Computationally Efficient Horizon-Free
Reinforcement Learning for Linear Mixture MDPs

Dongruo Zhou Quanquan Gu
Department of Computer Science Department of Computer Science
University of California, Los Angeles University of California, Los Angeles
Los Angeles, CA 90095 Los Angeles, CA 90095
drzhou@cs.ucla.edu qgu@cs.ucla.edu

Abstract

Recent studies have shown that episodic reinforcement learning (RL) is not more
difficult than contextual bandits, even with a long planning horizon and unknown
state transitions. However, these results are limited to either tabular Markov
decision processes (MDPs) or computationally inefficient algorithms for linear
mixture MDPs. In this paper, we propose the first computationally efficient horizon-

free algorithm for linear mixture MDPs, which achieves the optimal O (dv/'K + d?)
regret up to logarithmic factors. Our algorithm adapts a weighted least square
estimator for the unknown transitional dynamic, where the weight is both variance-
aware and uncertainty-aware. When applying our weighted least square estimator

to heterogeneous linear bandits, we can obtain an O(d 1/ Zszl 0% + d) regret in

the first K rounds, where d is the dimension of the context and o7 is the variance of
the reward in the k-th round. This also improves upon the best-known algorithms
in this setting when o}’s are known.

1 Introduction

How to design efficient algorithms is a central problem for reinforcement learning (RL). Here,
the efficiency includes both statistical efficiency, which requires the RL algorithm enjoy a low
regret/polynomial sample complexity for finding the near-optimal policy, and computational efficiency,
which expects the RL algorithm have polynomial running time. When restricting to episodic RL with
total reward upper bounded by 1[11 a longstanding question is whether episodic RL is statistically and
computationally more difficult than contextual bandits (Jiang and Agarwal, 2018)), since episodic
RL can be seen as an extension of contextual bandits to have a long planning horizon and unknown
state transition. For tabular RL, this questions has been fully resolved by a line of works (Wang et al.|
2020; Zhang et al.| [2021b; [Li et al., 2022; Zhang et al., [2022)), which propose various horizon-free
algorithms. Here we say an algorithm is horizon-free if its regret/sample complexity has at most a
polylogarithmic dependence on the planning horizon H. In particular, (Zhang et al.|[2021b) proposed
the first computationally efficient algorithm for tabular RL whose regret enjoys a polylogarithmic
dependence on the planning horizon, and (Zhang et al.,[2022) further removed the polylogarithmic
dependence on the planning horizon.

For RL with function approximation to deal with large state space, Zhang et al.| (2021c); [Kim et al.
(2021)) have made some progress towards horizon-free RL for a class of MDPs called linear mixture
MDPs (Jia et al.| [2020; |Ayoub et al.| |2020; Zhou et al., |2021a), whose transition dynamic can be
represented as a linear combination of d basic transition models. More specifically, Zhang et al.

'See Assumptionfor a detailed description.
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(2021c) proposed a VARLin algorithm for linear mixture MDPs with an O(d*®v/K + d°) regret for
the first K episodes, and |Kim et al.| (2021)) proposed a VARLIin?2 algorithm with an improved regret
O(dvV'K + d?). However, neither algorithm is computationally efficient, because both of them need
to work with nonconvex confidence sets and do not provide a polynomial-time algorithm to solve the
maximization problem over these sets.

So the following question remains open:

Can we design computationally efficient horizon-free RL algorithms when function approximation is
employed?

In this paper, we answer the above question affirmatively for linear function approximation by
proposing the first computationally efficient horizon-free RL algorithm for linear mixture MDPs. Our
contributions are summarized as follows.

* As a warm-up, we consider the heterogeneous linear bandits where the variances of rewards in
each round are different. Such a setting can be regarded as a special case of linear mixture MDPs.
We propose a computationally efficient algorithm WeightedOFUL™ and prove that in the first

K -rounds, the regret of WeightedOFUL ™ is 6(d\ / ZkK:l 02 + dR + d), where o7 is the variance
of the reward in the k-th round and R is the magnitude of the reward noise. Our regret is variance-
aware, i.e., it only depends on the summation of variances and does not have a VK term. This

directly improves the 5(d v/ Zszl 0% 4+ VdK + d) regret achieved by Zhou et al.[(2021a).

* For linear mixture MDPs, when the total reward for each episode is upper bounded by 1, we propose
aHF-UCRL-VTR™ algorithm and show that it has an 5(d\/ﬁ +d?) regret for the first K episodes,
where d is the number of basis transition dynamic. Our HF-UCRL-VTR™ is computationally
efficient, horizon-free and near-optimal, as it matches the regret lower bound proved in our paper

up to logarithmic factors. Our regret is strictly better than the regret attained in previous works
(Zhou et al.| 2021a; Zhang et al.,|2021c; |Kim et al., [2021)).

* At the core of both WeightedOFUL ™ and HF-UCRL-VTR™ is a carefully designed weighted linear
regression estimator, whose weight is both variance-aware and uncertainty-aware, in contrast to
previous weighted linear regression estimator that is only variance-aware (Zhou et al.|[2021a)). For
linear mixture MDPs, we further propose a HOME that constructs the variance-uncertainty-aware
weights for high-order moments of the value function, which is pivotal to obtain a horizon-free
regret for linear mixture MDPs.

For a better comparison between our results and previous results, we summarize these results in Table
It is evident that our results improve upon all previous results in the respective settingsﬂ

Notation. We use lower case letters to denote scalars, and use lower and upper case bold face
letters to denote vectors and matrices respectively. We denote by [n] the set {1,...,n}, by [n] the
set {0,...,n — 1}. For a vector x € R? and a positive semi-definite matrix 3 € R4*?, we denote
by [|x||2 the vector’s Euclidean norm and define ||x||s = vVx' Xx. For x,y € R%, let x © y be the
Hadamard (componentwise) product of x and y. For two positive sequences {a,, } and {b,,} with
n=1,2,..., we write a, = O(b,) if there exists an absolute constant C' > 0 such that a,, < Cb,
holds for all n > 1 and write a,, = §2(b,,) if there exists an absolute constant C' > 0 such that
an > Cby holds for all n > 1. We use 6() to further hide the polylogarithmic factors. We use
1{-} to denote the indicator function. For a,b € R satisfying a < b, we use [z](,,5 to denote the
truncation function z - 1{a <z < b} +a-1{z < a} +b-1{z > b}.

2 Related work

In this section, we will review prior works that are most relevant to ours.

2The only exception is that for heterogeneous linear bandits, our algorithm needs to know the noise variance,
while Zhang et al.|(2021c); Kim et al.|(2021)) do not. But their algorithms are computationally inefficient. We
plan to extend our algorithm to deal with unknown variance in the future work.



Table 1: Comparisons of regrets for linear bandits and linear mixture MDPs.

Algorithm Regret Assumption COTEI;EE?S;?H}/
e O(VE) : Yes
(thzll:gzttﬁg};gt | ’Ov(d1 / 2521 o2 + VAK + d)  Known variance Yes
(Zhan(\g/::)tlz}.},];OZlc) O(d*, /Zle o2 +d°) Unknown variance No
(KinY?tiE,%%)Zl) 5(d1'5« /Zszl 02 + d?) Unknown variance No
W(Erirgh}:;(ig+ O(dy/ Zszl o +d) Known variance Yes
e sl OV By ey
UCRL-VTR™* 6(\/@ VK Inhomogeneous, Yes
(Zhou et al.{ 2021a) +d?H? + d*H?) Sorn < H
(Zhan?;:‘tlg_j,l I;0210) 6(d4'5\/R + dg) Hozr:n: fjngoil& No
(KiZiilLflﬁm ) O(VE +d?) Hozrjn: finzoil " No
TIRVR e s
Lo o - -

Heterogeneous linear bandits. Linear bandits have been studied for a long time. Most of existing
works focus on the homogeneous linear bandits where the noise distributions at different round are
identical (Auer, 2002; |Chu et al., 2011} L1 et al.| [2010; |Dani et al., [2008; |Abbasi- Yadkori et al.|
2011} L1 et al., [2019alb). Recently, a series of works focus on the heterogeneous linear bandits
where the noise distribution changes over time. |[Lattimore et al.| (2015 assumed that the noise
distribution is Bernoulli and proposed an algorithm with an O(dv/K) regret. Kirschner and Krause
(2018) assumed that the noise at k-th round is o7-sub-Gaussian, and they proposed a weighted ridge

regression-based algorithm with an 6(d\ / Zle o?) regret. A recent line of works assume the
variance of the noise at k-th round is bounded by o7. Under this assumption, [Zhang et al.| (2021c)

proposed a VOFUL algorithm with an O(d*®/ 25:1 o7 + d°) regret. |Kim et al{(2021) proposed

a VOFUL2 algorithm with an O(d'®(/S" 1| 02 + d?) regret. Both VOFUL and VOFUL2 do not

need to know the variance information. However, they are computationally inefficient since they
need to work with nonconvex confidence sets defined by a series of second-order constraints, and do
not propose a polynomial-time algorithm to solve the maximization problem over these sets. With
the variance information, Zhou et al.|(2021a) proposed a computationally efficient WeightedOFUL

with an 5(d\ / 25:1 0% 4+ VdK + d) regret. Our work is under the same assumptions as Zhou et al.
(2021al) and improves the regret for linear bandits.

