400

401
402
403
404
405

406

407
408
409
410

411

412

413
414
415

416

417

Table 1: Summary of notations.

Variable Meaning

n Number of training samples

T Number of testing samples

d Degrees of freedom (one HGP for each)

! |1 (t)] < a (cf. Assumption 4.2)

K k(t,t') < k (cf. Assumption 4.1)

v v = maxi<j<dll =yl

Yhoise € R™X™ Diagonal time-varying noise variance at training points
R = Yoise /10 Normalized noise variance at training points
Ux?oise,t* eR Noise variance at testing point t*

T2 = Opoise /M Normalized noise variance at testing point t*
0<y<l1 Rii>v1<i<n

S:H—R" Sampling operator with normalization n~'/2
L =55 =K/neR" Normalized Gram matrix with exact kernel
L € R*™ Lr=L+R

¥ (t) = Y(wj,t) Element of approximate feat. vector

d(t) = m=V2[pi(t),. .., ¥m(t)]T  Approximate feat. vector

Syt R™ — R Sampling operator with normalization /2
L =SS}, = K/n € R Normalized Gram matrix with RF kernel
L, r € R Lypnr=Ln+R

A HGP Posterior Equations Revisited

In this section, we will rewrite the exact and approximated HGP posterior equations from Sec-
tion 2 in terms of standard linear operators used in RKHS theory. For a linear operator A,
we denote its adjoint by A*. Let H be the RKHS associated to the kernel of interest. In
order to retrieve a suitable expression, we denote S : H — R" the sampling operator de-
fined as Sf = ﬁ[ f(t1),... f(ta)]*. Moreover, the adjoint of the sampling operator is de-
fined as S* : R" — H : S*a = ﬁ Yoi, aik(ti,-), a; being the i-th entry of a. Now, let
L:R" - R" L := S5* Note that K = nL. Let R = 135, let 7= = Lo2 . Lastly,

n ” noise, t*
let (-, -)gn denote the inner product of n-dimensional vectors. With this notation, let us consider

a single DOF of the trajectory to be processed. The posterior mean of the associated exact HGP
from Equation (1) is

Moreover, the posterior variance from Equation (2) is given by

0% (1) = R(t",6) e — (S(t*, ), (L + R) " Sk(t*, )z ®)

Considering RFs, we can define the operator S,,, : R"™ — R™, S, = ﬁ[{ﬁ(tl) ., @(ty)]T, and
Ly, : R* - R" L, = 5,57, With this notation, let us consider a single DOF of the trajectory
to be processed. The RF-based posterior mean of the associated HGP from Equation (4) can be
rewritten as

~ 1
fpost (t7) = <(Lm + R)71S,, (%), y> . )
P! \/ﬁ an
On the other hand, the RF-based posterior variance from Equation (5) is given by
Gaos (1) = K(E",1%) + e = (S (1), (L + R) ™ Spnp(t7))en. (10)

A summary of the main operators and constants that will appear in the proofs can be found in Table 1.
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Fast matrix inversion By defintion, the operators L,, and S,, are matrices. The inversion of
the matrix L,, + R appearing in Equations (9) and (10) can be performed by means of Woodbury
identity [29], as follows:

Lyt = (SmSy +R)™ (11)
=R ‘'-R'S,(I+S;R'S,)" 'SR . (12)

The latter expression involves inverting an m X m matrix, which boosts the speed of the HGP
posterior calculation if m < n.

B Proofs of the Main Results

In this appendix, we report the proofs of the two main theoretical results of our paper, along with
some technical propositions that will be extensively used. In the following, we denote by Ay the
operator A+ R, with R diagonal positive definite matrix, and by A, the operator A+~.I. Moreover,
in the remainder, ||-|| denotes the operator norm, while ||-||2 denotes the Euclidean norm of a vector.

B.1 Useful Propositions

In this part, we report three propositions that will be useful in the proofs.

