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A  PROBLEM-DEPENDENT PARAMETERS FOR GEV

We need to verify that the objective function for the GEV problems is indeed in the class of strict-saddle functions. For the
GEV problem, the objective function of interest is

v Av

F) == By’

such that ¢(v) = ||Jv|* — 1, (1)

where A and B are two symmetric matrices. We make one additional mild assumption on the eigenstructure of matrices A
and B.

Assumption 1 The matrix B-1/2AB /2 s diagonalizable with eigenvalues A\ > Ay > + -+ > \g. Moreover, Apin(B) >
0.

As our argument proceeds, one can safely assume B~1/2AB~1/2 being diagonal without loss of generality, so we will
proceed with such. Under Assumption [1|we denote the minimal gap of \;’s as

)\gap = min (/\z — )\1‘4_1) > 0. 2)

We prove that under the mild Assumption |1} the objective function for generalized eigenvector problem is strict-saddle as in
Definition [5]if the parameters are chosen properly:

For the generalized eigenvector problem, the objective function of interest is

vl Av

F) == By’

such that ¢(v) = |lv|> =1 =0, 3)
where A and B are two real symmetric matrices with B being strictly positive-definite. In the following lemma, we
verify that the objective function F(v) in (3) satisfies Assumption[l} that is, D(v), F(v), VF(v), V2F(v) are Lipschitz

continuous within {v : ||v]| < 1, ||lv — v*|| < 6}.

Proposition 1 Assumption [I| holds for F(v) in GEV problem () with constants

4| All]B] 28||A[|IB]? 232||A[[|B]®
Lp =2|B|?>, Lg= Ly = - Lo = .
b IBI, (1 —6)2)2 n(B)’ K (1—6)3)3 w(B)’ (1—6)4\4 n(B)

The proof of Proposition |1|is deferred to With the Lipschitz parameters given above, we consider the initialization
condition (T4). The neighborhood radius on the right-hand side of (T4) can be viewed as a function of ¢ that is maximized at
some ¢0* € (0,1), when all other constants are fixed. The region covered in the local convergence analysis is maximized
with such a choice of 6*.
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Proposition 2 Under Assumption the only local minimizers of (3)) are +-e1, and the function satisfies the (u, 8,7, §)-strict
saddle condition for

)\min(B) )\min(B)
j= O = ag)2mnB) g ) Amin(B)
1)) 1)) “
S (B) A\ (B)
— /\3 min 5 _ )\ _ A L_
7= N GRE2 |A2 B R TIN [

To verify the strict-saddle parameters and conclude Proposition[2} we first conclude the parameters for the objective function
of the eigenvector problem:

Lemma 3 Under Assumption[l| and with the choices of parameters as in @), we have the following:

(i) Suppose ||g(x)|| < v and |e] BY/?x| < (1/2)||BY/?x||. Let the vector

PT(X)B_1/261
[PrgB /e’

v

then v € T (x),

v|| = 1, and we have

v H(x)v < 8. (5)

(ii) Suppose ||g(x)|| < v and |e] B'/?x| > (1/2)||B'/?x||. Then there is a local minimizer x* such that ||x — x*| < 6,
and for all x' € Bos(x*) we have for all v € T (x') and ||0]| =1

0T H(X)D > p. (6)
It is straightforward from Definition [5] of strict-saddle property that Lemma [3| leads to Proposition 2] immediately. We
postpone the details to §D] Intuitively, the parameters are only dependent on the differences of the consecutive eigenvalues
A1 — A2,..., Ag—1 — Ay, since we can always add each eigenvalue \; by an arbitrary constant and keep the constrained
optimization problem (3) unchanged. We also remark that restricted to our analysis, the parameters in (@) might not be

the sharpest possible choices. However, we do provide, to the best of our knowledge, a first identification of strict-saddle
parameters for the GEV problem, and hence Theorems [6] and [7] apply.

B PROOFS

In this section, we provide detailed proofs of our main results.

B.1 PROOF OF PROPOSITION

This subsection provides a proof for Proposition[3]on the convergence to a local minimizer. Under the initialization condition
(T4), there exists a local minimizer v* € Bs(vg) of F(v) such that u H(v*)u > pl|lul|? for all u € T (v*).
For a positive quantity M to be determined later, let

T]\/j = inf {t > 1: ||F(’Ut_1;ct)|| > M} . (7)

In words, Ty is the first ¢ such that the norm of the stochastic scaled-gradient I'(v;_1; {;) exceeds M. We first provide the
following lemma.

Lemma 4 Assume all conditions in Theorem[2] For any positive €, let
M =Vlog"/*e . (8)

Then, we have

P(Tar < T)) < 2Tje.

The proof of Lemmald]is a straightforward corollary of a union bound and Assumption 2] and is provided in §E.T|
Recall the definitions of the manifold gradient g(v) and the Hessian H(v) in (I0) and (TT). Under a unit spherical constraint
c(v) = ||v||* — 1 = 0, their definitions simplify to

g(w) =T —-vv )VF(v) and H(v)=V?F(v)— (v'VF(v))L )



Taking derivatives, we decompose

Vy(v) = H(v) + N(v), (10)
where the additional term N (v) is defined as
N(v) = —v(VF(v) + V2F(v)v)". (11)
The following lemma shows that g(v), H(v), N'(v) are Lipschitz continuous.

Lemma 5 Given Assumption [l we have that g(v), H(v), N (v) are L, Ly, Ly-Lipschitz and ||H(v)| < Bg within
{v : |lv|]| < 1,||lv —v*|| < 8}, where the constants are defined as Lg = Lk + 2Lp, Ly = Lg + Ly + Lk,
Ly ELF+3LK+LQ, By =Lp + Lk.

A proof of Lemma[3is deferred to §E.2]

For notational simplicity, we denote H.. = H(v*) and N, = N (v*), and recall that F; is the filtration generated by (;.
Then we have the following lemma.

Lemma 6 Under Assumptions[l|and 2] whenn < 1/(5M), on the event (|T'(v,—1; )| < M), the update rule ©) of v,
can be written as

vy —v* = (I —nDH. —nDN.) (vi—1 — v*) +n€ + 1Ry +n°Qy, (12)

where {&€;} forms a vector-valued martingale difference sequence with respect to F, &; is a-sub-Weibull with parameter
GaV, Rt SleiSﬁeS ||RtH < (DLH + DLN + LDLG)H'Ut—l — ’U*H2 and Qt satisﬁes ||QtH < 7M2

The proof of Lemma|6]is deferred to We define the projection of v; — v* on T (v*) as
A = (I—’u*v*T)(vt—v*), (13)
and the projection of H.. on T (v*) as
M, = (I—v*v* H.(I—v o). (14)
Lemma 7 Under initialization condition (T4), the following properties hold:
(i) Forallt > 0, A; defined as in (13)) satisfies
K k| * 1 * (12 2 * (12 1 * (|4
(™0™ )(ve = o)l = Sllve = oI5, A" = [loe = w77 = 2o —o7]%

Ifv]v* >0,
AP < flor — 0" * < 2] A%, (15)

(ii) Whenn < 1/(DBpg), forallu € T (v*),
I(T=nDM.)'u] < (1 —nDp)"|[ull, (16)
where M, was defined in (14).

