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Abstract

Existing studies on constrained reinforcement
learning (RL) may obtain a well-performing pol-
icy in the training environment. However, when
deployed in a real environment, it may easily vio-
late constraints that were originally satisfied dur-
ing training because there might be model mis-
match between the training and real environments.
To address this challenge, we formulate the prob-
lem as constrained RL under model uncertainty,
where the goal is to learn a policy that optimizes
the reward and at the same time satisfies the con-
straint under model mismatch. We develop a Ro-
bust Constrained Policy Optimization (RCPO) al-
gorithm, which is the first algorithm that applies
to large/continuous state space and has theoreti-
cal guarantees on worst-case reward improvement
and constraint violation at each iteration during
the training. We show the effectiveness of our
algorithm on a set of RL tasks with constraints.

1. Introduction

In reinforcement learning (RL), the agent aims to learn a
policy that maximizes the expected cumulative reward by
interacting with an environment (Sutton & Barto, 2018).
However, in real-life applications, e.g., robotics (Levine
et al., 2016; Ono et al., 2015), health care (Yu et al., 2019a),
autonomous driving (Kiran et al., 2020; Fisac et al., 2018;
He et al., 2023a;b) and industry automation (Gasparik et al.,
2018), where it is crucial to meet constraints while maximiz-
ing reward, application of RL remains limited. For example,
an unmanned aerial vehicle performing post-disaster search
and rescue needs to return before running out of battery, and
communication system needs to maximize throughput while
adhering to power consumption constraints.
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The framework of constrained Markov Decision Process
(CMDP) was developed (Altman, 1999) to tackle the above
challenge and the goal is to search for one policy that maxi-
mizes the overall reward among the policies that satisfy the
constraint, and an optimal policy for CMDP can be found
via linear programming.

When a well-performing policy trained using a simulator is
deployed in a real environment, it may easily violate con-
straints that were originally satisfied during training because
there might be model mismatch between the training and
real environments. This could be due to environment non-
stationarity, sim-to-real gap and adversarial attacks. Despite
its practical importance, studies on the problem of robust
RL under constraints are rather limited in the literature. Sev-
eral attempts were made in (Russel et al., 2020; Mankowitz
et al., 2020), where two heuristic approaches were proposed.
Their basic idea is to first evaluate the worst-case perfor-
mance of the policy over the uncertainty set, and then use
that together with classical policy improvement methods,
e.g., policy gradient, to update the policy. However, there is
no guarantee to obtain an improved robust policy by doing
0. A robust primal-dual approach was developed in (Wang
et al., 2022), which however cannot guarantee monotonic
robust reward improvement or constraint satisfaction dur-
ing the training. Also, the results in (Wang et al., 2022) are
limited to the tabular case with finite state and action spaces.

In this paper, we study the problem of constrained RL un-
der model mismatch. Specifically, we consider an uncer-
tainty set of transition kernels that characterizes the potential
model mismatch (see (Siddique et al., 2019) for an example
of uncertainty set construction). The goal is to guarantee
that for any MDP in the uncertainty set, the constraint is
always satisfied. Among these policies, we aim to identify
one that maximizes the worst-case accumulated reward over
the uncertainty set. Solution to the above problem is robust
in that for any MDP in the uncertainty set, the constraint is
always satisfied, and at the same time, the overall reward of
the obtained policy is also robust to model mismatch.

We develop a robust constrained policy optimization
(RCPO) algorithm, and theoretically bound the constraint
violation for any transition kernel in the uncertainty set , and
the worst-case reward improvement over the uncertainty set
for every policy during training. One thing to highlight is
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that our algorithm applies to Markov Decision Processes
(MDPs) with continuous state space, which allows applica-
tions to large scale practical problems.

One essential theoretical result that drives our RCPO algo-
rithm development is a generalization of the performance
difference lemma (Kakade & Langford, 2002; Achiam et al.,
2017) to robust MDPs. Specifically, we consider the robust
value function, which measures the worst-case performance
of a policy over the uncertainty set. We bound the difference
between robust value functions for two different policies
using the difference between the two policies.

Our algorithm consists of two steps for each update: (i)
robust policy improvement step and (ii) projection.

Step (i) uses our robust performance difference lemma to de-
velop a local approximation of the robust value function, and
design a robust policy improvement step that searches in the
neighborhood of the current policy. This step generalizes the
trust region method (Schulman et al., 2015a) to the robust
setting and guarantees robust reward improvement. Unlike
the non-robust setting where there is only one transition
kernel which stays the same throughout the training, under
model uncertainty the worst-case transition kernel changes
with the policy and is different for reward and utility (see
Section 3.2). One challenge is that the local approximation
implicitly depends on the policy to be optimized, which is
in the neighborhood of the current policy, through its worst-
case transition kernel, making the optimization intractable.
We develop a novel approximation using the current policy
as a surrogate, and prove that such an approximation still
provides guaranteed robust reward improvement (and later
in step (ii) robust constraint satisfaction).

The obtained policy guarantees the reward improvement,
but may violate the constraint due to bad initialization and
stochastic noise. This leads to a potential problem of the
constrained policy optimization (CPO) approach in (Achiam
et al., 2017) that there may not exist any feasible solution
during the updates (as pointed out in (Yang et al., 2019)).
To address this challenge, in step (ii) we further project
the obtained policy so that it satisfies the constraint for any
transition kernel in the uncertainty set.

One of the key challenges in the analysis lies in that the
worst-case transition kernel changes when the policy up-
dates. We address this challenge by leveraging our robust
performance difference lemma and a novel integration of the
Lipchitz property of robust value function and the change
of measure technique.