Horizon-free tabular RL. RL is widely believed to be harder than contextual bandits problem due to
its long planning horizon and the unknown state transitions. For tabular RL, under the assumption
that the total reward obtained by any policy is upper bounded by 1, Jiang and Agarwall| (2018)
conjectured that any algorithm to find an e-optimal policy needs to have a polynomial dependence
on the planning horizon H in the sample complexity. Such a conjecture was firstly refuted by Wang
et al. (2020) by proposing a horizon-free algorithm with an O(|S|°|.A|*e~2polylog(H)) sample
complexity that depends on H polylogarithmically, where e is the target sub-optimality of the policy,
S is the state space and A is the action space. [Zhang et al.|(2021b)) proposed a near-optimal algorithm

with an improved regret O((1/|S||A|K + |S|?|.A|)polylog(H)) and sample complexity. Similar



regret/sample complexity guarantees with a polylogarithmic H dependence have also been established
under different RL settings (Zhang et al., | 2020; |[Ren et al., 2021} Tarbouriech et al.,|2021)). Recently
Li et al.|(2022); Zhang et al.|(2022)) further proposed algorithms with H-independent regret/sample
complexity guarantees. However, all the above works are limited to tabular RL. Our work proposes
an algorithm with a regret bound that depends on H polylogarithmically for linear mixture MDPs,
which extends these horizon-free tabular RL algorithms.

RL with linear function approximation. Recent years have witnessed a trend on RL with linear
function approximation (e.g., Jiang et al.||2017; Dann et al.,[2018;|Yang and Wang|,2019a; Jin et al.|
2020; Wang et al.l2019; Du et al.l 2019;|Sun et al., [2019; [Zanette et al., 2020alb; | Weisz et al., 2020;
Yang and Wang| [2019b; Modi et al.,[2020; Jia et al., 2020; |/Ayoub et al., 2020; |Zhou et al., 2021b)). All
these works assume that the MDP enjoys some linear representation and propose different statistical
and computational complexities which depend on the dimension of the linear representation. Among
these assumptions, our work falls into the category of linear mixture MDP which assumes that the
transition dynamic can be represented as a linear combination of several basis transition probability
functions (Yang and Wang| [2019b; Modi et al., 2020} Jia et al.l 2020; |Ayoub et al., 2020; Zhou et al.|
2021b)). Previous algorithms for linear mixture MDPs either suffer from a polynomial dependence
on the episode horizon H (Yang and Wang|, 2019b}; Modi et al., [2020; Jia et al.l 2020; |Ayoub et al.|
2020; |Zhou et al.l [2021b; |Ca1 et al., [2019; [He et al., 2021; Zhou et al., [2021a) or do not have a
computationally efficient implementation (Zhang et al.|[2021c}; [Kim et al.,[2021). Our work achieves
the best of both worlds for the first time.

3 Preliminaries

3.1 Heterogeneous linear bandits

We consider the same heterogeneous linear bandits as studied in Zhou et al.|(2021a). Let {D; }2° ,
be decision sets that are fixed. At each round k, the agent selects an action a; € Dy, satisfying
||lag|l2 < A, then receives a reward r, provided by the environment. Specifically, ry is generated by
rr = (0%, ax) + €, where 6* € R4 is an unknown vector, and ¢, is a random noise satisfying

v’l€7 |6k‘ S R7 E[Ek"al:kael:k—l] = Oa E[ei|a1:k761:k’—l] S UI%7

where oy, is an upper bound of the variance of the noise ¢ that are observable to the agent. We
assume that oy, is (aj.x, €1.x—1)-measurable. The agent aims to minimize the pseudo-regret defined
as follows:

K
Regret(K) = Z[(a};, 0*) — (ay, 0")], where a;, = argmax(a, 8).
=1 a€Dy

3.2 Episodic reinforcement learning

We also study RL with linear function approximation for episodic linear mixture MDPs. We introduce
the necessary definitions of MDPs here. The reader can refer to [Puterman| (2014) for more details.

Episodic MDP. We denote a homogeneous, episodic MDP by a tuple M = M (S, A, H, r,P), where
S is the state space and A is the action space, H is the length of the episode, r : S x A — [0, 1] is the
deterministic reward function, and PP is the transition probability function. For the sake of simplicity,
we restrict ourselves to countable state space and finite action space. A policy m = {m,}}L | isa
collection of H functions, where each of them maps a state s to an action a.

Value function and regret. For (s,a) € S x A, we define the action-value function Q7 (s, a) and
(state) value function V,7 () as follows:

H

Qr(s,a) = ]E[ Z r(Spryap)

hi=h
Vir(s) = Qp (s, m1(s)), Vizyq(s) = 0.

The optimal value function V}*(-) and the optimal action-value function Q7 (-,-) are defined by
Vi (s) = sup, V;7(s) and Q5. (s,a) = sup, Q% (s, a), respectively. For any function V' : S — R,

sp=5,ap = a,5p ~P(|sp_1,an 1), an =T (s1) ],




we introduce the following shorthands to denote the conditional variance of V at P(+|s, a):
[PV](s,a) = Egp(ls,a)V (5), [VV](5,0) = [PVZ)(s,a) — ([PV](s,a))*,

where V2 stands for the function whose value at s is V?(s). Using this notation, the Bellman
equations for policy 7 and the Bellman optimality equation can be written as

Qp(s,a) =r(s,a) + [thﬂ—&-l}(sa a), Qn(s,a) =r(s,a) + [PV;+1](57 a).
The goal is to minimize the K -episode regret defined as follows:

K

Regret(K) = > [Vi*(sh) = vi™ (s})].
k=1

In this paper, we focus on proving high probability bounds on the regret Regret(K).

In this work we make the following assumptions. The first assumption assumes that for any policy,
the accumulated reward of an episode is upper bounded by 1, which has been considered in previous
works (Krishnamurthy et al.,|2016; Jiang and Agarwal, |2018)). The accumulated reward assumption
ensures that the only factor that can affect the final statistical complexity is the planning difficulty
brought by the episode length, rather than the scale of the reward.

Assumption 3.1 (Bounded total reward). For any policy 7, let {sy, aj, }:__ | be any states and actions
satisfying aj, = 7, (sp) and sp1 ~ P(:|sp, ap). Then we have 0 < Zle r(sp,apn) < 1.

Next assumption assumes that the transition dynamic enjoys a linearized representation w.r.t. some
feature mapping. We define the linear mixture MDPs (Jia et al., |2020; |Ayoub et al., |2020; Zhou et al.,
2021Db) as follows.

Assumption 3.2 (Linear mixture MDP). M is an episodic B-bounded linear mixture MDP, such that
there exists a vector 8* € R¢ and ¢ (|-, -) such that P(s'|s,a) = (¢(s'|s, a), @*) for any state-action-
next-state triplet (s,a,s’) € S x A x §. Meanwhile, ||6*||2 < B and for any bounded function
V : S — [0,1] and any tuple (s,a) € S x A, we have

v (s,a)|l2 < 1, where ¢y (s,a) = Z o(s'|s,a)V (s).
s'eS
Lastly, for any V : S — [0, 1], ¢py can be calculated efficiently within O time.
Remark 3.3. A key property of linear mixture MDP is that for any function V' : & — R and any
state-action pair (s, a), the conditional expectation of V over P(-|s, a) is a linear function of 6™, i.e.,

[PV](s,a) = (¢v(s,a), 0*). Meanwhile, the conditional variance of V over P(:|s, a) is a quadratic
function of 8%, i.e., [VV](s,a) = (¢y2(s,a),0%) — [(dv(s,a),0%)])%

Remark 3.4. For a general class of ¢, ¢y (s,a) : S x A — R? can be computed efficiently
for any (s,a) € S x Aif V : § — R can be computed efficiently. For instance, ¢(s'|s,a) =

ey 50 € RSP and ¢p(s'|s,a) = (s') ® &(s, a), where 1, £ are two sub feature functions. More
discussions are referred to|Zhou et al.|(2021a]).

4 Computationally efficient variance-aware linear bandits

In this section, we propose our algorithm WeightedOFUL™ in Algorithm E]for the heterogeneous
linear bandits introduced in Section WeightedOFUL™ adopts the weighted ridge regression
estimator used by WeightedOFUL (Zhou et al.,|2021a), but uses a refined weight. It first computes a

weighted estimate of 8*, denoted by 5;.@, based on previous contexts and rewards, where the weights
&, are computed by the noise variance o). Then WeightedOFUL™ constructs the confidence set

of 6*, denoted by Cy, estimates the reward (a, 6) for 6 € C. and selects the arm that maximizes
the estimated reward optimistically. The selection rule of ay is identical to selecting the best arm

w.r.t. to their upper confidence bound, i.e., a; — argmax,p, (a, §k> + Bk||a||§71 (Li et al.l [2010).
k

WeightedOFULJr constructs 5',% as the maximization of the variance, a constant, and the uncertainty
lak||s—:, as defined in @.I). Note that|[Zhou et al.| (2021a) proposed a variance-aware weight
k

o = max{oy, «} for heterogeneous linear bandits. The additional uncertainty term in our weight



Algorithm 1 WeightedOFUL ™

Require: Regularization parameter A > 0, and B, an upper bound on the ¢5-norm of 6*, confidence
radius [y, variance parameters c, 7y

1: 21(—)\1,61(—0,01(—0,B1=\/XB
2: fork=1,...,K do
3 LetCh « {6 :|2}/%(8 — 6)||2 < B}, observe Dy,
4 Set (ay, 0x) + argmax, 5, ez, (a,0)
5:  Observe (rg, o), set Gy, as
Tp max{ak,a,vﬂak”li/;l} 4.1)

S > T/=2 1, b =2 g s-1 ¢
6: Yht1 — X +agay, /O‘k,, bgt1 <+ by + rkak/ak, 011 — 2k+1bk+1
7: end for

enables us to build a tighter confidence set CAk since the uncertainty of arms can be leveraged by a
tighter Bernstein-type concentration inequality (See Section [4.1]for more details). Meanwhile, we

notice that|He et al.|(2022) proposed a pure uncertainty-aware weight o, = max{«, v||ax Hgfl} to
k

deal with the corruption in contextual linear bandits, which serves a different purpose compared to
our setting (there is no corruption in our bandit model).

