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ABSTRACT

Neural networks can approximate complex functions, but they struggle to perform
exact arithmetic operations over real numbers. The lack of inductive bias for
arithmetic operations leaves neural networks without the underlying logic needed
to extrapolate on tasks such as addition, subtraction, and multiplication. We present
two new neural network components: the Neural Addition Unit (NAU), which
can learn to add and subtract; and Neural Multiplication Unit (NMU) that can
multiply subsets of a vector. The NMU is to our knowledge the first arithmetic
neural network component that can learn multiplication of a vector with a large
hidden size. The two new components draw inspiration from a theoretical analysis
of recent arithmetic components. We find that careful initialization, restricting
parameter space, and regularizing for sparsity is important when optimizing the
NAU and NMU. Our results, compared with previous attempts, show that the NAU
and NMU converges more consistently, have fewer parameters, learns faster, does
not diverge with large hidden sizes, obtains sparse and meaningful weights, and
can extrapolate to negative and small numbers.

1 INTRODUCTION

When studying intelligence, insects, reptiles, and humans have been found to possess neurons with the
capacity to hold integers, real numbers, and perform arithmetic operations (Nieder, 20165 [Rugani et al.,
2009} |Gallistel, 2018). In our quest to mimic intelligence we have put much faith in neural networks,
which in turn has provided unparalleled and often superhuman performance in tasks requiring high
cognitive abilities (Silver et al.,|2016; |Devlin et al., 2018}, |OpenAl et al., |2018). However, when using
neural networks to learn simple arithmetic problems, such as counting, multiplication, or comparison
they systematically fail to extrapolate onto unseen ranges (Lake & Baronil 2018;|Suzgun et al.,[2019;
Trask et al.,2018). The absence of inductive bias makes it difficult for neural networks to extrapolate
well on arithmetic tasks as they lack the underlying logic to represent the required operations.

We would like to achieve a neural network component that can take an arbitrary hidden input, learn
to select the appropriate elements, and apply the desired arithmetic operation. A recent attempt to
achieve this goal is the Neural Arithmetic Logic Unit (NALU), by [Trask et al.|(2018)).

The NALU consists of two sub-units: the NAC_ for addition/subtraction and the NAC, for multipli-
cation/division. The sub-units are softly gated using a sigmoid function in order to exclusively select
one of the sub-units. However, we find that the soft gating mechanism and the NAC, are fragile and
hard learn.

In this paper, we analyze and improve upon the NAC; and NAC, with respect to addition, subtraction,
and multiplication. Our proposed improvements, namely the Neural Addition Unit (NAU) and Neural
Multiplication Unit (NMU), are more theoretically founded and improves performance regarding
stability, speed of convergence, and interpretability of results. Most importantly, the NMU can
support a large hidden input-size.

The improvements, based on a theoretical analysis of the NALU and its components, are achieved by
a simplification of the parameter matrix for a better gradient signal, a sparsity regularizer, and a new
multiplication unit that can be optimally initialized and supports both negative and small numbers.
The NMU does not support division. However, we find that the NAC, in practice also only supports
multiplication and cannot learn division (for theoretical findings on why division is hard to learn, see

section[2.3)).
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Figure 1: Visualization of NMU for a single output scalar z1, this construction repeats for every
element in the output vector z.

To analyze the impact of each improvement in the NMU by introducing several variants of the NAC,.
We find that, allowing division makes optimization for multiplication harder, linear and regularized
weights improve convergence, and that the NMU style of multiplication is critical when increasing
the hidden size.

Furthermore, we improve upon existing benchmarks in [Trask et al.|(2018)) by expanding the “simple
function task”, using a multiplicative variant of “MNIST Counting and Arithmetic Tasks”, and
introducing a success-criterion. A success-criterion is important because the arithmetic layers are
solving a logical problem. Hence, the solution found is either correct or wrong. A success-criterion
enables measuring sensitivity to the initialization seed as well as the number of iterations until
convergence.

1.1 LEARNING A 10 PARAMETER FUNCTION

Consider the static function t = (z1 + 2) - (z1 + 22 + 23 + 24) for z € R, To illustrate the ability
of NAC,, NALU, and our proposed NMU, we conduct 100 experiemnts for each model, where we
attempt to fit this function. Table [I] show that NMU has a higher success rate and converges faster.

Table 1: Shows the success-rate, when the model converged, and the sparsity error for all weight
matrices, with 95% confidence interval. Each value is a summary of 100 different seeds.

Op Model  Success Solved at Sparsity error
Rate Median Mean Mean
NAC, 13%*%% 55.100 5.9-104 78100 75.10-6 +201070
o NALU 26% %  7.0-10* 7810702100 99.1076 +1T107
NMU  94% 3% 1.4.10% 1.4.104+22100 2¢.10-8 +6-41077

2 INTRODUCING DIFFERENTIABLE BINARY ARITHMETIC OPERATIONS

We define our problem as learning a set of static arithmetic operations between selected elements of a
vector. E.g. for a vector x learn the function (x5 + 1) - 7. The approach taking in this paper, is
to develop layers around specific operations, and then let each layer decide which inputs to include
using backpropagation.

We develop these layers by taking inspiration from an theoretical analysis of Neural Arithmetic Logic
Unit (NALU) by [Trask et al.[|(2018).

2.1 INTRODUCING NALU

The Neural Arithmetic Logic Unit (NALU) consists of two sub-units; the NAC, and NAC,. The
sub-units represent either the {+, —} or the {x, +} operations. The NALU then assumes that either
NAC, or NAC, will be selected exclusively, using a sigmoid gating-mechanism.
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The NAC, and NAC, are defined accordingly,

Why ey = tanh(th,he—l)G(MheA,he—l) (D
Hy 4
NAC, : Zhe = Z th,hl—lzhe—l )
ho_1=1
Hy_y
NAC, : zp, =exp [ Y Wi, log(lzn,_, | +¢) )
he_1=1

where W, M € RFexHe-1 gre weight matrices and 2y, , is the input. The matrices are combined
using a tanh-sigmoid transformation to bias the parameters towards a {—1, 0, 1} solution. Having
{-1,0,1} allows NAC to be perform exact {+, —} operations between elements of a vector. The
NAC, uses an exponential-log transformation to create the { x, =~} operations within e precision and
for positive inputs only.

The NALU combines these units with a gating mechanism z = g ©® NAC, + (1 — g) ® NAC, given
g = 0(Gx). Thus allowing NALU to decide between all of {+, —, x, +} using backpropagation.

2.2  WEIGHT MATRIX CONSTRUCTION AND THE NEURAL ADDITION UNIT

Glorot & Bengio| (2010) show that E|[zp,] = 0 at initialization is a desired property, as it pre-
vents explosion of both the output and the gradients. To satisfy this property with Wj,, | n, =
tanh(Wh,_, n,)o(Mp,_, »,). an initialization must satisfy E[tanh(W}, , »,)] = 0. In the context
of NALU, this initialization is unbiased as it samples evenly between + and —, or x and -+-. Unfor-
tunately, this initialization also causes the expectation of the gradient to become zero, as shown in

@).

E

oL ]E[ oL

- = E |tanh(V E o' (M, = 4
aMhe_l,h( aWh£17h£:| {an (Whl—l’hé):| [U( hl—lvhf) 0 4)

Besides the issue of initialization, our empirical analysis (table 2)) shows that this weight construction
(T) does not create the desired bias for {—1,0, 1} for the addition and subtraction problem.

To solve these issues, we add a sparsifying regularizer to the loss function (£ = L+ Asparse e, sparse)
and use simple linear weight construction, where W}, | p, is clamped to [—1, 1] in each iteration.

