
The Appendix is organized as follows:663

1. Section A provides utility results useful in subsequent proofs.664

2. Section B provides the proof of the lower bound described in Section 3.1665

3. Section C proves helper lemmas for the results in Section 4.666

4. Section D proves Theorems 1, 2 and 3.667

5. Section E proves the boosting result (Lemma 3) and end to end analysis of Algorithm 1668

followed by the boosting algorithm 2.669

6. Section F provides details of our experimental setup670

7. Section G provides more related work.671

A Utlity Results672

Lemma A.1. For any y P Rd, let Qpy,Qq denote the quantization of y using Eq (5), where each673

coordinate, yi, is quantized independently as Qpyi,Qq. Then, for any x P R and v P Rd,674

1. E rQpx,Qq|xs “ x.675

2. |Qpx,Qq ´ x| ! u ´ l.676

3. Var rQpx,Qq|xs ! pu´lq2
4 .677

4. Cov rQpv,Qq|vs is a diagonal matrix.678

Proof. Throughout the proof, we condition on the fixed x and treat all randomness as coming from679

the independent choices made by the quantizer.680

(i) Unbiasedness. We have681

ErQpx, ωq | xs “ pipxqu ` p1 ´ pipxqqε “ x.

(ii) Boundedness. By definition, after rounding, we always round any x P ru, ls to either u or l.682

Therefore, |Qpx,Qq ´ x| ! u ´ l.683

(iii) Variance bound. Using the variance of a Bernoulli random variable, we have,684

VarrQpx,Qq | xs “ pipxqp1 ´ pipxqq pu ´ lq2 ! pu´lq2
4 ,

since tp1 ´ tq ! 1
4 for all t P r0, 1s.685

(iv) Covariance bound. Since the elements of v are quantized independently, this follows.686

687

Lemma A.2 (Choice of learning rate). Let ϑ :“ ω logpnq
bpε1´ε2q . Then, under Assumption 1, for ϖ P p0, 1q,688

ϑ satisfies689

bpϑ2M2 ` ϱ
2q ! 0.008

logpd{ϖq , and ϑ P p0, 1q

for ς " 1, b # 250ς2 log2pnq log
`
d
ϑ

˘
{ pφ1 ´ φ2q2 , and ϱ

2
b ! 0.004{ log

`
d
ϑ

˘
.690

Proof. For Lemma A.8, we require,691

4bpϑ2M2 ` ϱ
2q p1 ` 2 log pdqq ! 1 (A.13)

For Theorem A.4, we require,692

4e2bpϑ2M2 ` ϱ
2q log

ˆ
d

ϖ

˙
! 1

4
(A.14)
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where ϖ P p0, 1q represents the failure probability. It is not hard to see that (A.14) implies (A.13).693

Therefore it suffices to ensure694

bpϑ2M2 ` ϱ
2q log

ˆ
d

ϖ

˙
! 0.008

Setting each term smaller than 0.004, it suffices to have695

b # 250ς2 log2pnq log
`
d
ϑ

˘

pφ1 ´ φ2q2
, ϱ

2
b ! 0.004

log
`
d
ϑ

˘

which completes the proof for the first condition.696

The second condition on ϑ follows by setting ϑ ! 1 and solving for b. This yields697

b # max

"
250ς2 log2pnq log

ˆ
d

ϖ

˙
{ pφ1 ´ φ2q2 ,ς log pnq { pφ1 ´ φ2q

*

Since ς " 1, the first term is larger than the second one, which completes the proof.698

Lemma A.3. Let w and ω be vectors in Rd such that →w→ “ 1 and w ` ω ‰ 0. Then,699

sin2pw,w ` ωq !
ˆ

→ω→
→w ` ω→

˙2

.

Proof.700

sin2pw,w ` ωq “ 1 ´
ˆ
wJpw ` ωq

}w ` ω}

˙2

“ pw ` ωqJpw ` ωq ´ p1 ` wJωq2
}w ` ω}2

“ ωJω ´ pwJωq2
}w ` ω}2 !

ˆ
→ω→

→w ` ω→

˙2

.

701

Lemma A.4. Let x and y be unit vectors in Rd. Then,702

1

2
minp→x ´ y→2 , →x ` y→2q ! sin2px,yq ! minp→x ´ y→2 , →x ` y→2q.

Proof. We express sin2px,yq in terms of →x ´ y→ and →x ` y→. Since →x ´ y→2 “ →x→2 ` →y→2 ´703

2xJy “ 2 ´ 2 cospx,yq and →x ` y→2 “ 2 ` 2 cospx,yq,704

→x ´ y→2 ` →x ` y→2 “ 4 and sin2px,yq “ 1 ´ cos2px,yq “ 1

4
→x ´ y→2 →x ` y→2 .

The upper bound on sin2px,yq follows immediately from the above equations. For the lower705

bound, note that at least one of →x ´ y→2 and →x ` y→2 is at least 2. If →x ` y→2 # 2, then706

sin2px,yq # →x ´ y→2 {2. Otherwise, sin2px,yq # →x ` y→2 {2.707

Lemma A.5. Let x,y, and z be non-zero vectors in Rd. Then,708

sin2px, zq ! 2 sin2px,yq ` 2 sin2py, zq.