2. Related Work

Constrained RL. The CMDPs (Altman, 1999) have been
an active field of research. The primal-dual method is one

of the most commonly used method (Altman, 1999; Auer
et al., 2008; Liang et al., 2018; Paternain et al., 2019; Tessler
et al., 2018; Yu et al., 2019b; Stooke et al., 2020; Efroni
et al., 2020; Zheng & Ratliff, 2020; Zhang et al., 2020),
which converts the constrained optimization problem to
an unconstrained Lagrangian formulation and alternatively
updates the primal and dual variables. Thanks to the strong
duality of the non-robust CMDPs (Paternain et al., 2019),
the problem can be solved exactly in the dual domain and the
primal-dual method is guaranteed to converge to the optimal
solution (Ding et al., 2020; 2021; Li et al., 2021; Liu et al.,
2021; Ying et al., 2021; Wei et al., 2022). Another widely
studied method is the primal method (Chow et al., 2018;
Dalal et al., 2018; Liu et al., 2020; Xu et al., 2021; Bura et al.,
2022), which takes all the updates in the primal domain
without formulating the Lagrangian function. The trust
region-based methods have also been proposed to solve the
non-robust CMDPs (Achiam et al., 2017; Yang et al., 2019;
Kim et al., 2023), which guarantee the reward improvement
and constraint satisfaction during the training. Under model
mismatch, the worst-case transition kernel is different as
the policy updates, and therefore these approaches may not
be applied, and the obtained policy may easily violate the
constraint when there is a model mismatch.

Robust RL. Robust RL was firstly introduced in (Iyengar,
2005; Nilim & EI Ghaoui, 2004) where the goal is to opti-
mize the worst-case performance over the uncertainty set
of transition kernels. Algorithms with convergence guar-
antee have been proposed for both the model-based robust
RL with known uncertainty set (Iyengar, 2005; Nilim &
El Ghaoui, 2004; Xu & Mannor, 2010; Lim & Autef, 2019;
Wang et al., 2023a;b) and the model-free robust RL with
unknown uncertainty set (Roy et al., 2017; Zhou et al., 2021;
Panaganti & Kalathil, 2021; Yang et al., 2021; Wang & Zou,
2022; Wang et al., 2023c; Wang & Zou, 2021; Wang et al.,
2022). Compared with the unconstrained robust RL, the
robust constrained RL is more challenging since we also
need to guarantee the constraint is satisfied for any transition
kernel in the uncertainty set. Directly applying algorithms
designed for unconstrained robust RL to robust constrained
RL will lead to constraint-violating policies.

Constrained RL under Model Uncertainty. Unlike the
non-robust CMDPs, there are rather limited works on con-
strained RL under model uncertainty. In (Russel et al.,
2020), a heuristic approach is proposed. The basic idea is
that they first estimate the robust value function, and then
update the policy using the non-robust policy gradient (Sut-
ton et al., 1999). Since the worst-case transition kernel is
also a function of the policy, the non-robust policy gradient
may not update the policy along the direction of the real
gradient. Therefore, it cannot guarantee the performance
improvement for each update, and thus the convergence of
this heuristic approach may not hold. In (Mankowitz et al.,
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2020), the robust value function estimate is first performed
and a non-robust continuous control algorithm is applied
to update the policy. Similar to (Russel et al., 2020), the
non-robust policy improvement cannot guarantee the con-
vergence of the algorithm. In (Wang et al., 2022), a robust
primal-dual algorithm (RPD) is proposed where the primal
and dual variables are updated alternatively, and the robust
policy gradient is employed to update the policy. However,
the strong duality may not hold when there is model mis-
match. Secondly, the constraint may be violated during
the training, which is attributed to the nature of the primal-
dual approach. In contrast, the update of our algorithm is
performed in the primal domain, and we provide perfor-
mance guarantee on the robust reward improvement and
robust constraint violation for each update. Our RCPO en-
sures constraint satisfaction throughout the training, which
is critical for many practical applications.

3. Preliminaries and Problem Formulation
3.1. Constrained MDP

A constrained Markov Decision Process (CMDP) (Altman,
1999) is defined by a tuple (8, A, p, r, ¢), where § is the state
space, A is the action space, p = {p? € A(8),s € 8,a €
A} is the transition kernel of the CMDP, 7 : § x A — [0, 1]
is the reward function, and ¢ : 8§ x A — [0, 1] is the utility
function. A stationary policy 7 : § — A(A) is defined as
the probability distribution of choosing actions in A at the
current state s. After choosing action a at state s, the system
transits to the next state s’ based on the transition kernel p?.
At the same time, the agent receives a reward (s, a) and a
utility ¢(s, a). For the sake of simplicity in presentation, we
consider the case with one constraint, and the results in this
paper can be extended to the case with multiple constraints.

Starting from an initial state s, the reward value function of
a policy 7 is defined as

V() 2E, lz Y (se, ar)|so = 5771'] ;

t=0

where [E,, denotes the expectation with respect to the transi-
tion kernel p and +y is the discount factor. The reward action
value function is defined as

(o)
Z’ytr(st,atﬂso =s,a0 = a,w] .

t=0

Ay
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Similarly, the utility value function and the utility action
value function are defined as

oo
> yrelsi ar)lso = sm]
t=0

' A(8) denotes the probability simplex defined on 8.

Qr,(s,a) = E Z’ytc(st,atﬂso =s,a0 =@, T

t=0
Let Vrirp(p) = SNP[Vﬂ- ( ” and ‘/;Tp(p) - ESNP[VCT[)(S)]
be the discounted accumulative reward function and the
discounted accumulative utility function, respectively, when
the initial state s follows distribution p. Let dj (s) denote
the state occupancy measure when the initial state s follows

distribution p:

dy(s) = (s¢ = slsg ~ p, ™, D).

Zv

The goal of the CMDP is to learn a policy 7 that maximizes
the cumulative discounted reward V7, (p) subject to the
constraint on the cumulative discounted utility V", (p), i.e.,

max V%, (p) s.t. VT, (p) > d,
where d is some positive threshold for the constraint.