Why_1.h, = min(max(Wh, , n,,—1),1), )
1 H( HZ—l

Rl,sparsc =T 7 . Z Z min (|Wh1*1*h5|’ 1- |Whé’1’h£|) ©

He-He 7, =2
e=lhe1=
Hy 1
NAU th = Z th,heflzhe—l (7)

he—1=1

2.3 CHALLENGES OF DIVISION

The NAC,, as formulated in equation 3] has the ability to perform exact multiplication and division,
or more precisely multiplication of the inverse of elements from a vector, when a weight in Wp,, 5,
is —1.
However, this flexibility creates critical optimization challenges. Expanding the exp-log-
transformation, NAC, can be express as
He—1
NAC, : zp, = H (zh,_, | + €)Vretes (8)

he—1=1
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In equation (8), if |25, _, | is near zero (E[zp,_,] = 0 is a desired property when initializing
2010)), Wh,_, ., is negative, and e is small, then the output will explode. This issue is
present even for a reasonably large € value (such as € = 0.1), and just a slightly negative W}, | n,,
as visualized in figure 2] Also note that the curvature can cause convergence to an unstable area.

This singularity issue in the optimization space also makes multiplication challenging, which further
suggests that supporting division is undesirable. These observations are also found empirically in

(see (2018), table 1 and Appendix[C.7).
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(a) NAC, withe = 1077 (b) NAC, with e = 0.1 ©e=1

Figure 2: RMS loss curvature for a NAC_ layer followed by a NAC,. The weight matrices are
constrained to Wy = [l @1 0 O | "Wy = [w2 w2]. The problem is (z1 +x2) - (21 + 2+ 23+ 24)

w1 w1 w1 wi
forx = (1,1.2,1.8,2). The solution is w; = wy = 1 with many unstable alternatives.

2.4 INITIALIZATION OF NAC,

Initialization is important to consider for fast and consistent convergence. One desired property is that
weights can be initialized such that F[z,,] = 0 (Glorot & Bengiol [2010). Using second order Taylor
approximation and assuming all z;,_, are uncorrelated; the expectation of NAC, can be estimated
as

1 Hyy
Bl (14 VWi Jog(Bla )l +7) = Elad>1

As shown in equation [9} satisfying E|[zy,,] = 0 for NAC, is likely impossible. The variance cannot
be input-independently initialized and is expected to explode (proofs in Appendix [B3).

2.5 NEURAL MULTIPLICATION UNIT

To solve the the gradient and initialization challenges for NAC, we propose a new unit for multipli-
cation: the Neural Multiplication Unit (NMU)

Whe_yhe = min(maX(thfhhw 0),1), (10)
1 H, H¢
Risparse = 7—— 3 Y min (Wa,_, 5o 1= W, n,) (11)
He-Hpy jrfy  —
¢=1he_1=
Hy 1
NMU : zp, = H (th—l,hzzhe—l +1- th—l,he) (12)
he—1=1

The NMU is regularized similar to the NAU and has a multiplicative identity when W}, | 5, = 0.
The NMU does not support division by design. As opposed to the NAC,, the NMU can represent
input of both negative and positive values and is not e bounded, which allows the NMU to extrapolate
to zp, , that are negative or smaller than e. Its gradients are derived in Appendix@

2.6 MOMENTS AND INITIALIZATION

The NAU is a linear layer and can be initialized using|Glorot & Bengio| (2010). The NAC_. unit can
also achieve an ideal initialization, although it is less trivial (details in Appendix[B.2).
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The NMU is initialized with E[Wp, p,_,] = /2. Assuming all z;, , are uncorrelated, and
Elzn,_,] = 0, which is the case for most neural units (Glorot & Bengio, 2010), the expectation can
be approximated to

1 Hi—l
Elzp,]) = <2> , (13)

which approaches zero for Hy_1 — oo (see Appendix[B.4). The NMU can, assuming Var|zp,_,| = 1
and H,_ is large, be optimally initialized with Var[W,_, »,] = i (proof in Appendix |B.4.3).

2.7 REGULARIZER SCALING

We use the regularizer scaling as defined in (I4). We motivate this by observing optimization consists
of two parts: a warmup period, where W,, | 5, should get close to the solution, unhindered by the
sparsity regularizer, followed by a period where the solution is made sparse.

i\ t— )‘s r
)\sparse = >\sparse max (min (tat’ 1) 7O> (14)

)\end - )\start

2.8 NALU: CHALLENGES OF GATING BETWEEN NAC_ AND NAC,

The purpose of the gating-mechanism is to select either NAC,. or NAC, exclusively. This assumes
that the correct sub-unit is selected by the NALU, since selecting the wrong sub-unit leaves no
gradient signal for the correct sub-unit.

Empirically we find this assumption to be problematic. We observe that both sub-units converges in
the beginning of training whereafter the gating-mechanism, seamlessly randomly, converges towards
either the NAC . or NAC, (in-depth empirical analysis in appendix [C.5] with results for both a shared
and non-shared weight matrix between NAC, and NAC,).

As the problem size grows, randomly choosing the correct gating value becomes an exponential
increasing problem. Because of these challenges we leave solving the problem of sparse gating for
future work and focus on improving the sub-units NAC . and NAC,.

3 RELATED WORK

Pure neural models using convolutions, gating, differentiable memory, and/or attention architectures
have attempted to learn arithmetic tasks through backpropagation (Kaiser & Sutskever, 2016; [Kalch+
brenner et al.| 2016} |Graves et al, 2014} [Freivalds & Liepins} [2017). Some of these results have
close to perfect extrapolation. However, the models are constrained to only work with well-defined
arithmetic setups with no input redundancy, single operation and binary representations of numbers
for input and output. We propose a model that has the flexibility to learn from hidden representations
of a neural network where it has to work around redundancies and learn the underlying function.

The Neural Arithmetic Expression Calculator (Chen et al., 2018) propose learning real number
arithmetic by having neural network subcomponents and repeatedly combine them through a memory-
encoder-decoder architecture learned with hierarchical reinforcement learning. While this model
has the ability to dynamically handle a larger variety of expressions compared to our solution they
require an explicit definition of the operations.

In our experiments, the NAU is used to do a subset-selection, which is then followed by either
a summation or a multiplication. An alternative, fully differentiable version, is to use a gumbel-
softmax that can perform exact subset-selection (Xie & Ermon, [2019). However, this is restricted to a
predefined subset size, which is a strong assumption that our units are not limited by.
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4 EXPERIMENTAL RESULTS

4.1 ARITHMETIC DATASETS

The arithmetic dataset is a replica of the "simple function task" as shown inTrask et al.|(2018)). The
goal is to sum two random subsets of a vector and perform a arithmetic operation as defined below

$1,end 52 end
t= Z ;o Z x; where x € R", z; ~ Uniform[riower, "upper], © € {+, —, X} (15)

1=81,start 1=S82 start

where n (default 100), U [Fiower; Tupper] (interpolation default is U[1, 2] and extrapolation default is
U[2, 6]), and other dataset parameters are used to assess learning capability (see details in appendix
[C.T]and the effect of varying the parameters in appendix [C.4).

4.1.1 MODEL EVALUATION

We define the success-criterion as a solution that is acceptably close to a perfect solution. To evaluate
if a model instance solves the task consistently we compare the MSE to a nearly-perfect solution
on the extrapolation range over multiple seeds. If W1, W, defines the weights of the fitted model,
W is nearly-perfect and W3 is perfect (example in equation [I6)), then the criteria for successful
convergence is Lw, w, < Lws w;, measured on the extrapolation error, for € = 1075, We report
a 95% confidence interval using a binomial distribution (Wilson, |1927)).

W l—e¢ 1—e¢ O0+€¢ 0+c¢€

17 1—€ 1—€ 1—¢ 1—¢ Wo=[1 1] (16)

To measure speed of convergence the first iteration for which Lw, w, < ﬁw; W3 is reported with a
95% confidence interval, calculated using a gamma distribution with maximum likelihood profiling.
Only models that solved the task are included.

We assume an approximate discrete solution with parameters close to {—1,0, 1} is important for
inferring exact arithmetic operations. To measure the sparsity we introduce a sparsity error (defined
in equation[I7). Similar to the convergence metric we only include model instances that did solve
the task and report the 95% confidence interval, which is calculated using a beta distribution with
maximum likelihood profiling.

Esparsity = hmax min(|Whi—1,he |7 |1 - |Wh£—1,he ||) a7

o—1,he
We choice the optimal set of parameters based on the validation dataset (interpolation range).