The proof of Lemma (7| is deferred to To interpret Lemma i), we denote § = Z(vy,v*) € [0,7/2], such that
lve — v*|| = 2sin(0/2), Ay = (I — v*v*) ' (v — v*) = sin6, and (T3) is equivalent to the trigonometric inequality

sin? 6 = 4sin?(0/2) cos?(0/2) < 4sin?(0/2) = 2(1 — cos #) < 2(1 — cos ) (1 + cos §) = 2sin” 6.
By combining Lemmas [6]and[7} we have the following lemma for the update rule in terms of A:

Lemma 8 UnderAssumptions and initialization condition (T4), whenn < 1/(5M), on the event (||T'(vi—1; ()| < M),
the update Q) can be written in terms of A as

A; = (I—nDM,) Ai1 +nxe + 1St + 1Py 17)

where x¢, St, Py € T (v*), {x:} forms a vector-valued martingale difference sequence with respect to Fy, X is ca-sub-
Weibull with parameter GV, Sy satisfies ||Si|| < pllvi—1 — v*||* and P, satisfies | Py|| < 7TM?>.



Proof of Lemmais deferred to Here we have p = D(Ly + Ly + By /2) + Lp L, which is consistent with its
definition in (T3).
Now, to analyze the iteration A; we need to control its tail behavior. We define the truncated version

§t = Stl(TM>t)7 ﬁt = Ptl(TM>t)a (18)
let Ay = Ay, and define the coupled process iteratively
A, = (I—yDM.) Aoy +0x0 + 18, + 1° B (19)

The A; iteration avoids the potential issues of summation over P;. We conclude the following lemma that characterizes the
coupling relation A; = A, which allows us to analyze the coupled iteration A;.

Lemma9 Foreacht > 0 we have A, = A, on the event (Tar > t). Furthermore, we have for all t > 1
o t t N t B
A; = T—nDM.) Ag+nY  (T=nDM.) " x,+n) (I—=nDM.)" " S, +n>> (I—-nDM.)" " P,. (20)

s=1 s=1 s=1

We defer the proof of Lemmal9]in §E.6|
Next we provide a lemma that tightly characterizes the approximations in (20) that A; ~ (I — nDM.)! A,.

Lemma 10 Letn < min{1/(DBpy),1/(5M)} and T > 1. Then with probability at least

2

1— <12 +8 (3) : logfuTH €1> Te,
@

the algorithm satisfies for each t € [0, T), conditioning on ||vs — v*|| < rforalls =0,...,t — 1 for some r > 0
__ 8G,V . a2 pr? V2 2
A; — (I—-nDM.,) Al < log2s el /24— 4 ——logaelon. 21
I <75, b Dy

The proof of Lemma([I0]is provided in

In the following lemma we prove that when the initial iterate vy is sufficiently close to the minimizer v* and r is appropriately
chosen to be dependent on A and ©(n'/?), the conditioning event occurs almost surely on a high-probability event.

Du }
A S 7a6 ’
1800 < { s

for any positives ), € satisfying scaling condition (7)), with probability at least

2
1- (14+ 8 <3> log™ > e—1> Te,
(6%

27G oV
VD

Lemma 11 When initialization

forallt € [0, T] we have

1A < 2max{|Ao|,

and if T,y € [0, T, at time T,; we have

AT

Lemma [11] whose proof is given in implies that the iteration keeps ||A:|| < 2||Ag]| unless v is within a noisy
neighborhood of the local minimizer v*, where we recall the definition of A; in (I3).

Finally, Proposition [3is proved by combining Lemmas [7]and [TT}



B.2 PROOF OF THEOREMS @ AND

In this subsection, we aim to prove Theorem [6] To deal with points with strong gradient corresponding to (i) in Definition [5}
we use the following lemma that is adapted from|Ge et al.|[2015] Lemma 38].

Proposition 12 Assume all conditions in Theorem E] as well as \/2dV?LgDyn < B, we have on the event

<||VF(vt)|| > \/2dV2LgD+n) that
E[F(viy1) — F(vy) | Fi] < —0.5do*Lg D 0. (22)

A core problem involves escaping from saddle points that corresponds to (iii) in Definition[5] we conclude the following
modification from |Ge et al.| [2015, Lemma 40].

Proposition 13 Assume all conditions in Theorem@as well as \/2no2LgdD4 < (. Then on the event

{IVF@0)| < V2ZLDon, Awin(H(w0) < =1},

there is a stopping time T (vg) < Tmax almost surely such that
EF (07 (vy)) — F(v9) < —0.50°D_n, (23)

where Ty is fixed and independent of v, defined as

6d
Tmax = 0.57 " 1D-1n"Llog <V> .

g

Proofs of Propositions[T2]and [[3]are straightforward generalization of relevant proofs of [Ge et al.l[2015]], and hence we
omit the details.

Proof [Proof of Theorem@] While this proof can be done in a similar fashion as Theorem 36 in|Ge et al.| [2015]], here we
provide a different proof using stopping-time techniques.

(i) Given (24), we split the state space S?~! into three distinct regions: let

0 = {v € 81 |VE(v)| > «/2dV2LgD+77},
and let
0, — {'v € S |VEW)| < \/2dV2LG Do), Amin(H(v)) < _7} .

Define a stochastic process {7;} s.t. To = 0, and
Tiv1 =Ti+ 1o, (vr) + T(v7)1g, (vr), 24

where 7 (v7;) < Thnax is defined in Proposition[13] By (22) in Lemma[12]and (23)) in Proposition[13] we know that on
(v, € Q1)
E[F(vr.,,) — F(vr) | Fr] < —=0.5do*LeD? n?,

and on (v7; € Q2)
E[F(v7,,) = F(vr) | Fr] < =0.502D_1.

Combining the above two displays and (24)), we have
ElF(vr,,) — F(vr) | 7]

0.502D_n
0.5y~1D~"n~" log (44¥)

< —min (O.SdangDQ 2 ) “E[Ti1 =T | Fri] (25)

IN

6d
— min (O.5dLg,'ylog_1 <av>) o?D*n* E[Tix —Ti | Fr,

on{vy € Q1 UQs}.