Proposition B.1 (Proposition 8 of [25]). Let H be a separable Hilbert space, A, B be two bounded
self-adjoint positive linear operators on H, and A > 0. Then

1A BY2)| < | A2 BY?)| < (13)

1
By
where

B = [ BB = ),V (14)

Proposition B.2. Let S,, : R™ — R", S, = ﬁ[dz(tl) ., @(t)]T, and assume that the entries
of the RF vectors are bounded, that is, |{;(t)| < o,Vj € {1,...,m}. Then,

[1Sm|l < e (15)

Proof. The result follows from the definition of operator norm:

||Sm|| = sup ||S’ma||2 (16)

ack" [|all2<1

1
= sup —=\/{(p(t1),a)3+ -+ (¢(t,),a)? (17)
LS (@), alk ($(tn). )3
1 —
S % na2 = «, (18)
as reported in the statement. O

Proposition B.3. Let A be a bounded positive semi-definite operator, and let Ap = A+ R, with R
diagonal positive definite and A = A + 1. Lastly, assume all entries in R are greater or equal to
~. Then,

AR A2 < 1. (19)

Proof. Noting that Ap — A, = (R — ~I) = 0 by hypothesis, it holds A, < A and thus
—1/2 —1/2 —1/2
| AR AR = AR A0 AR < ) =1 (20)

13



444

445
446
447

448

449

451
452

453
454

456

457
458

459

460
461
462

B.2 Proof of Theorem 4.4 (Deviation of Approximate Posterior Mean)

We report here the proof of Theorem 4.4. We start by considering a single DOF, and generalize to
a d-valued GP at the end of this section. We begin by proving a lemma that will be used to retrieve
the main result.

LemmaB.4. Letm > 8 (% + %) log(%;), and § = (0, 1). Then, the following bound holds, with
probability at least 1 — 6,

2log 8&° 14 a?
_ V2w g %5 ( /7)+

=5 e ey

||(L;1}R — LHSk(t*, )2

Proof. In order to bound the term of interest, we can use the fact that, for any invertible matrices A
and B, A=' — B~ = A=Y(I — AB™') = A=Y(B — A)B~*, and Proposition B.3, as follows:

(L, g — L )SE(*,)l2 (22)
=L, f(Lr = Lm,r) Ly SE(t*, )2 (23)
=L, L LA L ALY 2L YA (L — Ly ) LR SE(E, ) 24)

1 - —_ *
< I m LA IR LY PN AL~ L) L SE(E ) @9)
K _ _ _ —-1/2
gﬁ||Lm}42L§/2||HLﬂ2<L—Lm>Lﬂ2||||LR 23]. (26)

We can now proceed to bound each of the three factors. To start off, let us consider ||L1;1/ ’s ||I. This
term can be bounded by using the polar decomposition of the bounded linear operator .S, as follows.
Let S = (SS*)'/2U, where U is a partial isometry. By Proposition B.3, the definition of polar
decomposition, and by considering that L < L., by definition,

ILR"2S| = 1Lz ?(55%) /%0 27)
—1/2

< |ILx"LY?||u)| (28)

< |ILx"2LY?) ||| (29)

<1. 30)

Now, we can move on to bound ||L;1/2(L - Lm)L§1/2||. To do so, we can observe that, by
definition,

Ly = SmSE, GD
= R - T (32)
M= Wilts) Vi(tn)

Moreover, due to linearity of expectation,
E,[Lm] = L. (33)

We can therefore apply Proposition C.4, with p = m, Q = L, and @, = L,,. Note that Tr L is the
trace of the normalized Gram matrix %K and hence is smaller or equal to 2 under Assumption 4.1.
Lastly, the value of the constant F,(y) in Proposition C.4 can be computed as follows:

< 1 li//i(tl)} L, [¢i(tl)‘|> . o2 an
VI ()] VT L) [ T

Thus, we obtain, with probability at least 1 — 9,
2 2
2log %5 (1 +a?/7) N QIOg%cﬂ.

3m ym

—1/2 —1/2
ILY2(L — Ly,) L] < (35)
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To conclude the proof, we can bound HL;,,%zL}/ ?||. By Proposition B.1, we have that

L2 < where 8 = Amax [L;l/ 2(L - Ln)L;V?]. (36)

1
- a7
According to Equation (33), we can apply Proposition C.4 and see that with probability at least 1 — ¢

2
_ 210g% N QIOgS,YL;QQ

<05 (37)

3m ym

. 2 2
provided that m > 8 (% + "7) log(%%5). O
Proof of Theorem 4.4 1In order to retrieve the main concentration result, we can consider the fol-

lowing decomposition of the error on the posterior mean. By Cauchy-Schwarz inequality and Equa-
tions (7) and (9),