The following theorem gives the regret bound of WeightedOFUL ™.
Theorem 4.1. Let 0 < § < 1. Suppose that for all ¥ > 1 and all a € Dy, (a,0*) € [—1,1],
|6*]|2 < B and {8k }i>1 are set to

Br = 12\/dlog(1 + kA2 /(a?d))) log(32(log(2/a) + 1)k2/0)
+ 301log(32(log(v%/) + 1)k?/8)R/7* + VAB. (4.2)
Then with probability at least 1 — &, the regret of WeightedOFUL™ is bounded by

Regret(K) < 4du + 4dy? Bt + 4Bk \/ S0 02 + Ka2Vdu, (4.3)

where ¢ = log(1 + K A%/(d\a?)). Moreover, setting o« = 1/ K,y = RY/?/d"/* and A = d/B?
yields a high probability regret Regret(K) = O(d1/ Zle o2 +dR+d).

Remark 4.2. Treating R as a constant, the regret of WeightedOFUL ™ becomes 5((1\ / Zszl o +d).
It strictly outperforms the 5(d\ / Zszl o} + VdK + d) regret achieved in Zhou et al.| (2021a).
Compared with the O(d*5\/S>r_, 02 + d°) regret by VOFUL (Zhang et al., 2021c) and the

O(d1'5\/zkl,(=1 o? + d?) regret by VOFUL2 (Kim et all, 2021), the regret of WeightedOFUL™*
has a better dependence on d, and WeightedOFUL™ is computationally efficient. It is worth noting
that both VOFUL and VOFUL2 do not need to know the variance o while our algorithm does.

Whether there exists an algorithm that can achieve the 6(d v/ Zszl 0?2 + VdK + d) regret without
knowing the variance information remains an open problem.

4.1 Proof sketch

We give a proof sketch of Theorem [4.T] along with two key lemmas that are pivotal to obtain the
improved regret. To begin with, we first show that 8* belongs to confidence balls centering at ék
with radius Ek This can be proved by the following lemma, which is an improved version of the
Bernstein-type self-normalized martingale inequality proposed by [Zhou et al.|(2021a)).

Lemma 4.3. Let {G}7° , be a filtration, and {xy, 7 }x>1 be a stochastic process such that x;, € R4
is Gx-measurable and 7, € R is Gy 1-measurable. Let L, 0, \,e > 0, u* € R For k > 1, let



yr = (u*,xk) + 1 and suppose that 7y, xj, also satisfy
E[nk|Gk] = 0, E[7|Gk] < 0®, [me| < R, lIxkll2 < L. (4.4)
Fork > 1,let Z, = XTI+ 3F x;x, by = S-F | yixi, pe = Z; by, and

Br = 12y/02dlog(1 4+ kL2 /(d))) log(32(log(R/€) + 1)k2/4)
+ 241og(32(log(R/€) + 1)k*/5) lrgzagxk{\m\ min{1, Hxi||z;11}} + 6log(32(log(R/€) + 1)k /8)e.

Then, for any 0 < § < 1, we have with probability at least 1 — ¢ that,

V> 1, ([ i < Bas i — Nz < Be+ VAR,

Note that ék can be regarded as pty,_1 in Lemmaﬂwith € = R/Y2, xi, = ai,/0k, Y = /0>
Nk = €x/0k, Lr = Xj41 and p* = 0*. With the help of the weight &y, the variance of 7y is
upper bounded by 1 (since o, > o) and |ni| min{L, [|xk[| 51} < lexlllarllg-1/57 < R/+* (since
k
o3 > ~*||ag | g-1). Therefore, by Lemma4.3| w.h.p. 8* € Cj. Following the standard procedure to
k
bound the regret of the optimistic algorithm (Abbasi-Yadkori et al 2011}, we have

K K
Regret(K) = Y (aj —ax,0%) <2> min{l, Brllarllg-1}- (4.5)

k=1 k=1
Next lemma gives an upper bound of (#.5).
Lemma 4.4. Let {0y, Bk;}kzl be a sequence of non-negative numbers, o,y > 0, {a; }x>1 C R?
and |jag|l2 < A. Let {7y }x>1 and {Zg }r>1 be (recursively) defined as follows: X; = A,

_ 172 7 S _
Vk>1, o, = max{crk,a,*yHakHi/_l}, Y1 =2 + aka,:/ai.
k

Let ¢ = log(1 + K A%/(d\a?)). Then we have

K
> B0} +a?).

K

E min {1,31@”511@”5;—1} <2dv+2 ;n%)é] Bry2de + 2Vde
2 €

k=1 k=1

By Lemma the regret of WeightedOFUL™ can be bounded by

Regret(K) = 5(d + VdBk (\/ K oF+Ka® + \/872)) (4.6)
with B = O(Vd + R/y? + v/AB), which finishes the proof.

Here we compare the regret of WeightedOFUL™ and the regret of WeightedOFUL (Zhou et al.,
2021a) (which chooses the weight 5, = max{oy, a}) to see where the improvement comes from. In
particular, Zhou et al|(2021a) proved the regret of WeightedOFUL as follows

Regret(K) = O(d + VB m) (CN))

with B\?‘{ = O(Vd + R/a + VAB). At the first glance, both and (@.7) have a vV Ka? term.
However, thanks to the design of 55 and Lemma the v Ka? term in (4.6) can be shaved by
choosing a small enough «, while this term in (.7) cannot be shaved due to the existence of a R/«

term in S%.

5 Computationally efficient horizon-free RL for linear mixture MDPs

In this section, we propose a horizon-free RL algorithm HF-UCRL-VTR™ in Algorithm We leave
the discussion of the computational complexity of HF-UCRL-VTR™ to Appendix

HF-UCRL-VTR™ follows the value targeted regression (VTR) framework proposed by Jia et al.
(2020); |Ayoub et al.[(2020) to learn the linear mixture MDP. In detail, following the observation in



Algorithm 2 HF-UCRL-VTR ™"
Require: Regularization parameter A, an upper bound B of the ¢5-norm of 6*, confidence radius

{Bk}kzh level M, variance parameters «, v, [M] = {0,..., M — 1}

1: Form € [M], set 01, < 0, Xo, fr41,m < AL bo ir1,m < 0. Set Vi gr41(+) < 0
2: fork=1,..., K do

3: forh=H,...,1do

4: Set Qk,h('7 ) <~ |:T('7 ) + <0k,0a ¢Vk,h+1( B + Bk”E ¢Vk h+1 %y H :| [0,1]

5: Set ﬂ’ﬁ() — argmax,c 4 Qi n(-, a)

6: Set Vk,h(') < MaXgeA th(',a)

7:  end for _ _

8:  Receive s¥. For m € [M], set Ykim — Dk—1,H+1m

9: forh=1,...,Hdo

10 Take action ay < 7 (sf), receive sf, | ~ P(:|s, ay).

11: For m € [M], denote ¢y, . m = q,’)vzm (sﬁ, ar).

12: Set {G%,n m}me[M] <Algorithm 3 {¢>k s Okms Sk hms Sk Y memny Bre €67)
13: FOI‘mE[M] setZthm<—2khm+¢khm¢khm/0khm

14: Form € [ ], set bk,h+1,m — bk,h,m + ¢k»h7ka,h+l(Sh+1)/0k,h,m

15:  end for R ~ R ~ R N R
16:  Form € [M], set Xpi1m < Bk H41,ms Prt1,m < b rt1,m, Orr1,m E;;jlymkarl,m
17: end for

Remark@ VTR estimates 8* by solving a regression problem over predictors/contexts ¢y, p, 0=

OV nes (s),af) and responses Vi, pi1 (s, ). Specifically, HF-UCRL- VTR™ takes the estimate 6}, 0
as the solution to the following weighted regression problem:

-~ . — 4 2 ,_
00 = argmin 16113 + 3251 S (0510, 0) — Vi (sh )] /52100 (R
S

where &; o is the upper bound of the conditional variance [VVj 511](sF, a¥). Such a welghted
regression scheme has been adapted by UCRL-VTR™ in Zhou et al| (2021d). With 0;@’0,
HF-UCRL-VTR™ then constructs the optimistic estimates Q5 (resp. V4 ) of the optimal value
functions @} (resp. V) and takes actions optimistically. Note that ék,o is updated at the end of

each episode. We highlight several improved algorithm designs of HF-UCRL-VTR™ compared to
UCRL-VTR™ as follows.

