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ABSTRACT

We study discrete-time mean-field Markov games with infinite numbers of agents
where each agent aims to minimize its ergodic cost. We consider the setting
where the agents have identical linear state transitions and quadratic cost func-
tions, while the aggregated effect of the agents is captured by the population mean
of their states, namely, the mean-field state. For such a game, based on the Nash
certainty equivalence principle, we provide sufficient conditions for the existence
and uniqueness of its Nash equilibrium. Moreover, to find the Nash equilibrium,
we propose a mean-field actor-critic algorithm with linear function approxima-
tion, which does not require knowing the model of dynamics. Specifically, at
each iteration of our algorithm, we use the single-agent actor-critic algorithm to
approximately obtain the optimal policy of the each agent given the current mean-
field state, and then update the mean-field state. In particular, we prove that our
algorithm converges to the Nash equilibrium at a linear rate. To the best of our
knowledge, this is the first success of applying model-free reinforcement learn-
ing with function approximation to discrete-time mean-field Markov games with
provable non-asymptotic global convergence guarantees.

1 INTRODUCTION

In reinforcement learning (RL) (Sutton and Barto, 2018)), an agent learns to make decisions that
minimize its expected total cost through sequential interactions with the environment. Multi-agent
reinforcement learning (MARL) (Shoham et al.| 2003;{2007; Busoniu et al., 2008) aims to extend RL
to sequential decision-making problems involving multiple agents. In a non-cooperative game, we
are interested in the Nash equilibrium (Nash,|1951), which is a joint policy of all the agents such that
each agent cannot decrease its expected total cost by unilaterally deviating from its Nash policy. The
Nash equilibrium plays a critical role in understanding the social dynamics of self-interested agents
(Ashl 2000; |Axtell,2002) and constructing the optimal policy of a particular agent via fictitious self-
play (Bowling and Veloso, |2000; |Ganzfried and Sandholm| 2009). With the recent development in
deep learning (LeCun et al.||2015)), MARL with function approximation achieves tremendous empir-
ical successes in applications, including Go (Silver et al., 2016; 2017), Poker (Heinrich and Silver,
2016; Moravcik et al., |2017), Star Craft (Vinyals et al., |2019), Dota (OpenAl, 2018), autonomous
driving (Shalev-Shwartz et al.,2016)), multi-robotic systems (Yang and Gul2004), and solving social
dilemmas (de Cote et al., [2006; Leibo et al., 2017;|Hughes et al.,[2018]). However, since the capacity
of the joint state and action spaces grows exponentially in the number of agents, such MARL ap-
proaches become computationally intractable when the number of agents is large, which is common
in real-world applications (Sandholm, 2010; |Calderonel |2017; |Wang et al., 2017a).

Mean-field game is proposed by [Huang et al.| (2003} |2006); Lasry and Lions| (2006ajb; 2007)) with
the idea of utilizing mean-field approximation to model the strategic interactions within a large pop-
ulation. In a mean-field game, each agent has the same cost function and state transition, which
depend on the other agents only through their aggregated effect. As a result, the optimal policy of
each agent depends solely on its own state and the aggregated effect of the population, and such an
optimal policy is symmetric across all the agents. Moreover, if the aggregated effect of the popula-
tion corresponds to the Nash equilibrium, then the optimal policy of each agent jointly constitutes a
Nash equilibrium. Although such a Nash equilibrium corresponds to an infinite number of agents, it
well approximates the Nash equilibrium for a sufficiently large number of agents (Bensoussan et al.,
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2016). Also, as the aggregated effect of the population abstracts away the strategic interactions be-
tween individual agents, it circumvents the computational intractability of the MARL approaches
that do not exploit symmetry.

However, most existing work on mean-field games focuses on characterizing the existence and
uniqueness of the Nash equilibrium rather than designing provably efficient algorithms. In par-
ticular, most existing work considers the continuous-time setting, which requires solving a pair of
Hamilton-Jacobi-Bellman (HJB) and Fokker-Planck (FP) equations, whereas the discrete-time set-
ting is more common in practice, e.g., in the aforementioned applications. Moreover, most existing
approaches, including the ones based on solving the HIB and FP equations, require knowing the
model of dynamics (Bardi and Priulil [2014), or having the access to a simulator, which generates
the next state given any state-action pair and aggregated effect of the population (Guo et al.,|2019),
which is often unavailable in practice.

To address these challenges, we develop an efficient model-free RL approach to mean-field game,
which provably attains the Nash equilibrium. In particular, we focus on discrete-time mean-field
games with linear state transitions and quadratic cost functions, where the aggregated effect of the
population is quantified by the mean-field state. Such games capture the fundamental difficulties
of general mean-field games and well approximates a variety of real-world systems such as power
grids (Minciardi and Sacile| 2011, swarm robots (Fang| [2014; |Araki et al., 2017} Doerr et al.,
2018), and financial systems (Zhou and Li, 2000; Huang and Li, [2018)). In detail, based on the
Nash certainty equivalence (NCE) principle (Huang et al.| [2006; 2007)), we propose a mean-field
actor-critic algorithm which, at each iteration, given the mean-field state ;, approximately attains
the optimal policy 7, of each agent, and then updates the mean-field state y assuming that all the
agents follow 7. We parametrize the actor and critic by linear and quadratic functions, respectively,
and prove that such a parameterization encompasses the optimal policy of each agent. Specifically,
we update the actor parameter using policy gradient (Sutton et al.,|2000) and natural policy gradient
(Kakadel 2002; |Peters and Schaal, [2008}; Bhatnagar et al., [2009) and update the critic parameter
using primal-dual gradient temporal difference (Sutton et al.l 2009afb). In particular, we prove that
given the mean-field state y, the sequence of policies generated by the actor converges linearly to the
optimal policy 7. Moreover, when alternatingly update the policy and mean-field state, we prove
that the sequence of policies and its corresponding sequence of mean-field states converge to the
unique Nash equilibrium at a linear rate. Our approach can be interpreted from both “passive” and
“active” perspectives: (i) Assuming that each self-interested agent employs the single-agent actor-
critic algorithm, the policy of each agent converges to the unique Nash policy, which characterizes
the social dynamics of a large population of model-free RL agents. (ii) For a particular agent,
our approach serves as a fictitious self-play method for it to find its Nash policy, assuming the other
agents give their best responses. To the best of our knowledge, our work establishes the first efficient
model-free RL approach with function approximation that provably attains the Nash equilibrium
of a discrete-time mean-field game. As a byproduct, we also show that the sequence of policies
generated by the single-agent actor-critic algorithm converges at a linear rate to the optimal policy
of a linear-quadratic regulator (LQR) problem in the presence of drift, which may be of independent
interest.

Related Work. Mean-field game is first introduced in [Huang et al.| (2003; 2006); Lasry and Li-
ons| (2006ajb; 2007). In the last decade, there is growing interest in understanding continuous-time
mean-field games. See, e.g., |Guéant et al.| (2011)); Bensoussan et al.| (2013)); |Gomes et al.| (2014);
Carmona and Delarue| (2013; 2018)) and the references therein. Due to their simple structures,
continuous-time linear-quadratic mean-field games are extensively studied under various model as-
sumptions. See [Li and Zhang| (2008)); Bardi (2011); Wang and Zhang| (2012); Bardi and Priuli
(2014); Huang et al.[(2016a3b); | Bensoussan et al.|(2016;2017); Caines and Kizilkale| (2017);|Huang
and Huang| (2017)); Moon and Basar| (2018)); Huang and Zhou| (2019)) for examples of this line of
work. Meanwhile, the literature on discrete-time linear-quadratic mean-field games remains rela-
tively scarce. Most of this line of work focuses on characterizing the existence of a Nash equi-
librium and the behavior of such a Nash equilibrium when the number of agents goes to infinity
(Gomes et al., |2010; [Tembine and Huang| 2011; Moon and Basar, 2014; Biswas, [2015}; Saldi et al.,
2018aib; 2019). See also|Yang et al.| (2018a), which applies maximum entropy inverse RL (Ziebart;
et al., [2008) to infer the cost function and social dynamics of discrete-time mean-field games with
finite state and action spaces. Our work is most related to |Guo et al|(2019), where they propose
a mean-field Q-learning algorithm (Watkins and Dayan, |1992)) for discrete-time mean-field games



Under review as a conference paper at ICLR 2020

with finite state and action spaces. Such an algorithm requires the access to a simulator, which,
given any state-action pair and mean-field state, outputs the next state. In contrast, both our state
and action spaces are infinite, and we do not require such a simulator but only observations of
trajectories. Correspondingly, we study the mean-field actor-critic algorithm with linear function
approximation, whereas their algorithm is tailored to the tabular setting. Also, our work is closely
related to |Mguni et al.| (2018)), which focuses on a more restrictive setting where the state transi-
tion does not involve the mean-field state. In such a setting, mean-field games are potential games,
which is, however, not true in more general settings (Li et al., 2017; Briani and Cardaliaguet, [2018]).
In comparison, we allow the state transition to depend on the mean-field state. Meanwhile, they
propose a fictitious self-play method based on the single-agent actor-critic algorithm and establishes
its asymptotic convergence. However, their proof of convergence relies on the assumption that the
single-agent actor-critic algorithm converges to the optimal policy, which is unverified therein. In
addition, our work is related to|Jayakumar and Adityal (2019)), where the proposed algorithm is only
shown to converge asymptotically to a stationary point of the mean-field game.

Our work also extends the line of work on finding the Nash equilibria of Markov games using
MARL. Due to the computational intractability introduced by the large number of agents, such a
line of work focuses on finite-agent Markov games (Littman, |1994; 2001; |Hu and Wellman, [1998;
Bowling| 2001} [Lagoudakis and Parr}, 2002; |[Hu and Wellman), 2003} |(Conitzer and Sandholml, 2007
Perolat et al., |2015} [Pérolat et al.l |2016bja; 2018; |Wei et al., [ 2017; Zhang et al., 2018; Zou et al.,
2019; [Casgrain et al., |2019). See also [Shoham et al.| (2003 2007); Busoniu et al.| (2008); L1/ (2018])
for detailed surveys. Our work is related to|Yang et al.|(2018b), where they combine the mean-field
approximation of actions (rather than states) and Nash Q-learning (Hu and Wellman, 2003)) to study
general-sum Markov games with a large number of agents. However, the Nash Q-learning algorithm
is only applicable to finite state and action spaces, and its convergence is established under rather
strong assumptions. Also, when the number of agents goes to infinity, their approach yields a variant
of tabular Q-learning, which is different from our mean-field actor-critic algorithm.

For policy optimization, based on the policy gradient theorem, Sutton et al.| (2000); Konda and Tsit-
siklis| (2000) propose the actor-critic algorithm, which is later generalized to the natural actor-critic
algorithm (Peters and Schaal, [2008}; [Bhatnagar et al., 2009). Most existing results on the conver-
gence of actor-critic algorithms are based on stochastic approximation using ordinary differential
equations (Bhatnagar et al., [2009; |Castro and Meir}, |2010; [Konda and Tsitsiklis, [2000; |[Maei, |2018)),
which are asymptotic in nature. For policy evaluation, the convergence of primal-dual gradient tem-
poral difference is studied in [Liu et al.| (2015)); Du et al.| (2017); [Wang et al.| (2017b); [Yu| (2017);
Wai et al.[(2018). However, this line of work assumes that the feature mapping is bounded, which
is not the case in our setting. Thus, the existing convergence results are not applicable to analyzing
the critic update in our setting. To handle the unbounded feature mapping, we utilize a truncation
argument, which requires more delicate analysis.

Finally, our work extends the line of work that studies model-free RL for LQR. For example, [Bradtke
(1993); Bradtke et al.| (1994) show that policy iteration converges to the optimal policy, Tu and
Recht (2017); Dean et al.| (2017) study the sample complexity of least-squares temporal-difference
for policy evaluation. More recently, Fazel et al.| (2018)); Malik et al.| (2018)); 'Tu and Recht| (2018))
show that the policy gradient algorithm converges at a linear rate to the optimal policy. See as also
Hardt et al.|(2016);|Dean et al.| (2018)) for more in this line of work. Our work is also closely related
to|Yang et al.| (2019), where they show that the sequence of policies generated by the natural actor-
critic algorithm enjoys a linear rate of convergence to the optimal policy. Compared with this work,
when fixing the mean-field state, we use the actor-critic algorithm to study LQR in the presence of
drift, which introduces significant difficulties in the analysis. As we show in §3| the drift causes the
optimal policy to have an additional intercept, which makes the state- and action-value functions
more complicated.

Notations. We denote by || M ||, the spectral norm, p(M) the spectral radius, omin (M) the min-
imum singular value, and oy,.x (M) the maximum singular value of a matrix M. We use |||z to
represent the ¢>-norm of a vector a, and ()? to denote the sub-vector (c;, @11, ...,a;) ", where
ay, is the k-th entry of the vector a. For scalars aq,...,a,, we denote by poly(as,...,ay) the
polynomial of ay, . .., ay, and this polynomial may vary from line to line. We use [n] to denote the
set {1,2,...,n} forany n € N.
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2 LINEAR-QUADRATIC MEAN-FIELD GAME

A linear-quadratic mean-field game involves IV, € N agents. Their state transitions are given by

N,

. , 1 e , .

Tpyy = Avp+ Bup+ A- =) ol +d e, VE> 0,0 €[N,
a]zl

where i € R™ and u! € R’f are the state and action vectors of agent 4, respectively, the vector
d" € R™ is a drift term, and w; € R™ is an independent random noise term following the Gaussian

distribution A/(0, ¥,,). The agents are coupled through the mean-field state 1/N, - Ej\;“l 2. In the
linear-quadratic mean-field game, the cost of agent i € [IV,] at time ¢ > 0 is given by

N, T N,
i i i i i 1 Za i\ A 1 Zﬂ j
Ct = (xt)TQ‘rt + (ut)TRut + <N xi) Q(N xi)?
a4=1 a4=1

where ui follows 7, i.e., the policy of agent i. To measure the performance of agent i following its
policy 7* under the influence of the other agents, we define the expected total cost of agent ¢ as

T
Jirt, 7?7l = Th_{nwE<;’ Zc@)
t=0
We are interested in finding a Nash equilibrium (7%, 72, ..., 7™), which is defined by
Jirt, .t et p T e < iRt e T F L ), VR, i € [Ny).
That is, agent ¢ cannot further decrease its expected total cost by unilaterally deviating from its Nash
policy.

For the simplicity of discussion, we assume that the drift term d° is identical for each agent. By
the symmetry of the agents in terms of their state transitions and cost functions, we focus on a fixed
agent and drop the superscript ¢ hereafter. Further taking the infinite-population limit N, — oo leads
to the following definition of linear-quadratic mean-field game (LQ-MFG).

Problem 2.1 (LQ-MFG). We consider the following formulation

Tiy1 = AIt + But + ZEIZ’: + d + wy,

c(we, ue) = wf Qe +uf Rue + (Ea) T Q(Eay),
T

1
T C(xmut)],

t=0

J(r) = lim E

T—o0

where ; € R™ is the state vector, u; € R¥ is the action vector generated by the policy 7, {z} };>0
is the trajectory generated by a Nash policy 7* (assuming it exists), w; € R™ is an independent
random noise term following the Gaussian distribution M (0, ¥,,), and d € R™ is a drift term.
Here the expectation Ex} is taken over the identical agents. We aim to find 7* such that J(7*) =
infﬂ—e]'[ J(Tf)

The formulation in Problem@]is studied by|Lasry and Lions|(2007); Bensoussan et al.|(2016);[Saldi
et al.| (2018aib). We propose a more general formulation in Problem|[C.1|(see §C|of the appendix for
details), where an additional interaction term between the state vector x; and the mean-field state
Ezj is included in the cost function. According to our analysis in up to minor modification, the
results in the following sections also carry over to Problem[C.1I] Therefore, for the sake of simplicity,
we focus on Problem [2.1]in the sequel.