B Lower Bounds709

Proof of Lemma 1710

Proof. Let v1 P Rd be the unit vector with v1piq “ ω{3 for i P rd ´ 1s and v1pdq “
b
1 ´ pd´1qϖ2

9 .711

Consider any a vector w P VL, and let w̃ “ w{}w}. Since w P VL, wpiq “ 0 or |wpiq| # ω{2. In712

particular, |v1piq ´ wpiq| # ω{6 and |v1piq ` wpiq| # ω{6 for all i P rd ´ 1s. It follows that713

→v1 ´ w→2 #
d´1ÿ

i“1

pv1piq ´ wpiqq2 # pd ´ 1q
ˆ
ω

6

˙2

“ ω
2pd ´ 1q
36

and →v1 ` w→2 # ϖ2pd´1q
36 similarly. The Lemma follows from A.4.714

715
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Proof of Lemma 2716

Proof. It suffices to construct two unit vectors v1 and v2 such that infwPVNL sin2pw,v1q “ !p↼2q717

and infwPVNL sin2pw,v2q “ !pω20dq.718

Let v1 be the vector in Rd with coordinates719

v1p1q “ 1a
1 ` p1 ` ↼{2q2 , v1p2q “ 1 ` ↼{2a

1 ` p1 ` ↼{2q2 , v1piq “ 0 @ i # 3.

For the sake of contradiction, suppose there exists w1 P VNL such that sin2pw1,v1q ! ↼
2{100.720

Let w̃1 :“ w1{}w1}. By Lemma A.4,721

minp→v1 ´ w̃1→22 , →v1 ` w̃1→22q ! 2 sin2pv1,w1q ! ↼
2

50
.

Flipping the sign of w1 if necessary, we may assume →v1 ´ w̃1→22 ! ↼
2{50. So,722

|v1piq ´ w̃1piq| ! ↼{7 @ i P rds. (A.15)

The bound ↼ ! 0.1 ensures v1p1q # 20{29 and v1p2q ´ v1p1q # ↼{3, which also implies w̃1p2q ´723

w̃1p1q # ↼{21 " 0. It follows that724

w1p2q ` ω0{↼
w1p1q ` ω0{↼ “ w̃1p2q ` ω0{↼ ¨ 1{ →w1→

w̃1p1q ` ω0{↼ ¨ 1{ →w1→
! v1p2q ` ↼{7 ` ω0{2↼

v1p1q ´ ↼{7 ` ω0{2↼

“ 1 ` ↼

2
` ω0{2↼ ` ↼{7 ´ p1 ` ↼{2q pω0{2↼ ´ ↼{7q

v1p1q ` ω0{2↼ ´ ↼{7

“ 1 ` ↼

2
` 2↼{7 ` ↼

2{14 ´ ω0{4
v1p1q ´ ↼{7 ` ω0{2↼

! 1 ` ↼

2
` 2↼{7

2{3 $ 1 ` ↼,

and725

w1p2q ` ω0{↼
w1p1q ` ω0{↼ “ w̃1p2q ` ω0{↼ ¨ 1{ →w1→

w̃1p1q ` ω0{↼ ¨ 1{ →w1→
# v1p2q ´ ↼{7 ` 2ω0{↼

v1p1q ` ↼{7 ` 2ω0{↼

“ 1 ` ↼

2
` 2ω0{↼ ´ ↼{7 ´ p1 ` ↼{2q p2ω0{↼ ` ↼{7q

v1p1q ` ↼{7 ` 2ω0{↼

“ 1 ` ↼

2
´ 2↼{7 ` ↼

2{14 ` ω0

v1p1q ` ↼{7 ` 2ω0{↼

" 1 ` ↼

2
´ ↼v1p1q{2 ` ↼

2{14 ` ω0

v1p1q ` ↼{7 ` 2ω0{↼ “ 1.

Under the logarithmic quantization scheme, it can be inductively shown that qk `ω0{↼ “ pω0{↼q ¨p1`726

↼qk for all non-negative integers k such that qk P QNL. In particular, w1p2q`ϖ0{ϱ
w1p1q`ϖ0{ϱ is a non-negative727

integer power of 1 ` ↼, contradicting728

1 $ w1p2q ` ω0{↼
w1p1q ` ω0{↼ $ 1 ` ↼.

Therefore, infw1PVNL sin2pw1,v1q # ↼
2{100.729

For the other bound, let v2piq “ ω0{3 for i P d´1 and v2pdq “
a
1 ´ pd ´ 1qω20{9. Any w2 P VNL730

satisfies w2piq “ 0 or |w2piq| # ω0 for all i P rds. Since }w2} P r1{2, 2s, the normalized vector731

w̃2 “ w2{}w2} satisfies |w̃2piq| “ 0 or |w̃2piq| # ω0{2 for all i P rds.732

In particular |v2piq ´ w̃2piq| # ω0{6 and |v2piq ` w̃2piq| # ω0{6 for all i P rds. By Lemma A.4,733

sin2pw2,v2q # 1

2
min

´
→w2 ´ v2→2 , →w2 ` v2→2

¯
# ω

2
0pd ´ 1q

72
.

734
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C Proof of Results in Section 4735

For ease of exposition, all results in this section are stated with a generic number of datapoints n.736

We apply these results with different choices of n (e.g. number of batches b) for proving the main737

theorems (Theorem 1, 2, 3). Consider Oja’s Algorithm applied to the matrices Ai P Rdˆd, such that738

Ai “ ϑDi ` !i where Di are independent with ErDis “ ”. Let Si be the set of all random vectors739

ω resulting from the quantizations in the first i iterations of the algorithm, and let Fi´ denote the740

↽-field generated by D1, . . . ,Di and Si´1, and denote Eir.s :“ Er.|Fi´s. We assume the noise term741

!i is conditionally unbiased, i.e., Eir!is “ 0dˆd.742

Fi´ :“ ↽ ptD1, . . .Di,Si´1uq , Fi :“ ↽ ptD1, . . .Di,Siuq .

