A Appendix

Preliminaries

Throughout the appendix, we make frequent use of Gaussian integrals. We introduce short-hand
notations [ Dt = f —at_ e~ */2 and H(x = [ Dt. Also, when we do not specify the integration
range it is understood that we are 1ntegrat1ng from —oo0 to co.

A.1 Capacity supplemental materials
A.1.1 Replica calculation of distribution-constrained capacity

In this section, we present the replica calculation of the distribution-constrained storage capacity of a
perceptron.

As described in main text Eqn.2, we need to perform a quenched average (-) over the patterns &€ and
labels ¢* for log V, which can be carried out using the replica trick, (log V) = lim,,_,o({(V") — 1) /n.
Following [29} 28], we consider first integer n, and at the end perform analytic continuation of n — 0.
The replicated Gardner volume is:
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Let’s rewrite the Heaviside step function using Fourier representation of the J-function 6(x) =
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Note that now all the &€, (* dependence is in e~**a*a, We perform the average with respect to

€ ~ p(€l') = N(0.1) and p(¢*) = 35(¢* + 1) + 35(¢* — 1) (also note that [[u?]| = v/V):
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Introducing the replica overlap parameter o5 = Z w w , and notice that the i index gives P
identical copies of the same integral. We can suppress the i 1ndlces and write
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where
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captures all the data dependence in the quenched free energy landscape, and therefore it is called
the ‘energetic’ part of the free energy. In contrast, the J-functions in Eqn/[I3] are called ‘entropic’
part because they regulate what kind of weights are considered in the version space (space of viable
weights).

The entropic part
a da . . N
6(Nqap — Zwi w)) = / Tﬂ_ﬂ exp {ZNQaﬁfIaﬂ — 1qap sz wzﬁ} (18)

Note that the normalization constraint §(|[w®||* — N) is automatically satisfied by requiring gno = 1.
Using replica-symmetric ansatz: o3 = —5(A¢0as + G1), and gap = (1 — q)dap + ¢, we have
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where in the last step HST denotes Hubbard-Stratonovich transformation [ %e‘tz/ 2¢bt — ¢b*/2

that we use to linearize the quadratic term at the cost of introducing an auxiliary Gaussian variable ¢
to be averaged over later.

Recall that G(k) = [ e*“p(w) = & SN ¥ the distribution constraint becomes
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Note that 3, [ dkidg (k)e™ ™ = 2mi 37, Ao (—w$) by inverse Fourier transform. Next,
—iN / dkAa(k)q(k) = — iN / dk ( / dweikwAa(w)> ( / dw’eiwq(w’))
= —27riN/dwdw’)\a(w)q(w’)5(w +w') (22)

= —27riN/dwq(W))\a(—w)-
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Now we can write down the full free energy. We ignore overall constant coefficients such as 27’s and
1’s in the integration measure, which become irrelevant upon taking the saddle-point approximation.
We also leave out the denominator of V, as it does not depend on data and is an overall constant.
Note that under the replica-symmetric ansatz the replica index « gives n identical copies of the same
integral and thus the replica index o can be suppressed (same for synaptic index 7):

vy = / dgd\(k)dAgdg, eV GotE) (23)

where (please note that g is replica overlap, and g(w) is the imposed target distribution)

£
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580+ 501(1—q) — 211 [ duglw)A(w) + log Z(0),.
X 4

Z(t) = /dw exp {27ri)\(—w) - §A(jw2 + —dltw} .

Note that integrals in Eqn[23|can be evaluated using saddle-point approximation in the thermodynamic
limit N — oo.

Redefining 2miA(—w) — 1 Agw? — —A(w) and —§; — ¢y, we have

1

Go = 380 — 51— )+ [ dugwrw) - 3¢ [ dugtu)u? + o 2(0),

Z(t) = /dw exp {—)\(w) + \/cjitw} .

(25)

We seek the saddle-point solution for G with respect to the order parameters Ag, A(w), and ¢ :

oG
0= OAZ =1= /dwq(w)w2 = <w2>q(w) , (26)
_9G, /1 - —

We observe that the saddle-point equation Eqn[26|fixes the second moment of the imposed distribution
¢(w) to 1 and therefore can be thought of as a second moment constraint. G now simplifies to

Go = ~5(1- )+ [ dwa(w)A(w) + (g Z(1),. (28)

The remaining ¢; saddle-point equation is a bit more complicated,

- %C;lo :—;(1—q)+2\;(j>1<21t)/dwwe)<p{—/\(w)+\/@Ttw}> (29)

t
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Integration by parts for the second term in rhs:
1—gq :\/—1(71/Dt%\/(jj/dww2 exp {—)\(w) + \/(}Ttw}
1 . - ?
—ﬁ/Dtﬁ\/qT (/ dww exp {—)\(w) + \/qjtw}) (30)
2
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18



where in the last step we have defined an induced distribution f(w) =
Z(t)"  exp {=A(w) + v/@itw}. Since the second moments are fixed to 1, we have

0= ((@)u), (1)

which gives a nice interpretation of ¢ in terms of the average overlap of w in the induced distribution

fw).