(i) LetZ € [0, o0] be the (random) first index  such that vy; € (Q1 U Q2)°. We conclude immediately that (Z > i) € Fr;,
and (Z > i) C (v7; € Q1 U Qs). Applying (23) gives

oo

E > (F(vr,,) - F(vr)) 1z>11

=0

E[F(vr;) -

d
< — min (05dLg,vlog <60 >) o?D*n? BTz

< —min (o 5dL¢,~ylog™ (6d>) o?D?n? T -P(Tz >T),

where T' > 0 is any constant. Plugging in 7' = T} as in (23)) gives

E|[F(vg) — F(v 211 F|| oo 1
BTy > Ty) < — [ (o)_1 6d(sz)}2 < 1l _ 1
min (O.BdLgﬁlog (T))J D2n2.T) ~ 4 F|lee 2

In words, event (77 < T1) has at least 1/2 probability, on which the iteration v; must enter (Q; U Q2)° by time T3 at
least once.

(iii) Noting that the argument above holds for all initial points vy € Q1 U Q2, so one can use Markov property and conclude
that within 7} - [log,(x~!)] steps where T was defined in (23), iteration {v; } must enter (Q; U Q) at least once
with probability at least 1 — «. The rest of our proof follows from the definition of strict-saddle function.

Proof [Proof of Theorem [7]] The conclusion is reached by directly combining Theorems[2]and [6] setting A7 = H, along
with an application of strong Markov property. |

B.3 PROOF OF PROPOSITION

Proof [Proof of Proposition For the GEV problem setting, the gradient and the Hessian of the objective function F'(v) are

(v 'Bv)Av — (v Av)Bv
(vTBwv)? ’

VF(v)=-2

v Bv)A — (v Av)B +2(Avv B — Bov T A) +s [(v'Bv)A — (v'Av)B]vv'B
(vTBwv)? (vTBw)3 '
We first notice that, forv € {v : |[v]| < 1, ||lv — v*|| < 0},

V2F(v) = 72(

[VD(v)|| = [|2(v"Bv)Bo|| < 2||B|?,

which indicates that D(wv) has Lipschitz constant Lp = 2||B||?. Secondly, we introduce an arbitrary unit vector w and take
derivative of vector V2F(v)w w.r.t. v as

Y, [V2F(v)w] = 22A'w'vTB —2Bvv A +2(v ' Bw)A 4+ 2Avw B - 2(v  Aw)B - 2Bvw A
v = _

(vTBwv)?
[(v"Bv)A — (v' Av)B + 2(Avv'B - Bov'A)| wv B
8 (vTBw)3
g [(v'Bv)A — (v Av)B]vw'B
(vTBw)3

N 8(UTBw) [(v'Bv)A — (v'Av)B +2(Avv'B — Bov TA)]

(vTBw)3
_ 48 (v'Bw) [(v'Bv)A — (v Av)B]vv'B

(vTBw)*



24| AllIB]| 48| Al IBJI? 16[|A[l|B]* 48| A||BI?
1-0)ZA2_(B)’ (1-0)°A\°__(B)’ (1-0)°A%_(B)’ (1—-0)°A3_(B)’

min min min min

The five terms on the right-hand side have norm bounded by i

% respectively, which implies that

232||AllIB]*
Amin(B)

min

|92 [V2F ()] | <

Therefore, for all v, vy € {v : ||v]| < 1, ||Jv — v*| < §}, we have

232|A[|B]?
2 2 2 2
F — F = F — F < — "R —
HV (v1) =V (vg)H Hl}ﬂlﬁii(l HV (v))w —V (vg)wH < =0\ _(B) o1 — val|,
indicating V2 F (v) has Lipschitz constant Lg = %.
Similarly, we also notice forall v € {v : ||v|| < 1,||v — v*|| < d},
4| A B 2 28]|A[l|B]?
VF < —- V*F <—
|| (U)H B (1 - 5)2)‘3(1111(B), H (U)H B (1 - 6)3)‘§nin(B)’
4[A Bl

which indicates that F'(v) has Lipschitz constant Lp = Toomz s and VF(v) has Lipschitz constant Lx =

28] A[|B]?
(16197, (B)" u

min

B.4 PROOF OF THEOREMI3|
To prove Theorem we first present the following Lemma on a linear representation of M., (i&? ) v*).

Lemma 14 (Representation Lemma) Under Assumptions E]and given initialization condition (14), for any T > K mely
and positive constants 1, € satisfying the scaling condition

5V1ogt/ el n <1,

we have
) 1 T 1 d
—(n _ *) — S
M, (UT v DT =K, .T) ) Z Xt+1 + DT —K,.T7) Z t+1
t=K,, T} +1 TN =Ky T+
. 6)
n 1
t S P+ (A, 41 — A7),
D(T - K, . Ty) tK§;+1 D(T — Ky . T;)n !
where X, St, P; are vectors in the tangent space T (v*). Here X is defined as
Xt = (I=v"0" ) (T(vi-15¢r) = D(vi—1) VF (vi-1)), @7

which is a-sub-Weibull with parameter G V. The sequence {x.} forms a vector-valued martingale difference sequence
with respect to Fy. Sy satisfies ||S¢|| < pllvi—1 — v*||. On the event Hg defined in Theorem[2] using a total sample size
T + 1, each P, satisfies | P,|| < 7TV2log®/® ¢~ 1.

Proof [Proof of Lemma Telescoping in Lemmafor t=KyT; +2,...,T+1gives

T T
nDM, Z Ay = (Ak, 1341 — Art1) + 1 Z Xt+1
t=K, T;+1 t=K, T;+1
T T

+1n Z Siv1+n° Z P

t=Kp, Tr+1 t=Ky, Tr+1



Plugging in the definitions of A, %% in (T3), @7) gives [@6). For event Hp defined in Theorem [2] using total sample size
T + 1, the proofofLemmain shows that Hg C {||T(ve—1;¢)|| < M : 1 <t < T +2}. The rest ofLemma
directly follows Lemma [§] [ |

With Lemma|[T4]in hand, we are ready to prove Theorem 8]

Proof [Proof of Theorem [§]] For a given T, we apply Theorem [2 and Lemma with € = 1/T2, such that P(Hg) — 1
and the scaling condition (I7) is satisfied under condition (29). Using a coupling approach we can safely ignore the small
probability event and concentrate on the event Hp, where we have

T at2

1 Z QT+17PG2V2 at2

o S| < nlog =" T,
D(T — K, . T;) S D2y

T 2442
n 722V 2
- P, < ——nlog=T.
D(T - K, eTf{) Z +1|| = D nlog
: t=K, T +1
Using the relation || A < [lv; — v*| < V2||A4|, given in Proposition and applying Theoremon event Hp we also
have

< 2%a TGV loga27t2 T
- VD3 (T =Ky Ty)nt/?