Improved weighted linear regression estimator. HF-UCRL-VTR™" sets 7, ¢ similar to the
weight used in WeightedOFUL ™. Assuming that the conditional variance [VVj, ,+1](s¥, a¥) can be
computed for any value function V" and state action pair (s, a), then the weight can be set as

= <—1/2
57 o = max{[VVin ] (sh, af), o2 /1S o umoll2),

where ik,h,o is the weighted sample covariance matrix of ¢y, o up to k-th episode and h-th stage.
However, the true variance is not accessible since P(-|s, a) is unknown. Therefore, HF-UCRL-VTR ™
replaces [VVj 41](sF, a¥) with its estimate [V, oVi 511](s5, a) and an error bound Ej, 5, o satisfy-
ing [Vi.oVint1](s¥,af) + Ex no > [VVint1](s5, af) with high probability. Thanks to the fact that
[VVint1](sf, af) is a quadratic function of 6* as illustrated in Remark [3.3] [V 0V ni1](sF, af)
can be estimated as follows:

[VioViens](sko ar) = [{drn1s 0. 1) 01 [{@r,h0, o). o>] 0.1]° (5.2)

where ), ; is the solution to some regression problem over predictors/contexts ¢ n1 =

E ok 2 k
¢V;3,h+1 (sh, ay) and responses Vi~ 11 (s 4 q)-

Higher-order moment regression. To obtain a better estimate, it is natural to set 8y, ; as the solution
to the weighted regression problem on ¢y, 5,1 and V,ih+1 (stH) with weight 5, , 1. Here o 1,1 is



Algorithm 3 High-order moment estimator (HOME)

Require: Features {(bk’hwm}mem’ vector estimators {6}, TV covariance matrix

{Zkhms Ek»m}mem’ confidence radius S, o,y

end for
—2 2 .2|[s—1/2
Set oy par—1 « max {1,a”%~ sz,h,qu’k,h,Mlez}

Ensure: {5y p.m}

1: form:O,...,M—Qdo

2 Set VeVl ohe ) o [(inmor Bt~ (@)

3 Set By + min {1, 25| ;{24% nm [} + min {1 Bl Er g1 B |}
4:  Set O'k,hym — maX{ Vk7ka27,:+1](s§, ah) + Bk hom, @2, HEk 2/72n¢k7h7mH2}

S:

6:

me ]W]

constructed in a similar way to o, 5 o, which relies on the conditional variance of [VV,& nat)(sE ar).
By repeating this process, we recursively estimate the conditional 2™-th moment of V}, 41 by its
variance, which is the conditional 2™+!-th moment of Vi, n+1. It is worth noting that the idea of
high-order recursive estimation has been used in|Li et al.|(2020) and later in Zhang et al.|(2021bic)) to
achieve horizon-free regret/sample complexity guarantees. Similar recursive analysis also appeared

in |Lattimore and Hutter| (2012).
The estimated conditional moment [Vy,, V2, ;](sF,af) relies on 0, m+1 and ék m, and
27n+1

(@k.hmt1, Ok.ms1) serves as the estimate of the higher-moment [VV; 1) (si, ay). The detailed
constructions for the high-order moment estimator are summarized in Algonthml
We provide the regret bound for HF-UCRL-VTR™ here.
Theorem 5.1. Set M = log(3K H)/log2. For any 6 > 0, set {Ek};@l as
Br = 12y/dlog(1 + kH/(a2d))) log(32(log(72 /) + 1)k>H?/5)

+ 301og(32(log(v* /a) + k> H? /8) /v° + VAB, (5.3)
then with probability at least 1 — (2M + 1)0, the regret of Algorithmis bounded by
Regret(K) < 12(8de + 8Bk 2du + 4Bk Vdin/Mduj2 + KHo? + /Mdil + ¢)

+ 864 max{83% du, C} + Mdu/2 + [\/21og(1/8) + 32 max{25x v2dr, \/(}] VK

where « = log(1 + KH/(d\a?)), ¢ = 4log(4log(KH)/s). Moreover, setting o =
VA/(KH),v=1/d"*and A\ = d/B? yields a high-probability regret Regret(K) = O(dv'K +d>?).

Remark 5.2. The regret of HE-UCRL-VTR ™ is strictly better than that of VOFUL O (d*®vK + d°)
Zhang et al.| (2021c)), and it matches the regret of VOFUL2 (Kim et al., 2021). More importantly,
HF-UCRL-VTR™ is computationally efficient, while there is no efficient implementation of VO-
FUL/VOFUL2.

Next theorem provides the regret lower bound and suggests that the regret obtained by
HF-UCRL-VTR™ is near-optimal. The lower bound is proved by constructing hard-instances of
linear mixture MDPs following [Zhou et al.|(2021bla)); |Zhang et al.|(2021a)).

Theorem 5.3. Let B > 1. Then for any algorithm, when K > max{3d?, (d — 1)/(192(B — 1))},
there exists a B-bounded linear mixture MDP satisfying Assumptions [3.1] and [3.2] such that its

expected regret E[Regret( K )] is lower bounded by dv/K /(161/3).

Remark 5.4. When specialized to tabular MDPs where d = |S|?|.A|, HF-UCRL-VTR™" yields a
horizon-free regret O(|S|2|.A|v/K + |S|*|.AJ?). Although the regret does not match the near-optimal
result O(+/|S[[A[K + |S|?|A|) (Zhang et al., 2021b), it is not surprising since HF-UCRL-VTR™ is
designed for a more general MDP class. We leave the design of algorithms that achieve near-optimal
regret for both linear mixture MDPs and tabular MDPs simultaneously as a future work.

We conduct some numerical experiments to suggest the validity of HF-UCRL-VTR™ in Appendix



6 Conclusion

In this work, we propose a new weighted linear regression estimator that adapts variance-uncertainty-
aware weights, which can be applied to both heterogeneous linear bandits and linear mixture MDPs.

For heterogeneous linear bandits, our WeightedOFUL™ algorithm achieves an O(d/ Zszl op +d)

regret in the first & rounds. For linear mixture MDPs, our HF-UCRL-VTR™ algorithm achieves the

near-optimal 5(d\/? + d?) regret. Both of our algorithms are computationally efficient and yield
the state-of-the-arts regret results.
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A Experiments

In this section, we conduct some numerical experiments to validate our theory. The code and data for
our experiments can be found on GithubEl
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Figure 1: Transition dynamic and reward of RiverSwim. The black numbers denote the transition
probability, the red numbers denote the reward. The first row represents the transition probability
with action a1, and the second row represents the transition probability with action as.

Environment We follow the RiverSwim environment introduced by [Strehl and Littman| (2008])
and considered by |Ayoub et al.|(2020). The state space is S = {s1, ..., s¢}, the action space is
A = {a1, az}. The transition dynamic and reward are demonstrated by Flgurel 1| The length of the
episode H = 100, 500. The initial state is s;. The RiverSwim MDP is a linear mixture MDP with
d = 3 and a feature mapping ¢(s’|s,a) € R3. Here

¢(s'|s1,a1) = 1(s" = 51)(0,1,1) + 1(s’ = 82)(1,0,0)

V2 <i <5 ¢(ssi,a1) = 1(s" = 5;-1)(0,0,1) + 1(s" = 5;)(0,1,0) + 1(s" = s;41)(1,0,0)
¢(s'|s6,a1) = 1(s" = 85)(0,1,1) + 1(s’ = s6)(1,0,0)
@(s'[s1,a2) = 1(s" = s1)(1,1,1)

V2 <i <6, ¢(s']si,a2) = U(s" = si-1)(1, 1, 1)

The transition dynamic P = (¢/3, 0) with § = (2.7,0.15,0.15).

Benchmarks We compare the following algorithms.

e HF-UCRL-VTR™ with M = 4 (level parameter of HOME)
HF-UCRL-VIR™ with M = 2 (level parameter of HOME)
UCRL-VTR* (Zhou et al.,[2021a)

UCRL-VTR (Jia et all,[2020; [Ayoub et al, 2020)

+ Q-learning (Tin et al | POTE)

* Random: Randomly select actions

The hyperparameters of each algorithm are grid searched for the best performance. For HF-UCRL-
VTR with M = 4, HF-UCRL-VTR™" with M = 2, UCRL-VTR™ and UCRL-VTR, we set
the regularization parameter A = 0.001, and the confidence radius parameter 5, = 1. For HF-
UCRL-VTR™T with M = 4, HF-UCRL-VTR™T with M = 2, we set the variance parameters
a = 0.01,y = 0.5. For Q-learning, we set its confidence radius parameter 35, = 0.005.

Results We compare each algorithm with their average accumulated reward, which is the summation
of received rewards divided by the number of current episode. We run each algorithm for 500 episodes.
Each algorithm has 10 independent runs. We plot their mean values and error bar ([mean-stand error,
mean+stand error]) w.r.t. number of episodes. The results for H = 100 and H = 500 are plotted in

Figure [2a] and [2b]

*https://github.com/uclaml/HF-UCRL-VTR
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Figure 2: Average accumulated reward of benchmarks.

From Figure and we can draw the following conclusions: (1) HF-UCRL-VTR™ with M = 4
outperforms HF-UCRL-VTR™ with M = 2, which validates the advantage of the HOME estimator.
(2) HF-UCRL-VTR™ and UCRL-VTR™ outperforms UCRL-VTR, which suggests that the Bernstein-
type bonus is useful. (3) All UCRL-VTR-based algorithms outperform the tabular Q-learning. The
average reward of UCRL-VTR-based algorithms is generally higher than that of Q-learning, and the
variance of UCRL-VTR-based algorithms is also smaller than that of Q-learning. This suggests the
validity of the value-targeted regression, as well as the use of the feature ¢.

B Computational complexity of HF-UCRL-VTR™

At each episode k and each stage h, HF-UCRL-VTR™ needs to compute {¢k’h’m}mem and

{6kv}Lvm}m€M’ and update {Ekvh"'lvm}mEM' According to Algorithm {5k»’%m}meﬁ can be
computed in O(Md?) time as they only require the computation of the inner-product between vectors
and the inner-product between an inversion of matrix and an vector. For { ¢y, h,m}m BT they can be
computed within O(O - M) time. Finally, to selection actions based on 7y, HF-UCRL-VTR™ needs
to compute |A| number of action-value function Qy, ,, while each of them needs to compute the
¢v (-, -) within O time and the inner-product between an inversion of a matrix and a vector by O(d?)
time. Therefore, the total amount of time HE-UCRL-VTR™ takes is O(KHM d? + KHOM +
|A|[KHO + |A|K Hd?).

Remark B.1. Compared with HF-UCRL—VTR+, VOFUL/VOFUL2 (Zhang et al.,|2021c; |[Kim et al.,
2021) need to compute the upper bounds of moments as the maximum of the quadratic function
[<¢;€7h,m+1, 0>] 01 ~ [<¢k7h,m, 0>][20_’1] over a series of implicit confidence sets, which are not
implementable.