4.1.2 ARITHMETIC OPERATION COMPARISON

We compare models on different arithmetic operation o € {4, —, x }. The multiplication models,
NMU and NAC,, have an addition layer first, either NAU or NAC_, followed by a multiplication
layer. The addition models are just two layers of the same unit. The NALU model consists of two
NALU layers. See explicit definitions and regularization values in appendix

Each experiment is trained for 5 - 10° iterations (details in appendix . Results are presented in
table E} For multiplication, the NMU succeeds more often and converges faster. For addition and
subtraction, the NAU model converges faster, given the median, and has a sparser solution. A larger
comparison is in appendix [C.7)and an ablation study is in appendix [C.3]

4.1.3 EVALUATING THEORETICAL CLAIMS

To validate our theoretical claim, that the NMU models works better than N AC, for larger Hy_1, we
increase the hidden size of the network, thereby adding redundant units. Redundant units are very
common neural networks, where the purpose is to fit an unknown function.

Additionally, the NMU model is unlike the N AC, model also capable of handling inputs that are both
negative and positive. To validate this empirically, the training and validation datasets are sampled
for U[—2, 2], and then tested on U[—6, —2] U U[2, 6].
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Table 2: Shows the success-rate, when the model converged, and the sparsity error for all weight
matrices, with 95% confidence interval. Each value is a summary of 100 different seeds.

Op Model Success Solved at Sparsity error
Rate Median Mean Mean

+10% 6 6 +2.9-10° 4 +4.8.1074
NAC, 31% 8% 2.8-10 3.0-10 105 5.8-10~ 96104

+4%
NALU 0% _o0% — — —

X
NMU 98% *17%  1.4-106 1.5.108 +4%100 42.10-7 +29107C
NAC, 100% 797 25.10° 4.9.10° #5210 23.10-1 +651077
Linear 100% +°% 6.1-10* 6.3-10% *23100 95.90-1 +3.0107
+ NALU 14% +8% 1.5-106  1.6-100 ¥3:3100 17,901 +27-1077
NAU 100% * +0% 1.8-10* 3.9.10° +44100  3.9.90-5 +1.31077
NAC, 100% +°% 9.0-10°  3.7-10° £33100 93,901 +341070
Linear 7% fZZ; 33100 1.4.106 £70100 g g.q0-1 721077
— NALU 14% %% 1.9.10° 1.9.106 +44100  9q.q0-1 +221077
NAU 100% * +M 50-10% 1.6.105 *17100 §6.10-2 +231077

Finally, for a fair comparison we introduce two new units: A variant of NAC, called NAC, ,, that

only supports multiplication, by constraining the weights with W = U(W). And a variant, called
NAC, nmu, that uses linear weights and sparsity regularization, identically to that of the NMU.

Figure [3|shows that the NMU can both handle a much larger hidden-size, negative inputs, and that
solving the division and bias issues alone improves the success rate, but are not sufficient when the
hidden-size is large, as there is no ideal initialization.

Success rate Solved at iteration step Sparsity error
1.00- 5e+06 - 0.25-
0.75- 4e+06 - 0.20-
3e+06- | S| 0.15-
0.50-
2e+06 - 0.10-
0281 \ 1e+06- 0.05-
OOO L ] ] i ] ] ] Oe+00 L ] ] ] ] ] OOO L ] ] ] ] ]
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
Hidden size
1.00- | | 0.0025 -
0.75- 3e+06 - ] 1 0.0020 -
1 0.0015-
0.50 - 2e+06 -
™ 0.0010-
0.25- 1 : 1e+06- 0.0005 -
o00- & & 4 % 1 K 4 oges00- | . 0.0000- - —
\ \ \ \ \ D S \ \ \ \ \ \ > \ \ \ \ \ » S
\/ \,]/’1/ 0\0 '» ’7/ 0\’1/ T/’L \9%0 \/ \,L’L \)\Q NQ’L \)\‘L N\/’L S q/Q \/ \,L’L \)\Q x ’L\)\’L :\/’L \9,19
& RS N S TR S R N
Interpolation range
model NAC. nwu NAC.; = NAC. -+ NALU NMU

Figure 3: Shows that the NMU can handle a large hidden size, and works when the input contains
both positive and negative numbers (U[—2, —2]).
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4.2 PRODUCT OF SEQUENTIAL MNIST

To investigate if a deep neural network can be learned when backpropagating through an arithmetic
layer, the arithmetic layers are used as a recurrent-unit to a sequence of MNIST digits, where the
target is to fit the cumulative product. This task is similar to “MNIST Counting and Arithmetic
Tasks” in[Trask et al. (2018ﬂ but uses multiplication rather than addition. Each model is trained on
sequences of length 2, and then tested on sequences of length up to 20 MNIST digits.

We define the success-criterion by comparing the MSE of each model with a baseline model that
has a correct solution for the arithmetic layer. If the MSE of each model, is less than the upper 1%
MSE-confidence-interval of the baseline model, then the model is considered successfully converged.

Sparsity and “solved at iteration step” is determined as described in experiment[4.1} The validation
set is the last 5000 MNIST digits from the training set, which is used to select the best epoch.

1)

In this experiment we found that having an unconstrained “input-network™ can cause the
multiplication-units to learn an undesired solution, e.g. (0.1 -81 + 1 — 0.1) = 9. This solves
the problem with a similar success-rate, but not in the intended way. To prevent such solution, we

regularize the CNN output with R, = H,g,lng fo ZhH;:ll(l — Wh, _1.n,) - (1 — 25, ,)? This

regularizer is applied to the NMU and NAC, nyu models. See appendix for the results, when
this regularizer is not used.

Figure [] shows that the NMU does not hindre learning a more complex neural network. And that it
can extrapolate to much longer sequences than what it is trained on.

Success rate Solved at iteration step Sparsity error
1.00-
3e+05-
0.3-
0.75-
2e+05-
0.50 - 0.2
le+05-
0.25- ! 0.1-
0.00- /\ 0e+00 - 0.0-
12 4 6 8 10 12 14 16 18 20 12 4 6 8 1012 14 16 18 20 12 4 6 8 1012 14 16 18 20
Extrapolation length
model NAC. nmu NAC.; —— NAC. —— LSTM NALU NMU

Figure 4: Shows the ability of each model to backpropergation and extrapolate to longer sequences.

5 CONCLUSION

By including theoretical considerations, such as initialization, gradients, and sparsity, we have
developed a new multiplication unit that outperforms the state-of-the-art models on established
extrapolation and sequential tasks. Our model converges more consistently, faster, to more sparse
solutions, than previously proposed models, and supports all input ranges.

Finally, when it comes to considering more than just two inputs to the multiplication layer, our model
performs significantly better than previously proposed methods and variations of these. The ability
for a neural layer to consider more than just two inputs, is critical in neural networks where the
desired function is unknown.

"The same CNN is used, https://github.com/pytorch/examples/tree/master/mnist,


https://github.com/pytorch/examples/tree/master/mnist
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A GRADIENT DERIVATIVES

A.1 WEIGHT MATRIX CONSTRUCTION

For clarity the weight matrix construction is defined using scalar notation

thh@—l = tanh(th7hef1)U(M’lzyhsz (18)

The of the loss with respect to Whg,hz{—l and Mhz,he_l is then derived using backpropagation.

oL _ oL Wi, he o
Mgy Whihey Wiy,
oL 9,2 N
=g (1~ tanh™(Why ey ))o (Mg s )
hg,h(,l (19)
oL . oL aWhZJW—l
aMh@,hg_l 8thh£71 ath,h(_l
oL - ~ ~
= s tanh(th,hzf1)U(Mhz,hefl)(1 - U(Mhe7hzf1))
aWh,{,h[,_l
As seen from this result, one only needs to consider awi for NAC, and NAC,, as the gradient
with respect to VAV;W he_, and th he_, 1s a multiplication on Waiﬁ.
’ ’ hghg_1
A.2 GRADIENT OF NAC,
The NAC, is defined using scalar notation.
Hy 1
Zhy = €XP Z Wheyth 10g(|2h,371| + 6) (20)
he_lzl
The gradient of the loss with respect to W}, 1, , can the be derived using backpropagation.
0z e
he
—_— = W / 1 ’ 1
G =P 20 Waen Joa(lan [ +6) Jlogllen il +e) )

= zn, log(|zn, [ +€)

