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Abstract

Reinforcement learning (RL) is a general framework for modeling sequential
decision making problems, at the core of which lies the dilemma of exploitation
and exploration. An agent failing to explore systematically will inevitably fail to
learn efficiently. Optimism in the face of uncertainty (OFU) is a conventionally
successful strategy for efficient exploration. An agent following the OFU principle
explores actively and efficiently. However, when applied to model-based RL, it
involves specifying a confidence set of the underlying model and solving a series
of nonlinear constrained optimization, which can be computationally intractable.
This paper proposes an algorithm, Bayesian optimistic optimization (BOO), which
adopts a dynamic weighting technique for enforcing the constraint rather than
explicitly solving a constrained optimization problem. BOO is a general algorithm
proved to be sample-efficient for models in a finite-dimensional reproducing kernel
Hilbert space. We also develop techniques for effective optimization and show
through some simulation experiments that BOO is competitive with the existing
algorithms.

1 Introduction

Reinforcement learning (RL) is a sequential decision-making problem in which an agent acts in an
unknown environment while maximizing the cumulative rewards it receives [1, 2]. In this paper,
we consider the RL in Markov decision processes (MDPs), where the agent observes the state
of the environment at each timestep and makes decisions accordingly. Since the environment is
unknown, maximizing the cumulative rewards naturally involves a trade-off between exploration and
exploitation. Exploitation is to make the best-rewarding decision based on the agent’s information, and
exploration means actively gathering information about the environment so that the agent understands
better about the environment and thus makes better decisions in the future. An algorithm cannot be
sample-efficient without balancing them properly.

Theoretically, the exploration and exploitation dilemma admits a Bayesian optimal solution [3].
That is to consider the RL problem a so-called Bayes-Adaptive MDP (BAMDP), a special case of
partially observable Markov decision processes (POMDPs), where the parameter of the dynamics
is unobservable. Although this formulation provides useful insights, the POMDP formulation is
computationally intractable [4-6]. Therefore, all practical algorithms [7—10] resolve this dilemma by
achieving a delicate balance between seeking rewards and gathering information. Optimism in the
face of uncertainty (OFU) is one of the conventionally successful approaches for this balance and is
established as an efficient learning principle in various cases [11-13].
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The OFU principle makes the agent an optimist who is always optimistic about the uncertainty of
the environment. If it ever stands a chance that a policy is highly profitable, the agent will try it
out. By executing an optimistic policy, the agent either receives high rewards or gains information
after observing unexpected outcomes. OFU involves constructing a confidence set of possible MDPs
and solving for the most optimistic one within the confidence set. Unfortunately, this is typically a
constrained nonlinear non-concave optimization and is impractical to solve [14, 15]. Therefore, a
model-based OFU algorithm is previously deemed an inferior choice [15].

In this paper, we propose a model-based OFU algorithm, Bayesian optimistic optimization (BOO),
which enforces the constraint via a dynamic weighting technique and therefore makes the optimization
more practical. We show that BOO is a general-purpose model-based OFU RL algorithm that is
both provably sample-efficient and comparatively computationally tractable. Our contribution is
three-fold:

* We extend the OFU algorithms to the Bayesian setting by requiring the model to reside
in a Bayesian credible region. BOO is then proposed as the Lagrangian relaxation of this
constrained optimization.

* We prove that BOO is efficient in terms of the frequentist regret for a finite-dimensional
reproducing kernel Hilbert space (RKHS).

* We derive optimization methods for BOO and demonstrate empirical evidence that BOO is
competitive with UCRL2 [16] and PSRL [17].

2 Preliminaries

This section introduces the preliminaries, including RL in MDPs and the principle of optimism in the
face of uncertainty.

2.1 Reinforcement Learning in Markov Decision Processes

We consider the problem where a reward-seeking agent repeatedly interacts with a finite-horizon
MDPs M = (S, A, P,R, H, s1), where S and A are the state and action spaces, respectively. The
algorithm adopted by the agent is denoted as 2. At each episode, the agent is spawned at the
initial state s; € S. It takes an action a;, € A at each period h within an episode and receives
a random reward, r;, ~ R(sp,an). Then, the environmental state transitions to the next state,
Sh+1 ~ P(sp,an). This process repeats until the episode ends at the H-th period, and another
episode begins. Note that the fixed initial state is not a stringent condition since starting from an
initial distribution py is equivalent to starting from a special state s; such that P(s|s1,a) = po(s)
holds for any state s and action a. A finite MDP is an MDP with finite state and action spaces.

A policy 7 is a function mapping a state and a period to an action distribution. The value function for
the MDP M, policy 7, and period h is defined recursively as

VM (1) = Baymrn(ony [ @5 (snsan)| , Vi € [H],

7, M M 7, M (1)
Q}; (5h7ah) =R (Shva’h) +Esh,+1~PM(sh,,ah,) |:Vh_|’-1 (5h+1):| ) Vh € [H - 1}7

where RM (s,a) = E, g (s o)[r], and QZ’M(SH,CLH) = RM(sy,ap).

We use X, ;, to represent the variable X at the h-th period of the k-th episode. For notational
convenience, X}, ;, is sometimes abbreviated as Xyy,. The history prior to k-th episode is defined
as Hy = (s1,1,01,1,71,1,81,2, - - - » Sk—1,H, Gk—1,H, "k—1,H ). The agent is assumed to be capable
of memorizing the entire history. In this paper, we consider model-based RL algorithms which
produce a model M}, per episode in light of the history Hj and derive its corresponding optimal
policy m;, € argmax, Vfr’M"‘ (s1) for execution. We use the terms model and MDP interchangeably.
For any history H, 2((7{) defines a distribution over models and policies. Within the k-th episode, the
agent samples an action from 7y (skp, h) at each period h.

In the frequentist viewpoint, there exists an unknown true MDP M ™. We abbreviate Vh’r*’M " as Vi,
where 7* is an optimal policy of the true MDP M *. The frequentist performance metric, regret, is



defined in terms of the true MDP:

K
Regret(T, 24, M™) = Epye ., oot 1 [Z Ak] ) @
k=1

where Ay is defined as B, woi(2,) [Vi"(51) — ka’M* (51)}, K is the total number of episodes,

T = KH is the number of the total time steps, and Hx 1 ~ 2, M* means that the history is
sampled by the interaction of the algorithm 2( and the real MDP M*. In the Bayesian viewpoint,
the unknown MDP M * is treated as a random variable and assigned a prior pp;. All MDPs in the
support of p,s differ only in the transition function P and the reward function R. The Bayesian
objective of the agent is to minimize the Bayesian regret up to time 7', BayesRegret(T, 2, pas) =
Enr«~py, [Regret(T, 24, M*)].

2.2 Optimism in the Face of Uncertainty

Optimism in the face of uncertainty is a strategy for information gathering. When the optimal action
is not clear given the current information, it is preferable to hazard an optimistic guess. If we make
an atrocious guess, we effectively rule that out and pick another next time. Otherwise, we end up
finding a competitive solution that incurs little regrets. This idea is mathematically realized as a
constrained optimistic optimization, maxn, s, VF(s1) s.t. My € M, where My, is a confidence
set constructed using empirical data H, such that M™* € M, with high probability. The pseudocode
of the OFU algorithm is shown in Algorithm 1.

Algorithm 1 OFU RL
1: for episode k =1,2,...do

2: Construct a confidence set M, with Hy,
3: Compute 7, € arg max,, maxyy, Vf’M’“(sl) st. M, € M,
4: Execute 7, for an episode

3 Related Work

One line of research resolves the exploration and exploitation dilemma by formalizing the RL problem
as a planning problem in Bayes-Adaptive MDPs (BAMDPs) [3], which treats the unknown MDP
parameter as an additional hidden variable and maintains a belief distribution of the parameter. This
line of work shares the scalability problem, which is caused by the exponential increase of possible
histories w.r.t. the planning horizon. That is, the planning in BAMDPs is PSPACE-complete [4] and
requires exponential time to solve. Intuitively, this is because methods based on BAMDPs deal with
the belief distributions of MDPs (or histories) rather than a single MDP. Efficient planning algorithms
in BAMDPs do exist. Exploiting the root sampling technique, we can implement an algorithm that
gets rid of the posterior distribution and only requires posterior sampling [18]. Nonetheless, the
underlying scalability issue remains prominent.

Methods following the OFU principle construct an optimistic estimate of the unknown MDP and
execute its optimal policy. Since these methods plan on a single MDP estimate, they are computa-
tionally preferable compared to methods based on BAMDPs. The UCRL2 [16] is one such method.
However, unlike tabular and linear MDPs for which constructing an optimistic estimate is analytically
tractable [11, 13], constructing an optimistic estimate for general MDPs involves a constrained joint
optimization of model and policy and is computationally prohibitive. Hence, previous model-based
OFU algorithms [19, 20] for general model classes cannot be implemented and rely on posterior
sampling for exploration.

The posterior sampling for reinforcement learning (PSRL) works by selecting a random MDP from
the posterior distribution and executing its optimal policy [21]. This strategy ensures that a policy is
selected according to the probability that it is the optimal policy of the real model. It is shown that
PSRL is at least as good as any frequentist OFU algorithm in terms of Bayesian regret [22, 15]. PSRL
is argued to be better than optimism since it is more computationally tractable [15]. Nevertheless, as
opposed to OFU algorithms, incremental implementation of PSRL is challenging because it requires
replanning after each sampling. Practical implementation instead tries to directly sample from the



posterior distribution of the optimal value function [23-25]. However, the theoretical guarantee for
these methods is only established for tabular MDPs [25].

H-UCRL was devoted to resolving the intractability of model-based optimistic exploration for general
models [26]. It proposes to convert the joint optimization of model and policy into a hallucinated
control problem. This approach ignores the correlation between state-action pairs and treats them
separately, causing inefficiency as reflected by the extra dependency on the cumulative posterior
variance in their regret bound. Our method, BOO, also tries to attack the intractability of optimism,
which builds an optimistic model by optimizing both the value and the log-posterior density. It avoids
the defect of H-UCRL since maximizing the log-posterior density naturally enforces the correlation
between state-action pairs.

We note that, when the prior is uniform, this idea is equivalent to balance value versus log-likelihood,
which is first explored in [27] and is named as reward-biased maximum likelihood estimation
(RBMLE). They have applied this approach to multi-armed bandits [28], contextual bandits [29], and
RL where the model belongs to a known finite set [27, 30]. A constrained version of RBMLE is also
successfully applied to RL of linear quadratic control systems [31]. Our algorithm can be considered
generalizing RBMLE to a Bayesian perspective and finite dimensional RKHS. In this regard, BOO
could also be referred to as reward-biased maximum a posteriori.