C Proof of the Bernstein-type concentration inequality (Lemma 4.3)

We prove Lemma[4.3] here. First, we provide some new concentration inequalities here, which will be
used in the following proof.

Lemma C.1. Let M, v > 0 be constants. Let {x;}? ; be a stochastic process, G; = o(x1,...,2;)
be the o-algebra of z1,...,z;. Suppose E[x;|G;_1] = 0, |z;] < M and Y | E[2?]G;_1] < v*
almost surely. Then for any d,¢ > 0, let . = \/log((log(M/e) + 2)/6), we have

P z; < 3w + 902 max |z;| + 4L26) >1-94.
(% e

i=1
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Proof. For simplicity, let

ZE[m%\gi,l], Tp, = max|z,|.
P i€[n]

We have S,, < v2,%,, < M. Set threshold € > 0. Set the following sets
To=1[0,6), Ty =[e-e"te-e),i=1,....0 = |log(M/e)| +1

Then there exist 0 < i < I such that #,, € T';. Let t = 31/log(1/9) and ¢ = +2. Taking union bound,
we have

I
P(Sn > w+<xn+n) < Z}P’(Sn > w4 CTn 41, Sy < v, Ty eri),
1=0

For each 0 < i < I, we have

P(Sn > w4 CTp+n, Sy <, Tn, EFZ-)

< P(Sn > max{w, (e' e}, S, < v, T, < eie)

< IP’(Sn > max{w, (e' e}, S2 + in 1{|xx| > e'e} < v2>
k=1

_ i—1,12

< exp max{w, Ce e}
2(v? + efe - max{ww, (ei~1e}/3)

-1
< -
=P (2(1/L2 +

1/C))
<4, (C.1)

where the first inequality holds since for any 0 < ¢ < [ and z,, € T';, we have
W+ (T +1 > 1w+ Ty + Cefe > max{ww, (' Le},

the second one holds since Z,, < e’c implies 1{|zy| > e’¢} = 0 for each k € [n], the third one holds

due to Lemma | the fourth one holds by basic calculation, the last one holds since ¢ = 34/log(1/0) 5
Therefore, taking summation for (C.I)) over all 0 < ¢ < I, our statement holds.

Lemma C.2. Let {x; > 0};>1 be a stochastic process, {G; };>1 be a filtration satisfying z; is G;-
measurable. Let M,v > 0, and z; < M, >""" | E[z;|G;_1] < v almost surely. Then for any §, ¢ > 0,
let . = log(4 (log(M/e) +2)/d), we have

P(sz < 4w + 11, max CCZ+4LE) >1-9.

1<i<n

Proof. For simplicity, let

Z‘T“ ZExz|gz 1] wn—max|xl|

=1
We have S,, < v and Z,, < M. Set threshold ¢ > 0. Set the following sets
To=1[0,6), Ty =[e-e"te-e),i=1,....0 = |log(M/e)| +1

Then there exist 0 < ¢ < I such that Z,, € T';. Let. = 4log(4/4), ¢ = 11log(4/d), n = 4log(4/d)e.
By union bound we have

I
]P(Sn >w—|—§xn+n) <ZIF’(Sn > 1w+ (ZTy + 1, S, <, xnef‘i)

=0
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Foreach 0 <4 < I, we have

IP’(Sn >w+ (T, +n, Sy <v, Ty € Fi)

<P Sn > w0+ CEn + 1, Sn < log(4/8)(v + €'€), Tn < eie)

P Zxk]l{mk<ee}>w+gﬂcn+n,5 < log(4/8)(v + €'e), a:n<ee)
k=1

IA

IN

P ka 1{x, < e'e} > 4log(4/8)(v + €'e) Z]E xp M{zy < e'€}|Gr_1] < log(4/8)(v + €'€)

=P

(
(2
P(Zn:xk 1{zx < e'e} > 4log(4/0) (v + €'€), S < log(4/5)(v+e e))
(2
(

e'e

:ck]l{gck <ee} > 4lo g(4/6)v+ee ZE{mkl{xk <ee}

6] <tont22)

(C2)
Here, the second inequality holds since for any 0 < ¢ < [ and z,, € I';, we have
1w+ (T + 1 = 4log(4/0)v + 1110g(4/8) T, + 4log(4/8)e > 4log(4/8)(v + e'e).

The third inequality holds since x5, > z 1{zp < e'e}. The last inequality holds by Lemmawith
¢ = (v+e'e)/(e'e) > 1. Therefore, taking summation for (C.2) over all 0 < ¢ < I, our statement
holds. O

Now we begin to prove Lemma[d.3] We first define the following notations:

k
dl = Oadk = innia WE = ||XkHZ,:i1’ Ek = {1 <s< ka Hds‘lzgl < ﬂs}; (CS)

i=1

where £ > 1 and we define 8, = 0. Recalling that x, is Gi-measurable and 7, is Gy 1-measurable,
we find that dy, Zg, & and wy, is Gy, are Gi-measurable. Recall that 3; is defined as follows:

By = 12¢/02dlog(1 + tL2/(d))) log(32(log(R/€) + 1)t2/5)
+ 241log(32(log(R/¢) + 1)t?/6) frgl;;m;{t{|m| min{1,w;}} + 6log(32(log(R/e) + 1)t*/d)e.

The proof of Lemma &3] follows the proof strategy in[Dani et al| (2008); [Zhou et al| (2021a). Briefly
speaking, we can bound the self-normalized martingale || Zle XiM; H;,l by the following two terms,
k

2m;x TZ 1dz 1 b r]-2w2
—11[ & d L e N
> (b nd QT

Next two lemmas bound these terms by [3; separately. The main difference between the following
lemmas and their counterparts in|Dani et al.| (2008)); Zhou et al.|(20214)) is that our /3; is also a random
variable, which requires us to use some advanced concentration inequalities (Lemmas [C.T|and [C.2)
rather than vanilla ones.

Lemma C.3. Letd;, w;, &; be defined in (C.3). Then, with probability at least 1—§ /2, simultaneously
for all £ > 1 it holds that

21X TZ 1di-
L1 < 4.
3 2 i e < 35

=1
Proof. We have

ZX;r ZZ__ll dl'_ 1

QHXi”z:l[Hdz’—l”z;jl 1{&-1}] < 2w; Bi—1
1+w?

1{¢;_ <
(&} = 1+ w? - 1+ w?

< min{17 2wi}6’i—17
(C4)
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where the first inequality holds due to Cauchy-Schwarz inequality, the second inequality holds due to
the definition of &£;_1, the last inequality holds by algebra. Fix ¢t > 0. For simplicity, let ¢; denote

2mix] Z;7 ' d; o
Bi—1(1 4+ w?)

We are preparing to apply Lemma[C.1]to {¢;}; and {G;};. First note that E[¢;|G;] = 0. Meanwhile,
by (C.4) we have |¢/;| < R and

0 = 1{&_1}. (C.5)

[€;] < 2[m;| min{1, w;}. (C.6)
We also have

(2XTZ1 1dl 1

2ot ey /8).

-

Il
- =

t
Y E[IG] < o
=1

7

< 40° Z[min{l, w; }]?

=1
t
<40 min{1, w}}
1=1

< 8a%dlog(1 +tL?/(dN)), (C.7)

where the first inequality holds since E[n?|G;] < o2, the second inequality holds due to (C.4), the
third inequality holds again since {; }; is increasing, the last inequality holds due to Lemma|E.5} Let
1 = /log(4(log(R/€) + 2)t2/5). Therefore, by (C.6) and (C.7), using Lemma L we know that
with probability at least 1 — §/(4t%), we have

ZE < 314/802dlog(1 + tL2/(dN)) + 18Lt max {|n2| min{1,w;}} + 4%e < 5“
i=1

where the last inequality holds due to the definition of ;. Therefore, using the fact 5;,_1 < 3;, we
have

t Try—1 +
2mix; Z;_di 5
Z(lJr—wiQ)]l{gifl} < B Z&‘ < 38; /4. (C.8)

i=1 i=1

Taking union bound for (C8) from ¢ = 1 to co and using the fact that ) ,°, ¢~2 < 2 finishes the
proof. O

We also need the following lemma.

Lemma C.4. Let w; be defined in (C.3). Then, with probability at least 1 — ¢/2, simultaneously for
all £ > 1 it holds that

Proof. For simplicity, let

1 +w?’
Fix t. Then by the fact that E[nf |Gi] < o2 and Lemma we have

g 0:]G] = ZE{

Furthermore, we have |¢;| < R? and

t
l} <o? Z min{1,w?} < 20%dlog(1+tL*/(d\)).  (C.9)

i=1

C; < |mi® min{1, w;}.
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Let ¢; = log(32(log(R/€) + 1)t?/§). Then by Lemma we have with probability at least
1—6/(4t2),

t
Z& < 8upo?dlog(1 4 tL*/(dN)) + 11y fgaéct{|m| min{1, w;}}* + 4i,e* < BE/4. (C.10)

i=1

where the last inequality holds due to the definition of ;. Taking union bound for (C.10) from ¢ = 1
to oo and using the fact that )_,°, ¢~2 < 2 finishes the proof. O

With above two lemmas, we are ready to prove Lemmaf.3]

Proof of Lemma The proof is nearly the same as the proof of Theorem 2 in|Zhou et al.| (2021a)),
only to replace Lemmas 13 and 14 in[Zhou et al|(2021a) with Lemma[C.3]and [C.4] O

D Proof of main results in Section [

In this section, we prove Lemma [#.4]and Theorem .1}

D.1 Proof of Lemma4d.4

We restate Lemma@lhere with a different set of notations, as it will be used in the later proof for
RL as well.