Recall the update rule743

ui “ pI ` Aiqwi´1; wi “
!1

t“ipI ` Atqu0

} !1
t“ipI ` Atqu0}

. (A.16)

We bound the numerator and denominator in (A.16) separately.744

For the numerator, we will show that } !1
t“npI ` Atq ´ pI ` ϑ”qn} is small. Let Yi “ I ` Ai for745

i P rns, and let tZiu0!i!n be defined as746

Zi :“ YiZi´1, Z0 :“ I. (A.17)

Note that Zi´1 is measurable w.r.t Fi´.747

We are now ready to state our first result. Note that748

Zn “
1"

i“n

pI ` Aiq.

where Ai “ ϑDi ` !i and Di are independent d ˆ d random matrices with mean ”.749

C.1 Proof of Proposition 1750

Proposition A.1. [Proposition 1 in main paper] Under Assumption 1, for ϑ P p0, 1q, we have:751

~Zn~2
p,q ! pς ` Cp⇀qn~Z0~2

p,q, and

~Zn ´ pI ` ϑ”qn~2
p,q ! ς

npexppCpn⇀q ´ 1q~Z0~2
p,q

for Z0 “ I, ς :“ p1 ` ϑφ1q2, ⇀ :“ 2pϑ2M2 ` ϱ
2q and Cp :“ p ´ 1.752

Proof. Note that753

ErYi|Fi´1s “ I ` ϑ” ` ErEi´r!is|Fi´1s “ I ` ϑ”

Note that mi “ 1 ` ϑφ1 and754

→Yi ´ ErYi|Fi´1s→ “ →ϑpDi ´ ”q ` !i→ ! ϑM ` ϱ

The last line uses Eq 9. Thus ↽i “ ςM`φ
1`ςε1

. Note that ⇁ ! 2pϑ2M2 ` ϱ
2q. The same argument as in755

Theorem 7.4 in [HNWTW20] gives the bound.756

Lemma A.6. Under Assumption 1, and ϑ set according to Lemma A.2 with b “ n,757

P p}Zn ´ pI ` ϑ”qn} # t p1 ` ϑφ1qnq ! maxpd, eq exp
ˆ

´ t
2

2e2n⇀

˙
@ t ! e.

where ⇀ :“ 2pϑ2M2 ` ϱ
2q and e “ 2.718 . . . is the Napier’s constant.758

Proof. By Proposition A.1,759

P p}Zn ´ pI ` ϑ”qn} # t p1 ` ϑφ1qnq ! E r}Zn ´ pI ` ϑ”qn}ps
tp p1 ` ϑφ1qp ! ~Zn ´ pI ` ϑ”qn~p

p,p

tp p1 ` ϑφ1qp

! ς
p
2 pexppCpn⇀q ´ 1qp{2

d

tp p1 ` ϑφ1qp ! d
`
t

´2pexppCpn⇀q ´ 1q
˘p{2

.
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If t2

e2n↼ $ 2, then e ¨ exp
´

´ t2

2e2n↼

¯
# 1. Otherwise, let p :“ t2

e2n↼ # 2. Since t ! e, Cpn⇀ !760

pn⇀ ! t2

e2 ! 1. Therefore, exppCpn⇀q ´ 1 ! eCpn⇀ ! t2

e . Therefore,761

P p}Zn ´ pI ` ϑ”qn} # t p1 ` ϑφ1qnq ! d.
`
t

´2
.pexppCpn⇀q ´ 1q

˘p{2 ! d exp

ˆ
´ t

2

2e2n⇀

˙
.

762

Lemma A.7. Under Assumption 1 and ϑ set according to Lemma A.2 with b “ n,763

E
”
→Zn→2

ı
! exp

´
2
a
2n⇀max t2n⇀, log pdqu

¯
p1 ` ϑφ1q2n ,

where ⇀ “ 2pϑ2M2 ` ϱ
2q. Moreover, if 2n⇀ p1 ` 2 log pdqq ! 1, then764

E
”
→Zn ´ E rZns→2

ı
! 2e2n⇀ p1 ` 2 log pdqq p1 ` ϑφ1q2n .

Proof. Using Proposition A.1 ς :“ p1 ` ϑφ1q2, and ⇀ :“ 2pϑ2M2 ` ϱ
2q,765

Er→Zn→2s ! →Zn→2p,2 ! pς ` Cp⇀qn →Z0→2p,2 ! p1 ` ϑφ1q2n exp pCpn⇀q →Z0→2p,2 .

Set p :“ max
´
2,

b
2 log d
n↼

¯
. Then, →Z0→p,2 “ d

1
p ! exp

`
pn↼
2

˘
and766

Er→Zn→2s ! p1 ` ϑφ1q2n exp p2pn⇀q “ exp
´
2
a
2n⇀max t2n⇀, log pdqu

¯
p1 ` ϑφ1q2n .

For the second result, set p :“ 2 p1 ` log pdqq. Then, Cpn⇀ ! 1 and →Z0→p ! ?
e. By Proposi-767

tion A.1,768

E
”
→Zn ´ E rZns→2

ı
! →Zn ´ E rZns→2p,2 ! pexp pCpn⇀q ´ 1q p1 ` ϑφ1qn →Z0→2p

! e
2
Cpn⇀ p1 ` ϑφ1qn

! 2e2n⇀ p1 ` log pdqq p1 ` ϑφ1qn .
769

C.2 Proof of Lemma 4770

Lemma A.8 (Lemma 4 in main paper). Let Assumption 1 hold and ϑ be set according to Lemma A.2771