. . . H .
We now wish to derive the backpropagation term d;,, = aan’ because zy,, affects {zn,, },, -, this
) :

becomes:

Hg+1 H£+1
5 oL azh@+1 o ath{+1 o)
he = azh oz, oz, o Pt oz, (22)

£ E =1 £+1 £ h5+1:1 13
. . . Oz
To make it easier to derive —5_=** we re-express the 2z, as 2, -
14
H,
Zheyr = €XP ( E Wheii,he log (|2, | + 6)) (23)
he=1

11
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. Ozp .
The gradient of % is then:
)

Ozn,, L Olog(|zp,| + €
H:e)(p(z: th+1,hzlog(|zhz|+e) th+1,th

8zm o1 82}14
H
=ex z@: 144 log(|zn,| +€) | W abs'(2n,) 24
= €Xp het1,he L08\|ZR, het1,he |Zhg| T
he=1

abs’(zn,)
= Rhet1 Whe+1 Jhe %Tge

abs’(zp,, ) is the gradient of the absolute function. In the paper we denote this as sign(zy,, ) for brevity.
However, depending on the exact definition used there may be a difference for 2, = 0, as abs’(0) is
undefined. In practicality this doesn’t matter much though, although theoretically it does mean that
the expectation of this is theoretically undefined when E|[z,,] = 0.

A.3 GRADIENT OF NMU

In scalar notation the NMU is defined as:
Hy_y
Zhy = H (Whé—hhézhl—l +1- Whl—lvhi) (25)

he—1=1

The gradient of the loss with respect to W}, | 5, is fairly trivial. Note that every term but the one
for hy_1, is just a constant with respect to W},, , »,. The product, except the term for hy_; can be

Zh,[ . . . .
e T W e Using this fact, the gradient can be expressed as:

expressed as Wi o,

or oL Oz, oL 25, ( )
= = Zh o,
OWhyhg_y  Ozny OWnghy_y  O%hy Why_y hy2hy_y +1=Why iy

(26)

Similarly, the gradient a‘Zf which is essential in backpropagation can equally easily be derived as:
4

H,

oL - Z oL 62’}” Zhy
=1

H,
azhz—l azhz{ azhz—l ho=1 th—hhzzhﬁ.—l +1- Whl’.—l,hk

thfl,hg (27)

12
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B MOMENTS

B.1 OVERVIEW
B.1.1 MOMENTS AND INITIALIZATION FOR ADDITION

The desired properties for initialization are according to Glorot et al. (Glorot & Bengio, 2010):

E[ZhZ]ZO E[ oL :|=O
8zh£71
(28)

oL oL
Var(|zp,] = Var I:Zhl—l] Var [azml] =Var [3%]

B.1.2 INITIALIZATION FOR ADDITION

Glorot initialization can not be used for NAC. as W, _, p, is not sampled directly. Assuming that

Whyoho_, ~ Uniform[—r, ] and My, 5, , ~ Uniform[—r, 7], then the variance can be derived (see
proof in Appendix [B.2)) to be:

VarWi, . n) = — (1 - tanh(r)) (r — tanh (g)) (29)

2r T

One can then solve for r, given the desired variance (Var[W, , n,| = ﬁ) (Glorot & Bengiol,
2010).

B.1.3 MOMENTS AND INITIALIZATION FOR MULTIPLICATION

Using second order multivariate Taylor approximation and some assumptions of uncorrelated stochas-
tic variables, the expectation and variance of the NAC, layer can be estimated to:

c2 Hy—q

1
fleren) = (14 e Var Wi low(Blen,_ ] + 07

E[Zhg] ~ f (17 1)
Var(zn,] = f(4,1) = f(1,2)

oL
Blga] 0 0
oL oL
Var {32;121} ~ Var [azhj H, f(4,1) Var[Whi, n, ]

1 3
. Var|zp,_,
(um%gm+@2+um%gm+a4 a 0

This is problematic because F[zp,] > 1, and the variance explodes for E[z;, ] =0. E[z, ,|] =0
is normally a desired property (Glorot & Bengiol [2010). The variance explodes for E[z,,_,] = 0,
and can thus not be initialized to anything meaningful.

13
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For our proposed NMU, the expectation and variance can be derived (see proof in Appendix [B.4)
using the same assumptions as before, although no Taylor approximation is required:

Elon,] ~ (;)H

E oL ~
_azhé—l |
1 Hy 1 H 1 Hy 1
Var|zp,] =~ (Var[Wheth} + 4) (Var[zh,zfl] + 1) e (4) 31)
Var oL ~ Var [ oL } Hy
_62’}%71_ 8Z}L[

: <(Var[Wh£_l,m] + i)ml (Varlzn, ] + 1)H“_1>

These expectations are better behaved. It is unlikely that the expectation of a multiplication unit can
become zero, since the identity for multiplication is 1. However, for a large H,_; it will be near zero.

The variance is also better behaved, but does not provide a input-independent initialization strategy.

We propose initializing with Var[Wy,_, »,] = 1. as this is the solution to Var[z;,] = Var[z,_, ]

assuming Var[zp,_,] = 1 and a large Hy_1 (see proof in Appendix . However, more exact
solutions are possible if the input variance is known.

B.2 EXPECTATION AND VARIANCE FOR WEIGHT MATRIX CONSTRUCTION IN NAC LAYERS

The weight matrix construction in NAC, is defined in scalar notation as:

Whth—I - tanh(Whe7h171)J(MhzthA) (32)

Simplifying the notation of this, and re-expressing it using stochastic variables with uniform distribu-
tions this can be written as:

W ~ tanh(W)o (M)
W~ Ul-r,1] (33)
M ~ Ul—r,r]

Since tanh (W) is an odd-function and E[W] = 0, deriving the expectation E[W] is trivial.

E[W] = E[tanh(W)|E[o(M)] = 0 - E[o(M)] = 0 (34)

The variance is more complicated, however as W and M are independent, it can be simplified to:
Var[W] = E[tanh(W)?]|E[o(M)?] — E[tanh(W)]?E[o(M)]? = E[tanh(W)?|E[c(M)?] (35)

These second moments can be analyzed independently. First for E[tanh(W)?]:

oo

E[tanh(WW)?] = / tanh(z)? fy_..(z) dz

— 00
T

1
— tanh(z)? dz
2r ) (36)
% -2 (r — tanh(r))
_ tanh(r)
r

14
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Then for E[tanh(M)2]:
Elo(01)?] = / o(2)* fu (@) da

I
=
\

)

—

&

SN~—
()
o,
&

(37

Which results in the variance:

Var[W] = 2% <1 - m;l(m) (r — tanh (g)) (38)

B.3 EXPECTATION AND VARIANCE OF NAC,
B.3.1 FORWARD PASS

Expectation Assuming that each zj, , are uncorrelated, the expectation can be simplified to:

Hp 1
Elzp,] = E |exp Z Whyhe_y 108(|20,_, | +€)

L he—1=1

[ Hea

E H exp(th,hz—1 IOg(lzhz—1| + 6))
he_1=1

Hp—1 (39)
H E[exp(th,he—l log(lzhz—1| + 6))}

he_1=1

= Elexp(Wi.n_y 1og(|2n, | + )]
= B (|2, + ) e

=F [f(zhz—wth,hz—l)] He

Q

Hy_y

Here we define g as a non-linear transformation function of two independent stochastic variables:
W
f(zth Wh[ahl—l) = (|Zh271| + 6) Pt (40)

We then apply second order Taylor approximation of f, around (E[zp, .|, E[Wh, n, ])-

Elf(2he_ys Whe,he 1)) = E[

f(E[th—Jv E[th,he—J)

7 [9FGng_y Whhg_y)

4 Rho_y1 — E[Zhg,l] Ozpy_y
Whéyhéfl - E[Wh27h271] 0f(zny_y Whyihy_y)
BWhg

vhe—1

{Zh51 = E[tha]
Whlyhlfl = E[Wheyhzq]

T
4 1 Rhy_1 — E[Zhé—l] (41)
2 thhf—l - E[thhl—l]

P f(zny 1 Whpng_ 1) 0 f(Zny_ 1 Whyhp_y)

