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A Mathematical Proofs348

A.1 Cross-Covariance Operator349

Let F : x 7! �(x) and G : y 7!  (y) denote reproducing kernel Hilbert spaces (RKHSs) with350

feature maps � and  , respectively. We aim to find functions f 2 F and g 2 G that maximize the351

following objective:352

sup
g2G

sup
f2F

E [(f(x)� E[f(x)]) (g(y)� E[g(y)])] s.t kfkF = kgkG = 1 (14)

Using the reproducing property of RKHSs, the centered evaluation of f can be expressed as:353

f̄(x) = h�(x), fiF � E[ h�(x), fiF ]

= h�(x), fiF � hE[�(x)] , fiF
= h�(x)� E[�(x)], fiF

= h�̄(x), fiF

(15)

where �̄(x) := �(x)� E[�(x)]. A similar expression holds for g(y). Substituting into the objective,354

we obtain:355

sup
g2G

sup
f2F

E
⇥
f̄(x)ḡ(x)

⇤
= E

⇥
h�̄(x), fiF h ̄(y), giG

⇤
(16)

Recall that the tensor product g ⌦ f : F ! G is a rank-one operator defined by:356

(g ⌦ f)h := ghf, hiF , for all h 2 F . (17)
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Using this, the objective becomes:357

E
⇥
h�̄(x), fiF h ̄(y), giG

⇤
= E

⇥
h ̄(y) h�̄(x), fi , giG

⇤

= E
⇥
h ̄(y)⌦ �̄(x) f, giG

⇤

=
⌦
E[ ̄(y)⌦ �̄(x)] f, g

↵
G

= hCovyxf, giG = hg,CovyxfiG

(18)

where Covyx := E[ ̄(y)⌦ �̄(x)] denotes the cross-covariance operator from F to G.358

Remark. Strictly speaking, interchanging the expectation with the inner product requires justifying359

that  ̄(y)⌦ �̄(x) defines a Hilbert–Schmidt (HS) operator and that its expectation exists in the Hilbert360

space of HS operators. We provide a minimal justification in the following section. The derivation361

above is retained for its close resemblance to the finite-dimensional cross-covariance formulation.362

A.2 Hilbert–Schmidt Operators363

Let F and G be separable Hilbert spaces and {qi}1i=1 an orthonormal basis of F . For a bounded364

operator L : F!G the Hilbert–Schmidt(HS) norm is defined as365

kLk
2
HS

=

1X

i=1

kLqik
2
G

(19)

If this series converges, L is called Hilbert–Schmidt. The set of Hilbert-Schmidt operators mapping366

from F to G is a Hilbert space denoted by HS(F ,G) with the inner product367

hL,TiHS =

1X

i=1

hLqi,TqiiG (20)

Rank one tensor product is HS. For f 2 F and g 2 G:368

kg⌦fk2
HS

=

1X

i=1

kghf, qiiFk
2
G

= kgk2
G

1X

i=1

|hf, qiiF |
2

= kgk2
G
kfk2

F
< 1

(21)

so g ⌦ f 2 HS(F ,G).369

Lemma. For any L 2 HS(F ,G), f 2 F , and g 2 G,370

hL, g⌦fiHS = hg,LfiG (22)

Proof. Choose an orthonormal basis of F that begins with the normalised vector f̃ := f/kfkF , i.e.371

{f̃} [ B? with B? := {f̃?

i }
1

i=1 :372

hL, g⌦fiHS = hLf̃ , g⌦f f̃iG +

=0z }| {X

qi2B?

hLqi, g⌦f qiiG

=
1

kfkF
hLf, g hf, f̃iF iG

= hg,LfiG

(23)

The second term vanishes because f is orthogonal to every qi2B?.373
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Using this lemma we have :374

h ̄(y)⌦�̄(x), g⌦fiHS = h�̄(x), fiF h ̄(y), giG (24)
and375

E
⇥
f̄(x)ḡ(y)

⇤
= E

⇥
h ̄(y)⌦�̄(x), g⌦fiHS

⇤
(25)