3.2. Robust MDP

The robust MDP is defined as (8, A, P, r), where P is the
uncertainty set of transition kernels that measures the model
uncertainty. In this paper, we consider the uncertainty set
with (s, a)-rectangularity (Nilim & El Ghaoui, 2004; Tyen-
gar, 2005). Specifically, the uncertainty set is defined as

= &, ,Ps, where P? C A(8) are independent over
different state-action pairs. The robust value function is
defined as

VT(s) £ mmE {Zv r(sg,ar)|so = s 77} (1

Similarly, the robust action value function is defined as

o0

A . t
= ]E [ ) = ) = 9 }'
;nelgr)l - ;:07 r(s¢,ai)|so = s,a0 = a, 7
2

The transition kernel that achieves the min in (1) and (2) is
referred to as the worst-case transition kernel. Denote by
V.7 (p) the robust discounted accumulative reward function
when the initial state s follows the distribution p. For robust
RL, the goal is to find an optimal robust policy 7* that
optimizes the worst-case performance over the uncertainty
set of transition kernels, i.e.

Q7 (s,a)

7" = argmax V. (p). 3)

s

3.3. Problem Formulation

Define the constrained MDP problem under model mis-
match as a tuple (8, A, P, r, ¢), where P is an uncertainty
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set of transition kernels as defined in Section 3.2 to charac-
terize the potential model mismatch (see (Siddique et al.,
2019) for an example of uncertainty set construction). To
guarantee that the constraint is always satisfied even under
model mismatch, we define the robust utility value function
which measures the worst-case accumulated utility over the
uncertainty set:

Vcﬂs—mmE{ c(st,a 5—377} 4
( min ;7 t>at)]so 4)

We are interested in policies that for any transition ker-
nel in the uncertainty set, i.e., under model mismatch, the
accumulative utility is still above a prescribed threshold.
Furthermore, among those policies, we would like to find
one that achieves a good accumulative reward for any tran-
sition kernel in the uncertainty set. Formally, we aim to
find a policy that maximizes the worst-case cumulative dis-
counted reward subject to the constraint on the worst-case
cumulative discounted utility, i.e.,

max V. (p), s.t. VI'(p) > d. %)

The problem in (5) is referred to as robust constrained RL.

4. Robust Constrained Policy Optimization

In this section, we present our algorithm, the robust con-
strained policy optimization (RCPO), to solve the problem
in (5), and theoretically prove that the obtained policy has an
improved robust reward value function and also has guaran-
tees for constraint satisfaction at each iteration. Our RCPO
algorithm can be applied to large scale problems with a
continuous state space. We also generalize the performance
difference lemma in (Achiam et al., 2017) to the robust set-
ting, and show the robust value functions of two policies
can be bounded using the divergence between them.

In this section, we first present our algorithm and its theo-
retical performance analyses. In Section 5, we will provide
a practical implementation for an efficient computation.

4.1. Algorithm Design

In the following, we will develop our RCPO algorithm. The
basic idea is to first find a policy to maximize the robust
reward advantage function in a neighborhood of the current
policy, which generalizes the trust region policy optimiza-
tion (Schulman et al., 2015a) to the robust constrained RL
problem, and then to project the obtained policy to meet the
robust constraint.

To obtain a local approximation of the robust value function,
we first present the robust performance difference lemma.
Specifically, we need a bound for the performance difference
of the robust value functions between two policies. Let

pr. denote the worst-case transition kernel of 7 for reward
such that V- (p) = minpesp V7, (p). Let Drr(follf1)
denote the Kullback Leibler (KL) dlvergence between two
distributions fy and f;. The following robust performance
difference lemma generalizes the bound for standard non-
robust value functions in (27) (Achiam et al., 2017) to the
robust value functions.

Lemma 4.1 (Robust performance difference lemma). For
any two policies w, ', let

’
™

€. T
TP

= max |Eqn [A7 ) (5,0)]].
We have the following bound:

V™ (p) —
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It can be easily verified that the bound in (6) holds with
equality when m = 7.

A first idea is to optimize the lower bound in (6) over 7’
in the neighborhood of 7, and to obtain policy 7’ with an
improved performance. However, it’s difficult to implement
since the lower bound in (6) involves the advantage function
and visitation distribution under p!, which implicitly de-
pends on 7. To address this unique challenge to the robust
setting, we propose to approximate A7 - (s,a) and d7,
by A:,prr (s,a) and dp. respectively in the neighborhood of
7. The motivation of such an approximation is that 7’ is
in the neighborhood of 7, and the robust value function is

Lipschitz in the policy (as shown in (Wang et al., 2023a)).
We then use

1 x 276:&;,
med;% Al pr (s,a) — T

anT

1 ’
5 Drer (@) (s)

)

as an approximation of the robust performance difference
V™ (p) — V™ (p) and further design our RCPO algorithm
based on this approximation. In Appendix C, we show that
the approximated loss in (7) matches V,™ (p) — V™ (p) up
to the first order.

As will be shown below, though (7) may not necessarily
be a lower bound of V™ (p) — V. (p) due to the use of the
approximation, we are still able to guarantee both the reward
improvement and the constraint violation. This actually
corresponds to the additional challenge than the non-robust
standard CMDP, where there is only one transition kernel
for both policies. Here, we are interested in the robust
value function, which is essentially the value function under
the worst-case transition kernel, and two different policies
induce two different worst-case transition kernels.

Let pj. denote the worst-case transition kernel of 7, for
reward and pj, denote the worst-case transition kernel of 7,
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for utility. A direct generalization of the CPO algorithm in
(Achiam et al., 2017) is to optimize the policy iteratively
using the following update:

T+1 = argmax E__jmi [Af’;ﬂ (s, a)]
T Pr Tk
a~T
1

SV () 4 T By [ATh (0] > d,

1— c,pj,

Eo ar [Drcr(rml|lme)(s)] < 0. ®)

a~T

Here, the first constraint in (8) guarantees the new policy
satisfies the robust constraint, and the second constraint
in (8) limits the search to be in the neighborhood of .
However, this has an issue that there may be no feasible
solution to (8) if the current policy 7 violates the constraint.