Concerning the regret analysis, previous regret analysis for general model-based RL [19, 20] relies
on the fact that the constructed model is the most optimistic one in the confidence set. The regret
analysis of BOO differs with them significantly since the model constructed by BOO may not belong
to a confidence set or a credible region. This difference entails a distinct analysis, where we show
that neither the large deviation from the real model nor the possibly pessimistic estimation of the
model causes a large regret.

4 Bayesian Optimistic Optimization

In this section, we derive the learning objective of Bayesian optimistic optimization (BOO) as a
Lagrangian relaxation of a constrained optimization problem and give an intuitive interpretation of
the resulting objective. Assuming the model class resides in a finite-dimensional RKHS, we show
that BOO enjoys O(v/K) regret.

4.1 Constrained BOO

The conventional OFU algorithm, as demonstrated in Algorithm 1, contains a constrained optimistic
optimization, where we look for an optimistic MDP M, € M, and its corresponding optimal policy
such that the value is maximized. The constrained BOO is almost the same (see Algorithm 2), except
the frequentist confidence set is now replaced with the Bayesian credible region. A credible region
with a 1 — «, level of confidence is a set M, such that Pr(My|Hg) > 1 — oy, where Pr(-|Hy) is
the posterior distribution given history Hy, and Pr(My[Hy) = [}, ¢ v, Pr(M[Hi) dMy.

By the construction of the credible region, we have M* € M, holds with probability 1 — «ay, given
any history Hj. Therefore, the per-episode Bayesian regret is bounded with probability 1 — ay,

E[A] S E [V (s1) = V() [M € My] +E [ViE(s1) = VM (s0)| M7 € Mu] < B,

Agpt Ageone

] 3)
where V¥ = V;™™* "and the optimism term A$™" is less than or equal to 0 by construction. We
define a distance metric d(M;, My) = max, [V (s1) — V7™ (s1)|. It is preferable to have a
credible region M such that the set width maxas, ar,em d(M7, M) is minimized since the set width
certifies an upper bound on A{°*“. However, designing a value concentration credible region could
be intractable for generic model classes. As a reasonable alternative, we propose the highest density
region (HDR) [32] or, in the Bayesian context, the highest posterior density (HPD) region [33], i.e.,
My, = {My| Pr(My|Hy) > €}, where ¢, is the largest constant such that Pr(My|Hi) > 1 — ay.
This kind of region features a desirable property that it occupies the smallest volume in the sample
space among all credible regions of the same confidence level and has a potentially small set width.



There are two problems preventing the constrained BOO from being a practical algorithm. The first
is that the €, in the definition of the HPD region is unknown. Although we may approximate it with
the Monte Carlo approximation [34], an estimator of high/low quantiles has high variance rendering
the approximation difficult. The other difficulty is that the constrained joint optimization of model
and policy is an NP-hard problem even in bandits with linear reward and quadratic constraints [14].

Algorithm 2 Constrained BOO
1: for episode k =1,2,...do

2: Construct a credible region M, with Hy,
3: Compute 7, € arg max, maxpy, VfT’M"”(sl) s.t. M, € My
4: Execute 7y, for an episode

4.2 BOO as Lagrangian Relaxation of Constrained BOO

By introducing a Lagrange multiplier Ay, we transform the constrained BOO with HPD regions
into an unconstrained optimization problem, max s (Vf’M(sl) + A (log Pr(M|Hy,) — log ek)),

where Pr(M|Hy) = W. Once the Lagrange multiplier is determined, the constant
log €, and the marginal likelihood log Pr(#}) are irrelevant, and the optimization is equivalent to
max, (Vf’M(sl) + A (log Pr(Hg| M) + log Pr(M))) This gives rise to the BOO algorithm as

shown in Algorithm 3.

Algorithm 3 BOO
1: for episode k =1,2,...do
2: Compute 7, € arg max,, maxyy (Vf’M(sl) + Ai(log Pr(H| M) + log Pr(M)))
3: Execute 7, for an episode

However, the problem is how to determine the value of \;,. We note that the following argument by
posterior sampling provides an inexact yet insightful viewpoint. A strict discussion is presented in
Appendix B. The maximization of the BOO objective can be considered the problem of selecting
the best one among multiple posterior samples (see Algorithm 4). When only one sample is taken,
Algorithm 4 reduces to the well-known PSRL [21]. As the number of samples j goes to infinity,
maximizing among all posterior samples gives approximately the solution of the above optimization.

Algorithm 4 BOO via Posterior Sampling
1: for episode k = 1,2,...do
2:  Sample M}, M2, ..., M] ~ Pr(-|Hx)
3: Compute 73, € arg max, maX;c|;) (Vlﬁ"M’é (51) + Ax(log Pr(Hg|M}) + log Pr(M;)))
4: Execute 7, for an episode

Notice that we can regard Algorithm 4 as maximizing over several identically distributed random
variables, Ay, log Pr(M;} |Hy,) + Vfr""Mk (s1). The magnitude of their mean does not matter since
subtracting a constant will not change the optimum. The thing that matters is their variation. We need

to make sure that the variation is not dominated by either Vfr’“’M’“ (s1) or A log Pr(M; |Hy). If the
value dominates the variation, the algorithm will select an unreliable model, which causes inefficiency.
If the variation is dominated by the probability, it shows a strong preference for high-probability
models and hesitates to explore.

Theorem 4.1 shows that the standard deviation of log probability is at least a constant (proof in
Appendix A).

Theorem 4.1 (Variation of the log-posterior density). Suppose X™ = (X1, Xs, ..., X,,) are obser-
vations from a stochastic process whose distribution Py depends on 6 € ©, an open subset of R™.
Assume that the posterior is asymptotic normal, and the log-posterior density is continuous. The
variance of the log-posterior density satisfies lim inf,,_,, Varg [log Pr(0|X™)] > m/2.



The process where an algorithm 2l interacts with a random MDP parameterized by 6 is a stochastic
process where the observation X is the state-action pair (s, a;), and the observation distribution
Pr(X™|0,%) is a distribution depending on 6. Thus, by Theorem 4.1, we know that if the posterior
distribution is asymptotic normal, then, for a random sample # from the posterior distribution, the
variance of the random variable log Pr(6|X™) is at least m /2 when n is large enough.

Theorem 4.1 relies on the asymptotic normality of the posterior distribution, which is satisfied under
some regularity conditions specified in [35]. The theorem only certifies a lower bound on the variance
rather than establishing its convergence. Arguably, this is mostly a technical issue arising from the
unboundedness of the log-posterior density. It is possible to strengthen this result and derive the
convergence of the variance. Indeed, it is empirically observed that this quantity converges rapidly to
a constant.

For a proper RL algorithm, it is clear that the standard deviation of Vfr’”"M’“ (s1) should shrink
w.r.t. k. Otherwise, the algorithm fails to find out the optimal value and policy. Suppose that the

standard deviation of Vlﬂ""M’“ is O(k—1/*), where O is a variant of the big O notation that ignores
logarithmic factors. We need to set the scaling parameter A\;, proportionally such that the variation

of the log-posterior density term log Pr(M}|H;,) matches that of the value term V™o My Given a
specific model class and noise type, it is possible to derive a worst-case rate for the shrinkage of the
value uncertainty and thus determine the proper value of \;. Nonetheless, the rate of information
revealing could appear in an instance-dependent manner. That is to say, the optimal policy of some
MDPs could be inherently easier to determine than the others. Even in a fixed MDP, the rate of
uncertainty shrinkage could also change abruptly. For example, consider a ReLU bandit problem,
where B = {a € R?|||a||2 < 1}, and the agent at each episode selects an action a € B and receives a
Gaussian reward of mean max(6 " a, 0). If it happens that the agent selects an action @ in the inactive
region I = {a € B|§"a < 0}, the resulting observation reveals little information about the optimal
action. Suppose the parameter 6 is selected such that the positive region B\! is of a maximum
width € > 0. Then, in the worst case, the agent needs to explore 2(1/e?~!) actions in order to find
the positive region, but the uncertainty starts diminishing rapidly whenever the positive region is
identified.

The view of matching the log probability variation with the value uncertainty provides rationales for
the dynamic adjustment of \;. Meanwhile, it points out the potential limitation of decaying A; with a
fixed rate. In this paper, we focus on methods that scale A\, with a fixed rate, but as mentioned above,
it would be fascinating to adjust it in an instance-dependent manner.

4.3 BOO Regret

In this section, we introduce the regret of BOO. The regret of BOO relies on both the decay rate of
the scaling parameter and the complexity of model class. We assume that the model class resides in a
d-dimensional RKHS, which roughly means any function in the model class can be represented as a
linear function of a potentially unknown finite-dimensional feature map. This assumption is not very
restrictive because it places no restriction on the choice of feature map except for the finitude of the
dimension.

In Appendix B, we derive the asymptotic regret of the BOO algorithm in Theorem B.1. As suggested
by Theorem B.1, the optimal asymptotic regret of BOO is O (\/E log K > ,ie., O (\/f{ ) , achieved

by setting A} = ¢/ V'k, where AJ is the optimal scaling parameter and c is a constant associated with
the model class. More detailed derivations and conclusions can be found in Appendix B.

We can further interpret A}, = ¢/ Vk as AL = f,‘c/ /€ ,]CV[ , Where & ,]CV[ stands for the variation of the
log-posterior density for the model M, and £} represents the value uncertainty. In contrast to the
discussion in Section 4, where we consider samples from the posterior distribution and the variation
of log-posterior density remains constant, the width of the HPD region measured by the variation of
log-posterior density is, in fact, growing at a rate depending on the log covering number. Accroding

to Lemma D.7 in Appendix D.1, (M = O (log k). Therefore, we have £} = A\ ¢M = O (%)

Section 5 will highlight the need of manipulating with f,‘c/ and & ,i” in optimization.



5 Optimization

In this section, we introduce optimization methods for BOO based on posterior sampling and gradient
descent, respectively, and discuss in detail the problems of gradient-based optimization and our
proposed solutions.

5.1 Optimization via Posterior Sampling

Algorithm 4 provides a method of optimizing the BOO objective via posterior sampling. As discussed
prev10usly, the optlmal scaling parameter \j, for this algorithm is proportional to the value uncertainty,
ie, \p =& = A\;&M. The potential advantage of Algorithm 4 over PSRL is that, unlike PSRL, it
does not require postenor samples to be independent. Even the requirement that samples are from
the posterior can be relaxed. These features are essential either when the posterior distribution is
approximated or when the posterior samples are produced by Markov chain Monte Carlo methods
and are correlated.