Boundedness of the expectation functional. Consider the following linear functional:376

F : HS(F ,G)!R, F(L) = E
⇥
h ̄(y)⌦�̄(x), LiHS

⇤
(26)

Applying Jensen and then Cauchy–Schwarz inequalities:377 ��F(L)
��  E

⇥��h ̄(y)⌦ �̄(x),LiHS

��⇤

 E
⇥
k ̄(y)⌦�̄(x)kHS kLkHS

⇤

 kLkHS E
⇥
k�̄(x)kF k ̄(y)kG

⇤

 kLkHS E
⇥p

k(x,x) l(y,y)
⇤
< 1

(27)

so F is a bounded linear functional on HS(F ,G).4378

Riesz representation and the covariance operator. Recall that on any Hilbert space, the Riesz379

representation theorem states that every bounded linear functional can be expressed as an inner380

product with a unique element of that space. Applying this to the bounded functional F defined381

above, we obtain a unique operator Covyx 2 HS(F ,G) satisfying:382
⌦
Covyx, L

↵
HS

= F(L) 8 L 2 HS(F ,G) (28)
Taking L = g⌦f recovers the cross-covariance identity used in the main text. We now turn to the383

empirical estimation of cross-covariance operator.384

A.3 Empirical Estimation of the Objective385

Given a dataset D = {(xi,yi)}
n
i=1, the empirical estimate of the cross-covariance operator is given386

by:387

dCovyx =
1

n

nX

i=1

 ̄(yi)⌦ �̄(xi). (29)

Next, by examining the action of the tensor product operator in Equation (17), together with the388

unit-norm constraints on f and g, we conclude5:389

f =

nX

i=1

↵i�̄(xi), and g =

nX

i=1

�i ̄(yi) (30)

Substituting this representation into the objective in Equation (18), we obtain:390

E
⇥
f̄(x)ḡ(x)

⇤
⇡

1

n

nX

i=1

nX

j=1

nX

k=1

↵j�kh ̄(yi),  ̄(yk)iG · h�̄(xi), �̄(xj)iF (31)

Letting k and l denote the kernels associated with F and G, respectively, the expression simplifies to:391

E
⇥
f̄(x)ḡ(x)

⇤
⇡

1

n

nX

i=1

nX

j=1

nX

k=1

�k l̄ik k̄ij ↵j =
1

n
�
>
L̄K̄↵ (32)

where K̄ and L̄ are the centered kernel matrices corresponding to k and l, respectively. Following392

the representation of f and g from Equation (30), the unit-norm constraint on f can be expressed as:393

kfk2

F =

*
nX

i=1

↵i�̄(xi),
nX

j=1

↵j �̄(xj)

+

F

=

nX

i=1

nX

j=1

↵i↵j

⌦
�̄(xi), �̄(xj)

↵
F

= ↵
>
K̄↵

(33)

4We assume k(x,x) and l(y,y) have finite first moments.
5This follows directly from the Representer Theorem.
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and likewise for g:394

kgk2

G = �
>
L̄� (34)

Therefore, the empirical estimation of the objective reduces to the following constrained optimization395

problem:396

sup
↵

sup
�

1

n
�
>
L̄K̄↵ s.t. ↵

>
K̄↵ = �

>
L̄� = 1 (35)

Next, let K̄ = JJ
> and define u = J

>
↵, and similarly let L̄ = DD

> with v = D
>
�. Then, the397

objective can be rewritten as:398

sup
u

sup
v

1

n
v
>
D

>
Ju s.t. v

>
v = u

>
u = 1 (36)

This is maximized by the largest singular value of D>
J , i.e., it is upper bounded by �max(D

>
J).399

Next, by considering the sum of squared singular values, we obtain:400

nX

i=1

�2
i =

1

n2
tr
�
J

>
DD

>
J
�
=

1

n2
tr
�
JJ

>
DD

>
�
=

1

n2
tr(K̄L̄) =

1

n2
tr(KHLH) (37)

where we used the cyclic property of the trace and the centering matrix H = I �
1
n11