To address the above challenge, we design a two-step ap-
proach which performs policy improvement followed by a
projection step (Yang et al., 2019). Below, we introduce our
RCPO algorithm in details, and the pseudocode is provided
in Algorithm 1. To handle large-scale MDPs, we consider a
parameterized policy class I1y with parameter 6.

Step 1: Robust Policy Improvement. At the robust policy
improvement step, we first estimate the worst-case transition
kernel pj; for the current policy 7. This can be done by a
gradient-based method (Wang et al., 2023a). We iteratively
update pZ’t using the projected gradient descent as follows,

o (P ), )

r,t+1

pp = PrOJJ;( — BV, V

where [3; is the step size and Proj, is the projection operator
onto set P: Projy(pg) = argmingepa D(p%, q), where D
is some distance measure between two distributions.

Consider the tabular case for an example, an accurate p,
can be obtained such that

Vi (p) = min V.o (p), (10)
as shown in Theorem 4.4 in (Wang et al., 2023a). For
the large/continuous state space, to estimate the worst-case
transition kernel, we parameterize the transition kernel and
perform gradient descent to learn the worst-case transition
kernel estimate. Consider the case with a large discrete state

space as an example, the transition kernel can be parameter-
ized as follows:

o (s) = Plal) () (a1
¥, P0(@) exp( 1522

where p° is the nominal transition kernel of the uncertainty
set P, ¢ : 8 — R™ is a m-dimensional feature vector,
E=(MA), A={)Xsq>0,V(s,a) €8x A} andn € R™
are parameters. We then present another example for the

case with a continuous state space, where the transition
kernel can be parameterized using the Gaussian mixture
model:

P o Zasz (15, 07), (12)

where ¢; : § — [0,1] and }_." | ¢; = 1, N denotes the
Gaussian distribution and g = (1, , ftm) : S X A —
R™ o = (01, ,0m) : 8 x A — R™ are the parameters.
In this case, let £ = (p, o).

We then evaluate the advantage function A:’;Z and the vis-

itation distribution d;rf by performing policy 7 under the
transition kernel p.. The intermediate policy +1 is up-
dated by solving the following optimization problem:

2 (s,a)];

stE, i De(rllm) ()] <6 (13)

max E sdh [ATY
nellg Py

a~T

Note that in (13), A:E’Z and dgf are estimated using the
sample trajectories from the current policy 7 under the
transition kernel pj, which can be easily obtained. We
optimize the advantage function over a neighborhood of
the current policy 7. Therefore, the advantage function
and visitation distribution under policy 7 are good local
approximations for all policies in this neighborhood. For
the tabular case, in the policy improvement step, we only
need to find a policy 7 that maximizes the expected value
of A;’;z (s,a) with a ~ 7, which is linear in 7, and satisfies
the constraint on the expected Dxr,(||7))(s) under the
distribution d;f, which is convex in 7. Therefore, (13) is a
convex optimization problem and can be solved efficiently.

Step 2: Projection. By solving (13), we obtain a policy
Tyl that maximizes the advantage function in the neigh-
borhood of current policy ;. However, 7, 41 does not
necessarily satisfy the constraint. In the projection step,
we project the policy 7, 41 to the constraint set to obtain
a constraint-satisfying policy m;1. We first estimate the
worst-case transition kernel pj, for the utility value function
under the current policy 7 using the projected gradient
descent method:

pz,t+1 - Proj?(p?t _ ﬁtvpv:;;*t(p))' (14)
For the tabular case, pj, can be obtained such that

Vi (p) = min V3 (). (15)

For the large/continuous state space, we parameterize the
transition kernel as introduced in Step 1.

We then estimate A”" e p ¥ using sample trajectories from
pr.- The projection step is achieved by solving

min Eswd;@ [Dir(m||myy1)(s)]
k

wellg
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Algorithm 1 Robust Constrained Policy Optimization

Input: step size 6, {5, }+>0, iteration time K, T, initial
policy g
fork=0,1,--- | K
T r,0 ¢,0
Initialize p,’", py,
fort=0,1,--- , T —1do
rt+1 T, s
t+ kt _ Btvp‘/n;;,t (P))

Dy — ProjT(p
t
- ﬁtvpvsgzwt (p))

—1do

,t+1 .
Py Projy (pj,

end for
P Dy Pk oy
Compute A" o AT”c
Update +1 accordlng to (13)
Update 741 according to (16)
end for
Output: 7x

dﬂk ﬂk

8.t Vf;]f; (p) + Eswd «[AZ)

a~7r

(s,0)] >d. (16)

In (16), the constraint V7% (p) + E, a7k

b aorl AT (s,0)]
k

is a local approximation for V" (p). For the tabular case,

problem in (16) is a convex optimization since the advantage

function and the visitation distribution are obtained from the

current policy 7y, and therefore, can be solved efficiently.

Unlike solving (8), which might be infeasible when the
current policy 7 doesn’t satisfy the constraint, our update
rule consists of two convex optimization problems (13) and
(16), the feasible set of which are much larger than (8).

4.2. Theoretical Results

We first make the following assumption on the worst-case
transition kernel.

Assumption 4.2. We are able to find transition kernels
ng,pk’£ such that

VT e(p) = Vi (0)] < e,

Py P -
Vipee () =V (o) < e (17)

This assumption can be satisfied under the tabular case using
a direct parameterization of the transition kernel or under
the case with a continuous state space if a large enough
neural network is used to parameterize the transition kernel.