Note that the mean-field state [Ez} converges to a constant vector u* as ¢ — oo, which serves as
a fixed mean-field state, since the Markov chain of states generated by the Nash policy 7* admits
a stationary distribution. As we consider the ergodic setting, it suffices to study Problem [2.1] with
t — oo, which motivates the following drifted LQR (D-LQR) problem, where the mean-field state
acts as another drift term.
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Problem 2.2 (D-LQR). Given a mean-field state ;x € R™, we consider the following formulation
Ti4+1 = A.’I,'t + B’U/t +ZM + d + Wt,
cu(me,ur) = 2 Quy + u) Ruy + p' Qp,

T
. 1
Ju(m) = Th_IgOE[T E cu(a:t,ut)],
t=0

where z; € R™ is the state vector, u; € R is the action vector generated by the policy 7, w; € R™
is an independent random noise term following the Gaussian distribution N'(0, ¥,,), and d € R™ is
a drift term. We aim to find an optimal policy 7}, such that J,,(;) = infrem J,. (7).

For the mean-field state ;1 = p*, which corresponds to the Nash equilibrium, solving Problem [2.2]
gives 7., which coincides with the Nash policy 7* defined in Problem Compared with the
most studied LQR problem (Lewis et al., 2012), both the state transition and the cost function in
Problem @] have drift terms, which act as the mean-field “force” that drives the states away from
zero. Such a mean-field “force” introduces additional challenges when solving Problemn 2.2]in the
model-free setting (see §3.3] -for details). On the other hand, the unique optimal policy 7; of Problem
. adm1ts a linear form H(:ct) = —Kg~ =Ty b,r (Anderson and Moorel, [2007), Where the matrix

K € R**™ and the vector b, € R* are the parameters of 7,,- Motivated by such a linear form
of the optimal policy, we define the class of linear-Gaussian policies as

M= {n(z)=—-Kz+b+o-n: KcR>*" bcRF, @2.1)

where the standard Gaussian term 1 € R* is included to encourage exploration. To solve Problem
[2.2] it then suffices to find the optimal policy within II.

Now, we introduce the definition of the Nash equilibrium pair (Saldi et al., [2018aib). The Nash
equilibrium pair is characterized by the NCE principle, which states that it suffices to find a pair of
7* and p*, such that the policy 7* is optimal for each agent when the mean-field state is ©*, and all
the agents following the policy 7* generate the mean-field state u* as ¢ — oco. To present its formal
definition, we define A; (1) as the optimal policy in IT given the mean-field state y, and Ao (p, 7) as
the mean-field state generated by the policy 7 given the current mean-field state p as ¢ — oco.

Definition 2.3 (Nash Equilibrium Pair). The pair (u*, 7*) € R™ x II constitutes a Nash equilibrium
pair of Problem[2.1]if it satisfies 7* = Ay (%) and pu* = Ao(p*, 7*). Here p* is the Nash mean-field
state and 7* is the Nash policy.

3 MEAN-FIELD ACTOR-CRITIC

We first characterize the existence and uniqueness of the Nash equilibrium pair of Problem [2.1]
under mild regularity conditions, and then propose a mean-field actor-critic algorithm for such a
Nash equilibrium. As a building block of the mean-field actor-critic algortihm, we propose a natural
actor-critic algorithm to solve Problem [2.2]

3.1 EXISTENCE AND UNIQUENESS OF NASH EQUILIBRIUM PAIR
We now establish the existence and uniqueness of the Nash equilibrium pair defined in Definition
[2.3] We impose the following regularity conditions.

Assumption 3.1. We assume that the following statements hold:

(i) The algebraic Riccati equation X = ATXA+Q - AT XB(B"XB+ R)"'B"T X A admits a
unique positive definite solution X*;
(i) It holds that Ly := Ly L3 + Ly < 1, where

Li=[I-AQ ' (I-A)" +BR'BT] "A|l.- [K*Q"'(I - A)" = R'BT]|,
Ly=[1-p(A=BK" )] Al., Ly=[—-p(A—-BK")] |B]..
Here K* = —(BTX*B + R)“'BT X*A.
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The first assumption is implied by mild regularity conditions on the matrices A, B, @, and R. See
Theorem 3.2 in|De Souza et al.|(1986) for details. The second assumption is standard in the literature
(Bensoussan et al.| [2016} [Saldi et al., 2018b)), which ensures the stability of the mean-field game. In
the following proposition, we show that Problem [2.T]admits a unique Nash equilibrium pair.

Proposition 3.2 (Existence and Uniqueness of Nash Equilibrium Pair). Under Assumption the
operator A(-) = Ay (-, A1(+)) is Lo-Lipschitz, where Ly is given in Assumption[3.1] Moreover, there
exists a unique Nash equilibrium pair (p*, 7*) of Problem[2.1]

Proof. See §E.1|for a detailed proof. O

3.2 MEAN-FIELD ACTOR-CRITIC FOR LQ-MFG

The NCE principle motivates a fixed-point approach to solve Problem which generates a se-
quence of policies {s}s>0 and mean-field states {1 }s>0 satisfying the following two conditions:
(1) Given the mean-field state 14, the policy 7, is optimal. (ii) The mean-field state becomes 541 if
all the agents follow 7, under the current mean-field state 1. Here (i) requires solving Problem [2.2]
given 4, while (ii) requires simulating the agents following 75 given the current mean-field state
is. Based on such properties, we propose the mean-field actor-critic algorithm in Algorithm T}

Algorithm 1 Mean-Field Actor-Critic Algorithm for solving LQ-MFG.
1: Input:
o Initial mean-field state o and Initial policy 7y with parameters K and by.
e Numbers of iterations S, {Ny}leers), {Hslselss {Ts 0, Tsn}se[S]neNs]»

{st,fu Tf,h}se[s],he[Hs]-
o Stepsizes {7s}seqs) {10 sers) { Vst Fse[S)nelNo] telTs n)s {WSb,h,t}se[S],he[Hs],te[Tgh,]'

:fors=0,1,2,...,5—1do
. Policy Update: Solve for the optimal policy 751 with parameters K1 and b1 of Prob-
lem via Algorithmwith trss Tss Ney Hoy {Ts 0, Ts Y ne[n.]» {st,h7T£),h}h€[Hs]’ Vs
5, {Vsm.ttnen,) ter, > and {”Yg,h,t}he[Hs],te[Tfh] as inputs, which gives the estimated
mean-field state fig, b, ;- )
4:  Mean-Field State Update: Update the mean-field state via ps11 + fig
end for
: Output: Pair (7g, ug).

[\

41,0541

A

Algorithm (1| requires solving Problem at each iteration to obtain 7, ~ Aj(us) and psy1 =~
As(ps, 7s). To this end, we introduce a mixed actor-critic algorithm in §3.3|that solves Problem[2.2]

3.3 NATURAL ACTOR-CRITIC FOR D-LQR

Now we focus on solving Problem [2.2] for a fixed mean-field state 1, we thus drop the subscript 1
in this section. We write 7 () = —Kx + b + on to emphasize the dependence on K and b, and
J(K,b) = J(mk ) consequently. Now, we propose an actor-critic algorithm to solve Problem 2.2}

For any policy 7, € I1, by the state transition in Problem 2.2} we have
2441 = (A— BK)x; + (Bb+ Ap + d) + €, e ~N(0,9,), 3.1

where ¥, = ¢ BB" + V,,. It is known that if p(A — BK) < 1, then the Markov chain {z;}:>¢
induced by (3.1)) has a unique stationary distribution px , = N (ux b, Px) (Anderson and Moorel
2007), where the mean-field state 11, and the covariance ® x satisfy that

prpy= (I —A+BK) Y (Bb+ Ap+d), (3.2)
®r = (A— BK)®g(A—BK)" + V.. (3.3)

Meanwhile, the Bellman equation for Problem [2.2] takes the following form
Px = (Q+ K"RK) + (A - BK)' Px(A — BK). (3.4)
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Then by calculation (see Proposition in of the appendix for details), it holds that the ex-
pected total cost J(K, b) is decomposed as
J(K,b) = J(K) + Jo(K,b) + 0% - tr(R) + 1" Qpu, (3.5)
where J1 (K) and J2(K, b) are defined as
Ji(K) =t[(Q+ K "RK)®g] = tu(Px¥.),

.
(K. b) = (‘”g’”) (Q K K [;TR> (“§>b>. (3.6)

Here J;(K) is the expected total cost in the most studied LQR problems (Yang et al., [2019} |[Fazel
et al., |2018)), where the state transition does not have drift terms. Meanwhile, J (K, b) corresponds
to the expected cost induced by the drift terms. The following two propositions characterize the
properties of Jo (K, b). First, we show that Jo(K, ) is strongly convex in b.

Proposition 3.3. Given any K, the function Jo(K,b) is vi-strongly convex in b. Here vx =
Umin(YiTKYI,K + Y2TKYVQ7K)’ where YI,K = Rl/QK(I —A + BK)_lB — R1/2 and YQ,K =
QY?(I — A+ BK)™'B. Also, Jo(K,b) has tx-Lipschitz continuous gradient in b, where ¢ is
upper bounded such that e < [1 — p(A — BE)]72 - (| B|IZ - [ K12 - [|R]l. + [ B2 - [QI])-

Proof. See §E.4for a detailed proof. O

Second, we show that miny, Jo (K, b) is independent of K.
Proposition 3.4. We define b = argmin, J,(K,b), where J, (K, b) is defined in (3.6). It holds
that
b= [KQ '(I—A)T —R'BT]- [I-AQ '(I-A)T +BR'BT]| " (Au+d).
Moreover, Jo (K, b) takes the form
Jo(K,b5) = Ap+d)T[(I-A)Q (I —A)T + BR'BT] ' (Au + d),
which is independent of K.

Proof. See §E.2|for a detailed proof. O

We highlight that following from Proposition we know that for any fixed K, the function
Jo(K,b) admits a unique minimizer b%. Since min, J(K,b) is independent of K by Proposi-
tion[3.4] it holds that the optimal K* is the same as argmin J; (K). This motivates us to minimize
J(K,b) by first updating K following the gradient direction V i J; (K) to the optimal K*, then
updating b following the gradient direction V;,Jo(K*,b). We now design our algorithm based on
this idea.

We define Tk, prp, and g p as

v _ (QTATPkA  ATPgB \ _ (T TR
K=\ B"PkA R+BTPxkB) \Y% 12)°

Py =A" [P - (Ap+d) + frp], axy =B [Px - (Ap+d) + frp), 3.7

where frxp = (I — A+ BK)~T[(A— BK)" Px(Bb+ Au + d) — KT Rb]. By calculation (see
Proposition in of the appendix for details), the gradients of J;(K) and J2 (K, b) take the
forms of Vi J1(K) = 2(T22K -T2 @k and V Jo (K, b) = Y22 (— K puge p+b) + Y2 e o+ g b-
Our algorithm follows the natural actor-critic method (Bhatnagar et al.l 2009) and actor-critic
method (Konda and Tsitsiklis, 2000). Specifically, to obtain the optimal K*, in the critic up-
date step, we estimate the matrix Tx by YT via a policy evaluation algorithm, e.g., Algorithm
or Algorithm {4 (see §B.2| and for details). In the actor update step, we update K via
K + K — v (T2K — Y%), where the term T22K — Y% is the estimated natural gradient.
To obtain the optimal b* given K*, in the critic update step, we estimate Y g+, gx= p, and g« p
by Tk, G p, and [ix , via a policy evaluation algorithm. In the actor update step, we update b via
b+ b—~-VpJa( K* 1), where V,,Jo(K*, b) is the estimated gradient. Then, we obtain the mixed
actor-critic algorithm for Problem [2.2] which is stated in Algorithm



Under review as a conference paper at ICLR 2020

Algorithm 2 Mixed Actor-Critic Algorithm for D-LQR.
1: Input:
e Mean-field state . and initial policy g, b, -
o Numbers of iterations N, H, {fn, T} nens {Tg, T}ZZ}he[H]-

e Stepsizes 7, P, {’Yn,t}ne[N],te[Tn], {72,t}he[H],te[T5]-

2: for n=0,1,2,...,N —1do

3:  Critic Update: Compute T K, via Algorithmwith K, by Hs Tn,Tn, {n,t}eerm,)s Ko, and
bg as inputs.

4:  Actor Update: Update the parameter via K,, 1 < K,, — - ('Y“%?n K, — ?%(1”)

5: end for

6: for h=0,1,2,...,H —1do

7. Critic Update: Compute fif b, Ty QK x by, Via Algorithmwith TK by s Mo f}z, Ty,

{'Yil;,t}te[T;;]’ Ky, and by as inputs.
8:  Actor Update: Update the parameter via
brs1 < bp — 2" [??N(—KNﬁK,bh +bn) + Y%NﬁKNybh, + QK b -

9: end for
10: Output: Policy 7 = Tk b, estimated mean-field state Lix p = iy by -

4 GLOBAL CONVERGENCE RESULTS

The following theorem establishes the convergence of Algorithm [I]

Theorem 4.1 (Convergence of Algorithm [T). For a sufficiently small tolerance ¢ > 0, we set the
number of iterations S in Algorithm[T]such that

S > log([lpo — p*ll2 -7 ") /log(1/Lo). .1
We define

eo = min{ [1 = p(A = BE)]* (1Bl + A1) ™ (lslz® + 1d]52) - omin(¥e) - omin (R) - €2,
vic- - [1= p(A= BKo)|* - |BI? - ¢% e} 27710, sels) (42

where v« is defined in Proposition[3.3] In the s-th policy update step in Line [3of Algorithm[I] we
set the inputs via Theorem uch that J,, (ms+1) — Jpu, (7);,) < €5, where the expected total cost
Jyu. (+) is defined in Problem[2.2} and 7; = Ay (y,) is the optimal policy under the mean-field state
s Then it holds that ||us — p*||2 < & with probability at least 1 — &5, where y5 is the output of
Algorithm[T]and z* is the Nash mean-field state of Problem [2.1

Proof. See for a detailed proof. O

Here, we highlight that if the inputs of Algorithm [I] satisfy certain conditions, it holds that
Juo(To1) = Ju, () ) < &5 at the s-th iteration for any s € [S]. See Theorem [B.4|in of the
appendix for details. By Theorem .1} Algorithm [I] converges linearly to the umique Nash equilib-
rium pair (u*, 7*) of Problem To the best of our knowledge, this theorem is the first successful
attempt to establish that reinforcement learning with function approximation finds the Nash equi-
librium pairs in mean-field games with theoretical guarantee, which lays the theoretical foundations
for applying modern reinforcement learning techniques to general mean-field games.

5 CONCLUSION

For the discrete-time linear-quadratic mean-field games, we provide sufficient conditions for the
existence and uniqueness of the Nash equilibrium pair. Moreover, we propose the mean-field actor-
critic algorithm with linear function approximation that is proved to converge to the Nash equilib-
rium pair with linear rate of convergence. Our algorithm can be modified to use other parametrized
function classes, including deep neural networks, for solving mean-field games.
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A NOTATIONS IN THE PROOFS

In the proof, for convenience, for any invertible matrix M, we denote by M~ T = (M~1)T =

(M T)~1 and || M || the Frobenius norm. We also denote by svec(M ) the symmetric vectorization of
the symmetric matrix M, which is the vectorization of the upper triangular matrix of the symmetric
matrix M, with off-diagonal entries scaled by v/2. Also, we denote by smat(-) the inverse operation.

For notational simplicity, we write z = [2 7,4 "] " as the combination of the state vector x and the
action vector u. Also, we write E[-] to emphasize that the expectation is taken following the policy
.