>.401

Finally, the squared Hilbert–Schmidt norm of the empirical cross-covariance operator reproduces the402

same scalar quantity:403

��dCovyx
��2

HS
=

D
1

n

nX

i=1

 ̄(yi)⌦�̄(xi),
1

n

nX

j=1

 ̄(yj)⌦�̄(xj)

E

HS

=
1

n2

nX

i=1

nX

j=1

⌦
 ̄(yj), ( ̄(yi)⌦�̄(xi)) �̄(xj)

↵
G

=
1

n2

nX

i=1

nX

j=1

h�̄(xi), �̄(xj)iF h ̄(yj),  ̄(yi)iG

=
1

n2

nX

i=1

nX

j=1

k̄ij l̄ji =
1

n2
tr
�
K̄L̄

�
=

1

n2
tr
�
KHLH

�

(38)

In the next section we show that, in the empirical setting, one can work with a finite-dimensional404

feature map obtained from a factorization of the kernel matrix. This representation makes subsequent405

covariance expressions far more transparent.406

A.4 Finite-Dimensional Feature Map407

Let F : x 7! �(x) be an RKHS with reproducing kernel k( · ,x). By the Representer Theorem (cf.408

Eq. (30)), any solution subject to norm constraints admits the form:409

f =

nX

i=1

↵i �(xi) (39)

so f lies in the finite subspace X := span{�(xi)}
n
i=1. For f, g 2 X we have:410

hf, giF =

D nX

i=1

↵i�(xi),
nX

j=1

�j�(xj)

E

F

= ↵
>
K�, (40)

where K is the kernel matrix Kij = k(xi,xj). Because K is symmetric positive semi-definite it411

admits a factorization:412

K = JJ
> (41)

with J 2 Rn⇥r full rank. Row i of J (denoted by J
>

i ) therefore provides an implicit finite-413

dimensional feature vector for �(xi): indeed J
>

i Jj = Kij = h�(xi),�(xj)iF Moreover:414

hf, giF = ↵
>
JJ

>
� = (J

>
↵)

>
(J

>
�) = u

>
v (42)
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where we have set u = J
>
↵ and v = J

>
�. Hence u,v 2 Rr are equivalence of f and g in415

this finite-dimensional feature map. Using the reproducing property, the centred evaluation vector416

f̄ = [ f(x1)� µf , . . . , f(xn)� µf ]
>, with µf =

1
n

Pn
i=1 f(xi), satisfies :417

f̄ = Ju� 1
⇣

1
n1

>
Ju

⌘
=

�
I �

1
n11

>
�
Ju = HJu (43)

where H is the centring matrix. Now let G : y 7!  (y) with Gram matrix L = DD
>. Repeating418

the same construction yields ḡ = HDv for g(y) =
Pn

j=1 �j (yj). Thus the empirical objective419

becomes:420

sup
g2G

sup
f2F

E
⇥
f̄(x) ḡ(y)

⇤
⇡

1

n

nX

i=1

�
f(xi)� µf

� �
g(yi)� µg

�

=
1

n
(HDv)

>
(HJu)

=
1

n
v
>
D

>
HJu = v

> bCyx u

(44)

where bCyx =
1
nD

>
HJ is the (finite-sample) cross-covariance matrix corresponding to the empirical421

cross-covariance operator dCovyx. In the following section we derive the Equation (11).422

A.5 RKHS Encoders for Feature-Space Alignment423

Recall from Section 4.2 the following random variables:424

• Xi: encoder input at iteration i425

• Zi: encoder output at iteration i426

• X: initial representation427

• S: undesired concept labels428

• Y : target task labels429

Let F be an RKHS in which we seek encoders f that optimize the following objective:430

sup

{gI}
sup
f

E[ḡxi(Xi
)f̄(Zi

)] + ⌧x E[ḡx(X)f̄(Zi
)] + ⌧y E[ḡy(Y )f̄(Zi

)]

s.t. sup
gs

E[ḡs(S)f̄(Zi
)] = 0, kgIkGI = kfkF = kgskGs

= 1

(45)