5.2 Optimization via Gradient-Based Methods

We can also perform the optimization via gradient-based methods. The objective function of BOO

consists of two parts, Vlﬂ’M’“ (s1) and A, (log Pr(Hy|M]) 4 log Pr(M})). The gradients of the log-
likelihood and the log-prior are easily obtained. For the value part, we provide a value model gradient
that admits a similar form as the well-known policy gradient [36, 37] (proof in Appendix E.1). The
value model gradient is amenable to Monte Carlo approximation and can be computed exactly for
finite MDPs.

Theorem 5.1 (Value model gradient). Suppose that the transition function PM¢ and reward function
RMe of model My, the gradient of the value Vﬂ’M" (51) w.r.t. the model is

H
VoV (s1) = Error uy ZV@R (Sh,an) + Z Vhﬂ]y" (8n41) Ve log PMe (sh+1|sh,ah)] ,

h=1
)
where T = (s1,a1,...,SH,an) is a trajectory, T ~ w, My means that the trajectory is formed by
the interaction of the policy T and the model My, and PM° (s}, 1|5y, ap) is the probability of sj, 11
under distribution PM¢ (s, ay,).

Nevertheless, the value model gradient suffers the same inefficiency just as the policy gradient [38]
since the model gradient for a particular state-action pair is 0 whenever it is not visited under the
current model and policy.

We propose some techniques to improve the optimization efficiency of BOO, and conduct ablation
experiments to verify the effectiveness of our proposed methods in Section G. Two of the most
effective techniques are described below, and the rest of the techniques are detailed in Appendix F.

5.2.1 Mean Reward Bonus

In the gradient-based optimization, the model becomes optimistic on state-action pairs it visits
frequently, which in turn makes these state-action pairs more appealing. This mutual strengthening
phenomenon makes optimization easily stuck at local optima. One way to solve this problem is to
increase the rewards of all state-action pairs, which raises the attractiveness of less visited state-action
pairs. This can be achieved by adding a bonus term EIE/HE(S#)NUSXA [R(s,a)] to the BOO objective.
Here, Usx 4 is the uniform distribution over the state-action space. The coefficient 5,‘6/ ensures that
the bonus decays with the value uncertainty. The unvisited state-action pairs will eventually be
visited by the policy because they have sufficiently high rewards. Our experiments will show that, in
tabular setting, this method is very effective. However, a concern is that it might fail to scale to high
dimensional state-action space.

5.2.2 Entropy Regularization

Another intricacy of the optimization is that the optimal solution of the BOO objective could change
dramatically across the parameter space from episode to episode, which renders the optimization



extremely hard. A revealing fact is that a small change in the model could change the optimal policy
dramatically, making the loss landscape unsmooth. Hence, we introduce an entropy-regularized
optimization procedure, which starts with a high initial entropy regularization and gradually annealing.
The entropy plays a role in smoothing the policy’s loss landscape such that the optimal policy will
not change drastically when the model changes. The smoothing effect of entropy regularization is
also discussed previously in [39].

The entropy-regularized learning objective mimics the maximum entropy RL [40]:
} H
T = VM (s1) + e log Pr(M|Hy) — & CBrmns | Y KL(w(sp, B)||7(sn, 1)) )
h=1
= VM (s1) + A log Pr(M|Hy),

where KL(p||q) stands for the relative entropy, 7 is a prior policy ensuring 7 is absolutely continuous
w.r.t. 7, the hyperparameter  controls the amount of entropy, and V' is the entropy-regularized value.
The entropy term is downscaled in proportion to the value uncertainty such that the influence

of regularization diminishes with time. We denote by My the set of models parameterized by
0. Let b, be the smallest number ensuring that, for any My € My, there exists 7. € Il =

{m | KL(n(s, h)||7(s, 1)) < be,Vs € S, h € [H]} such that sup. V;" M (s1) — V7 (s1) < .
Then, the value of the maximum entropy policy 7* = arg max; Vfr’M(sl) satisfies that

VI M (s1) 2 VM (s1) = € CE v mt

H
> KL(7* (sn, h) |7 (s, h))]

h=1

H
ZKL<W€<Sh7h>||ﬁ<sh,h))] G

h=1

>V M (s1) = €/ CErne

> sup Vfr*’M(sl) —€— f,‘f(b(

T*

If € is sufficiently small, then the sub-optimality gap caused by entropy regularization will decrease
at the same rate as the decay of value uncertainty, which ensures that the resulting policy covers
multiple uncertain actions without detriment to the performance.

The entropy-regularized value is equivalently defined by the following Bellman backup,
Vi (s1) = Eaymon (s Q7™ (50 an)] = & CKL(n (s, h) | 7 (s, b)), Vh € [H],

" - . )
m M (snyan) = RM (s, an) + Eq, oM (span) [Vh-ﬂ/l(sthl)} , Vh e [H — 1],

where QEAI(S m,ar) = RM(sg,ap). The optimization of the policy can be carried out by, for
example, the maximum entropy actor-critic algorithm [40] or the soft actor-critic algorithm [41]. In
finite MDPs, the optimal value is given by soft value iteration,

®)

N, M
7 ) 5 s (sh,a
Vh ,]M(Sh) = §;‘€/C10g aheA7'['(ah|$h7 h) exp <Q’(hh)> ,

346
where 7(ap|sp, h) is the probability of aj, under the distribution 7 (s, k). The maximum entropy
policy 7* is then derived from the optimal value as

Qn M (snyan) = Vi M (sn)
& ¢

The gradient of the entropy-regularized value w.r.t. the model is similar to that specified in Theo-

rem 5.1, with the value replaced by the entropy-regularized value.

7*(an|sn, h) = 7 (an|sn, h) exp ( 9)

6 Experiments

This section compares the performance of BOO with PSRL and UCRL2 in RiverSwim, Chain, and
Random MDPs. RiverSwim and Chain are hard-exploration MDPs requiring the agent to explore



efficiently, while Random MDPs test the average performance. Two implementations of BOO are
presented, namely, FiniteBOO and BPS. FiniteBOO is the BOO with entropy regularization and
mean reward bonus mentioned in Section 5.2, which is empirically found to be the best variant in
tabular setting according to the ablation study. BPS is an implementation of Algorithm 4 (BOO via
posterior sampling).

(b) Chain

Figure 1: Illustrative diagrams for RiverSwim and Chain. Solid and dotted arrows represent actions,
“left” and “right”, respectively, with the transition probability tagged. The action left never fails,
but the action right often fails. Except for the rewards shown in the figure, the rewards of other
state-action pairs are all zero.

6.1 RiverSwim

The RiverSwim is an MDP where states are organized in chains, and the agent can move left or right,
as shown in Figure 1(a). Although the rightmost state has a huge reward, the action of moving right
fails with a high probability. Only a policy moves right at each time period has a small chance of
success.

We start with the experiment on the RiverSwim to demonstrate the performance of our algorithm in
the face of high transition uncertainty. We perform experiments for ten seeds on RiverSwim with
|S| = H = 5,|.A| = 2 and record the cumulative regret over 100,000 time steps. As shown in Figure
2(a), our algorithm is competitive to PSRL and outperforms UCRL?2 significantly.

6.2 Chain

The chain MDP is a variant of the RiverSwim, which has Gaussian rewards and relatively deterministic
transitions, as shown in Figure 1(b). Although transitions are relatively certain, the stochastic rewards
make the problem difficult to explore. The horizon H and the number of states |S| are equal to the
length of the chain.

We evaluate our algorithms in Chain of a length L € {10, 20,40} for 100, 000 episodes and ten
random trials. Figure 2(d~f) illustrates that our algorithm compares favorably with PSRL and
UCRL2, which certifies the effectiveness of BOO in problems requiring long-term planning.

6.3 Random MDPs
Random MDPs are tabular MDP models randomly generated from a prior distribution and used to
test the general performance of the algorithm.

We randomly generate 100 stochastic MDPs with |S| = |A| = H =5and |S| = H = 20,|A| =5
from the prior and measure the performance of algorithms over 10,000 timesteps. As shown in
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Figure 2: (a~f) show the cumulative regrets of different algorithms on RiverSwim (|S| = H =
5,|A| = 2), Random MDPs (|S| = H = 5, | A| = 5), Random MDPs (|S| = H = 20, |.A| = 5), and
the chains of different lengths, respectively.

Figure 2(b), the performance of BOO and BPS is close to PSRL, and both algorithms outperform
UCRL2 significantly. However, the performance gap between FiniteBOO and PSRL in Figure 2(c)
indicates that there remains a challenge in the optimization of large-scale MDPs.

7 Conclusion

This paper proposes BOO as a generic model-based RL algorithm. It is provably sample-efficient
and enjoys O(\/I? ) regret for models in a finite-dimensional RKHS, where K is the number of
episodes. To optimize the BOO objective, we propose the value model gradient and optimization
techniques, such as entropy regularization, to improve its efficiency. Through our experiments, we
have shown that BOO is competitive with PSRL and outperforms UCRL2 greatly. However, to
apply BOO in real-world RL problems, there remains lots of work to be done. Importantly, we need
to develop methods that further facilitate the gradient-based optimization of BOO in large-scale
problems. It is also an appealing direction for future work to adapt the scaling parameter of BOO on

an instance-dependent basis.
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Appendix

A Variation Analysis

Theorem 4.1 (Variation of the log-posterior density). Suppose X™ = (X1, Xs, ..., X,,) are obser-
vations from a stochastic process whose distribution Py depends on 6 € ©, an open subset of R™.
Assume that the posterior is asymptotic normal, and the log-posterior density is continuous. The
variance of the log-posterior density satisfies lim inf,,_,, Varg [log Pr(0|X™)] > m/2.

Proof. We first compute the variance of log probability for a m-dimension normal distribution with
mean g and covariance Y. Let f be the density of the multivariate normal distribution, and 6 ~ f. It
follows that

Vary [log f(0)] = Vary f% [log(|Z]) — (0 — 1) "0 — p) + mlog(2m)]

= L Varg [(0 ) 5710 — ) (10)

= %Vargl [9’T2_19’] ,
where the last equality is derived by setting ” = 6 — . The random variable 6’ follows a normal
distribution with zero mean and covariance ¥. The expectation of a quadratic form §’T A#’ is [42]
E[0'T A0'] = Tr(AY), (11)
where A € R™*™ and Tr(-) represents the trace of the matrix. Given matrices A, B € R™*™, the
expectation of a quartic form 0’ A9'0'T B’ is [42]
E[0'TA0'0'T B'| = Tr(AX(B + B")T) + Tr(AY) Tr(BY). (12)
‘We then derive its variance as follows,
Varg (0TS0 =E (0TS0 ~E[07T27'0)) (07570 ~E[0Tx0]) |
=E[(@TZ7 —m)(0'TS70 —m) "]
=E[0TS700 TS0 —2mE [0/TS 0] +m? (13)
=Tr (2857'S87'Y) 4+ [Tr (B7'%)]* - 2m Tr(E718) + m?
=2Tr(I,,) + Tr(I,,)* — 2m Tr(I,,,) +m?
= 2m,

where I,,, € R™*"™ is the identity matrix, and the third-to-last equality makes use of the quadratic
and quartic expectations. It follows that the variance of log probability of any normal distribution is
m/2.