In the following theorem, we provide a lower bound on
the worst-case reward improvement and an upper bound on
the worst-case constraint violation for each iteration of our

RCPO algorithm in Algorithm 1.
Theorem 4.3. Let e:f;al = max, [Eonm,,, A7y (5,0)]
) (s,a)|. Under As-

sumptlon 4.2, when the current policy m, satisfies the con-

k+1 _ Tk
and e, = max; |EQNWHIAC)szr

straint in (5), we have:

Worst-case reward improvement:

Ve Vi) > - afor 2V oin [
T ) = V() = e M (2L + ) 5
Constraint violation:
1 2yt N [

VI (p) 2 d— e — ———M (3L, 7’*“) 2

ctip) zd—e— 17— 5 + - 5
where M = sup,, o ||dy*/d7F ||o is finite whenever

VIA

Supp(p) =38and Ly = (1_‘7)‘2-

Theorem 4.3 shows that we could adjust § towards improved
robust reward value function and smaller constraint viola-
tion. Moreover, for the large/continuous state space, our
RCPO only incurs an additional degradation € on constraint
violation due to the worst-case transition kernel mismatch.
For the tabular case, € can be arbitrarily close to zero. On
the other hand, throughout the training, the policy 7, may
violate the constraint due to the random initialization or
estimation errors. Therefore, in the following, we also char-
acterize the performance of our algorithm when the current
policy 7, violates the constraint.

Let b = d — V™ (p). The following theorem provides a
lower bound on the worst-case reward improvement and an
upper bound on the worst-case constraint violation.

Theorem 4.4. Under Assumption 4.2, when the current
policy i, violates the constraint in (16), we have:
Worst-case reward improvement:

V.1 (p) = V. (p)
27e, 7ptj»1) [0+ b2aky (18)
1—7v 2 '

Th41
Q%CJ’ZH )
=~
d+ b2agp +bM' |/ *EL
x \/ B 2 (19)
2

where a;, = m, h and H are defined in (20) and
(21), M’ < o is some constant.

1
> M (2L7r +
I—vy
Constraint violation:

1
VIt (p) > d— € — 1—1\4(3@r +
—

Theorem 4.4 characterizes the performance of our algorithm
when the current policy 7, is infeasible. A small b, i.e.,
the current policy 7 only violates the constraint slightly,
leads to a better robust reward improvement and a smaller
constraint violation. If the current policy 7 satisfies the
constraint, i.e., b = 0, Theorem 4.4 reduces to Theorem 4.3.
The misspecified worst-case transition kernel only incurs
an additional performance degradation e on the constraint
violation for large/continuous state space. For the tabular
case, € can be arbitrarily close to zero.
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5. Practical Implementation

In this section, we provide a practical implementation of
Algorithm 1 to tackle the computational challenge.

To update the policy efficiently, for a small step size 6,
we approximate the objective functions and constraints in
the optimization problems (13) and (16) using their Taylor
expansions. Let

9= ngESNdWLc a~7r[A:.];)2 (Saa)]a
Pre’ k&

h = nger\adﬂ’? an~T [AZ:U;C (S’ a’)] (20)
e & Plg
be the gradient of the reward advantage function and the

gradient of the utility advantage function, respectively. Let

H =V3E, ., [Dgp(rllm)(s)] 1)
pk,&

be the Hessian matrix of the KL divergence. We then de-
velop the following practical implementation for our RCPO.

Step 1: Robust Policy Improvement. We first estimate the
worst-case transition kernel pj, for the current policy ;. We
iteratively update the parameterized transition kernel p;fg
using the following projected gradient descent method:

P = Proig (e = BV VT (). (22)

We then use the first-order approximation for the objective
function and the second-order approximation for the KL
divergence constraint at the current policy 7y in (13). Let
0 denote the parameter of policy 7. The parameter of
the intermediate policy 7, 41 is updated by solving the
following practical formulation for (13):

mgng(a —0,), st %(9 —0,)"H(—-6,) <56
(23)

The objective function of (23) is linear in € and the con-
straint is quadratic in 8. Therefore, problem (23) can be
easily solved.

Step 2: Projection. For the projection step, we first estimate
the worst-case transition kernel pg for utility. Similarly, we
iteratively update the parameterized transition kernel p;tg
using the following projected gradient descent method:
41 . .t

pi{ = Pro]fp(pi,g - Btvp‘/;r;;;(p))' (24
We then approximate the objective function in (16) by its
second order expansion and approximate the constraint in

(16) by its first order expansion. The parameter of the policy
T+1 1 then updated by solving the following problem:

1
m91n§(9 —0py1) H(O—6y1)

st.h'(0—6,)+b<0. (25)

The problems in (23) and (25) can be solved by convex
programming (Yang et al., 2019). We have the following
update rule for each policy update.

26 H_l

O0p1 =0+ | ———
g"H 'g

—max(

In this way, our RCPO algorithm can be implemented effi-
ciently for large-scale problems.

g

—f-;hH 'g+b

h"H 'h

,0) H'h. (26)

6. Experiments

To validate the proposed algorithm, we compare it with
several baseline algorithms (PCPO (Yang et al., 2019),
RVI (Iyengar, 2005), CPO (Achiam et al., 2017), R3C
(Mankowitz et al., 2020) and CUP (Yang et al., 2022)) in
the setting of tabular and deep cases, while using different
environments such as the gambler problem (Sutton & Barto,
2018; Zhou et al., 2021; Shi & Chi, 2022), the N-chain prob-
lem (Wang et al., 2022), the Frozen-Lake problem (Brock-
man et al., 2016) and the Point Gather in Mujoco (Achiam
etal., 2017; Yang et al., 2019).

6.1. Tabular Case

In the setting of tabular cases, we evaluate the performance
of our algorithm in the environment of gambler problem,
N-chain problem and Frozen-Lake problem, where both
state and action spaces are finite. We compare our algo-
rithm with four baselines: PCPO (Yang et al., 2019), R3C
(Mankowitz et al., 2020), CUP (Yang et al., 2022) and the
model-based robust value iteration (RVI) (Iyengar, 2005).
The PCPO and CUP learn an optimal policy subjecting to
the constraints under the nominal transition kernels without
considering the model mismatch. The R3C performs robust
value function estimate and non-robust policy improvement
for robust constrained RL. The model-based RVI directly
optimizes the unconstrained robust reward objective, which
serves as an upper bound of the reward value function for the
robust constrained problem. We consider the KL divergence
uncertainty set. For each problem, we run the algorithms
for 5 independent times and plot the mean of the reward
and utility along with their standard deviation as a func-
tion of the number of iterations. The detailed environments
descriptions can be found in Appendix F.

