dgéo) 80\/&10“;%?50))@(2)

with probability at least 1 — O(dp)

Proof. With probability at least 1 — O(Jy), we have that ||E||, < dl°g9 . We fix mt = Q(d) so

that ||E||, < 1. Our goal is to bound the quantity ||u'®) — u*|| from above. Denoting A =1+ E
and using the fact that (I+ E)~' =I—E+E?+ ... (since ||E||, < 1), by using Lemma|l6|and
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taking a union bound over all entries s € [d], we have with probability at least 1 — §,

1 ) )
_Z () _ b0
v tZ(b* b))

i

oo

= m;f?Lx Z Ze x gz) b*( i) _p Z) Ze b*( i) _ plis g))

=5 3730000 b el - {3 el (07 )
i

XZ:XJ: | (b*(® — b "Z))esT”?:W

o log(d/do) '
mt
Hence with probability at least 1 — §y, we will have the following statement

log(d/é
Ml < cat? /0] 4 €0, 26)
mi t
Since u) — u* = (I+E) v with E = L3 > ng‘) (XEi))T — I, we will have
[ =] < (v @)
O

Let V £ {z € RY|||z|| = 1}. Then for ¢ < 1, there exists an e-net, N, C Z, of size (1 + 2/¢)¢ w.r.t
the Euclidean norm, i.e. Vz € Z,3 2 € N s.t. ||z — 2'||2 < e. Now consider any z € N,. Then,
Lemma([l7]with a = e, and b = z and taking a union bound over all entries s € [d] gives

el(,wai:Zij?(x?)T 1))z < el max (1 22U07%0) lelL/o)y

mt

— HEZ”OO é cmax ( ].Og(d|N€|/50) 10g(d|N€|/50)>

mt ’ mt
d
< e (PRI 21IT8) ol 20y o

Further, 3z € N, s.t. |z’ — z||2 < e. This implies that setting € <— 1/4 and ¢ < 2c gives:
B2 || < 1B(2 — 2) |l + Bzl
< |E(z - 2)l2 + Bz

dlog(d/do) .

mt 29

with probability at least 1 — dy. Hence, with probability at least 1 — O(do), we have that ||E||,, <

dﬁ‘%g and || Ez|| < c¢y/ M for all z € V. Therefore, let us conditioned on these events in
order to prove the next steps. We w111 show an upper bound on ||A"1v| .

1A= V]loo = 1T+ E)"'v]lo

<[V (30)
j=0
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We have with probability at least 1 — §g

IE?V]joo = I EE” V]|
= (BB 1VH2)<HE}?Z va [
= B v (E >(\|Ep o) e
< |EP~1v]|ac dloi(;i/éo)
< (c dlogi(llt/éo))p—lc dloiflci/éo)nvlb 31)

Therefore, if mt = Q(dlog(d/dp)) by taking a union bound we must have with probability at least
1- 603

= dlog(d/é
> IEPVIL =0 M)H vy (32)
p=1

Therefore we have w.p. > 1 — O(dy)

dlog(d/é
d18@/00) (33)

o

<Vl +2
(oo}

Plugging the bounds of ||v|| _ and ||v||, from equation and equation in equation 33| we obtain
that w.p. > 1 — dg)

o
< cal® log(d/do) n Qy(z) +20\/dlog(d/50) (\/2@7(4) 4 4a® dlog(d/5o))
mt t mt t mt
1 2 I 1
- (g + 20\/d0g(dﬂ&;)\/§lﬂ)v(€) + (c og(d/do) n 80d Og(d/50))a(€) — 5(4) (34)
t mt t mt mt

Lemma 5. After L iterations, for some constant ¢ > 0. we will have with probability 1 — O(Ldy),
ot

< 32" ez 4 crea + )12,

oo

< 2L_1(03 +cico + Cl)L_lz,

[e.9]

Hb(i’L) ~ b ‘2 <VE2" ez + ercr + 1) 'Z,

HU(L) -u” ‘ < V2" ez + croa + 1) 'Z,
2

where
Z= (2‘ ’u(o) —u* —|— QgHu(O —u*|| + 2c; max ‘b(i’o) — )
2 1€[t] 00
k log(tdL/éo)
Cc1 = _—
f iy W
C )
1— %Lt/‘so)
1 2 1 1
o= (S+ de(dﬁﬂ JEEY 4 VR (o 28D g lostdfn)
t mt 4 mit mit
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Proof. Using Lemmaand the fact that o« < vk, we have for £ > 1

2
7@ < 260D 4 %TWU +2¢77Y, (35)
70 < 02\@7(2)’ (36)
8O < sy, 37)

Using equation [36]and equation [37]in equation 35} we get
fy(e) < (2¢3+ 2c100 + 201)7(571)

=2(c3 + cre0 + cl)'y(f*l)
<27 Y(es + creg + Cl)e_l’)’(l)

2
<2 Yez +erep 4 ¢) ! (25(0) + %T(O) + 2017(0))’ (38)

where in the last step we plug in the value 4" < 230 4 %T(O) + 26,79 from equation at
{=1.

Using equation [38]in equation [37] gives

2c
6(@ < 032‘)_1(03 + creo + 01)5_1 <2ﬂ(0) + 7%7'(0) + 2017(0)). (39)

Using equation equationand a® < kv further gives:

2
a® < VE2 ez + cren + ¢1)t ! (2,3<°> + L0 2cn<°>), (40)
vk
2
0 < 02\/252[71(63 +crea4 ¢t (Zﬁ(o) + 20 + 2017(0)). (41)
Vk
equation [38] equation [39]equation f0]and equation 1] give us the required result. O

Theorem (Restatement of Theorem[d). Consider the LRS problem with t linear regression tasks and
samples obtained by equationwhere rankr =1, 0 =0, U* = u* € R and w} = w* € R. Let
model parameters {b*(i)}ie[t] satisfy assumption Al with { = O(t). Suppose Algorithmwith mod-

ified updates (eqgns. \Q10011)) is run for L = log (eal(maxie[ﬂ Hb*(i)HOO + [Ju*]| + %))
iterations. Then, w.p. > 1 — O(0y), the outputs u™, {b(:L},y satisfy:

Hu(") —w*u*|| < O(e) and Hb(i"‘) —b*@ ‘ < O(eg) foralli € [t]. 42)

provided the total number of samples satisfy

m = Qk), mt = Q(dVk) and mt* = Q(Ckd).

Proof. In order to map [I2]to the statement of Theorem ] and the general problem statement in [T}
recall that we can immediately write w* < ||u*||, and u* « ey, (since u* in the statement

2
of Theorem {4is unit-norm). For the simplicity of notation, we had subsumed w* within ||u*||,.
Therefore, we directly use Lemmal[3]to prove our theorem where the result is stated after mapping

back to the setting in[I2]and the Theorem statement. O

C ALGORITHM AND PROOF OF THEOREM [I] (PARAMETER RECOVERY)

Assumption 3 (A3). We assume that [|U*||, ,, < \/v*/k for some constant v* > Q.
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Algorithm 4 AMHT-LRS (Alternating Minimization for LRS in (2))

Require: Data {(xy) € Rd,yj(-i) € R)}JL, for all 7 € [t], column sparsity k of B,
[|AUTO U*)|| < B, max; b0 — b*¥]||, <+, Parameters ¢ > 0 and A.
1: for{=1,2,... do

2 St 7O = (tlog (7))
3: fori=1,2,...,tdo
4: b9 <« OptimizeSparseVector((X (), y@) v = UtE-Dwl-1 o — O(cfl 1B

=T
A),B=O( B+ A)y =D + AT =TO)
{Use a fresh batch of data samples; c4, c5 are suitable constants}1
5 w0 = ((X(i)U+(£—1))T(X(’3)U+“—1)))71 ((X(vz>U+(e—1))T(y<v:)_X(nb(z‘,e))) (Use

a fresh batch of data samples}
6: end for

7 SetA:=3, (W(u) (Wi T @ (Z;il Xgl) (X(z)) )) and V= Y,y (X T <y(i) _
b(i’é)) (w(HO)T {Use a fresh batch of data samples}

8:  Compute U®) = vec;! (A~'vec(V))and Ut() « QR(UWY) {U®) = U+IR}

9: 4« (c3)""1eB + A for a suitable constant c3 < 1.

10: end for _
11: Return w®, U+ and {b(z’e)}ie[t]'

Algorithm 5 DP-AMHT-LRS ( Private Alternating Minimization for LRS in (2))

Require: Data {(xgi) € Rd,y(i) € R)}JL, for all i € [t], column sparsity k of B,
[|A(UHO U*) || < B, max; |[b%? — b*®)||, < (%), Parameters ¢ > 0 and A.
1: for 0 =1, 2

2 SetT® = Q(z log (7“’:) ))
3: fori=1,2,...,tdo

4: b9 « OptimizeSparseVector((X (), y@) v = UtE-Dw(l-1 o = O(ci I\Bf +

A) B = O(cg_lB +A),y =~ £ A T = TO) for suitable constants ¢4, ¢5

wit) = ((X(i)Uw_”)T(X(”Uw_l)))71((X(“UW—U)T(W) -~ X(?‘Jb(tﬁ))
6: endfor e
7. Vi, g xg.l) « clipy, (x;l)), yj(%) + clipy, (y§z)> (x (z))Tb(v 0+ dip,, (( 51))Tb(z /))
and w(9) < clip, (w(il))
8: A = %(Z’LGM (W(i,f) (w(i,f))T ® (Z;ﬂ:l XEZ) (ng)>'r)) n Nl)

9: V= mi ( Zte[t] Z]E[m] X (y]( Y (X-gl))Tb(i,E)) (W(i,é))T + NQ)
10 U® =vec;! (A~ 1vec(V))

11: Ut « QRUM) {(U® = UtIR}

12: 4 « (c3)*"'eB + A for a suitable constant c3 < 1.

13: end for ‘
14: Return w(®, UH® and {b"9}, .

Note that Assumption A3 is weaker than Assumption A2 where |[U*[[, ., < +/p*/d provided

k< ‘f” We will use Assumption A3 in place of A2 for simplicity of exposition and for sharper
guarantees as well. Recall that in the general setting described in eq. [I} we obtain samples that are
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generated according to the following process:

x;i) ~ N(0,1;) and y](.i) | xy) = (x;i),U*w*(i) +b*@)y zj(-i) foralli € [t],j € [m], (43)

where each z](-z) ~ N(0, 0?) denotes the independent measurement noise with known variance o2.

For each task i € [t], we will denote the noise vector to be z(*) such that its 5t co-ordinate is 2.

Further, with some abuse of notation we will denote: !
RSV (%(W(ayww)), N = Aj(g(w*)TW*) = Aj(g(w*)TW*) Vi€,

e ;= pu® and p* for the incoherence factors for W(©) and W* respectively,
e v = v for the incoherence factor of Ut(%),

We will now prove Theorem|[I] via an inductive argument. We will start with the base case.

C.1 BASE CASE

We initialize W(©) = 0 and recall ||(I - U*(U") U] = 0(1/3), [[UF O] < (/2

where /(9 is an appropriate constant less than 1. We use Lemmathat is proved later in its full
generality. We have by using Lemma|[I3]:

Hbu,l) _ @)

’ < 20 + e and Hb(i’l) —b*®
2

’ oo

< % (290(” + e)

with probability at least 1 — 7°©)§, where ¢(*) is an upper-bound on () s.t.

~(i i - klog(dd—1
50 = 2(VEIU WOl + e [Uw O, 1.0 FEP )Y

, _ ki log(do—1
< 2(VEIU o Ol + e[ + o/ TBP )Y

. klog(do—1!
SQ(\/Vjﬁ*Cl)”W*(Z)”Q‘FQO— %

Choosing € = 4(\/ v* + cl) gives us the required expression for ¢ = 0. Hence, we have that for

¢ = O(5L=3t), we will have that
u(0) M

‘ , 4 Ax klog(dé—!
Hb(w) — p*®@ ‘ < ¢ max(e, ’W*(Z) ‘ By \/7:_,_ 40\/ﬁ (44)
2 AT m
) , , X klog(dé—1!
Hb("o) —b*® ‘ < ¢ max(e, ’W*“) ‘ )Bu@ /155 + 40\/? (45)
2 k:/\1 m

C.2 INDUCTIVE STEP

We will begin with the inductive assumption. Note that these assumptions are true in the base case as
well due to our initialization and optimizing the task-specific sparse vector. Let

A = OV (25 + 2 Vidlogrd + o [P0 L) o g [rles a1 o fhleslin 1))
A
N:O@——J.

VAT

27



Under review as a conference paper at ICLR 2023

Assumption 4 (Inductive Assumption). At the beginning of the (™ iteration, we will use
¢~V B +—1) to describe the following upper bounds on the quantities of interest:

1)1/2 < Amin(Q(éfl)) < )\max(Q(zfl)) < 1, where Q(ffl) = <(U*)TU+(4*1)> (46)
2) | AU, U e = (T - U (U T)UHD e = U)ot QU e

[\
< Bye-1) 7: + A/, 47
1

3) Hb(l,[) _ b*(z)H2 < clll(U—i-(Z—l) _ U*Q(Z—l))(Q(f—l))—lw*(i)||2

) A
< ¢ max{e, [[w*@ |3} Bye-1) /A—g + A, (48)
4) Hb(z,f) _ b*(z)Hoo < C/||(U+(e71) _ U*Q(Zfl))(Q(ﬁfl))flw*(i)”2/\/%
, AX A
< ¢ max{e, |[W* P ||2}Bye-1 |~ + —, 49)
(e I Oll}Buen |G +

5)UHED |y o < /D /E, (50)

where =1 < w575 ¢ > 0and ' < 1/1000. Note that A, A are fixed and do not change with
iterations.

Note that the base case satisfies the inductive assumption for our problem. Let us denote h(%¢) £
w0 — (QU=D)~lw*® and and (HY)T = [n1H wZO . h(t'[)hvxt.

Lemma 6. For some constant ¢ > 0 and for any iteration indexed by ¢ > 0, we have

1

1—¢ rlog(1/d0)

m

_ _ log(r/do _
(100~ U QU e 4 EILO )y vte-n )

[ P {IIUW‘” = U QU VI I(QU ) T [w 2

; - 1 8 log?(ré—1
+[p® — b(z,f)HQ(\/EHUH#DHQ?OO t+e M”UHFI)HO g %},
m m

1 _ (0 ) t
JEOle < {IUH =0 — U QU el (Q) 1y /-t

1—c /rlog(1/50) .
1 6
(U0 — QU e 4 oy 8L yey )
m

* *(2 % i i log(r/4 2
FVRIIU b0 6O 1 |3 (ellor® — b0y 2B e )

1€[t]
iy rtlogz(réfl)}
V m

with probability at least 1 — &, where h(v9) = w0 — (QU=1))~1yw*(®),

Proof. According to the update step equation[3]} we have

(XOUHE-I)T(XOUHE-1) -1

" ) -

((X(i)UJr(Z—l))T(y(i) — X(i)b(i%))
m

w0 (QU-D) Ly = (

) QUYL ®)
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— h0H
(X(i)U+(€71))T(X(i)UjL(Zfl)) —
= " )
A
(X(i)U+(€—1))T(y(i) _ X(i)b(i,é)) (X(i)U+(1€—1))T(X(i)U+(€—1))(Q(Z—1))—1W*(i)
( m B m ) ’
(5D
Therefore,
Mo < |Alllz]loc  and DOy < [[A]]z]l2. (52)
We will analyse the terms A and z separately.
Analysis of A:
Note that:
Afl _ i(X(i)UJr(éfl))T(X(i)UJr(Zfl))
m
— i(UJr(Zfl))T(X(i))TX(i)UJr(Efl)
m
_ Loy (ZX O)T)ure-y
m
== Z(U+ 471))TX§Z)(Xgl))TU+(€fl)' (53)

Now, let V & {v € R"|||v|| = 1}. Then for ¢ < 1, there exists an e-net, N, C V, of size (1 + 2/¢)"
w.r.t the Euclidean norm, i.e. Vv € V, 3 v’ € N, s.t. ||[v — v/||2 < e. Then for any v € N,

VT(l S (UHED) TR ()T 1))
m ;
:*Z( (Ute-D )Xg)( 52)) (UW 1) )
“m > (UH[_U)V)TXY) GO ). (54)
J

Further, note that

(U*“*Uv) T (U*“*l)v) _ Tr((UJr(zﬂ)v) T (U*“*l)v))

- Tr(vT((U+<f—1>)TU+<f—1>)v). (55)
Using equationand equationin Lemmawith a=b=Ut¢"Dy gives
1 - i) (G - , _
vT (E Z(Uﬂz 1))Tx§ )(x§ NTU+E=D _ (gHe-Ty+ 1))>v
J

< CHUJr(éfl)VH%maX < 1Og(1/60)7 10%(1/50))
m m

)

— ||VTEV|| < C”U-‘r(é—l)vngmaX( 10g(|N€|/5O) IOg(lNE‘/(;O))

m m
< Uy |2 max (\/10g((1 +W2L/6)T/50)710g((1 +ni/e)v-/50)> weN. 66
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where E £ L5 (UH(=1)T ()( (Z))TU‘W D —(Utl=)Tu+¢=1, Since E is symmetric,

therefore ||E|| = ( "YTEv’ where v/ € V is the largest eigenvector of E. Further, 3v € N, s.t.
|[v/ = v|| < e. This implies