Under condition (29), as T' — oo, n — 0, we have the following almost-sure convergences

Ariq)

’ a+2

1
A, i1 —
| @i

\/T T
D(T - K, . Ty) Z

Siy1 — 0 as.
t=Kp, Tr+1

T
VT
e Piy1 =0 as.
D(T — Kn’eTr]) t—K§77+1
VT
D(T — Kn,fT;)n

(AKHVFT;;JFl — AT+1) — 0 a.s.

From (12) and (27), the covariance matrix of &—i.e., the projection of scaled-gradient noise onto the tangent space
T (v*)—can be denoted by

®(v, 1) = (I—vv* )S(vi_y) (I —v*v* ).
We denote the covariance matrix at local minimizer v* as ®, = ®(v*) = (I — v*v* )3, (I — v*v* ). Using the central

limit theorem and the Slutsky theorem, we have the following convergence-in-distribution result under the condition (29) as
T — oco,n— 0:

T
1 d

— > xS N(02).
T t=K, Tr+1

Combining these results with (26) in Lemma [T4] under condition (29), as T — 0o, — 0 we have convergence in
distribution:

VTM, (@g:ﬂ - v*) 4 A0,D72 - B,). (28)

Since My M, =1 —v*v* " and M7 ® M = M, M, (28) is equivalent to

VT(I = v**") (@gﬂ —u*) A N(0,D2 MIZM;), (29)
which omits the asymptotic analysis in the direction parallel to v*. To study the asymptotic property of vt ! (ﬁ(Tn ) v*), we

first notice that in Lemmain weknow that forall v € R with [|v|| = 1, [[v*v* " (v—v*)|| = 1-v* Tv = L |lv—v*| 2.



Applying Theorem [2] on event Hg we have:

oo o

T
= Y e
2v/T '

t=K, Ti+1

2211722 (T — K, T*)log™ o T "
<2 DG‘”V - ”’i/%) < \/nTlog™ T 0,
o

where in the second line we used the first condition in (29). Under condition (29), as T' — oo, n — 0, we have almost-sure
convergence

VT - v*o* " (65,7) — 'v*) — 0 as. (30)
Adding up and and applying the Slutsky theorem, we conclude and Theorem 8] [ |

B.5 PROOF OF PROPOSITION @

T T

Proof [Proof of Proposition |§I] For notational simplicity, we denote vector v € Ré%+dv as v = (v

;v ) for v, €
R% v, € R%. For any vectors wy, wy € R% with [|w;|| < 1, |wz| < 1, using Lemmawe have

leof XX T, < [Jewy X[, [lwa X[, < V2.

which indicates that

g XX "o, <Vi, | XX T, < VI
Similarly, we can show
loy YY Toy |, < Vi, [¥YY o[, <V,
and
HUIXYT%HM < VaVy, HXYT'Uszpl = VoVy, HYXvaqupl < VeVy.
Combining all above inequalities and using Lemma|[16] yields
HUT;w‘ <2V Vy, H;w’ <2V, Yy, Hv—rﬁlv <V? 4+ Vg, Hﬁ'v <V2y Vy2.
P1 Y1 Y1 P1

By applying Lemmas[I7]and [I8] in CCA problem we have stochastic scaled-gradient satisfying

H(vﬁ?’u)f&v — (vTAv)B'v <Gy (HvTﬁ’v .TA'U‘ + H’UT;&’U’ B'v )
P1/2 P1 P1 Y1 Y1
< A00(VZ + Vo) Ve Vy.
Hence Assumption [2]holds for V = 400(V3 + V7))V, V, and o = 1/2. [ |

C PRELIMINARIES FOR ORLICZ-y, NORM

Of similar style as [L1 and Jordan, 2021} §E] we collect in this section some facts for Orlicz-1,, norm for our usage. We start
with its definition:

Definition 15 (Orlicz v, -norm) For a continuous, monotonically increasing and convex function v)(x) defined for all
x > 0 satisfying 1(0) = 0 and lim,_, ¥ (z) = oo, we define the Orlicz Y-norm for a random variable X as

||X||wEinf{K>O:Ew (lXK|) gl}.

As a commonly used special case, we consider function 1, (x) = exp(x®) — 1 and define the Orlicz 1po-norm for a random

variable X as X
1 X ] ., —inf{K>O:Eexp(Ka ) §2},




Lemma 16 When 1)(x) is monotonically increasing and convex for x > 0, for any random variables X, Y with finite Orlicz
-norm, the triangle inequality holds
X + Yy <[ XNy + Y]y

For all o > 1, the above inequality holds when || - ||, is taken as the Orlicz 1q-norm.

Proof [Proof of Lemma Let K7, Ko denote the Orlicz 1)-norms of X and Y. Because () is monotonically increasing

and convex, we have
X+Y K X K Y
w(') <1/,(1.|_|_2.||)
K+ Ky Ki+Ky, Ki Ki+Ky K,

K, X|> K <|Y|>
<t p(E)y e 22y (B
T K1+ Ky w<K1 K+ Ko v K,

|X+Y|) .
Ep (1220 <1, e [ X+ Yy < IX]lw + [Vl
o () < I + Yo < X[l + 1Y

which implies

yielding the lemma. u

Lemma 17 Let X and Y be random variables with finite 1),-norm for some o > 1, then
XY [l o < IX N l1Y Tl

Proof [Proof of Lemma([17]] Denote A = X/|| X ||y, B = Y/||Y ||y, then || Ay, = ||Bl|y, = 1. Using the elementary
inequality

1
|AB| < 34|+ |B)?,

and the triangle inequality in Lemma[I6 we have that

1 1
14Blly,. ., < 1Al +1B)? [y . = AL+ 1BIE, < 3 Allp. + [1Blly.)* = 1.

1
4

Multiplying both sides of the inequality by || X ||, ||Y |4, gives the desired result. [ |

Lemma 18 For any random variables X,Y with finite Orlicz 1,-norm, the following inequalities hold
1 a 1 a
1X + Y g, < logy" (14 )X g + [V l1w), X, < logy"* (1 + €)X,

and
X = EX |y, < logy/(1+€/*) (1+1ogy/*(1+¢/)) X |,

Proof [Proof of Lemma Recall that when « € (0, 1), 10, (2) does not satisfy convexity when z is around 0. Let ¢, () be

exp(z®) — 1 T > T

¢a($) = { i (exp(;pf) — 1) T € [O,l’*)

for some appropriate z, > 0, so as to make the function convex. Here x, is chosen such that the tangent line of function v,
at x, passes through origin, i.e.