B AUXILIARY ALGORITHMS AND ANALYSIS

B.1 RESULTS IN D-LQR

In this section, we provide auxiliary results in analyzing Problem [2.2] First, we introduce the value
functions of the Markov decision process (MDP) induced by Problem[2.2] We define the state-value
function Vi 3 () as follows

oo

Vip(z) = Z{E[c(wt,ut) |z = z,uy = — Kz, + b+ on| — J(K, b)}, (B.1)
t=0

and the action-value function Q p(z, u) as follows
Qrp(z,u) = c(z,u) — J(K,b) + E[VK,b(x’) | z, u], (B.2)

where the 2’ is the state generated by the state transition after the state-action pair (x,u). We
establish the close forms of these value functions in the following proposition.

Proposition B.1. The state-value function Vi ;(x) takes the form

VK’b({,C) = .Z‘TPKLL' — tI'(PK(PK) + 2f;,b($ - MK,b) - (NK,b)TPK,UK,ba (B3)

and the action-value function Qx (, u) takes the form

T T
Qrp(z,u) = (i) Tx (i) +2 <{;§Z> (i) —tr(Pg®g) —o? -tr(R+ PxkBB') —b"Rb

+2b" REpkcy — (piw) (Q + KTRK + Pr)pgcy + 2f 5[ (A + d) — b s
+ (Ap +d) " P (Ap + d), (B.4)

where the matrix T i and the vectors pg , ¢x,p are given in (3.7).
Proof. See §E.6|for a detailed proof. O

By Proposition [B.1] we know that Vi 5 () is quadratic in x, while Qx5 (, u) is quadratic in x and
u. Now, we show that J(K, b) is decomposed as (3.3).

Proposition B.2. The expected total cost J(K, b) defined in Problem2.2]is decomposed as
J(K,b) = J1(K) + Jo(K,b) + 02 - tr(R) + ' Qp,
where J1 (K) and J2(K, b) take the following forms
Ji(K) =t[(Q+ K RK)®g] = tr(Px¥.),

-
J. (K b)— HK.b QJFKTRK —-KTR MK b
25 = b —RK R b )
Here p1p, is given in (3.2), @k is given in (3.3)), and Py is given in (3.4).

Proof. See §E.3|for a detailed proof. O
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We establish the gradients of J (K, b) in the following proposition.

Proposition B.3. The gradient of J;(K) and the gradient of J2(K,b) with respect to b take the
forms

ViJi(K)=2(YR2K —T3) &g,  Vydo(K,b) =2[Y2(—Kpukp +b) + YR ks + arp),

where the matrix T i and the vector ¢ ; are given in (3.7).
Proof. See §E.5|for a detailed proof. O

Equipped with above results, the following theorem establishes the convergence of Algorithm 2]

Theorem B.4 (Convergence of Algorithm |2 . Let the initial policy 7k, p, be stable. In Algorithm
[2] for a sufficiently small tolerance € > 0, we set

v < IRl + B2 - J(Ko,bo) - oy (We)] ™
N>C @] -~" -log{4[J(K0,bo) — J(E*, )] -e*l},

where C' is a positive absolute constant. Let {K, }ne[N] and {bh}he ] be the sequences of pa-
rameters generated by Algorithm 2] In the n-th critic update step in Lme [ of Algorithm [2] we
set

_ -9 _
T, > poly (| Knlle, 1boll2, | 1ll2; J (Ko, bo)) - Axh - [1 — p(A = BE,)] -2,
~ _ —12 _
T, > poly (|| Knlles [1bol2, llll2, T (Ko, bo)) - AR - [L = p(A = BE,)] ™~ -e7'2,
Yn,t = 70 * t_l/z

where o is some positive constant, and Ag,, is specified in Proposition [B.6] Also, after obtaining
K from Algorithm[2] we set

7" <min{l — p(A = BKy),[1 = p(A— BKN)]7> - ([|BI1Z - | Kn |2 - IR« + | BI2 - lQII-)},
H>Co-vgh - (3% 1og{4[J(KN,b0) — J(Ky, b5N)] ~€_1},

where () is some positive absolute constant and the number v is specified in Proposition [3.3] In
the h-th critic update step in Line[7]of Algorithm 2] we set

— — —-10 _
Ty = poly (| En v, 1on 12, lull2, J(Kn,b0)) - Mgy, - vy, - [L = p(A = BEN)] 7%,

N
-~ _ _ —16 _
T > poly (I K w e, o2, llull2, T (Kn,b0)) - Ay, - vich - [1 = p(A = BEy)] ™ 7%,

=70t

where vk, is specified in Proposition Then with probability at least 1 — £19, it holds that
J(Kn,br) = J(K*,0%) < &, |[Kn — K*[lp < [034,(¥e) - 0 (R) - €]'/2, and [|bgr — b%[|2 <
(25/1/}(*)1/2.

Proof. See for a detailed proof. O

By this theorem, given any mean-field state ;, we show that Algorithm [2] converges linearly to the
optimal policy 7 of Problemp In the proof of Theorem [B.4] we use the convergence results of
Algorithm[3] Wthh is provided in §B.2]of the appendix.

B.2 PRIMAL-DUAL PoLICY EVALUATION ALGORITHM

Note that critic update steps in Algorithm [2need estimators of the matrix Y sc and the vector g p.
‘We now derive a policy evaluation algorithm to estimate these quantities, based on gradient temporal
difference algorithm (Sutton et al., 2009a).

For notational convenience, we denote by the feature vector

o(z,u)
Y(w,u) = ( T — fiKb ) , (B.5)
u— (—Kpgyp+b)

16
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where

-
_ T — UKD T — UKD
ple,u) = svee l(u = (=Kprp+ b)> <U — (—Kpxp+ b)) ] '
Recall svec(M) gives the symmetric vectorization of the symmetric matrix M. We also denote by
the vector
svec(T k)
aKp = Kb PEbY | s (B.6)
; T ) ,
K (—KMK,b + b> + (QK,b)
where the matrix Y i and vectors pg ; and g are given in (3.7). Note that to estimate Y ;- and
dx.b, we only need to estimate avg ;. We also define the following matrix

Orcs = Ene, {0l ) [p(a,w) — v’ )] '}, B.7)

where (z’,u’) is the state-action pair after (z, u) following the policy 7 5 and the state transition.
The matrix O ;, defined in (B.7) connects with the vector ak ; by the following proposition.

Proposition B.5. The following equation holds:

(Emﬂb [i;(x,u)] @?(,b) (Jéijbb)> - (Ew.b [iﬁ%(wﬂ)’

where the vector ok p, is given in (B.6), the matrix Ok ; is given in (B.7), and the feature vector
¥ (x,u) is defined in (B.3).

Proof. See §E.7]for a detailed proof. O

Motivated by Proposition to obtain the vector ax j,, we only need to solve the following linear
systemin ¢ = (¢1,¢5) "

- J(K,b)
Orp-C= <EK [e(m,u>w(w7u>]> ! (B-8)

where the matrix © Kb takes the form

~ 1 0
®K7b - (Eﬂk,b [w(xvu)] @K,b) '

Note that in the above linear system (B.8), if the matrix O is invertible, then the whole linear
system admits the unique solution (x, = (J(K,b), a[T(’b)T. Under mild condition, the following
proposition verifies the invertibility of O .

Proposition B.6. If p(A — BK) < 1, then the matrix O j, is invertible, and its spectral norm is

upper bounded by 4(1 + || K[|3)? - ||®x||2. Moreover, omin(O p) is lower bounded by a positive
constant A\, where A only depends on o, oin(¥,) and p(A — BK).

Proof. See §E.§|for a detailed proof. O

Hereafter, for notational convenience, we denote by v, the estimated feature vector (¢, ut). Now,
we present the primal-dual gradient temporal difference algorithm in Algorithm 3]

Primal-Dual Gradient Method. In Algorithm[3] instead of solving the linear system (B.8) directly,
we minimize the following loss function

(¢ = JE D)+ |[Br [ ] ¢+ OrcaC? — B e, ub(a,w] |

17



Under review as a conference paper at ICLR 2020

Algorithm 3 Primal-Dual Gradient Temporal Difference Algorithm.

1:

—_ =
SeYR 3an ke

N

14:
15:
16:

17:

Input: Policy 7 5, mean-field state i, numbers of iteration 7" and T, stepsizes {:}+c(1)»
parameters K and bg.
Define the sets V¢ and V¢ via Condition [B.7] with K and by.
Initialize the parameters by (p € V¢ and § € V.
Sample Z( from the the stationary distribution N (px p, Prc).
for t=0,...,7T—1do
Given the mean-field state 1, take action u; following 7 , and generate the next state ;1.
end for _
Setfigp < 1/T - Zthl T and compute the estimated feature vector ¢ via (B.10).
Sample x( from the the stationary distribution N (i p, P ).
for t=0,...,7T—1do
Given the mean-field state (1, take action u, following 7 ;, observe the cost ¢;, and generate
the next state z;41.
Set 0r11 = ¢} + (Y — Piy1) TG — o
Update parameters via

Chor G =y - (& +0/ &), CRor G2 — ver - (W — 1) T €7,
&l (L=mq1) - & + g1 (¢ — ), §1 < (1= veq1) - & +7ea1 - Orp1 -
Project (¢41 and &;41 to V¢ and Vg, respectively.

end for

Set @y ¢ (Xi—y 1) (Ximy 7 - ¢7), and

- ~ PK.b ~ - Lixb
ety ) <o T (i)
where G 1 = (@)D and G o = (@) (hr gt ) e

Output: Estimators fif p, T K, and Gk p.

18
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Further, by Fenchel’s duality, we convert the above problem to the following primal-dual min-max
problem

T
g:}gz ?é%};F(Cvg) = {ETFK,b [1/}(55’ u)] Cl + (_')K,bc2 - ETFK,b [C(I, U)i/’(l’» U)} } 52
+ (¢ = J(E )] € —1/2- gl (B.9)

where we restrict the primal variable ¢ in some compact set V¢ and the dual variable £ in some
compact set Ve, which are detailedly specified in Condition By taking the gradient of the
objective in (B.9) with respect to ¢ and £, we obtain the following gradients

-
VaF =& +Er, [(z,u)] €, VeF =05,

VaF = — J(K,b) - ¢, Ve F =Er, [(z,0)]¢" + Ok p(® — Erye, [e(z, w)0(z,u)]
This gives a primal-dual gradient method to solve the min-max problem (B.9).

Estimate of Mean State yi ;. Note that in the definition of the feature vector in (B.3), we need
the mean /i, of the state to evaluate the feature vector ¢(z, u). Therefore, prior to the main body

of Algorithm |3 we obtain the estimator jix ; by simulating the MDP under the policy 7k ; for T
iterations, and compute the estimated feature vector v via

N Pz, u)
Y(x,u) = T — Kb , (B.10)
u— (—Kjigp +b)

where ¢(x, u) takes the following form
~ _ T
-~ _ T — UKD T — UKD
Pla,u) = svee l(u - (—Khkp+ b)> <U — (—KhKp + b)) '

Before stating the convergence result of Algorithm [3} we specify the sets V; and V.
Condition B.7 . Given K and by such that p(A — BK() < 1. We define the sets V; and Ve in
as

Ve ={¢:0<¢ < (K, bo), [GPlle < Mo+ M- (1+ [K) - [L = p(A— BK)] '},

3 —1
Ve = {€: 16" < T (Ko, bo), €22 < Me - (1+ 1K JR)" - [1 = p(A— BE)] ' }.
Here M¢ 1, M¢ 2 and M, are constants independent of K and b, which take the following forms

My = [(I1QUe + 1 Rlle) + (IAIE + 1 BIB) - V- T (Ko, bo) /omin (V)]

+ (0@ + I1RI) + (1Al + 1B1.)* - T (Ko, bo) omn (V)]

- [J(Ko,bo)/omin(Q) + J (Ko, b0)/Omin(R)]
+ (Al +1Bl+) - T (Ko, b0)* - 050 (o) - 0nin (@),
Mo = (Al +1B]l.) - (kg + 8r),  Me=C- (Mca+ M) - J (Ko, bo)* /o7 (@),
where C' is a positive absolute constant, and kg and kg are condition numbers of the matrices @

and R, respectively.

We now characterize the convergence of Algorithm 3]

Theorem B.8 (Convergence of Algorithm. Given Ky, bo, K and b such that p(A— BKj) < 1 and
J(K,b) < J(Ko,bo), we define the sets V and Ve through Condition[B.7] Given the stepsize v, =

o -t~ /2 for some constant 7y > 0, then for any p such that p(A—BK) < p < 1, when the number
of iterations T and T are sufficiently large such that T" < poly, (|| K||F, ||bl|2, ||¢ll2, J (Ko, bo)) - (1 —
p)~C, with probability at least 1 — 7% — T, the output a5, satisfies that

log® T log T
TY2.(1—p)*  T1/4. (1—p)?

)

lak.e — axplls < Ak - poly (I K [lg, [1bll2, [|ll2, J (Ko, bo)) -

19
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where \g is specified in Proposition Same bounds for HTK — YTkle |Pxb — Prol2 and
lZr.b — gk bl|2 hold. Also, with probability at least 1 — 7=, it holds that

log T
T1/4

b = prcpll2 < (1= p) 72 - poly (| @x s, | Kle, [1Bll2, 12, T (Ko, bo)).-

Proof. See for a detailed proof. O

The policy evaluation algorithm is used in the critic update steps in Algorithm [2] Therefore, the
above theorem is crucial in the proof of the corresponding convergence result stated in Theorem

B.4

B.3 TEMPORAL DIFFERENCE POLICY EVALUATION ALGORITHM

We also apply TD(0) method (Sutton and Bartol 2018]) to evaluate the policy, which is presented in
Algorithm 4]

Algorithm 4 Temporal Difference Policy Evaluation Algorithm.

1: Input: Policy 7k 3, number of iteration T and T, stepsizes {7yt teerm)-
2: Sample T from the stationary distribution N (g, P ).
3: for t:07...,TV—1d0
4:  Take action u; under the policy 7k ; and generate the next state Ty 1.
5: end for N
6: Setfigy « 1/T -1, &
7: Sample z from the the stationary distribution A/ (14 Kb, Pr).
8: for t=0,...,Tdo
9:  Given the mean-field state y, take action u; following 7k ; and generate the next state z; ;.
10: Set 5t+1 — Ctl + ('l/)t - 'l/Jt+1)TCtQ — C¢. N
11:  Update parameters via (/1 <= (L —yi11) - ¢ + 741 - ¢ and ¢y 4= G = Ve - 01 - U
12:  Project (; to some compact set Vé.
13: end for
14 Setdrcs = (g-y 1)t (S4my % ¢7). and
Yy smat(aK,b’l), (?\g:b> — aKJ;’Q — Tk <_K%§’Z + b) s
where aK7b71 = (aK7b)§k+d+l)(k+d)/2 and a}qb?g = (aKvb)Eﬁigilggﬁijgjg-Fl

15: Output: Estimators fik p, Y‘K, and G p-

Note that in related literature (Bhandari et al. [2018; |[Korda and La, 2015)), non-asymptotic conver-
gence analysis of TD(0) method with linear function approximation is only applied to discounted
MDP; as for our ergodic setting, the convergence of TD(0) method is only shown asymptotically
(Borkar and Meyn, 2000; [Kushner and Yin, 2003) using ordinary differential equation method.
Therefore, in the convergence theorem proposed in we only focus on the primal-dual gradient
temporal difference method (Algorithm [3)) to establish non-asymptotic convergence result. However,
in practice, we still use TD(0) algorithm.

C GENERAL FORMULATION

Compared with Problem a more general formulation includes an additional term z,; PEx} in
the cost function. For the completeness of this paper, we define this general formulation here.