Limit ¢ — 1

We are interested in the critical load «. where the version space (space of viable weights) shrinks to a
single point, i.e., there exists only one viable solution. Since ¢ measures the typical overlap between
weight vectors in the version space, the uniqueness of the solution implies ¢ — 1 at .. In this limit,
the order parameters {1, A(w)} diverges and we need to re-derive the saddle point equations Eqn.
and Eqn[31]in terms of the undiverged order parameters {u, 7(w)}:

U _ r(w)
A .
Now Gy becomes
1 1,
Go= 11 {=gu + [ avatwyrtw) + (1 - 0 Qos 200, ). 33

and

1
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We can perform a saddle-point approximation for the w integral in Z(¢) at the saddle value w such
that ' (w) = ut:

. {—r(w) + utw} . (34)

Z(t) :exp{_r(llu)—;um)}. (35)
Then
Go = ﬁ {_;UQ —|—/dwq(w)r(w) — (r(w)), + u(tw)} . (36)
Let’s use integration by parts to rewrite
Jrarte -~ [
37
. (37)
(), = [ = Pl

where Q(w) is the CDF of the imposed distribution g(w) and P(t) = % {1 + Erf(%)} is the normal
CDE.

Now the saddle-point equation

= o) QW =r®) (38)



determines w(t) implicitly. The u equation gives

8G0 dw
O—au:>u—<tw>t—<dt>t (39)
where in the last equality we have used integration by parts. Using Eqn[38}39 G is simplified to

1 dw\ >
o=@ ), o

The energetic part

We would like to perform a similar procedure as shown above, to Eqn[I7|using the replica-symmetric
ansatz. We observe that the effect of the distribution constraint is entirely captured in Gy and
therefore (G; is unchanged compared with the standard Gardner calculation of perceptron capacity.
We reproduce the calculation here for completeness.

Under the replica-symmetric ansatz ¢o3 = (1 — q)das + ¢, Eqn becomes

2
K:iZmapa—%in— g (Zma>
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(41)

where we have again used the Hubbard-Stratonovich transformation to linearize the quadratic piece.
Performing the Gaussian integrals in z,, (define o = %),

g | ([Tl [V
e = ng/K Vel e }H )

At the limit n — 0,

=an(lo T A ex _7(p+t\/§)2
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Perform the Gaussian integral in p and define < = T We have
G =« / Dtlog H(R). (44)

At the limit ¢ — 1,& — o, [*._ Dt is dominated by [~ Dt, and H () — ﬁe—*/?. The

@) (ﬁ) (leading order) contribution gives

1 oo
=—— Dt t)2. 4
G1 2(1_q)ac » (k+1) (45)
Let G = Go+ G1. Asn — 0, (V") = NG 141 (NG), and (log V) = lim,, o <V2>71 =

NG.

Combining with Eqn[40] (relabel ¢ <+ « to distinguish between the two auxiliary Gaussian variables),
we have
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2(1—¢q) |\ dz (46)

x —K

(logV) = —2 [<dw>2 —ao [ Dt 41

Capacity c is reached when Eqn/[I3] goes to zero. We arrive at the distribution-constrained capacity

ac(k) = ao(k) <(Z>i (47)

where ag (k) = [ [ Dt(r + t)Q} is the unconstrained capacity.

Instructive Examples

(1) Standard normal distribution w ~ N (0, 1).
In this case w = z and a.(k) = ap(kK).

(2) Normal distribution with nonzero mean w ~ A/ (y, o). This is the example discussed in the main
text Fig.1.

In this case w = pu + oz and p? + 0 = 1 due to the second moment constraint Eqn Then
a.(k) = o?ap(k).

202

(3) Lognormal distribution w ~ \/2171” exp {_M} )

2, ,—c2

2 a.(k) = o’

In this case w = e#T°% where it = —¢ ag (k).

Geometrical interpretation

Note that although the Jacobian factor <%} >1 takes a simple form, in practice sometimes it might not
be the most convenient form to use. Integrating by parts (p(x) = N (0, 1)),

dw
<d:v>z = /dxp(x)wa: (48)

Now define u = P(z) so that du = p(z)dz and w = Q~*(P(z)) = Q'(u), we can express the
Jacobian in terms of the CDFs

<‘f;;’> = /Oldu Q7 (w) P~ (u)) (49)

Furthermore,

(8 <3[[ e wrs [wew)? - [ w-rw)’

= [2 - WQ(‘PaQ)z] )

(50)

N~ N~

where we have used second moments equal to 1 and the definition of the Wasserstein-% distance in
the second equality. Therefore, we have arrived at the geometric interpretation of the Jacobian term

dw

_q,_ 1 2
<dx>m—1 SWa(P.Q) 51)
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A.1.2 Theory for an arbitrary number of synaptic subpopulations

In this section, we generalize our theory in the above section to the set up of a perceptron with
M synaptic populations indexed by m, w'™, such that each w;" satisfies its own distributions
constraints w™ ~ g, (w™). We denote the overall weight vector as w = {w™}M_, € RV*1
where the total number of weights is N = fo:l Np,. The replica overlap now becomes ¢,3 =

% Z% Zf\]m w}”“w?’ﬁ . The distribution constraint becomes (see Eqnj21|for the case of M = 1)

N
IR (/ dk™ (z\} D ek - qm(km)>> . (52)

We introduce §n 3, Am (k) to write the J-functions into Fourier representations, and use replica-

symmetric ansatz gog = —%%}5&5 + 1), and g = (1 — q)das + ¢ as before. After similar
25

manipulations that lead to Eqni25| the entropic part of the free energy becomes (g,, = N, /N is the
fraction of weights in m-th population)

1 . 1 . m m m
Go :§Aq—§q1(1—q)+29m/dw G (W™ ) A (w™)

m

1
= 380> gm / dw™ g (W) (™) + Y g (l0g Zin (1)), , (53)
Zm,(t) :/dwm exp {—)\m(wm) + \/qitwm} .