Lemma D.1 (Restatement of Lemma . Let {0k, Bk }x>1 be a sequence of non-negative numbers,
a,y > 0, {xr}r>1 C RYand ||xg|l2 < L. Let {Zy}r>1 and {5y }r>1 be recursively defined as
follows: Z1 = Al

Vk>1, 64 = max{ak,a,'y||xk||1z/k_21}, Zi1 = Zy, + xix,, [52.

Let ¢ = log(1 + KL?/(dAa?)). Then we have

K

K
inql, 71}<2d +2 2du+2Vdo 2(0? 4 a?).
;mm{ Billxillgpr § < 2de+2 max fiy*de . ;Bk(% a?)

Proof of Lemma([D.1] We decompose the set [K] into a union of two disjoint subsets [K] = Z; U Z,.
To = {k € [K]: [xu/oklz = 1}, To = [K]\ T, (D.1)

Then the following upper bound of |Z; | holds:

K
T = > min {1, Ixi/onlZ | < D min {1 x/oul0 } <24 (D2)
k=1

keI,

where the first inequality holds since ||xy /7% ||Z;1 > 1for k € Z;, the third inequality holds due to
Lemma[F.5]together with the fact ||xj/5%||2 < L/c. Therefore, we have

Z min {Lﬂk”xkﬂz;l}

kE[K]

-y min{l,@'kﬁk||xk/6'kHZ;1} +y min{l,&kﬁkﬂxk/&knzl;l}

keZly ke,
< [Z 1} + ) Buorlxe/ok] 5
kel keI,

<2di+ Y Browllxe/okllz 1 (D.3)
k€EZs
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where the first inequality holds since min{1,z} < 1 and also min{1, z} < z, the second inequality
holds due to (D.2). Next we further bound the second summation term in (D-3). We decompose
I = J1 U Jo, where

jlz{k€I2:5'k:0'kU5k:Oé}, j2:{k612:5k:71/||Xk||Z}:1}.

For the summation over .77, we have

Z Bkﬁknxk/&kHz;l < Z Br(ok + o) min{1, ka/aknz;l}

ke ke

K
<> Bulok + ) min{1, [xi/ox] 51}

k=1
K K
<[220 + a8y | Y min{L, [xi/ow] 500 12
k=1 k=1
<2 Z (02 4+ a2)Vds, (D.4)

where the first inequality holds since 6, < o} + « for k € J1 and ||x1/5%||,-1 < 1 since
k

k € J1 C 1y, the third one holds due to Cauchy-Schwarz inequality and the last one holds due
to Lemma@ Next we bound the summation over J5. First, for k& € 75, we have the following
equation:

_ 2 _
Ok =7 ka/ak”z;l'
Then we can bound the summation over /5 as follows:
Z Bka'kHXk/a'k”ZI:I = ’y Z Bkak/UkHZ 1= ’y Zﬂkmln{l ||Xk/0'k||zfl} <2 max ﬂk’y de,

keJ2 ke k=1
(D.5)

where the inequality holds due to Lemma|[F3] Substituting (D.4) and (D.3) into (D-3) completes the
proof. O

D.2 Proof of Theorem [d.1]

Proof of Theorem By the assumption on €, we know that
lex/ok| < R/av,
ler/ok| - min{1, ag/oxlls 1} < Rllarlls 1 /0% < R/,
Elex|aik, e1:e—1] = 0, E[(ex/5k)?|atk, €1:6—1] < 1, ||lag/Gkll2 < A/a,

Therefore, setting G, = o(ay.k, €1.4—1), and usmg that oy, is Gi-measurable, applying Theorem-
to (zy,nk) = (ar/ok, €x /7)) with e = R/~2, we get that with probability at least 1 — §, for all
k>1,

|61, — 6

s, < 12¢/dlog(1 + kA2 /(a2d)))log(32(log(72 /) + 1)k2/9)
+ 301og(32(log(v%/) + 1)k?/8)R/v* + VB
= B, (D.6)
Let §pg denote the event such that (D.6) happens for all & > 1. Then, on the event &pg, we have

(ay, 07) < (ay, k) + llag g1 10k — 07[s, < (ak,0k) + Sillagllg—r < (ar, k) + Sillarls -1,
D.7)
where the last inequality holds due to the selection of aj. By (D.7), we have

(87.0°) — (5.0%) < lanll 5 (B + 1107~ Buls,) < 20l +. (D)
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where the first inequality holds due to Cauchy-Schwarz inequality, the second one holds due to event
&pg Meanwhile, we have 0 < (a}, 0*) — (aj, 0*) < 2. Thus, substituting into (D.7) and
summing up for k € [K], we have

K K
Regret(K) = > [(a},6%) — (a,0%)] <2 min {1,BK||akH§;1}. (D.9)
k=1

k=1
Finally, to bound (D.9), by Lemma [D.T| we have

K
Regret(K)/2 < 2dv + 2dy2 Bt + B o | 2 Z o} + 2Ka?V2d,
k=1

which completes our proof. O

E Proof of main results in Section 3

For k € [K], h € [H], let F ), be the o-algebra generated by the random variables representing
the state-action pairs up to and including those that appear stage h of episode k. That is, F, j, is
generated by

1 1 1 1 1 1
S1,Q7, -8y, Qe oy SHYAR,
2 2 2 2 2 2
S1,Q7, 38y, Qpye ey SHYAR
k _k k _k
S1,Q1,...,S8p,0p -

Note that, by construction,
N, 2m k _k — -
Vk»hvk,h-&-l (sha ah)7 Ek,h,nu Ok,h,m; Ek,h—i—l,ma ¢k,h,m

are F, p,-measurable, and Q. 1, V., Wfb, Xk ms bk m, Or,m are Fi_1 m measurable.

First we propose a lemma that suggests that the vector 8* lies in a series of confidence sets, which
further implies that the difference between the estimated high-order moment and true moment can be
bounded by error terms Ej, 5, .

Lemma E.1. Set {Bk}kzl as (5.3), then, with probability at least 1 — M, we have for any k €
[K],h € [H],m € [M],
1/2
HE / (ek m— 0" )Hg < 516» |[Vk m Vi h+1](slﬁaah) [VVk h+1}(8hvah)| < B hym-

E.1 Proof of LemmalE.]|

We start with the following lemma.
Lemma E.2. Let Vj, 5, f)k,m, §k,m, k. h.ms Vim be defined in Algorithm For any k € [K],h €
[H],m € [M], we have

|Vvk h+1(s;€w ah) Vi m Vi h+1(5;€m CL}}YL)|

Smin{ ,

AT m+1H sz i1 (Okmi1 —67) HQ}

L

Proof. The proof is nearly identical to the proof of Lemma 15 in Zhou et al. (2021a) The only
difference is to replace the upper bound H with 1, V, ;1 with Vk ha1s Ek n, with Ek M1 0;c h

with 0k7m+1, 21”,, with Ek,nu Ok,h with 0k7m, and 67 with 6*. O

+min{ 2H 1/2¢khmH HEUQ Hkm 0%)
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Proof of Lemma(E7]] First we recall the definition of G j, 1,
=2 N, 2" k _k 2 _2|lsv—1/2
Ok.hym = maX{ Vi ka h+1](sh7ah) + B homs 75y szrw{ ¢k,h,mH2},
o 1 >N
Ojpar—1 = max { %2 kM 1¢khM—1 2},

We prove the statement by induction. We define the following quantities. For simplicity, let é\k’m be
defined as
5k¢m = {9 : Hillc/fn(ék,m — H)HQ < Bk}
For each m, let
Xk,hym = 5;;2 m Pk hms

Nk,h,m = Uk h ]1{0* € Ck m N Ck m+1}[vk h+1(5h+1) <¢k,h,m70*>}a

M-—-1
Me,h, M—~1 = O h M-1 [Vk2h+1 (SZH) (Pk,nn—1,0" >]
Gr.h = Fh,hs
u =0

We have
Ek,nm|Gen] = 05 X hmll2 < T hpn < 1/ Mpm| < 1/a

Note that 1{0* € CAkm N CAk,mH} is Gy, ,-measurable, then we have bound the variance of 1, p, ., as
follows: for m € [M — 1],

E[nl%,h,m‘gkyh} = C_rl:,i,m ]1{0* € Ck,m N Ck7m+1}[VVk,2,:+l](5]}€m aﬁ)

< Oppm 1{O7 € Crom NG m+1}[Vk mVi a1 (shy af)

+ min {17 ;;{il¢k7h7m+1 H Hxi‘{fn'i'l (Bk,m+1 — 0*) Hz}
+ mln{ 2HE 1/2¢k h mH HEUQ Bk m — 0*) ‘ }:|
2

<0khm|: kh+1 SZ»ah)+mln{1 ﬁk"zkm+1¢khm+1H }
+mm{1 20| Sl brnm|, }}

<1

Form = M — 1, we directly have E[13 j, y;_1|Gk.1n] < 1. Meanwhile, for any m € [M], we have
k| 2L, Xk hmllgor 3 <000 bk nmlls < 1/9%

Now, let y, Z, b, u, € defined in Theorem [4.3] be set as follows:

Ykhom = (B Xk hom) + Mk hym
E H

T ~
Zk,m =+ E E Xi,h,mxi,hym - EkJrl,m
i=1 h=1

k H
m = § E Xih,mYi,h,m
i=1 h=1

Hkm = Z];inbk,m;
e=1/%
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Then, by Theorem for eachm € W, with probability at least 1 — 4, Vk € [K + 1],
Itk — 0I5, < 12y/dlog(1 + K/ (adN)) log(32(log(v2/a) + DRZH2/3)
+ 301og(32(log(v%/a) + V)k?H?/8) /v* + VAB

_ Bk_ (E.1)
Denote the event that (E.I)) happens for all £ and m as £. Conditioned on &, we have the following
observations:

eFork=1m¢ W by the definitions of é\lym, il,nu we have ||0* — élvaf;l = 10*||a1 <
VB = B, which implies
0" ¢ CALm. (E.2)

» Fork € [K] and m = M — 1, we directly have pg ps—1 = é\k-i-l,M—h which implies

0" ¢ 5k+1,M—1o (E.3)

* Fork € [K] and m € [M — 1], we have
0" ¢ Ck,m N Ck,7n+1 = Yk,hym = 5'];2,7”‘/]377}:’4_1(524_1) = Hkm = 0k’+1,m =0"c Ck+1,m-
(E4)

Therefore by induction based on the initial conditions (E:2) and (E3) and induction rule (E-4), we
have for k € [K] and m € [M], 8* € Ck m- Lastly, conditioned on &, by Lemmal|E.1} we have for all
k€ [K],h € [H],m € [M],

HVk mVi h+1](51}fw ah) [Vvk h+1](5]ifu ah)| < Ek.hm-

E.2 Proof of Theorem 5.1

Let &z denote the event described by Lemma|[E.T] We have the following lemmas.