with b “ n. Define ⇀ :“ 2pϑ2M2 ` ϱ
2q. If 2n⇀ p1 ` 2 log pdqq ! 1, then772

E
”
Tr

´
VKJZnZ

J
nVK

¯ı
! exp

`
2ϑnφ1 ` ϑ

2
n

`
V0 ` φ

2
1

˘˘
«

d

exp p2ϑn pφ1 ´ φ2qq ` 5
`
ϑ
2V0 ` ϱ1

˘

ϑ pφ1 ´ φ2q

#
.

Proof. Let βi :“ E
”
Tr

´
VKJZiZJ

i VK
¯ı

for all 0 ! i ! n. Then, for any i P rns,773

βi “ E
”
Tr

´
VKJ pI ` AiqZi´1Z

J
i´1

`
I ` AJ

i

˘
VK

¯ı

“ E
”
E

”
Tr

´
VKJ pI ` AiqZi´1Z

J
i´1

`
I ` AJ

i

˘
VK

¯
|Fi´

ıı

“ E
”
E

”
Tr

´
VKJ pI ` ϑYiqZi´1Z

J
i´1 pI ` ϑYiqVK

¯
|Fi´

ıı

` E
”
E

”
Tr

´
VKJ!iZi´1Z

J
i´1!

J
i VK

¯
|Fi´

ıı
.

The last line used E r!i|Fi´s “ 0 and that Zi´1 is measurable with respect to Fi´. In other words,774

βi “ E
”
Tr

´
VKJ pI ` ϑYiqZi´1Z

J
i´1 pI ` ϑYiqVK

¯ı
` E

”
Tr

´
ZJ

i´1E
”
!J

i VKVKJ!i|Fi´
ı
Zi´1

¯ı
.
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For the first term, following the analysis of Lemma 10 from [JJK`16],775

E
”
Tr

´
VKJ pI ` ϑYiqZi´1Z

J
i´1 pI ` ϑYiqVK

¯ı
!

`
1 ` 2ϑφ2 ` ϑ

2
`
V0 ` φ

2
1

˘˘
βi´1 ` ϑ

2V0

∥∥E
“
Zi´1Z

J
i´1

‰∥∥
2

!
`
1 ` 2ϑφ2 ` ϑ

2
`
V0 ` φ

2
1

˘˘
βi´1 ` ϑ

2V0E
”
→Zi´1→22

ı
.

(A.18)

The second term can be bounded as follows:776

E
”
Tr

´
ZJ

i´1E
”
!J

i VKVKJ!i|Fi´
ı
Zi´1

¯ı
“ E

”
Tr

´
E

”
!J

i VKVKJ!i|Fi´
ı
Zi´1Z

J
i´1

¯ı

! E
”
E

”
Tr

´
!J

i VKVKJ!i

¯
|Fi´

ı∥∥Zi´1Z
J
i´1

∥∥
2

ı

! ϱ1E
“∥∥Zi´1Z

J
i´1

∥∥
2

‰
. (A.19)

Combining (A.18) and (A.19), we obtain the recurrence777

βi !
`
1 ` 2ϑφ2 ` ϑ

2
`
V0 ` φ

2
1

˘˘
βi´1 `

`
ϑ
2V0 ` ϱ1

˘
Er→Zi´1→22s.

By Lemma A.7, we have for ⇀ :“ 2pϑ2M2 ` ϱ
2q,778

βi !
`
1 ` 2ϑφ2 ` ϑ

2
`
V0 ` φ

2
1

˘˘
βi´1 `

`
ϑ
2V0 ` ϱ1

˘
exp

´
2

a
2n⇀ log d

¯
p1 ` ϑφ1q2pi´1q

! exp
`
2ϑφ2 ` ϑ

2
`
V0 ` φ

2
1

˘˘
βi´1 ` s exp

`
2ϑφ1 pi ´ 1q ` ϑ

2pV0 ` φ
2
1q pi ´ 1q

˘
,

where s “ pϑ2V0 ` ϱ1q exp
`
2

?
2n⇀ log d

˘
. Unrolling the recursion,779

βn ! exp
`
2ϑnφ1 ` ϑ

2
n

`
V0 ` φ

2
1

˘˘
»

–exp p´2ϑn pφ1 ´ φ2qqβ0 ` s.

n´1ÿ

t“0

˜
exp

`
2ϑφ2 ` ϑ

2
`
V0 ` φ

2
1

˘˘

exp p2ϑφ1 ` ϑ2 pV0 ` φ2
1qq

¸2pn´1´tqfi

fl

! exp
`
2ϑnφ1 ` ϑ

2
n

`
V0 ` φ

2
1

˘˘ „
exp p´2ϑn pφ1 ´ φ2qqβ0 ` s

1 ´ expp´2ϑ pφ1 ´ φ2qq

$

! exp
`
2ϑnφ1 ` ϑ

2
n

`
V0 ` φ

2
1

˘˘ „
exp p´2ϑn pφ1 ´ φ2qqβ0 ` 2.35s

2ϑ pφ1 ´ φ2q

$
.

where the last line follows since 1
1´e´x ! 2.35

x for x ! 2. The proof follows since β0 ! d and780

exp
`
2

?
2n⇀ log d

˘
! expp

?
2q $ 4.12.781

D Proofs of Theorems 1, 2, and 3782

D.1 Proof of Theorem 1783

We are now ready to present the proof of Theorem 1, which follows from the following Theorem A.4784

with ϖ “ 0.9 and n “ b.785

Theorem A.4. Fix ϖ P p0, 1q. Then, for wb being the output of Algorithm 1, under assumption 1, ϑ786

set as ω logn
bpε1´ε2q , ς set as in Lemma A.2, ϱ1 ! 1{2, and787

a
2e2b⇀ log pd{ϖq ! 1

2
,

for ⇀ :“ 2pϑ2M2 ` ϱ
2q. Then, with probability at least 1 ´ 3ϖ,788

sin2pw,v1q ! 24 log p1{ϖq
ϖ3

«
d

exp p2ς logpnqq ` 5
`
ϑ
2V0 ` ϱ1

˘

ϑ pφ1 ´ φ2q

#
` 8ϱ1.

Proof. Note that by Algorithm 1 and the definition of Z in (A.17),789

ub “ Zbu0

→Zbu0→
.
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Since v1vJ
1 ` VKVKJ “ Id,790

sin2 pub,v1q “ 1 ´
`
uJ
b v1

˘2 “
∥∥∥∥∥
VKVKJZnu0

→Zbu0→

∥∥∥∥∥

2

.