Valws) = ezl exp(al) = ——— =g (@)
Simplifying it gives us a transcendental equation

(1—axd)exp(xf) =1.



We easily find that 2 < 1/ca. Because 4 (z) is concave on (0, (£ — 1)¥/«) and convex on ((

Vo) > {Ea(x) > 0 for all z > 0, and hence

1

1 1)1/ o0), we have

0 < Ya(t) — Yalr) < halz.) < e/ —1. 31)

Let K1, K5 denote the Orlicz 1,-norms of X and Y, then

~ (|X] RY = (Y] Y]

By applying the triangle inequality in Lemma[I6]and using (31)), we have

X+Y ~ X+Y
E¢a(| + |>SE¢@(| + >+61/O¢_1§61/a7

K1 + K2 Kl + KQ
|EX| o |EX| 1/ 1/
Eo | — | <E¢po | — Y—1<e’™
oo (%) o5, (B o1
By applying Jensen’s inequality to concave function J,(z) = 21%811e1/2 2 we have

X+Y X LYl
Etq - X +Y] —EJ, (eXp <|+|a>> -1
log, * (1 + el/@)(K; + K>) (K1 + Ky)

X +Y]|~
<Jo(Bexp (221 )} —1<1,
=7 ( eXp((K1+K2)°‘ -

EX EX| EX|*
Ey, 17 | | EJa(eXp(| OJ >>1§Ja(Eexp<| OJ ))1§1,
logy’ (1 + el/*) K, Ky K3

which implies

and

1/« a 1/a a
I1X + Yy <logy/* (14 /) (I X |l + 1Y 1l6a)s  [EX |y < log/™(1+ €)Xy,

and

1/a « 1/a
|X — EXly,, < logs/*(1+ /) (IX [y, + [EX]ly, ) < logs'* (1 +€/*) (1 +logy/* (1 +€/*)) | X |-

Now we proceed with the definition of Orlicz 1), -norm for random vectors.

Definition 19 For a random vector X € R, its Orlicz 1o-norm is defined as
X (03
| X ||, = inf {K > 0:Eexp (HKJ) < 2} )

Seeing the above definition, a random vector X is called sub-Gaussian if || X ||, < oo, and is called sub-Exponential if
[ X [y < 00

Remark 20 We notice that || X ||, equals to the Orlicz 1-norm of random variable (scalar) || X ||. Using this relation, we
can easily extend all above results of random variables to random vectors with the same positive factors and dependency on
Q.



D ESTIMATION OF THE STRICT-SADDLE PARAMETERS

The goal of this section is to detail the proof of Lemma 3] that estimates the strict-saddle parameters. We first compute the
manifold gradient and Hessian in the following Lemma 2T}

Lemma 21 The manifold gradient and Hessian can be computed as

(x"Bx)A — (x"Ax)B

g(X) = (XTBX)2 X, (32)
T _ (T TR _ T TBx)A — (x Ax)B ™R
H(x) = -2 (x' Bx)A — (x Ax)]?_—!— 2(Axx'B —Bxx ' A) +8 [(x"Bx) (x"Ax)B] xx 33
(xTBx)?2 (xTBx)?
Proof The constrained optimization problem has c(x) = ||x||* — 1 so the Lagrangian is
x " Ax T
L(x;p) = “TBx p(x'x—1).

According to the constrained optimization theory in|[Nocedal and Wright [2006]], since (i) there is one constraint (ii) the
gradient g(x) = 2x on constraint has constant norm 2, it satisfies some 2-RLICQ condition. The feasible value of Lagrangian
multiplier p*(x) has

p (%) = arg min | VxL(x, )]

Let
(x"Bx)A — (x"Ax)B
(xTBx)?

A(x) =

Then we have
VL(x; p) = —2A(x)x — 2ux,
and hence
IV L6 )| = 4 [ AGo)x + paxc]|* = 4[| A(e)x + puxc]|?
=4 (XTA(X)A(X)X +2(x TA(X)x)p + (xTx)uQ) .
Solving this problem gives p*(x) for x € S~ 1:

T T T T
sioy T _ (x'Bx)x Ax— (x Ax)x Bx _
w(x)=—x"Ax)x = B2 =0

The manifold gradient can hence be computed as

xTBx)A — (x' Ax)B
= _2A(X)X - 2M*(X)X = _2( ()XTB)(()2 ) Xa

9(x) = VL(x; 1), e 50

concluding (32)). For manifold Hessian, we can compute it as

(x"Bx)A — (x"Ax)B

— 2 . —

H(x) = VZL(x; 1) \u:m o = 2V B’ x
_ 9 (x"Bx)A — (x"Ax)B +2(Axx'B — Bxx'A) 44 [(x"Bx)A — (x" Ax)B] xx " (2B)
- (xTBx)? (x"Bx)? '

This proves and concludes the lemma.
|

We prove the Hessian smoothness and give the Lipschitz constant for both manifold gradient and Hessian, as in the following
lemmas.



Lemma 22 There are Lipschitz constants

28] A|[|BI? All|B|]?
I = 28lIAlIB| .. — SSIALIB]

)\inn(B) ’ "= )\ﬁlln(B) ’
such that for all z,z,,25 € S we have
[H(2)| < La, (34)
and
[H(z1) — H(z2)|| < Lullz1 — 2z2]|. (35)
In addition, we have from above two
HP;(Z)H(Z)PT(Z) — Pl M@ ) Proy|| < @Le + Lip)l|z — 2/|. (36)

In fact, in this lemma one can replace ||A|| by the norm ||A — ¢BJ| for any constant scalar c.

Proof [Proof of Lemma[22]] Note

IBl
< ——||A
901 < A AL
e IBIIA]+ 4] AlllB] IB[[Al[IB] IBJ
2B +4 B 2B B 28||B
H <2 8 < A
[l < AZin(B) - ANin(B)  ~ )\ﬁiin(B)H I

so we conclude (34) from mean-value theorem.
Moreover, for an arbitrary unit vector v,

[H(x)v — H(y)v||

<9 (x"Bx)A — (x"Ax)B +2(Axx'B — BXXTA)U B (y"By)A — (y"Ay)B +2(Ayy "B —Byy " A) v
= (xTBx)? (y"By)?
TBx)A — (x"Ax)B B "TBy)A - (y"Ay)Blyy ' B
L g||['BYA - (xTAx)B|xx'B ~_ [(y"By)A -y Ay)Bly'B || o
(xTBx)3 (y'By)?
Note

v [(XTBX)A — (x"Ax)B +2(Axx'B - Bxx'A) }
v

(xTBx)?
~ 2(x"B)Av —2(x"A)Bv +2((x ' Bxv)A — (x"Av)B) + 2(Axv B — Bxv'A)
N (xTBx)?
5 [(x"Bx)A — (x"Ax)B + 2(Axx'B — Bxx' A)] xv ' (2B)
a (xTBx)? ’

whose norm is bounded by 36| A|[|||B||?/A3,(B), and

[(x"Bx)A — (x"Ax)B]xx'B (x"Bv) [(x"Bx)Ax — (x" Ax)Bx|
(xTBx)? Y (xTBx)?
[(x"Bx)A — (x"Ax)B]xv'B  (x"Bv) [(x"Bx)A — (x" Ax)B + 2(Axx' B — Bxx'A)]
(xTBx)3 + (xTBx)3
(x"Bv) [(x"Bx)A — (xT Ax)B| xx ' (2B)
(xTBx)*