Now the second moment constraint 0 = 0Gy/90A§ (Eqn becomes the weighted sum of second
moments from each population:

1= g [ dum (™) @) = g (@) 54

m

We take the ¢ — 1 limit as before:

2 m
R A (W™) = rm(w™)
1—g¢

= (55)

Use saddle-point approximation for Z,, () and integrate by parts as in Eqn35137} the entropic part
becomes

Go— —— {iu + 3 gmtt (™) [P(@) = Qu(w™)] + 1> g <twm>t} . (56)

1—g¢q

Now the saddle-point equation for order parameters 7/, (w™) and u gives

P(z) = Qm(w™)

d m
w= Yo (= Y () -
m m t

Therefore,

s [ (5]



The energetic part (Eqn[35)) remains unchanged and thus (relabel ¢ <+ z)

ae(k) = ag(k) [; Im <ds);>j 2 . (59)

E/I balanced lognormals

Now we specialize to the biologically realistic E/I balanced lognormal distributions described in
the main text. We are interested the case with two synaptic populations m = FE, I that models the
E 1 exp {7 (Inw®—up)® }
g V2rogwE 207,
_(nw'—pp)?

and wif ~ m exp { T } Let’s denote the E/I fractions as gp = rand g; = 1 — r.

excitatory/inhibitory synpatic weights of a biological neuron. w

The CDF of the lognormals are given by

1
Qm(w™) =H [ (b — In wm)} . (60)
The corresponding inverse CDF is

Q;zl (U,) = exp {/J'm - UmHil(u)} . (61)

The capacity is therefore

Q. = g lz gm/o duQ;ll(u)P—l(u)]

= g [r/o duH " (u)exp {pup —opH '(u)} + (1 - r)/duH_l(u) exp{pr —orH "(u)}
(62)

2

This model has five parameters {r,cg, o7, g, po1 - We use values of r reported in experiments (the
ratio between of E. connections found and I. connections found).

We also have two constraints. The E/I balanced constraint gz <wE>qE =g <wI >q1:
retEtioh = (1- T)6H1+%U?, (63)

and the second moment constraint 1 = Y g, <(wm)2> :
am

1= TeQ(”EJ"O'ZE) + (1 _ 7”)62(“14_0-?)- (64)

Therefore there are two free parameters left and we choose to express p g and g7 in terms of the rest:

2
e’r e’E
=——07—In(1—7r)— =1 —
Ly o7 —In(1—1r) nllr " 1
) (65)
1 1 e’1 +eo'E
= — — — — —1In _
HEe 9B nr ll—r r

The parameter landscape is plotted against the two free parameters o and o;. Here we report
comparisons across different experiments [38}, 9} 132} 147,165, [74]] similar to main text Fig.4 (Fig.4 (a) is
included here for reference). We estimate o g and o using the experimentally reported coefficient of
variation (C'V) as it is a dimensionless quantity suitable for comparison across different experiments.
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Figure 6: Additional parameter landscape for the biologically-realistic distribution. (a)-(b) (theory
from main text Eqn. 10 and simulations from DisCo-SGD): (a) Determination of capacity; (b) Example
of weight distribution obtained in simulation. (c) Capacity (normalized by the optimal value in the
landscape) as a function of the lognormal parameters o and o;. Experimental value is shown in
green with error bars, and optimal capacity is shown in red.

We then estimate o assuming the underlying experimental E. or I. distributions are lognormal, such

that CV = ve?” — 1. See e.g. Table S2 in the supplementary materials of [18]] for a complied list of
C'V's for different experiments.

Note that despite the apparently different shape of distributions, all the experimentally measured
parameter values are within the first quantile of the optimal values predicted by our theory.

A.1.3 Capacity for biased inputs and sparse label

In this section, we generalized our theory in Section [A-T 1] to the set up of nonzero-mean input
patterns £ and sparse labels (#:

p(El) =N(m,1—m?)

K2

p(CH) =8(CP — 1) + (1 — F)S(C* + 1), (60)

In this case, we need to include a bias in the perceptron f B= sgn(% — b) to be able to correctly
classify patterns in general.

Note that m = 0 and f = 1/2 reduces to the case in Section We observe due to the
multiplicative relation between the Jacobian term and the original Gardner capacity in Eqn[d7}
entropic effects (such as distribution constraints and sign-constraints) factors with the energetic
effects (such as the nonzero mean inputs and sparse labels), and they don’t interfere with each other.
Therefore, the calculations for nonzero mean inputs and sparse labels are identical with the original
Gardner case. Here we only reproduce the calculation for completeness. Readers already familiar
with this calculation should skip this part.

The analog of Eqn reads (define the local fields as hf' = "  zhw?)
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where in the second equality we have carried out the Gaussian integral in £€* and in the third equality
we introduced the order parameters

Gop = %wa‘w?, M, = \/% Zw? (63)

Now the full energetic term becomes

1 o . o p— J—
<@ <\/N<M£} w b¢H ”) >£<

H</:o 27r dzt exp —z’mC“Z kM, xﬁqa[g >

h +bCh a

/ " o /dw“ exp Zm“ b —mM,)

x[}(]aﬁ

o)
]
|

= fHﬁ+b s /dacg exp iZw“)\“ — fo“mBqag

[e3%

+(1-f H/ /dx”exp Zm” A+ mM,,)