Lemma E.3. Let Qy, 1, Vi 5 be defined in Algorithm@ Then, on the event &g, for any s, a, k, h
we have that Q7 (s, a) < Qg n(s,a), Vi (s) < Vin(s).

Proof. The proof is nearly identical to the proof of Lemma 19 in |[Zhou et al|2021a. The only
difference is to replace the event used in Lemma 19 in|Zhou et al. (2021a) w1th the event defined by

Lemma Besides, we replace Ck » with Ck 0» Ok n With Ok 0» Ek n with Zk 0, Py with P and 6},
with 6. D

Lemma E4. Let Vy, p,, f)kp, @k n,0 be defined in Algorithm By be defined in (33). Then on the
event T, for any k € [K], h € [H], we have

Vin(sh) = r(shaf) = BVinsal(sh,af) < 2min{1, B[S, 20uno] ) E5)

Proof. Forany k € [K]and h € [H], we have

Vien(s) = r(sy, ar) — PVinsa](sh, ay)

—1/2 . %
< <¢Vk 1 (Sfmah% akA0> + Bksz_O/ ¢Vk,h,+1(SZ>GZ)H2 - <¢Vk,h+1 (8270'2)7 0 >
‘ szo ¢kh0H +Bk by

) (E.6)

<szo (Br0 — 07)

—1/2
k,0 ¢k,h,OH2

< QﬂkHEk,o ¢k,h,o’ ,

where the first inequality holds due to the definition of V4 5, the second one holds due to Cauchy-

Schwarz inequality and the last one holds since on &z, 6, 0 € Cr .0- Meanwhile, we have Vj, 5, (sF) —
r(sk,af) — [PVini1](s¥, ak) < 2. Therefore, combining two bounds completes the proof. O
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Recall ¢ = log(1 + KH/(d\a?)), ¢ = 4log(4log(K H)/5). For any k € [K], h € [H] we define
the following indicator function I} such that

IF 7]1{Vm€[ ], det(S, %)/ det(3)/2) < }

Clearly I} » is F, p-measurable and monotonically decreasing. For m € [M], we also define the
following quantities:

K H
Ry, = szflf min{1731«"2;%2(?&}1,771“2}, (E.7)
k[:(l h;l
Am = Z ZI 3% h+1](5§7 ay) = Vi h+1(3§+1)} (E.8)
k=1h=
Kl Hl
Sm =Y IFVV L) (shsap), (E.9)
k=1h=1
K
G=Y) (1-1Ip). (E.10)

k

1

We aim to bound R,,,, A, Sy, G by the following lemmas.
Lemma E.5. Let 7, a be defined in Algorithm 2} I {Rm, Sm},,car be defined in (E7) and (E9).
Then for m € [M — 1], we have

Ry, < min{4de + 43ry2d + 2BxVdin/Sm + 4Ry, + 2Rim1 + KHo?, KH}.  (E.11)
For Ry;_1,wehave Ry;_1 < KH.

Proof. For (k, h) where I} = 1, by Lemma|F.6| we have

det 31/

|l denm||, < |[Sekndrnm| | = <2|Eiiidrnm, @12
7 2\ det 3,12
then substituting (E12) into (E.7), we have
K H
Rn <233 min{l I,’;BkHi‘l/Q Dron mH . (E.13)
= ’ k,h,m s 9

k=1h=1

@) can be bounded by Lemma | with B, = Ihﬂk, Tkoh = Ok,hyms Qkh = Pkh,m and
Ekh —Ekhm ‘We have

Z Z min{1, IthHEk }/i¢k,h,mH2}

k=1h=1

=

K H
< 2du+ 2By du+ 285, | DD T [Vien ViEn 1 (s, af) + Exnom| + KHa2Vde
k=

H
=

K H
< 2du + 2By de+ 2B | DY IF[VVE L I(sE af) + 2Eg pm] + KHo?Vde
k=1h=1

Note that

K H K H TN
S Benm =YY I min {1,282 b}

k=1h=1 k=1 h=1
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K H
. 2 lla-1/2
+ Z Z IF min {1, ﬁkHEka(]ﬁk,h,mH H2}
k=1h=1
S 2Rm + Rerla

by the definition of R,, in (E.7). This completes our proof. ]
Lemma E.6 (Lemma 25, Zhang et al|2021c). Let {Sm, Am},, .77 be defined in (E.8) and (E9). G
be defined in (E-I0). Then on the event g, for m € [M — 1], we have

S < |Amy1] + G + 2™ THK + 2Ry). (E.14)

Proof. The proof follows the proof of Lemma 25 in|[Zhang et al.[2021cl We have
K H
27n+1 m

Sm = Z ZIE[PV]C h+1}(327‘1£) - ([ka,hﬂ](sﬁz’ a}i«i))Q]

K H
m41 m+41 m+1 m
=D D NPV I(shah) =V (shy )]+ IRVEL () — (V241 (sh, af))?)

k=1h=1
K H ) B
gm+ m
+ZZI’,§(V,€ 1 (sh) = Vi (sh)
k=1h=1
K H
m+1 m+1
< Amy1 + Z Z I]ff[vlf,h (sh) — ([ka na) (s a)?] + ZIhk Vi et ( Shyt1);
k=1h=1

where hy, is the largest index such that I} = 1. Note that if hy, < H, we have I} V2m+1

K hk+1(5§k+1) <

1=1- I}, and if hy = H, we have I} V2, " (s ) =0=1—1IF. Thus, for both cases, we
have
K K H »
S < A1+ Y (U=TE)+ Y > iV (sh) = (PVEhal(sh af))?]. (B9
k=1 k=1h=1
For the third term in (E:I3)), we have
K H
m-+1 m
I}lf [Vk?,h (SZ) - ([kaz,mﬂ(slfmalﬁ))Q]
k=1 h=1
K H " B
<D IRVER (sh) = (Pl (sh af))®" )
k=1h=1

m

K H . i
= > HEVin(sh) — PVinsal(sh, af)) [ T(V20(sh) + PVinsal(sk, af)*)

k=1h=1 =0
K H
< gm+1 Z Z I}}f maX{Vk,h(Slﬁ) — []P’Vk,h+1](8;€w aéfz)’ 0}
k=1h=1

K H
L k(.o k K . B, ll5-1/2
< 2SS ) + 2min{1, B | S e )
k=1h=1
< 2K + 2R,), (10

where the first inequality holds by recursively applying EX? > (EX)?, the second one holds since
Vin € [0,1], the third one holds due to Lemma|E.4] the last one holds due to the definition of Rg

(E-7). Substituting (E-T6) into (ET3) completes our proof. O

Lemma E.7 (Lemma 25, Zhang et al|2021c). Let {Ap,, S}, 577 be defined in (E.8) and (E9).
Then we have P(éim) > 1— M), where
= {Vm € [M], |A;,| < min{\/2(S,, + (, KH}}. (E.17)
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Proof. The proof follows the proof of Lemma 25 in|Zhang et al (2021c). We use Lemma [F-2]for

each m. Let w, = IF[[PV2, 1 ](sk, af) — V2, 1 (sk 1)), then we have E[z | Fi,n] = 0 and

E(2? | Fkn] = IEVVZ, 1](sk, k). Therefore, for each m € [M], with probability at least 1 — 4,
we have
K H K H
A =303 o < (| 200 S IRIVVZL (ko af) + ¢
k=1h=1 k=1h=1
Taking union bound over m € M completes the proof. O

Lemma E.8. Let G be defined in (E.I0). Then we have G < Md./2.

Proof. Recall the definition of I, by the fact that det (3, /%) < det(3, }/° ), we have

(1—1§) =14 3m e [M], det(S)*)/ det(S 2,) > 4
= 3m € [M], det(E,1/%)/ det(E;[1%,) > 4.

Let D,,, denote the indices k such that
D, = {k € [K] : det(Bhy1.m)/ det(Spm) > 16}.

Then we have G < | UM} D,,| < Z%:_()l | D, |. For each m, we have

K
2Dm| < Y logl6< > log(det(Spi1m)/ det(Bkm)) < D log(det(Epi1,m)/ det(Sk.m)).

kEDm, kEDm, k=1

Furthermore, by the facts that log det(fJKH,m) < dlog[tr(f]KH,m)/d] and tr(f]KH,m) <
te(AD) + 35 Pk hml3/57 o < AN+ KH/a?, we have

K

> " log(det(Sis1,m)/ det(Egm)) = log(det(Sxr1,m)/ det(S1,m))
k=1

< d(log(A + KH/da?) —log \).
Therefore, | D,,| can be upper bounded by
Dl < dj2-log(1 + KH/(d\a?)) = d/2 - 1.