IE|=(V)TEv = (v —=v)TEv+ (V)TE(v —v) + v Ev
< IV = vIlIEllv] + IV [IElV =] + v Ev
< 2¢||E|| + v Ev

vIEv
— B < Y2 5)
Using equationand equationand setting € « 1/4 and ¢ + 2¢4/log(9) then gives:
log(1/6
Il < e 0w max  TIEL ) (58)
Using equation [58]in equation [53]then gives
A7) > ||U+(£_1)V||§<1 —e M)
o m
( (UHE DT+ 1))( Tlog(1/5o)>
Inln m
1
= [|A[ <
mm( (U+(E-D)TU+(- 1)) (1 c rlogT(i/ﬁo))
= (59)

1—c rlog(1/d0)

since (UT-)Tyu+-1 =1,
Analysis of z:

Similarly, we have

y— 1 (X(i)U+(€—1))T(y(i) _ X(i)b(i,l)) . i(X(i)U—i-(Z—l))T(X(i)U+(£—1))(Q(g_1))_1W*(i)
m m

1

o m

(U-‘r(é 1)) (X(i))TX(i)(U*Q(K—l) _U+(é—1))(Q(Z—1))—1W*(i)

—a(i®

1 , ‘ , , 1 , .
—(UHE=INT (X ENTX @) (p*@) _ @0y 3 — (uTE=—INT (X @O)T, )
+ — (UFHE)T (X O)TX O )+ (UHED)TXO)T,

e agn

Analysis of dgi’[):
Let us condition on the vector z(*). In that case (X(?)Tz(" is a d x 1 vector, each of whose entry

is generated independently according to A(0, ||z(i) | |§) Therefore, if we consider any vector v
satisfying ||v||, = 1, we have
2
|
)

rlogQ(T(S—l)

2 m

vI(X) Tz ~ A0, Hz(

and therefore, with probability 1 — §, we must have

‘ ’ i(UJr(f—l))T(X(i))Tz(i)
m
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Analysis of dgi’e):

dgi,é) — l(U+(e—1))T(X(¢))TX(z‘)(U*Q(z—n — UHED)(QUAD) Ty ()

m

— (U+(£—1))T (%(X(l))TX(z) _ I) (U*Q(Z—l) _ U+(Z—1))(Q(€—1))—1W*(i)

af’”
+ (U+(€—1))T(U*Q(€—l)) _ U+(€—1))(Q(€—l))—lw*(i) ) (60)
dgi.él)
Note that
E [d(i,é)] _E |:(U+(£1))T(1(X(i))TX(i) _ I) (U*Q(Z*” _ U+(£71))(Q(271))71W*(i)
1,1 m
=0.
Further,
il 1 — 7 _ — _ i
(Z§,1 ))k = Z(u(k,e 1))T 5)( ;)) (U*Q(Z 1) _ytt 1))(Q(e 1)) 1+(0)

J
_ (u(k,é—l))T(U*Q(Z—l) o U—i—(f—l))(Q(Z—l))—lW*(i).

Using Lemmain the above with a = u(**~Y and b = (U*Q — UTE=))Q 1w, we get
A log(1 ,
(55 < oy U0 im0 QD - UHED)QE) w6

Taking the Union Bound overall entries k € [r], we have

1472 = 37 1)l

ke(r]
<ec /10g T/(sO Z ||ll (k,0— 1)H2 |( (@ 1) U+(Z71))(Q(£71))7lw*(i)HQ
kelr]
log(r/5o) HU—Q—(E—I) ”FH(U*Q(Z—l) _ U+(£—1))(Q(2—1))—1W*(i) ”2 (62)
m

Further,

||d§f’2€)||2 = H(U+ )T(U*Q(e 1 _ U+(€—1))(Q(l—1))—1w*(i)||2
= [|(Ut= 1))T(I U*(UH)NUutED(QU=-1) =1y @),
— [(UHED)T (1 — U*(U*)T)2Uute-D(QU-D)~1w*@) |,
= H ((U* 271)) _ (UH#U)TU*(U*)T).

(U*“*l) _ U*(U*)TUHEA))(Q(zq))qw*(i) 2
< HU+(£—1) _ U*(U*)TU-‘:-(Z—l)||'2:||(U(€—1) —UrU* )TU+ (€-1) )(Q(g 1)) *(i)|\2
= U — U QU Y Jel|(UT Y —ur QI (QUTY) Ttwr
< HU+(1271) _ U*Q(ffl)H%”(Q(lfl))fl””W*(i)HQ. 63)

We will also use the sharper bound below later for finding the Frobenius norm of H(®)

1575 [l = [|(UHED)T — (UHED)TU(U) T[] (UHED — U QU-)(QU-)~tw* () |,
(64)
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Using equation [62] and equation [63]in equation [60} we have

i 1 0 ,
R L e I

+ U T QEVRIQE ) w2
<UD U QU R (QU ) Tt -

(0D — QU e 4oy L) ey )
m
As before, using equation [62]and equation[64] we have
[ai" e < I(UHD =0 QUD)(QU D) Do
- ey (= log(r/do)  1(e—
(I — QU + oy | BT U= ).

Analysis of déi’z):
Note that

dgi,f) — i(U+(e—1))T(X(i))TX(i) (b*() — p(:0)

m

(65)

(66)

_ (U+(Z—1))T(%(X(i))TX(1ﬁ) _ I) (b*() — b0y 4 (UHEDT(p*@) _ pli0)

(i,€)
il d
dgj) 2,2

and E {dgf’f)] —E [(U*“l))T(;(X("))TX(") - I) (b*(0) — bW))] —0.

Further,

(Zéi,lé))k _ 1 Z(u(k,e—1))Tx§_z)( gz)) (b*(z) b(i,[)) _ (u(k,é—l))T(b*(i) _ b(i,é))_
’ m

J

Using Lemmal[17]in the above with a = u**~1 and b = (b*®) — b(i9)), we get

/l (1 )
Og /50 | (k,—1) ” Hb* _b(z,é)HQ.

Taking the Union Bound overall entries k € [r], using the above we have

1,0 il
a8 = > \<z£,1>>k|2

ke(r]

/log 7"/50 Z ”u(kg 1) ”2 Hb* _ zZ ”
kelr]
IIOg T/(SO |U+(271) ”FHb*(z) _p0) HQ

s ll2 = (UFED)T (" O — b9
= I ((UTE=NT (p*@® _ pE:0)
S ( )T ) IO

+(e—1 ; ;
=l SUPP(bz(Z) ||2||(b*( ) — bl ,e))

< VE[UTE D g0 [b*@ = BEO 5.
Using equation [68and equation [69) we have

Further,

Z_ o log(r /0
14 < 16700 = By (VT o+ o B0 pyve-ny .
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(68)

(69)

(70)
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Using equation[59] equation [63]and equation[70| we have

[0, < !

- 1—¢ [ rlog(1/d0)

1 1]
<||U+(€—1) _ U*Q(Z—I)HF +e Og(T/ 0) ”U(Z—I)HF)
m

AT QU e (@) -

; - 1 8 log?(ré—1
4 b® — b(z’z)HQ(\/%HUHFDHQ,OO e MHUHZ*”HF) g %}
m m
(71)

Using equation [59} equation [66]and equation[70} we also have the sharper bound

. 1 .
[P —{II( U Q) Q) Twr D,

1—¢ rlog(1/80)
V m

1 1
(I - 0 QU + oy PEL) e )

; ; log (/4 log?(ro—1
M By (VR o ey 20 e ) 4 [TIOE O
m m
(72)

Further note that 37, [|(UT(1 — UrQU=D)(QU- 1) 1w 3:

<U+(e D _urQU-vyQl-v)-t *(i))T_

2
( U* (e-1) Q(zq))(Q(eq))qw*(i)))
( *(Z (U*“ 1) U*Q(Zfl))(Q(ﬁfl))fl>T'
(U—i-((’ 1 _ U*Q(i U)(Q“ 1)) 1)W*(1:))
_ Tr((UJ’(l_l) _ U*Q(e—1))(Q(e—1))—1>T.

((U+(ef1) _ U*Q“fl))(Q“*U)*l) Z W*(i)(w*(i))T>

i€ [t]

—

STr((U+(Z71)_U*Q(E DYQUY)y 1)
<(U+(e—1) UrQU- U)(Q“ 1)) 1)) max(zw*(i)(w*(i))T>

i€ [t]

t
= U — o QU IRIQUI) T2 <Ay, (73)
'
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and 37, [|(UFD) T (0@ —bEO)| 3

— Z Z ((U+<£—1’j))T(b*(i) _ b(i,é)))2

i€[t] j€[r]

= Z Z ( Z U;(Zfl,j)(b;(i) _ b;}i’e)))Q

i€[t] j€[r]  pesupp(b*()

<k Z Z Z (U;(Z—l,j)>2(b;(i) B b,(f’z))g

i€[t] j€[r] pEsupp(b*(®))

<SKCY S Y (UFERIR @ - pEOE

JE[r] pesupp(b*(M)

= K¢ —BEOZ ST ST (Ut

JE€[r] pesupp(b*()
< kU@ — 812

The above two equations with equation [/2]imply

1 - _ o1y [t
O e < ————={IU* D U Q@) /-2
1 —ea/T 0g(1/d0) r

(U= 0" QU + ¢/ ELL0) e )
m

- , log(r/é
+ VRCIU* e[ = b 4 |37 (o) — b0, M”UJrﬁ 1”)

1€[t]

2(0n.5-1
rtlog=(ro )} (74)

m

O

Corollary 1. If Bye-1, = (9(1 1“) \/Hog(l/é") ), V=1 = (’)(ﬁ)
[ lostr/b) _ O( ). € < Vi /58 = @(ﬁ?) ( X ) and Assumption

M| holds for iteration £ — 1, then w.p. 1 — O()

AX

GBI :O(maX{E’HW*(”Hjj?ua-n %) +O(A Hw*()\|2> +(’)( )+O( \/@)
01 < (-2 YET) o5 ) 0y B8 + 0o T

Proof. The proof follows from plugging the various constant bounds of the lemma statement and
Inductive Assumption]in the expressions of Lemma [6}

e

% 1 - — — — * (%
IO, < —{IIUW V-0 QU R T lw

1—c [ rlog(1/d0)

_ .o~ (I log(r /o _
(U0 QU e + ¢/ B0 pyveeny)

; ; log (/4 log® (ro—1
%0 = by (VE[UHED g o 4oy [0 pyvieny ) oy g 7108 (00,
m m
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1

S—.
1 — ¢y /71o8(/50)

{<BU“ 1)\/7 A/) '2||W*(i)2((BU(f—1)\/;+ A’) % ) \/;)
+

(c max{e, [w*®[[} By /3¢ +A) (\/,,T_n Y %ﬁ) to /%}

(75)
Using A’:O(\/:T,/%‘),the above becomes
*(4) RS
Smax{e,”w l2}Buee-u N
| — ¢y /rlos(i/o)
1 AX 1 ] 1 1]
{2(Buen +0( Sy [35) + oy L)) o (VD 4 OB )
1 1 Ax rlog(r/do)
—  [aw@(B 0 T 08r/%)
e e 0 ) 2 )
log(r /6 log®(ré 1
+A(ﬁe . 1/%7“/@)% %W:)} (76)
Further, using c¢y/™°60/%)  — (1), B = O(#> vt = (9(#)
’ m > PueeD VriE )’ VoA

\/@:(’)(ﬁ?),ﬁg/\{,rzlintheabove,weget
@) maeor 2B |/ 3 O(Mw 2 | o o \/W
=0 )+ o) + 0(FAr) + ooy 52),

(77)

Similarly using the Inductive Assumption expressions from [4] we also have

1 _ . (f— -1y [t
|H“HFsvﬁumM){MF“ V=0 Q@) Ty oA
1 — ¢4/ 1208 7%)

log(r /6
(I — T QU e 4 ey ) e

, , , , log(r/do) 2
* *(i) _ p(i0) *(1) _ H(i,0) +(—1)
+ VRCIT* 5 — b nw+J§ij B0y B U1 )

1€[t]

rt logQ(r(Y*l) }

(78)
m
1 )\ t )\* log(r/do)
S o etz PO A 2 N1 (Byeron | S5 + A 4 ¢y 2200
a 1—c¢ M{( v )\/;+ ) 7”)\1< Ut )\/II_F +ec o \/;)
) )\* A
+ \/E\/;(C, maX{€7 ||W*(Z)||2}BU(5_1) )\*k + ﬁ)
log r/ *(i Tt10g2 ro—1
%\/ﬁ (c’ max{e, ||w ()||2}BU<41>\/;+A>\f %}
(79
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As before, using the bound on A’, the above becomes

: MPW(B nﬁw(w% %) 4 oA/

Cc
m

+ VkC/rd max{e, HW*(Z‘)”Q}% +cy/ rlog(r/d) . ¢Vt max{e, \/u*)\;}}
m
1 1t /)\* 1 Ax log(r/do)
s {2A (BU(Z 1) O( R ) +c - \/;)

2(n85—1
b /rch e log r/50)\[ Mito rtlogn(Lré )} (80)

Further, using C\/% = 0O(1), Byu-n = O( m*), V-l = (’)(\/T%),

V%z(’)( *),/\*<x\*,r>1and\/ \/17) in the above, we get
< Bue-1 /\* \/ t)‘*{ ( N rlog 7‘/50 /\*
- —¢c /710g0/60) vy 181«/ru A*

1

+ \;E max{e, m}cl(ﬁ+ c\,/TQIOgmW ) )}

81
-o( ) ofi D) ol ) ol )
(82)
O

Corollary 2. If Assumption 4| and Corollary I hold and N = (,/ Y] ), A = O(y/Ax) and
o/ % = O(\/A5) then, W is incoherent w.p. probability 1 — O(8y) for 3¢" > 0, s..

WO < 24 ¢ e (W TW),
(1— c")\/A;(:(W*)TW*) < wT(Z(W(f))TW(@) <(1 +c")\/x;(:(W*)TW*),

W@l <a +c">ﬁ¢A1(:<W*>TW*),

Vi = 2XC i < (L2 ) Vi
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Proof. Using Triangle Inequality, Assumptionf]and Corollary [T] we have
w2 < QY)W lz 4 RGO,

* A )
< o 4 o LN iy Fo(M e o A )
- ofoyTELI)

Bye-1) [ A% A 1
2+ 0(29=2 [25) + (== ) + (=) + 0) Vi x;
( NZITRR PN i T (
<2+ )AL (83)
/" : 3 * \* I — AL
for some ¢ > 0, where in the last two lines, we use the fact that € < /u*A}, A" = (9(\/;),

A= ( u*)\;) and o %}:671) = O(y/p*Ar) and r, u* > 1. Using Lemmawith A =
(Q=1)~tand B = Z(W*)TW* we have

o2 Q)TN (FOWHTW) < 20 ((QU ) WHTWH QD)) 84)
Further, since oynin ((Q“*l))*l) = Omin (((U*)TUW*U)*) > 1, we have ¥ j € [r]
N (EWHTW) < a2, ((QU) 7 ) A (S W) W) (85)
Using equation [83]in equation [84] we get
X (FWH)TW?) < 2 ((QU) 1 (W) TWH QU )T
ca2((QUT) T (W)T) (86)

Now, since W*(QU“=1)~T = WO + W*(QU~1)=T — W), Using Lemma [18| with A =
WHQU)"T B=W® and C = W*(QUD)"T — W) we have

oy (WHQU)TT) = oy (W) | < [W(QU=) 7T = W, 87)

Using equation [86|and Corollary [T)in equation[§7] we have

r *
‘\/ W* TW*) _ \/)\j(t(w(zf \/>||W Q(Z 1) E)H

IN

< vF{o(Zun v )00 Ol (1) -0l )
A ™

~o( A L (M) Lo A ) 4 ofs R 5)

- o<85%>+o<;'7>+<wﬁﬁ>+<a ety

=0(/\) (88)
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where in the last two steps we use 4 / i* <L A= O(,/ﬁ) A=0(/X:)and o4/ "21052+_1) =

(1/A%). Note that for j = r, the above implies for some ¢’ > 0

\\/ WO)TWO ) - \//\;C(W*)TW*) < c”\/)\;(:(W*)TW*)

= (1 —c”)\/)\;(Z(W*)TW*) < \/AT(:(W@))TW(@) < (1 —i—c”)\/)\;(Z(W*)TW*).

(89)
and for j =1,
\/Al(Z(W(f))TW(l)) < \/Al(:(W*)TW*) + c”\//\;(;(W*)TW*)
— WO <+ )f \/Al (FwoTwe) ©0)
- O(ﬁ\/Al(Z(W*)TW*» 1)
O

Lemma 7. If |[U®) — U*(U*)TUY|| < [U® — U*(U*)TUO||g < 3 then L < QY| <1
Proof. Upper Bound:
1QY| = (U"HTUW| < Juru®) <1,

since both U*, U®) € R4*" are orthonormal.