~ 1
Fipot(£°) — post(£°)] = ‘<Lm}RSm¢<t*> ~LRISK(E, ), ﬁy>R" (38)
< UL S d(t) — L pSk(t, ) + L pSk(t, ) — L Sk(t", )l
(39)
< VL, g (Sm(t7) = Sk(t*, )|z + V(L' — Lr")SE(t*, )]l (40)
< U /IS () = S, s + (Ll — LRD)SKE, . (@41

Now, we can upper bound the two norms appearing in the expression above. The first addend can be
directly bounded by applying Corollary C.3. The second addend in Equation (41) can be bounded
by Lemma B.4. Hence, we obtain the following bound with probability at least 1 — 4:

[Fipost (£°) = tpost (%) < /Y| Sm(t*) = SE(t*, )2 + vI[(L,, 5 — L") SE(E*,-)]l2 42)
2y2a4log2TTn N V2kv | 2log %:(14—042/7) N 2log87i;oz2
- mry? Nal 3m ym

(43)

The final result for the vector-valued GP can be obtained by applying a union bound.

B.3 Proof of Theorem 4.5 (Deviation of Approximate Posterior Variance)

In this section, we prove our result related to the concentration of the approximate posterior variance.
Again, we begin by stating some lemmas that will be used in the proof.

Lemma B.5. Ler 6 = (0, 1]. Then, the following bound holds, with probability at least 1 — 6,

2.4 2Tn
2k*at log =5

[(Sk(t",) — Sm(t*), Lz Sk(t*,))rn| < (44)

ym

Proof. By Cauchy-Schwarz,

[(Sk(t*,-) = Sm(t*), L' Sk(t™,-))rn| < |SK(",-) = Snd(t) |2l L' SE(E", )2-  (45)
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486

487

488
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490

491

By using the polar decomposition of S, for a suitable partial isometry operator U, and according
to Propositions B.1 and B.3

LR SK(t*, )2 < LR (SS)YV2U k(" )l (46)
< K|L7' L2 (47)
< k| L 2R 2 L2 (48)
fllL P ol [V ey Al (49)
< |LPri) (50)
— \/,7 Y Yy
K
< \ﬁ' (51)

To conclude the proof, we can observe that, according to Corollary C.3,

_ 41 2Tn
ISKE, ) = St < 4 i (52

Lemma B.6. Let § = (0, 1]. Then, the following bound holds, with probability at least 1 — §,

~ - 2 2041 2Tn
S (1%), L (Sk(t", ) = Smp(t*))n| < T == (53)

Proof. By Cauchy-Schwarz inequality and Proposition B.2,

|(Sm@(t"), L' (SK(t, ) = S (t")) )z

< [1Sm@(t) 2l L (SE(E*, ) = Smd(t))]l2 - (54)
< 1Sl 2| L (SE(E", ) = Sm(t)) ]2
(55)

%nszc( ) = S d(t) - (56)

Now, we can again observe that, according to Corollary C.3,

_ D) 41 2Tn
() = Sm(t)]2 < 1| ==, 57)

which concludes the proof. O

Lemma B.7. Letm > 8 (% ) log( ) and § = (0, 1]. Then, the following bound holds, with
probability at least 1 — 6,

) _ 3./2 210g (1+a2/7) 2log 852 a2
m * Lil —L71 m * n| < 2 "
(Sn(t). (Lx' = Lul)Snd(t en| € =5 3 Vo

(58)
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492 Proof. Firstly, we can observe that, by Cauchy-Schwarz inequality, Propositions B.2 and B.3, the
493 polar decomposition of S,,, and the fact that L,,, < L, - by definition, we have that

[(Sm@(t"),(Ly" = Lyt 2) S (%)) in

= [(Smd(t*), Ly (L — Lin) L3 S () r | (59)
= (L B Sm@(t*), L) (L — Lin) L3 S (t*))o| (60)
<|IL,, 1/2 Sm®(t*)|2l|1L 1 (L — Lin) L7 S (t*)]|2 1)