Here, GI (with I = {xi, x, y}) and Gs refer to corresponding RKHSs for gI and gs. Let the kernel
matrices for Zi, Xi, X , Y , and S be factorized as

Kzi = LziL
>

zi , Kxi = JxiJ
>

xi , Kx = JxJ
>

x , Ky = LyL
>

y , Ks = LsL
>

s

Using the finite-dimensional feature representation discussed earlier, the empirical estimate for each431

term in the objective, for instance E[ḡy(Y )f̄(Zi
)], can be written as:432

E[ḡy(Y )f̄(Zi
)] ⇡

1

n

nX

j=1

ḡy(yj)f̄(z
i
j) =

1

n
u
>

y L
>

y HLziw = u
>

y
bCyziw (46)

where uy and w are the equivalent vectors to gy and f in the corresponding finite dimensional433

feature map, and bCyzi denotes the empirical cross-covariance matrix. Note that the following two434

optimization problems over w are equivalent:435

sup
uy

sup
w

u
>

y
bCyziw ⌘ sup

w
w

> bC>

yzi
bCyziw (47)

This equivalence follows since the optimal uy is aligned with bCyziw and satisfies:436

uy =

bCyziw

k bCyziwk2

(48)

14



Hence, the full empirical objective becomes:437

sup
w

w
>
� bC>

xizi
bCxizi + ⌧x bC>

xzi
bCxzi + ⌧y bC>

yzi
bCyzi

�
w (49)

Now consider the constraint in Eq. (45), which ensures that f does not increase alignment with the438

undesired attribute S. Its empirical estimate becomes:439

sup
gs

E[ḡs(S)f̄(Zi
)] ⇡ sup

us

u
>

s
bCsziw = 0 (50)

To satisfy this constraint, we require
w 2 Null( bCszi)

Let Q be an orthonormal basis for this null space. Then we can write:440

w = Qv (51)

Since orthonormal transformations preserve norm, the constraint remains unchanged. Substituting441

into the objective yields:442

sup
v

v
>
Q

>

⇣
bC>

xizi
bCxizi + ⌧x bC>

xzi
bCxzi + ⌧y bC>

yzi
bCyzi

⌘
Qv

s.t. kvk2 = 1

(52)

This is a Rayleigh quotient maximization problem. The optimal solution v corresponds to the443

eigenvector of the matrix with the largest eigenvalue. Define:444

A = Q
>

⇣
bC>

xizi
bCxizi + ⌧x bC>

xzi
bCxzi + ⌧y bC>

yzi
bCyzi

⌘
Q (53)

The matrix A is a sum of symmetric positive semi-definite matrices, and is itself symmetric and PSD.445

Using its eigen-decomposition:446

A = D⇤D
>

v
>
Av = v

>
D⇤D

>
v = a

>⇤a =

X
a2i�i  �max

(54)

where a = D
>
v and kak

2
2 = 1, since the eigenvectors of symmetric matrices form an orthonormal447

basis. Subsequent encoders, constrained to be orthogonal to the previously selected ones, can be448

obtained by iteratively maximizing the same Rayleigh quotient over orthogonal complements. By449

the Courant–Fischer min–max principle, these correspond to the eigenvectors associated with the450

next largest eigenvalues of A. One may then select the top d eigenvectors—ranked by eigenvalue451

magnitude or a normalized criterion—as encoder directions for the next iteration.452

B Implementation Details453

B.1 Obliviator’s Training Procedure454

The practical implementation of Obliviator is outlined in Algorithm 1. Depending on the availability455

of target task labels, the erasure setting is configured as either supervised (when target labels are456

available) or unsupervised. In the supervised case, an additional term involving ⌧yKy is included457

in the encoder loss (13), and correspondingly in the RKHS-based eigenvalue problem (11) as458

⌧y bC>

yzi
bCyzi . This term is omitted under the unsupervised setting.459

The encoder is then trained for a fixed number of epochs, which must be sufficient to enable effective460

transfer of information from the original representation. If the encoder is trained for too few epochs,461

its capacity to preserve relevant features may be limited. In such cases, one practical strategy is to462

pre-train the encoder for a few epochs without applying the undesired-concept removal term, and463

then perform erasure for a smaller number of epochs. However, excessive pretraining can also be464

detrimental: the encoder may learn overly complex representations that are no longer smooth enough465

to be effectively constrained by the smooth witness functions. This, in turn, may necessitate stronger466