1 nz2

. 1
+(1—f H/ﬁ . dx# exp ZZ:vg)\g— §ngxgq&ﬂ
« aff

17712

Now (G becomes

1 o K+b—mM\?> oo k—b4+mM\2

Gy =— / Dt<t+> +(1— / Dt(t+)
! 1—g¢ f =bimi 1—m? ( /) 7,:7%1»1 V1—m2

(69)

Note that the hat-variables M, conjugated with M, are in subleading order to g,z in the thermody-
namic limit, and therefore Gy is unchanged. Let v = M — b/m, we have now the capacity

dw\ ? i K —mv \2 > K +mo \2
(k) = <dac> f/fwmv Dt <t+ N mZ) +1-=0 /wfmv Di (t + 1— m2) ’
z V1—m?2 V1—m?2
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Figure 7: a.(k) for different values of input mean m and label sparsity f. Note that the blue curve
corresponds to the vanilla case shown in main text Fig.4(c).

where the order parameter v needs to be determined from the saddle-point equation

f im Dt<t+'$l_mv2>:(1—f)/oo Dt(t—k%). 1)

—m —K—muv
v/ 2

1—m 1—-m

In Fig[7) we numerically solve a (k) for different values of m and f.

A.2 Optimal transport theory

In recent years, Wasserstein distances has found diverse applications in fields ranging from machine
learning [7} 26}, 49] to geophysics [23} 24} (19, 45| 46]]. In optimal transport theory, the Wasserstein-%
distance arise as the minimal cost one needs to pay in transporting one probability distribution to
another, when the moving cost between probability masses are measured by the L norm [72]]. When
one equips the probability density manifold with the Wasserstein-2 distance as metric, it becomes the
Wasserstein space, a Riemannian manifold of real-valued distributions with a constant nonnegative
sectional curvature [41} 25| 20]. Note that in our statistical mechanical theory main text Eqn.3-5,
the Wasserstein-2 distance naturally arises in the mean-field limit without assuming any a priori
transportation cost.

Here we briefly review the theory of optimal transport. Intuitively, optimal transport concerns the
problem of finding the shortest path of morphing one distribution into another. In the following, we
will use the Monge formulation [66, [3]].

Given probability distributions P and () with supports X and Y, we say that 7' : X — Y isa
transport map from P to Q) if the push-forward of P through T', T} P, equals Q:

Q=TyP=P(T'(Y)). (72)

Eqn[72] can be understood as moving probability masses € X from distribution Ptoy € Y
according to transportation map 7', such that upon completion the distribution over Y becomes Q).

We are interested in finding a transportation plan that minimizes the transportation cost as measured
by some distance functiond : X x Y — R :

C(T;d) = /X d(T(2),o)p(x)de st TuP = Q. (73)

The transportation plan that minimizes Eqn[73| is called the optimal transport plan 7% =
argminC(T; d). When the distance function d is chosen to be the L; norm, the minimal cost
becomes the Wasserstein-£ distance:

Wk(P,Q) = iI%fC(T;Lk)|T#p:Q. (74)
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—q(w)

Transport plan T*

Figure 8: An example optimal transport plan from standard normal, p(z), to a lognormal distribution
¢(w). The optimal transport plan 7™ is plotted in between the distributions. 7* moves p(z) units of
probability mass z to location w, as indicated by the dashed line, and the colors are chosen to reflect
the amount of probability mass to be transported.

In 1-dimension, the Wasserstein-k distance has a closed form given by main text Eqn.6, and the
optimal transport map has an explicit formula in terms of the CDFs: T* = Q~! o P. An example
of the optimal transport map and how it moves probability masses between distributions is given in

Fig for transport between p(w) = N(0,1) and g(w) = \/%ow exp { (In ;UU}“)Q } . Note that in this

case, the optimal transport plan is simply 7*(z) = e# 9%,

Now consider the manifold M of real-valued probability distributions, where points on this manifold
are probability measures that admits a probability density function. When endowed with the W
metric, (M, W) becomes a metric space and is in particular a geodesic space [66] 3]. We can
explicitly construct the geodesics connecting points on M. We parameterize the geodesic by the
geodesic time 7 € [0,1]. Then given 7™ an optimal transport plan, the intermediate probability
distributions along the geodesic take the following form [66]:

P, =((1-7)d+ TI"), P (75)
where Id is the identity map and P, is a constant speed geodesic connecting P.—y = P and
PT:l = Q

For the discrete case, we can describe the sample {w] } from P; in a simple manner in terms of the
samples {w; } drawn from P and {;} drawn from ). We can arrange the samples in the ascending

order, or equivalently, forming their order statistics {x(i) txy < STy }, which can be thought
of as atoms in a discrete measure. Then in terms of the order statistics,

U}Z—i) = (1 — T)w(i) + T'lf)(i) (76)
Upon infinitetesimal change in the geodesic time, 7 — 7 + 7, the geodesic flow becomes
T4+OT T ~
wiy T = Wiy + 07 (b —we) (77)

Specializing to the case discussed in main text Section 3, w(;) = w(Ti)ZO is the initialization for the
perceptron weight and therefore just a constant, we can promoted it w(; — w(Ti) to fix the overall
scale in the perceptron weight, then we arrive at main text Eqn.9.
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A.3 Generalization supplemental materials

A.3.1 Replica calculation of generalization with sign-constraint

In this section, we calculate the sign-constraint teacher-student setup. To ease notation, let’s denote
the teacher perceptron w; = w” and the (replicated) student perceptron w® = w®. Given random
inputs &£ with p(£!') = N(0, 1), we generate labels by ¢* = sgn(w? - " /[|w°|| + n*), where n* is
input noise and n* ~ N(0, 02). Let’s denote the signs of the teacher perceptron as s; = sgn(w?).
The student perceptron’s weights are constrained to have the same sign as that of the teacher’s, so we
insert ©(s;w{) in the Gardner volume to enforce this constraint (we leave out the denominator part
of V asit does not depend on data and is an overall constant):