SOédHL;lz/f(S Se )V PUNL LY Lo YA (L — L) LR Stz (62)

m,R “m,y"m,y
—-1/2 - - —1/2y) 7 —1/2
< o®|L, B LA L P L N (L — L) L3 2L 2L P L
(63)
3
o _ _ -
< ﬁlleWLWIIHLVW(L—Lm)L71/2||~ (64)
494 Now, we can bound the two factors. According to Propositions B.1 and C.4, with probability at least
a5 1 —0,ford € (0,1] and m > 8 (% + 0‘72) log(g,%z), we have that

1L 2 L P LS Y2 (L = L ) L5 2 < V2

496 concluding the proof. O

497 Proof of Theorem 4.5 We are now ready to prove Theorem 4.5. According to Equations (8)
498 and (10), and similarly to what we did for the posterior mean, we can decompose the error on the
499 variance of a single DOF as follows:

|Opost (1) = O (8| =[R (", £°) = (Sk(t*,-), L Sk(t", -))n
— k() + (Sm(t), Ly, S (7)) | (66)
<[k(t*, 1) = k(t*, )]
+(SK(t", ), Lr Sk(t*,))en — (Smd(t"), L, pSm@(t))rn|  (67)
<[k(t*,t%) = k(t", t7)]
+[(SE(t*, ) = Sm(t), L' SE(t*,-))an|
+[(Sm@(t"), Ly Sk(t*, ) = L, nSm (") )n | (68)
<[k(t*,t*) — k(t", >|
+[(SE(t*, ) = Sm(t), L' SE(t*,))en|
+[(Sm(t* >,L < k(t*,) = Smep(t")))mn|
+[(Smd(t*), (L' — Lo 5) S (7)) kn | (69)

s00 Now, we can upper bound the four addends appearing in the decomposition above. The first addend
501 can by directly bounded by Corollary C.2. The second addend of the decomposition in Equation (69)
502 can be bounded by Lemma B.5. The third addend in Equation (69) can be bounded by Lemma B.6.
503 The last addend in Equation (69) can be bounded by Lemma B.7. In this way, we retrieve the result
s04 of Theorem 4.5, obtaining the following bound holding with probability at least 1—9. Having defined
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518
519
520

521
522

523

524

525
526

210g (1+a /7) 210g a2
3m + 'ym

C— \/2(14 log 2L + \/252014 log 241 Lo \/2a4 log 2% + a3v2
m ym v m Nai

|0post () = Opost (1) < (R (E", ), R (£, )30 — (D7), B(7)) e
+ (Sk(t,) — Sm@(t*), L' Sk(t*,))rn
+ [(Smd(t), L' (SK(t",-) = Smb(t")))rn|

+ [(Sm@ (), (Lg" — Ly 5) Sm@(t) ) | (70)
<c. (71)

L — |

The final result for the vector-valued GP can be obtained by applying a union bound.

C Concentration Results

We first provide a few lemmas for the concentration of the approximate kernel functions that derive
from Hoeffding inequality, and then a lemma for the concentration of random operators that derives
from Bernstein inequality. Again, we denote by A, the operator A 4 vI. ||-|| denotes the operator
norm, while ||-||2 denotes the Euclidean norm of a vector.

C.1 Approximation of the Kernel Function

Note that if a uniform convergence of the RF-HGP posterior is seeked w.r.t. the domain of the
function modelled with the HGP, our proofs could be adapted by replacing the following Lemma C.1
with a uniform convergence result. For instance, in the case of RFFs, such a result can be found
in [17, Claim 1].

Lemma C.1. Let § = (0, 1]. Then, for any (t1,t2) it holds with probability at least 1 — §, it holds

4100 2
b(t1)" p(t2) — k(thtz)’ < W, Vi, tg € X, (72)

Proof. To upper bound the quantity of interest, we can use Hoeffding’s inequality for bounded
random variables. Let A;(t1,t2) = ;(t1)¢;(t2) — Eup(w, t1)(w,t2). Since —a? <
¥;(t1)¥;(t2) < a? according to Assumption 4.2, by Hoeffding inequality, we have that

1 2¢2

t
Pro — Y Aj(tr,ta) > — b <2 imal (73)

=1

Therefore, by setting the above upper bound smaller than 6, for § € (0, 1], we get that with proba-
bility at least 1 — §