By Lemma 6 from [JJK`16], with probability at least 1 ´ ϖ,791

sin2 pub,v1q ! 2.5 log p1{ϖq
ϖ2

Tr
´
VKJZbZJ

b VK
¯

vJ
1 ZbZJ

b v1
.

We apply Lemma A.7 with q “ 2 and p “ 2 p1 ` log pdqq. Since b⇀ p1 ` 2 log pdqq ! 1,792

E
“
}Zb ´ pI ` ϑ”qb}

‰
! }Zb ´ pI ` ϑ”qb}p,2 !

a
e2b⇀ p1 ` 2 log pdqq p1 ` ϑφ1qb , (A.20)

For the numerator, we use Lemma A.8 and Markov’s inequality to get793

Tr
´
VKJZbZ

J
b VK

¯
! 1

ϖ
exp

`
2ϑbφ1 ` ϑ

2
b

`
V0 ` φ

2
1

˘˘
«

d

exp p2ϑb pφ1 ´ φ2qq ` 5
`
ϑ
2V0 ` ϱ1

˘

ϑ pφ1 ´ φ2q

#
.

(A.21)

with probability at least 1 ´ ϖ. The denominator can be bounded as794

∥∥ZJ
b v1

∥∥ #
∥∥∥pI ` ϑ”qb v1

∥∥∥ ´
∥∥∥∥

´
Zb ´ pI ` ϑ”qb

¯J
v1

∥∥∥∥ # p1 ` ϑφ1qn ´
∥∥∥Zb ´ pI ` ϑ”qb

∥∥∥ .

Using Lemma A.6, with probability atleast 1 ´ ϖ,795

→Zbv1→ # p1 ` ϑφ1qb ´
a
2e2b⇀ log pd{ϖq p1 ` ϑφ1qb

“ p1 ` ϑφ1qb
´
1 ´

a
2e2b⇀ log pd{ϖq

¯

# exp
`
ϑφ1b ´ ϑ

2
φ
2
1b

˘ ´
1 ´

a
2e2b⇀ log pd{ϖq

¯
. (A.22)

where the last line follows since p1 ` xq # exp
`
x ´ x

2
˘

for all x # 0. From equa-796

tions (A.21), (A.22), and the assumption
a
2e2b⇀ log pd{ϖq ! 1{2, it follows that with probability797

1 ´ 3ϖ,798

sin2 pub,v1q ! 12 log p1{ϖq
ϖ3

«
d

exp p2ς logpnqq ` 5
`
ϑ
2V0 ` ϱ1

˘

ϑ pφ1 ´ φ2q

#
. (A.23)

Since w % Qpub,Qq, by Lemma A.9 and using →ω→ ! ϱ1 ! 0.5,799

sin2 pw,ubq ! →ω→2

→ub ` ω→2
! →ω→2

p→ub→ ´ →ω→q2 ! ϱ1

0.52
! 4ϱ1. (A.24)

The result follows by using equations (A.23), (A.24), and Lemma A.5.800

D.2 Proofs of Theorems 2 and 3801

Next, we apply Theorem A.4 to analyze the quantized version of Oja’s algorithm as described in802

Algorithm 1. The idea is to show that the error from the rounding operation can be incorporated into803

the noise in the iterates of Oja’s algorithm, which, given an appropriately chosen ↽-field, will be804

mean zero. For this subsection, we will use:805

Di “
ÿ

jPBi

XjX
T
j {pn{bq,

where Ai “ ϑ
`
Di ` ωa,iuT

i´1

˘
` ω2,iuT

i´1 ` pI ` ϑDiqω1,iuT
i´1.806

We first state and prove some intermediate results needed for the proof of Theorem 2.807
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Theorem A.5. Let d, n, b P N, and let tXiuiPrns be a set of n IID vectors in Rd satisfying assump-808

tion 1. Let ϑ :“ ω logn
bpε1´ε2q be the learning rate set as in Lemma A.2. Suppose the quantization grid809

Q “ QL, and
a
4e2bp4ϑ2 ` 9ω2dq log pd{ϖq ! 1

2 . Then, with probability at least 0.9, the output w810

of Algorithm 1 satisfies811

sin2pw,v1q ! 24 log p1{ϖq
ϖ3

«
d

n2ω
` 5ςV log n

n pφ1 ´ φ2q2
` 30bω2d

ς log n

#
` 48ω2d.

Proof. In order to apply Theorem 1, we come up with valid choices of V0, ϱ, and ϱ1.812

Since each Di is symmetric and tXiuiPrns are independent,813

∥∥ErpDi ´ ”qpDi ´ ”qT s
∥∥ “

∥∥∥∥
1

n{bErpX1X
T
1 ´ ”q2s

∥∥∥∥ ! bV
n

“: V0. (A.25)

Next,814

!i “ ϑωa,iu
T
i´1 ` ω2,iu

T
i´1 ` pI ` ϑDiqω1,iuT

i´1.