\%

-3

Y

whose norm is thus bounded by 20||A ||| B|?/A% . (B). Again by mean value theorem we have

min

36/ A BI?
Anin (B)

min

I} < Ix =yl



and

20 A[|B]*
I < ——————
(1] N (B) Ix =yl
v 2 ||A|||| N
56 B

which concludes (33)) via the definition of operator norm.

Lastly to conclude (36), we utilize the properties of projection matrices, || Py || < 1, || Pr(z,) — Pr(zy) || < ||21 — 22]| and
hence from matrix operator theory

HP’;—(Z)H(Z)PT(Z) — Py H(2') Pry)
< || P # ) Pra - P i) Pra
+ HPT oM (2) Priz) — Py, H(2') Pry
< 1PF ) 1 @) | Pray — Preas |
+|Pf oy | 1 H(2) = H(&) | | Pra |l + || (Pra) — Pr) ' IH @) Pra

< Lellz — 2| + Lullz — 2| + Lellz — 2|
= (2L + Lu)||lz — 2.

( /)P'T(z’) — P’;’—(z’)H(Z/)PT(Z’)

We complete our proof.
|

We now come to explore what the small gradient condition ||g(x)|| < -, where g(-) is defined in (32)), means for a point x
in the GEV Problem. We first analyze the case where B is the identity matrix, which reduces to the classical Eigenvector
Problem. Define for convenience

Bl \'* ~
= . 37
m (/\min(B) D &7

Lemma 23 When B = I, we have under |w|| = 1, an arbitrary constant v, € (0,1/2) and

-
w' Aw

HAw T T 'wH < AgapV1s
and for some j =1, ..., d (for consistency we define \g = A1 and \g11 = Ag)

w ! Aw c A1+ A A+ A
wlw 2 ’ 2 ’

together imply
(e] w)? > 1— 47,
Proof Denote till the rest of this proof w; = e, w. Note we have by

2 d TA 2
w'w

=1

j-1 T w’ 2
w' Aw Aw 9

i=j+1

21— (x\i—/\j_l;_)\) 3+ Z ( Aj +/\]+1> wzz
1

=741

. 2j—1 oy \2 d A2
><>\] ;;1) Zw$+<>‘ﬂ+12 Aa) Z w? > Zﬁp (1—w]2-).

i=1 i=j+1

w' Aw

w'w

w

A2 2 > HAw -




This implies the lemma immediately. |

To study the case of general B, we first introduce an auxiliary lemma.

Lemma 24 Given two norms || - ||1, || - ||2 that are equivalent: there are constants Cr,, Cy > 0 such that for every nonzero
vector v, Cr||v||2 < ||v||1 < Cul|v||2. Then for two given nonzero vectors wi, wa, we have

w1 W2

lwillz (w22

Y2\ <oty

H willy 2

Proof Without loss of generality we set ||w1||2 = 1 = ||wz||2. Then using triangle inequality we have

wy _wz 1wy — Jlws [[ywel]

LHS =
[ [l [[wally

H ||w1||1
_ lwafliwr — [Jw [liws + [Jws iws — [lwi|iwsl,
[Jwa [|1]Jw2 |1
llwz2ln = lwill1] [[wills + lws 1 [lwr — w2,
(w1 |1 ]|wallx
2)lwr — wall1flwifln _

w1 |1]|wz[1

2fws |7t lwr —waly <207 wsll3" - Cullwi — wslls = RHS.

We conclude the following lemma.

Lemma 25 We have for x € 8?1,

B\
v e (07 (/\mm@> Agap | (38)

and ||g(x)|| <~ implies that there exists at least one j = 1, ..., d such that
(e] B/?x)* > (1 — 47)[|B'/*x|1*. 39)
Furthermore, we have that there exists at least one j = 1, ..., d such that
. 1Bl \"*
min (ol e+ ol < 42 (1) (@0)

Proof Since B is positive definite, letting in (23) w = B'/?x/||B'/?x||, we have ||w|| = 1 and recall that A = B'/2AB'/2

wTAw L B1/2AB1/2 TB1/2AB1/2
_ —IB/2 -1/2 _
o] o (B R
(1Bl N TBoA - (<TAxB |l _ (Bl \"*y
=\ i (B) (xT Bx)? 1= OamB) ) 27 Cewt

Note @) gives v1 € (0,1/2), and hence applying Lemma gives the following: there is at leastone j = 1,...,d such
that (ejT'w)2 > 1 — 4~}. Translating this back in terms of x concludes (39).

To conclude [@2) we note (39) gives if (z1,22) 5 = z] Bz, and ||z||g = (z, z}}g/z:

2
<ejTBl/27 - > > 1 -4,
IxlB/ 5

= i2<ejTB—1/2, = >
/e /5

IXIIB
_2i2< B2, > ,
IIXIIB

SO

TR-1/2 X
[B3113 %

Jerm[f +]|
B




and hence using 1 — /1 —t < tfort € [0, 1]
2
:2—2’<ejTB_1/2, x > =2-21/1-477 <87
B IxllB /8
12

Using this and applying Lemma.w1th I-lls = |- [land || - ||2 = || - ||B we have Amak” (B)||v]|s < ||v|| < )\mllf(B)HvHB
and hence for two given nonzero vectors (in the Euclidean norm) x and Fv; = :|:||e B-1/2|! TB’ /2

TR-1/2 X

min ||e
1x[|B

i iv”<2( Bl )”Q nleTB-1/2 <4¢(|m|:y”
min ||x i <2 ——=< -min ||e; ‘"
! Amin(B) [l lls Amin(B)
|
Now we finish the proof of Lemma [3]
Proof [Proof of Lemma 3]
(i) We have Ax = (x" Ax/x' Bx)Bx if and only if g(x) = 0. For A = B~'/2AB~!/2 being WLOG diagonal, one
can see that for j = 2,...,d and v; on the unit sphere with Av; = A\;Bv,,
v/ Bv;)A — (v Av;)B A-)\B
H('Uj):—Q'(J ])T (] J) :_2—(7)\]
(v; Bv;)? v; By;
Thus
(v1 — cv;) T H(v)(v1 — cv;y)
— _9. (’01 - C’U]‘)T(A - /\jB)(’U1 - C’Uj)
v By
_ . v (A - \;B)v; e v/ (A-\Blor 2. v (A - \;B)v;
N v] By; v] By, v Bv;
J J J J J J
_ oy v(A-AB)y
v;ij
v, By, Amin (B)
= 22\ — \) - A < 9Ny — N, L )
( 1 ]) 'UJTB'Uj = ( 1 2) ”BH