<V">f"w°:ﬁ</_o;djgﬁ@(sg“(||0°£||M *) i - )H@‘”">

a=1 n=1

Enw®

(78)

We observe that upon redefining s,w$ — wf, s;&8 — £, we can absorb the sign-constraints into the
integration range of w from [—o0, +00] to [0, co]:

n _ - * dw" - w0.£# Iz wa.&“_ )
v >f"w°‘H</o oz 110 (sn (el ) e o

a=1 p=1

Therefore, sign constraint amounts to restricting all the weights to be positive. In the following, we
denote [;“as [ .

Let’s define the local fields as

+n* (80)

We leave the average over teacher w? to the very end.

D2 foslot =) 05,
:/c m /Hdhadha /Hdhodhg H@(sgn MOYhe — )

x <exp { Z (m%a — ihe “’\/f#> + Z (z‘izghg — ik wj/;# = iﬁﬁvﬂ‘) }>§n
:/C \/g /H dhgdhs, /H dhodhg He<sgn (10yh )

X exp {Z ihghe +> iﬁghg}

XHexp . Zhathwgw§?+N(ﬁg) +22h“h02w$w? :

81)

where in the last step we perform the average over noise 7 ~ N (0,0?) and patterns p(&!') =
N(0,1), and make use of the normalization conditions Y, (w{)* = N and }_,(w¢)? = N.
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Now let’s define order parameters

LD SIS s o

We introduce conjugate variables g, and R, to write the d-functions into its Fourier representations,
and after some algebraic manipulations we can bring the Gardner volume into the following form
(e =p/N):

(V™)es = / ([T )] da®da=*) [ ] aredizeyen~e, 83)
a ab a
where (%, = yh%; v =1/V1+0?)

nG =nGy + anGg

nGQ——*ZAab ab ZRaRa+n<an>w07
_/ Hdw;l EZAa( ZAab a b+ZRa a, 0
=/ ’ Von eXP1 5 : qp(w aib w; Wy e Wi Wy ¢y

dhedh® _ RO
=1 Dh° —)h® —
nGi n/H o / 1;[@<sgn<7) n>

X exp {z > heh® —iyh® Y AR — %Z( 921 — (yR)? Zh“hb WQR“R”)}.

a;éb

(34)
The energetic part (i1 is the same as the unconstrained case in [61},22]. After standard manipulations,

we have R .

t —

GI=2/DtH(—7> lnH(H\/a). (85)

Va—72R? vVi=q

Entropic part

In this subsection, we perform the integrals in the entropic part, and we will see novel terms coming
from the constraint on the student’s integration range.

We start by assuming a replica-symmetric solution for the auxiliary variables introduced in the Fourier
decomposition of the §-functions,

R'=FR; ¢ =4+ G1—@0a; @ =di; mi=my; M=, (86)

and gap = (1 — q)0ab + g-
Then the entropic part,

/ (H \ﬁ> exp { (@) za:(w?)Q + R} Za:w? + ;é(za: w?)Q}
MU o [T 50 e {300~ Sty + (Rl 1/ St |

87
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where we have introduced Gaussian variable ¢ to linearize quadratic term as usual. Now the integral
becomes n identical copies and we can drop the replica index a,

1 1 -
Go = _iljl + 5‘?11 — RR+ (In Z>t,w0 : (88)

We can bring the log term into the form of an induced distribution f(w),

* dw
zZ= exp [~ f(w)]
10 Var ) . (89)
Fw) =5(3 = g)w® = (Ru® + t/qw

Under saddle-point approximation, we obtain a set of mean field self-consistency equations for the
order parameters:

0= %?f 1= <<“’2>f>t,wo
0= 8;; ~R= <w0 <“’>f>t,wo’ (90)

0= 886(;0 =q= <(w)?¢>t o

0= L 4 9na,6h
94 91
96, oD
0= ﬁ R = OéaRGl

¢ — 1 limit

In this limit the order parameter diverges, and we define the new set of undiverged order parameters
as

X R R G o A
= — = : — - —_— 2
Then
flw) = LI E N 2 _ (Ru® 4 tg)
w _1—q 5 w w q)w
93)
_ 1 1 L =9 ~ ? 1 50 2
=1, l2A <wA(Rw +tq)> f—QA(Rw +tG)°| .

Then (w) s = % (Rwo + tQ) , and the integral over the auxiliary variable is dominated by values of

t such that Rw® + t§ > 0. In the following, we denote {lg(®)] +> , as integrating over range of ¢ such
that g(¢) > 0. Then the self-consistency equations Eqntake a compact form (after rescaling order
parameters R — RA , G — GA)
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1 :% <@(Rw0 + td)>t7w
::<[Ruﬂ<+td}i>two , (94)

R= <w0 [Rwo + t(j} >
+
Eqnbecomes (F=kK//1—72R?)

t,w0

RA:a—;\/l—VQRQ/ Dt(/%—&-t)

7T —R

A .
(2—q2A—2RR —a/ e [ —— 2B (g2

2 1—’)/2R2

The free energy is (recall that v = 1/v/1 + ¢2)

G=2(11(1)<A—62—2RR+2<[RU} +tq> )—a/ DtH( RzRg)(“—t)2~

(96)

95)