As the posterior distribution is assumed to be asymptotically normal, we complete the proof by
applying Portmanteau theorem which states that lim inf,,_,», E[g(X,,)] > E[g(X)] for any lower
semi-continuous function g bounded from below if X, converges in distribution to X [43]. O

B BOO Regret Analysis

This section analyzes the regret of BOO. The regret of BOO relies on both the decay rate of the
scaling parameter and the complexity of the model class. We will first declare our assumptions on the
model class. Based on these assumptions, we can measure the complexity of the model class in terms
of the covering number and the eluder dimension. Then, we establish the regret bound for different
choices of the decay rate of the scaling parameter.

Let the state space S be a subset of R”. Denote the state-action space S ® A as X and state-reward
space S ® R as ). A model function is a function mapping X to Y. Foreachy € Y, ¢, is a

o-sub-Gaussian noise, i.e. log ]E[e“TEv] < ||v||302/2 for all v € R™. We first assume that the real
MDP can be fully characterized by the model function and the sub-Gaussian noise.
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Assumption 1 (Models with additive sub-Gaussian noises). Let F be a class of model functions
f X — ). Assume that there exists a function f* : X — )Y in F such that for any ©r € X,
J*(x) + €p+(q) is identically distributed as in the real MDP M*.

Assumption 1 requires the output distribution to be determined by its mean. This requirement is
satisfied when the output distribution is modeled as, for example, Gaussian with known variance.
The categorical distribution also satisfies this requirement by representing each category as a one-hot
vector, in which case the mean vector equates the probability vector of the distribution.

Since the noise is assumed sub-Gaussian, we adopt the independent Gaussian likelihood as a surrogate
for the actual likelihood function [29], i.e.,

1
log Pr(yle, f) = ~ 3 log(2m0?) = 5 Iy = F(@)|I3. (14)

A linear space ‘H of functions f : X — )Y onaset A is said to RKHS if forany x € X and y € ) the
linear functional mapping f € H to f(x) "y is continuous [44]. We define a d-dimensional RKHS H
viaafeature map ¢ : X — R¥as {f : X — Y | W € RO"HDXA_ () = We(x),Ve € X}. Ttis
easily seen that H is indeed an RKHS. We assume that the model function class F is a subset of the
d-dimensional RKHS #.

Assumption 2 (Model functions in d-dimensional RKHS). Assume that F C {f | W €

R(m+1)xd IWlr < rw, flz) =We(x),|o(x)| < re, Vo € X}, where ry, and ry are constants,
and || - || p is the Frobenius norm.

In Appendix C, we prove that the log covering number and the distributional eluder dimension for
the function class F are O(md log(ryry/cr)) and O(dlog(rsrw /€)), respectively. Here, the upper
bound of the distributional eluder dimension is established for any set of probability measures on X'

The third assumption is the Lipschitz continuity of the one-step value function, which connects
the model difference to the value difference. Let U, (M) be the one-step value function with
the state-action pair = and the value function VM ie., U, (M) = RM(x) + PM(V), where
PM(V) = [VM(s")PM(s'|z) ds’. We define the Lipschitz constant with respect to the 2-norm as

U (M) = Uy v (M')] < Lo v || fM () = £ (2)]]2, (15)
where fM is the model function of M.

Assumption 3 (One-step value Lipschitz continuity). Let M be the set of MDPs defined by the class
F of model functions. Assume that the Lipschitz constant L, vy~ for any x € X, M € M, and 7 is
bounded by L, i.e., L > max,cx mem,x Ly yr.

Finally, the asymptotic regret of BOO is derived in Theorem B.1 based on the assumptions and
conclusions we introduced above, see Appendix D.4 for more details of the derivation.

Theorem B.1 (Bayesian optimistic optimization regret). Let F be the function class defined in
Assumption 2, i.e., F C {f | W € ROUMDX YW || p < ry,, f(2) = Wo(2),||¢(z)| < re, Vo €
X}. The log-prior probability is assumed to be uniformly bounded by some constant. Setting
Ax = ck™ " (log k)2 forc > 0and 0 < vy < 1 orwvy = 0,vy > 0, the asymptotic regret of BOO is

0] (HLdrwrasm/m(rc + 1)K log K) ifvy = %,’Ug =0
O (HL?d/(co?)K" (log K)v*1) ifv > L orv =
@) (Hmdrfvria‘lKl*”l (log K)l’vz) ifvy < 5orv;

vy >0 (16)

where m is the dimension of the state space and r. is a constant determined by c¢ =

(re+1)  9./2L
Te rwreosy/m’

As suggested by Theorem B.1, the best performance of BOO is achieved by setting \; = ﬁ
C Complexity Measurement for the Model Function Class

In this section, we first introduce the definition of the covering number and the eluder dimension and
then measure the complexity of the function class F based on them.
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C.1 Definition of the Covering Number and the Eluder Dimension

Our regret analysis uses the notions of the covering number and the eluder dimension [45, 22]. They
measure different aspects of function classes.

The covering number is introduced for measuring the size of the function class.

Definition 1 (Covering number). Let (G, || - ||) be a metric space and F C G. The covering number
N(F,a,| - ) for a > 0 is the minimum cardinality of C' C F such that for all f € F, there exists
¢ € C satisfying || f — ¢|| < a.

The eluder dimension is a complexity measure for the exploration difficulty. Similar to [46], we
generalize the original eluder dimension [45] to the distributional eluder dimension by measuring the
difference on distributions.

Definition 2 (e-dependence between distributions [22, 46]). Let F be a function class defined on a set
X,and v, ji1, . .., uy, be probability measures, over X. We say v is e-dependent on {1, iz, - . ., fin}

wrt. Fifany fi, fo € Fsatisfying /3312, ps([|fr — foll3) < ealsosatisfies /v ([ f1 — f2]3) < e
for e. Here, 11(g) = [ gdp. If v is not e-dependent on {1, fi2, ..., i }, then it is said to be e-
independent of {1, pa, . . ., pn } wrt. F.

Let f* be the real function where observations are generated. Intuitively, a distribution v is e-
independent of {1, pto, . . ., pt, } means that a function f e -indistinguishable from the real function
f* on historical distributions could still be significantly different on the distribution v.

Definition 3 (Distributional eluder (DE) dimension [22, 46]). Let F be a function class defined
on a set X, and II be a class of probability measures over X'. The distributional eluder dimension
DEdim(F,II, €) is the length of the longest sequence in II such that every element in the sequence
is €’-independent of its predecessors for some € > .

The distributional eluder dimension states that the bad event that a historically indistinguishable
function f fails to match the real function on future data cannot happen indefinitely. In the worst
case, after DEdim(F, II, €) such events, all historically indistinguishable function matches the real
function with e-precision. Let Ay = {0,]0,(y) = d(x — y),z,y € X} be the set of Dirac delta
distribution centered around each x € X. The distributional eluder dimension equals the original
eluder dimension when IT = A y. In RL, the distribution set we are concerned with is the distributions
induced by the models.

Definition 4 (Probability measures induced by models). Let M be a set of models and M*
be the real MDP.The probability measures induced by M and M™ are H%* = {pMM =

% Zle pi\f’M* |M € M}, where p%’M* denotes the state-action distribution at period A induced
by executing an optimal policy 7 of M in the MDP M*.

Although Hj‘(fl* is enough for measuring the complexity of the function class, it is not amenable to
analytical analysis. Instead, we will establish an upper bound for the distributional eluder dimension
which holds for any class of probability measures.

C.2 Derivation of the Covering Number

Let F be the function class defined in Assumption 2. For all Wi, W, € W = {W ¢ R(m+1)xd |
IW]|F < 7w}, we have

[ fwn = fwalloo = (Wi — W)@ oo
= esssup ||[(W1 — Wa)o(x)ll2
reX
< eszses;p W1 — Wa|l2l|(z) ]2 (a7
< Wy — Walarg
< |[Wi = Wa|[prg.

Therefore, an «/rg-covering of W w.r.t. the Frobenius norm is a a-covering of F. Since the
Frobenius norm of a matrix equals the 2-norm of the corresponding flatten vector, and the a/7g-

covering number of (m + 1)d-dimensional ball {w € R+ | |||y < 7, } w.rt. 2-norm is
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O((rgrw/a)™+19) we have

log N(F, || - loc) = O(mdlog(rerw/a)). (18)

C.3 Derivation of Distributional Eluder Dimension

Let IT be a set of probability measures on the measurable space (X,Y). Define W = {WW €
RO | [ W] < ).

For any fw,, fw, € F and p € II, we have
plll fw, = fwal3) = / Wy = Wa)é(@) |5 dps()

_ /Tr (Wy — Wa)g(2)d(x) T (Wy — W) T) du(z) (19)
=Tr (W1 — Wa)u(ep )Wy — Wa)T),

where the third equality follows from the linearity of trace. Then, by definition, the distributional
eluder dimension DEdim (F, II, €) is the longest sequence (i1, . . ., i, € II such that

wy = sup {Tr (Wuk.(qzﬁd)T)WT)

T (W W) < €2 W e W) > ¢ 20)

holds for some ¢ > e and all k& € [n], where &}, = Zleui(qu), and W =W -W =
{Wy — Wa|Wy, Wy € W}. For any Wi, W, € W, it follows by the triangle inequality that
HWI — WQHF < ||W1||F + ||W2HF < 2rw. Let B, = ®,, + AI. Notice that

¢ <wi < sup {Tr (Wur(dp YW ") [ Tr(Wdj_ W) < €, Te(WIWT) < 4rj, }

21
<sup {Tr (Wp(pp")WT) ’Tr(WBk,lT/VT) <€?+4xry }, D

where the second inequality follows because W' B,W = W T &, _ W + AW TIW < €2 + 4)@%,.
The solution of this constrained optimization problem is given by the following lemma.

Lemma C.1 (Maximizing trace under trace constraints). Let H be a Hilbert space. Suppose that W :
‘H — R™ is a linear operator, A : H — H is a positive semidefinite linear operator, and B : H — H
is a positive definite linear operator. Let w = maxy Tr(WAW ") s.t. Te(WBW T) < €2. Then,
w < e?Tr (B714).