In the display above, we use the fact that U]T(A - \B)vg = (M —

(Aj — Aj)v, Bu; = 0. By picking ¢ = v

Aj)v/Bvy = 0and v] (A — \;B)v; =
vy such that Py, yv; = v; — (v v1)v; = v1 — cvj, we conclude

[P oull = /1 (0] 002 = 2(0] 00)2 = \/1 = (0] w12 € 0.1

(since vy # Fv; otherwise 0 = v]—-rB'vl = :l:vierl which leads to v; = 0 due to the positive definiteness of B.) and
hence from the above two displays

)\min(B)

O] [P, -5 Preny)| o1 < =200 = Xa) - Bl

|1 P7 (v, (01) 1
(ii) To conclude points that are close to Py, ,)v1, Lemma gives for x € 471,

B\
oA (01 (W) Agap | (41)

and ||g(x)|| < - implies that there exists at least one j = 1, ..., d such that

. 1B\
min ||x + v, < 4v2 Yo (B) 7. (42)



Without loss of generality we suppose the minus sign in the above display is taken, so min||x — v;| <

1/2
442 (/\L(”m) - 1. Then given the definition of v; in (37) we have from Lemma 22| that

'Uir [P;(X)H(X)PT(X)} U1

v [P;(vjﬂ(vj)PT(vj)} vt HP;WH(UJ')PT(W) — P H(%) Prx

IA

>\min B
< =2(A1 = Ag) - ||B(||) + (2L + Lu)|x — vj]|
)\min(B) AHliIl(B) 2
=Gl Fg = - Cu A T iPregv
as long as (combined with {#2))
Bl \'? Amin(B)
L L — . < — e 7

where we applied || Pr(xyv1|| < 1. This completes the proof of Lemma combining with the definition of 3 in ().

E DEFERRED PROOFS OF

We collect the deferred proofs from

E.1 PROOF OF LEMMA EI

Proof [Proof of Lemma Since M =V logé e~ 1, we have from Assumptionthat foreacht > 1,

P (|[D(vi—1;¢e)|| > M) =P (eXP (W) - exp (Zg:»

M T (ve—1; G
< - E < 2e.
_exp( VO‘> exp( va < 2e
where we apply the Markov inequality and Assumption [2](with law of total expectation applied). Taking a union bound,
)

P(Tu <T) < ZP(HF(W—HQ)H > M) < 2T7e.

t=1



E.2 PROOF OF LEMMA

Proof [Proof of Lemma|[3] For all u,v € S%~!, we have

lg(w) = g(@)|| < [T~ wuT [|VF(u) = VE()| + [lvo" —wu’ [[[VF(v)]

S 1- LKHU — ’U” +2||U — ’U” . LF
= (Lk +2LFp)|lu — |,

IH(w) — H(w)|| < [V*F(u) = V2F ()] + (Ju = o[[[|VE(w)]| + [[v][[ VE(u) — VF(v)[)|[1]

< Lgllu—v[+ (lu—v|-Lr+1- Lr[u—wvl|)-1
= (Lo + Lr+ Li)|u—vl,

IV (w) = N @)l < [l = vl|(IVF ()] + [ V2F (w)]|[[ul])

+ [[ol|([VF(u) — VF(v)|| + | V*F (u) = V2F(v)|||[u] + [|[V*F(v)]|||u — v])
<llu—wv||(Lr + Lk -1)+1- (Lrllu —v|| + Lollu —v|| - 1 + L - [[u — v]|)
= (Lr + 3Lk + Lg)|lu — vl

IH@)| < IV2F@)] + lw[VF@) T < Lk +1- Lp -1 = Lg + Lp.

which implies that g(v) is (Lg = Lx + 2Lp)-Lipschitz, H(v) is (Ly = Lq + Lr + Lk )-Lipschitz, N'(v) is (Ly =

Lp + 3Lk + Lg)-Lipschitz and |H(v)|| < By = Lr + Lk within {v : ||| < 1,|jv — v*| < §}.

E.3 PROOF OF LEMMA|§|

Proof [Proof of Lemma@] We have by a Taylor series expansion that for any y € R satisfying |y| < 1/2

- Y| _ 39 < 3y°
O (B I
k=0

When 1 < 1/(5M), on the event (|T(vs_1; ) || < M), by letting y = 2nv, 1T (vi—_1; ;) — 7|7 (vs—1;¢e) || we have

lyl < 20 |v[ T(vi_1; 6| + 0?0 (vee1: G)|I? < 20M + 0> M? < (11/5)nM < 1/2,

and hence combining the above two displays gives

By defining

and

[lve—r = n(ve—1; Gl — 1 — o, T(wem15 G|

<

<

<

—1/2
(1= 200 T (016 + 72T 13 IR = 1= ol T 15¢0)
- 2 (w13 G0
1— 1/2717g Ul t—1; 6t
’( Y) 5|t 5

3y Loy 3 121 50 o 1 50 9 2172
— 4+ "M < - —/p°M —n*M-* < M=,
g T M s e M oM< B

& =I— v v )(D(vi-1;¢) — D(ve—1)VE(v4-1)),

Qi =12 (JJvimr — D (ve—1; ¢ 7 = 1= o T(vi—1:¢)) (vem1 — nD(vi—15 &)

— (v T (W15 €))T (ve-1; o),

the update formula () is equivalent to

Using (@3), we have

vy = V1 — nD(vi—1)g(vi—1) + né + 7’ Q.

1Q:ll <7259 M?- (1 +nM) + M? < TM?.