Lower Bound:

Now, let E = U® — Ux(U~TU® and Q = (US)TU®. Then (UNTE =
I - (UHTUOT(UHTU® = 1 — (Q¥Y)TQW. Then using Lemma with
A=1B=(QTQW and C = (UY)TE, we get that
o (@) — o1 ((QU)TQY) < (U TE| < UV |B|
— 1-03(QY) < |[UY —ur(Uu")TuW||
— 0x(Q®) > /1 [UO — U~(U")TUO).
Therefore, |[U®) — U*(U*) TU“)HF <3 = 0,(QY) > 1iVEke] O
Lemma8. Let V =537 3 x ( NTRD where both V, R € R*"_ Then,
(i i dlog(rd/do)
VI < 222 (3 SRED) 16RO T A0)
P q i
Proof. Notice that then for any (p, q) € [d] x [r], we have
_ (l TR(ZZ)
p7q (mtzzx )p,q
l T (i,4,9)
_mtzz ,p R
1 S0
= 7 i,£)
PO (;x Re)
a2 () R+ 3 IRED). 2

wuFEp
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2 , .
Now, note that the random variable (x§Z ) R is a (4(R§f’,f))2 4\R§,€’q€)\) sub-exponential
is

: s (1) , (4) p (4,0)
random variable. Similarly, X; X5 uRu q

is a ( RED2 2R E)|) sub-exponential random
variable. Therefore,

( )R(M)—l— ZX X)R(M)

u:uFth
( ARED? 12 3 (RED)2 max (4\R§,i§>|,ﬂwﬁmg;ﬂ)))
wuFEp ’
= (4||R(i’£"”||§,4\|R(i’e’Q)||oo) sub-exponential random variable. (93)

Furthermore,
E[Vp.l

1
LS (e[ () R E | 3 xR |)
% J UUED
1 .
%ZZ(R&;’WO)
g
TR O

Using equation [93] equation[94]and Lemma [23]in equation [92] gives

1 ; ; 21og(1/0p) ; 21og(1/do)
z (i) (it:0) 812/% (i) 0
: % R{')| < max (2ROAD||y | RS g R4 22BN o3

€p.q

Note that || V|| = 2p2g V2 - Hence taking a union bound over all entries (p, ) € [d] x [r], we
have
2
ZZVM - ZZ (( ZRZ()’,?) +e,)
: 22 Z ( ZRS,;)Y + 22 Z (2HR(%M)|| 210g(rd/60))
XX ( ZR%’?’) +8Y0 3 RO 3 2108 0)
' | m
p q " .
i, i, QdIOg(rd/éo)
DBAGWIIRLENES

where we use that 2[R (-6 /2108 d/%) , o R(i-6a)||  210s(rd/%) "Hepce, with probability at
least 1 — &g, we have

IVIE <233 (3 Y RED) 16RO [ TR 96)
P q i
O
Lemma 9. Let
Avdxra = — Z ( ‘ Z) @, E))T ® (X(l))TX(1)>
ze[t]
m
- (4, Z) (4, E))T ® x(z) (X(»i))T
ZH (v (Xx657))
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s.t. A7 = E[A] + E where E is the error matrix due to perturbation. Then for vectors a,b € R"?
we have

s

i€ft] je[m]

log(1/60)
\aTEb\ScnanﬂbbJZ > Iwloi=E e,

Proof. We can rewrite the vectorsaand bs.t. a' = [a],al,...,a] and b" = [b],b],... b]
respectively where each a;, b; € R?. Note that
1 _ .
E[A] = Z (W(Z’E)(W(”K))T ® I), 97)
1€[t]
1 m
T _ T (i,0) (3 (G (’) z) z)
anda'Ab=a (mt%t:](w (;x )))b

*Z > 20 X A (w0 g )by

€[t] j€[m] pe(r] q€[r]

_ % S% W (Z 3 wEOuOa,( bq)T)ng'). (98)
i€lt) jelml

p€[r] q€[r]
Furthermore,
( Z Z w(l 6) M)a bq)T) = Tr(aT (W(M)(W(i’@)T ® I)b)
p€E(r] q€[r]
—a’ (WO (W) T 2 T)b (99)
and
1> D wiOwiDa,(by) Tk
pelr] acl]
=Y wia )(Zw“%) Ir
peE|r] q€(r]
=1 > wiaplall D wi bl
pElr] q€|[r]
< (32 Tl vy llz) (D w0 pyl)
pE(r] q€lr]
< w S (w2 )(Z a3 )\/( S (w2 )(Z I 3)
pelr] aclr]
= w9 3]all2[Ib]l2- (100)

Therefore, using equation 98] equation[99]and equation[T00]in Lemma[T6| we get

a (Af—z Z( . @1))b\<c$z S flwte) 3 a3 3 252

i€ft] je[m]

log(1/do)
> |a"Eb| <c||a||2||b|2¢2 > w022,

i€[t] j€[m]
(101)

O
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Lemma 10. For some constant ¢ > 0 and for any iteration indexed by ¢ > 0, we have

[0 -0 QU=
<

- - - dlog(1/6 o
I, <;(w<2>)Tww>> *c\/Ziem > e pm IWO |4,/ 2480000 _ o1 (2\/rd+4\/710g rd>

2 4 . ) )
{E”U*Q(ffl)(H(f))Tw(@)HF + \/?(max Hw(z,Z)”Z)”b*(z) o b(z,@)”2

. . . . . dlog(rd/é
(U QU B w4 B — B w0, )/ L9 00)

mt
2 dp* )\ log(2rdmt/é
+ Z26\/rdlog(rd) + 2= (2v/rd + 4y/log rd) V7 + a/dp Ay log(2rdmt/ 0)}’
U e
< 1
%Ar<%(W“>)TW<’5>>—c\/Zie[t] > epmy IIW O[3,/ 72281 /00

v -1 (2\/ rd-+4+/log rd)
2 e v T () 4¢ (i,0) “() _ v(inh)
{ZI0 (W) TWO 4/ 2 (max w0 ) [b*O) — O,

. . . . . dlog(rd/é
4 A(IU Ol + B — B w0, ) | L9 %0)

mt

P 20/ dp* Axlog(2rdmt/do)
— dl d
+ 226y/rdlog(rd) + = 3

‘ ‘A(U+(€)’ U*)

:

: rdlo & o
{ C\/Zie[t] Zje[m] lw( O34/ %4—% <2\/rd+4\/10g rd)
<
1)\ <

%(W(Z))TW(£)> —C\/Zie[t] Eje[m] (w013 \/ %w_% (2m+4\/ log Td)
2
(I Q@) WO |r)

+

1
1x [ zewoyTwo ) - (i.0) |4,/ rdlee/50) _ 21 ( 9./rd+4+/Tog rd
A | ( ) e\ 2ie) 2ajerm IW I3 o) mit rd+4+/logr

4¢ i x(i i
{ ({7 (max [w ) [ = B

) . . . . dl d/o
(U QU B w4 b7 — B w0, )/ L9 00)

mi
o9 o1 20/ dp* Ax log(2rdmt/do) 1
%6 rdlog(rd) + %<2\/r7d+4\/logrd)ﬁ+ NG }}HR I

with probability at least 1 — O(dp).
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Proof. Analysis of |[U®) — U*QU~)|¢:
Update step for U of the Algorithm without DP Noise for the /" iteration gives us

Z(X(i))TX(i)U(f)W(M) (wBHT
1€ [t]
=3 (xXO)TX® (U*W*u) + (b*® _bu,e)))( GO 137 (X @) Tl (wB0)T
i€[t] i€(t]
= Z(X(”)TX(“ (U — U QU=1)yw(®:0 (w0 T
€ [t]

_ ONTx (@) (T (<) — E=1) e (0) (i) _ py(ir0) (G0NT
(XM XM (U (w QW w )+ (b bio) ) (wit)

i€[t]

+Z z) Tf zf))

Using Lemma[22] the above can be written as:

Avec(UW) = vec(V' + ),

and Avec(UY) — U*QY) = vec(V + B), (102)
where
1 . . . .
- (i,0) (2,0)\T ()\T~ (2)
Ardxrd mt Z (W (W ) (24 (X ) X )
i€(t]
1 )
- (275 (M (l) (l)
i 2 (w0 (ZXJ x7)):
€ [t]
- (T~ (2) * *(1) _ y(—1),(3,0) *(1) _ n(2,0) (2,0)\T
Visxr — Z(X )X (U (w Q wl“9) + (b b ))(W )
i€ [t]
1 ' * i * i i
== (X(z))Tx(z)< U*QU VRGO 4 (b _ ,e))>(w( T,

1 ) ) ) ) ) .
Vi = — 3 (x@)TX® (U*W*m + (b b(z,a)) (W T,

() = w0 — (QU-D)"Lw ) ¢l ~ N(0,02) and B = 4 35y (XO)TED (wlEO)T,
Now 1ntr0ducmg DP noise we get:

vec(UY) = (A + %)71 (vec(V’ + % + E))

— vec(UWY — U*Q(E_D)
= (A + N—i)il (vec(V’ +E+ %) - (A + %)vec(U*Q(efl)D

m
-

((vec(V’) - Avec(U*Q(Z_l))) + vec(%) - %vec(U*Q(e_l)) + vec(E))
- (A + %)71 (vec(V) + vec(%) - %vec(U*Q“*”)) n vec(E)) (103)

Nl ~ UlMNTdXTd(07 ITd><’I‘d7 Irdxrd)7
N2 ~ UQMNer(O7IdXd7ITXr)
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where M denotes the Matrix Normal Distribution. Note that equation [T03] gives:

|[vec(U U*Q“ ”)II
N N
H A—l—— 2) 1

vec(V) + vec(

mt mt

= |[u® ~UrQ- ”H
N
<] S 7 e |
mt

il

First, with high probability, we will bound the following quantity

1 . . .
= - (ONT (@) (w(&HONT
1200 = || D (X)W (wlt0)

i€[t] 2,00

— —vec(U*QUV) + vec(E)

2

U Q" Ve + ). (104)

Condition on the vector £(). Notice that the random vector (X(9)T¢( is a d dimensional vectors

where each entry is independently generated according to A (0, H{ (@) | |2) Therefore for a fixed

row indexed by s, we have £, norm of the 5™ row of 17 37,1, (X@)T¢®) (w(»9)T is going to
oo | |W(e || ||§ () H v/log(drd—1). Hence, we have that with probab1hty 1 — dp (provided that

m = Q(0?)),
1 (X0 (w60)T < 20/ A log(2rdmt /éo)
- - vmt
1€[t] 2,00
and

1 Z(X(i))Tf(i) (wiO)T|| < 20\/dp*\xlog(2rdmt/do)

i€[t] E Vit
Now, We will analyse the two multiplicands separately.
E[V]=- Z ( QU~VnEH 4 (b b(i,ze)))(Ww))T
_ 1 Z ( QU= VR (wEO)T 4 () — b(u))(w(u))T)

1 . . )
_ luro-ymoyTwe 4t () _ B0 (g (O T
= U*Q (HO)TWO + - %;](b* b(E0) (w )T,
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Using Lemmawith RGO = ( —U*QU=YnEH 4 (b*() — b(i’e))) (W) T, we have with
probability at least 1 — &g

22 Via
P g
! 00\ i,0) 2 dlog(rd/do)
<2330 (5 20RE) +I6IRCOIETELES
<2 Z Z (% Z ( - U*Q(Z_l)h(ivf) + (b*(i) _ b(i,é))) (W(M))T)2
p q %

p,q

+ 16HR(7,Z) ”2 dlog(?"d/%)

. _ _ 5
< 22 Z 2 ( Z 1)( (l))TW(é) + Z(b*(z) _ b(z,e))(w(z,e))T)

P,
+ 16HR“ 5)”2%%
mt
A A , 2
< 2 Z Z (U* (Z 1) H(f))TW(€)> % Z Z (Z(b*(l) _ b(z,@))(w(z,€)>T)
P 4 i P,
; dlog(rd/é
+ 16\|R<Z»4>||§M
mt
< 51U QU IETWOE 4 ZZZ (b2 B0} (w02
+ 16HR(Z 5)”2%%
mt
- p dloglrd/bo)

4 * — 4 7 * %, i,
2IIU QU VHY)TWO 2+ ;C(m?XIIW( D131 — b3 + 16RO

2 4 . , ,
= [[VIlr < S0 QU HO)TWOJe + %(mgx lw 212 b1 — B0

- dl d/é
T 4RO | /1B d/%) (107)
mt
Since R0 = —U*QU~"Vh)(wlNT 4 (b*(®) — b)) (wBO)T, we have
||R(z,6)||F _ ” _ U*Q(éfl)h(i,l)(w(i,f))T + (b*(z) _ b(i,l))(w(i,l))T”F
< HU*Q(Z—l)h(i,K) (W(z’,e))THF + H(b*(i) _ b(i,é))(w(i,é))THF
< U QU VO [w 9 + b — b |5 w5 (108)

Using equation [T08]in equation [I07] gives
2 _ 4¢ i i i
[VIle < 210 QU=HEO)TW O e+ [ = (max w0 ) " — b5

) ) . . , dl d/
(U QU B g [l g 4 [ — B0 ) | LB )
mt
(109)

Now, let V {v e RY|v|s = 1} Then for ¢ < 1, there exists an e-net, N. C V, of size
(1+2/€)"® w.r.t the Euclidean norm, i.e. Vv € V, 3v' € N, s.t. [|[v — V|2 < e. Now consider any

vl = [VI, vg, . ,V;r] € N, where each v; € R?. Then using Lemma@with a=Db =v, we get:
1 ; ; log 1/(50)
V(A= X (W TeT) v s e 13 3T Iwlols=EEe
i€[t] je[m] i€ft] j€[m]
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log(|Ne|/6,
— VBV <c [3 5 fwiog/ 0elel/%)

2t2
i€[t] jE€[m]
rd
S ”w(i,a”%\/log«l LY yen,a)
i€[t] j€[m]

wp. 1 — 8 where E 2 A — L5 0> <w(i’[)(w(“))T ® I). Since E is symmetric,

therefore |E|| = (v/)TEv’ where v/ € V is the largest eigenvector of E. Further, 3 v € N, s.t.
|[v/ = v|| < e. This implies:

|IE|=(V)TEV = —v)TEv+ (V)TE(V —v) +v'Ev
< V' = vIIE[IVI + IV IIENV = vl + v Ev
< 2¢|E| + v 'Ev

vIiE
= |El < 7 v (111)
— 2’
Using equationand equationﬂand setting € <— 1/4 and ¢ < 2¢+/log(9) then gives:
rdlog(l/&o)
B[ < Z Z WO — 25— (112)

Using equation[T12]then gives

HAH Zm‘}n( Z Z ( (ze) (i,@)) ) ) Z Z HW(, g)||4 Td10g2(tl2/50)

i€[t] jE€[m]

(i i 0|4 rdlog(l/éo)
>0 (o 3 3 WO TeT) —e [37 3w gy T )

i€ft] j€[m] i€lt] j€[m]

dl ]
> %)\T(g(w(l))TW(e) Z Z w0 |4 rdlog(1/do)

— 2t2

Next, note that the matrix N/mt can be written as N (0, I.qxq) Where a = Z%. Therefore, with

probability at least 1 — (rd) %, the minimum eigenvalue of the matrix is at least — 22110874 :nl‘t)g"d. Further
we have using standard gaussian concentration inequalities,

N1 g1
<« 22
— <= (2\/rd+ 4s/10grd), (113)
N
‘ —2 Sﬂ(ﬂ+ﬁ+4\/logrd), (114)
mt mt
N2 g9
21 — 22N
‘ mt th QHF
g Z Z 2log((rd)??)
i€ld] je[r]
- %6 rdlog(rd). (115)

Hence, the minimum eigenvalue of the matrix A + % is bounded from below by

Ao (A + E) > I (LW Two) (116)

mt
Z Z [[w(i-6) ||4\/W 1t(2m+4\/1ogrd>. (117)
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Therefore, the maximum eigenvalue of (A + ™1)~1 is bounded from above by,

<

(2]

0 (HWOTWO) — ey [55 5 y Tw0y120)  n (51/7d 4 4/Tog )
(118)

Using equation[T09] equation[T18] equation[T13] equation [114} equation and equation in
[104 QU

equation|104] gives |[U®) — U*QU~V||¢

<

I (SWOTWO) = e /55,y 5 WO ") — 2 (23/7d + 4 /Tog 7
2 - 4¢ i i i
{;HU*Q([ 1)(H(£))TW(5)HF + \/j(miaxnw( .,Z)HQ)Hb*( ) _ bl ,£)||2

dlog(rd/do)

+4([U QU O w0 + B0 — BEO g w0 ) [ T

o9 o1 20/ dp* Ax log(2rdmt/do)
+ 22 6\/rdlog(rd) + (2\/rd +44/Tog rd) N = }
(119)

Analysis of | [U®)||

The analysis will follow along similar lines as in the previous section except that we will now have:

N\ ! N
0y — -1 122 =
vec(UW) (A—i— mt) vec(V + p— + ) (120)
where

1 _ . . .
- (&0 (w (BT (O Tx @)
Avaxra = — 3 (WO (w0)T & (X)X )

1€[t]
1
- (:6) (v O (x()T
= X (T (7))
1€[t]
1 . ) . . . .
axr = — 3 (xO)TX® (U*W*u) + (b — b(z,a))(w(m)r
1€[t]

i.e. we have the term —U*QU~Dh(0 replaced by U*w*(9). The above gives:

-1

N N
lvec(U® |, < H (A + 71) vec(V’ + =2 s)

2

N
= e < | (s 2 (v + | 2|

+ IZle). (121)

We can compute the above following similar lines as before.