A.3.2 Replica calculation of generalization with distribution-constraint

In this subsection, we will consider the case where student weights are constrained to some prior
distribution ¢, (w; ), while the teacher obeys a distribution p; (w;),for an arbitrary pair ¢s, p;. We can
write down the Gardner volume V/, for generalization as in the capacity case (main text Eqn.2):

J dw, [T © (sen (157 +0) 150 — &) | o, |1? - N>6(fdk (d(k) — q<k>>)
J dw b ([[w, | — N) '

Vy =
o7)

We treat the distribution constraint g,(w) similar to Section The entropic part of the free
energy becomes

1 1 - >
Go=—=¢1+ =49 — RR+ / dwgs(w)A(w) + (In Z),

2 2 o ;Wt
e w . (98)
/ Ton xp [~ f(w)]
]' A A > ~
f(w) :i(q — q)w? — (Rwy + t\/§)w + A(w)
At the limit ¢ — 1, we make the following ansatz
. R u2 A r(w)
R=1—7 4= D= Aw)=——. 99
1—4 ¢ s I—a=1"4 (w) 4 (99)

Then
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1 1, 1 -
Gy —(1 —0 (2u + §A — RR + / dqu(w)r(w)> +(InZ) 0,
1

) == (580 = (Fur +uyw +rw))

(100)

We can absorb 1 Aw? into the definition of r(w)
the second moment constraint, 1 = [ dwg,(w)w

1Aw? + r(w) = r(w), and 0 = Gy /OA gives

’
2

Then,
1 15 =
Gy = T U~ RR+ [ dwg(w)r(w) | + (InZ); 4,
(1-9q) . (101)
flw) = ¢ (r(w) — (Rw + ut)w)
Next, we perform a saddle-point approximation on the log-term in Gy,
Z —/ dw exp [—f(w)] = exp [— f (wy)] (102)
m p p S I
where wj is the saddle-point value for the weight, and is determined implicitly by
' (ws) = Rwy + ut. (103)

Note that 7' (w,) is now an induced random variable from random variables w; and ¢. For later
convenience, we rescale 1’ (w;) to define a new random variable z,

z=u"lr (ws) =t +u T Rwy, =t + ewy, (104)

where we have also defined
e=u"'R. (105)
The induced distribution on z is then

p(z) = /Dt/dwtp(wt)(S(z —t —ewy). (106)

Now the entropic part becomes

= 1 71u27~ w w)riw ~w ut )w — (r\w
Go = s (et~ BB [ e + (ot w100

Integrate by parts,

[ dwatwyrtw) = - [ awQuytw), (108)

(1)) ty = / Ditduwyp (wr)r(w,)

:/dzé(z —t —cwy) /Dtdwt'pt(wt)r(ws)

(109)
= [ depteprn,)
=— /dzﬁ(z)r’(ws)
Now 0 = G /9r' (ws) gives
Q(w,) = P(2). (110)
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which implicitly determines w;(z).

Next,
0= % = u = (Ws(2)t) .0, (111)
oG
0= £:>RZ<U}9( )wt>tuu- (112)
The free energy then simplifies to
LA (113)
= — 4+ aG;.
2(1-q)
The energetic part as ¢ — 1 becomes (same as the unconstrained and sign-constrained case)
vRt
= DtH —1)2 114
1-g¢ / ( v?R? )( ) (o
The remaining two saddle point equations are (1) the vamshlng log-Gardner volume and (2) 0 =
0G/OR:
VRt 2
u —a/ DtH( 2R2>( —t)7, (115)

guzcw\/;\/l—’ﬂR?/~ Dt(ﬁ:—l—t). (116)

In summary, the order parameters {R, k,u, £} can be determined from a set of self-consistency
equations:

u= <ws(2)t>t wt

wt t,wy

R=
u —a/ DtH( R2R2>( —1)2, 117)
Vi [ oi(x)
==L\ /1-4R2[ D
Nor 2R B t|F+t

where we have introduced & = k/+/1 — y2R?, an auxiliary normal variable ¢ ~ A(0,1), and an
induced random variable z = t 4+ cw; with induced distribution

= /Dt/dwtpt(wt)é(z—t—ewt). (118)

Note that w;(z) can be determined implicitly by equating the CDF of the induced variable z and the
distribution that the student is constrained to:

Q(wy) = P(2). (119)
Examples

(1) Lognormal distribution

In the following, we solve w,(z) explicitly from the CDF equation Q(w,) = P(z). For a lognormal
teacher,

1 1 (Inw; — p)?
— S S ? N O 120
P = Sy Vo O { 207 (20
The second moment constraint implies jt = —o2.
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The induced CDF of z is
P(z) = / dz// Dt/ dwpi(we)d(2 —t — ewy). (121)
—00 —00 0

Letz = (Inw — p) /o,

P(2) :/ dz// Dt/ Dz (2 —t — gelto7)

> . (122)
:/ Dz H (et 7% — 2)
— 00
Now the CDF of wy is
W 1 . —
Q. (wy) :/ go(w)dw = H <—nw0”> (123)
Therefore, equating P(z) and Q,(w;):
oo 1 o
/ DrH(se"o" — 2) = H <—W> , (124)
oo o
We can solve for w;(z) by (recall z =t + cwy)
ws(z) = exp {u—i—aH_l (/DacH(z—ge’”"’”))}. (125)

Or in terms of error functions

ws(7) = exp {u +V2oerf (/ Duerf (W\/;_Z» } . (126)

We can also calculate the initial overlap (before any learning):

Ry = (wy-w,),,, =eX+o =™ (127)

(2) Uniform distribution
Assuming that both the teacher and the student have a uniform distribution in range [0, o].
The second moment constraint fixes o = /3.