(43)

(44)

(45)

(46)



Recall that we denote D = D(v*), H, = H(v*), N, = N (v*). By defining
R, = D(/H* +N*)(’Ut_1 — U*) — D('vt_l)g(vt_l), A7
we have
Vt = V-1 — nD(H* +N*)(’Ut71 - ’U*) + 77£t + nRt + 772Qt'

Since (I — v;_yv," ;) is F;_i-measurable, we know that E[¢; | F;_1] = 0 and hence {&;} is a vector-valued martingale
difference sequence. Additionally, we have |T — v;_1v, ;|| < 1, and hence from Assumption [2|and Lemma we know

1€l T (w15 ¢e) = D(wr—1) VE (v 1) [|*

which implies that £ is a-sub-Weibull with parameter G, ).
Finally, we apply the mean-value theorem using (I0) and g(v*) = 0 to obtain

[Re]l = ID(Hs + No)(vr-1 — ") = D(wi-1)g(ve—1)|

<D + N =) - [ M 4 0o — 67) + N (0" + B — v*))dB (v — o)
0

+ 1D = D(ve—1)||[lg(ve—1)l
< D(Ly + Ly)|lvi-1 —v*||* + LpLellvi—1 — v*|?

where we use the Lipschitz continuity of D(v), g(v), #(v), N'(v). This completes the proof of Lemma 6] [ |

E.4 PROOF OF LEMMA
Proof [Proof of Lemma (7] Under initialization condition (I4)), we have the following:
(i) For all unit vector v, since ||v|| = ||[v*|| = 1 we have
o xT o T w Ly LT 1o 1 |2
(™™ ) (v —v")[ = —v" (v —v") = S|v]" =" v+ S|v*||" = S[lv—v7"
2 2 2
Because
T * T * T *
((v*’u* Y(v—v )) ((I —v*v" )(v—wv )) =0,
by the Pythagorean theorem we have
P * % 1 * *
(™o ) (v — v )[I* + (L= v"v" ) (v — ") = [lv — v
Combining the above equalities and plugging in v = v; gives

1
A = oy =" | = e — 0",

which admits the following solution given v,” v* > 0:
lvr — v =2 = VA — 4] A%,

4| A1
1802 < o v = B a2
2+ /4 — 4| Ayl
(ii) Under initialization condition (T4)), for all u € T (v*), we have u H,u > pl|u||?. Hence for < 1/(DBpg ), we have
1T = nDM.)2ull < (1= nDp)'?||u]. (48)

By noticing that (I — nDM.,)*=1/24y € T (v*), for all t > 1, we could inductively plug in (I — DM, )*=1/24 to
w in (@8) and obtain for each ¢ > 0

and hence

1T = nDM.) ull < (1 —nDp)"||ul.



E.5 PROOF OF LEMMA

Proof [Proof of Lemma By left multiplying (I2) in Lemma@by (I — v*v* ") and noticing (I — v*v* )N, = 0, we
obtain

A=A — DI — v v* VH (v 1 —v*) + (1 —v*v* ),
+n(I—v 0" )R+’ (I - v*o* )Qy.
We have the decomposition
I —v*v* NHo(v,1 —v*) = T — v v* VH A+ (T — v v ), - (00" ) (v — v*),
where (I — v*’v*T)’H*At = M, A, and based on Lemmaand |H«|| < By,
L A U L [ P

We set

xt = (I- ’U*U*T)ﬁn

S;=(I—vv* )R, —D-(I—v'v* H, - (v*v* ) (v,_q —v*),

P, = (I—-v'v* Q..
Then by combining all of the results above, we have

A= (I —nDM,) A1 +nxe + 1S + 1Py,

which proves (T7). The rest of Lemma [§]can be easily verified in steps similar to the proof of Lemma 6]

E.6 PROOF OF LEMMAEI

Proof [Proof of Lemma([J] For ¢ = 0 the lemma holds by definition. In general if it holds for ¢ — 1 then from the definitions
in (I8) we have on (¢ < Tps) that S, =8,, P, = P, forall s < ¢, so the conclusion holds for ¢. Iteratively applying (1E)
we obtain (20, which concludes our lemma. |

E.7 PROOF OF LEMMA

Proof [Proof of Lemma([I0]] For any fixed ¢ > 0, we have the following:
(i) For the first term on the right hand of (20) which we repeat here

t
A= (I—nDM.) Ao+ (T—nDM.)"" x,
t B (@)
+7) (I-nDM,)'* S, +7* Y (I-nDM,)' P,
s=1 s=1

since xs € 7 (v*), (I6) in Lemmallmphes (T —nDM.,) 35|l < (1 —nDu)t~*|xs||- Hence we have ||(T —
nDM.)"™ stwa < (L=nDp)"*[[Xsllyo < (1= nDp)'=*GaV and

G2y?

t
ZHWI—WDM XSHw < gl_nD'uz(f s)szz_ o

s=1

Modifying the results in|Fan et al.|[2012] provides a concentration inequality for a-sub-Weibull random vectors, which
t
Ny (I-nDM.)"~

give
2
8G a 3\« a

'A similar concentration inequality method for the scalar case is adopted by [Li and Jordan|[2021]].




(ii) For the second term on the right-hand side of (20), by applying (T6)) in Lemma([7)and using Lemma|8] given |jv,_; —

v*|| <rforalls=1,...,t we have,
t N t T‘2
0> (=DM S <> (1 - nDp)t=* - pr? < pD—. (49)
w
s=1 s=1

(iii) For the third term on the right-hand side of (20), from Lemmawe know || P;|| < 7M? and

t

772 Z (I - TIDM*)t_S ﬁs

s=1

2 : t—s 2 % 2 1
<n Z(l—nDu) -TM Zmlog“€ -1,
s=1

where we use the definition of M in ().

The lemma is concluded by combining the above three items and taking union bound on probability. |

E.8 PROOF OF LEMMA

Proof [Proof of Lemma [IT]] From the given assumptions, under scaling condition (T7), we have

27G,, a D
r= 2max{||A0||7 Jlog% et -771/2} < 2B

vDpu — 16p
We let event _# be (21)) holding for each ¢ € [0,T7, i.e.
_ 8G,V | at2 _ or? V2 2
A, — (T —nDM) A < =2l log™e e /24— 4 Z—loga e !-n.
A= T—7n )o||_mog ey I TR
Then on event ¢, under scaling condition (I7), because ||Ag|| < %, for each t € [0, T] we have
16G,V + r r r

1A < 1Al +

Applying Lemma [I0]and taking a union bound gives

2
P(7)>1- (12 +38 (z) log~ % e—1> Te.

Furthermore, using (L6)) in Lemmaand definition of 7,+ in (T6), if T}, € [0,77], on event _# we have at time 7}

2
16GQV log(git2 671 . 771/2 + ﬂ S

. r
< [I(XT =DM Ao + Dp—8'16 16 — 4

VDu

In Lemma@]we have shown that, on the event (' < Tys), we have A; = A,. In Lemma we have proved P(T < Ty) >
1 — 2Te. Together with Lemma|[I0] we take an intersection and obtain

AT,

2
@ a+2

P/ N(T<Tu)21=-P(7°) —B(T > Tm) 21— <14+8 <2) log™ o 61> Te.

At this point we have proved all elements in Lemma|[TT] |
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