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Appendix A Deterministic scaling limit of stochastic processes

In order to show the deterministic scaling of online SGD under a proper chosen time scale, we will
make use of a convergence result by [21, 31], which is adapted below in Theorem A.1.

Theorem A.1 (Deterministic scaling limit of stochastic processes). Consider a d-dimension discrete
time stochastic process sequence, {Q" ; v =0,1,2,...,[S7|}s=1,2,.. for some T > 0. The increment
Q' — O is assumed to be decomposable into three parts,

1
QU Qv = Ew(n”) +AY +TV, (21)

such that

Assumption A.1.1. The process A" = 3", A is a martingale and E[|A”||2 < C(7)2/5 e
for some €; > 0.

Assumption A.1.2. E|T”|| < C(7)/S**< for some €3 > 0.

Assumption A.1.3. The function 1(£2) is Lipschitz, i.e, [[¢(£2) — Y(Q)|| < C|©2 — Q| for any Q
and €2.

Let Q(t), with 0 < t < 7, be a continuous stochastic process such that Q(t) = Q" with v = [St].
Define the deterministic ODE

d _
5900 = (@), )

with ©(0) = Q.
Then, if assumptions A.1.1 to A.1.3 hold and assuming E||Q° — Qq| < C/S for some €3 > 0 then
we have for any finite S':

E[@" -0 (3)| < Cmersmmnlzaaal, (23)
where Q(-) is the solution of Eq.(22).

Proof. The reader interested in the proof is referred to the supplementary materials of [21, 31]. [J

Although the theorem wasn’t originally proven in the p — oo setting, a glance at its proof shows that
it still holds upon replacing C(7) by C(p, 7) in Assumption A.1.1 and A.1.2, as well as Equation
(23). We choose ||| to be the L norm, since it suits better the p — oo scaling. The S in Theorem
A.1 corresponds to 1/4t, where 6t is defined in Theorem 2.1.

Following [21], we define for j,1 € [p]

2
v 14 v v ’y v v
(EF A + &V X)) + g5 €7 €

.,
U ()=
(k@) pd ot

and
Vj1(Q) = Exrnr(efo,1) [V (25 )] .
The functions U, ¢ are similarly defined on [p] x [p + 1,p + k|. With that, we write

QV+1 _QY = %1/}(9) + % (\I;(Q”’m) — 1/}(9’/)) +FV7

AV
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where for j,1 € [p]

’YQ 2
= g (Il —a) ey e

The main obstacle to bounding A” and T'” is the fact that the ¢;; can a priori diverge to infinity.
Our first task is therefore to show that this does not happen; as a proxy we show a subgaussian-like
moment bound:

E[(¢)"] < (cm + ‘;t)t

Equipped with the above bound, controlling E||A”||?

details are in the below sections.

and E||T"”|| becomes fairly easy. All proof

A.1 Preliminaries: bounding the g,

Since o is L-Lipschitz, we have by the Cauchy-Schwarz inequality

k P
l/ L v
2 < - Z . Z(Aﬁ +3A =9 (24)
r=1 j=1
Define
302 & P
s“:E@V—Tg ;qﬂﬂm

Assumption 1 in Theorem 2.1 implies that

v+1 1 v v
; 5 () + ea(e)?)

where ¢y, co are absolute constants. Summing those inequalities yield

lgy;™ —aj;l <
v C v
|sy41— s |§§3<I> ;
and finally
E,[s"T1] < s” (1 + %3) < sves/S,
As aresult, we have forany 0 < v < ST
E[s”] < c e%7. (25)

For simplicity, let ¢ denote any of the q]”- i We have, for all £ > 0,

1% v v — 17 4 t2
(@) = (@) =ta") (¢ —q )+O(SQ),
where the remainder term has bounded expectation. Again, we write

C5t2

(") = ()] < t(q”)Hl o

S

By Assumption 3, the g;; are bounded from below by a constant, hence

Bl < @) (144 ) +0 (%)

This implies that for any ¢ > 0and 0 < v < ST,

(c1(€) +e2(A)*) +

El(¢")] < (07 + 5:) e < (0(7) + C;t)t 26)
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A.2  Assumption A.1.1

We have for all 4,5 € [p + k],
v+1 v+1 2 v+1 v\2 v v+11\2
Q7 —E Q)" <295 —95)* + (9 —E[957)?) -
As a consequence,
E[JA"[]* < 4max(Qy —QF)% .
1,3
Now, by definition,

17 1% L 1% v 2 L v v
(7 )" < g (€2 ol € 1N+ D) = g (cal€)! + calmpent) )