-~ -~ m 204 log 2
d(t1)" P(t2) — k(t1,t2)‘ :% D At t)| < W~ (74)

j=1
O
Corollary C.2. Let 6 = (0, 1]. Then with probability at least 1 — §, it holds
- - 204 10 2|T\
ST (") — k(t,t7)| < n;g . W eT. (75)

Proof. We apply Lemma C.1 on each element of 7 with ¢’ := §/T'. The claimed result then follows
using a union bound. O
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Corollary C.3. Ler 6 = (0, 1]. Then with probability at least 1 — 6,

- 4 2I'n
[Sm(t™) — Sk(t", )2 < @i%ia Vit e T. (76)
Proof. 1t holds
- 1 2T~ _ 2
[Sm@(t) = Sk(E" )3 = — D | @t (") — k(tint") W)
=1

The result thus follows from applying n7T" times Lemma C.1 on the pairs ((¢;,t*))1<i<n,i+e7 With
probability ¢’ := §/(nd) and using a union bound. O

C.2 Concentration of the Kernel matrix

The following result derives from the Bernstein inequality for sums of random operators on separa-
ble Hilbert spaces in operator norm.

Proposition C.4 (Proposition 6 and Remark 10 of [25]). Let vy, ...,v, withp > 1, be independent
and identically distributed random vectors on a separable Hilbert spaces H such that Q = Ev ® v
is trace-class, and for any \ > 0 there exists a constant Foo (N) < 00 such that (v, (Q+ ) ~v) <
Foo(A) almost everywhere. Let ), = % SF | vi ®v; and take 0 < X < ||Q||. Then for any § > 0,
the following holds with probability at least 1 — §:

_ _ 2w(1l 4+ Fao (A 2WF 50 (A
P b
where w = log 2 ;EQ Moreover, with the same probability,
_ _ 2w 2WF 0 (N)
M [ @3 2(Q = @)@ < 50+ [T (19)
A ( P) A 3p P
Moreover, for any s € (0,1], if ||v;|| < o, we have that, with probability at least 1 — 4,
M [2(Q = Q@3] < s (80)

provided that p > % [% + foo(’y)] log % and \ < [|Q].

D Efficient Matrix Inversion and Online Updates

In this section, we show how the expression of the posterior mean and variance can easily be updated
when adding new samples to the dataset.

We recall that the operators S,, and L, r are matrices and are defined in Appendix A. As discussed
in Appendix A, the inversion of L, g, involved the posteriors of Equations (9) and (10), can be
simplified by applying Woodbury identity [29], as follows:

L)y =(SmSy +R)”! (81)
=R '-R'S,(I+5S:R'S,)" 'SR . (82)
The posterior mean of the HGP in Equation (9) becomes:
- 1

rou(t") = ([R7 = B8 (I 4 Sp, B Sm) T SL R Smt7), oy (83)

T (4% * p— * pD— — * p— 1
=) [I - Ss RSl + S, R™'S) 7 SR 1%y (84)
=) [I-B(I+B)']A (85)
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where A := ﬁS;;R_ly € R™and B := S}, R71S,, € R™*™. Moreover, the only term in the
expression of the posterior variance of Equation (10)

G () =(d(t"), B(t*))rm + nres — (S@(t7), (L + R) ™' S (t")) (86)
which varies with n is

(Sm@(t*), (Lin + B) "' Spp(t*))en (87)

=@ (t") [Sr, R S — S5, RS, (I + S5, R71S,,) 1S5 R™1S,] (), (88)

=¢"(t")[B— B(I+B)"'B] ¢(t"). (89)

When a new human demonstration is gathered, the training set is enlarged by adding n,,¢,, training
points. This means that the matrix .Sy, is updated by adding 7n,., rows (and renormalized), contain-
ing the RF embeddings of the new training points. The same happens to vector y and to the diagonal
matrix R, which is enlarged by adding 7,,¢,, rows and columns. This means that matrices A and B
support online updates. In particular, after initializing A and B to the null matrix, having collected
the new embeddings in Sy, ney € R ™ (with normalization n;ell/f) and the new noise variance

values in Ry, € R™newXnnew (with normalization n,, 1), the updates are as follows:

A A+ niew S;”L,newR’r:elwynew (9())
B« B+ S;L,newR;elem,new~ o1

Having computed the updates, the matrices appearing in the posterior mean and variance can be
computed in constant time w.r.t. the current size of the training set during the data streaming.
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