20



Under review as a conference paper at ICLR 2020

Problem C.1 (General LQ-MFG). We consider the following formulation

Ti4+1 = A.]?t + But + ZEJI: + d + Wt,

s, us) = 2] Quy +u) Ruy + (Ba}) "Q(Ex}) + 22 P(Ea}),
T

1 ~
T C(xt7ut)] )

t=0

J(r) = lim E

T—o0

where 2; € R™ is the state vector, u; € R* is the action vector generated by the policy 7, {x} H>o0
is the trajectory generated by a Nash policy 7* (assuming it exists), w; € R is an independent
random noise term following the Gaussian distribution N'(0, ¥,,), and d € R™ is a drift term. Here

the expectation in Ex} is taken over the identical agents. We aim to find 7* such that J(7*) =

infﬂ—en J(Tr).

Following similar discussion as in §2] it suffices to study Problem[C.T|with ¢ — oo, which motivates
the following general drifted LQR (general D-LQR) problem.

Problem C.2 (General D-LQR). For any given mean-field state y € R™, consider the following
formulation

2ip1 = Azy + Bug + Ap + d + wy,
Cp(e,u) = I;Q.’ij + u;rRut + 1 Qu+ Qx;rPu,

1 T
T Z Elb(xfn ut)] )
t=0

where x; € R™ is the state vector, u; € RF is the action vector generated by the policy 7, w; € R™
is an independent random noise term following the Gaussian distribution N'(0, ¥,,), and d € R™ is

a drift term. We aim to find an optimal policy 7}, such that J,,(7;) = infren jﬂ(w).

Ju(r) = lim E

T—o0

In Problem m the unique optimal policy 7} (-) still admits a linear form 7}, (1) = —Krx 2 + br

(Anderson and Moore, [2007), where the matrix K- € R¥*™ and the vector b € R* are the

parameters of the policy 7. It then suffices to find the optimal policy in the class II introduced
in (2.1). Similar to we drop the subscript ;1 when we focus on Problem for a fixed .

We write 7 5(x) = —Kx + b + on to emphasize the dependence on K and b, and J(K,b) =

J(mk ) consequently. We derive an explicit form of the expected total cost J (K, b) in the following
proposition.

Proposition C.3. The expected total cost J (K, b) in Problemis decomposed as
J(K,b) = Ji(K) + Jo(K,b) + 0® - te(R) + 11" Qp,
where J; (K) and J5(K, b) take the following forms
JI(K) = tr[(Q + KT RK)®g] = t(PxT,),

-
7 _ (Kb Q+K'RK —K'R\ (pxp T
Jo(K,b) = ( b ) ( —_RK R b +2u Ppkp.
Here 11y, is given in (3.2), ® k is given in (3.3), and Py is given in (3.4).

Proof. The proof is similar to the one of Proposition[B.2] Thus we omit it here. O

Compared with the form of J(K,b) given in (3.3), we see that the only difference is that .J (K, b)
contains an extra term 2 Ppg p, in J2(K, b), which is only a linear term in b (recall that p ; is
linear in b by (3:2)). Thus, J2 (K, b) is still strongly convex in b, as shown in the proposition below.
Proposition C.4. Given any K, the function J~2(K ,b) is v -strongly convex in b, here v =
omin (Y1 (Y15 + Yol Y2 i), where V1 x = RYV2K(I — A+ BK)™'B — RY? and Y3 x =

QY2(I — A+ BK) 'B. Also, J5(K,b) has .x-Lipschitz continuous gradient in b, where ¢ is
upper bounded such that 1 < [1 = p(A — BK)]™2 - (| B||Z- | K2 - | Rl + |B]|Z - [Ql]+)-
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Proof. The proof is similar to the one of Proposition[3.3] Thus we omit it here. O

Parallel to Proposition[3.4] we derive a similar proposition in the sequel.
Proposition C.5. Denote by b = argmin, Jo(K, b), then Jo(K, bX) takes the form

e (Aptd) S S —A)Q™! Ap+d
Jo (K, b)) = ( f.fTM ) (Ql(I_A)TS 3Q I —A)TSI —AQ! —Q1> ( ngu )

which is independent of K. Here S = [(I — A)Q (I — A)T + BR™'BT]"'. And b¥ takes the
form

W= [KQ' (I~ A)T —R'BT]-S- [(Au+d)+ (I - AQ'PTu] —KQ'P'pu.
Proof. The proof is similar to the one of Proposition[3.4] Thus we omit it here. O

Similar to Problem [2.2] we define the state- and action-value functions as

oo

Vico (@) = Z{E[E(a:t, w) |20 = 2 up = — Ky + b+ o] — J(K, b)},
t=0

Qi p(x,u) = &z, u) — J(K,b) + E[Vip(z') |z, u],

where the 2’ is the state generated by the state transition after the state-action pair (z, ). A slight
modification of Proposition[B.T] gives the proposition below.

Proposition C.6. For Problem the state-value function ‘W/K}b(:c) takes the form
Vico(a) = 2" P — tr(Pr®rc) + 2f5 (@ — prcs) — () " Prcfisc,

and the action-value function Q5 (, u) takes the form

T ~ T
Qrp(z,u) = (i) Tx (i) +2 <§§Z> (i) —tr(Pg®g) —o? -tr(R+ PxkBB') —b"Rb

+ 20" RK ey — () (Q + KT RK + P )prcy + 2f 5 [(Ap + d) — pxcp)
+ (Ap+d)" Pg(Ap+d) — 21" Pugp.
Here the matrix Y g is given in (3.7), and the vectors px », Gx» are given as
(gK,b) _ (AT [Px (At d) + frep) + P .
aK.b BT [Pk - (Ap+d) + frp) ’
where the vector fr, = (I — A+ BK)™T[(A— BK)T Pi(Bb+ Apu+d) — KT Rb+ Pp).

Proof. The proof is similar to the one of Proposition[B.I} Thus we omit it here. O

Now we establish the gradients of J (K, b) for Problem

Proposition C.7. The gradient of .J; (K) and the gradient of Jo(K, b) w.r.t. b takes the form
Vii(K) = 208K = YR) - @, Volo(K,b) = 2[YRZ(~Kpxp +b) + YR pwcs + )
where the matrix T g is given in , and the vector g 5 is given in @)

Proof. The proof is similar to the one of Proposition[B.3] Thus we omit it here. O

Equipped with above results, parallel to the analysis in §3] it is clear that by slight modification
of Algorithms [T} 2} and 8] we derive similar actor-critic algorithms to solve both Problem [C.1] and
Problem [C.2] where all the non-asymptotic convergence results hold. We omit the algorithms and
the convergence results here.
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D PROOFS OF THEOREMS

D.1 PROOF OF THEOREM [4.1]

We denote by p,; = A(us), which is the mean-field state generated by the optimal policy
TR b (1y) = Ay (1) under the current mean-field state p5 (note that for any mean-field state i,
the optimal K*(u) is independent of i by Proposition [3.4} therefore, we write K* here for conve-
nience). By (3:2), we know that

iy = (I — A+ BE")™" - [B(us) + Aps + d].
Also, we denote by
fist1 = (I — A+ BK,) ' (Bb, + Aps +d),

which is the mean-field state generated by the policy 7 5, under the current mean-field state p.
According to Algorithm it is obvious that the output p41 is an estimator of jis41. By triangular
inequality, we have

ps+1 = w2 < [lpstr = Bsgallz + lssr = pipallz + [l — w2 - (D.1)

E, Es> Es3

We bound F1, E> and FE3 in the sequel.

Bound on E;: Note that from Theorem [B-8|and the choice of the inputs in Algorithm [3] stated in
Theorem it holds that

By = |1 — fisyalla <es <g/8-27° (D.2)
with probability at least 1 — !0, where ¢, is given in {#.2).
Bound on E5: Note that by definition, combining with triangular inequality, we have
By = H(I — A+ BE) N (Bby + A +d) — (I — A+ BK*)™' - [Bb* () + Ape + d] H2
< || Bb* (1) + Apps + d, - H [[— A+ BK*+ B(K,— K*)] "' = (I — A+ BK*)™!
+[[(T = A+ BE) 7| Bl [[bs =07 ()]
< 2||BY* () + Aps +d||, - ||(I = A+ BK*) ' B(K, — K*)(I — A+ BK*)™!||,
+ [ = A+ BE)TH - 1B« - [[bs = b7( (1) ][
<285 (o) + A+ - [1— p4 = B B 6 I
+[L— p(A = BE)] - [I1Bll« - ||bs — 0" (115)]],- (D.3)

*

For the term || Bb* () + Aps + d||2, combining Proposition it holds that
|BY* (1s) + Aps +d|y < Ly - | Bl - llpasll2 + FA - s ]2 + 2
< (Lo 1Bl + [l - llsll + lll2, (D-4)

where the scalar Ly is given in Assumption[3.1] Moreover, from Theorem[B:4] by the choice of N,
it holds with probability at least 1 — '© that

1Ky = K [l6 < \Jomi () - omb(B) 20, [be—b* ()], < 25} e @)
Combining (D.3), (D-4), (D-3) and the choice of ¢, in @.2)), we deduce that
By <e/8-27° (D.6)

holds with probability at least 1 — £'°

Bound on F3: We have

Es = |phiy — 1l = ||A(us) — Ap®)||, < Lo - s — 172, (D.7)

23



Under review as a conference paper at ICLR 2020

where we use the fact that the operator A(-) has Lipschitz constant Ly = L; L3 + Lo according to
Proposition 3.2}

From (D:2)), (D-6)) and (D.7), combining (D-I)), we know that
o1 = Ml < Lo - llps — p*[l + 227572 (D.8)
By telescoping (D-8)), we obtain that
s — p*ll2 < LG - llpo — |2 + /2.
Moreover, by the choice of S in (4.I) and the definition of Ly in Assumption [3.1] we know that

|les — p*|| < e. This concludes the theorem.

D.2 PROOF OF THEOREM[B 4

Proof. We first show that J;(Ky) — J1(K*) < &/2 with a high probability, then show that
J2(Kn, b)) — J2(K*,b*) < £/2 with a high probability. Then we have

J(Kn,by) = J(K*,0%) = Ji(KN) + Jo(Kn, byr) — J1(K*) — Jo (K5, 0%) < ¢
with a high probability, which proves the theorem.

Part 1. We show that J, (K ) — J1(K*) < €/2 with a high probability. We proceed our proof
by first showing that J; (K) is gradient dominant, and then by gradient dominance, we prove the
convergence of Algorithm 2]combining the convergence result of Algorithm 3]in Theorem B8]

To show that J; (K) is gradient dominant, we first bound J; (K7) — J1(K>) for any K7 and K. By
Proposition[B.2] .J; (K) takes the form

Ji(K) =tu(PgV.) =E, vy Pxy). (D.9)

We use the following cost difference lemma to bound y " P,y — 3" P, y.

Lemma D.1 (Cost Difference). Denote by K7 and Ky two parameters, which satisfy that p(A —
BK;) < 1and p(A — BK») < 1. Moreover, for any state vector y, we denote by {y; };+>o the
sequence generated by the transition y;11 = (A — BK>)y; with initial state yo = y. Then it satisfies
that

v P,y —y P,y =Y Drc, i, (01)-
>0

Here we denote by the function
Dy i (y) = 2y (K2 — K1) (YR, K1 = TR,y +y' (K — K1) T TR, (K2 — Ki)y,
where the matrix Y g is given in (3.7).

Proof. See for a detailed proof. O

Now, based on Lemma|[D.1] the following lemma shows that .J; (K) is gradient dominant.

Lemma D.2 (Gradient Dominance). Let K* be the optimal parameter and K be a parameter such
that J; (K) is finite, then we have the following lower bound for J; (K) — J; (K*)

Ji(K) = Ji(K) 2 omin(Po) - [TRITT - w[(PRE = TR)T(TRK - TR)],
and the following upper bound

JU(E) = Ji(K*) < 05, (R) - [| @

min

o r[(YRK -3 T(YREK - T3]
Proof. See §F.2)for a detailed proof. O
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We now use the above results to show the convergence of Algorithm [2] Recall that according to
Algorithm 2] the parameter K is updated via

K1 =K, —v- (T2 K, - T%), (D.10)
where T K, 1s the output of Algorithm We also define K n+1 as the exact update

Ko =Ky —v- (TR K, - T3), (D.11)
where Yk, is given in (3.7).

We proceed to bound |Ji (K1) — J1(K™)| in the sequel. First, we claim that J;(Ky) <
Ji(Kny—1) < -+ < Ji(Kp) with high probability. We prove the claim by mathematical induc-
tion. Suppose that J1(K,,) < J1(Kp—1) < -+ < J1(Kp) (this holds for n = 0). Recall the

definition of K41 in (D-TT)) and the definition of J; (K) given in (3.6), we have

T (K1) = N (Kn) = By [y (Pg, = Pr,)y)

=2y [y (TR K, —TE ) (IR K, - T8)]
7 wRg (TR K, — TH)TTR (TR K, - T3]
< -2y ufog - (T%? - T%%n) (TR Kn —TR)]
+72 YR N w[@p (YR K, = YR )T(YR K, — TR )], (D.12)

where the first line comes from (D.9) and the second line comes from Lemma[D.I} Note that by the
definition of Y i in (37), the term [ Y% ||, is upper bounded as

T2 M < IR+ IBIIZ - 1Px, Il < HRII* +IBIE - J1(Kn) - 00 (V)
<RIl + 1BI - J1(Ko) + i (Te).

l’l’llll (

Combining (D-12)) and the choice of stepsize v < [||R|l« + || B||? - J1(Ko) - oi, (W)Y, it holds
that

S (Kng1) = Ji(Kp) < = [ (TR K, =Y (R K= T3]
<=7 Omin(Ve) 'tr[(T%(QnKn - T%H)T(Ti(ann - T%(ln)}
< =7 omin(Ve) - Omin(R) - ”(I)K*”»:l ) [Jl(Kn) - Jl(K*)]7 (D.13)

where the last line comes from Lemma This also implies that .J; (IN(nH) < Ji(Kp).

Now, we use the following lemma to establish an upper bound of |.J; ( n+1) J1(Kpnt1)l-

Lemma D.3. Suppose that J;(K,,) < J;(Kp). Under the conditions stated in Theorem with
probability at least 1 — €'°, it holds that

|J1(I~(n+1) - Jl(Kn+1)| <7 omin(¥e) - Omin(R) - ”q)K*”;1 -e/4, (D.14)
where K, 11 is given in (D.10) and I~(n+1 is given in (D.TI).
Proof. See §F10]for a detailed proof. O
Now, by applying Lemma [D.3] we know that if .J;(K,,) — J1(K*) > £/2, combining (D-I3) and
(D:14), it holds with probability at least 1 — !5 that
Jl(Kn+1) - Jl(Kn) S - O-min(\Ije) ) Umin( ) ||@K*

This shows that with probability at least 1 —'?, it holds that Jy (K, 11) < J1(K,) < -+ < J1(Kp).
Finally, note that the total number of iterations /N goes only with log(1/¢), we know that J; (K ) <
Ji(Kn_1) < -+ < J1(Kp) with probability at least 1 — '3, as long as J1 (K,,) — J1(K*) > /2
for any n < N. This finishes the proof of the claim.

L.e/d<0. (D.15)
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Also, when Ji(K,,) — J1(K*) > /2, by (D.I3) and (D-T3), with probability at least 1 — '3, it
holds that

J1(Kng1) = JI(EK*) < [1 =7 omin(Ve) - omin(R) - |95 1] - [J1(K) — (K]
Again, combining the fact that N goes only with log(1/¢), we know that
Ji(Ky) — 1 (K*) <¢g/2
with probability at least 1 — g'1.

Now we only need to give an error bound of | K,, — K*||r. We upper bound ||K — K*||r using
J1(K) — J1(K*) in the following lemma.

Lemma D.4. For any K, we have

15 = K*|[f < 03 (W) + 0 (R) - [J1(K) = Jy (K]

Proof. See §F.3|for a detailed proof. O

Combining Lemma|[D.4] we show the error bound || Ky — K*|[p.