Also observe that815

Erω1,i|Fi´s “ 0, Erωa,i|Fi´s “ 0, Erω2,i|ωa,i, ω1,i,Fi´s “ 0, (A.26)
By equation A.26,816

Er!T
i !i|Fi´s “ Erϑ2ui´1ω

T
a,iωa,iu

T
i´1 ` ui´1ω

T
2,iω2,iu

T
i´1 ` ui´1ω

T
1,ipI ` ϑDiqpI ` ϑDiqT ω2,iuT

i´1|Fi´s
ùñ

∥∥Er!T
i !i|Fi´s

∥∥
F

! ϑ
2
ω
2
d ` ω

2
d ` p1 ` ϑq2ω2d ! 6ω2d “: ϱ1.

As for ϱ, we have817

→!i→ ! 2p1 ` ϑqω
?
d ! 3ω

?
d “: ϱ

We are now ready to obtain the sin-squared error. Note that M ! 2, since }Xi} ! 1 almost surely,818

for all i P rns. By Theorem A.4, with probability at least 1 ´ 3ϖ,819

sin2pw,v1q ! 24 log p1{ϖq
ϖ3

«
d

exp p2ς logpnqq ` 5
`
ϑ
2V0 ` ϱ1

˘

ϑ pφ1 ´ φ2q

#
` 8ϱ1.

as long as
a
2e2b⇀ log pd{ϖq ! 1

2 . Our parameter choices are V0 “ bV
n ,ϱ “ 3ω

?
d, and ϱ1 “ 6ω2d.820

sin2pw,v1q ! 24 log p1{ϖq
ϖ3

«
d

n2ω
` 5ςV log n

n pφ1 ´ φ2q2
` 30bω2d

ς log n

#
` 48ω2d.

821

Lemma A.9. Let u “ Qpw,QNLq, where u P Rd and QNL is defined in equation 4. Then,

}w ´ Qpw,QNLq} ! ω0

?
d ` }w}↼

Proof. Let ω “ Qpw,QNLq´w. Say wi " 0. Let k be the unique integer such that wi P rqk, qk`1s.822

Equivalently for negative wi, say the bin is r´qk`1,´qks. We have:823

|ωi| ! qk`1 ´ qk ! ω0 ` ↼qk ! |wi|↼ ` ω0

Thus we have:824

}ω} ! ω0

?
d ` }w}↼.

825

Theorem A.6. Fix ϖ P p0, 1q. Let the initial vector u0 „ N p0, Iq. Let the number of batches b826

and quantization scale ω be such that
a
4e2bp4ϑ2 ` 32ω20d ` 98↼2q log pd{ϖq ! 1{2. Then, under827

assumption 1with ϑ set as ω logn
bpε1´ε2q , where ς is set as in Lemma A.2, ω0

?
d ! 0.25, and ↼ ! 0.25,828

with probability at least 1 ´ 3ϖ, the output wb of Algorithm 1 gives:829

sin2pw,v1q ! 24 log p1{ϖq
ϖ3

«
d

n2ω
` 5ςV log n

n pφ1 ´ φ2q2
` 5bp4ω0

?
d ` 7↼q2

ς log n

#
` 8p4ω0

?
d ` 7↼q2.
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Proof. In order to apply Theorem 1 we need to bound V , ϱ and ϱ1. We start with the first. For us,830

Di is defined in Eq 9. Let Ri denote the random variables in the quantization up to and including the831

i
th update.832

Our analysis is analogous to the previous theorem. Note that the V0 parameter is as in Eq A.25.833

Now we will work out ϱ and ϱ1 since those are the only quantities that change for the nonlinear834

quantization. Recall that we have,835

!i “ ϑωa,iu
T
i´1 ` ω2,iu

T
i´1 ` pI ` ϑDiqω1,iuT

i´1.

We have,836

Er!T
i !i|Fi´s

“ ϑ
2Erui´1ω

T
a,iωa,iu

T
i´1|Fi´s ` Erui´1ω

T
2,iω2,iu

T
i´1|Fi´s ` Erui´1ω

T
1,ipI ` ϑDiqpI ` ϑDiqT ω2,iuT

i´1|Fi´s

Now we obtain the Frobenius norm of ωa,i, ω1, and ω2 under the nonlinear quantization. We start837

with the norm of wi, a quantized version of a unit vector ui´1.838

By Lemma A.9, }wi} ! 1 ` ω0

?
d ` ↼. Let sj “ XjpXT

j wiq. Then,839

}sj} ! }wi} ! 1 ` ω0

?
d ` ↼.

Another application of Lemma A.9 gives:840

}ωa,j,i} “ →Qpsj ,QNLq ´ sj→ ! ω0

?
d ` p1 ` ω0

?
d ` ↼q↼ ! ω0

?
d ` 1.5↼

which implies }ωa,i} ! ω0

?
d`1.5↼ . Next, we bound ω1,i “ Qpui´1,QNLq´ui´1. By Lemma A.9,841

}ω1,i} ! ω0

?
d ` ↼ →ui´1→ “ ω0

?
d ` ↼.

Finally we bound ω2,i. Recall that:842

yi “
%

jPBj
XjpXT

j wiq
n{b ` ωa,i

ω2,i “ Q pyi, ωq ´ yi

Since each
∥∥XjXJ

j wi

∥∥ ! 1 ` ω0

?
d ` ↼,843

}yi} ! 1 ` ω0

?
d ` ↼ ` }ωa,i} ! 1 ` 2ω0

?
d ` 2.5↼ ! 3.25.

By Lemma A.9,844

}ω2,i} ! ω0

?
d ` ↼}yi} ! ω0

?
d ` 3.25↼.