For the gambler problem, the threshold for the constraint is
2.5. It can be seen from Fig. 1(b) that our RCPO always
satisfies the constraint during the training while PCPO, RVI,
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R3C and CUP violate the constraints. Moreover, the reward
of our RCPO in Fig. 1(a) is close to the reward of RVI,
which is the best achievable reward for the unconstrained
robust RL. Therefore, our algorithm learns a policy that
satisfies the worst-case constraint on the utility and achieves
optimal reward objective.

i1t i , o

S

B il s
L

Number of terations. Number of terations.

Figure 1: Gambler Problem

For the N-chain problem, the threshold is set to be 6. From
Fig. 2(b), it can be seen that all five algorithms satisfy the
constraint, indicating that the constraint is easy to satisfy
for this problem. However, in Fig. 2(a), the two non-robust
algorithms PCPO and CUP doesn’t converge to the reward
of the unconstrained RVI.

1 T

Reward
— ===
= -
—
E—

Figure 2: N-chain Problem

For the Frozen-Lake problem, the threshold is set to be
0.7. From Fig. 3(b), it can be seen that only RCPO satis-
fies the constraint. Moreover, in Fig. 3(a), it can be seen
that our RCPO obtain more reward than the two non-robust
algorithms PCPO and CUP, which demonstrates the effec-
tiveness and robustness of our algorithm.
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Figure 3: Frozen-Lake Problem

6.2. Deep Case

In the setting of the deep case, we incorporate our algorithm
into deep neural networks for tackling high-dimensional
spaces (e.g. continuous state spaces). We compare the
proposed RCPO with CPO (Achiam et al., 2017), PCPO
(Yang et al., 2019) and CUP (Yang et al., 2022). We use

the same neural network with two hidden layers of size (64,
32) in all four algorithms. We adopt a Mujoco-based envi-
ronment, Point Gather task with safety constraints (Achiam
et al., 2017), which is a well-recognized constrained MDP
environment. We use the following hyper-parameters for
training RCPO: discounted factor = 0.995, learning step
size = 0.001, batch size = 50, 000, and utility-constrained
threshold = 0.1. To provide fair comparisons, we use the
same hyper-parameters for training baseline algorithms. The
experiments are implemented in rllab (Duan et al., 2016),
a tool for developing and evaluating RL algorithms. To
introduce model uncertainties into the environment, we use
Gaussian noise to perturb the environment and evaluate the
performance of three algorithms under the perturbed envi-
ronment. We don’t report the utility of CUP as it violates
the constraint badly. It can be seen from Fig. 4(b) that the re-
wards of RCPO are much higher than these three non-robust
algorithms under model uncertainty, which demonstrates the
robustness of our algorithm to model uncertainty when incor-
porating deep neural networks. Meanwhile, the well-trained
RCPO policy satisfies the utility constraint. In summary,
RCPO is able to provide efficient, robust, and constraint-
satisfied policies in environments with continuous spaces
by incorporating deep neural networks.
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Figure 4: Point Gather

7. Conclusion

In this paper, we study the problem of constrained rein-
forcement learning under model mismatch. The goal is to
maximize the worst-case reward over the uncertainty set sub-
ject to a constraint that the utility function for all transition
kernels in the uncertainty set shall be above a prescribed
threshold. We propose a robust constrained policy opti-
mization (RCPO) algorithm, which consists of several novel
technical developments than the CPO algorithm (Achiam
et al., 2017) for the non-robust standard CMDP problem.
One result that may of independent interest is a robust per-
formance difference lemma that bound the different between
the robust value functions of two policies. Our algorithm
is applicable to large scale MDPs, and has theoretical guar-
antees on worst-case reward improvement and constraint
violation at each iteration during the training. We further
provide an efficient approximation for the purpose of prac-
tical implementation of our algorithm. Numerical experi-
ments on demonstrate the effectiveness and robustness of
our algorithm under model mismatch.
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A. Review of Constrained Policy Optimization

In this section, we provide an overview of the CPO method developed in (Achiam et al., 2017). Recall that in the standard
(non-robust) RL setting, the value function difference between two policies 7, 7’ can be written as (Kakade & Langford,
2002):

1

Vi (p) = Vi (p) = T Py (AT (s, 0)], 27)
where AT (s,a) = QF ,(s,a) — V[T (s) is the reward advantage function. In (Achiam et al., 2017), the above result was
further extended to the following one:

VI (p) = Vi (p) (28)
> 1_171EZ::1T;3 AT (s,a) — 37_61;' % DKL(Ww)(s)] ,

where €7 = max |[Eq [AT (s, a)]l.

Equation (28) connects the performance difference between two policies to an average divergence between them. Compared
with (27), the expectation is taken with respect to dj in (28) instead of d7 . When 7’ is close to 7, D (7'||7)(s) is
small and dg/ is close to dj. Therefore, the right hand side of (28) is a good local approximation for the performance
difference VTTI; — V,7,- The trust region method for unconstrained RL was proposed (Schulman et al., 2015a;b) based on this
approximation and provides monotonic improvement for the reward value function.

For the utility value function, we have the following equivalent expression:

VI (p) — VI (p) (29)

. 2ver 1
ACp(s,0) = 7= 5 QDKL(W’IW)(S)] :

“1-4

> —Eour
CLNTK'/

where e’gl = maxg |Egmn [Ag,p(s7 a)]| and Az,’,p(s, a) = Q’;p(s, a) — Vc’Tp(s) is the utility advantage function. The right
hand side of (29) can be used as an approximation for VCTI;( p) — VZI,(p). By applying the trust region methods to CMDPs,
the constrained policy optimization (CPO) was proposed in (Achiam et al., 2017), where the policy is updated by solving
the following optimization problem.