Part 2. We show that Jo(Kn,by) — Jo(K*,b*) < £/2 with a high probability. Following from
Proposition it holds that Jo(K*,b*) = Jo(Kn,b%™). Therefore, to show that Jo(Kpy,bp) —
Jo(K*,b*) < €/2, we only need to prove that Jo (K, by ) — Jo(K*,b*) < &/2.

First, we use mathematical induction to show that Jo(Kn,by) < Jo(Kn,bg—1) < -+ <
Jo(Kn,b1) < Jo(Kp,bo), as long as Jo(Ky,by,) — Jo( Ky, b5~) > /2 for any h < H. Sup-
pose that Jo(Kpn,bp) < Jo(Kn,bp—1) < -+ < Jo(Kp,bg) (this holds for o = 0). Recall that
according to Algorithm [2} the parameter b is updated by

bhs1 = b, — 2" Vo (K, by), (D.16)

where ¥V, Jo (K y, by) = T%?N (—KNTiKy b, +bn) "'T%N Bk by T x by, 18 the estimated gradient

at by, and the matrix Y K and the vector qAKNJ,h are the outputs of Algorithm We define th as
an exact update

bhy1 = by — 7" Vo (K, bp), (D.17)

where V,Jo (K, bp) = T%?N (=KnNpgy b, +bn)+ T%N WK by T AKy b, 1S the exact gradient at
bn, and Y, and g p, are given in (3.7). We proceed to bound Jo(K n,bpi1) — Jo( Ky, bEN)
in the sequel, where b5~ = argmin, Jo(K, b).

Note that by the convexity and smoothness of Jo (K, b) in Proposition we have

~ 2

Jo (KN, bpi1) — Jo(Kn,by) < —4/2- Ve d2(Kn,bn)|, < —vicy A [T (KN, br) — Jo (K, b))
< —vgy -’ -e <0, (D.18)

where in the inequalities, we use the fact that J2 (K, b) has ¢k, -Lipschitz continuous gradient

and is ¢, -strongly convex by Proposition Note that (D-18) also implies that Jo (K, bp11) <

Jo(Kn, br). Now, we only need to establish the error bound |Jo (K, bp+1) — J2 (KN, bpy1)]. The
following lemma quantifies |J2(KN7 bpt1) — J2( KN, bpst) ‘

Lemma D.5. Assume that Jo (K, bp,) < Jo2(Kn,bo). Under the conditions stated in Theorem|(B.4]
with probability at least 1 — £1°, we have

| Jo (K, bag1) — Jo(Kn, bni1)| < vy 9P - €/2, (D.19)

where §bJ2(KN, by,) is the approximate gradient given in (D.16), while V;, Jo (K n, by,) is the exact
gradient given in (D.17).

Proof. See §F4for a detailed proof. O
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Now, by applying Lemma- we know that if Jo(K n, by) — Jo (K, b5¥) > e, combining (D.18),
it holds with probability at least 1 — ¢'® that

Jo(Kn,bps) — Jo (K, bp) < —viey -7 -€/2 < 0.

This shows that with probability at least 1 — &', it holds that Jo(Kn,bpi1) < Jo(Kp,bp) <

- < Ja(K N, bp). Note that the total number of iterations H only goes by log(1/¢). Therefore, we
know that as long as Jo (K, by) — Jo( K, b5N) > e forany h < H, it holds that Jo (K, br) <
Jo(Kn,brr—1) < -+ < Jo(Kn, bo) with probability at least 1 — '3, By this, we finish the claim.
Then, if Jo(Kn, bp) — Jo(Kn, b5~) > /2, by (D.I8) and (D.19), with probability at least 1 — '3
it holds that

T2 (KN, bpg) — Jo(Kn, 05N) < (1= vpey -4°) « [Jo(Kn, br) — Jo(Kn, b5V)].
Again, combining the fact that H goes only with log(1/¢), we know that
Jo(Kn, b)) — Jo(Kn, 0"Y) < /2

with probability at least 1 — !, Moreover, combining the fact in Proposition that Jo(Kn,b) is
strongly convex in b, we concludes the theorem. O

D.3 PROOF OF THEOREM[B.§]

Proof. We follow the proof of Theorem 4.2 in|Yang et al. (2019)), where the authors only consider
LQR without drift terms. Since our proof requires much more delicate analysis, we present it here.

Part 1. We proceed to show that ((x p, 0) is a saddle point of the problem (B.9). We first show that
Crp € Ve and £(¢) € Vg for any ¢ € V¢, where £(() is defined as {(¢) = argmax, F'((, ), by the
following lemma.

Lemma D.6. The vector (x5 = (J(K,b), ag ;)" € V. Moreover, for any ¢ € V, the vector &(¢)
defined above satisfies that £(() € V.

Proof. See for detailed proof. O

Note that V¢ F(Cxp,0) = 0 and V¢ F((k,0) = 0, combining the above Lemma [D.6] we know
that (Cx p, 0) is a saddle point of the function F'(¢, £) defined in the problem (B.9). This finishes the
proof of our Part 1.

Part 2. We define the primal-dual gap of (B.9) as

o~

gap(C, €) = max F((,€) = min F(C,€), (D20)

~

which indeed captures the performance of (C, ). In the sequel, we proceed to relate (D-20) with the
estimation error |Gk p — Qb2

First, note that for the estimator Z returned by Algorithm we have

B [, 0] 0+ OrsC — B [elar, e, )] 418 — T )
3 ¢,

= F[(,¢(0)] = maxF<< ¢) = gap(C, &) + min P 6), (D.21)

where the second line comes from (F.I4) and the definition of £(¢) in Part 1. Moreover, note that
for any ¢ € V¢, the follows hold:

min F(G,€) < min max (¢, €) = min F[C€(0)]

= % : ?61%2{‘ B W(%“)]Cl + Ok (- Er, [c(z, w)(z,u)] Hz + ’(1 - J(K, b)|2}
=90, (D.22)
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where the first line comes from the definition of £({) in Part 1, the second line comes from (F.14),
while the last equality holds by taking ( = (x» € V.. Further, we establish a lower for the LHS of

as follows
2 2
‘ E‘n'K,g, [1/)(177 u)]é\l + 6K,bz2 - E‘n'K,g, [C(:C, U)Q/)(I’, ’LL)] H2 + |Zl - ‘](Kv b)|
~ ~ 2 ~ ~
= ©ks(C = Cr)|ly = M - IC = Crenllz = M - ks — akp
where the matrix © K,b1s givenin and the scalar ) g is specified in Proposition Combining
(D:21), (D-22) and (D.23)), we obtain the relation between gap((, ) and ||ax p — ok pl|2:

l@rs — axpl <A - gap(C, ). (D.24)

2 (D.23)

Part 3. We now proceed to upper bound the primal-dual gap gap(¢, £), then by in Part 2, we
establish the upper bound of the estimation error |0k, — @k p||2. Note that since the state = and ac-
tion u follow Gaussian distributions, therefore, they are unbounded. First we utilize Hansen-Wright
inequality (Lemma|G.3)) to pick up an event where these two random variables are bounded. Before

pick up such an event, the following Lemmacharacterize the distribution of 7z, = 1/ T Zle Zts

where Z; = [Z, 4/ | is the concatenation of the state Z; and the action ;. Then following transi-

tion holds
Zig1 =Lz + v+ 6y,

L Ap+d 5 — Wy I — A B
T\-KAp+d)+b)’ tT\—Kwi+on)’ “\-KA -KB)"

Note that we have
A B I
L= <—KA —KB) = (—K) (A4 B).

Then by the property of spectral radius, it holds that

where

o) = p<<A B) (_IK)> — p(A- BK) <1

Thus, the Markov chain {Z; },>¢ generated by the transition admits a unique stationary distribution

N (2, %.). The following lemma characterizes the average /i, = 1/T - 3/, Z:.

Lemma D.7. The average /i, = 1/7T - Zthl Zi, where Z; = [,/ | T, satisfies that
N 1 1<
Mz~ N(Hz + ?,va Tzf)7

where p17 and ENIT are bounded such that there exist positive absolute constants M), and My such
that [|pzl2 < My - (1 —p)~2 - ||pz|2 and ||X5][p < Myx - (1 — p)~* - [|Z.]|r. This gives that with
probability at least 1 — 7", it holds that

- logTv _
7= = pellz < =2+ (1= p) 72 poly ([| @l [ K [le, 1bll2, [l ll2).-
T4
Proof. See §F.6for a detailed proof. O

The above lemma also gives the error bound ||k, — fix,b||2-

Now, note that for any z ~ N (., 2, ), the random variable z — [i, + l/f - g follows NV(0, 3, +
1/T-X5). By Lemma there exists an absolute constant Cjy > 0 such that

Pz = i + 1T gl — (52)] > 7] <2 exp|~Co - min (2. 172, 75.07Y)]
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where, for notational convenience, we write the matrix f)z =3, +1 /IN“ . fJT By taking 7 =

Cy -logT - HE?ZHF for some sufficiently large positive absolute constant Cy, the above inequality
takes the form

IP“Hz e+ T g3 = w(E.)| > Cy - log T - ||iz||F} <7, (D.25)
We define the following event for any ¢ € [T]:
€1 = {llze = e + /T izl — 0(S2)| < 1o T - - ).

Then by (D-23)), we know that P(€; 1) > 1 —T % forany ¢ € [T]. Also, we define & = Neer)€e,1s
then we know that P(€1) > 1 — T"—° by union bound. Also, by the definition of &;, conditioning on
the event &1, it holds that

max |2 = i:[J3 < C1 - Jog T+ || e+ tr(22) + I[1/T - 3

<20, - [1+ Ms(1 - p)~Y/T?] log T - |2 |« + Mu(1— p)"2/T% - || 23
< Cy-logT - (L4 [IK[R) - [[®scll - (1= p) ™+ Ca - ([IBI5 + |ull3) - (1= p)~* -T2
<2C; - log T (L+ || K[E) - @k - (1 —p)~" (D.26)

for sufficiently large T. Here C; and C'5 are positive absolute constants. Moreover, we define the
following event

& = {llfi= — p= + 1/T - pzl2 < C1 }.

Then by Lemma we know that P(&;) > 1— T for sufficiently large 7. We define the event €
as the intersection of the event £; and &5, then by union bound, we know that P(£) > 1-T —5_7-6,

Now, we define the truncated feature vector 1(z, u) as ¢ (z, u) = n (z,u) 1¢, and also the truncated
objective function as

F(¢.6) = {E@)C +E[F - )07] - E@h)} €+ [¢' E@] € — 1/2- €]
(D.27)

where we write 1) = 1)(z, u) to simplify the notations, the function ¢ = ¢(z, u) is the truncated cost,
which is defined as ¢(z,u) = ¢(x,u) 1¢, and the expectation is taken over the trajectory generated

by the policy 7 p. The following lemma establishes the upper bound of |F'(¢, &) — 13(( ,€)|, where
F(¢,€) and F'(¢, §) are given in (B.9) and (D.27) respectively.
Lemma D.8. Given F(¢,¢) and F(¢,€) in (B9) and (D.27), it holds that
~ 1 logT _9
PO = FGOIS |+ 2| (1= o poly (IR [ e, (i ),

with probability at least 1 — 7.
Proof. See §F.7)for a detailed proof. O
By Lemma we know that with probability at least 1 — 7, it holds that

S FE ey min Bl €

gap(¢; §) {ggg (¢,€) — min (C,é)}
1 logT 9
< |=+ = (1 - -poly (|| K b J(Ko,by))- D.28
< [op+ 2| o poly (e Il Dl T b). - D28

Therefore, to obtain the bound of gap((,&), we only need to bound the term maxgcy, F (E &) —

mincey, F(C, €) in (D.28). We first use the following lemma to characterize the dependency of the
trajectories generated by the policy 7x ; and the state transition in Problem@
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Lemma D.9. Consider a linear system z;411 = Dxy + d + €;, where {x;};>0 C R™, the matrix
D € R™™ gatisfying p(D) < 1, the vector d € R™, and ¢; ~ N(0,X) is the Gaussians. We
denote by w; the marginal distribution of x; for each £ > 0. Besides, it is easy to verify that the
stationary distribution of this Markov chain is a Gaussian distribution A'((I — D)~1d, X.), where
Yoo 18 the covariance matrix. We define the 5-mixing coefficients for any n > 1 as follows

B(n) = iggEzwwt [!IPxn(- |20 =) — PN((I—D)*ld,Eoo)(')HTV}'

Then, for any p € (p(D), 1), the mixing coefficients satisfy that

B(n) <Cp,p - [tr(ZOO) +m-(1-— p)_Q}l/Q

where the scalar C,, p 4 is a constant which only depends on p, D and d. We say that the sequence
{z+}+>0 is S-mixing with parameter p.

. pn

Proof. See Proposition 3.1 in|Tu and Recht| (2017) for a detailed proof. O

Note that under the state transition in Problem the sequence {z;};>0 follow, where the
matrix A — BK satisfies that p(A — BK) < 1. Therefore, according to Lemma|D.9} we know that
the sequence {z; = (x;,u; ) }¢+>0 is B-mixing with parameter p € (p(A — BK),1). Now the
following lemma helps us to establish the primal-dual gap for a convex-concave problem.

Lemma D.10. Let X and Y be two compact and convex sets such that ||z — z'|]2 < M and ||y —
Y |l2 < M for any x, 2’ € X and y,y’ € . We consider solving the following problem

i F(x, =FEew, |Gz, y; s
min max F'(z, ) AG(z,y50)]

where the objective function F'(z,y) is convex in  and concave in y. In addition, we assume that
the distribution w, is the stationary distribution induced by a Markov chain {¢;};>¢, which is §-
mixing with S(n) < C. - p", where C. is a constant. Moreover, we assume that it holds almost

surely that G(z, y; €) is Lo-Lipschitz in both x and y, the gradient V,G(z, y; €) is zl-Lipschitz in
x for any y € Y, the gradient V,G(x, y; €) is L1 -Lipschitz in y for any = € X, where for simplicity
we assume that C,, Lo, L1 > 1. Each step of our gradient-based method takes the following form:

w1 = Do [2r — o1 - VaG(2e, yis €0) ] Yer1 =Ty [ye — i1 - VG, yis €0)]

where the operators I'y and I'y, projects the variables back to X and ), respectively, and the
stepsizes take the form v, = =, - t~1/2 for some constant v, > 0. Moreover, let 7 =
(Zthl A/t)’l(th:l vexy) and § = (Zthl vt)’l(Zf:l ~ty:) be the final output of the gradient
method after T iterations, then there exists an absolute constant C' > 0, such that for any ¢ € (0,1),
the primal-dual gap to the minimax optimization problem satisfies that

(M2 + L2+ LoL1 M) log?T +log(1/6 - C.LoM
maxF(f,y)—minF(%@SC ( + L0+ Lot ) %8 —|—0g( / )+C CeLo
TEX yey log(1/p) VT T

with probability at least 1 — 4.