We can solve (as in the lognormal example above),

z

ws(z) = = / dz' (H(2' —eo) — H(2")). (128)

€J-c0

(3) Half-normal distribution

. .. . 2 2
Assuming that both the teacher and the student has a half-normal distribution Targ OXP {f 507 }

The second moment constraint fixes o = 1, and

z

wy(z) = oH™! {; - / Vv DtH(—aet)} . (129)
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Arbitrary number of synaptic subpopulations

Just like in the case of Section[A.T.2] we can generalize our theory above to incorporate distribution
constraints with an arbitrary number of synaptic subpopulations Let’s consider a student perceptron
with M synaptic populations indexed by m, w™, such that each w;" satisfies its own distributions
constraints w!" ~ Q,, (w™). We denote the overall weight vector as w = {w™ , € RV*L The

total number of weights is N = Z m, and we denote the fractions as g,, = N,,/N. Since the
derivation is similar to that of Sectlon 2]and Section[A.3.2] we will only present the results here.

As before, the order parameters { R, k, u, 5} can be determined from a set of self-consistency equa-
tions:

VVL

U= Z gm t Wy
R= Z gm wt t,awg

u —a/ DtH< R2R2>(nt)27

VT [ i)
=——+/1—-~2R2 Dt k+t
2T K _R

(130)

where & = k/y/1 —y2R?,t ~ N(0,1). and an induced random variable z = ¢ + sw; with induced
distribution the same as Eqn

Note that every w™(z) can be determined by equating the CDF of the induced variable z and the
m-th distribution that w™ (z) is constrained to:

Qm(w™) = P(z2). (131)

A.3.3 Sparsification of weights in sign-constraint learning

For unconstrained weights, max-margin solutions are considered beneficial for generalization particu-
larly for small size training sets. As a first step toward biological plausibility, one can try to constraint
the sign of individual weights during learning (e.g., excitatory or inhibitory). In the generalization
error setup, we can impose a constraint that the teacher and student have the same set of weight
signs. Surprisingly, we find both analytically and numerically that if the teacher weights are not too
sparse, the max-margin solution generalizes poorly: after a single step of learning (with random
input vectors), the overlap, R, drops substantially from its initial value Ry (by a factor of v/2 for a
half-Gaussian teacher, see the blue curves in FigEKa).

We can verify this by calculating Ry in two different ways. As an example, in the following we
consider the case where both the teacher and student have half-normal distributions.

(1) By definition, the overlap is R = % Since w and w; are uncorrelated before learning

ws)(We) 2.
[lws[lwe|[ ™ =

(2) Take the o — 0 limit in Eqn and Eqn and calculate Ry = lim,—,04 R(a) = V2,

us

(v = 0), the initial overlap is then Ry =

Therefore, in this example Ry = R/ V2.

The source of the problem is that due to the sign constraint, max-margin training with few examples
yields a significant mismatch between the student and teacher weight distributions. After only a
few steps of learning, half of the student’s weights are set to zero, and the student’s distribution,

p(ws) = $6(0) + \/% exp{—wj‘z}, deviates significantly from the teacher’s half-normal distribution
(Fig[9b)).
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Figure 9: Sparsification of weights in sign-constraint learning. (a) An illustration of weight
sparsification. In this schematic, the perceptron lives on this 1-dimensional circle and N = 2. Red
line denotes the hyperplane orthogonal to the perceptron weight before sign-constraint, crosses and
circles indicate examples in different classes. Sign-constraint pushes the weights to the first quadrant,
which zeros half of the weights on average. Blue line indicates the hyperplane obtained after the
sign-constraint. (b) Sparsification of weights due to max-margin training. After only a few iterations,
nearly half of the student weights are set to zero, and the distribution deviates significantly from
the teacher’s distribution. (c) Teacher-student overlap as a function of load « for different learning
paradigms. Dashed lines are from theory, and dots are from simulation. Note the horizontal dashed
lines show the initial drop in overlap from zero example and to just a single example. In this case

teacher has nonzero noise, v = 0.85.
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Figure 10: Generalization (measured by overlap) performance for different distributions and different
noise levels in fixed prior learning. From left to right: uniform, half-normal, and lognormal distri-
bution. In all cases the student is constrained to have the same distribution as that of the teacher’s.

Dashed lines are from theory and dots are from DisCo-SGD simulation.

A.3.4 Noisy teacher

We generate examples {£€", (“}5;1 from a teacher perceptron, w; € RY: (* = sgn(w; - £"/||w,|| +
n*), where n* is input noise and n* ~ N'(0,?). In this subsection we present additional numerical
results for the case when ¢ # 0. As in previous sections, we define the noise level parameter
v=1/V1i+o2

Our theory’s prediction is confirmed by numerical simulation for a wide range of teacher noise level
~ and teacher weight distributions P;(w;). We find that distribution-constrained learning performs

consistently better all the way up to capacity (capacity in this framework is due to teacher noise). For
illustration, in Fig[T0]we show theory and simulation for fixed prior learning of three different teacher

distributions: uniform, half-normal, and lognormal.

A.4 DisCo-SGD simulations

Avoid vanishing gradients

Note that we often observe a vanishing gradient in DisCo-SGD when we choose a constant learning
rate 771, and in such cases the algorithm tends to find poor margin « which deviates from the max-
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margin value predicted from the theory. We find that scaling 7; with the standard deviation of the
gradient solves this problem:

m =S /std (Z e - <“>> : (132)
I
where the standard deviation is computed across the synaptic index i and 7{ is a constant.