° 9%2n,_y 0zny_ 1 OWhyohp_y
2 2
O f Gy 1 Whyng_y) O F(Zhg_y Whyny_y) Zhy_, = E[Zhy 1]
32}1,27 BWhZ,hL_ 82Whe’h27 - -
- ! ! ! Whlth—l = E[th7h271]

° [ Zhe_1 — E[zhz—l]
_Whlhhlf—l - E[Whﬁ.,hz—l]

15
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Because E [z, , — Elzn,_,]] =0, E[Whuhe—l _E[Whe,hZ—J] = 0,and Covlzn, ,, Wy, ,] = 0.
This simplifies to:

E[g(zhl—l ’ Whe,hz—1)] ~ g(E[th_l], E[Whe,hz—1]>

%9(zhy 1 Whyohy 1)

T
1 Zhy_y zny_y (42)
* QVGT |:Whl»hl1 825](‘;’;2‘2/1’“/’15"’5*1) Rhy_1 = E[Zhe—1]
et Whehe oy = E[Whe,hz_l]
Inserting the derivatives and computing the inner products yields:
E[f<zhe—1 ) Whe,he—1)] ~ (lE[Zhe—1]| + E)E[Wheﬁe*l]
Ly E EWnenea 122 gy, E[W, 1
+ 5 (Z’I‘[Zhéfl]ﬂ [zhzf1]| + 6) [ hz,hz71]( [ hz,hzf1] - )
1 (43)
+ S VarWa, nJ(Elzn, ]| + )7 log (| Blzn, ]| + )
1
=1+ Evar[Whe,hsz 10g(|E[zh571]| + 6)2
This gives the final expectation:
Hy_
E[Zhe] =F I:g(zhl—17Wh£,hl—1)] o
(44)

Hy_y
1
~ (14 gVarlWi,p_Jiox(|ELs, ] + o)

We evaluate the error of the approximation, where Wy, 5, , ~ U[—rw,7y] and 25, | ~ U[0,7;].
These distributions are what is used in the arithmetic dataset. The error is plotted in figure[5]

50-
40-
error
30- 0.00
o~ -0.02
-0.04
20-
-0.06
10-

Tw

Figure 5: Error between theoretical approximation and the numerical approximation estimated by
random sampling of 100000 observations at each combination of r, and r,,.

Variance The variance can be derived using the same assumptions as used in “expectation”, that
all 25, , are uncorrelated.

Varlen,] = Elz;,] — Elzn,])”
H271 Hé—l

=E| [ Uenesl+0>Werm| =B | T (zne o]+ renm (45)
he_1=1 he_1=1

=F [f(zhz—uQ . th,he—1)] fer E [f(zhz—u th,hz—1)]

2

2-Hyp 1
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We already have from the expectation result in (43)) that:

1
E [f(zhz—uth,hz—J] ~1+ §V0“T[th,he—1] 10g(|E[th—1H + 6)2 (46)

By substitution of variable we have that:

1
E[fGhe1s2 Whepeo)] & 14 5Var2- Wan, ] log(1Elzn, ]|+ €)°

47)
=~ 1+2-Var[Wp, n,_,]10g(|E[zn,_,]| + €)?
This gives the variance:
H,_ 2-Hy_
Var[zh,z] =F [g(zhl—l 2 th,hzf1)] “'—-E [f(zhlza ) Whe,hza)} o
H,_
~ (142 Var(Wh, s, log(|Elen,_, ]| +¢?)™ 48)
1 2'H2—1
- (1 + 5 : Var[th,he—J 10g(|E[th—1H + 6)2)
B.3.2 BACKWARD PASS
Oznyyy

Expectation The expectation of the back-propagation term assuming that d,,,, and 5, are
e
mutually uncorrelated:

Ao 8z; (92’;
Eln]=E| Y 0n., 5 S~ Hop Eon, | E [a “1} (49)
hoir=1 Zhy Zhy
Assuming that zp,,, ,, Wh, | n,, and zj, are uncorrelated:
Oz, abs’(zp,) abs’(zp,)
E|—* | ~E EW, E|——*|=F 0-E|——*| =0 (50
[ Ozn, :| [Zhe+1] [ hz+17he] Lzhzl _’_6:| [Zhé+1] Lzhzl _’_6:| (50)
Variance Deriving the variance is more complicated:
Oz, abs’(zn,)
Var |—=| =V Wh, — 51
o [ = vor [ o 2 s

Assuming again that 25, ,, W, n,, and zj, are uncorrelated, and likewise for their second moment:

Ozp, 9 9 abs’(z1,) ?
Va/r |:8Zh:1:| ~ E[ZhlJrl]E[WhlJrl,hl]E m
abs’(z1,) 2
- E[Zhe+1]2E[th+1-,hz]2E {W}
abs’(zn,) 2
= Elz;, \VarWh,,, n,]E (W (52)
bs' (21, )r
- E 2.0-E abs \Zh,)
[Zhg+1] I: ‘Zh(‘ +e
abs’(zp,) ?
= E[Z}QLHI]V@T[WMH,M]E (zhz|—~—zﬁ
Using Taylor approximation around E|[zp,] we have:
/
E <abs (Zh"')> ~ ! 5 Jr1 0 7 Var|z,]
|2 + e (Bl +€)  2(E[zn,]l +¢) (53)
1 3
= + Var|zp,]
(1Blrl+ 6 (Bl + o) ‘
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Finally, by reusing the result for E[z%b[] from earlier the variance can be expressed as:

oL oL Hy_
1% ~V Hy (142 Var[w, log(|E 2)Tes
“ L?zml} “ [azm} ‘ ( - ar (W, log([Elzn ]| + € )
54
-VarWh, n,_,] ( 1 + 3 Var|z, ]>
25 —1 2 4 —1
(|E[th—1]‘ +6) (|E[Zh£—1]‘ +6)
B.4 EXPECTATION AND VARIANCE OF NMU
B.4.1 FORWARD PASS
Expectation Assuming that all z;,, , are independent:
Hy 1
E[th] =F H (Whe—l,he’zhe—l +1- Wh(—lvhé)
heoa=t (55)

Hy_

~F [Whé—lyhﬂzhf—l +1- Wh@—l,hz] -1
Hy_
z (E[Whe_l,h@]E[Zhg_l] +1-— E[Wh£—1,h1g]) e-1

Assuming that E[zp,_,] = 0 which is a desired property and initializing E[W,_, »,] = /2, the
expectation is:

Elzn) = (EWn,_y n)Elzng o]+ 1 EWn, n]) ™

Hy 1
1 1
”(z'o“‘g) (56)

1 Hg71
2
Variance Reusing the result for the expectation, assuming again that all 25, , are uncorrelated,

and using the fact that W, | j, is initially independent from zj, ,:

Var|zp,] = E[Zig} — Elzn,)”

1 2:Hp—1
~ 5]~ (3)

Hey . N2
Y

he_1=1

(57)

) 1\ 2Hi
E[(Whg 1,heRhy_1 +1-— Whl—l,hg) ]Hef1 _ <2>

( Wh[ 1 hg 2}21,[,1] - 2E[W}%g,17h@]E[Zh[—l] + E[W}%efl,h[]

Hp_ 1 1 2-Hp—1
2B W Bl ] - 26 W] 1)~ (3)

Assuming that E[z;, ,] = 0, which is a desired property and initializing E[W},, , »,] = /2, the
variance becomes:

Varkand = (2092, (e, +1)) " - (5)