E[V/]=- Z (U* *( b*(z) b(i,é)))(w(i,é))T

zG[t]

2 Z (U* *(0) (BT 4 (p*(0) — b(i,@))(w(i,é))T>

ze[t]

_1 Tw© o L @) _ b0 (GO T
= -UN(WHTW +t%;](b* — b)) (wlENT,
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Using Lemmalw1th RGO = (U w*() 4 (b — b(i’e))) (w0 we have with probability at
least 1 — 4y

2.2V,
p q
<233 (LY REp) - rpmeen s/ )
p q i
< 22 Z (% Z (U*w*(i> 4 (b — b(i,e))) (W(i,f))T>2’ N 16HR(¢,4)H%%

i i, i 2 i leg(Td/50)
< QZZ > (U* (W TW +Z (b*® — Bli:0) (! f))T)m + 16|/ RG:0 |2 L2084 %)

mi
sﬁzzw WTWO)! 4 3 (S0 ),

p,q
: dlog(rd/é
++16”R(z,€)”'2: g( /0)

mt

* * * i i leg rd/d
07OV WO+ ZZZb 2 (wl0)? 4 16]R0 [ HOE L/ 00)

| /\

IN

4 , , dlog(rd/é
U (WHTWOR 4 ¢ (ma [w3) o0 — b9 3 4 16]RE IIQM
7 ™m
2 1 . . _
= [Vl < S0 (W)TW O e+ %(mgXHW(“”IIQ)IIb*“) — b0,

dlog(rd/do)
mit
Since R+ = Urw*) (wE)T 4 (b*() — b0 (w ()T we have
IRGO||e = [U*w*® (w0)T 4 (5*@ — b)) (wEO)T
<[ Urw O (W) Tl + | (b — b)) (w9 ||
< [JUA 1w @ [lofwl2 + [D* = BEO 5[ w0 (123)
Using equation[I23]in equation [I22] gives

2 4 . , ,
V'l < 20" (W) TW O e + 4/ Tg(mgx lw 9 ]|2) [ — bO

, , , , , dlog(rd/s
(U Ol O + 55 — GO 0] ) TETL) 159

Using equation equation and equation in equation gives [|[UO||
1

< .
- r i rdlo ) o1
A (FOWOTWO ) — 0[50 3 gy WOy 1080 — 25 (2/rd + 4/ log 7))
2 1 | -
L2 w WO e 2 w5 ) 79— B0

; ; : . : dlog(rd/d
FA(IT IO o w0y + [0 — B0, ) | OB %)

+ 4RO ¢ (122)

mit
o9 20/ dp* Axlog(2rdmt/do)
—6+/rdlog(rd) + — 125
+ 6V og(rd) = } (125)

Analysis of | A(UT® U*)||g:
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IAUHO, Ul = (X - T(UH ) U
= min [UTY - U Qe

= U - U (U)TUO R (126)
From equation[T03] we have:
vec(U® — U Qb)) (A + —)_1 (vec(V) + (vec(%) - %vec(U*Q(e_l))))
-(a+ 30
(Vec(% 3 (x0)TX 0 ( _ Ut QUIRE 4 (b ) _ bl 2>))( (. e>)T)
1€[t]
+ (vec(%) - %vec(U*Q“_l))))

Note thatvec_l(E [(A N %>*1vec($ Y e (XO)TXO ( _ U*Q(E—nh(i,l@))(w(i,e))Tﬂ ) -

vec™! (E [A] " vec (‘TlU*Q“_l) (H“))TW("))) lies in the subspace parallel to U* and therefore

does not contribute to the distance |A(U, U*)||r. Subtracting this in equation [126, we get
AU+, U]l

S
g|\U<‘f>—U*Q<f—1>+vec—1(E[A] 1vec<7U*Q(€_1)(H(Z))TW(€)))||R_1|| (127)

= |vec(U® —U*QY V) + E[A] " vec U*Q“ DHEHDYTWO) |, |R! (128)
Jvec(

= || (A + %)_1 (vec(V) + (vec(%) — % ec(U*Q~ )))> (129)
+E[A]! vec(%U*Q(Z’l)(H(l))TW“)) 2R (130)
= R{]|(a+ %)71 (vec(v) + vec(:i) - %vec(u*q(f—l))) (131)

(A n &)]E [A]"! vec(%U*Q“*”(H<‘5>)TW(4>) HZ} (132)

<{ C\/Zie , HW“’”H‘*W+ ”1(2f+4\/m)
L (5w Two) - @,emzje[m]nwzﬂnw 21 (2v/7d + 4vlogrd)
Clor Q@) W)

1 .
D (FWEOTWO) — ¢ [5 01 e WO 3 225G — 23 (2v/rd + 4v/Tog 7

4( % *(7 A
{ ({7 max w0 ])[b*D = b0, )

4(|IU*Q“‘”HIIh“")IleW“’”IIQ + b+ = B0y w0 )

+

dlog(rd/do)
mt

/ * ‘kl
rdlog(rd) + —(2f—i— 4+/logrd )\f—i— 20V Ay \/ngt%dmt/ao) }}||R_1||
(133)

O
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Corollary 3. If Bye-n = (9( le>, \/”Og(l/éo) = 0(1), vvt=1 = O(\/L)

VR = ofgp). < < i \F = ofgp). v = ofH). -
O(/A), U\/% O(/A7), M = min{(’)(u—{) ( *A*) , Wl(Z rd +
1Vlogrd) = minf0(%5).0(3)} mt = Q2w (1 + ), ¢ = O@(A) ™), m =

Q(o2r3 /X% and Assumptionholdsfor iteration £ — 1, then, with probability 1 — O(do),
[T -0 QU Ve

A 3/2
_ (’)(BUWM/)\*) + o(A' Tt n‘j; rdlog(rd) + Z tA,» Vrdlogrd

r3du* log2 (ré—1h) r3 logQ(rcS*l)
e e )]

T

and HA(UW),U*) ’F

< (9(||R_1||BU<H>\/§>

+ O(IRH{ 2V 4+ & 4 o /rdTog(rd) + S VidTogrd + o (/FR L Gt ) 1)

Proof. The proof follows from plugging the various constant bounds from the corollary statement
and Inductive Assumption [d]in the expressions of Lemmal[10] Note that, [U®) — U*Q~ V||

1
Loy — e, 708G a (51/rd + 4/Togrd)

2 * — 4< % * (% %
{10 QU EO)TWO e+ /5 (mase w5 [b*D — B

<

) . . . . dl d/é
+ ([0 QU GOl [ 4 [J5+C) — B a0 ) o/ LB 0)
o9 o1 20/ dp* Axlog(2rdmt/do)
+ %6 rdlog(rd) + %<2\/@+4\/logrd)ﬂ+ N }

(134)

Using Assumption E] for b(»9) and Q“~V) terms, the fact that U* is orthonormal and eigenvalue
ratios and incoherence bounds for H®) and W from Corollaries |1 I and [2 l the above becomes,
HU(Z) U*Q(é 1)HF

1

DA — ey 780 e (9/7d 1 4/ Togrd) |
[Ho(0) sy ) -l 7)o )

O(vtﬂ*Aﬁ)‘Fﬁ'O\/*ﬁ)\* ( \/TA*BUu 1)\/7*-1—/&)
A

<
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dlog(rd/50) iy s (O(max{e, |W*(i)||2}BUw—1>\/¥> +O(A/HW*<1'>||2>

mt TI* T

A rlog?(ré—1) , ) Ar
* O(W) * O(“ T) + ¢ max{e, [[w"[2}Bye-1) N +A)

o2 o1 20\/dp* A% log(2rdmt /8o)
+ %6 rdlog(rd) + %<2\/r7d+4\/1ogrd)\/;+ N }

=Ji+J2 (135)
where .J; denotes the terms which arise from analysing the problem in the noiseless setting and J,

denotes the contribution of noise terms (o1, 02, 0, A, A’). We will analyse both separately. Note that
J1

1
D, e I (o + avlogrd)
2 BU(@—l)j\\*z\/% ¢ -
{E~O(W.\/W)+O( PRRV/TDCRRV/TD YL e /\?)

*(1) AR
/s max{e,||w ' 2}Be—1) 1/ 3F iy =
+ O/ Hesdloo) . i ( T+ maxe, w0 o} Buen /3 ) ) |-

Using Bye-1y = (9(
simplifies to

), A < AfL,r > 1L,p* > 1, the bracketed expression in the above

BU“—U\/%
cp* r3dl & AX
%)\ B #L ;LTA / og,(l/ 0) )\T A th* (2 /rd +4\/W)

\[W \/mw +1)).

%@1/50):@( 1), o (2F+4¢lo?) = O(X), \/Z—O%)’and

eigenvalue and incoherence ratios from Corollary 2]in the above, we have

/A%
BU(Z—I) T;

h=T"6m 'O(\/%“)

Vo

<

Further, using

)\*
- O(BU@ Y /\*) (136)
Similarly, we have J;
B 1
Ly, — fouide, /rdloB(l/b) _ Ao G2 e (2\/ +4y/Togrd )

Zo(y/ T A L [a [T o
+O(/E- virRia) + WW(“'W“”“MW )
+

(
n %GW t( \/b?)\er 20\/W\1/(§2Tdmt/50)}

Now, using 1/ —2181/%) — O(u* )s it (2\/ + 4y/log rd ) O(\}), eigenvalue and incoher-

mt

ence ratios from Corollaryfor the denominator term and 4/ ’T = (“* ) A< AL, r>1lLp*>1
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for the bracketed terms in the above, we get J

r2dlog(r ! o rlog?(ré—1
+(’)< dliid/5o)r(\1\[ \/» NG 1g(5 )))
TSI 4 T (4 o)+ “d“*”ﬁif”m““}

(137)

Rearranging the terms in above gives

=0({A’(1+ r2dlog(rd/do) \//T*)JFA(lﬁ\/E ool r2dlog(rd/60)\/;7>

mit NG mt VAR
+ t)\* rdlog(rd) + t)\* (\/>+ Vlogrd )
n \/7’3 log?(ré—1) \/erlog(rd/(So) o1 \/rlogQ(réfl) + T\/d/L*A,*« log(2rdmt/do)
g mAx mt /TA: m M)\: :
(138)
Substituting mt = Q(dr2p* (1 + )¢ = O(t(u*X5)~1), we have that
J=o(n + 2 e oard) + L Jrdlogrd
2= 0N+ Ny tA* rdlog(rd) + mias V8T
r3dp* log? (ré—1) r3log?(ré—1)
. 1
e ) )

Using equation |136| equation in equation gives us the required norm bound for |[U®) —
U*Q(Zfl) HF

Similarly, we can simplify the following ||A(UT(®), U*)||_ bound expression from the Lemma
statement.

cpudy "HEGL) 4 21 (31/rd + 4/Togrd)
1N, = cphgy/ D0EW/00) _ on (M«TH 4@)
1 .
DA = iy 7RG e (9/7d 1 4/ Togd)
Ly im0 o) o — 550, 4

* - i i *(i i i dlog(rd/do)
A1 QU B w0 4 B = B w0 ) 28 T

< (oUW )

t

+

20\/dp*\xlog(2rdmt /6 _
6 rdlog(rd)+—(2f+4\/1ogr N a T /O)}}HR gl
(140)
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. r3dlog(1/d0) o /4
Using the stated bounds on 4/ #, P (2\/ rd + 4+/log rd) , Corollary [2 as well as HO

and W) bounds from Corollaries|1{and in the above, we have

L o) 1 2 _sBue- lu* tA* t*
<R 'Wi=omxn o——m — r

\/W\[ \/TIOgT tu*A* WAL
(2% 00 (¢ e O B \E oy

. )\*
dlog(rd/s max{e, [|[w*D|3}Bye-1 /5 A/jw®
M.O( /u*)\:).@< Al + W™

mt TI* TI*

A rlog?(ré—1) ; A7
# o P e O ) By 55+ A)

o9 o1 20/ dp* Axlog(2rdmt/dy)
+ th rdlog(rd) + p— (2\/ﬁ+4\/10grd)\/77+ N }}

(141)
=J]+J5 (142)

where as before, J| denotes the terms which arise from analysing the problem in the noiseless setting

and J4 denotes the contribution of noise terms (o1, 02, o, A, A’). Analysing both the terms separately,
we have J]

- ||R*1||{(9(1)% . i(/)(W)‘/’?O(M)

T*

*

; AX
FO(L)5 - O - maxte [wH O} By | 35

r 1

max{e, ||w*<i>u }BU@,U,/ﬁ

m

4 t
r2 r2dlo rd5
= O(IR By 35 {3+ {y e /"
AX
_ —1 T
-o(I®r ||BU<Z—1>q//\{> (144)

where in the last two steps we use the fact that \X < Ay, r > 1,u* > 1, \/ = (i) and

—
H/_/

(143)

*

T‘3dlog(1/5o) _ O(

mt

1og (ro—1
R |{oq ./ : + oy | EE ) VIO

ro) {f oA

%) Similarly we have .J

dlog(rd/s) —— (N [[wr D A rlog?(ré—1)
- -(’)(«/u)\r)(9< et =t - +A)
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o9 o1 20/ dp* Ax log(2rdmt/do)
+ %6 rdlog(rd) + %(2\/Td+4\/logrd)\/;+ N }}
(145)

Rearranging the terms in above gives

—o(jR{ar (Y [l /bo) L)

A R e “*;I” (1 727)

+ t)\* rdlog(rd) + t)\*(\/>+\/logr

*/\* /rlog 7‘5 /dlog rd/50 rlog f dlog 2rdmt/50))})

(146)

Assuming mt = Q(dr?p* (1 + L)), mt = (NZ( A2 max (o1, 02)), m = Q(o2r3/\%), we have
the above as

= O(IRI{2LE 1 & 4 o rdogrd) + S rTogd + o /I BT )

(147)

Using equation [T44] and equation in equation [142] gives us the required bound for
AU, U], O

Corollary 4. If 1 < 0,,in(QU™Y) < 01nax(QUY) < 1, %(%6 rdlog(rd) + %(2\/7Td+

4+/log rd) N 27y d#*A:\;c%%dmt/éO)) = O(1) then R. is invertible and |[R7!|| < 2 + ¢’ and

[IR|| <14 " for some " > 0wp. 1 —O(d).

Proof. ¥z € R", we have:

U Rz, = U
il a-1) 1 “1 e (LoD (O TW©
= U Q¢ V7 — v} (E[A] " vec (S U QD ) TWO) )

n (UW — U QY 4 vec? (E (A" vec(%U*Q(E_l)(H(Z))TW(Z)»)Z .
(148)

Using equation[T48] we have:

”rﬂln [UTORz|,

> miny,—1 /2 (Q D) T(UH)TUQE Dz — [|vec! (IE (A" vec(%U*Q(“l)(H“))TW“))) I

—[U® — U QY + vec! (IE [A]—lvec(%U*Q“*l)(H<Z>)TW<Z>)) [ (149)

_ 1
> min \/zT(Q(ffl))TQ(“l)z—Hvec’l(E[A] 1vec(fU*Q“’l)(H“))TW“)))||F
Jzll2=1
1
—JU® —UQ — vec! ( vec( UQU-1 H(”)TW“)))HF
t
omin(QU™Y) — [E[A] 71 U*Q(’ DHO)TWO|e

_||U<e>_U*Q<e—1)+VeC—1( Lec 1 QD (H “))TW“)))HF
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Using the bounds from Corollary [T]and [3] and Inductive Assumption[d]in the above we get,

1 r BU(/z 1) )\* - rlog r5
h My ( fA* oy 280 )
2 tA, a \/7',u

AX A o9
—O(Bye-vy/ 15 TN+ + rdlog(rd
( u-1) )\* m t)\* g( )

3
G rdlogrd 4+ oy T log? (rdmt/5())) (150)
tA mt)\*

Rearranging the terms in the above gives

a;;:* rdlog(rd) + UlT\/j vrdlogrd

p*r2log?®(ré—1) r3dp* log? (rdmt /) r3log?(ré—1)
T \/ \/ A*\/ mixe MmN * M ))

(151)

>

w\»—*

where ¢’ > 0 Here, we need to use that A’ < 1072,A < 1073u*\5, mt =
Q(max(og, 01+/7)V/rdlogd/N\:) and mt = Q(a2dr3p* /A5), m = Q(a?r3 /).

Similarly, using equation[148] we also have:

Hnﬁax [UTORz]|
2

< max, \/zT(wal))T(U*)TU*QWDZ+Hvecfl(E[Ar vec( UrQU-HH¢ )TW“))H

+||U“>—U*Q“—1)+vec—1(1E[A]‘ vec( U Q- 1)(H(“)TW(")))H (152)

< max \/ZT(Q(E—l))TQ(Z—l)Z+Hvec—l(E A" vec(EU*Q“_l)(H(Z))TW(‘Z)))||F

llzll2=1
+ ||U(£) - U*Q(zil) —vec ! (E [Ar vec( U*Q(Zfl)(H( ))TW )) HF
< omax(QUTY) + |E[A]T ||||%U*Q<€fl)(H<e))TW(e Ir

. _ N N
+[U® U QY + vec 1(1E[A] 1vec<EU Q! ”(H“))TW“)))HF.