The1 = argmax B {A”’“ (s, a)]

P
an~T

1
s.t. VCT;' (p) + jESNd;k [Ag,k (s, a)} > d,

1 p
B, amn [Drcr(ml|mre)(s)] < 6. (30)

a~T

When the current policy 7, satisfies the constraint, this update rule leads to a policy that has performance improvement and
approximate satisfaction of constraints (Achiam et al., 2017). Note that the expectation in the optimization problem (30) is
taken with respect to dj*. The optimization problem (30) depends on 7 only through the distribution of the current action a,
which can thus be optimized efficiently.

B. Proof of Lemma 4.1

For any policies 7, 7/, we have that

VI (p) = V7 (p) = Ve, () = Vi ()

€1V
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where the first inequality is because V. (p) = min,ep V7, (p) and the second inequality follows from Theorem 1 in
(Achiam et al., 2017).
C. First-Order Approximation of (7)

We show that the approximated loss in (7) matches the original one up to first order. For the first-order approximation, we
have that

VI (p) = VT (p) = (n" — m, V2V (p)) + O(|I7" — [}). (32)
The policy gradient of the robust MDPs with the (s, a)-entry has the following form (Li et al., 2022):
™ ]' T T
vﬂ'Vr (p)(s,a) = mdpfr (8) r,pr (Sva)' (33)

‘We further have that

VI (p) = Vi (p) = (x' =, VoV (p) + O(|7" = [17)

= ﬁ 3 (ﬂ’(als) - W(als))dg; (9)Q7 pr (s,0) + O(| 7" —=||})
QT%Z (' (als) —m(als))d5, () (@7 py (5, @) = ViTpe () + O((|” —wllY)

s,a

—

®) 1 u g g !
-1 ' (als)dp, ()(QF pr (5, 0) = VT () + O(|l7" = 7[[7)

s,a

— 1 ™ / 2
= T Bty [ATy (5)] + O~ ), (4)

’
anyT

which matches with the first term in (7), where equality (a) is due to the fact that 3 _ (7' (als) — 7r(a\5))alg:r (8)Vpr (s) =
>y (VT (8) 22, (7'(als) — m(als)) = 0 and equality (b) is due to the fact that > sam(als)dy, (s)(QF ,r (s a) —

fli/:p; (fj)) =2 dyr (8)(V[T,r (8) — ViTr (8)) = 0. Therefore, the approximated loss in (7) matches the original one up to
rst order.

D. Proof of Theorem 4.3

We first prove the follow Lemma.

Lemma D.1. Ifthe current policy m, satisfies the constraint and the constraint set is closed and convex under the policy
parameterization, then under the KL divergence projection, we have that

Eyvams [Drr(mip|lme)(s)] < 0. (35)

k

Proof. Note that the constraint in (16) is linear in 7. Therefore, the constraint set is closed and convex. Since 7y, lies in
the constraint set and 71 is the projection of 7, +1 onto the constraint set, from the Bregmann divergence projection
inequality, we have that

By ams [Drr(millme1)(8)] 2 Egogme [Drn (il |m0) (8)] + Eggmi [Drer (T[T ) ()] (36)
Py’ Py’ Py’
Since the KL divergence is non-negative, we have that
Eovams [Drp(mellme1)(8)] 2 Egogme [Drer (ml[mes1)(s)]- (37)
Py’ Py’

When § is small, the KL divergence is asymptotically symmetric. Therefore, we have that

Eo i [Drr(meelme)(s)] < Eggme [Drr(mig g l[me)(s)] < 0. (38)
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With Lemma D.1, we are ready to prove Theorem 4.3.

Proof. From Lemma 4.1, we have that for the reward improvement,

Vo) V) 2 B [T e e T o) (39)
r P r \P) =2 1_ s~d2£’+1 TPy $,a 1_7 2 KL\Tk+1(|Tk)(S) |-
A~V T 41

Not;: tll:at A;’;;H (s,a) = Q:)’;EH (s,a) — VTTZ’,“ZH (s) is Lipschitz in 73, (Wang et al., 2023a). We have that there exists L,
such that

T k
ATy (s.0) = ADr (s,0)] < La|lmisa (s) = mi(s)] - (40)
We then have that
1 el
Tk Ik o TN el
T B AT () — 2Dm<m1|m><s>]
anv T 41
1 k+1
Thal 4
z T Esdr [Arl;t (s,a) = Ly ||mt1(s) — mx(s)]ln — k“\/ Drr(mesalm)(s )}
— /y p;c+1 W41
ar~vT41
1 2 k+1
sy
= B [ el - m@h - 2 D realmo o), an
- Pr41

where the equality is due to the fact that Eqr, ., [A””;fl (s,0)] = Eqromy [Q:’;;l (s,a) — V,,Trz’j:l (s)] = 0. Since

[ ms1(8) — 7 (8)|l1 = 2Dy (mhgr [|71) (8) < /2D k1, (mhs1 |7k ) () (Csiszdr & Korner, 2011), we have that

1 2yelh et 1
p
Byt [ — Lr||mes1(s) — me(s)fln — M\/DKL(WIC—HWIC)(S)]
1—7 Pht1 1—7
1 Tk+1
= ﬁEsNd"k [_ (2L~ + il 5% \/ Drcr(Tig||7w) (s )}
Phi1
(a) 1 2,_}/ 7T7k+1
> 71_,},Es~dw7’?£ {—M(?Lﬂ—l—il _pk+1 DKL (T 7)) (s )}
Py’
(b) 1 2’76::“;1 5
> M (2L, + ——2), 2 (42)
1—7 1—7 2

where (a) is due to the fact that M = sup,, , ¢ [|dj* /d}) || is finite and (b) is from Lemma D.1 and Jensen’s inequality.