2
2-Hp_q
~ (VarWh,_, n + EWn,_, 0,)%) (Varlzn, ] + 1))H/H - (;> oY
, Hy_, . 1 2-Hp_1
— <Va/r[Wth)h£] + 4> (Var[zhefl] + 1) -1 (2)
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B.4.2 BACKWARD PASS

azh{

Expectation For the backward pass the expectation can, assuming that 5)875 and z_— are uncor-
7 re—1
related, be derived to:
oL oL o
E — H,E Zhe
Gzh,v_l _azh[ 8zhH
[oc] [0
~ H,E B |t ]
_8zhz_ _azh,__l
S (59
_me|25 B “he W }
= Hy he_1,h
L0z, ] IWheosheZhey 1= Wheyn, 770
foc ] T Zh
= H,F E . ] E\Wh,_in
_azhz J _Whe—lahi’zhi—l +1- Wh@—lyhl [ v Z]
Initializing E[Wj, , ] =  1!2, and inserting the result for the expectation
Zh T
|:th71vheZ’lzflil_W’lqu N

oL oLl 1\
o |=me (] (5) s

(60)
Hyy
“# o (3)
0z, 2
Assuming that £ [ azf } = 0, which is a desired property (Glorot & Bengio, 2010).
4
oL 1) e
FE ~0-H, - | =
[&h“} ! <2> ©1)
=0
Variance For the variance of the backpropagation term, we assume that ng is uncorrelated with
82}1[ ¢
Bzhl_l :
Var { oL } = H,Var { OL Ozn, ]
82h£71 8zh£ azhz 1
oL 92 r [acr [azh ]
~ Hy| Var E { +FE Var £
‘ ( |:8zh/z :| |:6Zhe1 azhe 82"}!571 62)

oL 0zp,
+ Var {8%@} Var |:azhz1:| >

Assuming again that £/ [%} = 0, and reusing the result £/ { 8;'”5 } = (%)Hz’l.
14

oL oL 1\ 2 e dzn,
ol =ve ) ((0) " o fe]) e

. Oz
Focusing now on Var [ azhhe } , we have:
L—1

- :| ( . )2
Var t 1 =F £
|:8Zh14—1 [ Whe—l,he’zhe—l +1- Wh(—17h£

2
Zhy 2
- F EWn, . n

[WhZhhthel +1- Whelﬁhe:| [ v Z]

E[Wp, , n]

(64)
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Zhy
Whe_1heZhg_ 1 H1=Why_1 .y

Inserting the result for the expectation E[
E[Whe—l,hz] = 1/2'

] and Initializing again

]~ ( : ) |
Var L |~ F £ EW,
|:6th1 Wh/thhzzhzq +1- Whl—hhé [ he*hh[]
IN2ZHe=D) N2
2 2
) (65)
Zh
=F £ ) EW?
(th17hzzhz1 +1- W}ll—hhf [ he—1,he]

1 2-Hp—1
()

Using the identity that E[W? _ , 1 = Var[Wy,_, n] + E[Wh,_,nJ)? and again using
E[Whé—lxhl] = 1/2.

~F

Var |:8th }

82;“271

2

Zhy 1)
W Var|Wy,_ 4z
( he_1,he”hg_1 +1-— Whlhhg) ( [ he 1,hz] 4

1 2-Hp—1
()

2 .
To derive £ [( Ehe ) ] the result for Var|zy,] can be used, but for H,_; =

Who_1ngzng_y +1=Why_ .1,

(66)

2
. . . Zh, o
Hy_4 1, because there is one less term. Inserting F {(thpwzwﬁlWhgl,h) ] =

(Var[Whefl,h[] + i)He*lil (Var[zhefl] + l)H“rl, we have:
Oz I Hy_1—1
1 1\ > e
- (Var[th_l’he] " 4) - (2) (67)
1 Hl—l H 1 1 2'H2—1

= (VGT[Whg_l,hg] + 4) (Var(zn,_ )+ 1) = (2)

Inserting the result for Var [ 8(3% ] into the result for Var [ 3 oL ] :
ho1 Fhy_1

oL oL 1\ 2 He
var [52E-] =var (€] (5)

1\ et Hy_1—1 1\ 2 e
+ VaT[Whe—l,he] + 1 (Var[zhﬂ—l] + 1) “\2
(68)

oL
=Var [8

|
Zhy

1 Hy Hy 1—1
. <<Var[Wh,3hhz] + 4> (Var[zp, ] +1)"" )
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B.4.3 INITIALIZATION

The Wp,_, 1, should be initialized with E[W},,_, n,] = %, in order to not bias towards inclusion or
exclusion of zp,_,. Using the derived variance approximations (68)), the variance should be according
to the forward pass:

11
Var[Wh,_, n,) = ((1 + Var[zhz])_HfflVar[zhz} + 4+ 4Var[zhk])_H“1) He1 I (69)

And according to the backward pass it should be:

1
(Var(zp,] + 1)1_H21> e 1

Var[Whtthhe] = ( H, Z (70)

Both criteria are dependent on the input variance. If the input variance is know then optimal initializa-
tion is possible. However, as this is often not the case one can perhaps assume that Var[z, ,] = 1.
This is not an unreasonable assumption in many cases, as there may either be a normalization layer
somewhere or the input is normalized. If unit variance is assumed, the variance for the forward pass
becomes:

SETE |
VaT[Whe_hhz] = (2_H£—1 + 8—He71) Hy_1 _

(=5 (@™ o)y

And from the backward pass:

217H571 ﬁ 1
Var[Wh,_, n,] = <I{g) 1 (72)

The variance requirement for both the forward and backward pass can be satisfied with
VarlWh, . .n,) = i for a large Hy_ 1.
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C ARITHMETIC TASK

Our “arithmetic task” is identical to the “simple function task” in the NALU paper (Trask et al., | 2018)).
However, as they do not describe their dataset generation, dataset parameters, and model evaluation
in details we elaborate on that here.

The aim of the “Arithmetic task™ is to directly test arithmetic models ability to extrapolate beyond the
training range. Additionally, our generalized version provides a high degree of flexibility in how the
input is shaped, sampled, and the problem complexity.

subset
®© )
)
(T T TTTT I v
X: —overlap— @—»1
NN A
)

©)

subset

Figure 6: Shows how the dataset is parameterized.

C.1 DATASET GENERATION

The goal is to sum two random subsets of a vector x (a and b), and perform an arithmetic operation
on these (a o b).

S1,end $2,end

a= Z r;, b= Z x;, t=aob (73)

1=81,start 1=S82 start

Algorithm [1|defines the exact procedure to generate the data, where an interpolation range will be
used for training and validation and an extrapolation range will be used for testing. Default values are
defined in table Bl

Table 3: Default dataset parameters for “Arithmetic task”

Parameter name Default value Parameter name Default value
Input size 100 Interpolation range  U[1, 2]
Subset ratio  0.25 Extrapolation range U2, 6]

Overlap ratio 0.5

Algorithm 1 Dataset generation algorithm for “Arithmetic task”

1: function DATASET(OP(-,-) : Operation, i : InputSize, s : SubsetRatio, o : OverlapRatio,

R : Range)
2: X < UNIFORM(Rjower; Rupper, ) > Sample ¢ elements uniformly
3: k < UNIFORM(0,1 — 2s — 0) > Sample offset
4: a + SuM(x[ik : i(k + s)]) > Create sum a from subset
5: b« SuM(x[i(k + s — o) 1 i(k + 25 — 0)]) > Create sum b from subset
6: t < Op(a,b) > Perform operation on a and b
7: return x, ¢

C.2 MODEL DEFINTIONS AND SETUP
Models are defined in tabled and are all optimized with Adam optimization (Kingma & Ba, [2014)

using default parameters, and trained over 5 - 10° iterations. Training takes about 8 hours on a single
CPU core(8-Core Intel Xeon E5-2665 2.4GHz). We run 19150 experiments on a HPC cluster.
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The training dataset is continuously sampled from the interpolation range where a different seed is
used for each experiment, all experiments use a mini-batch size of 128 observations, a fixed validation
dataset with 1 - 10* observations sampled from the interpolation range, and a fixed test dataset with
1 - 10* observations sampled from the extrapolation range.

Table 4: Model definitions

Model Layer1 Layer2 ;\sparse Astart  Aend
NMU NAU NMU 10 10° 2106
NAU NAU NAU 0.01 5-10% 5-10*

NAC, NAC; NAC, - - -
NAC., NAC; NAC,, - - -
NAC,nmu NACE  NAC,nmu 10 106 2108

NAC; NAC; NAC, - - -
NALU NALU NALU - - -
Linear Linear Linear - - -
ReLU ReLU RelLU - - -
ReLU6 ReLU6 RelLU6 - - -

C.3 ABLATION STUDY

To validate our model, we perform an ablation on the multiplication problem. Some noteworthy
observations:

1. None of the W constraints, such as R spqrse and clamping W to be in [0, 1], are necessary
when the hidden size is just 2.