Directly using the bounds of ||[E[A] ™" $U* Q=D (H®)TW | and U — U*QUY +
ec? (E [A] " vec (%U*Q(Z’l) (H®) )TW(Z))) |lF from the previous calculations as well inductive
Assumption[d} we get

max [U*ORafl; <1+¢”

= |R] < e, |Rz|> = max, [UTORz||, < 1+ (. (153)

Bounds equation [I5T]and equation [I53| complete the proof. O
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Lemma 11.
U9 2,00

1 1 R i
<N ool 3 (FOWOTWE ) wr O (w )T
1€[t]

1 log(1/5,)
+c||U*||F||(7( (L’))Tw(é)> ”HW*@ (uz) \/W

1
+ (max [b*O = b o w3 | (WO)TWE)

i i i log( 1/50
el (T OWEOTWO ) e [b10 — 0) y a 0/2ELC0)

+ 222 /log(rd/do) - v > + m\h/)%(?dmt/%) ;

Ar (g(ww))Tw(e) Ar (g (w<e>)Tw<e>)

i rdlog(rd/do)
V(e S et waugw + o
1y, ( OTW®© )
EHU*(W*)TW(DH + g(max Hw(i,l) I )Hb*(i) _pld I
t F t i 2 2
' i i ; ; dl d
+ 4(||U*|| 1w o[ wEO |15 4 [b* @ — bEO |y w0 ||2> dlog(rd/d)

mt
20\/dp*\xlog(2rdmt/do) }
vmt

2v/rd + 2 2rd10g(2rd/60)))

+ 226y /rdlog(rd) +
mt
and |[UY —U*QUV|5

1 1 G i
< IIU*Hz,oollg Z (g(w(@))TW(€)> hO (w GO T,
1€[t]

X 1 -1 i i log(1/4,
el el (WO TWO) 0 (w0) T 2B 0)

. . . -1
+ C(max 5" — B g w2 [ (W) TWE)

1 e o [loa(1/6)
L woyTwo (0 _ pGO | w01,/ 1081/%)
el (FOWETWO) e[ — b g 25
2 201+/rd - 21og(2r2d2]5
+ 272 flog(rd/do) rr | rony/rd - 2log(2r2d?/b)
mi Ar (g (W® )TW@)) mi, (gwm )TW(@)
20/ p*Axlog(2rdmt/dy) r
+
Vmt )\T(z(w(é))Tw(l))
\ﬁ(c\/zz‘e[t} JEIm] [[w®0]|3 2y leoiz?zl/éo) + o (2\/>+ 2+/2rdlog(2rd/do) ))
1), (?(w(a)Tw(e))

2 4 , ) )
{¥||U*Q(é_1)(H(D)TW(€)HF + \/?(max Hw(z,é)”z)Hb*(z) _ b(z,é)”2

dlog(rd/do)

+ (U QU RO o] w03 + b7 — B o fw ) -
m

o9 o1 20+\/dp*Axlog(2rdmt/dy)
+ %6 rdlog(rd) + %<2\/7’>d+4\/logrd)\/;+ Tt }
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w.p. 1 —O(do)

Proof. Recall that

vee(U) = (A" + NT ) (v % +) (154)
A
where
1 , , , .
Alvaxra = — wO (wNT @ (XO)TX®
x mt 162[;] ( )
*Z( w0 e (30 64)T))
1€[t] j=1
Visr = Z (XO)TXO (w4 (570 — b0) ) (wl)T,
ze[t
Note that

E[A] = % > (WM (wNT @ 1) +0

1€[t]

1
== (WOTWO 1, (155)

Let C:=E[A] ' and A’ = I + E. Then, we have:
~1
ICll2 = E[A]" [|2
1
)\min(% L(WO)TWO g I)
1
1y (t(WO\TW® )
;)\T(z(w( NTW ))

<

IN

(156)

and
Al = (]E [A]E[APA)
= (E[A] (1+E[A] " E+E[A]”! %))_

- (1 +E[AT'E+E[A]} %)AE (A"

- (I+CE+ Cnlil)_lc

:i( 1)P (CE+CI\11) C

+ i(—l)? (cE+ Cnlil )pc

I
Q

p=1

since |CE|| < 1. Now, let Z £ {z € R"/|||z||z = 1}. Then for ¢ < 1, there exists an e-net, N, C Z,
of size (1 + 2/¢)"® w.r.t the Euclidean norm, i.e. Vz € Z, 37 € N, s.t. ||z — 2'||]2 < e. We will

now bound H(CE+ %)ZH Vz € Z. Now consider any z" = [z],z],...,2]| € N, where
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each z; € R?. Then for s-th standard basis vector e, € R"?, we have using Lemma[9)

4 log(1/00)
el CEz| < c/|CTe2lz]2 | > Y w0320

m2t2
i€[t] j€[m] !
log(1/do)
< ¢||C|2 Z Z w03 ——55— m2t2 57
i€[t] j€[m]
CNl 1
and |[e] ——z e5||2||E||2||Z||2

< ICll2 2 (2v/rd + 20/2108(1/d0) ).

:ﬁ@@+gpzw

<lClh(e, [3 3wty /BN L (5 y mos@iv 7))

1€[t] j€[m]
A og e)rd o =
< 1€l (ey/Sicry Zepmy WOD 13y PEELLZ000 4 o1 (2/rd + /210g(2(1 + 2/ /00)) ).

Further, 3z € N, s.t. ||z’ — z||2 < e. This implies that setting € < 1/4 and ¢ < 2¢4/log(9) gives
lo(e+ %)

oo

< |lo(e+ Zp)e-)

qp@+$y

’ oo

< C(E+%)(z—z') + HC(E-&-?E)ZH

2

e+ [e(e+ )

< C<E+%)

2

<fcl- 5 (e 33 Il rUIBA/0) 4 T (o /rd 4 4 /rdlon(rd e

, dlog(rd/dy) o1
(i,0)||4, | TAI08TC/00) | O1 (o /s \/7
—|—||C||2(c E E |w (0|3 25 +mt(2 rd + 4 rdlog(rd/éo)))

i€lt] jelm)
; rdlog(rd/dy) o1
SIICHz(C %;]g[;n]w( 0|14 W+%(2\/7Td+4\/rdlog(rd/50))). (158)

with probability at least 1 — §; where we use equatlon 2| equation|113]and the fact that || MIN]||2 <
[IM||2||N|2. Hence, with probability at least 1 — (5 , we have |[CE||, and ||CEz||_ for all
z € Z. Therefore, let us condition on these events in order to prove the next steps. We will now show

an upper bound on HAflvec(V’ + %) H . Note that HA’lvec(V’ + % + E)

oo

Cvec(V’ + % + E) + i(—l)p(CE + Cnlil)pCvec(V’ + & + )

o0

(CE+ N)pCvec(V'+1:i+E>H (159

oo

N
< HCvec(V'Jr —= +E>H
mit
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p
We have with probability at least 1 — Jg, Z;O:1 H (CE + %) vec (V’ 4 % + E) H

oo

p—1
(CE+ CNl ) vec (V’+1:—I%+E)
. —
2 H (CE+ CNl ) vec(V'-%—%-f—E)

p—1
(CE+ oNy ) vec (V’+%+E)

p—1
=y, (CE+ C,}}) : H(CE+ %) vec<V/+ %JFE)

2 lloo

=5 (B + 2 vec(v 4 2 4 =) (cm ). [(omree) T(vmiem)
i CEJrCN1 ec(V'Jr%JrE) ,

; rdlog(rd/éy) o
Gl (e, |37 S Iwtengy [ "ETE0) L O (o 4 ay/rdlon(rd]60)) ) (160

ielt) jelm]
; rdlog(rd/é o
<§:<c\/ziem S retm IWEO 4 Tigtz/fmrmlt(m/?djuwogrd))
B (5 (W Two)
rdlog(1/do)
ICI(e > D7 WOy =
iclt] jelm)

N 2(2M+2\/m))
i( r3d log( Td/50 o 01 \/W)

mt
p=1

rdlog(1/do)
ICI2(e [> D7 WOy =2

i€lt] je[m]

+ D (2rd + 2y/2rdlog(2/0y)) )

N
vec (V’ + 2y E)
mt

2

vec(v’ ¥ N— n E) (161)

2

where in equation @ we use equation [I58] and in equation [I6I] the fact that mt =
Q(max{r3dlog(rd/d), $t\/r3dlog(rd/do)}). By taking a union bound we must have with proba-

bility at least 1 — dg, > p:l H(CE + %) vec(V/ % + .:.) ‘ LO

:(9(||C||2(c Z Z w0 |4 rdlog(1/do) +2(2\/fd

Com22 ot
i€[t] je[m]

+ 2/ dIos(2/5) )

N
vec (V’ 2y E)
mt

). (162)

2

Using the above and equationin equation , we have ‘ ‘A‘lvec (V’ + %) ’ )

§||Cvec<V +l )||Oo+\|c||2( S wos rdlog(1/d)

2 2
ielt] jeim] mt

+ 2 (2vrd + 2/2rdlog(2/00))

N
vec (V’ + 24 E)
mt

2
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N
< Hcvec(v’ + 24 E)H
mt .

(C\/Zie[t] 2 jeim ||W(i’”|\3\/@ + i (2\/7d+ ZWD
' . (rowwo) |

N2

+ =
mt

HV’+

(163)
F

Similarly, we also have the following bound || U |2,00 = ) ‘vec’1 (Aflvec (V’ + No E)) ’ ’
2,00

mt

N
< ||vec™! (Cvec (V’ 24 E))
mt 2,00
V(YT Setm I CO 1y 8850 + 24 (27 + 2/ 2rdlog(2rd o))
1), (g(wumw(e))
N
HV’+2+E (164)
mt E

Now Cvec(V')

— (%(w(f))TW(D ® 1) ‘1vec($ 3 (xXO)TX® (U*W*a) + (b — b(z‘,@)) (Wu,e))T)
1€[t]

_ ((%(ww))Tw(o) s 1)

i D (vec((X(i))TX(i)U*w*(i) (w(i,z))T) + vec((X(i))TX(i) (b*(®) — b(i,@))(ww))T))
- (worwe)” o)

1 ((w*(qj) (W(i,é))T ® (X(i))TX(i’))Vec(U*)

1€[t]

+ vec((X(i))TX(i) (b*(i) _ b(i,l))(w(i,é))T>)

1 1 -1 . . . .
= . <(¥(W(€))Tw([)) ® I) . (W*(Z) (W(z,é))T ® (X(z))TX(Z))VeC(U*)
m
1€[t]
! 1 ! 7 1 *(1 i i
R Z ((g(w(e))TW(Z)) ® I) vec((X( NTX O (b0 — p0) (w! ,e))T)
1€ [t]
! 1 -1 *(2 7 i 4 «
- = ((Z(W@))Tw(@) w0 (wO)T g (XOYTX( >>VeC(U )
1€[t]
vec(V))
1 1 -1 _ . i i
+— > «E(W(l))TW(O) ® I)Vec((x(Z))Tx(z) (b*®) — b0 (w ,Z))T) . (165)
i€[t]
vec(VY)
. .~
Analysis for vec(VY):
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. -1 ) )
Let J(&8) .= (%(W(z))TW(”) w*() (w()T Then we can rewrite V/ as,

vec(V]) = 1 Z (J(M) ® (X(i))TX(i))vec(U*) (166)

1€[t]
= Vi=— ) (XO)TXOUrEeo)T (167)

1€[t]

= (1S 560 .

= E|vec(V}])] = (t ZJ ®I)vec(U ), (168)

1€[t]

1 o E T
— E[V|]=U* (; Yo gt >) (169)
1€[t]

. T
— B[V 200 = 0% (5 32 369) e

1€[t]

= max [U[lall 7 ZJ(”)IIQ

16#

< IIU*Ilz,ooH; > 300, (170)
1€[t]

Now consider the s-th standard basis vector e, € R"? s.t. s falls under the ¢*-th fragment (g € [r]),

ie. Va € R, if we write denote a’ = [a],a],...,al| where each a; € RY, then ela =
ai
o7...,[0...,1,,...0],...0"7 | -~
! [_,_l T] ag| =[0...,1,,...0la,» = vec(a)s. Then following along
q* .
a,
similar lines of Lemma[9] we have
1 4
T / - 1,0) T~ (2) *
(V) (369e X @ )vec(U
e, vec( Sl Z ) vec(U")

it
mt Z Z Z Z ( p?qa Xgi))T)VeC(U*)

ZE[t] j€[m] p€[r] g€lr]

- % >3 IOT(D Y S vec(U) e ) (171)

i€lt] j€[m)] p€E([r] g€lr]

and

I Z Z J(Z z)vec U~) T||F I Z Jézq{)vec U*),eq||F

pE[r] g€lr

= Z JSE0vec(U), |lalel ||z

pE|r]
<1 15 vec(U), |2
peE(r]
< (S )
pE(r] pE[r]

= |34y | vec(U*)]|
= [|FEET |5 [U* . (172)
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Thus, using equation[T71]and equation[I72]in Lemma [I6] we have

eZ(veC(V’l)—E[veC(Vi)])‘ <e |30 N Gt ||U*H210g(1/60). (173)

m2t2
i€[t] j€[m]

Now, note that
Vi~ B[V l2e = max (VD) ~ B[V, I
Z |(Vl)p,q - E [‘/l]p,q |%
q€(r]

= max Z leT (vec(V]) — E [vec(V4]]?
s={(¢—1)d+p:g€[r]}

. . 2log(l/éo)
< max S (o] X o e )

s={(q—1)d+p:q€[r]} i€[t] je[m]

where in the last step we use equation [[73] Now note that as per the notation discussed above,
s = (¢ — 1)d + p lies in the g-th (= ¢*) segment. Since ¢ € [r], therefore summation over s is
equivalent to summation over ¢* € [r]. Using this fact, the above becomes:

log(1/0)
* |2
AU m2t2 )

IV} B[Vl max | 50 (230 37 a0t

g*€lr] i€[t] j€[m]

* 10g 1 (50
S;Ié%cHU I3 Z Z Z | JC-ea%) |2 (212 )

q*€[r]i€lt] je[m]

2t2
i€ft] je[m]

Therefore, using equation in the above, we have

* ; IOg(l/éo)
Vill200 < IEVi] ll2,00 + e UME, (D0 Y (TGO R
1€[t] j€[m]
log(1/d0)
< ||U*Hzoo||* D IOl el UTe D7D IO = 5
€ [t] i€ft] je[m]
-1
<| - Z (;(W(@)TW“)) w* (@ (w0 T
€ [t]
-1 ; ; log(1/46
U el (FOWO)TWO) O w0 T [EL0) )
Analysis for vec(VY}):
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Let L) = (1(W®)TW®) " Then,

AR (.0 VTR (b _ 160 ()T
vec(Vh) = — %t:] (L ®I)vec<(X )TXO (b*@) — pli0)(wli-0) ) (176)
1 ) . . ) ) .
_ 1 (1.0 D\ Tx () () _ B0 (g 4O\ T
i 2 (L9 @ Taea) (Ter © (X)X vec (b0 — b0 (wl0)T)
1 , . . , , ,
_ 1 (i) g (X TX) +(0) _ B0 ()T
i (L ® (X)X )vec((b b0 (w )) (177)
i€[t]
1 . _ . . . CONT
p_ 1 DYTX D (*0) _ b0 (w0 T (1,60
= Vp=— § (XY TXO) () — B0 (w-0) (L ) , (178)
1€[t]
E V)] = 1 LGS o1 (b*(i) _ b(M)) (1,ON\T
= E[vec(V3)] , E ®1T)vec (w't)
€ [t]
1 . ) ) ) T
«— F [VIZ] = i E ((b*(l) _ b(%f))(w(%f))T) (L(%f)) (179)

— ||E [V/Q] ||2,o<> _ H% Z ((b*(l) _ b(i,f))(w(i,f))—r) (L(i,@))THZOO

i€lt]

I /\

¢ Z ma | ((b*) — ) (w)T) o [0
p

pe[d]

1 , } ‘
< ¢ 2 max by = b w5 LI,
t 1€[t] peld]

. . . -1
< G(manx [b*O = O oo w0 o) | (WO)TWO) Ty (180)
Further, we have
ejvec(Vy) = Z (L9 @ (X)X Jvec (b0 — B0 (w)T)
i€t

mi Z Z Z Z (L(Z e Xg ))T)vec((b*(i) _ b(il))(w(i@)T)
i€t] j€[m] pe[r] g€[r]
1
i Z
iclt

Z ( Z Z Ly, E>vec< @ _ b(il))(w(i,f))T) e:ll')x;i)

p€E[r] q€lr]

il 7 % %
and || ey Cgepry L' vee( (b —bEO)w)T) e]e
4 *(% 7 7
=1 Lyphvec((B*0 — )W) el
peE(r]
=1 2 Livee (0" — BN W) [ofle].
pE|r]