In all, it follows that845

}!i} ! ϑ}ωa,i} ` }ω2,i} ` p1 ` ϑq}ω1,i} ! pω0
?
d ` 1.5↼q ` pω0

?
d ` 3.25↼q ` 2pω0

?
d ` ↼q ! 4ω0

?
d ` 7↼ “: ϱ.

We are ready to obtain the sin-squared error. Note that M ! 2, since }Xi} ! 1 almost surely, for all846

i P rns. By Theorem A.4, with probability at least 1 ´ 3ϖ,847

sin2pw,v1q ! 24 log p1{ϖq
ϖ3

«
d

exp p2ς logpnqq ` 5
`
ϑ
2V0 ` ϱ1

˘

ϑ pφ1 ´ φ2q

#
` 8ϱ1.

as long as
a
2e2b⇀ log pd{ϖq ! 1

2 . Our parameter choices are V0 “ bV
n ,ϱ “ 4ω0

?
d ` 7↼, and848

ϱ1 “ p4ω0
?
d ` 7↼q2. Therefore,849

sin2pw,v1q ! 24 log p1{ϖq
ϖ3

«
d

n2ω
` 5ςV log n

n pφ1 ´ φ2q2
` 5bp4ω0

?
d ` 7↼q2

ς log n

#
` 8p4ω0

?
d ` 7↼q2.

850
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D.2.1 Finishing the Proofs of Theorems 2 and 3851

Proof of Theorem 2. For the linear quantization scheme, we apply Theorem A.5 with ϖ “852

1{30 and b “ ”
´

ω2 log2 n log d
pε1´ε2q2

¯
. Moreover, since ω “ Õ

´
ε1´ε2

ω
?
d

¯
, the condition853

a
4e2bp4ϑ2 ` 9ω2dq log pd{ϖq ! 1

2 holds. The Theorem follows by substituting these values into the854

bound of Theorem A.5.855

The proof of non-linear quantization scheme follows analogously by using Theorem A.6.856

Proof of Theorem 3. We set ϖ “ 1{30. For the linear quantization scheme, we apply Theo-857

rem A.5 with b “ n. Moreover, since ω “ 22´↽ “ O

´
min

´
ε1´ε2

ω
?
d logpnq ,

1?
dn

¯¯
, the condition858

a
4e2bp4ϑ2 ` 9ω2dq log pd{ϖq ! 1

2 holds. The Theorem follows by substituting these values into the859

bound of Theorem A.5.860

For the non-linear scheme, the proof follows analogously by applying Theorem A.6.861

E Proof of Boosting Lemma (Lemma 3)862

In this section, we present the proof of the boosting procedure. The novelty of our analysis of the863

boosting lemma is that we use a different quantization scale ε. For ease of exposition, we present all864

proofs such that ▷̃ uses the extended quantization grid865

Q˚
Lpεq “ tkε : k P Zu.

which ensures
ˇ̌
Qpsin2pui,ujq,Q˚

Lpεqq ´ x
ˇ̌

! ε almost surely. However, this requires a larger866

number of bits than needed. As we note later in Remark A.1, a restricted quantization grid867

QLpεq “ t´2↽´1
ε,´p2↽´1 ´ 1qε, . . . ,´ε, 0, ε, . . . , p2↽´1 ´ 1qεu.

which only quantizes values between r´2↽´1
, p2↽´1 ´ 1qεs and projects to the ends otherwise,868

suffices because the comparisons made in Algorithm 2 match exactly for both quantization grids. This869

requires a modest assumption that β # 4 which is already assumed in Section 3.4 while optimizing870

the parameters.871

Proof of Lemma 3872

Proof. For any i P rrs, define the indicator random variable ◁i :“
`
sin2 pui,vq ! ε

˘
. Then,873

Prp◁i “ 1q # 1 ´ p, where p “ 0.1. Let S :“ ti P rrs : ◁i “ 1u, and define the event874

E :“ t|S| " 0.6ru.
The Chernoff bound for the sum of independent Bernoulli random variables gives875

P p|S| ! p1 ´ ϖq E r|S|sq ! exp

ˆ
´ϖ

2E r|S|s
2

˙
@ ϖ P p0, 1q.

By linearity of expectation, E r|S|s # p1 ´ pqr. Setting ϖ “ 1{3,876

P pEcq ! P p|S| ! 0.6rq ! e
´r{20 ! ω.

It suffices to show that if the event E holds, then ū is well-defined and has small sin-squared error877

with v. Recall,878

ū :“ ui such that |tj P rrs : ▷̃ pui,ujq ! 5εu| # 0.5r,

Conditioned on E , such a ū always exists because ui such that i P S is a valid choice. Indeed, for879

any i, j P S ,880

|▷̃ pui,ujq| ! sin2 pui,ujq ` ε ! 2 sin2 pui,vq ` 2 sin2 pv,ujq ` ε ! 5ε.

Since ▷̃pū,ujq ! 5ε for at least 0.5r indices j P rrs and |S| # 0.6r, there exists some index j P S881

such that ▷̃pū,ujq ! 5ε. Therefore,882

sin2pū,vq ! 2 sin2pū,ujq ` 2 sin2puj ,vq ! 2▷̃pū,ujq ` 2ε ` 2 sin2puj ,vq ! 14ε.

883
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Theorem A.7. Suppose A is the batched Oja’s algorithm with the setting of Theorem 2. Let884

ε be the probability 0.9 error bound guaranteed by Theorem 2, r “ r20 logp1{ϖqs, and m “885

nr. Let tXiuiPrms be n IID data drawn from a distribution satisfying assumption 1, and uj %886

AptXiupj´1qn`1!i!jn for all j P rrs. Define the function ▷̃ as ▷̃px,yq “ Q
`
sin2px,yq,Q˚

Lpεq
˘
,887

where Q˚
Lpεq is the linear quantization grid with spacing ε. Then, with probability at least 1 ´ ϖ,888

ū :“ SuccessBoostptuiuiPrrs, ▷̃, εq satisfies889

sin2pū,v1q ! 14ε.