Proof. The Lagrangian function of the constrained optimization is £L(W,\) = — Tr(WAW ") +
A(Tr(WBW ) — €2). The KKT condition gives

A>0
MTr(WBWT) —€2) =0 (22)
ABWT = AW .

If A = 0, then we have AW T = 0 and, therefore, Tr(W AW T) = 0. When A > 0, Te(WAW ") =
ATr(WBW ) = Ae2. Since \BW T = AW ", we conclude that ) is the eigenvalue of B~!A and
is at most || B~ Al2 > 0.

In conclusion, we have
w < 62“37114“2

< é*|B ' Allus = 62\/T1“ (B7TA(B7'A)T) = €/Tr ((B~14)?) (23)
<eTr (B 'A),

where the second inequality holds because the Hilbert-Schmidt norm of a linear operator is greater
than its operator norm, and the third inequality holds for positive semidefinite operators by the
definition of trace.
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According to Lemma C.1, €2 < wy, < (¢2 4+ 4Ard,) Tr (B; ! i (¢¢ " )). This implies that

6/2

Te(B, (oo ")) > EERWy VR 24

Since pux(¢¢ ") is positive semidefinite, we can rewrite it by Cholesky decomposition as iz (¢ ') =
qﬁkqbz. Consider the case where the feature map ¢ is d-dimensional. By the generalized matrix
determinant lemma,

det B,, = det(I + ¢} B, %, $,) det B,y

= ... =det(\) [ det(I + ¢] B\, ¢,
E ' (25)

= X[ det(T + ¢ B} ¢0).

i=1

For a positive semidefinite matrix A, the characteristic polynomial is det(t] — A) = H?:l (t—Xi),
where A1, ..., \q are the eigenvalues of A. Selecting ¢ = —1, it follows that
d

_1)¢ — (_1)¢ .
(=1)%det(I + A) = (-1) E(HAZ) 6)
= det(I + A) > 1+ Tr(A).
Equations (24), (25), and (26) imply that

6/2 n
det B, > A (14— . 27
¢ ” ( Ty 4/\7"‘2,‘/) @7)

The determinant det B,, is upper bounded by the AM-GM inequality,
d n T d
det B,, < (Tr(dB")> — (Tr(/\I) + 2 i Tr(digy )>

d
(Ad+m~;>d
< R
=\ 4

Combining Equations (27) and (28) and setting A\ = €'?/(4r%,), we get

(28)

n

2 d T;n
14+ — <14+ =2—
< +6’2+4AT%V> s+ Ad

1\ 4r2 2
:»(1+2) <14+l

For any a > 0, 8 > 0, we show that if (1 + a)* < 1 + Bk, then k < % 210%(‘”'1(1);(_;?11&(&“).
Note that

(29)

klog(l+ a) <log(l + Sk) =logk + log(1/k + ). (30)
If £ > 1, we have
klog(1l + o) <logk + log(1/k + B) < logk + log(1 + B). €)))
Since logz < g for any x > 0, we have
klog(l+ a) <log(k/y) + log(y) + log(1 + B) < k/(ey) + logy + log(L + §).  (32)

holds for any y > 0. Selecting y = yields

e (1¥a)
log(1 + ) — loglog(1 + «)
b= log(1 + o) — loslita)
e
e log(1+B) —loglog(1l + a) (33)
e—1 log(1 + «)
e 1+a,. (A1+581+a)

lo
e—1 « & o ’

IN
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where the last inequality holds because log(1 + z) > 1.

If £ < 1, the above inequality also holds since according to Equation (30),

log(1+p3) 14« e 1+a, 14801+«
log(1 < 1 . 34
< gl ta) = og(l+p5) < —— ——log " (34)

ar3, r?
By setting o = $ and 8 = —552, it follows that
12r2,r2 2

DEdim(F, 11, ¢) = n < d—— log — "2 _ g 0¢ 10, Varwry

e—1 €2 e—1 € (35)
<d 6e log 2\/§7“Wr¢.
e—1 €

D Bounding the BOO Regret

In this section, we denote the squared error of K episodes as Ly i (f) = Eszl Zle IIf (xgn) —

yin||3 and empirical 2-norm as ||g||2. 2, = \/Zle Zle lg(xkn)||3. Our analysis is based on the
following regret decomposition:

Ag = Erpoaay) [Vi(s1) = VF(51)[M*] + By nar () [Vf(sl) — e (51)’M*} - (30)

AP Agone

The expectation can be eliminated assuming the algorithm deterministically settles on a solution

7. We will bound the sum of optimism regret Zszl Azpt and concentration regret Zszl Afore
separately.

D.1 Concentration of Squared Error

This subsection establishes the concentration of the model squared error around the expected model
difference based on the martingale concentration inequalities in [22].

Lemma D.1 (Martingale concentration [22]). Consider random variables Z;, adapted to the filtration
(Hy : k € ZT). Assume Elexp(AZ},)] is finite for all A. For all z > 0 and A > 0, we have

K K
Pr ((Z \Zy, < Z Ak + V(X)) + x) VK € Z*) >1—e ", 37
k=1 k=1

where uy, = E[Zy|H}] is the conditional mean, and 15 (\) = log E[exp(A(Zx — pr))|Hi] is the
conditional cumulant generating function of Zy — p.

Based on Lemma D.1, it is already proved as an intermediate result in [22, 47] that the difference
of squared error between the true model function and any other model function will not deviate too
much from the squared difference of them.

Lemma D.2 (Concentration of the model squared error around the empirical model difference
[22, 47]). Let F be a set of functions such that || f(z)||2 < rx forallz € X and f € F. Given a
set of data {(x11,911), -, (®xm,yxm)} from K episodes generated by yrp, = f*(xkn) + €xn, k €
[K], h € [H], where €, is a o-sub-Gaussian noise, then

1
Pr((Lox(h) = Losr) 2 5l = 1B - BR(F0.0) ) VK €27, f € F) 2 12
(38)
where § > 0, @ > 0, and B3F(F,0,a) = 4o?log(N(F,a, | - |l)/d) + aKH(8rx +
V802 log(4K2H?2/5)).

We will further show that the empirical model difference || f — f*||2 g, is concentrated around the
expected model difference. The following lemma is particularly useful for bounding the cumulant
generating function of non-negative random variables with bounded second moments.
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Lemma D.3 (Cumulant generating function for non-negative random variable [48]). For a random
variable X > 0 with E[X?] < oo, we have

2
logE [e™ Y] < —AE[X] + % E[X?], (39)

where A > 0.

We now establish the concentration result for a single function.

Lemma D.4 (Concentration of the empirical model difference around the expected model difference
for a single function). Let f be a function satisfying || f(x)|l2 < r forall z € X. For any 6 > 0, with
probability at least 1 — 6,

K
X 1 1
N = FIB e < 5 Dk +4HT log (40)
k=1
simultaneously for all K € ZT, where p, = — E [Zthl lF* (zxn) — f(xkh)H%’Hk]

Proof. Define Z;, = —Zle lf*(zxn) — f(xrn)||3. The conditional mean of Zj is up =

E[Zk|Hi] = —E [Zthl If*(xgn) — f(xkh)H%’Hk] The conditional cumulant generating function
of the centered random variable Z; — p; is

Yr(A) = log Elexp(A[Zk — pux]) [ Hi]

= log Elexp(AZy)|Hi] — Ak

A2 A2
S AE[Z[Ha] + E[Z}[Hy] — Mk = > E[Z}[H4],

(41)

where the inequality holds according to Lemma D.3. Since ZhH:1 I f*(xrn) — flxen)3 <

S U @)z + 1 f () ll2)® < S0r-,(2r)2 = 4H7r2, we can bound the conditional sec-
ond moment of Z;, with its conditional mean:

H 2
E[Zi|Hi] =E (Z 1/ (@kn) — f(xkh)|§> Hi
h=1

(42)
H
<4HP2E |31 (ann) — Flawn)ll3 H] = —4Hrpy.
h=1
Selecting A = ﬁ and z = log % in Lemma D.1 implies that
K K -
];Zk < ]; (1= 2XH7?) e + 5
K , (43)
2
< Z oMk + 4Hr" log 5
k=1
which completes the proof. O

Lemma D.5 (Concentration of the empirical model difference around the expected model difference).
Let F be a set of functions such that || f(z)||s <7z forallz € X and f € F. Ford > 0 and o > 0,

K
1 1
Pr <<2||ff*||§,EK < g +ﬂ}<<f,a,a>> VK € Z¥,f € f) >1-6, @
k=1

where jie = —E [ 1% (wen) = f@wn)[3[He], and B (F.6.0) = 2H1310g(N(F,a, | -
loo)/6) + %KH(OLQ +darg).
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Proof. Let F* C F be an a-cover of F w.r.t. the ¢ norm in the sense that for any f € F there is
an f* € F® such that || f — f¥||oc = supgex [|f*(z) — f(z)|l2 < . Applying Lemma D.4 for all
F¢ e F2, it follows by a union bound that

fl)é
I B < ZE Z 1 Gonn) — 2 onn) B[ | + 482105 20 as)
2=
for all f¢ € F“ and t € Z* with probability 1 — §. Then, for any f € F,
ZE Z £ (xrn) — flopn)||3|He | + 4Hr%log 77
2 4] (46)
+ DiscErr(« ),
where the discretization error is
DiscErr(a) = Juin, {HfCY e + 5 ZE lz 1* (xrn) = f(ann)ll3 Hk]
2D = @7

—[If - f*Hg,EK ZE lz | £*(wrn) — £ (@rn)|3 | Ha
24

For an f< satisfying || f¢ — f]loo < @,
£ (x) = £*@)I3 = 11 (2) 2)|3]
= [If*(@) = F@)II5 +2(f* (= ) - f(ff),f(x» +2(f(x) = f*(2), f*(2))] (48)

< o? + dar 7,
via the Cauchy—Schwarz inequality. Summing over all time steps, we have

Wf = 132 = IF* = 3.5, | < KH(0® + dary), (49)

:

|DiscErr(a)| < %KH(QQ +darF). (51)

and
K

H
> E lz 1F* (@rn) = FE@rn)lls = 17 (rn) = f(znn) 3| H
h=1

k=1

< KH(o? + 4arF).  (50)

Therefore, the dicretization error is bounded by

The proof is completed by combining Equations (46) and (51). O

Theorem D.1 (Concentration of the model squared error around the expected model difference).
Let F be a set of functions such that || f(x)||l2 < rx forall x € X and f € F. Given a set of data

{(z11,v11) - -, (xxH, Yy H) } from K episodes generated by yip, = f*(xpn) + €xn, k € [K]|,h €
[H], where ey, is a o-sub-Gaussian noise, then

K
Pr <<L2,K<f*) Lok (D) < S+ BL(FS, a)) VK € Z*, f € f) >1-35, (52)

k=1

B~

where § > 0, « > 0, up = —E {ZhH:1 If*(xrn) — f(zkh)H%’er}: and B}((}—vdv @) = (402 +
2Hr%) log(N( o) /8) + aKH(3a+ 11rz + /802 log(4K2H?/6)).