(and potentially less smooth) witnesses, which can hinder erasure quality. Nonetheless, since initial467

representations from language models are typically expressive, even random projections can retain468

most task-relevant information. Thus, the encoder can often preserve key features with relatively469
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Algorithm 1 Obliviator Training Procedure
1: Input: data {xi}, unwanted labels {si}, optional target labels {yi}
2: for j = 1 to M do
3: if {yi} is available then
4: RVs (xj , x, y) . Supervised
5: else
6: RVs (xj , x) . Unsupervised
7: end if
8: Train encoder "j using loss (13) RVs . Adversarial Training
9: zj  "j(xj)

10: Solve EVP (11), obtain encoder . RKHS Refinement
11: xj+1  encode zj via (12)
12: end for

few training iterations.6 In our experiments, we found that 10–15 full-batch iterations were typically470

sufficient.471

After training the encoder, its output is passed to the eigenvalue problem defined in (11). Since the472

feature space induced by the kernel can be high-dimensional—even for a moderate number of training473

samples—explicit factorization of the kernel matrix is generally intractable. To address this, we474

employ approximation methods such as the Nyström method or Random Fourier Features (RFF) [22]475

to obtain a finite-dimensional approximation of the feature map. Next, the resulting eigenvalues are476

normalized by the largest eigenvalue, and the top d eigenvectors are selected based on a predefined477

threshold. These eigenvectors correspond to functions in the RKHS, which serve as new encoder.478

We apply these functions to the encoder’s output to generate a transformed representation. This479

transformed representation then becomes the input to the encoder in the subsequent iteration.480

B.2 Datasets481

We evaluate on three benchmark datasets commonly used for concept erasure: BIAS IN BIOS,482

DIAL-SENTIMENT and DIAL-MENTION.483

• BIAS IN BIOS [8]: This dataset consists of biographical texts, each annotated with a profession484

(the primary task) and a gender label (the sensitive/protected attribute). It includes 28 distinct485

professions and two gender categories, with 53.7% of the data associated with male subjects and486

46.3% with female subjects. The most common profession in the dataset is "professor," accounting487

for 30% of the total samples. To ensure a fair comparison with FaRM, we used the same dataset488

split as FaRM [6] for the fine-tuned BERT representations. For the frozen representations, we489

followed the dataset split used by [24].490

• DIAL [4]: This dataset consists of two subsets: DIAL-SENTIMENT and DIAL-MENTION.491

– DIAL-SENTIMENT is labeled for sentiment analysis, with sentiment as the primary target492

variable (happy 54.57%, sad 45.43%). It also includes race labels (African-American English493

36.93%, Standard American English 63.07%).494

– DIAL-MENTION is a binary classification dataset for detecting whether a tweet mentions495

another user (50% conversational, 50% non-conversational). The race labels in this subset are496

equally distributed (50%-50%).497

B.3 Experimental Setup498

We use a multilayer perceptron (MLP) as our encoder, consisting of a single hidden layer with 256499

units and the SiLU activation function. Optimization is performed using the AdamW optimizer500

with default hyperparameters. We set the learning rate to 5 ⇥ 10
�4 and apply a weight decay of501

0.001. For the BIAS IN BIOS dataset, the encoder is trained for 50 iterations in the first step and502

30 iterations in subsequent steps. Due to the infeasibility of computing the full kernel matrix on503

the entire dataset, exact kernel-based training is only possible via stochastic gradient descent with a504

reasonable batch size. However, we observe that with RFF and training on the full-batch consistently505

6This is consistent with the Johnson–Lindenstrauss lemma.
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Table 2: Hyperparameters used for the training of Obliviator across different datasets.
Encoder Parameters Eq.(13) EVP Parameters Eq.(11)