Mini-batches

For the capacity simulations, we always use full-batch in the SGD update, so it is in fact simply
gradient descent. However, in the case of generalization, we find that training with mini-batches
improves the generalization performance, since it acts as an source of stochasticity during training. In
main text Fig.5 we use mini-batch size B = 0.8 P (80% of examples are used for each SGD update).

When we vary teacher’s noise level, we find that scaling B with + improves the quality of the
solutions, as measured by the generalization performance (or equivalently, the teacher-student
overlap). Generally, the more noisy the teacher is, the smaller the mini-batches should be. This is
because smaller mini-batch size corresponds to higher stochasticity, which helps overcoming higher
teacher noise.

Parameters

All the capacity simulations are performed with the following parameters N = 1000, 70 = 0.01, 7, =
0.6, t1qe = 10000, where t,,,4, is the maximum number of iterations of the DisCo-SGD algorithm.

All results are averaged over 300 realizations.
In main text Fig.4, the experimental [38] parameters are g = 45.8%, 0 = 0.833, 07 = 0.899.

In main text Fig.5(a): We show the teacher-student overlap as a function of «. Dots are simulations
performed with series of student distribution from o5 = 0.1 to o5 = 1.4, where the teacher distribution
sits in the middle of this range, o; = 0.7. Each such simulation is performed with fixed o, and
varying load o € [0.05, 2.5]. In main text Fig.5(b): we show the empirical weight distributions found
by unconstrained perceptron learning for « € [0.05,10]. In main text Fig.5(c) we show optimal
student distribution for @ € [0.05,2.5]. Note that optimal prior learning approaches the teacher
distribution much faster than unconstrained learning.

All the generalization DisCo-SGD simulations are performed with the same parameter as in the
capacity DisCo-SGD simulations, but with two additional parameter: teacher’s noise level v and
SGD mini-batch size B.

For the simulations in Fig[I0] we use

v=04,B=02P;y=0.55B=04P;v=0.7,B=0.6P;y=0.85,B=08P;v=1.0,B =
P (noiseless case).

A.5 Replica symmetry breaking

A.5.1 Bimodal distributions

In deriving the capacity formula, we have assumed replica-symmetry (RS). It is well-known that
replica-symmetry breaking occurs in the Ising perceptron [52} [13]], so it is natural to ask to what

extent our theory holds when approaching the Ising limit. Let’s consider a bimodal distribution with
a mixture of two normal distributions with non-zero mean centered around zero,

p(w) = SN(~4,0) + 5N (1,0)

The second moment constraint requires p? 4+ o2 = 1.
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Figure 11: Left: Capacity as a function of separation for different size perceptrons. Dots are from
DisCo-SGD simulations and the ‘RS theory’ line is from our theory. Exact values for Ising perceptron
and state-of-the-art numerical values are included as well. Right: Deviation from the RS theory as
a function of separation. This is the same as subtracting the simulation values from the theoretical
predictions in the left figure.
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Figure 12: Finite size effects. Left/Right: we extrapolate simulation values in Fig[TT] Left/Right to
infinite N.

We can gradually decrease the Gaussian width o, or equivalently u = /1 — o2 (which we call
‘separation’ in the following) and compare the capacity theoretically predicted by the RS theory and
numerically found by the DisCo-SGD algorithm.

In Fig[TT] we can see that the simulation agrees well with the RS theory until one gets very close
to the Ising limit (ux = 1). To understand finite size effects, we extrapolate to the infinite size limit
(N — o0) in Fig[I2} and found that the deviation from RS theory has a sharp transition near y = 1,
marking the breakdown of the RS theory.

Ising perceptron
It is also interesting to compare our distribution-constrained RS theory to the unconstrained RS theory.

In this Ising limit,

g(w) = %5(10 14 %5(10 +1), (133)

and CDF ) 1
Q(w) = 5@(111 -1)+ 59(10 +1). (134)

Equating @(w) with the normal CDF P(x) and solve for w(z), we find w(z) = sgn(x). Then
dw/dx = 26(x) and <‘;—’;’>w = \/% Therefore,
. 4
lim a.(k =0) = —, (135)
7r

Ising
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Figure 13: Optimal student prior distribution as a function of c.. (a) Gray curves correspond to a series
of optimal student distributions as a function of «, with the darker color representing larger a. Red is
teacher distribution. (b) Overlap as a function of « for different student priors. Red dashed line is the
optimal overlap calculated from our replica-symmetric theory. Dots are from DisCo-SGD simulations.
For the same «, different color dots represent different overlaps obtained from simulations with
different 0.

which is exactly the same as the prediction from the unconstrained RS theory [52,[13]]. In contrast,
the exact capacity of Ising perceptron with replica-symmetry breaking is a. ~ 0.83. For comparison,
we have included these values in Fig[T2{(a), as well as the capacity found by the state-of-the-art
supervised learning algorithm (Stochastic Belief Propagation, SBPI [[10]) for Ising perceptron.

A.5.2 Sparse distributions

For a teacher with sparse distribution, p(w;) = (1 — p)d(w;) + ﬁ exp {7% . We
found that the simulations start to deviate from the theory, and the reason might be due to replica
symmetry breaking. In Fig[T3] we use the optimal prior learning paradigm similar to main text Fig.5.

We see that our RS theory no longer gives accurate prediction of overlap in this case.
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