The term in (£”)* is bounded by the same techniques as the last section. For the second term,

4
E, [(m?x )\e)4] < ¢5log(p)? (m?X qu) ’

and we can write for any ¢t > (0

4/t
max (g70)* < (Z(QZe)t> .
¢
By Jensen’s inequality, for ¢ > 4

4/t

B [(m;xqzeﬂ < (; E[(qw) <o (0t + %),

using (26). Choosing t = 4 log(p) < S shows that

1 2
E [max(qujﬁl _ qiyj)2:| < C(T) og(p)
1’7]

52
A similar bound holds for the m;;, and hence

c5 log(p)?
sz
which implies Assumption A.1.1 with e; = 1 and C(p, 7) = C’(7) log(p).

E[A"]* <

A.3 Assumption A.1.2

Since o is Lipschitz, for any 4, j € [p]
gL EY < LP(EV).

Hence,
B{IT)l] < 22 E (=1 - d) 9]
2.2 5 d »
< 27 (srelet- o)« Dagenn).

The first expectation is the variance of a X?z random variable, which is equal to 2d, and the second
expectation is bounded by the same methods as the above sections. The term in brackets is therefore

bounded by ¢; \/3, and
2

v Y
E[IT"[|oo] < 2 /2
Finally, since for any i > 0 we have y? < max(y, y?)%/2, letting y = ~/p we find
3/2
E[IT o] < comax (L, L " cs(6t)%/2,
- pd’ p*d B

hence Assumption A.1.2 is true with eo = 1/2.
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A4 /-Lipschitz property
Let Q,Q € RPHIXPHR) e can write the (i, ) coefficient of 1 (€2) as fi;(v/€2), where
fr RPTE)*x(+k) | p
A= Eono,1,,0)19i5 (Ax)]

The same arguments as above show that the function f is Lipschitz, and hence for some constant L”
we have

[0(92) — ()] < L[V — V.

Appendix B A lemma on ODE perturbation

In this section, we prove a proposition that bounds the difference between an ODE solution and a
perturbed version, for a bounded time t.

Theorem B.1. Ler f,g : R® — R” be two L-Lipschitz functions, and consider the following
differential equations in R™:

d
= = f(@) + egla),
dy

where € > 0, and with the initial condition (0) = y(0) . Then, if 7 > 0 is fixed, we have
l(t) — y(t)ll2 < cee™”
forany 0 <t < 7, with c a constant independent from €, T.

Before proving this proposition, we begin with a small lemma:
Lemma B.2. Leta,b > 0, and z : Rt — R™ a function satisfying

dz
E—az—i—b\/g

with z(0) = 0. Then, for some constant ¢ > 0, we have

2€at
z(t) < e e

forall t>0

Proof. Upon considering the function a®z(t/a)/b? instead, we can assume that @ = b = 1. Then,
we have

d
¥ < max(z, 1) + max(v/z, 1),

dt

and the RHS is an increasing function. Hence, if Z is a solution of
g
d—j = max(z,1) + max(V’z, 1),

with Z2(0) = 0, then z(t) < Z(¢) for all t > 0. Since the RHS of the above equation is Lipschitz
everywhere, we can apply the Picard-Lindelof theorem, and check that the unique solution to this

equation is
- 2t ift <1
HD =310 st 012 oheraise
(c1e' — c9)? otherwise

where ¢ and co are ad hoc constants. The lemma then follows from adjusting the constant c as
needed. O

We are now in a position to show Theorem B.1:
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Proof. Assume for simplicity that 2(0) = y(0) = 0. We begin by bounding x(¢); we have

d||x||? dx
2IE 9079 < gl | f(a) + eql)]

By the Lipschitz condition,

1f () + eg(@)| < 11f(0) + eg(0)[| + %Hw\l :

so that H 2
d||x
o < Llzl® +2]£(0) + eg(0)] || -
Applying Lemma B.2 and taking square roots on each side,
0 0 0 0
Hﬂ)(t)” < C”f( )—’I_/eg( )”eLt/Q < C”f( )—’I_/eg( )”eLT/Q , (27)
for any 0 < ¢ < 7. Now, similarly,
dlz —y|?
7 <2
~ e -yl | ==
<2z -yl /(= ) y) + eg(@)]|

< Lz —yl* + 26IIQ(OB)H -yl
< Ll —y|* + ¢ (Ig(0)]| + ¢l £(0) + eg(0)[[e=™/2) &~y
having used (27) on the last line. This is again the setting of Lemma B.2, which gives

Lt/2
Lr/2€ / Lt

lz —yl|| < cree < chee
Appendix C Expectations over the local fields

In this appendix we present the explicit expressions from the expectations of the local fields used to
compute the population risk and the ODE terms.