Dataset Erasure ⌧xi ⌧x ⌧y ⌧x ⌧y Threshold �x �xi �zi

BIAS IN BIOS Supervised 0.05 0.05 3 0.5 2 10
�4 0.05 0.5 0.5

Unsupervised 0.1 0.1 – 0.7 – 10
�4 0.05 0.5 0.5

DIAL-SENTIMENT Supervised 0.05 0.05 5 0.5 3 5⇥ 10
�5 0.05 0.2 0.2

Unsupervised 0.1 0.1 – 0.7 – 5⇥ 10
�5 0.05 0.2 0.2

DIAL-MENTION Supervised 0.05 0.05 5 0.5 3 5⇥ 10
�5 0.05 0.2 0.2

Unsupervised 0.1 0.1 – 0.7 – 5⇥ 10
�5 0.05 0.2 0.2

yields better performance. Consequently, we approximate the kernel using RFF throughout our506

experiments. The RFF dimensionality is set to 2500 in the first iteration and reduced to 1500 in507

later steps, as the encoder’s input dimension is reduced after the first transformation. To ensure508

that HSIC is not artificially increased through isotropic scaling, we evaluated two normalization509

strategies: (1) feature-wise normalization to unit variance and (2) sample-wise normalization. The510

latter proves more effective in our setup. For the DIAL-MENTION and DIAL-SENTIMENT datasets511

all settings are the same except the initial training is set to 30 iterations. All reported trade-off curves512

are over three independent runs where we reported minimum performance (lowest trade-off curve).513

For the RKHS encoder, the Kernel matrix is approximated using RFF with a dimension of 1500.514

The hyper-parameters used for training can be found in Table 2. Training is conducted on a single515

NVIDIA RTX A6000 GPU. For the training of DeepSeek and LLaMa on BIAS IN BIOS dataset all516

the parameters are similar to Table 2 except we set the threshold to 10
�5.517

C Probing Networks518

C.1 Our Choice of Probing Networks519

Unlike prior work [1, 6], we do not restrict the nonlinear adversary to the default MLP classifier520

provided by scikit-learn. Instead, we evaluate all methods using two types of adversarial classifiers:521

an SVM with an RBF kernel (implemented via cuML [23]) and an MLP with two hidden layers522

of 128 neurons (implemented in PyTorch [19]). The MLP classifier is trained three times with523

different random seeds, while the SVM is evaluated under seven hyperparameter settings (�, C) 2524

{(10, 5), (10, 10), (5, 10), (5, 5), (1, 5), (1, 1), (0.5, 1)}. We report the maximum accuracy obtained525

across all ten runs (three MLP + seven SVM) for each method. For the target task classifier, we526

employ the same architecture as the adversarial MLP, a two-layer Multi-Layer Perceptron with 128527

neurons per hidden layer. An SVM with a large kernel scale (� = 10) and hard margin (C = 10)528

serves as a coarse decision boundary, useful for testing whether erasure occurs by overlapping529

distributions across unwanted attributes. We must note that, the erasure process is carried by a530

deterministic function and only shuffling data samples across unwanted attributes is not sufficient531

for erasure as this shuffling can be still invertible. Therefore, true erasure happens upon distribution532

matching.533

In our experiments, we observed that applying dimensionality reduction often improved adversarial534

accuracy. For instance, using a strong encoder—an MLP with four hidden layers(see §D.1)—without535

any iterative refinement led our MLP adversaries to perform at random chance level while SVM with536

� = 10, C = 10 reported around 80% accuracy. However, when we applied RKHS refinement via537

(11) as a dimensionality reduction step and re-evaluated the MLP adversaries again, their accuracy538

was similar to that of SVM with � = 10, C = 10. This indicates that sensitive information was still539

present in the representation, and the prior adversary failures were primarily due to training difficulty540

rather than successful erasure.541

C.2 Ablation Studies with Different Probing Networks542

To evaluate the robustness of our probing setup, we assess the trade-off curves using multiple types543

of classifiers. Specifically, we consider a Multi-Layer Perceptron (MLP) with five hidden layers of544

size 128, as well as Random Forest classifiers with 100 estimators and maximum depths of 15, 20,545

and 25. For the MLP, we report the highest accuracy across three independent runs. For the Random546