Proof. See Theorem 5.4 in|Yang et al.[(2019) for a detailed proof. O

To use Lemma m we define the function G((, ; {/;, {/;’ ) as
~ - ~ -~ T
GG &6, ) = [9¢ + G =)0 —a] €+ (-9 —1/2- ¢l
where recall that 1; = {/}v (z,u) and 7:/;’ = {/}v (2',u"). Note that its gradients take the form

(t-e-¢!

o I 2 1 ~ ~
VCG(C,SH/J,’(//) = <~w é- +§ ) ) VEG(C7§7¢7¢I) = (,{/}Vc-l + (,lz_ QZ/){/‘;TC2 _’5,(’/‘;_ 52

Y — )T
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By Condition [B.7]and Lemma[D.6] we know that
HVCG(Q Ev {/\;a 72;/)”2 < pOIY(||K||F7 J(Ko, bO)) ! 10g2 T- (1 - p)72a

This gives the Lipschitz constant Lo in Lemma for G(¢, &; 1;, 1;’ ). Also, the Hessians take the
forms

V2G(CEYY) =0, VEG(( &) = —
which follows that
V&G &0, 0], =0, [[VEGE &9, 9], = 1. (D.30)

This gives the Lipschitz constant L; in Lemma for V:G(¢,¢; d}, 1/1 ) and V¢G((, & 7:2;, 1;’)
Moreover, note that provides an upper bound of M, combining (D.29), (D.30) and Lemma

[D:T0, we know that
~ ~ 1 K , 7J K 7b .1 6T
maXF(g &) — min F(¢,€) < po y(” I, ]2, J (Ko o)) og
EEV: CEV: (1— p)4 . \/T

holds with probability at least 1—7"~5. Combining (D.24) and (D.28)), we conclude the theorem. []

E PROOFS OF PROPOSITIONS

E.1 PROOF OF PROPOSITION[3.2]

Proof. We follow a similar argument as shown in the proof of Theorem 1.1 in|Sznitman| (1991) and
Theorem 3.2 in Bensoussan et al.|(2016). Note that for any policy 7, € II, the matrix K and the
vector b uniquely determine the policy. This motivates us to define the metric on II as follows.

Definition E.1. For any 7x, 1,,TKk,.b, € II, we define the metric on the set of policies II as
175 b0 = Tha b ll2 = €1+ [ Ky = Kol« 4 c2 - [[b1 — ball2,

where c; and ¢y are positive constants.

One can easily verify that the above definition satisfies the requirement of a metric. We first evaluate
the forms of the operators A;(-) and Az (-, ).

Forms of the operators A;(-) and As(-,-). Itis obvious that
Ai(p) =7,

m

where 772 solves Problem We now turn to As(u, ), which gives the new mean-field state
generated by the policy 7 under the old mean-field state 1. Note that in Problem [2.2] the sequence
of states {x;};>¢ constitutes a Markov chain, which has a statlonary distribution. Thus, by taking
the expectation of the state transition in Problem [2.2] - and using the linear-Gaussian policy 7(z) =
— K@ + by + on, we have pinew = (A — BK ) linew + (Bby + Ap + d). By solving the equation,
it holds that

Ao (p, ) = pinew = (I — A+ BK )" (Bb, + Ap + d).
This gives the form of As (-, -).
Next, we compute the Lipschitz constants for both operators A1 (-) and Ay(-, -).
Lipschitz constant for A;(-). Note thatbi Proposition [3.4] E for any pq, pe € R™, the optlmal
2.2

parameter policy K* is fixed for Problem [2.2} Therefore, by the form of the optimal b* given in
Proposition[3.4] it holds that

HAI(Nl) - AI(M2>H2 Sc2- H [(I - A)Q_l(f — A)T + BR_lBT}_lz

@ =T = RBT|| -l — pallz
=co- Ly || — pall2. (E.D
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Lipschitz constants for A, (-,-). Note that by Proposition for any pq, p2 € R™, the induced
optimal parameter policy K * is fixed for Problem[2.2] We thus have for any 7 € II such that 7 is an
optimal policy under some ;. € R™, it holds that

[Aa (1, 7) = Ma(pz, m)|, = [[(T = A+ BEZ) ™" A (1 — o)
< [1=p(A = BE")] 4]l - | = pall2
= Lo - [|1 — p2ll2- (E.2)

Moreover, for any 71, 2 € 11 such that there exists p1, o € R™ such that 71, w5 are optimal under
141, iz, and for any population mean p € R™, we have

1Az, 1) = Ao, m2)||, = [|(T = A+ BET) ™' B (b = by
< [1=p(A=BE")] Bl - by, — busllo
=c;' Ly ||m — 2. (E.3)

Now we proceed to show that the operator is a contraction. For any p1, g2 € R™, the following
inequality holds:

A G) = A2, =|[ A2 (1, Ax 1)) = Az a2, A (1) |

SHAz (H17A1(M1)) — Ay (,ul, Al(uz)) H2+HA2 (,u1, Al(uz)) — Ay (N27A1(,U2)) H2

<yt La||Ar () = Av(p2) ||, + Lo - [ln — pall2
<cy' Lg-ca- Ly llpy — poll2 + Lo - |y — poll2 = (L1Ls + La) - [lpa — pall2,

where in the second line, we use triangular inequality; in the third line, we use (E:2) and (E-3); in
the last line, we use (EI). By Assumption [3.] we know that Ly = L L3 + Lo < 1, which shows
that the operator A(-) is a contraction. Therefore, by Banach fixed-point theorem, we conclude that
A(+) has a unique fixed point, which gives the equilibrium pair of Problem O

E.2 PROOF OF PROPOSITION[3.4]

Proof. Note that by the definition of J2 (K, b) in (3.6) and the definition of 1 5 in (3.2)), the problem
ming Jo (K, b) is a constrained optimization program

-
min [HEb Q+K'RK —K'R\ (puxp
picod \ 0 —RK R b
st. { —A+ BK)ukp— (Bb+ Ap+d) =0. (E.4)
Consider the KKT conditions of (E.4), the minimizer satisfies that
IMy ("f;?K) +NxkA=0, N[ (“’g;?") +Ap+d=0, (E.5)

where we that

Mo - (Q+EK'RE —K'R No — —(I - A+ BK)T
K = —RK R ) K — BT .

By solving (E.3), we obtain the minimizer to the program as follows
(’“"5;?") = Mg 'Ng(Ng Mg ' Ni) ™ (Ap + d). (E.6)

By substituting (E-6)) into the definition of J> (K, b) in (3:6), we have
Jo(K,b5) = (Ap+d) T (NE M N )™ (Ap + d). (E.7)

Moreover, by algebra, we have

M*1 B Q—l Q—lKT
K KQ—l KQ_lKT—‘rR_l .

32



Under review as a conference paper at ICLR 2020

Therefore, the term N, M ;' Nx in (E7) takes the following form
NpMg*Ng =(I—-A)Q*I—-A")+BR'B".
Combining (E.7), we have
To(K,05) = (Ap+d)T[(I - A)Q "(I—AT)+ BR'BT] ™ (Au + d).
Also, combining (E.6), we have

(Mfé) K) - <KQ1?11(£1)_T /i);lBT) (1= QM= A)T +BRTBT) (A +d).

Then we finish the proof of the proposition. O

E.3 PROOF OF PROPOSITION[B.2]
Proof. By the definition of the cost function ¢(x,u) in Problem[2.2] we have

Ec, = E(z) Quy + v/ Ruy + p' Qu)
= E(z; Qu; + 2] K" RKx, — 20" RKx, +b" Rb+ 0%y, Ry + 11" Qu)
=E[z, (Q+ K RK)z; —2b" RKz¢| +b' Rb+ 0 - tr(R) + pu' Qp, (E.8)

where in the second line we use the form of the linear policy. Therefore, combining (E8) and the
definition of .J(K, b) in Problem[2.2] we have

J(K,b) = lim % i{E[mZ(Q + K"RK)x, — 2b" RKx,] +b" Rb+ ,ﬁ@u}
=Eon(ursar) |t (Q+ K RK)x — 20" RKz] +b"Rb+ o2 - tr(R) + p" Qu
=t[(Q + K"RK)®] + (urp) (@ + KT RK)ugp — 2b" RKjugcy + b Rb+ 0% - tr(R) + p" Q.
Now, by applying (3.3) and (3.4) repeatedly, we have
t[(Q + K"RK)®g| = tr(PxT.),

where Py is given in (3.4). This finishes the proof of the proposition. O

E.4 PROOF OF PROPOSITION[3.3]

Proof. By calculating the Hessian matrix of Jo (K, b) directly, we have

V3, Jo(K,b) =BT(I — A+ BK)" " (Q+ K"RK)(I - A+ BK)™'B
—[RK(I-A+BK) 'B+B'(I-A+BK) " "K'R|+R
=[VRK(I - A+ BK)"'B~vR]'[VRK(I - A+ BK)"'B - VR|
+B"(I-A+BK)"'Q(I - A+ BK)'B,

which is a positive constant matrix, whose minimum singular value is denoted by vx > 0. More-
over, note that the spectral norm of V', J2(K, b) is upper bounded as

-2
[V 2 (K, 0)||, < [1 = p(A=BK)] - (IBIZ - K2 - [R]l. + [ BIE - [Qll+)-
Therefore, we know that the maximum singular value ¢ of VZ,.J2(K, b) is upper bounded

—2
ik < [1=p(A=BK)] " (IBIZ 1K IR« + IBIZ - 1QI)-
This finishes the proof. O
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E.5 PROOF OF PROPOSITION[B.3]

Proof. It holds that
Vi [r(Px¥.)] =2[(R+ B'PxB)K — B' PxA] ¥k,
also, we have
Vi [(kp) " (Q+ K"RE) g s
=2[RK -~ B"(I - A+ BK)" " (Q+ K" RK)|uxp(trcp)
Vik("RKpukp) = [R—B'(I—A+BK) "K' R]b(uxyp) "

Combining the above equations, we obtain the form of Vg Ji(K). Moreover, the form of
Vi J2(K,b) is obtained simply by taking gradient w.r.t. b, combining the definition of ug in
(3:2) and the Lyapunov equation (3.3). This concludes the theorem. O

E.6 PROOF OF PROPOSITION [B.1]

Proof. From the definition of Vi (z) in and the definition of the cost function c(z,u) in
Problem 2.2] it holds that
Vico (@) = Z{E[xj (Q+ K" RK)x, — 2b" RK

t=0
+b " Rb+o?n) Ry + " Qu| o = x| — J(K, b)}
Combining (3.1), we see that Vi () is indeed a quadratic function taking the form Vi ;(z) =

Gz + r'x + h, where G, r and h are functions of K and b. Note that Vi b(z) satisfies the
Bellman equation, i.e.,

Vi o(z) = c(z,—Kx +b) — J(K,b) + E[VKJ,(QL‘/) |a:],
then by substituting the form of ¢(z, —Kz + b) in Problem[2.2|and J(K, b) in (3.3)), we obtain that
2"Gr+r"e+h=2"(Q+K RK)x—2b RKz+b Rb+u' Qu
— [tr(PrWe) + (pxp) (Q+ K TRE) gy — 20" RKpgcp + i Qu+b' Rb]
+ [(A= BK)z + (Bb+ Au+d)] G[(A — BK)z + (Bb+ Ap + d)]

+tu(GV.) +r"[(A— BK)x + (Bb+ Ap+d)| + h — o? - tr(R).
(E.9)

By comparing the quadratic terms and linear terms in (E.9), we obtain that
G = P, r=2fKkp.
Also, by the definition of Vi j(x) in (B:I), we know that E[Vi ()] = 0. Therefore, we have
h=—2fxpurs— (prs) Prprp — tr(Pg®r).
This finishes the proof of (B3).
For the action-value function Q i (, u), by the definition in (B:2) and (B-3)), we obtain (B-4). This
finishes the proof of the proposition. O

E.7 PROOF OF PROPOSITION
Proof. By Proposition it holds that Q k 5, takes the following linear form
Qrp(z,u) = v(z,u) aky + Brp, (E.10)

where (g is a scalar independent of = and u. Given the ergodic cost, recall that the Bellman
equation takes the form

Qrp(w,u) = c(z,u) — J(K,b) + By, [Qrp(a’, u) | z,u], (E.11)
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where (2/,u’) is the state-action pair after (z, u) following the policy 7k ; and the state transition.

Combining (E.10) and (E.1T)), we obtain that
Y(z,u) Tagp = clz,u) — J(K,b) + Enp, (2, 0) |LE,U]T05K7b. (E.12)
By left multiplying ¢ (z, u) to both sides of (E.12)), and taking the total expectation, we have
T
]E‘ITK‘b{,l/}(x7 u) [7/1(% u) - ¢($/a ul)] } QKb + Eﬂ'K,b W(% U)] : J(Kv b) = Eﬂ'}(,b [C(xa UWJ(% ’LL)]

Combining the definition of the matrix © k , in (B.7), we conclude the proposition. O

E.8 PROOF OF PROPOSITION

Proof. Invertibility and Upper Bound. We first introduce some notations. We define the vector
z=(x",u")T. Then following the state transition and the policy 7 x p, the transition of z takes the
form

2 =Lz+v+6, (E.13)

where the matrix L and vectors v, ¢ are given as

. Ap+d 5 w (A B
T \-K(Ap+d)+b)’ T \—Kw+on)’ “\-KA —-KB)"-

Note that the matrix L also takes the form

L= <IK> (A B).

Combining the fact that p(UV') = p(VU) for any matrices U and V, we know that p(L) = p(A4 —
BK) < 1, which gives the stability of (E.13).

Note that by (E-I3), we see that the mean 4, and the covariance ¥, satisfy the following equations
ps = Ly, + v, Y, =LY, LT + Uy, (E.14)

where the matrix W is the covariance of the vector d, which takes the form

v —( % —U, KT
ST \-KVU, KU, KT +0%I)"

Also, the covariance matrix X, takes the following form

T
_ N7 *‘I)KKT - 0 0 T I
s (K<I>K KoK + 02 j) = (0 02.1> + <—K> Px <_K) . (15

Now, we establish the following lemma.
Lemma E.2. The matrix © g in (B.7) takes the following form

(22, @ .)I - L@, L)T 0
Orp = ( 0 >.I-L)T )"
Proof. See for a detailed proof. O

Note that since p(L) < 1, both the matrices I — L ®, L and I — L are positive definite. Therefore,
by Lemma the matrix © i 5, is invertible. This finishes the proof of the invertibility of the matrix
Ok p. Moreover, from (E.15) and Lemmal|E.2] we upper bound the spectral norm of © g, as

1©xoll < 2max{ IS )12 (1+ L), IZ: - (1 + L) }
2
<AIBE <4+ KR - 12k

This proves the upper bound of the spectral norm.
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Minimum singular value. To lower bound o, (é K,b), we only need to upper bound O’max(é}}b).

We first proceed to calculate (:);(}b. Recall that the matrix O 5 in the linear system (B.8) takes the
following form

~ 1 0
®K7b - (Eﬂk,b [w(x7u)] @Kyb) .

By the definition of the feature vector ¢ (z, u), we know that the vector o, = E . , [ (z, u)] takes
the form

o = By, [00(2,0)] = <SVCC(22)> , (E.16)

Ok+m

where 0y, denotes the all-zero column vector with dimension & + m. Also, since © j is invert-
ible, the matrix © g 5 is also invertible, whose inverse is given as

51 _ 1 0
T\ =0k 0 Oy
The following lemma characterizes the spectral norm of the matrix (:jl_éb.