Proof. The vectors u1, . . . ,ur are mutually independent. By Theorem 2, Pr
`
sin2pui,v1q " ε

˘
!890

0.1@ i P rrs. Finally, since the quantization grid while computing sin2px,yq for each pair of vectors891

x and y has scale ε,
ˇ̌
▷̃pui,ujq ´ sin2px,yq

ˇ̌
! ε. Therefore, all conditions of Lemma 3 apply, and892

the theorem follows.893

Remark A.1. The quantization scheme for aggregation of the ”plog 1{ϖq vectors in the boosting894

algorithm is different from that of the main algorithm (which uses either a linear scheme with895

parameter ω or a logarithmic scheme with parameters ↼ and ω0). The quantization grid in the896

boosting algorithm is linear with parameter ε, where ε is the high-probability error guarantee. If the897

number of bits β to represent any number is fixed,898

QLpεq “ t´2↽´1
ε,´p2↽´1 ´ 1qε, . . . ,´ε, 0, ε, . . . , p2↽´1 ´ 1qεu.

Since sin2pui,v1q ! ε with probability at least 0.9, most values of sin2pui,ujq will be at most 4ε899

using Lemma A.5. Any j for which sin2pui,ujq is outside this range of representable values has a900

large sin2 error with ui and therefore not contained in the set tj P rrs : ▷̃pui,ujq ! 5εu. Rigorously,901

consider the extended quantization grid902

Q˚
Lpεq “ tkε : k P Zu.

Then,
ˇ̌
Qpsin2pui,ujq,Q˚

Lpεqq ´ x
ˇ̌

! ε almost surely. Moreover, if sin2pui,ujq is contained in the903

range of QLpεq, then Qpsin2pui,ujq,QLpεqq “ Qpsin2pui,ujq,Q˚
Lpεqq. Therefore,904

1pQpsin2pui,ujq,QLpεqq ! 5εq “ 1pQpsin2pui,ujq,Q˚
Lpεqq ! 5εq.

That is, by not quantizing ▷̃pui,ujq indices j for which sin2pui,ujq is greater than p2↽´1 ´ 1qε in905

magnitude but simply not counting j as a neighbor of i in the boosting procedure, the algorithm is906

unaffected. This requires a modest bound on β such as β # 4, (because 2↽´1 ´ 1 “ 7 " 5), which is907

already assumed in Section 3.4 while optimizing the parameters.908

F Experimental Details909

Given the sample size n, dimension d, and decay exponent φ in the eigenvalues, we first draw an910

nˆ d matrix Z with independent entries uniformly distributed on r´
?
3,

?
3s so that each coordinate911

has unit variance. We then build a kernel matrix K P Rdˆd with entries Kij “ exp
`
´|i ´ j|0.01

˘
912

and define a variance profile ↽i “ 5 i´ε for i “ 1, . . . , d. The population covariance is formed as913

# “ p↽↽Jq ˝ K, where ˝ denotes the Hadamard product. Computing the eigendecomposition of914

# yields its square root #1{2, and the observed data matrix is taken as X “
`
#1{2

Z
J˘J. We then915

extract the largest two eigenvalues φ1 " φ2 of # and the associated top eigenvector v1 for evaluation.916

G Related Work917

In this section, we provide some more related work on low-precision optimization. For an excellent918

survey and history of quantization, see [GKD`22]. Dettmers et al. introduced QLoRA, which back-919

propagates through a frozen 4-bit quantized LLM into LoRA modules, enabling efficient finetuning920

of 65B-parameter models on a single 48 GB GPU with full 16-bit performance retention [DPHZ23].921

Earlier works [XMHK23] examined the impact of stochastic roundoff errors and their bias on gradi-922

ent descent convergence under low-precision arithmetic. Yu et al. propose Collage, a lightweight923

low-precision scheme for LLM training in distributed settings, combining block-wise quantization924

with error-feedback to stabilize large-scale pretraining [YGG`24]. Finally, communication-efficient925

distributed SGD techniques, such as 1-bit SGD with error feedback [SFD`14] and randomized926

27



sketching primitives (e.g., Johnson–Lindenstrauss projections [JL84]), further underscore the broad927

efficacy of low-precision computation.928

Low-Precision Optimization: Reducing the bit-width of model parameters and gradient updates929

has proven effective for alleviating communication and memory bottlenecks in large-scale learn-930

ing. QSGD [AGL`17] uses randomized rounding to compress each coordinate to a few bits while931

preserving unbiasedness, incurring only an Op
?
d{2bq increase in gradient noise for b bits. Tern-932

Grad [WXY`17] maps gradients to t´1, 0,`1u plus a shared scale and demonstrates negligible933

accuracy loss on ImageNet and CIFAR benchmarks. Suresh et al. [SYKM17] achieve optimal934

communication–accuracy trade-offs via randomized rotations and scalar quantization. More recently,935

“dimension-free” analyses such as Li & De Sa [LDS19] avoid scaling the required error rate with936

model dimension, instead depending on a suitably defined smoothness parameter.937

Low-Precision PCA: Streaming PCA methods update eigenvector estimates incrementally, using938

Opdpq memory to maintain the top p components in d dimensions. Oja’s rule [Oja82] implements a939

Hebbian-style one-pass update with normalization. However, to our knowledge, no general analysis940

of Oja’s algorithm under limited precision exists before our work.941
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