Proof. The proof is carried out by combining Lemmas D.2 and D.5. O

The optimal asymptotic scaling of the confidence set is specified in Lemma D.6.
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Lemma D.6 (The asymptotic analysis of confidence set). For any fixed class of func-
tions F satisfying log N(F, e | - [|) < C(1/a) (log(1l/@))®, setting o = (52 +
027@)1/(01+1)k—1/(c1+1)(10g k) (22— 1)/ (2e142)

2\ 1/(e1+1)
ﬁ;;(]:, d,ar) =0 <40'H <C;- + C;}-) kcl/(cl+1)(log k)(01+202)/(201+2)) ) (53)
o

Proof. Setting o = avy, in 3%, it is easily checked that

BE(F,6,a1) < (402 4+ 2HrE)C(1 /o) log(1/ay,)® + (40% + 2Hr2) log %

+ akkH(gak + 1177 + /802 log(4k2H?/5))

54
-0 ((40—2 + 2HrE)C(1 /o) log(1/ax)®® + apkH /802 log(4k2 H? /5)) >4)
2\ 1(e+D)
=0 <4O—H (i‘; + 02’(;?) Fer /@) (1og k)<cl+2c2>/<2c1+2)> 7
when k — oc. O

Lemma D.7 (The confidence set of linear function classes). Let F be the function class defined in

2,2
Assumption 2.By setting o, = md(F + T’ ) k=1(log k)2, we have

20
t ) Hmdriri
Bi(F,0,0) =0 | | o°md + — logk | . (55)
Proof. According to Assumption 2 and the definition of operator norm, we have
1f(@)]l2 = IWo(z)|l2 < [[Wll2llg(x)ll2 = rwrs (56)

forallx € X and f € F.

According to Theorem D.1, we have the concentration of the squared error around the expected model
difference with probability 1 — 36 forall f € F, K € Z*,

1 K
Low(f*) = Lox(f) < § ,; i+ Bic(F,0,0), (57)

where pj, = —E {Zle I f* (xrn) — f(l'kh)||%‘7'[k:|.

According to the Equation (18), the optimal scaling of ﬁ}*} is specified in Lemma D.6 by setting
T‘2 T‘2
o = md(% + “222)k~ (log k)'/? as follows:

t 9 Hmdrfvri
Bi(F,0,00) =0 | | o md—l—# logk | . (58)

O

D.2 Concentration Regret

The following Lemma establishes the connection between the value difference and expected model
differences by the one-step value Lipschitz continuity.
Lemma D.8 (Connection between value differences and model differences). Given a set of models
M expressed by a set of model functions F with additive o-sub-Gaussian noises, the value difference
of the policy 71 on two models My, My € M is upper bounded by the expected difference of model
functions,
H
VI (1) = VM (1) < LE vy, [Z 1Y @) — P2 @n)ll2 | (59)
h=1

where 7 is the optimal policy of M;, and fM is the model function of M.
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Proof. The value difference can be rewritten as the expected model difference [17],

VM (s1) = VT o)

= [RY(w1) + PL VI — B3 () — P2 (V)
= [R}w1) = B2 (aa) + (P, = P2)(V M) + P2 (VM - voe)
D D, ™ T Tl (60)
= BN @) = B2 @) + (PL, = P2)OG M) 4 By, [V (52) = VM2 (52)] |
H B H-1
= Ermmian | (RN (n) — R (2n)) + Y (P, — Pﬁh)(Vh”iiMl)] ‘ :
h=1 h=1
where z, = (s, m1(sp, h)), R'(zp) = RMi(2), and PL, = PMi(:|zp).
The model difference is then upper bounded by one-step value Lipschitz continuity,
H
VI o) = VT (s1)| < B [Z L s | ) = 7 (a:kmz]
=t 61)
H
< LErmr 1, [Z 1M gn) — £ mh)nz] .
h=1
The proof is completed. O

Lemma D.9 (Bound on the number of large concentration regret). Consider the set of models
M corresponding to model functions F. Let (8x > O|K € Z") be a nondecreasing sequence

such that Ly g (f*) — Lok (f) < iZszl i + B forall f € Fand K € Z*, where py, =
—-E [Zle Il f*(xrn) — flarn)|3 ‘”Hk] The log-prior probability is uniformly bounded by Z. For
the BOO algorithm, the number of episodes where a large concentration regret is incurred is limited,
K
> LAP™ 2 n) < N(K,n/(HL))dimpp(F, T3, n/(HL)), (62)
k=1
where

162 + 8L + 402 B

N(K,¢) = o (63)

Proof. Notice that a model function is selected only when it optimizes the BOO objective, which
implies that

1
3 Vi (s1) +log Pr(My) + log Pr(H | M) >
k

for any k € [K]. It follows that

S

3 Vi'(s1) +1log Pr(M™) +log Pr(H | M™), (64)
k

1
0< 7(‘/1k<51) — Vi (s1)) + log Pr(Mj) — log Pr(M™) + log Pr(H|My) — log Pr(#,|M™)
k

2
_ rlk(vl’f(sl) — V' (51)) +log Pr(My) = log Pr(M*) + - (Lo-1(f*) = Lo 1 (F))
0_2
< )\ik(vfc(sl) —Vi'(s1)) +2Z2 + 7(L2,k—1(f*) = Lo -1 (f*))
E ar* o?
< Ai,c(vl’“(sl) =V (50) + 27 + S (Lo (f) = Lag—a (1))

1 o?
= L AF 22+ S (Lasa(f) = Laga (1)

<iAconc_’_2Z+ojkil _|_ojﬂ
7>\k k ] i:1/'l‘z 2 k—1,

(65)
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where the first equality is obtained by substituting in the Equation (14), and the second equality
follows .

Suppose that pMk is (A$°"¢/(H L))-dependent on ny, disjoint subsequences of (p™1, ... pMk-1).
Notice that
* 2 * 2 AZOHC g 66
Eppr [[1F(@) = @3] > (Eqnprn [1f(z) = F*(2)[l2])” > i (66)

where the first inequality follows from the Jensen’s inequality, and the second inequality is derived by
Lemma D.8.

It follows by the definition of e-dependence that

k—1 k—1 Aconc 2
—;m — ;H]E%pm [1F(z) = f*(@)3] > nkH< b’;L ) . (67)

Equations (65) and (67) collectively suggest that

1 2 2 H Aconc 2
2Z+7Azonc+iﬁk_l>0'nk k
Ak 2

8 HL (68)
= np < N(k, AP /(HL)),
16Z+32L e4-402 B,
where N (k, €) is defined as N (k, ¢) = il *1’5152; iy
The e-errored subsequence of (1, ..., K) is denoted as (a, . .., am, ), where A" /(HL) > € for
i € [me]. Let (p, ..., p™) be the corresponding sequence of probability measures. It follows

that each probability measure in the sequence is e-dependent on less than N (K, €) disjoint sub-
sequences among its predecessors. We show that the length of e-errored subsequence is at most
N(K,e)dimpg(F, IR, €). To show this, consider a growing sequence (p', p?,...) where each
element is e-dependent on less than n disjoint subsequences of its predecessors. Let B; = (p?) for
i € [n]. By definition, the (n + 1)-th element p" ! should be e-independent of some B;. Add
p"T1 to Bj, and repeat this process for i > n + 1. It follows by construction that each element in
B, i € [n] is e-independent of all its predecessors. Therefore, such a sequence can contain at most
dimpg(F, H%l* , €) elements according to the definition of the eluder dimension. Besides, after each
sequence is filled, any = € X must be e-dependent on all B;,7 € [n] implying that the sequence
(pt, p?,...) cannot grow any more. This completes our argument that
K
> I(Af > HLe) = me < N(K, €)dimpp(F, I ). (69)
k=1

O

Theorem D.2 (Sum of the concentration regret). Let F be the function class defined in Assumption 2.
The log-prior probability is uniformly bounded by Z. Let A\, = ck~"*(log k) =2 for 0 < vy < 1 or
vy = 0,v9 > 0, and some ¢ > 0. We have

% (0] (HLd?“wT¢U m(re + 1)KlogK> ifvy = %,vg =0

D AP =0 (HL2d/(co®) K" (log K)= 1) ifvy > vf orvy = 3,03 >0 (70)
k=1 )] (HLdrwr¢U\/mK(log K)) ifur < 3 orvy = 1,02 <0,
where 1. is a constant determined by ¢ = ~ (T:H) - 3;{2{/%
Proof. The sum of regret can be expressed as a Riemann-Stieltjes integral,
K n . .
-1
ZAE‘)“C = lim lim Z (g ((2 )b> -9 (lb)> n
b— 00 n—00 4 n n
k=1 i=1 (71)

= /Ooondg(n%
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where g(n) = S"_, I(Age™ > ).

The optimal scaling of ,Bi( is specified in Lemma D.7, i.e.,

t ) Hmdr?uré
Br(F,0,00) =0 | | o md—i-# logk | . (72)

According to Lemma D.9, Equation (35), and Equation (72), we can get
K
H(Aionc > 77) < N(K7 n/(HL))dlmDE(]:v H%*J’]/(HL))
k=1 (73)

Z+ 21 4 o*Hmdr2r? log K
< 4HL? Ax ¢ 87 Jlog(HL/n).

nro?

Along with the fact that ZkK (A > ) < K, we have, for all n, g(n) < h(n) =

min (K, gH 12 *”n’f:ld’”“” longlog(HL/n))
Since - -

[ athn) = g(m) = (ki) = st - / (h(m) — gm))dn <0, (74)
we have

K o
S A < - / ndh()
k=1 0

oo ZAZ + /\” + 04Hmdrwr¢ log K
= / ndmin | K,4HL . dlog(HL/n) | (75
0 UR

o0 LAZ + )\77 + o*Hmdr;,r3 log K
:—/ nd | 4HL g dlog(HL/n) |,

K

where ax > 0 is the constant satisfying

4Z + 5 2““ + o*Hmdr2 r? slog K

2

AHL? X
a0

dlog(HL/ax) = K. (76)

This is equivalent to

4HI?
Kaj = —5—(4Z + 2ax K" (log K)** /¢ + o Hmdr,r] log K)dlog(HL/a). (17
(T

Since K1 (log K)"2 increases at a sublinear rate w.r.t. K, it must be the case that ax decreases at a
sublinear rate w.r.t. / such that the Lh.s. could match the r.h.s..
2ax K1 (log K)"2 /c

04Hmdr12”7‘i log K)

8H dL2

Iflimg_ oo — 00, we have for large enough K,

2
Kaz >

axg K" (log K)" log(HL)
8dL*log(HL)
co?