Lemma E.3. The spectral norm of the matrix éf}lb is upper bounded by some positive constant hy K

where XK only depends on p(A — BK), 0 and oin (V).
Proof. See for a detailed proof. O

By Lemma we know that minimum singular value of the matrix ) K, 1s lower bounded by a

positive constant A\x = 1/ A k> which only depends on p(A—BK), 0 and 0yin (¥,,). This concludes
the proposition. [

F PROOFS OF LEMMAS

F.1 PROOF OF LEMMA D]
Proof. By the fact that Py, satisfies the Bellman equation in (3:4), we have
T
y' Pr,y = Z y' [(A— BK>)'"] (Q+ KJ RK»)(A— BK>)'y.
>0
By the transition 441 = (A — BK3)y;, we know that y; = (A — BK>)*y. Therefore, it holds that
v P,y =Yyl (Q+ K3 RE2)ys = > (4 Qui +y! K RKoyy).
>0 >0

Then by telescoping, we have

v Py —y Py =Y (y) Que + v K3 RKoys + y/ o1 Pryyers — vl Pyn). (BD)
+>0

Also, for any ¢ > 0, we have
Yl Qui + vy Ky REay: +y/' 1 P, yer — v P,
=y [Q+ (K2 — K1 + K1) R(Ky — K1 + K1) ]u:
+y/ [A— BK, — B(K; — K1)| ' P, [A— BK, — B(Ks — K1)|yi — v/ Pr, i
=2y (Ky — K1) [(R+ BT P, B)K1 — B Pr, Ay + v (Ko — K1) (R + BT P, B) (K2 — K1)y
=2y (Ks — K1) T (YR K1 — Y3 )ye + ! (Ko — K1) TYR (Ks — K1)y (F.2)
Combining and (E2)), we finish the proof. O
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F.2 PROOF OF LEMMA[D.2]
Proof. Upper Bound. From the definition of J; (K) in (3.6)), we have
Ji(K) — J(K*) = (P Ve — Pge W) = Eyono,w,) (¥ Pxy —y ' Prey)

> Dk k- (yt)] , (F3)

t>0

= —Eyn0,0.)

where in the last equality, we apply Lemma [D.1]and {y; }+>¢ follows the transition ;11 = (A —
BK*)y;. Also, we write Dy gk« (y) as

Dicx-(y) =2y" (K" = K)(YRE = Ty +y (K™ — K) ' TR(K" - K)x
* — T * _
=y [K* = K+ (TR)7H(YRK = 1)) TR[K" = K+ (TR)7 (TRE - 1))y
—y  (YRE =T5) " (%) (TRE = TR)y. (F4)
Note that the first term on the RHS of (F4) is positive, due to the fact that it is a quadratic form of a
positive definite matrix, we therefore lower bound Dg g~ (y) as

D e (y) > —y "(TRE = T5) T (TR) T (TRE — TRy, (ES)
Therefore, combining (F:3) and (E3), it holds that

> uwl

t>0

JI(K) — J(K7) < w[(YRK =TT (CR) 7 (TRE - T%)]

*

Eyonn0,9.)

= | @gc [l - o [(PRE = T3) T(YR) TH(YRK — TX)]
<R, - Prce - w[(CRE = TR)T(TRE — T3]
< Oin (B) - [ x| - w[(YRK — T3 T (TRE — TR,

where the second line comes from direct computation, while the last line comes from the fact that
T2 =R+ BT K Pg < R. This complete the proof of the upper bound.

Lower Bound. Note that for any K, it holds that

J(K) = J(K*) > J(K) = J(K) = ~Eyponon.) [z DK,g<yt>] , (F6)

t>0

where {y: }+>0 follows the transition y;11 = (4 — BK )yz. Therefore, by choosing K=K-—
(Y32)"Y(YZK — Y%), by a similar calculation in (F4), the function D, (y) takes the form

Dy g(y)=—y (YREK = T3)T(Y2) '(YRK - TR)y. (E7)
Combining and , we obtain a lower bound as
J(E) = J(K) > w[@p(TRE - TI) T (TR) 7 (TRE — T5)]
> omin (V) - TR o[(YRE = TR) T (TRK - TR)].
Here in the last line, we use the fact that & 7= W.. This finishes the proof of the lower bound. [

F.3 PROOF OoF LEMMA[D 4]

Proof. Note that from Lemma[D.1] it holds that

JU(K) — Jy(K*) = E{Z [2yJ(K KN (YRK* — T2 )y + g (K — K*) T2 (K — K*)yt} }
>0

=tr[Px(K — K*) TR (K — K*)]

> (@l TR .- w[( — K) (5 — 7))

> Omin(Ve) - omin(R) - [| K — K*”l%?
where {y: }+>0 follows the transition y;; = (A — BK)y;. Here in the second line, we use the fact

that Y22, K* — 121, is the natural gradient of J; () evaluated at K*, which implies that Y22, K* —

K K g p K
YT2L = 0; while in the last line, we use the fact that ||®x ||, > omin(¥,) and | T2 ||« > omin(R).
O

This concludes the lemma.
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F.4 PROOF OF LEMMA[D.3]
Proof. Note that by Proposition [3.3] we have

Jo(Kn,bag1) — Jo (KN, bng1) 4% Vido(Kn, bng1) | [Voda(Kn,ba) — Vida(E v, by)]
+ (V") vy /2 || Vedo (K, ba) — §bJ2(KNabh)H§7
Jo(Kn,bag1) — Jo(Kn,byg1) < =2 Vo (K, bygr) | [VyJo (KN, by) — Vo (K, br)]

O ey 2 [ Ve (B ) — S oK, )2
(F8)

Also, we upper bound ||V J2 (K, bpy1)]|2 as

V32 (e B, < polyy (Ll ol lller (K. bo)) - [L— p(A — BEN)] ™. (R9)

Combining (E8), (F9) and the fact that v, < tx, <[l — p(A — BKy)]™2 - poly,(||Kn]|«), we
know that

| Jo (K, bagr) — Jo(Kn, b))
<" poly, (1K n Ik, [bnl2, ll12ll2 (K n,b0)) - ||[Voda(Kn,br) — Vda (K, by, - [1 — p(A — BKy)] -
+ (702 - poly, (K w1+ - || Voo (K, b) — Vo da(Kn,bn) |2 - [1 = p(A — BKN)] 7
Note that from the definition of VJo (K, by,) and @bJQ(KN, bp), we have
Vo Jo(Kn,br) — Voo (K, bn) |,
< YR, = YRl NEN e - Ircnnllz + 102 e BN - [rn b = s 2 + 1752 = TR, [l - 1ball2

+ ”T%{lN - T%N H* : ||//’ZKN;bhH2 + HT%{lNH* . ”ﬁKNJ?h - :uKNJ?hH? + HZ]\KNJ?;L - qKN,bhHQ'

From Theorem combining the fact that Jo(Kn,b,) < Jo(Kpn,bp) and the fact that

i n bll2 < J(KN,bo)/0min(Q), we know that with probability at least 1 — (77%)~* — (T)~6, it
holds that

Vo T2 (K, br) — Vo (K, i) |,
log® T? log!/? sz
(THYA(1 = p)2 (T8 (1—p) ]

N

< Ay POlys (I [le [1bn 12, ||z, J2 (K, bo)) - {

To show that holds, we only need to pick 7, T and 7% such that

7" - polyy ([ w [lv, 1bnllz, llzellz, (K, bo)) - Az, - polys (K wlle 1B 12, [lillz, J2(Kn, bo))

log® T logl/2 Tb -1 b2 1
. L — n - |1 —p(A—- BK - pol Kyll«) - A

log® T n log ﬁz
T2 —p)t (T (1 p)?

-poly; ([ Kn e [[bnl2, llll2, J2(K v, bo)) - { } [1-p(A—BKy)]

<vky - €/2,
in other words, we pick
7" < min{1 - p(A4 — BEN), [1=p(4 = BEx)] 7 (1BI2 - 1Kn 2+ IRIL + IBI2 - QIL) },
Ty = poly, (IKn e, 1bnll2, lell2, J (K, bo)) - ARk - vics - (L= p) 710275,
T2 = polys (I nlle, 1B, [l 2, T (K. bo)) - Mgy - vigsy - (L= p) 710 - 7%,
then (D.19) holds with probability at least 1 — £'5. This corresponds to the choices of parameters in

the statement of Theorem[B.4] We then finish the proof. O
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F.5 PROOF OF LEMMA [D.6

Proof. Part 1. First we proceed to prove that (x;, € V.. Note that from Condition [B.7, we know
that (-, = J(K,b) satisfies that 0 < (j, < J(Ko,bo). It remains to show that (-, = o
satisfies that [|C% ,[la < M¢. By the definition of ax  in (B.6), we know that
lorc ol < 1T kclE + 1Tk lZ - (o3 + Nl oll3)
2 - 2
+ (AL + 1Bl)” - (1Pl - [[Ap +dllz + | fxcpll2) (F.10)

where for notational simplicity, we denote by p ,, the mean-field action, i.e., puf , = —Kpk p + b.
We only need to bound Yr, ik p, Wiy Pre, and fx.»- Note that the expected total cost J (K, b)
takes the form

J(EB) = w(Pe) + () Qurcs + (i) Ry + 0% - 1(R) + 17 Q.
Thus, we have
min (Vo) - 1(Px) > omin (Vo) - || P+,
(hip) " Qurcs > omin(Q) - [l1ixc b2,
(k) " Riiey 2 omin(R) - [k yll2,

Q

K,b)
K, b)

(AVARAVARLV]

which imply that

[Prll« < J(Ko,b0)/0min(Peo),  |lrpllz < J(Ko,bo)/omin(Q), 1k pll2 < J (Ko, D0)/Tmin(R).
(F11)

For T g, note that we decompose the matrix in the following way:

e (0 ) (§) i

ITxlle < (1QIF + [1RIlF) + (IAIF + IBIE) - | P,
2
1Tkl < (IQU +IIRI) + (1AL + IBll)” - [[Prc -
Combining (F.11)) and the fact that ||U||r < /m - ||U||« for any U € R™*™, we know that
ITxlle < (1QNr + I RIlF) + (IAIF + 1BIF) - v/m - J (Ko, bo) /omin (Vo)
2
ITx |l < (IQUx + IR]) + (1Al + [|Bll+)™ - T (Ko, b0) /omin (V) (F.12)
Now we focus on the bound of the vector fx ;. Note that we write fx ; in the following way
frw=—Prprp+ I —A+BK) " [Quip — KT Ry ],

we therefore upper bound fx p as

which gives

1ficollz < T (Ko, b0)? - 0ty (W) - 0 (@) + [L = p(A = BK)] "+ (g + i - | K[e) (F13)

Combining (FI0), (FTT), (F12) and (FI3), we know that |[(% ,« ||l2 = |log prc |2 < My + Mo -
(1+ || K|l) - [1 — p(A— BK)]~'. Therefore, we know that (x ,x € V.

Part 2. Now we show that for any { € V;, we have £(() € Ve. Note that £(¢) is given by

gl(C) = Cl - J(K’ bK)v
() = By [V, )¢+ Opc i (P =B [, u)tp(, u) . (F.14)
Then we have
1£1(Q)| = [¢* — J(K,b5)| < J (Ko, bo) (F.15)
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and also
1€, < [En e [ ]|, + 10cam 1 - 1622 + |[Eny e, bt w)] |- E16)
B Bz Bs
Note that we upper bound B; as
By < J(Ko,b0) - |[En, e [0, 0)]||| < T(Ko,b0) - 52 I, F.17)

where X, is given in (EI3). Also, by Proposition[B.6 we bound B as
-1
By <401+ K| - [@x 2 - (Mea + Meo)-[1 - p(A - BK)] ™. (E18)
As for the term Bj in (F16), we utilize the following lemma to provide an upper bound.

Lemma F.1. The vector E [e(x, u)h(x,u)] has the following form

TR K

2svec[¥.diag(Q, R)X. + (X.,diag(Q, R))X. |

Ea g el 0 0)] = . (2Quc

“\2Rpuiy,
o svec(X,)
+ () " Quic + (i) " Ry + 1" Q) %m :
k
Here the matrix X, takes the form
Dy _OxKT
ZZ == T 2 .
“K®x KOxK' +02-1
Proof. See §F.11]for detailed proof. O

From Lemma[F.I|and (E11)), we obtain the upper bound for B
Bs < 3[|Qlle + | Rlle + J (Ko, 00) | Qll« /omin(Q) + J (Ko, bo) | Rll« /omin(R)] - [|Z2]Z. (F.19)

Moreover, by the definition of X, in (E:I3), combining the triangular inequality, we have the fol-
lowing bounds for the Frobenius norm and spectral norm of 3, respectively:

I1Z:0F < 2(d+ IKNR) - 1@k lls  I1B20 S 20+ KR - |2k (F.20)
Also, by similar techniques we used in deriving (F11), we have
J(Ko,bo) > J(K,b) > r[(Q + KT RK)®k| > [Pk |ls - omin(Q),
which gives the upper bound for @ as follows
@Kl < J(Ko,b0)/0min(Q)- (F21)
Therefore, combining (F.16), (F17), (E13), (F19), (F:20) and (F21)), we know that
1€, < € - (M + M) - T (Ko, bo) /07 (@) - (L+ KR - [1 = p(A — BK)] .

(F.22)
By (ET3) and (F22), we know that {(¢) € V¢ for any ¢ € V.. From this, we conclude the lemma.
O
F.6 PROOF OF LEMMA[D.7]
Proof. Assume that Zo ~ N (114, 3+). Recall that the following transition holds
gt+l = Lgt + v+ 5t~ (F23)
We know that
t—1 t—1
% ~ N(LtuT +> LT w, (LT)'SL + Z(LT)’\IJ(;LZ> , (F24)
=0 i=0
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where W is the covariance matrix of d;, which takes the form

v — [ Vo KU,
= \KU, KU KT +0%1)"

From (F23)), we know that p, takes the form
o0
=(I-L)'v=) L
=0
Therefore, combining (F.24)), we have

7
E(fi.) = pz + % > Ll - Z Z Liv. (F25)
t=1

It holds that

2

1
<= Zp Lol + Zp S vl

T t=1 t 1 =t

-1 _9

[1 - p(L)] [1—p(L)]
< B — e + - .||l
< B il + S ol
<My, - (1—=p) 72 a2/ T, (F.26)

where M), is a positive absolute constant. For the covariance, note that for any random variables
X ~ N(u1,21) and Y ~ N(pg,Xs), we know that Z = X +Y ~ N(uy + po,X), where
[Z[F < 2[|21|lF + 2||X2][p. Combining (F24), we know that i, ~ N(Efi.,¥5/T), where Y5
satisfies that

T T t—1
T/2'||Ef\\FSZP( PS4+ DD pL)* (W
t=1 t=1 i=0

< [1=p(L)?] 7 ISHe + T - [1 = p(L)?] ™" - 5],
which implies that
IZ7lr < Ms - (1—p) " IS2 s (F27)

where Ms; is a positive absolute constant. Combining (F:23), (F26) and (F27)), we conclude that [,
follows the distribution. The inequality follows by a Gaussian tail bounds. Then we finish the proof
of the lemma. O

F.7 PROOF OF LEMMA [D.§]

Proof. We continue using the notations given in We define
- ~ - T
P& = (B¢ +E[ - 0)37]¢ ~E(eh)} €+ [ ~E(0)] -¢' — 1/2- ¢l

where 7; = 1Z(x, u) is the estimated feature vector. Here the expectation is only taken over the
trajectory generated by the state transition and the policy 7 3, instead of the randomness when

calculating the estimated feature vectors. Thus, the function F (¢, &) is still random, where the
randomness comes from the estimated feature vectors. Note that |F'((,£) — F((,€)| < |F(¢,€) —
F((,0|+|F (¢, &) —F(¢,€)|- Thus, we only need to characterize |F'(¢,&) — F(¢, €)| and | F(¢, §) —
(¢, 91
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Part 1. First we characterize |F'(¢, ) — ﬁ(( ,€)|. Note that by algebra, we have

[F(¢.) - <£|—‘{ (W=D +E[W 00T — (@ - F)T)C ~Elet: ~ D]} €

<E(IY = Bll2) - [IC1+ Bl = 'll2 + 20ll2) 16212 + E ()] - €21,
(F.28)

where the expectation is only taken over the trajectory generated by the state transition and the
policy 7. From IP’(||,uz +1/T - pillz < C’l) > 1 — T-5, we know that with prob-

ability at least 1 — 76, the term E(|]¢) — ¢'||2 + 2]|9||2) is upper bounded by a polynomial
poly (|| @ k|| «, || K ||k, ||b||27 lee]l2, J (Ko, bg)). Also, the term E(c) is also upper bounded by a poly-
nomial poly(||P k||« | K ||r, ||6ll2, || tll2, J (Ko, bo)) by the definition of the cost function ¢(x,u).