<l Z |L \vec( (b*(® — b(i’z))(w(i’z))T)p||2

p€E(r]

s\/(z L) (3 Ivec((0+ — b0y wie0)T) |3)

peElr] peElr]

= LA g vec (b7 — BEO) (w )T,
= LG o (57 — B0 ) (w )T | (182)
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Thus, using equation [I81] and equation [I82]in Lemma [I6] we have

log(1/0)
el (vec(V3) ~ Elvec(VA)] )| < e | D2 D7 [LO4a (b0 — b)) (wit:o) T[22 500
i€t] je[m]
(183)
Now, note that [|[V5 — E [V5] ||2,00
= - E[V]
Héﬁ]:ll( Ve —E[Vi], ll2
= max Z |(V1)P,q - ]E [Vl]p,q |§
peld]
a€[r]
= max el (vec(V}) — E [vec(V]]|?
mac [ Y el (vec(Vl) — Elvec(V4]

s={(¢g—1)d+p:q€[r]}

< max Z ( Z Z ||L (,£,9* )H || b*( b0 )(W(l’e))THEM>2

242
PEUIN| oot (q-t)dtpactrly © \icl jelm] mt

Now note that as per the notation discussed above, s = (¢ — 1)d + p lies in the g-th (= ¢*) segment.
Since ¢ € [r], therefore summation over s is equivalent to summation over ¢* € [r]. Using this fact
the above becomes, ||[V) — E[V5] 2,00

. N . . P log 1 (So)
<max | > (02 >0 LeLa) |3 (bx) _b(z,e))(W(L,e))THgL)

2t2
PEUI| ety i) sepm] "
log(1/d0)
.0, _ il il 2
Smase [ 330 37 Lo 00 b))z A0

g*€[r]i€[t] j€[m]

log(1/6
<maxe [37 37 JLEOR(b0 — bli)(wl0)T|2 log(1/00)

242
ie[t] je[m)] met
1 . . . log(1/50)
—maxe | 30 3 (5 OWOTWO) R (b+0) — b0 (i) Ty ECE0
1€[t] j€[m]

1 -1 : : . log(1/d0)
< el (FOWOTWO) e [3737 [ — bl 3wl 3/ =20

m2t2
1€[t] jE€[m]

1 -t i i i log(1/4
< el (FWO)TWO) e o) b a0/ PEL) (184)

Therefore, using equation in the above, we have || V5|2, 00

1 ; i log(1/0
< [E[V3)] ||27oo+c||(;(W“’)TW“)) IF(max /¢ Ck|[D*® — b o [wO]|5) WO)

. . . 1
< Clmax [b" = B o [wle )| (WE)TWE)
1 ) G o [108(1/%)
il (ONTyw (O *(1) _ pi0) (4,6)
ol (FOWETWO ) e b — b0 g 0 | 2220 (185)

Analysis for Cvec ( N, ) :
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Note that:
Noy _ (L woymwo N2
Cvec(mt)—(t(W )W ®I) vec( )
1
—((Z(WNTWO 2 .o !
((t(W )W ) ®I)vec( >_vec(V3)
vi—1. N (1(W<4>)Tw<e>> T
mt t
N2 1 -
— [[Villae = =2 - (FOWEOTWE) 5 o
1 1 -1
< LNl (WO Tw©
< el | Goweoyrwey |
1 r
< —[IN2l2,00
mt )\r(%(w(é))Tw(é))
2
gi; log(rd/5,) - G . (186)
m )\TG(W(@)TW(@))
Analysis for Cvec(E):
Note that:
—_ 1 e)T 0) -1 —_
Cvec(E) (E(W wi ®I) vec(E)
1 W(f) Tw® I =) .— AV
((; ) ® )vec(._.) := vec(Vy)
T
— Vi=1.B ( (W(‘Z))TW(Z))
/ = Oy W)
= Vil = B (FOWOTWO) o
1 -
<= L woyrwo
< Bl | (GO TWO) |
20/ p*\xlog(2rdmt/do) r (187)

Vmt A (F(WO)TWO)

Combining V1, V5, V4 and V from equation ‘ equation E equation n 186]and equation -
respectively in equatlon @ we have

Cvec(V') = vec(VY]) + vec(V35)

N
<= Cuvec (V’ + Hi + E) = vec(V}) + vec(V}) + vec(V3) + vec(Vy)

=

N
ec! (Cvec (V’ + 24 E))
mt 2,00
/

= [V} 3ll2,00 + [ VEll2,00
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1 1 — i
<0 faell3 3 (FOWOTWO ) (w0 T
1€ [t]
1 -t *(i i log(1/do)
e[ U ell (£ (WO TWE ) [0 (w0 Ty | 222200

. . . -1
o+ maue [ — B o w0 ) [ (W) TWE)

1 =1 ; ; ; log(1/do)
- (ONTyA7(£) *(i) _ 1 (1,6) (1,£)
+C||(t(W ) W ) [£lIb b2 [w 2 i
2 20/ u*\x log(2rdmt /o
4222 1og(rd/dp) - rr OV A og(2rdmt /%) !
mt )\T(%(“r(E))Tvv(Z)> Vmt )\T(%mr(@)TW(Z))

(188)
Therefore, using equation 188} equation and equation in equation 164, we have |[U®) |3 o,

<[ U*]

1 1 - i
ocll3 D2 (FOWO)TWO) O (0T
1€[t]

1 -1 ) (oo (i log(1/do)
* - (OVTW (O *(1) (o (O T o\ 70/
+¢/U ”FH(t(W )W ) w2 (w ) Hley [ —

. . . —1
o+ C(maux [ — B o w0 2) | (W) TWE)

1 -1 . ) ) log(1/6
4 el (R WOTTWO) b0 - B a0 [ 0L %)
N 209 Tog(rd/30) /T N 20/ 1* Ak log(2rdmt /&) r
mt 0 AT(%(W(Z))Tw(Z)> Vmt )\T(%(W(é))Tw(Z))

V(e /ity Zyem WO I3y 2225820 + 21 (2v/7d + 2/2rdlog(2rd]éy) ) )

+ .

Ly (5w Two)
{210 W) WO e + ﬁ(m?x [wE0) [b*® — BEO,
([T ol o+ 5~ B0, ) L)
i %GW-F 20@\1/%27"‘“””50) } (159)

Calculation for |[U®) — U*QU~V ||,

The analysis will follow along similar lines as in the previous section except that we will now have:

vec(U(Z) — U*Q(Z_l)) = (A’ + %)%@ec(V) + (vec(%) — %vec(U*Q(f_l))))
NI

A
(190)
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where

1 . . . .
Avira=— Y (Ww> (Wi T (Xm)TX(z))

mit
i€[t]
_ % 3 (WW) (WD) T g (ixy)(xgi))T))’
il =

Vier = — S (X TXO (U*(W*m —QUAwE0) 4 () — b(z,m)) (W T

1€ [t]

= % Z(X(i))TX(i) ( — U QU YnE 4 (b — b(i,e))) (wl-T,
i€(t]

ie. we have the term U*w*() replaced by —U*Q¢Dh(-0) where h(0) w(t) —

(Q(Efl))flw*(i).
Therefore, following along similar lines as for the analysis of U ., we have [[U®) —
U QU200

< ||vec™? (C (vec(V) + (vec(%) - %vec(U*Q(efl)))) -
V(e Eicy Zyeton 1wy 0 1 2 (2 + 2 2rdlog(2rd50)) )
" Ly (5(We)Two) |
(vec(V) + (vec(%) - %vec(U*Q(Z*U))) )
< vec_l(C (vec(V) + (vec(%) - %vec(U*Q“_l)))) -
V(e Eicty g IWOO 13 85 1 g (2v/7d + 2/ 2rdlog (203 )
! 2 (sowioyrwio) |
(1 + |7+ |7 roe@=2ie). (191

Now, note that:

1 1 -1 . . ) )
Cvec(V) = — 3 ((f(w<f>)Tw(f>) h(0 (w(0)T (XW)TX@))vec(U*Q(f—U)

_ t
i€[t]
vec(V1)
1 1 -1 A . , , ,
1 L w©oTwo DY TXD (b0 _ b)) (30T
+th((t(w TW ) ®I)vec<(X )TXO (b — b0 (w ))
1€[t]
vec(Va)

(192)
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. -1 )
Let J(09) .= (%(W(z))TW(”) h(8 (wO)T, Then equationin this case becomes

log(1/6
Villooe < ||U*||zoo\|—ZJW>H2+c||U*||F > Y oy /el
i€[t] j€[m]

< ||U*||2,OOHE Z ({(W(O)TW(@> h(i,@)(w(i,é))Tuz
i€[t]

X 1 -1 i i log(1/6
+ el el (WO TWO) 7O 0Ty RELR) g5

while equation [T85] equation[T86]and equation [T87]remain the same

. . . —1
IValz.00 < Clmax 570 = O o fw )| (W) TWE) |,

1 -1 (i i i log(1/6
(W)WY o) b a0 B g
20 r/T
Vil < 222 log(rd/by) - A (195)
mt A (Z(WO)TW )
T\t
20/ pw* Ak log(2rdmt/é r
[Vell2,00 < HA; log /%) (196)
Vmt Ar(g(W(f))TW(D)

We also have the additional term V4 s.t.

N 1 “IN
C- —vec(U' Q) = (E(W("'))TW“) ® I) —ivec(U*QUTY) = vee(Vy)  (197)
m

<— V=1 ~Vec_1(%vec(U*Q(£ i) ) ( (W(f )Tw(f)> -7

= [[Vall2,00 < 1( vec(U*QU~Y) ) ( (W@ TW(Z)) T
2,00
< 1(% c(U*Q- 1)) H W(O)Tw(e)) T
2,00 2
< 1<%vec U*Q(i 1) ) e ( T))TW(Z)). (198)

N7 vec(U*QU~D)

t

Now, Ni ~ o1 MN (0, L axrd, Lraxra) = Stvec(U*QU-D) = L NIjvec(U*Q(e’l))

N, vec(U*Q(~1)
where each Ny j ~ 01N (0,1,4xrq). Therefore,

2
1 2
= max > (NI, vec(U QD))" (199)

2,00 m2t2 p€Ed] o

N
-1 1 *(£—1)
vec (mt vec(U*Q ))
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where each (N 1 ,)e. r(vec(U*Q=Y)), ; € N(0,0%) Ve, f € d x 7. Therefore, using standard
gaussian concentration results and taking union bound over e, f, we have w.p. atleast 1 — dy,

(N1 p+qvec(U* ) (ZZ (N1 ptq)e,f (vec(U*QUTD)Y), ¢ )2

< rdZZI (N1 prg)e s |2 (vec(U*QUD)), 42
e f

<rdY Y ot - 2log(2rd/s)|(vec(U*QU™Y)). s
e f
= rdo? - 21log(2rd/dy)||vec(U*Q~1)||2. (200)

2

Using equation[200]in equation [T99)and taking a Union Bound V p, ¢, we have w.p. > 1 — 4,

1
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2,00 m PE
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N
-1 1 * ) (£—1)
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N 1
— vec_l(givec(U*Q“_l))) < —ro1\/d- 210g(27®[00) [U* Q. (201)

2,00

Using equation [201]in equation [T98] we get

ro1y/rd - 2log(2r2d? /&)
mtA, (FWO)TW®)

[Vall2,00 < (202)

Combining Vi, Vi, V3, V, and V. from equation equation [194] equa-

tion fl%?_l equation % and equation [196] respectlvely in equation [192] we have
C( vec

Hvec’1 vec(V) + N2> — Niyec(U*QY) + vec(E )H

mt mt
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x 1 L ar @O\ () ™ 10 (<o (O T
<0 el 3 (FOWO)TWE) RO (wl )T
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1 -1 i i log(1/do)
e[ U el (5 (WO TWO )[R0 (w0 Ty 22 20
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i i i log(1/o)
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| 20/ 1 A log(2rdmt/6o) r , (203)
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Therefore, using equation 203} equation[T09] equation[TT5]and equation[T06]in equation [I91] we
have [[U — U*Q V]| o

1 1 -1 )
< lu* L L w OV Tw O (1:0) (g (0N T
<0 el 2 (FOWNTWE) O (w0 T
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1 -1 *(i i i log(1/do)
el (FOWETWO) e — b0 o] fww ) |25 L2

2% /T rloy+\/rd - 2log(2r2d? /s,
+ 7; log(rd/dg) - : v 1/ — i /%)
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t
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+
Vmt A (FWO)TWO)
Vi (ey/ el Syepm WOy a6 + 2 (2v/rd + 2y/2rdlog(2rd/50)) )
+ .
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{F10°QUD @O TWO e 45 (max w5 ) b+ bE0
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(1T QU Ol + 70— By aete ], )LL)
m
o9 o1 20/ dp* A log(2rdmt/do)
+ %6 rdlog(rd) + p <2\/rd + 4\/logrd)\/7:+ Tt }
(204)
equation[T89and equation[204] give us the required result. O
rlo [ _

Corollary 5. If By = O(o}), /) — o), Vi = o b

yrEE = o(fe) e < VN R = mn(o(g) 0 (k)
xo= 0(\3E) A = OWE) o/ = O(yR, /Rl
inl0(3h) (k). O () eV ¢ i) -
09.0() 0ol Vi = O(Gh) A = oWyA. mi -
Qoar(p*) /2 /rdlogd/A;) and mt = Qodr*p*(1+ 1/A%)), t = Q(C(w*Ap) max(1, A} /7)),

m = Qo3 /\5). \/g =0(1) andAssumptionholdsfor iteration { — 1, then, w.p. 1 — O(dy),
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1 1 -1
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log(1/do)
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+ C(Inax ”b*(z) . N HOOHW(LZ) lI2)] ((W(Z))TW(Z)) 2
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As done in the analysis for Corollary using Assumptionto plug in values for b(:) and Q(¢~1),
e fact that U* is orthonormal and norm and incoherence bounds for H(*) and W) from Corollaries
i 2| the above becomes U, 7,

\f VR Bl ke Ny ) (X By R + B ) AR
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— dl d
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where .J; denotes the terms which arise from analysing the problem in the noiseless setting and J,
denotes the contribution of noise terms (o1, 02, 0, A, A’). Now, J;

ALAT log(1/60) AX
e e e L
1 T
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Using vv* = O ( Y F) and rearranging the terms in the above we get .J;
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Using % — O(,%*>’ % = O(1), By = 0(\/:7)’ r2 1og(r/6o) _ O(F)

r3dlog(1/00) _ ( 1 ) g( ) - ( )
mi O rvimaive ) e (2Vrd + 4vlogrd i) N T
O (#) , eigenvalue ratios and incoherence bounds for H® and W® from Corollaries 1 andas

well as Byee-1) = O(

), Ar < A7, > 1,u* > 1 for the bracketed terms, we get
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1
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Similarly, we have J

A log(1/d0)
SCE\/ KJFC A\/ g / 0) \/ g(rd/do) - \f
+ 204 /M*)\:,\}Om;g(27‘dmt/50)’f‘ + ﬁ(cu /T’3d10i§;‘d/50) + Wol'tl;\" <2m + 2 27’d10g(27"d/(50)))

dlog Td/éo) o2 20/ dp* X log(2rdmt/d)
{1/ VIAA + 43/ A TR o P26 frdlog(rd) + T }
(210)

71



Under review as a conference paper at ICLR 2023

. r3dlog(1/80) ( ) o1 ( ) _ ( 1 )
Using T = O —f(u Vi vE ) mi 2vrd + 4+/logrd O T TR and
rearranging the terms in above gives
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value ratios and incoherence bounds for H(®) and W from Corollaries I andl as well as A\ < A7,
r > 1,u* > 1 for the bracketed terms, the above simplifies to
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Using equation and equation m 211]in equationm gives us the required bound for | U || .

Similarly, using Assumptlonlto plug in values for b() and Q(*~1), the fact that U* is orthonormal
and norm and incoherence bounds for H®) and W) from Corollanes I and |2 l the above becomes
U, we can simplify and express [|[U¢~D — U*Q“~ 1|5, as
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where as before, J{ denotes the terms which arise from analysing the problem in the noiseless setting
and J}, denotes the contribution of noise terms (o1, o2, 0, A, A’). Now, J|
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Using Vv* = O( *) k o(1), % -

() VF - o)
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r rlog?(ré—1) [log(1/d0) 24/ p* Ax log(2rdmt/do)
+C\/77)\—T.(9<\/ ogm \/ogmto> \/ o OTT ( fA*f)-

+
<%O( / rlog? (r6 1))+4O<\/Tlog (ré—1) \/dlog(rd/60)> _|_20'\/>10g(2'rdmt/60))}.
t vmt
Taking \/% common and using \/v* = O(ﬁi—;), ridlog(1/6) _ O(i), o=

r2 r3dlo 0 * _
O), /55 = O(=). /4 = o), (J 1) — o(L), A = O(/X), mt =
Q(oor ()2 /rdlogd/Ar) and mt = Q(o2drdp*/A%), t = Q(C(u*Ar) max(1, X/r)), eigen-

value ratios and incoherence bounds for H® and W from Corollaries and as well as A\x < A7,
r > 1,u* > 1 for the bracketed terms, the above simplifies to
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Using equation and equation in equation gives us the required bound for |[U¢~1) —
U*Q(i—l) H2,oo

Lemma 12. For some constant ¢ > 0 and for any iteration indexed by { > 0, 7 > 0, we set
A(Zi]”j) = a(zfl) + c M(/}/M*l’jfl) + B(Z*1)> + o M
m m

, where a1 ~E=13=1) and BE=1) are known upper-bounds on HUHE*UW(M*U —U*w*® Il oos
[b(A=1i=1) _ b*@) ||y and |[UHED w0 —Urw*() ||y respectively. Subsequently, we have

S QA(Zflxj)’
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S VEAUTID) 1),

and support(b(i’#l’j) - Support(b*(i))
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and with probability at least 1 — 0.