(SdL log(HL)

co?

=ax > H ( ) K" (log K)?
1 (78)
= HL/ax < ) K" (log K)™*2

CU2
log(HL <1 _—_— 1-— log K — vgloglog K.
= log(HL/ak) < Og<8dLlog(HL)> + (1 —vy)log vy log log

According to the Equation (78), we have for large enough K,
log(HL/ak) < 3(1 —wv1)log K. (79)
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It follows from Equations (77) and (79) that for large enough K,

HL2

(6ax K" (log K)™ /c)dlog(HL/ak)

ag K" (log K)"? (3(1 — v1) log K) (80)
72dL?

co?

DO PR

2ax K1 (log K)"2 /c

If lim g o0 o HmdrZr? log K

— 0, we have for large enough K,

Ka% > 4(HdLo?\/mr,r4)? log K log(H L)

log K
= ax > 2HdLo>\/mr,re\/log (HL) Og
= HL/ak < 2da rwrey/ mlog (HL)) 1)

log K

= log(HL/ak) < log ( —log K — loglogK.

2do? rwr(z,\/mlog (HL >

It follows from Equations (77) and (81) that for large enough K,

, _AHL?* _ ,
Kay < — (30 Hmdrw%logK)dlog(HL/aK)

3
< 12(HdLor,ryv/m)? log K (2 log K) (82)
log K

i

= ax < (HdLor,rsV18m)

: 2ax K"1 (log K)"2 cro* Hmdr? r?
If th_,OOWW —rfor0 <r < o0, then fd’[( Ul(IOgK)l Y2 {5 an

equivalent infinitesimal of a . Taking the limit in Equation (77),

AHdL? i (4Z 4+ 2ax K" (log K)¥2 /c + U4Hmdrﬁjri log K)log(HL/ak)

1= im

0'2 K—oo KCL%{
4HJL? 2K (log K)?2 log(H L o*Hmdr2r2 log K log (HL/a
- lim (log K)** log(HL/ar) 1. wfy 108 F g (HL/ax)
g K—o0 cKaK K—o0 KCLK
8L2 log (HL 1 log (HL
= l= sy < lim 1_(;82( /aKl)—2 + — lim 1—(;g( /aK1)—2 >
oSmriric r/2 \ K00 K1=2v1(log K)!=2v2 © r K00 K721 (log K )1-2v2
2
L1 16L%(r + 1) lim log (HL/ak)

oSmrricir? Koo K1-201 (log K)1—2v2"
(83)
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Notice that

~ loa(HL/ax)
lim
K—oo K172v1(log K)1—2v2
= lim K
K—oo ag ((1 —2v1) K21 (log K)172v2 4 (1 — 2ug) K —2v1(log K)~2v2)

~ lim —2ak; /o .
K—oo —cra? Hmdr2rs (—vi) K—v1—1(log K)'=v2 — cro? Hmdrr3 (1 — vg) K =11 (log K)~*2
i fcrUQHmdrﬁ,ri(fvl)K‘”l_l(log K)t=vz — crUQHmdrfuri(l — o) K~ log K)~2
K5 (1 —2v1)cro?Hmdr2ri K30 (log K)2=3v2 + (1 — 2vp)era? Hmdr2 r K =301 (log K)?~3v2
. 2ak
K55 cratHmdrrs K= (log K)1=v2 .
- ~(—v1) — (1= v)(log K)!
Koo (1 —2v1)K1=2v1(log K)1=2v2 + (1 — 2v9) K172v1 (log K)—2ve
o ~(—01) — (1~ 1) log K)~!
K—oo (1 —2v1)K172v1(log K)1=2v2 4+ (1 — 2v9) K1-2v1 (log K ) ~2v2’

(84)
where the first and third equalities follow from the 1’Hopital’s rule, and the second equality is obtained
by substituting in a i and the multiplication rule for limits. Therefore, we have

lim (85)

log (HL/ak) _J0 if1—-2v; >00rl—2v; =0,—2v2 >0
K—oc K172v1(log K)1-2v2

3 if1—2v1 =0,2v =0.

Combining Equations (83) and (85), we deduce that v; = %, v9 = 0, and % = 1. Denote
w' g

the solution of the system of equations as v}, v3, c*. We have for some 0 < r < o0,

vi =3
v; =0 (86)
o — (r+1)  23L
T rureosy/m’
It follows from the above discussion that for any [ > 1 and K — oo,
LH Ldr,rgo\/2m(r + K2 log K ifv; = vf,ve =03, c=c*
ax < T2HL? (2%) (1 —v) K@=V (log K)“2Y) if v; > 0} orvg = v}, v >v5  (87)
3H Ldr,rgo/ 2mK 3 log K if v1 < o] orvy =0, vy < V3.
It follows from Equation (75) that
K
ZA(])COI’IC
k=1
o0 AZ + 2L 4 o*Hmdr2r? log K
- / nd <4HL2 e W@ 52 dlog(HL/n)
a n-o
“ (88)

dn

_ 4HdL? (/"C AZ + 20/ Ak + o*Hmdryry log K

2 x 7’]2
< (2(4Z + oc*Hmdr?rilog K) 2KV (log K)v2 HL

[ ERIOSK) | KRR (1 (HE)) ).
ax n cn n
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Integration by parts for the second term gives
/°° 2(4Z + U4Hmdr12ﬂri log K) N 2KV (log K)v?
a n? e

) (log (HL/n))dn

K

00 2(4Z + oc*Hmdr? r? log K 2K (log K)¥21
:_/ (10g(HL/77))d< ( - % )+ (ogc )v2 log n
47 + 04Hmdr12‘)ri log K) N 2K (log K)¥2 logak>

Q. &

aK

(89)

2
= (log(HL/ax)) <

© (2(4Z 4+ c*Hmdrarilog K) 2K (log K)" logn
+ / 5 + dn.
ax Ui cn
Combining Equations (88) and (89), we obtain

K
conc
DA
k=1

_ 4HdL? < /00 42 + 20/ Ak + 0" Hmdrfrilog K

< n
o2 p 72

242 + o*Hmdr%r2 log K) | 2K" (log K)" log ak>
ag C

+ (log(HL/ax)) (

o (2 4Z+J4Hmdrﬁ,r2 log K 2K (log K)¥2 | ©0)

N / ( dryrglogK) | 2K (log K2 logn )
ax n cn

AHAL? ( /oo AZ + 20/ Ak + o*Hmdr2r2 log K .

2 2
o K n

o (2(4Z + 04Hmd7’3)r§) log K) 2K"i(log K)"logn
+ = + o dn
arx

< 2ax K +

<2ax K + o(arpK),
where the second inequality is derived from Equation (77) and the third inequality can be verified by
I’Hopital’s rule.

By plugging in the discussion of ax in Equation (87), we have

K 0 (HLdrwm)a\/m(rc + l)KlogK) ifv; = %,vg =0
D A =0 (HL2d/(co?) K (log K)= 1) ifvr > Jorog=1L1,0>0 (91
k=1 O (HLdrwr¢a\/mK(log K)) if v < % orv; = %, 9 < 0,

where 7, is a constant determined by ¢ = ~ (:CCH) - i\ff\/m The proof is completed. O

D.3 Optimistic Regret

Theorem D.3. Let F be the function class defined in Assumption 2. The log-prior probability is
uniformly bounded by Z. Setting \i, = ck™"*(log k) ™2 for some 0 < v; < 1 orv; = 0,v9 > 1,
then

K
D> AP =0 (ot cHmdrlri K~ (log K)' %) . (92)
k=1

Proof. According to Theorem D.1, we have the concentration of the squared error around the expected
model difference with probability 1 — 39 forall f € F, K € Z™,
K

LQ,K(f*)_LQ,K(f) < i’;ﬂk"’_ﬁ}((fvéva)? (93)
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where . = = E [ 4L, 1 (@en) — f(eun) I3[

The optimal scaling of B}( is specified in Lemma D.7,
t 9 H mdriri
Bi(F,0,0p) =0 | | o"md + — logk | . (94)

Notice that a model function is selected only when it optimizes the BOO objective, which implies that

1 1
" )\—Vl* (s1) +1log Pr(M™) +log Pr(H|M™), (95)
j2 E

for any k € [K]. It follows that

V{*(s1) + log Pr(My) + log Pr(H|My) >

1
)\—Azpt < log Pr(Mj) — log Pr(M™) + log Pr(H|My) — log Pr(H|M*)
k

0.2

<27+ 5 (Lap-r(f7) = Lag-a (F4) (96)
o2 o? 1 o f
<27+ ;u + 5 B (F0.0) S22+ 5B (F0,a),

where the second inequality holds because the log-prior probability is assumed to be uniformly
bounded by Z, and the likelihood is defined by Equation (14). The third inequality follows from
Equation (93).