Therefore, combining Condition|B.7|and (F28), with probability at least 1 — 7"~ we obtain that

We upper bound the term ||¢)(x, u) — 1]}\(58, u)]|2 for any 2 and u as

~ ~ . ~ 2 P
(e, w) = P, w3 = = — pell3 + |2Giz — p2) "+ (e — )2l + lpapd — it |7
< poly ([|2x [l 1K [le. [1Bll2, llell2, J (Ko, bo)) - |22 — p: |13, (F.30)
where z = [z7,u"]T. Also, by Lemma|D.7} we know that
- log T 9
”MZ_:“ZHQ < 1’;1/4 '(1_p) 'pOIY(H(I)K”*vHKHFv ||bH27||/~L||27J(K07b0))7 (F31)

holds with probability at least 1 — 7~¢. Combining (F29), (F:30) and (E31), it holds that

logl~1
T1/4

|F(¢,6) — F(¢, 9| < (1= p)~2 - poly (|| K|[e, [|bll2: [l ell2, J (Ko, bo)) (F.32)

with probability at least 1 — T-5.
Part 2. We now characterize |F/(¢,£) — F(C,€)| in the sequel. By definitions, we have

|F(¢,€) — F(¢,9)|
= 1{% — ) HE[@ -9 - (@ -9 - E@ —6&)}%2 +E( - 9)¢"

]15c+‘ o' )CQ] 5‘ (E'NE)es
(F.33)

<|[{m@i +BGINE -BED) @ +E@E

where £’ is an event defined as

& = ( N {‘”21/5 —pz + YT g3 = w(E2)] < C1 - log T - |1 }) =

te[T]

which, by Lemma satisfies that P() > 1 — T-5 _ 76, By a similar argument as in Part 1,
we upper bound the two absolute values on the RHS of (E33) as

} poly (1K le, [blls: [llss J(Kos o)) (F34)

~ R 1 1

for sufficiently large T and T'. Therefore, combining (F32) and (F34), by triangular inequality, we
finish the proof of the lemma. O
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F.8 PROOF OF LEMMAI[E.2]

Proof. Recall that the feature vector ¢(x, u) takes the following form

) = (svec[<z — sz uzﬂ) |

5
We then have

7

la,u) — (! ') = <SV€C [vs" ;_(L(zﬂj)a()@ + 5)T]>

where we denote by y = z — p, and 2’ and v’ are the state and action following the state transition
and the policy mx . Therefore, for any symmetric matrices M, N and any vectors m, n, the
following equation holds

<sve(;r(LM)> ! O (sve;(N))

_ EM{ (svec;r(LM)) T <svec(yny)> <Svec [yy" . _(L(yL y+ L” 6()Ly +0)7] > T (sve;(N)) }

= Eys{ (M.yy") +mTy) - [(Noyy” = (Ly+ )Ly +9)T)+n"(y - Ly — )] |
=Ey[{yy" M) (yy" — Lyy" LT — W5, N)] +E,[(yy", M) -n" (y - Ly)]

Ay Az
+E, [mTy yy" — Lyy LT — Vs, N)] +E, [mTy nl(y— Ly)], (F.35)

A3 A4

where the expectations are taken over the distribution y ~ A(0,%,) and § ~ N(0, ¥s).

For the terms As and A3 in (F33), by the fact thaty = z — p, ~ N(0, X, ), we know that these two
terms vanish. For A4, it holds that

Ay =E, [mTy (y — Ly)Tn] =E, [mTny(I - L)Tn} =m'S,(I-L) n. (F.36)
For A, by algebra, we have
AL =Ey[(yy ", M) - (yy" — Lyy LT — W5, N)]
=E,[(yy", M) (yy" — Lyy LT, N)] —E,[(yy", M) - (U5,N)]
=Eyly TMy y (N LTNL> ] = (2, M) - (s, N)
=Eyno.n [u SY2MEY 20w TSYA(N — LTNL)SY?u] — (., M) - (U4, N). (F37)
Now, by applying Lemma[G.I]to the first term on the RHS of (F37), we know that
Ay =2u[22Mxl? . w/3(N - LTNL)EY?]
+ (B 2MEY?)  w[SYA(N — LTNL)SY?] — (8., M) - (U5, N)
=2(M,%, (N -~ L'NL)S.) + (X.,M) - (X, — LY, L" — U5, N)
=2(M,%.(N —L"NL)Y.),

where we use (E.I4) in the last equality. By using the property of the operator svec(-) and the
definition of the symmetric Kronecker product, we obtain that

Ay = 2svec(M) svec [Z.(N — LTNL)EZ}
= 2svec(M) " [E, ®, 8, — (8.L7) ®, (S.L")]svec(N)
= 2svec(M) " [(2. ®s 2.)(I — L®s L) " |svec(N). (F.38)
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Combining (F33)), (F36) and (F38)), we obtain that

(sve(;SM)) i Orc (svec;fN))

=svec(M) " [2(2. ® 2.)(I — L ®s L) |svec(N) +m'S.(I-L) ' n
_ (svec(M)>—r <2(Ez ®s2.) I —L®sL)" 0 > (svec(N)) .

m 0 Y. (I-L)T n
Thus, the matrix © g ;, takes the following form
(2. @) I - L®,L)" 0
Orp = ( 0 S.I-L)7 )"
This concludes the lemma. L]

F.9 PROOF OF LEMMA [EJ]
Proof. By the property of the spectral norm, we upper bound || él}lb || as
197512 < 1+ 110512 + 10550 5. (F.39)

We proceed to bound the RHS of (F39). For the term !5, combining Lemma and (ET6),
we have

i~ [(1/2-(I-L®,L)"T(X, ®: 2.)" " - svec(S,)
eK’bJZ N 0k+m
_(1/2-(I - L@, L)" T (371 @, B71) - svee(X.,)
0k+m
_(1/2-(I-L®s L)~T -svec(Xh)
Ok+m ’

where we use the property of the symmetric Kronecker product in the second and last line. There-
fore, we have

||@I_(71b52||2 =1/2- H(I L®,L svec( ;1)||2
<1/2-|(I- L®S TH |[svec(x 1)||2
<1/2-[1-p*(L)] - II%2 1IIF
< 1/2'm' [L=p2@)] 12
=12 Vktm-[1-p2L)] " [oun(E:)] (F40)

where in the third line we use Lemmato the matrix L ®; L. Similarly, we upper bound |07, ||
in the sequel

10l < min{1/2- [1 = 2(D)] ™ [omin()] 7 [1 = p(D)] 7 [rmin(S2)] T} (R4

Thus, combining (F39), (F40) and (F4T)), we obtain that
10K, 12 < 1+1/2- VEFm- 1= p2(L)] 7 - [omin(E:)]
+ min{1/2 1= 2] o (22)] 1= ()] [o—min(zz)]’l}. (F42)

Now it remains to characterize oy, (2,). For any vectors s € R™ and r € R*, we have

T
S S 2
(’I") X, <7=> = E‘ITK,bﬂJN(MK,b,CI’K){ [ST(JC - /J‘KJ?) + TT(u + KﬂK,b - b)] }

2
= Eerucptrmniond [(s= K1) (@ = picy) +orn)” |

= Ew~(ux,b7<l>x){ [(5 - KTT)T(Z‘ - MK,b)]2} +E, n.0n [(O’TTU)Q]. (F.43)

-1
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The first term on the RHS of (F.43)) is lower bounded as

2
Earucnio{ [(5 = K1) (@ = )]’} = (s = K1) @i (s = K T7)
> s — K 7|2 omin(®r) > ||ls — K713 - omin(¥o), (F.44)

where the last inequality comes from the fact that ouin(Px) > omin(¥,) by (3.3). The second
term on the RHS of (E43) takes the form E,xo,1)[(o7 "n)?] = o?||r||3. Therefore, combining

(F43) and (F44), we have

T
s s
<7“> > <7“> > s = KTr[13 - omin (Vo) + 07|73
> Omin(Vy) - H‘S”g + [‘72 - ||K||3 : Umin(@w)] : ||r||§

From this, we see that o, (2,) is lower bounded by min{omin(¥,,), 0% — | K||? - omin(¥)}s
which only depends on o, (V) and o. Thus, combining (F42), we know that ||@;(71b||* is upper

bounded by some constant XK, where XK only depends on p(A — BK), o and oyin(¥,,). This
finishes the proof of the lemma. O

F.10 PROOF OF LEMMA[D.3]
Proof. By direct calculation and Proposition [B.2] we have
I (Boit) = Ti(Fnit)| = [(Pr. | — P )W) < [1Pr, — Prcvll [ ells. (45)

The following lemma helps establish the upper bound of the term ||PI~5n+1 — Pg, ||+

Lemma F.2. Suppose that the parameters K and K satisfy that
HK - KH* ' (HA - BK”* + 1) ' ”(I)K”* < Urnin(\l’w)/4 : ”BH;lv (F~46)
then it holds that
1Pz — Prclls <600 (Wo) - @kl 1K L IR - 1K = Kl

(Bl - 1K) - 1A = BE |l + | Blls - [ K[l + 1). (F47)

Proof. See Lemma 5.7 in|Yang et al.|(2019) for a detailed proof. O

To use Lemma we only need to verify that K,, 1 and K, satisfy (F46). Note that from (D.10)

and (D-TT)), we have

[ EKps1 — Kngalls - (|A— BKpia |« +1) - |25 I«

Knt1
<7 1Tk, = Yio, llp- L+ [1Knlls) - (|4 = BEngalls +1) - |27, [l (F48)
Now we proceed to upper bound the RHS of (F48). For the term ||A — BK,,1]|,. we have
|A = BKpiill« < |A = BEp|l + - 1Bl - TR K = TZ, IIs
<A = BEu[l + v 1Bl - 1T, [l - (1+ 1K) (F.49)
And by the definition of Y, in (3.7), we upper bound || Tk, ||« as
2
1T, I < QU + IRl + (1Alle + 1Blle)” - 1Px, [«
2 _
< QU + IRl + (IAlls + [1Bllr)” - J1(Ko) - 00 (P, (F.50)

where the last line comes from the fact that || Py, ||« < Ji(K,) - ol (¥) < Ji(Ko) - ot ().
As for the term [|®7 [, in (F48)), we upper bound it as

@5 . e < J1(Bng1) - 00 (Q) < J1(Ko) - 000, (@) (E51)

Kn+1
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Therefore, combining (F48)), (F49), (F30) and (F31)), we know that

|Ris = Kol - (JA = BR [l 4+ 1) - ||

Rl

< poly, (| Knlls, 1 (K0)) - | Tk, — Tr, |lr-

Also, by the above results, the RHS of (F.47) is upper bounded as

-1
6o (\I/w> : HCI)I?

min el [l R - 1B = Ko |«
(1Bl - [ Knsalls) - 1A = BEngalls + [Blls - [ Kngalls + 1)
< poly, ([ Knll«, J1(Ko)) - [Tk, — T, llr.
Note that from the policy evaluation theorem we know that with probability at least 1 — T4 —
T-5, it holds that

T —Tr [ < POl Knlle, ) log® T,

M, (1—p)2 /A
poly, (1K . 55+ . alla) ~_log"/* 7,
" A " F1/8 .
o To'™ - (1=p)

By choosing T}, and T, such that

polys (/1K Ik, [lll2) ' log® T, poly, (IIKullr, |65 |2, [|1]l2) ' log!/2 T,
Ak, (1= p)? T/ Ak, a8 (1= p)

< max{ [polyl(HKnH*, Jl(KO))} -t - omin(UL) /4 || B|S,

—1
[pOIYQ(HKn”*a JI(KO))} ’ 5/2 Y Umin(\I’e) : Urnin(R) ) ”(I)K* ||>:1 : qje'l:l}a

in other words, we pick

_ -9 _

Ty = polys ([|Knllr, 1% (|2, all2) - A - [1 = p(A = BE,)] -7,

~ _ -12

T > polyg (1K le, 1677 |2, [lull2) - AR2 - [1 = p(A = BE,)] -7,
then we know that (F.46) holds with probability at least 1 — £'© for sufficiently small ¢ > 0. This
corresponds to the parameters that we choose in the statement of Theorem[B.4] By applying Lemma
combining (F43)), we derive that

|J1(I?n+l) - Jl(Kn+1)| <y Omin(e) - Omin(R) - [|[@xc- |1 - £ /4

holds with probability at least 1 — £'°. By this, we finish the proof of the lemma. O

F.11 PRrROOF OF LEMMA[F]]

Proof. First, note that the cost function c(x, u) is written in the following way

[svee [diag(Q, R)] . . =
c(w,u) = P(x,u) gC}%MK,b + ((pxep) Quicpy + (Wkp) Rukp+ 1 Qu).
M?{,b
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For any test matrix V' and vectors v, v,, we proceed by the following calculations

svec(V)
Erye i el ua, w)] | ( o, )
Uy
svec[diag(Q, R)] svec(V)
= EﬂK K w(% U)T 2QNK,b w(x7 U)T ( Vg )
' 2Ruf Uy
B svec(V)
+Er i 0@ 0) ((nicp) T Qe + () " Rty + 1" Q) ( Vg ) =: D1+ Ds.
Uy

(F52)

In the sequel, we calculate D, and D, respectively.

Calculation of D;. Note that from the definition of ¢(x, u) in (B:3), we calculate D; as

A [(Z — ) dg(@ Bz — ) + (o= 1) (3%5;2)]

Uy

: [(z 1) V(2= o) + (2 — )T (w)

= E"'K,bk [(Z - NZ)Tdiag(Qv R)(Z - Mz) : (Z - ,U/Z)TV(Z — Mz)]

2 T |
(32} o= (32)] (E53)

Here 2 = (z",u")" and pi, = Er . ,x (2). For the first term on the RHS of (E53), note that z — 11,
is a centralized Gaussian, whose covariance matrix is X, ; therefore, by Lemma@ we obtain that

E"K,bK [(z - “Z)Tdiag(Qv R)(z = pz) - (2 — Nz)TV(Z - #z)]
— 2(.diag(Q, R)%., V) + (., diag(Q, R)) - (., V)

+ E'”K,bK

-
= svec [ZEZdiag(Q, R)Y. + (2., diag(Q, R)) - EZ} svec(V).
Moreover, the second term on the RHS of (E33) is calculated as
T T
2QuK b T(va)| _ 2Qpx b Ug
<2RM’1[L{7I) (2 — p2) (2 — p2) v )| T X, 2Ruf Uy ) *
Combining the above two equations and (F33)), we obtain that
2svec[E.diag(Q, R). + (X.,diag(Q, R))X: | T (svec(V))

E

T, bK

D, = > 2Quxp Vg (F.54)
#\ 2R Uy
Calculation of D,: By the definition of the feature vector 9 (z, u) in (B.3)), we know that
_ [svec(X;) svec(V)
Dy = ((MK,b)TQMK,b + (M%{,b)TRM?Qb + MTQM) 0y, Vg : (F.55)
Ok Uy
Now, combining (F-52), (F54) and (F:53), we conclude the lemma. O
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G AUXILIARY RESULTS

Lemma G.1. Assume that the random variable w ~ N(0, I), and let U and V' be two symmetric
matrices, then it holds that

Elw'Uw-w'Vw] = 2t(UV) + tr(U) - tr(V).

Proof. See|Magnus et al.|(1978)); [Magnus| (1979) for a detailed proof. O
Lemma G.2. Let M, N be commuting symmetric matrices, and let vy, . . ., au, B, - - ., By, denote
their eigenvalues with vq, . . ., v,, a common basis of orthogonal eigenvectors. Then the n(n + 1)/2

eigenvalues of M ®; N are given by (a;8; + «;8;)/2, where 1 <i < j < n.

Proof. See Lemma 2 in|Alizadeh et al.|(1998)) for a detailed proof. O

Lemma G.3. For any integer m > 0, let A € R™*™ and n ~ N(0, I,;,). Then, there exists some
absolute constant C' > 0 such that for any ¢ > 0, we have

P[[n" An—E(n" An)| > t] <2-exp[-C - min(2) 42, ] Al)].

Proof. See Rudelson et al.| (2013) for a detailed proof. O
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