Proof. It is easy to see that update step of the algorithm gives us c(“-{=1:7) — p*(9)
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Note that H%(X(i))Tf (@) | ’OC < M with probability at least 1 — &y. Let e, € R? denote the

th basis vector for which the st coordlnate entry is 1 and all other coordinate entries are 0. Then,
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note that ‘( (1,6=1,) _ (i) _ Urwr() 1 U=y (it 1))
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w.p. > 1—4, where we invoke Lemmal[l7]in the last step and plugging a = e, and b = b(i-~17-1) _

(Z DEED for the two terms respectively. Therefore, by taking a union bound
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Therefore, by using equation and equation we have ||b(#¢19) —b*@|| < Al-1I)
and |[b(-=1.9) — p*@|| < 2¢/kA19). Further, from equation equationwe have for any

otherwise.

coordinate s

’(cu,e—l,y‘) _ b*<i>) < A1),
Thus, if s ¢ support(b*()), then the above gives |c(**~1:7)| < Al~1.9), Using this in equatlonm
then gives b ) = 0, ie., Vs ¢ support(b*®) = s ¢ support(b*("*~1)). Hence,
support(b(#=17)) C support(b*()). ¥
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Lemma 13. Suppose ¢ > 0 and c; = c/ kl%(d/é) < % be positive constants. For any iteration
indexed by € > 0, after
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and Hb(i,ffl,j) — b*® ’ < ﬂ + Ev(ffl,jfl) (220)
o~ Vk Vk

with probability at least 1 — g, where ¢; = ¢4/ %. Therefore after T() iterations of Step 3
inner loop at the /" iteration of the outer loop, we have using equationm

Hbu,e) —p®

‘ _ Hb(i,z—l,ﬂ“) _p*@
2

.
< o) 4 90, E-LTO=1)

< @ 426,00 4 (2¢,) 21TV -2)

i i o _ @ (-
<O+ (2e)p' + (2e0)? 4+ 2e)T )+ 2e)T AT

al—(2¢ T® 0
=¢()1(_72121+(201)T Y

@ + (200)T 47D, 221)

<
=Y 0
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w.p. > 1-T® 5, where y(~1) = ~(¢=1.9) is the upper bound on [|b(*=1) —b*()||, = ||b(#-¢=1.0) —
b*(||,. Similarly, unfolding equation gives

Hbu,a @

_ Hb(i,eq,T“)) @

’ (oo}

e 20 oo
VE  VE
i i _ ) _
< o® N 2¢10( N (201)2y-1T0=2)
~Vk VEk VEk
< QO(Z) (1 (2 ) (i) (2 )2 (2 )T(z) 1) (QCl)T(If),Y(Zfl,O)
+ (2¢ Y+ (2¢ +...(2c )+
= \/E 1)¥P 1 1 \/E
(1) 1 (¢-1)
¥ 7Oy
< — +(2¢ (222)
Vil ae TR T

w.p. > 1 — TW4,. Therefore, if we set T¥) > max; m (ﬂ

€

) and ¢; < 3 is sufficiently
small then equation 221] gives us

Hbu‘,e) — @] <250 4 ¢ (223)
2
and equation [222] gives us
, , 1 :
b0 _ @ < 7(2 @ 4 6) (224)
[ o= VRV

w.p. > 1 —T®§,. Equations equationequation give us the required result. Also, note that

we set
)) (225)

O

(e-1)

T® = Q(ﬂmlaxlog (Py

Corollary 6. Using Corollaries|l] M and[5] we have

. \*
‘ < ¢ max{||w*®¥ ||z, e}By | ==
2

b(i,€+1) o b*(z)
| X

*
T

< ¢ max{[|w*?||2, €} By

d Hb(i,f-l-l) _ b*(z)
o - Atk

with ¢ = max (O(l), @) ( 5 1(0) i\%)), and for sufficiently large constants ¢,¢ > 0
U r

3/2 3dux1 2( 6—1)
~ oor  O1T r3dp* log®(r
A= ( k| —— 1
e\VAH (mt)\; + MENX rdlog rd—i—a\/ MENS )

+a< r3log2(r5*1))+ klog(dé*l)))

mAX m
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Proof. Using Corollary 5| we have [[U@ w0 — Urw*@)]|

= |[UOwED U QU= tw*® + UO(QUY)tw*® — Urw*¥]
< O — Q) T w ) +(|(T = T Q) (Q)) T w |
<UD 20w = Q)W D)o + U — T QY00 [(QU D) w1

* (2 /\: .
_ 0( 1 )O<max{e, [[w ()||2}BU(“—1)\/ X N A[|w*® |, N A o rlogQ(ré_l))
Vkp*x TI* VT VT px m

[ Ax A
O(Bye-1 — N+
+ ( ue-1) )\*k—'_\/E{ f*)\ﬁ

r3dp*log® (ra—1) x(i)
rdlogrd+a\/ i })2||w o

n 09
t)\*

rdlog(rd) +Z

mt)\

T

B ﬁ{g(max{e, ||w*<i>|2}BUw>ﬁ) +OW[w*V]l2) + O(A)

*(4) *(1) 3/2
(”W t!\iaﬂ rdlog(rd)) + (’)(—HW th;ﬂa rd log rd)

+(9( (\ﬁ rlog? (rd )+HW*()|| \/r dp* ;;)?jg)\*ré )))}
— ol (226)

Similarly, Using Corollaries [3|and [f| we have || U w0 — Urw*() ||,

— [UOwED — UO(QED) 1w L TO(QU-1) 1w _ Urw*®|,
< UO W) —( QU)W )y + (U — T QU )(QU ) w5
< U2 w® = ( Q)T w* D)y + U — U QU Ve [(QU) w2

*(1 AX
Caaen O(max{e, [w*Pl2} By 4/ 55 LNt >||2 LA s rlog2(r5—1))
C . = N 7
- T* VT VTR m

\/7 t)\* rdlog(rd) + ar f\/rdlogr

r3dp*log®(r6—1) | [r3log®(ré—1) o)
+0<\/ i e )2 Ols)
_ Ax :
= O(max{e, ||W*(Z)H2}BU((—1) \/;) + O(A/HW*(Z)HQ) + O(A)
1

*(4) *(4) 3/2
@) (7”Wmt!ia2r rd log(rd)) +0 (—HW m”;;lr rdlog rd)

1 rlog?(ré—1) «() r3dp* log? (r6—1) r3log?(ré—1)
+O<0<\//.7 m +lw Hz( MENX N mAL )))
= pU=1, (227)

AX
-‘rO(Bqul) +A + —
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Using equation[226]and equation 227] we have:

oD = 2(\/%@(@71) 4BV 1o %) (228)
< O (max{e. [ Ol}Bucy 55) + O w0 ) + O(4)
+ @(w rdlog(rd)) + O(W W)
= N .

Using equationin Lemma and setting €’ < O (BU(Z—l) 1/ % . e) , we have:
1

Hb(i,l—&-l) _pr®

< 290(2) + 6/
2
_ (1) Ax T
= O max{e, [w™2}Bye—ny /37 ) + O [w™]l2) + O(A)
1

*() *(1) 3/2
+O(7”w 202 rdlog(rd))+(’)(—||w 21 W)

mEAX mAX
1 [rlog?(ré—1) klog(dé—1)
+O(U(\/;7 m + m
e r3du* log?(ré—1 r3log?(r6—1
e ) B

Recall that from Corollaries[3]and [} we have

X A oorT
< 1 ~ Ap / *
’F <(l1+4¢ )O({BUu 1)1//\T + AN+ - + rdlog(rd)

MmNk

HA(UH@,U*)

3 * 2
L anr rdlogrd+o<\/r dplog (Tdmt/%))}) 231)

MENS MENS

Therefore, it is sufficient to have for sufficiently large constants ¢, ¢ > 0

3/2 3du* 1 2( 6_1>
. —( 027 oLr r3du* log”(r
A_c( N (mtA: o rdlogrd-i—a\/ i ) (232)
r3log?(ré—1) klog(dé—1)
+ 0( mAx ) * m ))
A
A = 0(7) (233)

VIFAY

such that |[b(+D) — b || < L max{e, [w*¥|2}Bye-1 \/§+ Aand [|A(UTO, U] <

Byre-1)
100

% + A’ which satisfies the induction assumption and therefore completes the proof.
1
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Comparing the contribution of noise-deficit terms on both sides for the next iteration, we also get the
value of ¢’ as

*

. A\* . A
" max{||w*?||2, €} Bye-1) )\—: = ¢ max{||w*?||2, e} By )\—:
| Al 1

51 | S

<2y O AR |

< 20 200° max{|[|w**||2, e}Bye-1 5

, 50 % 200 * ¢’
— T <P
using sufficiently large m and ¢ to pull down the value of ¢”’. Combining with the Base Case we have
;o 1AL

¢ = max (O(l)’O<BU<o) A:))' o

Theorem (Restatement of Theorem 3| (Parameter Estimation)). Consider the LRS problem equation
with all parameters m, t,  obeying the bounds stated in Theoremwith (=0 (t(r2 (;L")Q)fl(%)2 ,

3

k= o(d (2 )2) m = Q(k:+r (§§)2+“§§ ) mt = ﬁ(ﬁd,ﬂ(r(u*)4(A:)2k+u*(§—§)2+
N2 +o (1 + F))) and furthermore, t = ﬁ((?“d)g/z,u*(l + N VTR ()32 —|—\/,L7<1—|—

(max; |b*(i)]l2 log(1/5 ) . _ AL [ mt
s +.4/5z )) Suppose we run Algorithm|5|for L = log o/ rd

iterations Wlth parameters:

A1 = O(Vd), Az = O(v/wAs + (max b7 ), Ag = O(A; A*) Aw = OV AE).
(234)
Then, w.p. > 1 — O(8y), the outputs UTL) {b(:L) }ze[t] satisfies:

- v, -of iw@n/ﬁﬁmmﬁ
C>O<O \/F 1/ \/7 + 1, foralli € [t], (236)

where \/EU=5(?5_1(/1*)3/2@7“\/&(1+maXie[t] \b*(:l\”f n Ai+rd)s/log(:/5)+e>.

Proof. We will denote the DP noise by opp > 0. Using standard gaussian concentration in-
equalities, we set A1, Ao, As and A,, as written in the theorem statement which ensures that

for all 4,5,/ in U update of Algorithm, let ||x§i)H2 < Ay, w9y < Ay, |yj(L)| < As, and
I (xg-i))Tb(i’é) ll2 < A3 with probability 1 — O( gy )- Setting each entry of Ny independently
according to N (0,m? - A} - AL - L-03p) (0 =m? - A1 - A% - L- 0@p) and each entry of Ny is
independently set N (0, m? - A(A, + A3)?A2% - L-0dp) (03 =m? - A}(Ax + A3)2 42 - L-0dp)
ensures that the algorithm satisfies P 2-ZCDP and equivalently (e, d) Approximate Differential

Privacy if opp > Y————— log(1/5 +e (Theorem'

Using the bounds on m, t, mt, ¢, k in terms of the ground truth model parameters p*, A}, A7 expressed
in the theorem statement, we invoke Corollaries[I] 2 B] 4l [5] and [6] as well as the Base Case [C.]
(¢ = 1) to show that our Inductive Assumption [4]holds for each iteration of £ and complete out proof
using the Principle of Induction.

Hbu,L) _

Now, note that the error bound guarantees in [dhave two terms in the upper bounds: the first one
(a multiple of Byj—1), which stems from analysing the problem in the noiseless setting) decreases
exponentially with the number of iterations the second unchanging one (A and A’ depends on the
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inherent noise o and DP noise opp). Plugging L = log ( 2\/77* . MT: d) in the geometric series
g 1

expression, we obtain the guarantees as stated in the main theorem. O

Corollary 7 (Restatement of Theorem [I| (Parameter Estimation)). Consider the LRS problem
equation 2| with t linear regression tasks and samples obtained by equation|[l| Let model parameters

satisfy assumptions Al, A2. Also, let the row sparsity of B* satisfy { = O(t(r2 (,u*)2)_1(%)2),

k=0 (d (i‘\: )2) m = () (k +r2p* <£) + U}\f ) Suppose Algorlthmis initialized with U(0)

*
r

such that || (I — U*(Us)T)uH 0)||F = ( i—i;) and ||U+(0)H2 - = O(/p*r/d), and is run for

L= 1og( \/}7 . P«T:d) iterations. Then, w.p. > 1 — O(&y), the outputs UTL), {b(i’L)}ie[t]

satisfies:

oo o | o iy e ) e
OO<O \/TT “m)\* \/7 forallze[] (238)

where, the total number of samples satisfies:

Hb(i,u _

0’27“3

m= Q(k—I—TQM*(;*)Z—i— )\;)
mit = Q(rPdpr* () )k + 2 (ii)Q O+ (1 Al*)))

Proof. The proof follows by substituting opp = 0 (hence o1, o5 = 0) in the proof of TheoremE} O

C.3 PROOF OF THEOREM[Z]

Following along similar lines of proof techniques used for privacy guarantees used in|Varshney et al.
(2022)), our proof will broadly involve computing the Zero Mean Concentrated Differential Privacy
(zCDP) parameters and then using them to prove the Approximate Differential Privacy. The Update
Step for U®) without the additive DP Noise is:

)zgi\)<—clip( VA, 4 dlip (v7.m2)  (x D)TH60  dlip () TB, A )

and w(0 « clip (wW% Aw) (239)
A= — Z (W(z D(wi)T @ (Z §>(X§i>)T>) (240)
Jj=1
V= — Z 3 xg”( ())Tb(l Z>>(W(M>)T (241)
b et s
U® « vec;! (A lvec(V)). (242)

where clip(;j denotes the clipping function. Therefore, the sensitivity of A and V due to samples from
ith-task (w.r.t. the Frobenius norm) is I'; = mA2A2  and 'y = mA; (A + Az)A,, respectively. Now,
since each entry of N(!) is independently generated from \/ (0, m2-Af-AL L. O'%P) and each
entry of N(®) is independently generated from N (0, m? - A2 (A, + A3~,)2A2 -L-oBp), the update

2
steps equation and equation are (pg,l = 2‘m2.A41:&4 To2. = 2,_ = )—ZCDP and (pg 9 =
17w DP
2

1"2 o 1 . . . .
3m? AT AT Lo, — 2LoZ, ) -zCDP respectively by virtue of the DP noise standard deviations Bun

& Steinke|(2016). Therefore by composition and robustness to post-processing, each iteration step
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is (pé =pei+pez =1 1Sp)_ZCDP' By composition of zCDPs, the overall p for the algorithm is

. L
givenby p =Y, pe = 5z

DP

Recall p-zCDP for an algorithm is equivalent to obtaining a (u, up)-Renyi differential privacy
(RDP) Mironov|(2017) guarantee. Now, we will optimize for p1 € [1, 00) and demonstrate that for
the choice of the noise multiplier opp mentioned in the theorem statement satisfies (¢, §)-DP. Our
analysis is similar to that of Theorem 1 of |Chien et al.|(2021).

Note that (u, up)-(RDP) = (e, d) Approximate Privacy where € = up + loi(% Yy > 1. Also
_ . . de _ _ log(1/4)
note that €,,;, = p + 2+/plog(1/9) is attained at &= 0 = pu=1+ ‘/gT'

Consider a fixed €. Since we want to minimize opp (which scales as 1/\/ﬁ), we need to com-
pute the maximum permissable p s.t. emin(p) < €. Since enin(p) is an increasing function
of p (thus an increasing function of opp) and a second order polynomial in /p with root at

VP = \/10g(1/8) + €min — \/10g(1/5), the maximum is achieved at €y (p) = €. Therefore,

2
= (y/log(1/6) + € — \/log(1/9))?