2. Removing the Rpqrse causes the NMU to immediately fail for larger hidden sizes.

3. Removing the clamping of W does not cause much difference. This is because R pqrse also
constrains W outside of [0, 1]. The regularizer used here is Rpqrse = min(|W], |1 — W),
which is identical to the one used in other experiments in [0, 1], but is also valid outside [0, 1].
Doing this gives only a slightly slower convergence. Although, this can not be guaranteed in
general, as the regularizer is omitted during the initial optimization.

4. Removing both constraints, gives a somewhat satisfying solution, but with a lower success-
rate, slower convergence, and higher sparsity error.

In conclusion both constraints are valuable, as they provide faster convergence and a sparser solution,
but they are not critical to the success-rate of the NMU.

Success rate Solved at iteration step Sparsity error
1.00- 4 4e+06 - 0251
0.20-
0.75- 3e+06-
0.15-
0.50 - 2e+06-
0.10-
0.25- 1e+06 - 0.05-
0.00- 0e+00 - 0.00-
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
Hidden size
model NMU -+ NMU, no mathcalRgpase —— NMU, no mathcalRgparse, N0 W—clamp NMU, no W-clamp

Figure 7: Ablation study where R pqrse 1S removed and the clamping of W is removed. There are 50
experiments with different seeds, for each configuration.
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C.4 EFFECT OF DATASET PARAMETER

To stress test the models on the multiplication task, we vary the dataset parameters one at a time while
keeping the others at their default value (default values in table[3). Each runs for 50 experiments with

different seeds. The results, are visualized in figure @

For figure the following extrapolation ranges were used:
U[-2,2] — U[-6,—2] U U[2,6], U[0,1] — U[1,5], U[0.1,0.2] — U[0.2,2], U[1,2] — UJ[2,6],

U[-2,—1] — U[-6, 2],

U[10,20] — U[20, 40).

Success rate

1.00-

Solved at iteration step

Sparsity error

Y e U
0.15-
1e+07 -
0.75- »//
0504 7l 0.10-
5e+06 - :
0.25- 0.05-
0.00- 0e+00 - 0.00- 4 - ———tt=t
0 100 200 300 0 100 200 300 0 100 200 300
Size of the input vector
1.00- 4e+06- 0.020-
0.75- 36+06- 4 0.015-
0.50 - 2e+06 - 0.010-
0.25- 1e+06 - 0.005 -
0.00- 0e+00- 0.000-
0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 075 1.00
The ratio of which subsets overlap with each other
1.00-
4e+06-
0.0020-
0.751 3e+06-
0.0015-
0.50- i
2e+06 / 0.0010-
0.25- 1e+06 - 0.0005 - j
0.00- 0e+00 - 0.0000- =
01 02 03 04 05 01 02 03 04 05 01 02 03 04 05
Relative size of subsets compared to input size
model NAC.nmy —— NAC., —— NAC. —— NALU NMU

Figure 8: Shows the effect of the dataset parameters.

C.5 NALU GATING EXPERIMENT

In the interrest of adding some understand of what goes wrong in the NALU gate, and the shared
weight choice that NALU employees to fix this, we introduce the following experiment.

We train two models, to fit the arithmetic task. Both uses the NAC, in the first layer and NALU
in the second layer. The only difference, is that one model shares the weight between NAC_ and

NAC, in the NALU, and the other just consider them two separate models with separate weights.
In both cases NALU should gate between NAC, and NAC, and choose the appropriate operation.

Note that this NALU model is different from the one presented elsewhere in this paper, including the
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original NALU paper (Trask et al.l 2018)). The typical NALU model, is just two NALU layers with
shared weights.

These models are trained for 100 different seeds, on the multiplication and addition task. A histogram
of the NALU gate is presented in figure[9)and a summary is presented in table[5] Some noteworthy
observations:

1. When the weights are separated, far more trials converge to select NAC,, for both the
addition and multiplication task. Sharing the weights between NAC . and NAC,, makes it
less likely for addition to be selected.

2. The performance of the addition task, is strongly correlated with NALU selecting the right
operation. In the multiplication task, even if the right gate is selected, NAC, still struggle to
converge consistently, as also seen elsewhere in this paper.

3. Which gate is selected appears to be mostly random and independent of the task.

These observations validates that the NALU gating-mechanism does not converge as intended. This
becomes a critical issues when more gates are present, as is normally the case.

Seperate Shared

60-

£
40- =
k=
=
2
20- S
solved
0 -
FALSE

count

60- . TRUE

40-

uonippy

20-

O.
mul 025 050 075 add mul 025 050 075 add
Gate

Figure 9: Shows the gating value in the NALU layer followed by a NAC, layer, where the weights
in NAC, and NAC, are either shared or separated.

Table 5: Shows the success-rate, when the model converged, and the sparsity error for all weight
matrices, with 95% confidence interval. Each value is a summary of 100 different seeds. Note, the
NALU models presented here have a fixed N AC layer as the first layer.

Op Model Success Solved at Sparsity error
Rate Median Mean Mean
y NALU (seperate) 22% "2t 2.8-10° 3.3-10° jg;g:;g;’ 5.8-1072 f;‘:;;}gifg
NALU (shared) 24% "2 2.9-10° 3.3.10° *37100 1.0.103 *1110°,
. 4 _ . -2
N NALU (seperate)  51% j}g?g 1.4-10° 2.9-10° jj;g.}gll 1.8-107" ﬂﬂgfz
NALU (shared) 34% 40" 1.8-10°  3.1-10° 2310 1.8.1071 2810,

C.6 REGULARIZATION
The Astart and Apq are simply selected based on how much time it takes for the model to converge.

The sparsity regularizer should not be used during early optimization, as this part of the optimization
is simply about getting each weight on the right side of £0.5.
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In these experiments the scaling factor S\Sparse is optimized. Results are shown in in ﬁgure
and

EN . t— /\start
)\sparse = )\sparse max(mln( ) Y 5 1)7 0) (74)
end — Astart
Success rate Solved at iteration step Sparsity error
1.00- 1200000 - 0.25-
0.75- 0.20-
800000 - 0.15-
0.50-
0.10-
0254 400000 -
. 0.05-
000 L ' ' ' ' ' ' 0 L ' ' ' ' ' ' OOO L ' ' ' ' ' '
0 001 01 1 10 100 0 001 01 1 10 100 0 001 01 1 10 100

Sparse regualizer

model NAU

Figure 10: Shows effect of the scaling factor ;\sparse, on the arithmetic dataset for the 4 operation.

Success rate Solved at iteration step Sparsity error
1.00- 0.25-
4000 - _
0.75 - 0.20
3000 - 0.15-
0.50-
2000 - 0.10-
0.251 1000- 0.05-
OOO L ' ' ' ' ' ' O L ' ' ' ' ' ' OOO L ' ' ' ' ' '
0 001 01 1 10 100 0 001 01 1 10 100 0 001 01 1 10 100

Sparse regualizer

model NAU

Figure 11: Shows effect of the scaling factor S\Sparse, on the arithmetic dataset for the — operation.

Success rate Solved at iteration step Sparsity error
1.00 - 2000000 -
0.75- 1500000 - 4e-04 -
0.50- 1000000 -
2e-04-
0.25- 500000 -
000 L ' ' ' ' ' ' 0 L ' ' ' ' ' ' Oe+00 L ' ' ' ' ' '
0 0.01 01 1 10 100 0 0.01 01 1 10 100 0 001 01 1 10 100

Sparse regualizer

model NMU

Figure 12: Shows effect of the scaling factor S\Sparse, on the arithmetic dataset for the X operation.
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C.7 COMPARING ALL MODELS

Table [6| compares all models on all operations used in NALU (Trask et al.,[2018). All variations of
model and operation, are trained for 100 different seeds. Some noteworthy observations are:

1. Division does not work for any model, including the N AC, and NALU models. This may
seam surprising but is actually inline with the results from the NALU paper (Trask et al.
(2018), table 1), where there is a large error given the interpolation range. The extrapolation
range has a smaller error, but this is an artifact of their evaluation method where they
normalize with a random baseline. Since a random baseline with have a higher error for the
extrapolation range, a similar error will appear to be smaller. A correct solution to division
should have both a small interpolation and extrapolation error.