Forest, we report the best accuracy obtained across the three depth settings. The resulting trade-off547
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(a) Comparison of obtained trade-off with deeper MLP
(5 hidden layers) and Random Forest with our choice
of classifier (MLPx2-SVM).
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Figure 7: Ablation studies with different probing networks. Dataset is BIAS IN BIOS and language
model is BERT.

curves are shown in Figure 7a, alongside the curve obtained using our default probing classifier (as548

described earlier). As illustrated in the figure, our choice of classifier yields a consistently lower549

trade-off profile, demonstrating its robustness for evaluating erasure performance.550

In contrast to prior work, we do not rely on visualizations produced by t-SNE or UMAP to assess551

overlap with respect to the sensitive attribute (e.g., gender). While such techniques can be visually552

appealing, they are unreliable indicators of structure in high-dimensional spaces, often distorting553

distances and cluster separability. Instead, we adopt an evaluation based on the training accuracy554

of an expressive classifier. In particular, if a sufficiently flexible probing model is unable to overfit555

the training data, this provides stronger evidence that the representation has been overlapped across556

the unwanted attribute, suggesting successful erasure. However, it is important to note that we557

are working with finitely many samples in a high dimensional space. It is unlikely that the data558

points become so close that no probing classifier can overfit to training samples. For this reason, the559

flexibility of the probing model must be chosen reasonably so that this evaluation becomes meaningful.560

Figure 10 presents the train and test accuracy of the MLP with five hidden layers over the course of561

erasure. As the process progresses, we observe a drop in both training and test accuracy, with the562

training accuracy falling to near random chance. This indicates that even a high-capacity classifier563

cannot overfit to the training samples, suggesting that the representation has been successfully aligned564

across the sensitive groups via distributional overlap.565

Taken together, these probing results indicate that Obliviator consistently achieves full concept erasure.566

This is consistent with the theoretical motivation: minimizing HSIC(S,X) enforces statistical567

independence between the representation X and the sensitive attribute S.568

C.3 Statistical Significance of the Obtained Trade-off569

In this section, we evaluate the statistical significance of the obtained trade-off curve. As described in570

Section Appendix B.3, each trade-off profile is computed using the evaluation protocol outlined in571

Section Appendix C.1, and reflects the lowest performance across three independent runs. We repeat572

this entire process five times and report the mean trade-off profile along with the 95% confidence573

interval, computed using a Student’s t-test as ±�/
p
5 · t4,0.975. Figure 8 presents results under the574

frozen + unsupervised erasure setting on the BIAS IN BIOS dataset, with BERT as the language575

model. The dashed curve corresponds to the trade-off profile reported in the main paper, while576

the solid curve shows the mean across five repeated evaluations. The shaded region represents the577

confidence interval. The low variance observed across repetitions reflects two complementary factors:578

1)The rigor of our evaluation protocol—based on multiple adversaries and conservative selection of579

worst-case performance, naturally reduces variability; 2)It also highlights the inherent stability of our580

multi-step framework, where erasure remains consistent across independent runs.581
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Figure 8: Statistical Significance of the obtained trade-off curve. Dataset is BIAS IN BIOS and
language model is BERT.
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Figure 9: Multi-Step Erasure vs. Single-Step Erasure. Comparison of erasure performance using a
single-step encoder with either 1 or 4 hidden layers (MLP), versus the proposed multi-step erasure
framework (Obliviator). Results are shown on the BIAS IN BIOS dataset using BERT representations.
The multi-step approach consistently demonstrates more effective erasure.