Taking the summation over m gives the upper bound of G. O

Finally, we define the event &§z1g as

= {3 (Lrehab) -V 6h) < VERRD). @

k=1 “h=1

By Azuma-Hoeffding inequality (Lemma[F.I)) we have
P(§gTg) > 1 - 6. (E.19)

With all above lemmas, we are ready to prove Theorem 3.1}

Proof of Theorem[5.1} All the following proofs are conditioned on &gz N g N §r1m. which
happens with probability at least 1 — (2M + 1)d by union bound and the probabilities of individual

events 1, 77, §E1m specified in LemmalE. 1] Lemmal[E.7)and (E-T9). First we have Regret(K) <
S [Viea(s®) — Vi (s%)] by Lemma|E.3] Next we have

K
> Vealsh)
k=1
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M:

15 Vi (s) = Vi1 (sian)] + (1= I [Vin(s5) = Viens1 (si )]

M- 1M~

H
Ifr(sk,af) + Y IF [Vin(sy) — r(sk, af) — [PVt (sf, af)]
1 h=1

=~
Il
—_
>
Il

K H
[PVins1l(sh, ai) = Ving (s } +) Y (=TI Vin(sh) = Vionra(shi1)]
k=1h=1

[

A

NJEIEN
I

M= =

|

H
+ Zf;lf [PVins1)(sk,ar) — Vk,h—i-l(slfi-i-l)} +
h=1

T(Sha ah )+ Z Ih Vi h(Sh) - T(waah) [PV, h+1](3§7 CLZ)]
1 h=1

=

._.
>
Il

M=

(1= If WV, (si,),

>~
Il
-

where hy, is the smallest index such that I }’fk = 0. Then we have

Regret(K)
K H K H
<3 (X rtshoah) = VD) ) 4 X S0 1 V(o) — (o) ~ PRl )
= h=1 k=1h=1
I Iy
K H K
ZZ FIPVinga)(sh, ap) = Vionga(shp)] + Y (1= If)
k=1h=1 k=1
Ao G
< V2K log(1/8) + 2Ry + | Ao| + G. (E.20)

The bound of I; comes from §zg. For I5, by Lemma[E.4] we have

K H
L<2Y Y 1} min{l,ﬂkHE,;é/Qdyk,h’OHQ} — 2R,.

k=1h=1

Next we bound 2R + | 4| in (E20). Substituting (E-T4) in LemmalE.6]into (EI7) in Lemmal[E.7]

we have

|An| < V26(|Ami1] + G+ 2m (K + 2Ry)) 4 ¢
< V20| Amia] + 27K 4 2Ro) + /2(G + ¢ (E21)
Substituting (E.T4) in Lemma[E-6|into (E.TT) in Lemma[E-35] we have
Ry < Ade + 4Bx~2de + 2B Vdi/[Apia| + G + 27T (K + 2Rg) + 4Ry, + 2Ry + K Ho?
< 2BV di/[Ami1] + 27 (K + 2Rg) + 4Ry + 2Rt +
+ 4d + 4Bk~ d + 2B Vdi/G + KHa? (E.22)
I.
Calculating (E21)) + 2x(E.22) and using \/a + v/b < 1/2(a + b), we have
|Am| + 2R,
< 21, + /2(G + ¢ + V2 max{4Bx Vi, \/2(}
V) Ami1] + 27K + 2Rg) + 4Ry, + 2Ryt + [Ammy| + 271K + 2Ry)
<21, 4 /2(G + ¢ + 2max{48x Vdi, /2¢}
V] Am] ¥ 2Ry + |Apgi1| + 2Ryt + 2L (K + |Ao| + 2Ro)
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Then by Lemma[F.7|with a,,, = |A;,| + 2R, < 3KH and M = log(3K H)/log2, |A¢| + 2Ry can
be bounded as

|Ao| + 2Ry

<22 8max{28%du, ¢} + 6 - (21, + /2(G + ¢) + 8 max{48x Vi, \/2C}/2(K + |Ao| + 2Ro)
< 176 max{2B%d, ¢} + 6(8de + 8Bxy2de + 4Bx Vdi/ G + KHa? + /2(G + ()
+ 16 max{2B3x V2di, \/ VK + 16 max{2Bx v2de, \/C /| Ao| + 2Ro. (E.23)

By the fact z < ay/7 + b = x < 2a? + 2b, (E.23) implies

|Ag| + 2Ry < 864 max{8B%du, C} + 12(8ds + 8Bx~2di + 4B Vdi/G + KHa? + \/2(G + ()
+ 32 max{2Bx V2di, \/OIVE. (E.24)

Finally, substituting into (E.20) and bounding G by Lemma [E.8] the regret is bounded as

Regret(K) < 12(8de + 8Bx~de + 4Bk Vdin/Mdj2 + KHa? + /Mdil + )
+ 864 max{85%de, ¢} + Mdi/2 + [/21og(1/5) + 32 max{28x v 2di, /(}| VK,

which completes our proof. O

E.3 Proof of Theorem[5.3]

We have the following lemma to lower bound the regret for linear bandits.

Lemma E.9 (Lemma 25,|Zhou et al.[2021a). Fix a positive real 0 < § < 1/3, and positive integers
K, d and assume that K > d?/(20). Let A = /6 /K /(4+/2) and consider the linear bandit problems
L,, parameterized with a parameter vector 1 € {—A, A}? and action set A = {—1,1}% so that the
reward distribution for taking action @ € A is a Bernoulli distribution B(d + (p*, a)). Then for any
bandit algorithm B, there exists a u* € {—A, A} such that the expected pseudo-regret of 3 over
first K steps on bandit £+ is lower bounded as follows:

dvKé

E, Regret(K) > ——.
12 g ()— 8\/5

Proof of Theorem[5.3] The linear mixture MDP instance is similar to the MDP instances considered
inZhou et al.|(2021bla); Zhang et al.|(2021a)). The state space S = {x1, x2, x3}. The action space
A = {a} = {—1,+1}?" L. The reward function satisfies r(x1,a) = r(z2,a) = 0 and r(x3,a) =
1/H. The transition probability satisfies P(z2|z1,a) = 1—(0+{p, a)) and P(z5]|z1,a) = d+{p, a),
where § = 1/6 and p € {—A, A}~ with A = /6 /K /(4V/2).

First, similar to the proof in (Section E.1, |Zhou et al.|[2021a), we can verify that when K > (d —
1)/(192(B — 1)), our instance is a B-bounded linear mixture MDP with P(s'|s, a) = (¢(s'|s, a), ),
where

8),—Ban)T, s=umx,8 =a9;
) s=ux1,8 = x3;
( , s € {xg,x3},8 =s;
0, otherwise .

)

where a = /1/(1+ A(d— 1)), B=+/A/(1+ A(d - 1)).

Second, our instance can be regarded as a linear bandit instance with a Bernoulli reward distribution
B(§ + (0, a)). Therefore, the lower bound of regret for linear mixture MDP directly follows the
regret for linear bandits in Lemma by picking g = p* and § = 1/6. O
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F Auxiliary lemmas
Lemma F.1 (Azuma-Hoeffding inequality, Azuma|1967). Let M > 0 be a constant. Let {z;}}_, be

a stochastic process, G; = o(z1,...,x;) be the o-algebra of x1, ..., z;. Suppose E[z;|G;_1] = 0,
|z;| < M almost surely. Then, for any 0 < § < 1, we have

P(ixiSM\/m> “1-6

Lemma F.2 (Lemma 11, Zhang et al.|2021d). Let M > 0 be a constant. Let {x;}?_, be a stochastic
process, G; = o(z1,...,x;) be the o-algebra of x1, ..., x;. Suppose E[z;|G;_1] =
E[z?G;—1] < o0 almost surely. Then, for any J, ¢ > O, we have

4%

=1
> 1 — 2(log(M?n/e?) + 1)4.
Lemma F.3 (Unbounded Freedman’s inequality, |Dzhaparidze and Van Zanten|[2001; Fan et al.[2017).
Let {z;}" , bea stochastlc process, G; = o(x1,...,x;) be the o-algebra of x4, ..., z;. Suppose
Elz;|Gi— 1] = 0 and E[2?|G;_1] < oo almost surely. Then, for any a, v,y > 0, we have

<sz>a Z [221Gi—1] + 22 T{|z;| > y}) < v* > §exp<2<v2:_a2y/3)>.

Lemma F.4 (Lemma 8, Zhang et al.[2021c). Let {z; > 0},>1 be a stochastic process, {G;};>1 be a
filtration satisfying x; is G;-measurable. We also have |z;| < 1. Then for any ¢ > 1 we have

<2,|2log(1/6) ZE [22]Gi—1] + 24/1og(1/8)e + 2M log( 1/5))

(an le > dclog(4/6), Y ElwilGi1] < clog(4/§)> )
i=1 =1
Lemma F.5 (Lemma 11, Abbasi- Yadkori et al2011). For any A > 0 and sequence {x;}5_, C R?

for k € [K], define Zy, = A\ + E 1 x;x; . Then, provided that ||x; ||z < L holds for all k € [K],
we have

K

> min{1, ||xk|\;;1} < 2dlog(1+ KL?/(d\))

k=1
Lemma F.6 (Lemma 12, Abbasi-Yadkori et al./[2011). Suppose A,B € R¥*? are two positive
definite matrices satisfying A > B, then for any x € < |Ix|lB - /det(A)/ det(B).
Lemma F.7 (Lemma 12, Zhang et al.[2021c). Let A1, A2, Ay > 0, A3 > 1 and x = max{log, A\, 1}.
Letay,...,a, be non-negative real numbers such that a; < min{\;, Ay \/ai + a1 + 27 A3+ My}
forany 1 <i < k. Let a,1 = A1. Then we have a1 < 2203 + 604 + 4)2v/2)3.
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