To characterize the constraint violation, we first have that

Viee(p) + Eg e [AT cc(s,0)] = d. (43)
pk k Py,
a~T4+1

and

VI () = V) = VIS (0) = Vi, (0)

Pry1 ’pﬂ'
Th+1 Tk
Z ch,pi_*_1 (p) ‘/c,p;+1(p)
Th+1
> —E o (AT (sa) - M\/ L Drcr(msllm) (5)]. (44)
=71_ s~d S CPRpq V7 1_ ~y 9

AT 41
Following the proof of (42), we have that

i cﬂk+1 (p) > d— ([ Cir;zaﬁ (p) | cﬂk (p)) - ESNdes [‘ 1:;;& (8’ a)]
S )
aA~VT 41
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k+1
1 T 2 ’pk+1
+ 1— 7E3~d22k+1 |:Acvl})2+1 (S,Cl) o DKL 7rk+1||77k)( )i|
aA~vT 41
>d—e~E, v, [T (5,0) + Lallmia(s) - (o)1)
(lNﬂ'k)fH
1 k+1
™ c,py,
B AT (50~ el ) - o)~ —y 2 LDl o)
AT 41
=d—e—E,_ g [Lallmeia(s) = mi(s)]l1]
Py’
Tk
+ L E, ;% {_ La|lmisa(s) — me(s)[ln — : C’Ptiil \/1DKL(WHM)(S)}
1—q ™., 1—v V2
1 2,}/ k+1
>d—e+ T 7IESNdwk& {_ M (3L + 71 Okt \/ Drp(mpq|lmr) (s )]
Py’
1 2vechi, [0
>d—e— ——M(3L, + —2t), /2 (45)
1—7 1—7 2
This completes the proof. O
E. Proof of Theorem 4.4

We first provide an upper bound on the KL divergence between 7, and 741 in the following lemma. We then follow the
proof of Theorem 4.3 to prove Theorem 4.4.

Lemma E.1. If the current policy 7, violates the constraint and the constraint set is convex and closed under the policy
parameterization, let b = V" (p) — d, then under the KL divergence projection, we have that

E it [Dici (il 1) ()] < 6 + Baer + My [S5E, (46)
Py’

where oy, = m h is the gradient of the utility advantage function, H is the Hessian matrix of the KL divergence
constraint, M’ < oo is some constant.

Proof. Define the following set:

Cvpk 7pk

Zre = A7V (0) + Bt ann[ATt ce(5,0)] 2 Ve (0) (47
. b
Note that the current policy 7, lies in Z, . Define the policy 772 41 as the projection of 7, +1 onto Z .. We have that

772-5—1(3)

mi(s)

From D.1, we have that and"k [Dxc (7}, 1 |7k) ()] < 6. For small b, IESNW£ [Dk 1 (Trs1 |71 )(s)] can be approxi-
Py

D (mirallmi)(s) = Dicp(mhy 1 |71 (8) + Dicr (gl gy 1) (5) + (g (s) — 7le<+1(8))T log (48)

mated by the second order expansmn We have that

1
B [Drcr(mhpallmhin)(s)] = 5 (Or+1 — Os1) H(Or 11— 0)41)
Py’
IRV T b .
- i(hTH—th h> H(hTH‘th h)
62
" 2h'H 'h
=bakr, (49)
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L
where axr, = m and the first equality is from the update rule in (26). For (mx1(s) — 7}, (s)) i log ﬂjr;r(léi) , We
have that
1 !
T Thr1(8) Tht1(8)
(mh41(s) = mera(s))  log 77275 <kt (s) = Wogr ()11 ]| log #(5)”00 (50)

WL+1(S)||
mr(s) lloo

Since B, [Dr (7)1 |17k)(s)] < 6, there exists M’ such that Eoas, {H log } < M'’. Moreover, we have
p,': p}c

that ||m441(s) — mh 41 (s)[]1 < \/QDKL(T(']C+1H7T§€+1)(S). We then have that

(s
Esas, [(MH(S) - Wé+1(5))T log ;:(s())]

1
< Eswdﬂf‘e [M/\/QDKL(WkJrlHW%Hl)(S)}
Pk

(a) 1
¢ M’\/Eswdw& [ Drma )]
Py

b
Qo 70‘12“, (51)

where (a) is from Jensen’s inequality and (b) is from (49).

By combining (48), (49) and (51), we have that

’ «
D (mpsrl|mr) (s)] < 6 + bPagr, + bM % (52)

]Eswdwf.g
Py

With Lemma E.1, Theorem 4.4 can be proved similarly as Theorem 4.3.

F. Experiments

The detailed environments descriptions are in the following:

Gambler Problem in a game in which a gambler bets on a sequence of coin tosses, wining the stake when the outcome is
head and losing when it’s tail. Starting from an initial balance, the game ends once the gambler’s balance reaches 16 or 0.
For different state-action pairs, the gambler receives different utilities. The reward is 10 when the balance reaches 16 and 0
otherwise. The probability of head for each coin toss is p = 0.6. The radius of the uncertainty set is 0.1.

N -chain problem involves a chain with NV nodes. At each node, the agent can choose to move to its left or its right. Upon
moving to its left, it receives a reward-utility signal of (1, 0), while moving to its right yields a reward-utility signal of (0, 2).
When reaching the /NV-th node, the agent receives a bonus reward of 10. With probability 0.1, the agent may slip to the
different direction of its action. We let N = 40 and the radius of the uncertainty set be 0.15.

Frozen-Lake problem is about training an agent to cross a 4 x 4 frozen lake from the starting point to the end point without
falling into any holes. Upon falling into the holes, the agent will get trapped and receive zero reward and utility. Reaching
the end point yields a reward of r = 200, otherwise » = 0. At some states, the agent will receive a utility of ¢ = 1. The
agent may slip to the different direction of its action. The radius of the uncertainty set is 0.1.

Point Gather is a benchmark Mujoco task for constrained MDP, in which an agent is rewarded for gathering green apples
but is constrained to collect a limited number of red fruit (Achiam et al., 2017).
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