For the first episode, we have
AP < VP (s1) — VI M (s1) < LHE, _juty - {H FM () — M (m)HJ < 2LHryry. (97)

Therefore, the sum of optimistic regret is at most

K K
AZ + 02BL(F,6, )
opt K y Yy
Z AP <2LHryrg + CZ 25 (log )
k=1 k=2
K o*Hmderyry (K
<2LHr,re + QCZ/ k=" (log k)~ "2 dk + — / k=" (log k)2 dk
1 1
QCZ 1—’L)1 —V2 K —V1 —’L)Q—l
<2LHry,re + T K 7" (log K)™"2 + v9 k=" (log k) dk
— v 1
4H K
g Hmdcrry | gei-vn(tog feyi=vs 4 (0 — 1) / k= (log k)2 dk
2(1 —vy) 1
=0 (J4HmdcrzjriK*”1 (log K)' ).
(98)
The proof is completed. O

D.4 Proof of BOO Regret

Theorem B.1 (Bayesian optimistic optimization regret). Let F be the function class defined in
Assumption 2, i.e., F C {f | W € RODXA YW || o < ry, f(x) = We(2),||¢(z)| < 1y, Va €
X}. The log-prior probability is assumed to be uniformly bounded by some constant. Setting
A = ck™ " (logk) ™2 forc > 0and 0 < v; < 1 orvy = 0,vy > 0, the asymptotic regret of BOO is

0] (HLdrwrd)m/m(rC + 1)K10gK) ifvy = %,Ug =0
O (HL?d/(co?) K" (log K)v2*1) ifvr > %orvi=2%,v3>0 (16)
O (Hmdrgjrfbcr‘lKl*“l (log K)l’”) ifvy < % or vy = %7’02 <0,

where m is the dimension of the state space and r. is a constant determined by c¢ =

V(retl)  2./3L

Te Twleo3y/m’

Proof. Theorem B.1 can be obtained by combining Theorem D.2 and Theorem D.3. O
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E Optimization
E.1 Model Gradient of Value Function

Proof. (of Theorem 5.1) We first show that the model gradient satisfies the following recursion,

Z Pr(Sh = 8}L|7T,M9)V9V}ZF’M9 (S}L)

spES
=3 > Pr(Sh=sn Ay =an|m, My) Y P (spialsn,an) VeV 1" (sns1)
spES ap€A Sh+1€S
+ Z Z PI‘(Sh = S}L,Ah = ah‘ﬂ',Mg) <V9R9(sh,ah)
sphES ap €A

+ Z Vi (sne1) Vo PM (Sh+1|5h,ah))

Sh+1E€ES

99)

=3 > D Pr(Suir = snar, An = anlm, Mo) P (snpalsn, an) VeVii 1 (sns1)

spES ap€EA sp11ES

+ Z Z Pr(Sh = Sp, Ah = ah\w, M@) (VgRg(Sh, ah)
sheESapeA

+ Vﬁ%(Sh+1)V«9PM"(Sh+1|Sh,ah)>7

Sh+1E€ES

where Pr(S, = sp, Ay, = ap|m, My) is the marginal probability of s;, and ay, at the period h
following policy the m and MDP Mjy. Expanding the recursion, we obtain

VoV Mo (s1) = > Pr(Sy = s)VeVir ™M (s)

seS

+ Z Z Pr Sh = Sh,Ah = ah|7r Mg Z Vﬂ MB (Sh+1)V9PM9 (Sh+1‘8h,ah).
h=1 sp,eSancA Sh+1E€ES

(100)
It follows from the REINFORCE trick [36] that

Z Z Pr Sh = Sh,Ah = ah\w M@ Z h+1 Sh+1)V9P (sh+1|sh,ah)

shES ap€A Sh+1€S

= Z Pr(Sh = Sh,Ah = ah|7r,M9)PM" (Sh+1‘8h7ah>V}Z’r}1we (Sh+1)V9 log PMG (Sh+1|8h, ah)

ShyQh,Sh+1

= Y Pr(Sh=snAn = an,Sni1 = snplm, M)V (sni1) Vo log PN (snislsn, an).

ShyQh;Sh+1

(101)
Here, >, ., s, abbreviates >°. - c>°, 4>, . es- Combining Equations (100) and (101),
we have

H
VQV;’JWQ(Sl) = Z Z Z Pr(Sh = S}“Ah = ah|7r, Mg)VgRg(sh,ah)

h=1s,ESarcA
™, M M
+ E E Pr(Sp = sn, Ap = an, Shy1 = sny1|m, Mo)V,5 7% (snr1) Ve log P70 (spy1|sh, an).
h=1 Sh,an;Sh+1

(102)
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By replacing the marginal distribution with the joint distribution,

VoVi* ’M" (s1) ZPr 7|7, Mp) ZVQRQ Sh,anp)
h=1

H—
+ZP1"(T\7BM0 Z h+1 ?(sn41)Velog PM (s 11|sp, an)

H H-1
= E.,-MN’MS Z VQRMQ (Sh, ah) + Z V}ZTJ’A/[Q (8h+1)V9 log PMQ (Sh+1 |Sh, ah)
h=1 h=1
(103)
The proof is completed. ]

F Implementation Details

In this section, we explain the implementation of BOO in tabular MDPs and detail various tricks for
improving the efficiency of optimization.

F.1 Optimization Reformulation

Focusing on the optimization of the model, we directly compute the optimal policy of a given model
via dynamic programming according to Equation (9) and differentiate through the Bellman optimality
equation to find the model gradient. In other words, we reformulate the joint optimization of policy
and model into

max (Vf*(M)’M(sl) + M (log Pr(Hy,| M) + log Pr(M))) , (104)

where 7* (M) is the optimal maximum entropy policy of the model M.

F.2 Natural Model Gradient

The natural policy gradient proposed by [49] improves the efficiency of the policy gradient [50] by
preconditioning the gradient with the inverse Fisher information matrix. We formalize the natural
model gradient in a similar fashion.

Let D,f’ and D,f be normalized empirical state-action distribution for rewards and transition:

e
T

-1

k=1 H
a) Z ZH(SM =s,a;, =a) Df(s,a)x I(sin = s,a; = a).  (105)
i=1 h=1 1 1

>
I

%

Denoting the BOO objective in the k-th episode as J, = Ay, log Pr(My|H)+ VfT’M" (s1), the natural
model gradient is Vg Jj, = Fk_lv(; Jx, where:

H—
1
By =Ernr g, |— E :Gé;“an H-1 Z Fsliguah + ]E(Sﬂ)Nfo [FS ol E, a)~Dy [FP J
h=1

(106)
Here, FS[:) , and FqRa are the Fisher information matrices of transition and reward distributions, as

follows:
Fsl?a = ETNRMO (sh,an) [(ve IOg R]WQ (’r|sh7 a’h))z]a

(107)
F‘s},ja = ES’NPMG (Sh,an) [(v9 lOg PM6 (S/|Sh7 ah))Q]'
The matrix Gga is the generalized Gauss-Newton matrix [51]:
GE, = V2 V2 RM(s,a)Vozp, (108)

where the reward distribution is parameterized by zg C z, and z = fy(s,a) is the output of the
model function fy.
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Note that we have G, = 0 when the mean reward R*¢ (s, a) is linear in z. This is satisfied for most
model classes, for example, those specified by Assumption 1. Therefore, commonly, F}, contains
only the Fisher information matrix, and the natural gradient can be interpreted geometrically as the
steepest descent direction in the information geometry induced by F}, instead of in the Euclidean
geometry. Loosely speaking, the distance in the information geometry is measured by the square root
of KL divergence between distributions rather than the /5 distance of parameters [52]. The natural
gradient characterizes some global characteristics of the loss surface and therefore facilitates global
convergence. We refer interested readers to [52] for a thorough discussion on the interpretation and
implementation of the natural gradient.

F.3 [Initial State-Action Distribution

It is well-known that the policy gradient suffers from slow convergence since the value gradient of
unvisited states are 0. [38] proposes to alleviate this problem by changing the initial state distribution
to a distribution with broader coverage. In BOO, this problem is aggravated since the model tends to
be optimistic on state-action pairs within its current occupancy measure, causing the model stuck at
local optima. Seeing the similarity between the transition function and the policy, we could apply a
similar technique to speed up convergence and help escape local optima.

Specifically, we use the state-action distribution induced by the learned policy and model in the past
as the initial state-action distribution. Let 0 < v < 1 be a smoothing factor. We incrementally update
the initial state-action distribution @11 by pr+1 = @k * v + pr * (1 — 7). Here, p, represents the
state-action distribution induced by the model and policy in the k-th episode starting from the real
initial state so. The initial distribution ¢ is set to be the uniform distribution over S x A.

F.4 Posterior Sampling

In tabular MDPs, the transition distribution is multinomial distribution whose conjugate prior is the
Dirichlet distribution. We assume the reward is distributed according to a normal distribution with
standard deviation 1 and unknown mean. The conjugate prior of Gaussian reward is Gaussian. For
distributions with a conjugate prior, we calculate the posterior distribution analytically and easily
sample from the posterior.

F.5 Gradient Ascent

The optimization of BOO is conducted by gradient ascent with line search. One gradient step is
performed at each episode. The line search algorithm is implemented in SciPy [53], which enforces
the strong Wolfe conditions. For natural gradient, we additionally use the Tikhonov regularization to
limit the condition number of the inverse Fisher information matrix.

F.5.1 Entropy Regularization

As discussed in Section 5, the entropy plays a role in smoothing the policy’s loss landscape such that
the optimal policy will not change drastically when the model changes. However, the randomness of
policy would increase the cumulative regret by selecting sub-optimal actions. Therefore, we derive a
policy with reduced entropy for execution in the environment. Specifically, we multiply a coefficient
we to ¢ during the derivation of policy according to Equations (8) and (9). In all experiments, w¢ is
setto 0.1.

G Ablation Study

To demonstrate the effectiveness of our proposed method for optimization, we conduct some ablation
studies and demonstrate the performance of different algorithm implementations on 100 randomly
generated MDPs with |S| = |A| = H = 5. Hyperparameters used are revealed at the end.

As we can see from Figure 3, when ( is very small, the optimization failure rate of BOO-E (¢ =
0.0001) is very high, which indicates that the optimization of the BOO algorithm without entropy
regularization is very inefficient due to the unsmooth objective and the poor coverage of the policy.
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Figure 3: The left and right figures show respectively the cumulative regret and success rate of
BOO variants on Random MDPs. An optimization is marked as success when the difference
between model value V}*(so) and the real value V™™ (s0) is within 0.01. E, D, N, and R denote
enropy regularization, changing initial distribution, natural gradient and adding mean reward bonus,

respectively. For example, BOO-E stands for BOO with entropy regularization.

By using a starting distribution with broader coverage and natural gradients, the optimization success
rate increases, and the cumulative regret decreases. It is observed that all proposed techniques could
help optimization. Among all variants, BOO-ER achieves the best performance and is used for
performance comparison experiments in Section 6.

G.1 Hyperparameters

In this section, we provide the hyperparameters of the algorithms used in Sections 6 and G, as shown
in Tables 1 and 2, respectively.

Table 1: Hyperparameters in Section 6

RiverSwim Random MDPs Random MDPs Chainl0 Chain20 Chain40

S| 5 5 20 10 20 40
| Al 2 5 5 2 2 2
H 5 5 20 10 20 40
FiniteBOO
1 1 1 1 1 1

Ak v v v v v 7
¢ 0.1 1 1 1 1 2
we 0.1 0.1 0.1 0.1 0.1 0.1
’y - - - - - -
BPS

A M M log(k+1) log(k+1) log(k+1) log(k+1)

k VE VE VE VE VE VE

nSamp 10 10 10 10 10 10

‘nSamp’ is a hyperparameter that determines the number of posterior samples.
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Table 2: Hyperparameters in Section G

A ¢ we¢ gl
BOO-E(¢ = 0.0001) ﬁ 0.0001 0.1 -
BOO-E(¢ = 1) ﬁ 1 0.1 -
BOO-ED ﬁ 1 0.1 0.998
BOO-ER ﬁ 1 0.1 -
BOO-EDN ﬁ 1 0.1 0.998
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