2. NAC, and NALU are barely able to learn /=, with just 2% success-rate for NALU and 7%
success-rate for N AC,.

3. NMU is fully capable of learning z2. It learns this by learning the same subset twice in the
NAU layer, this is also how N AC, learns 22,

Table 6: Shows the success-rate, when the model converged, and the sparsity error for all weight
matrices, with 95% confidence interval. Each value is a summary of 100 different seeds.

Op Model Success Solved at Sparsity error
Rate Median Mean Mean
NAConwu  93% *4%  1.8-106  1.9-108 477100 g5.10-7 +421077
NAC., 100%*0% 25.10° 26100 55100 4.6.1075 +3:0107
NAC, 31%*10%  28.10° 3.0-100 729100 58.1074 +18107

NACy 0% 5% — — —

Linear 0% 1T2% — — —

—0%
NALU 0% *1% — — —
X i%
NAU 0% *gn — — — —
+1% 6 6 +4.8-10% —7 +2.9.107%
NMU  98% *1%  1.4-10° 1.5-10%7;%10 42.1077 2010,

ReLU 0% T8¢ — — —
ReLU6 0% 1% — — —

NAC.xmu 0% F4% — — —
NAC., 0% % — — — —
NAC, 0% T3 — — —
NAC, 0%*5f — — — —
Linear 0% t4% — — —
NALU 0% 4% — — —
NAU 0% 4% — — —

NMU 0% 4% — — —
ReLU 0% *47% — — —
ReLU6 0% +4% — — —

27



Under review as a conference paper at ICLR 2020

Table 6: Shows the success-rate, when the model converged, and the sparsity error for all weight
matrices, with 95% confidence interval. Each value is a summary of 100 different seeds. (continued)

Op Model Success Solved at Sparsity error
Rate Median Mean Mean

NACenmu 0% fé;ﬁ — — —

4%
NAC., 0% ‘o0 — — —

NAC, 0%t — — — —
NAC,; 100% 0% 25.105 4.9-10° +5.2:10" 98 -1 +6.5:107°

3 +0% 4 4 +2.5-1 —1 +3.6-10™
Linear - 100% 47 6.1-10"  6.3-10% 75305 2.5-1071 g,
NALU 14% 5% 15-10° 1.6-100 35100 1.7.1071 27107,

+0% 4 5 +4.4-10* -5 +1.3.107°

NAU 100% *9% 1.8-10* 3.9-10° 310, 3.2.1075 71310

NMU 0% T3¢ — — —
ReLU 62% *9%  6.2-10* 7.6-10* #5310 95.10-1 +24107
ReLU6 0% "ot — — —
NAC,nmu 0% fé?; — — —
NAC., 0% 5% — — — —
NAC, 0% e — — — —
NAC, 100% *9% 9.0-10% 3.7.10° #3100 93,101 541077

4% 5 75.4410:2
Linear 7% "7 3.3-10° 1.4-100 770900 1.8.1071 12107,
NALU 14% 3% 1.9-10° 1.9.108 F44100  9q.q0—1 +221077
- NAU 100% 9% 5.0-10% 1.6-10° *17100 66.10-2 +2510°7
NMU  56% *9%  1.0-105  1.0-10° *28100  34.10-4 +321077
+4%

ReLU 0% - — —

ReLU6 0% it — — —
NACenwu 3% 737 1.0-10° 1.0-10° 1.7.1071 831077

4%
NAC,, 0% 3¢ — — —

NAC, 7% *7% 4.0-105 1.5.100 t6:010° o 4 j9-1 +1.7-107°

4% —5.6-10° —1.7-10—2
NAC; 0% a7t — — —
Linear 0% fé;‘; — — —
. 6 . . —6
vz NALU 2% 51% 2.6-105 33108 F,510;  5.0-1071 3000
NAU 0% *oe  — — —
NMU 0% 3% — — —
ReLU 0% +4% — — —

+4%
ReLU6 0% *37% — — —
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Table 6: Shows the success-rate, when the model converged, and the sparsity error for all weight
matrices, with 95% confidence interval. Each value is a summary of 100 different seeds. (continued)

Op Model Success Solved at Sparsity error
Rate Median Mean Mean
o 104 -~ 10-8
NAC.nmu  100% 796 1.4-10  1.5-10° jg;;,;gi 2.9-1077 fiii.}&s
NAC,, 100% *%% 1.9.10° 1.9-10° 3510  1.8.1072F}310°,

NAC, 77%&5;1 3.3-108  3.2.100 F1610°  qg8.10-2 4581077
NAC, 0% — — —
Linear 0% féé’ — — —

+4%
NALU 0% *i% — — —

Z2 &
NAU 0% "ot — — —
NMU  100% *9% 1.2-106 1.3-108 *31100 37.10-5 34107
+4%
ReLU 0% 1% — — —

+4%
ReLU6 0% 4% — — —
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D SEQUENTIAL MNIST

D.1 TASK AND EVALUATION CRITERIA

The simple function task is a purely synthetic task, that doesn’t require a deep network. As such
it doesn’t tests if an arithmetic layer prevents the networks ability to be optimized using gradient
decent.

The sequential MNIST task, takes the numerical value of a sequence of MNIST digits and then
applies a binary operation recursively. That is t; = Op(t;_1, z¢), where z; is the MNIST digit’s
numerical value.

As the performance of this task depends on the quality of the image-to-scalar network, as well as the
arithmetic layer itself. As threshold has to be determined from an empirical baseline. This is done by
letting the arithmetic layer be solved, such that only the image-to-scalar is learned. By learning this
over multiple seeds an an upper bound for an MSE threshold can be set. In our experiment we use
the 1% one-sided upper confidence-interval, assuming a student-t distribution.

A success-criteria is again used, as reporting the MSE is not interpretable, and models that don’t
converge will obscure the mean. Furthermore, because the operation is applied recursively, natural
error from the dataset will accumulate over time, thus exponentially increasing the MSE. Using a
baseline model and reporting the successfulness solves this issue.

D.2 WITHOUT THE R, REGULARIZER

As an ablation study of just the R, regularizer, ﬁgure@ shows the NMU and NAC, nyy models
without the R, regularizer. The success-rate is somewhat similar. However, as seen in the “sparsity
error” plot, the solution is quite different.

Success rate Solved at iteration step Sparsity error
1.00 -
3e+05-
0.3-
0.75-
2e+05-
0.50 - 0.2
0.254 1le+05- A 0.1-
0.00- - /\ 0e+00 - 0.0-
12 4 6 8 101214 16 18 20 12 4 6 8 1012 1416 18 20 12 4 6 8 1012 1416 18 20
Extrapolation length
model NAC. nmu NAC.; —— NAC. —— LSTM NALU NMU

Figure 13: Shows the ability of each model to backpropergation and extrapolate to larger sequence
lengths. The NMU and NAC, nyvu models does not use the R, regularizer.

30



	Introduction
	Learning a 10 parameter function

	Introducing differentiable binary arithmetic operations
	Introducing NALU
	Weight matrix construction and the Neural Addition Unit
	Challenges of division
	Initialization of NAC-mul
	Neural multiplication unit
	Moments and initialization
	Regularizer scaling
	NALU: Challenges of gating between NAC-add and NAC-mul

	Related work
	Experimental results
	Arithmetic datasets
	Model evaluation
	Arithmetic operation comparison
	Evaluating theoretical claims

	Product of sequential MNIST

	Conclusion
	Gradient derivatives
	Weight matrix construction
	Gradient of NAC-mul
	Gradient of NMU

	Moments
	Overview
	Moments and initialization for addition
	Initialization for addition
	Moments and initialization for multiplication

	Expectation and variance for weight matrix construction in NAC layers
	Expectation and variance of NAC-mul
	Forward pass
	Backward pass

	Expectation and variance of NMU
	Forward pass
	Backward pass
	Initialization


	Arithmetic task
	Dataset generation
	Model defintions and setup
	Ablation study
	Effect of dataset parameter
	NALU gating experiment
	Regularization
	Comparing all models

	Sequential MNIST
	Task and evaluation criteria
	Without the R_z regularizer