D Additional Results582

D.1 Single Step Erasure Vs Multi-Step Erasure583

To highlight the importance of each component in Obliviator, we evaluate a simplified baseline using584

a single MLP encoder with either one or four hidden layers (each containing 256 neurons). The goal585

is to perform erasure using only the encoder trained with the loss in (13), without employing the586

multi-step framework or RKHS-based refinement. This setup allows us to isolate the contribution of587

these components and assess their effect on erasure and adversarial optimization. During training, we588

evaluate both the target task and undesired attribute accuracy every 30 steps. As shown in Figure 9,589

neither of the single-step encoder configurations achieves full concept erasure. Although both gender590

and profession accuracies initially decline, they eventually plateau and begin to oscillate, failing to591

reach full erasure. While a more expressive encoder might hypothetically improve performance, a592

direct comparison reveals that the empirical trade-off achieved by Obliviator is consistently better.593

This demonstrates that the multi-step procedure and RKHS refinement, results in a more robust and594

effective erasure process.595

D.2 Hyperparameter Sensitivity596

We conduct two additional studies to evaluate the impact of hyperparameters on the performance597

of Obliviator. First, we examine the effect of the RBF kernel bandwidth parameters �zi and �xi ,598

which are defined as the inverse of the kernel width (i.e., � = 1/2�2). These parameters control the599
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(a) Trade-off obtained by different values of � =
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(b) Trade-off obtained by different values of ⌧ =
⌧xi = ⌧zi . Here we only change the encoder’s pa-
rameter and ⌧ in EVP problem are same as in Table 2.

Figure 10: Analysis of the effect of hyperparameters on Obliviator’s performance. Dataset is BIAS
IN BIOS and language model is BERT.

(a) Professions (b) Professor (c) Physician

Figure 11: Representations Learned by Obliviator on Finetuned BIAS IN BIOS Representations
(BERT). The professions Professor and Physician are shown separately to better visualize the
distribution of gender within each class. While the two professions are clearly separated (green and
purple), gender labels (blue and red) are indistinguishable within each profession—indicating that
Obliviator effectively erases gender information while preserving task-relevant structure.

smoothness and expressivity of the witness functions used in dependency estimation. Intuitively,600

higher � values (corresponding to narrower kernels) yield more complex witness functions, which601

are more sensitive to fine-grained correlations. This can result in more aggressive erasure by602

capturing spurious dependencies. This behavior is consistent with the patterns observed in Figure 10a.603

Furthermore, we can see that Obliviator performs consistently across a broad, reasonable range of604

values for �, demonstrating robustness to this choice. Note that, in this experiment, we considered605

� = �zi = �xi .606

Next, we study the effect of the weighting coefficients ⌧xi and ⌧x, which appear in both the adversarial607

loss (13) and the eigenvalue problem in (11). In this experiment, we vary only the encoder loss608

parameters while keeping the EVP parameters fixed, as specified in Table 2. As before, we set609

⌧xi = ⌧x. The results, shown in Figure 10b, indicate that very large values of ⌧ lead to a slight610

degradation in performance. Moreover, increasing ⌧ slows convergence, requiring more iterations to611

reach the same level of erasure.612

D.3 Visualization613

Here, we visualize the representations of two professions—Professor and Physician—from the614

BIAS IN BIOS dataset using fine-tuned representations at an intermediate stage of erasure. This615

representation corresponds to a point on the trade-off curve where gender classification accuracy is616

approximately 60%, while profession classification accuracy remains around 85% (see Figure 4c).617

The visualization in Figure 11 also corresponds to this stage of erasure.618
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At this point, the number of RKHS encoders obtained from (11) is three, meaning we visualize the619

actual transformed representation used by the model. Notably, while the two professions remain620

well-separated, the gender labels within each profession are indistinguishable—highlighting that621

Obliviator successfully removes gender information while preserving task-relevant structure.622

E Societal Impact623

Obliviator enables targeted concept erasure from learned representations, which can be beneficial—for624

instance, by removing sensitive demographic attributes to reduce reliance on them in decision-making,625

or by erasing personal identifiers to protect privacy. However, if task-critical attributes are treated as626

“unwanted”, such as age in healthcare or income level in finance, model performance may degrade, or627

the model may rely on spurious correlations with remaining features like gender or race. Transparent628

documentation, domain-informed definitions, and independent oversight are essential, especially in629

high-stakes applications. Without careful review, erasure may discard socially meaningful information630

or fail to generalize across contexts.631
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