€

JDP \/10g 1/(5 +€+\/10g 1/(5)
Since the above value of opp satisfies (e, §)-DP and
2 2
€ < €
(/1og(1/8) + € + 1/log(1/5))2 — 4(log(1/d) +¢)’

24/ (log(1/68)+e€)
€

choosing opp > ensures (€, §)-DP.
D ALGORITHM AND PROOF OF THEOREM [I] (GENERALIZATION
GUARANTEES)

Consider a new task for which we get the samples {(x;, y;)}7, i.e. y; = (x;, U*w* + b*) for all
i € [m']. Suppose we have an estimate U* of U* such that (U*)TU* = I and

(@-urUunHUH], < Zand||Ut|],  <,/%

@ -T U < p, VE R

Algorithm 6 AM-NEwW TASK

Require: Data {(X € R™*9 y ¢ R™)}, known bounds [[b*||, < C. Set parameter ¢ > 0
appropriately. Estimate U™ of U* satisfying H(I - Ur(unhHut | ’F < p. Parameter A.
1: for/=1,2,... do
2:  Initialize w(®), b<0> = 0. Set ¢<0> = 2since [|w(® — (U*)TUT) " tw*||, < 6O |w*||, <

2/|w|],. Set 4 > Hb*\l

3: fori=1,2,3,.
L SetTO =Q ( (
5 w® — ((X<1>U+<4 T (X<i)U+<e—1>))_1 ((X<i>U+<Z—1>)T( () _ XL )) {Use
a fresh batch of data samples}
6: b(® <+ OptimizeSparseVector(X,y,a = A + c;o =D ||w*||, + %75 = A+
S w4 20l |5,y = At D1 (GO0 g jwe [, p(1+¢")), T = TO) (Use
a fresh batch of data samples, constants ¢y, ¢, ¢”’ set appropriately. }

7: Set @)« ||w*|[, @ Vez + 2p\|w*||2<1 + (:4) + A. {c3,c4 can be made arbitrarily
small by increasing number of samples m’.}

8: end for

9: end for

10: Return w® and b®.
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for some known parameters v, p. Our goal is to recover the vectors w* € R” and b* € R satisfying
[|bl|, < k. We will again use an Alternating Minimization algorithm for recovery of w*, b*. In the

7t iteration, with probability at least 1 — O(6/L) for m = Q(klog(dLé~1)) we have the following
updates for some constant ¢ > 0, (note that the /" iterates of w*, b* are given by w(©), b(©)),

At the /" iteration, we will denote a known upper bound

2(n85—1

_ Vklog(ds—T) \/rlog”(ré—1)

< (£ 1) * -~ - 7 =~ O O O O
2_(;5 [[w*||, + 20 Jm + 20 Jm

Hw(eq) —Qlw*

where ¢ is known. We can use Lemma to have

oo

. 1 .
<2 <”+eande“>—bH <—(2 (Z)—I—e)
2 4 OO_\/E 4

with probability at least 1 — 7¥)§, where ¢ is an upperbound on § s.t.

klog(d&*l))
vm

FondsT \[/rlog?(ra-)
_ (£—1) (£-1) klog(do—!) rlog
§<p_2(\/Ea e 4o 20— )

5= 2(VEIUT D) - U+ e [UF w0 - U 4

and o~ 1), =1 denote upper bounds on |[UTw(~1) — U*w* ||, and |[UTw—D — Urw* |,
respectively. Furthermore, we will also have that support(b“ ) C support(b*). We denote Q =
(U*)TU™. Using a similar analysis as in Corollary @ we have:

||U+W(271) _ U*W*”oo _ HU+W(£71) _ U(ffl)Qflw* + U(Zfl)Qflw* _ U*W*”oo
< Urw Y - Q7w oo + (U — UrQ)Q W
< U 2ol WY = Q7 w2 + [UT = U Q2. |Q W72

v 2p||w*
S\/;||W(€1)Q1w*2+ p||\/E|2

Flog(ds 1 Vrlog?(rsh)y 2p]lw

< \f(qﬂ_nnwwﬁ% g ) >)+ Pl
k vm vm VE

= 1), (243)

Similarly, we have:
HU(@—l)W(Z—l) _ U*W*Hz
— ||U+w(z—1) _ U(e—l)Q—lw* + U(Z—l)Q—lw* _ U*W*Hz
< ||U+W(tz—1) _ Q_1W*)||2 + H(U(e—n . U*Q)Q_IW*HQ
<[[UF oW — Qw2 + [T = U*Q[2|Q w2
< [lwD — Q7 w2 + 2p]lw

/klog(do—1) oy \/rlog?(ré—1)
vm vm

= gU-D), (244)

< ¢V Wl + 20l W[, + 20

Using equation[243|and equation [244] we have:
klog(dé—1) )

p =V |w, (VY +er) + [lw* ]y (4p + derp) + 0 Jm

since ¢ < 45, /v < 5 and p < &
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Using above in Lemma@and setting € « (¥, we have:

B9 ||, < 8liwlla (6D @V + e) + 4p(1 + )

Telog(do— 1) s rlog?(ré—1)
Vim T m

Similarly, we will also have from our updates (with S = -1 Zzl x; (%) 7).

+ 30

_ Qilw* _ (U+TSU+)—1 <U+TS(b* . b(Z)) + U+TS(U*Q . U+)Q71W*>

+ (U+TSU+) B (UT(X(i))TZ(i))

< 2. We also know that
2

We already know by using an e-net argument that

(U+T SU+> -

HEUJrTS b* Z) H

_p® H
2

[EUTTS(U*Q-UM)Q 'w H2 = [[UrT(UrQ - U")Q 'w*||, < 2l |w*|l;

and moreover,
HU*T(S—I)(b*—b“))H b*—b“)H oo™t
2 2 m

log 61!
078 - DU Q- UNQ w |, < [[UFT (U Q- UHQ tw |,y E

rlogd—lH |
—_— | |W
m 2

rlog?(ré—1)
S - O
2 vm
with probability at least 1 — §/L. Hence, we get that
[w® =@ tw{], < 3w (e DRV + er) + 41 + o) (Vi + /TE)
2p|\W*||2(1 + \/%) + 20”1?5;“5_1) + 2avk1\c}%dail). Therefore, for m’ =

Q(max(k: log(dL§—1), rlog 6‘1)), we get a decrease along with a bias term. We can have

<2

<U+TSU+) -t (UT(X(i))TZ(i))

¢ = 2||w*||, by using w(®) = 0. After L iterations, we will get ||w(") —Q~'w*||, =
O(p||w*||2 + M| wH |, + inbrjw); hence, we will have with L = O(logp‘l) that

W —Q~tw*||, = O(,o\|w*||2 + U\/M\(}gmf(,déil) +Z Tl(if:fn(ré_l)). The generalization error is

given by
£(ut,wl b)) — £(U*, w*, b*)
where £(U,w,b) £ E(x ,)(y — (x, Uw + b))2. Hence, we have that

2 k
M) . (245)
m
Theorem 5 (Restatement of Theorem 3] (Generalization properties in private setting)). Generalization
error for a new task scales as:

L(U,w,b) — L(U*, w*, b*)

_ 6(02<r3d(l§*)2 3 N k +r) N dr?(log(1/6) + €)(Axu*)? (5 Jr7ﬂ2d2))

mAx m €2t?

£(Ut,w, b)) - £(U, w*, %) < O(p?|w]J; +

where k =1+ /25 + max; Ll
Y €
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Proof. We assume that ||[w*||, < \/p*Ax due to the incoherence (see Assumption A2). We substitute
p to be the guarantee that we had obtained in Theorem [3} hence we immediately obtain our desired
guarantees by using equation [245] O

Corollary 8 (Restatement of Theorem [I| (Generalization Properties in non-private setting)). Further-
more, for a new task, Algorithm6|ensures the following generalization error bound:

L(U,w,b) — L(U*, w*,b*) = 6(02(7’3&’5) + n:i* + k;r))

Proof. The proof follows again by substituting opp = 0 (hence 01, 02 = 0) which removes the last
term in the generalization properties in Theorem 3] O

E DISCUSSION ON OBTAINING INITIAL ESTIMATES USING METHOD OF
MOMENTS

Overview: Note that Algorithm [I]has local convergence properties as described in Theorem|[I} In
practice, typically we use random initialization for Ut(®), However, similar to the representation
learning framework [Tripuranenti et al.[ (2021, we can use the Method of Moments to obtain a good
initialization. i.e. when the representation matrix U* is of rank 7, we can compute the Singular
Value Decomposition (SVD) of the matrix (mt) ' 3=, (y](l)) () (xg-z))T. This is similar to the
Method of Moments technique used in Tripuraneni et al.| (2021) and has been used as an initialization
technique in the AM framework of [Thekumparampil et al.|(2021)) as well. Even in the presence of
additional sparse vectors, the SVD decomposition is robust. Such a phenomenon has been also been
characterized theoretically in the robust PCA setting |[Netrapalli et al.|(2014).

Details for Rank-1: Assume ||u*||y = |[w*||2 = 1 and ||b*(?)||¢ < k for all i € [t]. Moreover, for
some constant 1 > 0, we will have |[u* | < \/p/d, [|[W*]|eo < v/p/t, max;epy |Blloc < /N dt

where B is the matrix whose columns correspond to b*(9)’s. Suppose, we obtain samples (x, y) €
R? x R where each sample is randomly generated from the ¢ data generating models corresponding to
each task. In order to generate the i*" sample we first draw a latent variable j ~ [t] and subsequently
generate the tuple according to the following process:

x| j ~N(0,1g) and y | xDj ~ N((xD, wiu* + b)), o?) (246)

We look at the quantity y?xx . Our first result is the following lemma:

Lemma 14. Suppose we obtain samples {(x)), y)} generated according to the model described
in equation[246] In that case we have

2
2 T _ “ *(7) *(7)
E[yxx]_1+t2(w *4ib J)( *4b J) (247)
J
where 1 denotes the d-dimensional identity matrix.

The proof follows from simple calculatlons From the data {( @ ,yj(l )}jL, for the ith task, we

can compute an unbiased estimate A £ L Zl Dy i 1(9]( )) y ( 51)) of the matrix E [y?xx"].
Let us write A = [A] + 2F where 2F is the error in estimating E [A] Also, let us denote
0.5¢t(E [y?xx"] —I) £ L. In that case, we will have 0.5t(A —I) = 0.5t(A —E[A] +E[A] - 1I) =

L + F. We will also denote

E2 Z ( b0 (u)T 4 wrur (b* )T + b*<j>(b*<j>)T) LF.

G
Our goal is to show that any eigenvector of L + F is close to u* in infinity norm. Note that
(L+F)z = (u(u*)" + E)z = \z. Hence, we have

)"z

Z:<I_E)—1U*<ui*

s \ (248)

86



Under review as a conference paper at ICLR 2023

Fist, note that

T (U Tza T ()T Eru*(u*) T2z u* (u*) TE"
Azz. —u (u ) - Y + Z \p+a+l
p,q:p+q=>1
u* (u* TZZTU* u* T « “ Pu* (u* TZZTU* u* Tra
[ (e S L T e [
We have that
T, Toax(14%\T
u ( ) Zj\ u (u ) _u*(u*)T
T T g% (14%\T
:%?Xej(u ( ) Zi u (11 ) 711*(11*)1—)6]'
u*(u*)Tzz Tu* (u)’
:e;l' (u*(u*)T 4 U* (U* )T) ( ( ) 3 ( ) o u*(u*)T> (u*(u*)T + Ui(Ui)T)e]
u* (ut) T2z u* ()T e () T2)?
ST —w)T| < B (R )
) , d )

where U7 is the subspace orthogonal to the vector u*.

First, we will show an upper bound on ||F|| . Recall that according to the data generating mechanism,
each co-variate x is generated according to NV (0, 1) and given the co-variate, the response y | x ~
N({x,w*u* + b*),0?) where w*,b* is uniformly chosen at random from the set {w},b*)};.

Hence, we can bound the magnitude of y as follows: Ey?|x = ¢! Z _ 0%+ (x,wiu* + b*0))?
- t *ypk *() |12

and therefore E [2y2] =ty 0% + ||wjut +b (J)H2. Hence, y ~ t~ 1Zj:l./\/((),a +

||w;u* + b*0) | |2) and therefore, by using standard Gaussian concentration, we will have |y| <

\/02 + max;er ||wiur + b*0)| |§ log(mt) < /o2 + 4ut—1log(mt) for all m¢ samples w.p. at

least 1 — poly((mt)~!). Moreover, |x$)]| < log(dmt) for all i € [t],p € [m],j € [d]. Hence,

with probability at least 1 — poly((dmt)~!), by using standard concentration inequalities, we have

I|F|| < \/M log®(dmt). We will now bound ||E||, < ||G||, + ||F||,. In order to do so,

fix unit vectors x, y such that ||[E|[, = x"Ey = Y. 2;ysEis = 3, (22 + y2)E;,. We have the
following:

t d

S7a23 3 b Vbi0) < ¢k|IBIZ,  and Zngb* Zb*<”<<k||BHoo_“k

i j=1s=1
t ) d
— szzw;bwzu: < ¢d|BJ| |l 1wl
i j=1 =
2 t 1k
and Y2y win zb < k1Bl I wll. < 27
s j=1
¢ 3 .
= Y a2y wiuV szw < kt||B|| o[l | Iwl|
i j=1 s=1

t d 2
: XS
and 0y S wibi) S < CalB|ull w5
s j=1 =1

and similarly ||F||, < v/d||F||... Hence ||F||, < 1/800 provided mt = Q(do?). In that case,
we have ||E||, < 1/400 provided ¢ < ¢t and k < cod for appropriate constants 0 < ¢1,¢2 < 1.
Therefore, A must be at least 399/400 (Weyl’s inequality) and ((u*,z)? — 1) < 4||E||, (Davis

&7
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Kahan). Hence, we have the following inequality: (M — 1) < 1/100. Again, we have

Eru*(u*)"zz u* (u*) TE?
AP+a+1

T(Eff’u (u )TzzTu*zo*)TEq)

= maxe
a \pt+a+1

ij

€j
)TZZTU*
A\p+a+1

x ap (((u)Tz)?
< |[EPu*]|  [[ETa HOO(W)

= max o] B (u*(u*)T + Uj(Uj)T) (“ H(u” (u )T) (u*(u*)T + Ui(Ui)T)quj
u*(u*)Tzz u* (u*)’

< [|EPu| Bl .

2
where U is the subspace orthogonal to the vector u*.

Lemma 15. Ler e; € R? denote the it standard basis vector. In that case, we will have

2k
maJof B < L2 (1R 4 1R 16 Ly

Proof. We can prove this statement via induction. For p = 1, the statement follows from the
incoherence of u*. Suppose the statement holds for p = k for some £ > 1. Under this induction
hypothesis, we are going to show that the statement holds for p = k£ 4+ 1. We will have

leTEFwr || = Y (e EE*urer)? = 3 (Y E; Etute,)?
L g

L

, i 2 d 2k+2
S BBl B e B, < (S 2 gy

J1J2

EPu* (u*)"zz u* (u*) E?
P,q:p+q=>1 AP+l I

2 2 2 p+q p+q u* Tz2
< %(udgk d +Mt<> ' (A) ' (%)

p,q:p+q>1

L2 u*TZQ 2 U*TZQ
f%(%) > = () )

P,q:p+q=>1

Hence, we must have || >

where o = dt/\ + “ % +4/ % ||F|| - Again, if { < ¢itand k < cad for appropriate constants

0 < c1,c0 <1, we will have ||)\zzT — u*(u*)T

o = O(“T;) and similarly, from our previous
|, = 0W)oy/55-
provided mt = Q(do?), by using Davis Kahan inequality, we obtain the initialization guarantees that
we need for the rank-1 setting (see Theorem ).

calculations on the operator norms, we will have H)\zzT —u*(u )T Hence,

F USEFUL LEMMAS

Lemma 16 (Hanson-Wright lemma). Ler x(") x®) ... x(™) ~ N(0,14xq) be m i.i.d. standard
isotropic Gaussian random vectors of dimension d. Then, for some universal constant ¢ > 0, the
following holds true with a probability of at least 1 — &g

1 & T 1 & " 210g50_1 log50_1
E;xjijjW;Tr(An < cmax ( ;HAJ-HF S max A0 ).

=1,...,
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Lemma 17. Let x(1) x®) . x(M) ~ N(0,14%4) be m i.id. standard isotropic Gaussian random
vectors of dimension d. Then, for some universal constant ¢ > 0, the following holds true with a
probability of at least 1 — dg.

1 E (4) (x(9) 10g(501 10g501
a (xV'(x b—a'b| <cllal|,||b max( ) )
P ( x")") < d[al[,|[b]],

Lemma 18. For three real r-rank matrices, satisfying A — B = C, Weyl’s inequality tells that
ok(A) —or(B) < [|C
YV k € [r] where oy, (+) is the k-th largest singular value operator.

Lemma 19. Ler x(V x®) . x("™) ~ N(0,14.4) be m i.i.d. standard isotropic Gaussian random
vectors of dimension d. Then, for some universal constant ¢ > 0, the following holds true with a

probability of at least 1 — o, || ;- 27", a; (xW(xNT) - L > ajI’ ‘2

llal|, [dlog9+logdy* dlog9 + log 651
2 0 0
\/m m 7||aHoc m )

Lemma 20. Let a;,b; € RV i € [t]. Then,
I abllz < 1Y aalll,l Y bib] |,

Lemma 21. For a real matrix A € R™*" and a real symmetric positive semi-definite (PSD) matrix
B € R"™*", the following holds true: 2. (A)Anin(B) < Amin(ABAT), where omin() and

7o . min( ni- . 0
Amin (+) represents the minimum singular value and minimum eigenvalue operators respectively.

< cmax(

Lemma 22. For any three matrices A, B, and C for which the matrix product ABC is defined,
vec(ABC) = (CT ® A)vec(B).

2

Lemma 23. For a (v*, o) sub-exponential random variable, we have the following tail bound

]P;(HX . E[X] | > t) < e—%min{tz/uz,t/a}.

&9
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