C.1 Population risk

We write the population risk (10) as

R() = Bxxevinac oy Benrie) | (FO) = 7))

(28)
== Rt(P) + RS(Q) + Rst(Pv Qa M) ’
with L
1
R = EA*NN(A*IO,P) [ = j Z A*~N(A*]0,P) [0 [ ()‘*)O—()‘:)] (29a)
R 1 ’“7
Rs = Exon(r0,Q) [f } = ; Z A~N(A0,Q) [0(Aj)a(N)] (29b)

) g Pk
Re = Eaac~n(A2%[0,02) {f( )f( }— 7{22 AN ~AN (AN [0,2) [T(A)a(AL)] (29¢)

T o .
Define the vector A*? = ()\"‘, AP ) € R?, where the upper indices on the components indicate they
may refer to student or teacher local fields. Consider the covariance matrix on the subspace spanned
by A*7:

T
QB EEA,A*N/\/’(A,)\*\O,Q) |:Aaﬁ ()\aﬁ) :| c R2%2 (30)
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For o(z) = erf(x/+/2) the expectations in Egs. (29) are in general given by [5]

5y

ﬂlm;gﬂ) (1+03)

where Q?f = (Q*P) ;1 18 an element of the covariance matrix given by Eq. (30).

1 :
Exx ~N(A2%]0,9) [U()\Q)U()\ﬁ)] = —arcsin 3D

Explicitly, the population risk contributions are

k
1 1 . Prs
RAP) = — - , 32
(P) i (%Zl — arcsin <\/(1 =T pss)) (32a)

k
Ri(Q) = ]% Z %arcsin (\/( 4t ) ) (32b)

1+ qj;) (14 qu)

7,l=1
Re(P,Q,M) = 2 zp:z ! arcsin v (32¢)
t ) i A - .
' pk j=1r=1 T \/(1+ij) 1+ prr)

C.2 ODE contributions

From the update equations, we first consider the expectations linear in £ ;:
k
1 / "
Exa-wnaejon) Beve) (€5 M] =4 > Eaxraniaaros [0 ()Mo (An)]
r’=1
(33a)

1 p
— =) Exxnaatjon [0 )Xo ()]
I'=1

k

* 1 * *
Exxnvonnion) Ecvre) (€527 =1 D Eaacenaacjon) [0/ (Ao (AL)]
=1 (33b)

1 & .
== Eaxanaacion 0/ ) Ao ()]
Pz
Define the vector A*77 = (A%, A\, )\V)T € R, where the upper indices on the components indicate
they may refer to student or teacher local fields. Consider the covariance matrix on the subspace
spanned by A7

T
Qaﬁ’Y = ]EA)\*NN()\,)\*W,Q) |:>\OC/B’Y (AOLB’Y) :| c R3><3 ) (34)

For o(z) = erf(x/+/2) the expectations in Egs. (33) are given by [5]

yennd ] 2 gy (1+0507) - e
Ex st 0.0) [0/ (AN a(X7)] = ~ _
(1+017) \/ (1+0577) (1+0587) - (25)

(35)
where Q?IB 7 = (Q2P7);; is an element of the covariance matrix given by Eq. (34). As examples, we
write explicitly:

e 45 aj1 Myp! ! 4j; Mejr Mgy
Q7 = qj1 qu myp 5 (9% = | My Prr Prr! . (36)
Mjrr Myt Priy Mjrt Pret Priy!
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The quadratic contribution in £ is given by

k
1 * *
Eancenaacio) Eevr(o (€5 €0 =15 D Bananianiom [0/(0)0' Ao (An)o (AL

ror/=1

1 p
+ 5 Y Exarenaacion) [0/ ()0’ (Moo ()]

inr=1

2 &
3 S Eaneaiiom [0 (0)0 (Mo (o ()

I'=1r=1

+ AEx x o (aa*[0,0) [0 (Aj)0" (N)]
37

The solution of the noise-dependent term can be constructed with the covariance matrix (30) and is
given by [6]

1

2
o+ oz +agfog - (o)

EREN

Ex x ~N(AA%0,0) [U/(/\Q)U/(/\ﬁ)] = (38)

. T . .
Similarly, one can define the vector A®?7° = (A%, M, 07,0%) " € R* and write the covariance
matrix on the subspace spanned by A*#7°:

T
QO&B’Y& = EA’A*NN(A’A*M]’Q) |:AO(,B"/5 (AOC,B'Y(S) :| c R4X4 ) (39)

For o(x) = erf(x/+/2) the expectations in Egs. (37) are given by [5]

4 1 Qopre
Ex A*~A (A" [0,92) [0’()\6“)0’()\5)0()\7)0()\6)] = _———_ arcsin L

2z — —
s \/W 93675955’75

(40)
with )
057 = (1957 (1+0807°) - (2557 (41a)
~aBYd __aaByd aByd aByd yaByd afvyo afByé aByd afyd
QlﬂW ZQOKBV 93467 _923&Y 9257 (1‘*‘91157 ) _le’?V 914&Y (1 +Q22ﬂv ) (41b)
+ Q00057 + i a g
_ _ 2 2
Q0P —qobrs (1 + ng%) - (ngvﬁ) (1 + Q;*{M) - (Q‘ff”‘s) (1 + ngvé) o)
+20557° Q8005
_ _ 2 2
Q570 =070 (14 037"") - (250°) (14 8?) = (250°) (14 05577 @)

afyé yaByd yaByd
+ 2087700507005
C.3 From gradient flow to local fields

Consider the gradient flow approximation
dw j

==V, RW, W)

1
B 7@ Eann(zlo,1) [207(A;) €]
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Now, since for any « " y, we have

d(x’ d d
( y) 2T y+y'rj’
dt dt dt

we find

dan _ 1y )N+ 0’ ()A€

at *p*d e~ N (z(0,1) [(0'(Aj) A+ 0" (M) A;) €]
Recalling the definition £; = ¢’(};) £, the terms present inside the expectation are exactly those in
the learning term of Eq.(11).

Appendix D Initial conditions and symmetric teacher

In this work we have constructed teacher matrices W* € R**? in order to have
w* T w*
Prs = % = 57‘5 ) (42)

where w? = [W*], € R is the r-th row of the matrix W*. We have started by sampling k vectors

of dimension d uniformly on a ball of radius v/d. Then we constructed an orthonormal basis using
singular value decomposition.

The initial student weights W e R? *d were taken as
= AW™ | (43)

with each row of A € RP** sampled uniformly on a ball of radius one. We acknowledge choosing
initial student weights as linear combinations of the teacher can be artificial and shrinks the first
plateau, but our focus on this work was the specialization phase. Nevertheless, this choice and
Eq. (42) are particularly suitable to theoretical analysis. Once k and p are fixed, the dimension d
can be varied without changing Q°, M" and P, thereby removing any influence of different initial
conditions for different d and providing the reader better visualization on the learning curves. To
clarify this point, consider the j-th row w(; =[WY; ¢ R? of W°:

k
= Z ajrw:: ’ (44)
r=1
with aj, = [A];,. Using Eq. (42) one can write
wi T w?
q;‘)l - Z AjrQjpr —— Za]ralr . (45)
ryor/=1 h,—/ T
—6 /
Similarly,
o _ wylw;
mj’!‘ = T = ajT . (46)

Thus once A is fixed, the input dimension d can be varied without affecting the initial conditions. We

chose to sample a; = [A]; € R* on a ball of radius one both to introduce some randomness on the
initialization and to keep the initial parameters bounded by one.

We stress that we use these initial conditions to make the data comparable for varying dimension
d in the numerical illustrations. Our conclusions do not depend on this particular choice of initial
conditions. If one simply takes random initialization w; ~ N (w;|0, 1) for each j, the full picture
we have presented in this manuscript remains unchanged. In Figure 6 we present an example of
curves within the blue region (see Section 2 for the characterization of this regime) with unconstrained
Gaussian initialization. Dots represent simulations, while solid lines are obtained by integration of
the ODEs given by Eqs. (18), with initial conditions adjusted to match simulations.

Although varying the initial population risk with d slightly changes the exact position where the spe-
cialization transition starts, the particular initial conditions adopted in this work do not affect whether
the specialization transition takes place or not, comparing to unconstrained Gaussian initialization.
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Figure 6: Population risk dynamics for = § = 0 (Saad & Solla scaling) : po = 8, k = 4, prs = 6.
Initialization: w; ~ N (w;|0, 1) for j = 1,..., po. Activation function: o(x) = erf(z/+/2). Data
distribution: P(x) = AN(x|0,1). Dots represent simulations, while solid lines are obtained by

integration of the ODEs given by Eqgs. (18), with initial conditions adjusted to match simulations.
Observe the difference on the initialization for different d.
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